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Abstract: Synthetic Aperture Radar (SAR) imaging with a non-zero (forward) squint angle is capable
of providing a longer time for reaction than that of the broadside mode. However, due to the
large squint angle, there will be severe coupling between range and azimuth samples in the echoed
data, which is known as the problematic Range Cell Migration (RCM) in the SAR community.
Especially when the SAR sensor mounted on an airborne platform encounters unexpected motion
deviations/errors, the coupling becomes more complicated, and it is difficult to differentiate the
systematic RCM for the SAR Image Formation Processing (IFP) and the non-systematic RCM error
to be compensated. To this end, a novel and accurate SAR imaging algorithm is proposed in this
paper to facilitate the processing of airborne SAR data collected at a high-squint angle. Firstly, the
proposed algorithm is established under a Fast Time-Domain Back-Projection (FTDBP) framework
for the SAR IFP. FTDBP paves the way to avoid the complicated processing for the systematic RCM
as for the conventional SAR IFP in the Doppler processing manner. It is capable of generating a
high-resolution SAR image efficiently under more general geometries and configurations. Secondly,
regarding the non-systematic RCM errors, the proposed algorithm realizes the compensation by
correcting both the Non-systematic Range Cell Migration (NsRCM), as well as Azimuthal Phase
Error (APE) in a coherent manner. It is consequently capable of auto-calibrating the effects of the
motion error completely without being dependent on the airborne navigation unit. Finally, both
simulated and raw data collected by the airborne squinted SAR are applied to evaluate the proposed
algorithm. Comparisons with conventional algorithms are carried out to reveal the superiority of the
proposed algorithm.

Keywords: squint Synthetic Aperture Radar (SAR); auto-calibration; Fast Time-Domain
Back-Projection (FTDBP); Azimuthal Phase Error (APE); Non-systematic Range Cell Migration
(NsRCM)

1. Introduction

Synthetic Aperture Radar (SAR) has become an important tool for ground mapping and remote
sensing, because of its advantages of all weather, all day-and-night, long operating range and high
spatial resolution [1–5]. SAR working in strip-map mode with the radar Line-of-Sight (LoS) in
broadside can directly utilize iso-Doppler lines to achieve a large Doppler bandwidth, and accordingly,
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high spatial resolution SAR images can be obtained [1,2]. However, the broadside SAR will already pass
the observing scene when the feature of the scene is figured out from the SAR image. To this end, by
fixing the radar LoS at a forward non-zero squint angle, SAR is capable of providing sufficient time for
reaction before the airborne radar arrives at the scene- or target-of-interest [1]. Consequently, the squint
SAR is more flexible for practical applications, such as landing radar, guiding radar, warning radar,
and so on [6].

SAR Image Formation Processing (IFP) for the broadside mode has been well established [1,2].
However, it is still a challenging problem for the squint SAR IFP. Due to the large squint angle, the
complicated Range Cell Migration (RCM) is difficult to fully handle [7]. Conventionally, to correct
the RCM, the SAR IFP algorithms are mainly borrowed from the broadside SAR IFP, which works in
the range-Doppler domain under the azimuth-invariant assumption [8]. Generally, the conventional
algorithms for the squint SAR IFP can be referred to as Doppler Processing Algorithms (DPAs) [6,9–11].
However, followed by the increasing demand to increase the squint angle, the problematic RCM
becomes much more complicated to handle, especially in airborne SAR applications. As the airborne
SAR encounters unavoidable motion errors, the fundamental azimuth-invariant assumption would
not always be satisfied [12], and the conventional DPAs may not achieve a good performance [13–15].
Therefore, it becomes necessary to develop a more flexible and more general SAR IFP algorithm for
high-squint SAR imagery.

In this paper, we follow the other trend of SAR IFP, Time-Domain Back-Projection (TDBP) [16–20].
TDBP directly accumulates the radar echoes into specific SAR image pixels, which therefore avoids
the complicated correction of RCM for the decoupling. Compared with DPAs established under the
assumption of azimuth-invariance, TDBP is more general and can be applied at an arbitrary squint
angle, aircraft trajectory, multistatic antenna elements, and so on [12]. Even though research on TDBP
started earlier than DPAs, the development of TDBP becomes significant again because it can be applied
to various applications without too many limitations. More recently, several fast implementations for
TDBP have come out, which has greatly accelerated its development [16,19,20]. Among various Fast
TDBP (FTDBP) implementations, Fast Factorized Back-Projection (FFBP) is the most popular one [13,16].
By running back-projections in a recursive manner, FFBP successfully reduces the computational
complexity of TDBP from O(N3) to O(N2log2(N)), which is comparable to DPAs [16]. FFBP is
therefore capable of accommodating the squint SAR data collection and simultaneously has high
efficiency. Consequently, we are to devise a novel SAR IFP algorithm based on the FFBP framework to
achieve accurate and efficient imaging performance for high-squint SAR data.

