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Abstract: We propose theoretically a photonic Turing machine based on cellular automata
in arrays of nonlinear cavities coupled with artificial gauge fields. The state of the system is
recorded making use of the bistability of driven cavities, in which losses are fully compensated
by an externa continuous drive. The sequential update of the automaton layers is achieved
automatically, by the local switching of bistable states, without requiring any additional
synchronization or temporal control.
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1. Introduction

Optical information processing is promising due to its low-loss propagation and low heating,
which can potentially lead to high operation speed with reduced error checking requirements. A
requirement for optical computing and data processing is an efficient interaction among different
optical modes, which typically depends on strong material nonlinearities. Nonlinear coefficients
in conventional materials are generally small, leading to high power requirements for optical
gates. Nonlinearity can be enhanced by confining light in resonating structures like microring
resonators [1] or microcavities [2]. In the latter structures, strong coupling with excitons in
gquantum wells was shown to give rise to highly nonlinear exciton-polariton modes, which
have allowed various implementations of individual logic gates [3-6] and transistors [7,8]. As
significant improvements continue, including low-power ultrafast switching [9] and interfacing
with electronics [10, 11], an outstanding question in polaritonics remains as to how individual
processing elements can be combined and scaled to yield complete information processing
systems. This requires both a scheme of universal logic and a mechanism of cascading multiple
elements[7].

Cdlular automata (CAs) are well-known for generating complex global behaviour from
simplelocal rules. They are an interesting platform for studying the boundary between stability
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and chaos. Prior and more recent works demonstrated that CAs are very effective in simulating
physical systems and solving scientific problems, because they can capture the essential features
of systems where global behaviour emerges from the collective effect of simple components
which interact locally [12, 13]. During the last two decades, there have been an extensive
variety of one-dimensional (1-D) CA applications to be proposed on several scientific fields
like: simulation of physical systems [14], biologica modelling involving models for self-
reproduction [15], biological structures and DNA sequences [16], image processing [17],
cryptography [18], etc. In addition, CAs developed to model quantum systems are referred
to as quantum cellular automata (QCAS), and the evolution of QCAs with two qubits per cell
has been widely studied by Karafyllidis using a quantum computer simulator [19,20]. There are
23 = 8 possible configurations for acell and its two immediate neighbors. The rule defining 1D
cellular automaton must specify the resulting state for each of these possibilities so there are 256
=2z possible elementary cellular automata, while many of these rules are trivially equivalent
to each other up to asimple transformation of the underlying geometry. Among the 88 possible
unique elementary cellular automata, Rule 110 is the only one for which Turing completeness
has been proven [21, 22]. Thus, the introduction of an automaton architecture can replace the
need for logic gates, which are typically sought in optical information processing systems such
as those based on photonic crystals [23-28]. We focus on the simplest known Turing complete
system Rule 110 cellular automaton (often simply Rule 110), which can be represented with
alayered set of cells, each of which may exist in one of two states. The configuration of each
layer is determined sequentially, where each cell has its state determined by the state of the
three nearest cells in the preceding layer. The rule 110 automaton is thus characterized by the
response of each cell to the 8 possible combinations of these three cells, which isgiven in Table
1

Table 1. Definition of the rule 110 automaton in terms of responses to different input
configurations:

Input cell states: | 111 | 110 | 101 | 100 | 011 | 010 | 001 | 00O
Output cell state: | O 1 1 0 1 1 1 0