To process the airborne SAR data, the unavoidable airborne platform motion deviations/errors
are some of the main concerns for achieving well-focused SAR images [1]. Due to the atmospheric
turbulences and navigation errors, the airborne SAR frequently deviates from its predetermined flight
track, and the motion errors will definitely affect the final SAR image quality. In general, the effects
of motion errors on the SAR imagery are known as Non-systematic Range Cell Migration (NsRCM)
and Azimuthal Phase Errors (APE) [21], where the former error induces range defocusing and affects
the performance of the APE autofocusing, while the latter error leads to the azimuthal focusing
degradation. To compensate the APE and NsRCM errors, the conventional way is to employ airborne
Inertial Navigation Units and the Global Positioning System (INU/GPS) [12,13]. By directly measuring
the motion deviations, it can be compensated before the SAR IFP. However, it would be insufficient
in accuracy or even no measurements would be available for some radars with a limited budget
for development [13,21]. Therefore, it becomes valuable and necessary to design an auto-calibration
approach to estimate and compensate the motion errors in a data-driven manner.

The auto-calibration algorithms under DPAs have been well-developed [6,21,22]. In [21],
for broadside SAR imaging, the authors designed a 2D motion error autofocusing algorithm that
can adaptively calibrate the APE and NsRCM errors in a coherent manner. Although in [6,22],
the squint SAR imagery is investigated under DPAs incorporating error auto-calibrations, the accuracy
for high-squint and high-resolution data is limited. Because the DPAs have limited performance with
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respect squint SAR data, recently, FTDBP algorithms have been developed to incorporate data-driven
auto-calibrations [12,13,19,23]. They are capable of facilitating the processing of the SAR data collected
at a high-squint angle. In [13], a general spectrum under FFBP IFP algorithm is derived for broadside
SAR imaging. Although a coherent relationship between the APE and NsRCM error is obtained,
the along-track motion error is not taken into consideration when it is adopted in squint SAR imagery.
In [23], FFBP was incorporated with auto-calibrations to process airborne squint SAR data, but without
consideration of the NsRCM error. Consequently, it is necessary to develop an accurate and effective
error auto-calibration algorithm under the FTDBP IFP framework for airborne squint SAR data.

In this paper, a novel squint SAR imaging algorithm is proposed under the FFBP IFP framework
incorporated with a 2D error auto-calibration process that is capable of auto-calibrating both the APE
and NsRCM errors in a coherent manner. Because both the motion errors in the along-track and
cross-track are taken into account, the proposed algorithm can feasibly accommodate the airborne
SAR data collected at a high-squint angle. FFBP, as one of implementations of FTDBP, is adopted for
the SAR IFP. It therefore can avoid the complicated correction for the systematic RCM. This improves
the applicability of the proposed algorithm for general applications without too many limitations.
Analytical expressions for the APE and NsRCM errors are developed, and the relationship among APE,
NsRCM and both the motion error in slant-range and along-track are explicitly revealed. Based on
the analytical relationship, the error auto-calibration process can be completed by compensating the
APE and NsRCM errors coherently, instead of separately. It therefore can achieve well-focused SAR
images from the echoed data collected at a high-squint angle and even without the airborne navigation
measurements or when only low accuracy measurements are available. A comprehensive review and
discussion are given to show that the proposed algorithm is a general case of the previous models.
Both simulated and raw SAR data collected at a large squint angle and from an airborne platform are
used to evaluate the proposed algorithm.

The remainder of this paper is organized as follows. A general SAR geometry with a non-zero
squint angle is established in Section 2, and the signal model is developed accordingly. In Section 3,
FFBP as one of FTDBP implementations is employed for the SAR IFP. The motion error effects are
analyzed and incorporated in Section 4. The detailed processing flowchart of the proposed algorithm
is demonstrated in Section 5. Some useful discussions are carried out in Section 6. Simulations and
raw data experiments are performed in Section 7. Finally, conclusions are drawn in Section 8.

2. Squint SAR Geometry and Signal Model

2.1. Squint SAR Geometry

The squint SAR geometry is demonstrated in Figure 1. As the two-dimensional (2D) SAR
imaging problem is considered in this paper, the geometry is established in the slant-range plane [1].
The slant-range plane is denoted by X-O-R as shown in Figure 1, where the SAR sensor is mounted on
an airborne platform flying along a predetermined flight track at a velocity of v. During the movement
of the airborne radar, it transmits wideband pulses toward a ground scene to be imaged and collects
the echoes simultaneously.

To image the ground scene-of-interest before the time when the airborne platform arrives, the radar
LoS is directed with a forward squint angle θq (Figure 1). Suppose an arbitrary ground scatter
is represented in a polar grid with the coordinates (ρk, θk). When the airborne SAR flies along the
predetermined track, the range from the airborne radar (Position A in Figure 1) to the scatter (Position B)
can be given according to the cosine formula as:

Rk(u) =
√

u2 + ρk
2 + 2uρk cos(

π

2
+ θk) (1)
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where u represents the spatial variable of the synthetic aperture. This is the displacement of the
airborne radar from the origin of the coordinates, and its variation can be determined according to the
squint angle θq and the radar beam width. By further manipulating Equation (1), we have:

Rk(u) =
√

u2 + ρk
2 − 2uρk sin θk . (2)

X

R

O

 ,k k 

k

A

B



k

u

 kR u

q

Figure 1. Squint SAR geometry in the slant-range plane.

2.2. Signal Model

It is well known that SAR generally transmits a series of wideband pulses at a constant Pulse
Repetition Frequency (PRF) toward the ground scene-of-interest and collects the echoes simultaneously.
With the round-trip of Rk(u) in Equation (2), the echoed signal can be written as:

S(kr, u) = P(kr)
K

∑
k=1

exp
[
−jkrRk(u)

]
(3)

where in total, k ground scatters are considered, P(kr) denotes the spectrum of transmitted pulses
and kr is the transmitting wavenumber. Giving f0 as the centroid frequency and B as the bandwidth,

we have kr =
4π fr

c
and fr ∈

[
f0 −

B
2

, f0 +
B
2
]
.

The echoed signal model in Equation (3) is established under a latent assumption that the
airborne radar moves along a predetermined flight track. However, in practice, due to the atmospheric
turbulence and navigation errors, the airborne platform inevitably encounters motion deviations from
the predetermined ones [21], which will definitely influence the intended SAR imaging performance.
The practical signal model can be therefore given as [21]:

S̃(kr, u) = S(kr, u) exp
[

jkr∆R(u)
]

(4)

where ∆R(u) generally represents the non-systematic range error from the airborne radar motion
deviations. Only the space-independent range error is considered in Equation (4). Regrading that its is
space-variant, interested readers can refer to [24] for solutions.

As can be noted from Equation (4), both in the systematic term S(kr, u) and the non-systematic

term exp
[

jkr∆R(u)
]
, the range wavenumber variable kr and the azimuth sample variable u are

coupled with each other, which is known as the range migration. Generally, the designated SAR IFP is
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to remove the systematic coupling by correcting the range migration. In DPAs, the range migration is
usually processed into Taylor series with respect to the azimuth sample variable. Then, the SAR IFP
performs by generating matched-functions to correct the intended orders of the range migration [1].
Commonly, in the squint SAR imaging scenario, various orders of the range migration are desired to
be corrected for a focused image. However, the separated order-by-order correction will definitely
increase the complexity of the SAR IFP. Moreover, DPAs have limited performance for the high-squint
SAR data due to the complexity.

Next, regrading the non-systematic range error ∆R(u), it will lead to both the NsRCM and
APE [21]. To quantificationally demonstrate the effect of the range error, the wavenumber variable kr

is decomposed into kr = k0 + ∆kr, and the error term kr∆R(u) in Equation (4) can be decomposed as:

∆ψAPE(u) = k0 · ∆R(u) =
4π f0

c
∆R(u) =

4π

λ
∆R(u) (5)

and:

∆ψNsRCM(∆kr, u) = ∆kr · ∆R(u) =
4π∆ f r

c
∆R(u) =

2π

∆ρr
∆R(u) (6)

where k0 =
4π f0

c
gives the wavenumber centroid, c is the speed of light, λ is the wavelength, ∆ρr =

c
2∆ fr

is the range resolution variation and ∆ fr ∈
[
− B

2
,

B
2

]
. The degradation in Equation (5) is explained

as the APE [21], where the range error ∆R(u) is evaluated by the wavelength λ. Therefore, the
accuracy of the adjustment of APE can be interpreted by the radar wavelength. The APE commonly
results in azimuthal focusing degradation, such as a widened main-lobe and increase sidelobes.
Next, in Equation (6), the degradation is related to the azimuthal variable u and the range variable ∆ρr;
therefore, ∆ψNsRCM(∆kr, u) or ∆ψNsRCM(∆ f r, u) is known as the NsRCM error, which is a 2D error
function that will lead to both range defocusing, as well as the azimuth autofocusing degradation. By
further noticing Equation (6), the range error ∆R(u) is denoted with respect to the range resolution
variation ∆ρr, which can therefore be known as that the accuracy of the alignment of NsRCM is
related to the range resolution. Following the development of modern SAR, both high-resolution and
high-accuracy SAR imaging performances are desired. Consequently, both APE and NsRCM errors
are to be compensated for a well-focused SAR image.