In this paper, we point out that the rule 110 cellular automaton can be realized with a
coupled set of cavities, corresponding to an array of nonlinear photonic crystal cavities or
an array of coupled polariton boxes in a single microcavity structure. To provide a robust
definition of binary logic states we make use of the phenomenon of optical (polariton) bistability
in microcavities [29-31], driven by a near-resonant laser. The strong nonlinear interactions
between polaritons have been shown to allow low optical energy (pico joule) switching between
bistabl e states on ultrafast (picosecond) timescales[9]. Furthermore, despitelossesin the system
the state of each cavity is highly robust, being maintained so long as the continuous wave laser
drive is applied. At the same time, the state of each cavity can be influenced by neighbouring
cavities [32]. Treating each cavity as a cell of an automaton, we show that the rule 110 can be
reproduced provided the couplings between different cavities have specific phases to engineer
specific interferences capable of switching the bistable state under the correct configurations.
Phase dependent coupling in cavity arrays was previoudly introduced in [33] in the form
of controllable artificial gauge fields. Due to the Turing completeness associated with the
automaton, this is one of few universal schemes of (classical) computation based on exciton-
polaritons in microcavities and in principle offers a scalable solution.
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2. Theoretical model
We begin with the Bose-Hubbard Hamiltonian describing a coupled array of cavities:
_tt?

WzZ(—AéITé@ +aéféi)+z\]ijé_fé_e—i9u+F;HO(A_T+&)+ \/Eie 2 (AT+&) 1

i) l1+e

where §; is the field operator for cavity i, written in the frame rotating at the frequency of
laser excitation, with F the amplitudes of laser excitation of each cavity. We assume that all
cavities experience the same amplitude, frequency and phase of laser drive, which is formed
uniformly for all cavities at time to over duration 7o. P; is a pumping pulse applied to the
selected cavities to excite a particular state at time t; (71 defines the pulse duration). A is the
energy detuning between the laser energy and cavity mode energy; « is the strength of local
(intra-cavity) Kerr nonlinearity; J;; represents a fixed coupling between cavities. We allow for
an associated phase with the coupling between different cavities, 6;;, which could be introduced
following the techniquesin [33]. The above Bose-Hubbard Hamiltonian is applicable to awide-
variety of systems, including coupled arrays of nonlinear photonic crystals as well as polariton
microcavities (in which case §; can be interpreted as the polariton field operator).

We will work in the classical regime. Adding a standard Lindblad form dissipation term,
the evolution of the field operators can be derived from the corresponding master equation.
Applying the mean-field approximation, (&) = ;, gives the nonlinear Schrodinger (Gross-
Pitaevskii) equation describing the coupled cavity array:

|ha ~

dy;i . 1 _9)?
= (A af i)y P+ D e+ Ple 1 @
l+e ]

whereT isthe decay rate. The topology of the cavity array described by J;j isshownin Fig. 1(a).

(®)
0.5*{I

O0 2 0.01 0.02
IF,|
IF|? (meV)

Fig. 1. (8) Architecture of cavity array. Color solid circles show cavities in layers
corresponding to the automaton cells, while black circles correspond to an auxiliary layer of
cavities used to reproduce the 110 rule. Different strengths of connections between cavities
are marked with different line styles. (b) Dependence of the intensity of asingle uncoupled
cavity on pump power. The S-shaped curve is characteristic of abistable system: the lower
(blue) and the upper (red) branches include the possible states; the dashed line indicates
unstable states. The vertical line indicates a selected pump intensity for which the cavity
intensity can be switched between its two stable values. Parameters: A = 0.5meV and
I' = 7/20 meV.
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This particular array represents a layered automaton, in which the state of the cavities
represented by red solid circles is dependent on the layer of cavities represented by blue solid
circles. An auxiliary layer of cavities, represented by black solid circles, isintroduced between
these layers. Aswe will show, this layer allows reproduction of the 110 rule between the layers
represented by solid circles with colors.

For asingle cavity, with no coupling to neighbours, the stationary states (in the limit of time
independent excitation) of Eq. (2) are given analytically by [29-31]:

IF? = [(ans— A)? +T?| ng 3)

where ns = |y¢|? defines the stationary intensity. If the pump energy is tuned above the bare
cavity/polariton mode energy by an amount A > V3T, then the system demonstrates bistability,
which is characterized by an S-shaped response of the intensity ns to the laser intensity |F|? as
shown inFig. 1(b). If the pump intensity isincreased from zero, the polariton intensity increases
steadily from zero until reaching a stable point on the lower branch of the S-shaped curve. If an
additional pulse P; is applied then the total pump intensity effectively increases instantaneously
and changes the state to that on the upper branch of the S-shaped curve. The power requirements
for running an automaton with the proposed scheme are defined by the power needed to observe
bistability of the individual cavity modes. In semiconductor mesa microcavities of 3 micron
diameter, bistability has been reported consuming 50 W/ cr? some time ago [34]. Since then, the
polariton lifetime has been improved by two orders of magnitude [35]. While bistability was not
studied in these most modern samples, given that power requirements scale inversely with the
cube of the lifetime, one can expect sub nanowatt power consumption per mesa. Given that the
calculation time scales with the automaton size, the total energy consumption of an automaton
routine would scale with the square of the number of cells in the input layer. Very recent
work has also demonstrated particularly low sub-femtojoule energy consumption in electrically
driven exciton-polariton condensates [36].

3. Realization of Rule 110

The switching of the state of a cavity due to coupling with its neighbours can be understood
by seeing that the last term in Eq. (2) effectively changes the driving amplitude from F to
F+2dijw je“gii . If theintensity of this effective driving exceeds the upper threshold calculated
in Fig. 1(b) for the single cavity, then the cavity automaton state will be switched from low to
high intensity. Note that the effective driving intensity depends on the state of the connected
cavities through their amplitudes ; and the interference of these amplitudes in the sum, which
depends on the coupling strengths J;; and coupling phases ;.

To redlize a cellular automaton we consider the case where F is chosen such that all cavities
exhibit bistability. The state of the automaton isinitialized by preparing the state of the cavities
in the first layer either in low or high intensity states, representing O and 1 in Table 1. All other
cavities areinitialy in the low intensity, O state.

Each triplet of cavities in the first automaton layer are coupled to two cavities in the first
auxiliary layer. The purpose of these two cavitiesisto realize different parts of the 110 rule. In
particular, the first auxiliary cavity should switch on if the input state of the triplet of cavities
is 110, 011 or 010, while the second auxiliary cavity should switch on if the input state of the
triplet of cavitiesis 001, 011, or 101. This behaviour can be realized for specific choices of J;j
and ¢;;. To see this we can consider first the addition of terms in the effective driving of the
first auxiliary cavity: F + Juy1€7% + Joyne % + Jayaei, where it should be understood that
W1, Y2 and 3 refer to the amplitudes of the first three cavities in the first automaton layer. The
couplings Ji, J» and J3, together with phases 0;, 6,, and 63 correspond to coupling from these
first three cavities to the first auxiliary cavity.
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Fig. 2. The phasor diagram showing how the direct driving term F and coupling termsfrom
neighbouring cavities Juy1e7%, e, and Jayze® interfere to generate an effective
driving. The dashed line shows the threshold corresponding to the second turning point
in Fig. 1(b). If the effective drive exceeds this value, then a cavity will be switched. a)
Example of interference causing triplets of cavities in states 110, 011 or 011 to switch on
an auxiliary cavity. b) Example of interference causing triplets of cavitiesin states 001, 011
or 101 to switch on an auxiliary cavity. Parameters: |J;| = |J,| = |J3| = 0.1015. (a) 6, = 0°,
6,=-120°, and 63=120°. (b) 6,=-120°, 6,=120°, 63=0°.

An example with a particular choice of values of couplings and phasesis shown in the phasor
diagram in Fig. 2(a), which shows how different termsinterfere to generate the effective driving.
Since different terms have different phases they must be added vectorially in the phasor diagram.
The termsto add also depend on the initial state of the three first cavities in the first automaton
layer. Only if a cavity isinitiated in the high intensity state does it contribute significantly to
the effective driving of the auxiliary cavity. The different pointsin the phasor diagram show the
result of the interference and consequent effective driving for different possible configurations
in the first layer. The horizontal dashed line shows the threshold for switching. Consequently,
we see that the auxiliary cavity switches if the three cavities feeding it have states 010, 011, or
110.

Figure. 2(b) considers now the coupling of triplets of cavitiesin the first layer to the second
auxiliary cavity. Using a slightly different choice of phases we find that the second auxiliary
cavity switches when the three cavities feeding it have states 001, 011, or 101.

To complete the rule 110 we now consider the coupling of the auxiliary cavity states to the
next automaton layer. It is straightforward to choose the coupling strengths such that if either
auxiliary cavity has been switched then it switches the cavity to which it couples in the next
layer into the high intensity state. Consequently the state of a cavity in the layer following the
auxiliary cavity layer can be switched depending on the state of its nearest three cavitiesin the
layer preceding the auxiliary layer according to the 110 rule. The results in Fig. 3 demonstrate
how the state of a cavity switches according to the 110 rule. Furthermore, to simulate disorder,
we tested our scheme adding random constants to the values of A in Eq. (2) of each cavity.
We found that for a root mean squared value of disorder of 0.1 meV, the scheme continues to
function. Thisisatypical value of disorder in semiconductor microcavities [37, 38].

It is worth noting that the reason that the 110 rule automaton is capable of computationally
non-trivial tasks is because it represents a nonlinear cut in the input state space. In Fig. 2 we
have used different coupling phases to separate the input states in phasor space. The threshold
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Fig. 3. Intensities of coupled automaton cavities after the state of the cavities in the first
layer (left-most cavities) has been set to a particular configuration. The state of the final
cavity (right-most) is switched to its higher intensity according to the 110 rule (Table 1).

mechanism of bistability introduces a linear cut in this space (given by the horizontal dashed
line), but it is unable to make a nonlinear cut where all states activated by the 110 rule can
simultaneously be above threshold. For this reason, two auxiliary cavities are needed to realize
different cutsin the phasor space. The combination of statesin the auxiliary cavitiesisthen able
to reproduce the 110 rule.

In the above analysis we have considered only the forward coupling between layers in
the network and neglected any effect of switching in any particular layer to a previous
layer. Feedback suppression could also be archived by using optical diodes to couple cavities
unidirectionally. Diode schemes compatible with bistability have been proposed theoretically
by patterning the shape of the polariton potential [39].

T
1) |
60} g S0°EE- u

Numver of automaton cells

0 10 20 30 0 10 20

T (100 ps)

oO

10 20

Fig. 4. Multi-layer cavity array with different numbers (65, 53, 40) of automaton cells for
(a), (b) and (c), respectively.
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4. Numerical results

To demonstrate the rule 110 automaton, we now consider a complete cavity array described by
Eg. (2). Weinitiate the states of the cavitiesin thefirst layer either in the low intensity O state or
high intensity 1 state corresponding to the bistable curve by applying the laser pulse P; to some
of the automaton cellsin thefirst layer. The coupling between triplets of cavitiesin thefirst layer
and the auxiliary cavities significantly increase the effective driving of the auxiliary cavity, then
the auxiliary cavity has been switched, and also the state of the next layer cavity was switched
due to the coupling of the auxiliary cavity states to the next automaton layer. Fig. 4 shows the
resulting final state of all cavitiesin the system, which illustrates how self-replicating structures
characteristic of cellular automata are generated.

5. Conclusions

We introduced the concept of cellular automata using coupled arrays of bistable resonators,
which could be realized with exciton-polaritons in semiconductor microcavities, for example.
By engineering the interference between coupled cavities it is possible to realize the cellular
automaton defined by the 110 rule. This is confirmed with numerical simulations using the
nonlinear Schrédinger equation to represent the dynamics of the system. The automaton based
on the 110 rule falls into the class of Turing complete automata, thus the system in principal
represents a complete scheme of optical based information processing. In theory the system is
fully scalable and can be implemented with a single microcavity or photonic crystal structure.
The use of bistability allows for the robust maintenance of binary states, where losses are
conveniently compensated by a continuous laser drive.