To this end, conventionally, the airborne INU/GPS is employed to measure the actual flight track.
However, in some cases, only the instruments with coarse accuracy are available or even none of the
instruments are available. Therefore, we have to rely on the data-driven approach [25]. In general,
the data-driven motion error compensation method should be properly designed to incorporate the
SAR IFP. For DPAs, it requires that the echoed spectrum obeys the azimuthal-invariance characteristic;
unfortunately, the airborne SAR flight deviation will definitely violate this requirement, and the
performance of both the IFP and the error auto-calibration will be degraded. Besides, due to the large
squint angle, the projected along-track motion error (except the motion error projected onto the LoS)
also should be taken into account.

In summery, to further improve the performance of the accommodation of high-squint SAR
data and seamlessly incorporate the data-driven auto-calibration, in this paper, we choose the other
trend of SAR IFP, that is the Time-Domain Back-Projection (TDBP) or, specifically, the Fast Factorized
Back-Projection (FFBP). Details about FFBP will be introduced in the next section.

3. Fast Factorized Back-Projection

TDBP is a general SAR IFP approach that came out even earlier than DPAs. Different from DPAs,
it directly processes the SAR echoes in the time-domain by BP processing, where each echoed pulse is
accumulated into specific SAR image pixels [16], rather than transforming the pulses into the Doppler
domain. There is no need for TDBP to satisfy the azimuth-invariant assumption, and there is no need
to process the complicated range migration. Therefore, TDBP is more general than DPAs, and it can be
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applied in various SAR applications without limitations on squint angle, flight track and multistatic
antennas [13]. Mathematically, TDBP achieves SAR images by directly integrating the echoes as:

I (ρ, θ) =
∫ ∫

S̃ (kr, u) exp
(

jkr

√
u2 + ρ2 − 2uρ sin θ

)
dkrdu , (7)

where ρ and θ give the axes in radial and angle dimensions, respectively. Using a simple transformation
of coordinates, the polar grid image I (ρ, θ) in Equation (7) can be transformed in to the common
Cartesian grid as I (x, r) on the slant-range plane.

To utilize the superiority of TDBP in high-squint SAR imaging, a fast implementation of TDBP,
FFBP [16], is employed in this paper for the framework of SAR IFP. FFBP is the most classic TDBP
that is capable of achieving a comparative accuracy of BP and simultaneously maintaining a high
computational efficiency. The conventional FFBP usually performs in the polar coordinates in which
the range of the frequency variation can be compacted into a narrower bandwidth so that the
Nyquist sampling rate, as well as the number of BP operations can be dramatically reduced [12,17].
Different from the BP algorithm, FFBP performs in a recursive manner. An illustration of the recursion
is shown in Figure 2.

Sub-aperture in Recursion K

Sub-aperture in Recursion K+1

M
er

g
in

g
 f

o
r 

h
ig

h
er
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n

g
u

la
r 

re
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lu
ti

o
n

...

...

Figure 2. FFBP recursion.

In the FFBP recursion, the collected SAR data in the full synthetic aperture will be divided into
several sub-apertures. In each sub-aperture, a coarse image will be generated by the BP operation.
Next, as shown in Figure 2, the adjacent two sub-apertures are merged into a SAR image with higher
resolution than that in the last recursion [16]. During the merging process, each pixel in the (K + 1)-th
sub-image is calculated from the corresponding pixels in K-th sub-images, as shown by the dashed
arrows in Figure 2, and 2D interpolation will be utilized for calculating the pixels in the process.
Following the recursion process, the length of sub-aperture increases, the number of sub-apertures
decreases and the angular resolution of the SAR image becomes higher. As can be noted from Figure 2,
from the K-th to the (K + 1)-th recursion, the merged SAR image in the polar grid has higher angular
resolution. The recursion runs until the final resolution achieves that corresponding to the full aperture.
The choice of the number of recursions K is determined according to the length of the sub-aperture
and the full-aperture. For simplicity, from the N divided sub-apertures, we have the number of the
merging recursions as K ≈ log2(N).

From the above analysis, thanks to the SAR IFP being carried out in the time-domain,
the complicated process for the correction of range migration as for conventional DPAs can be avoided.
Furthermore, in this paper, different from the commonly-used FFBP formation based on the polar grid,
we introduce a novel FFBP formation that is derived in the quasi-polar grid [13]. The quasi-polar based
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FFBP formation makes it easy to estimate the motion error in the post-IFP data domain in a data-driven
manner [13]. Specifically, when the FFBP proceeds in the quasi-polar grid (ρ, x), the formed SAR
image can be shown as:

I (ρ, x) =
∫ ∫

S̃ (kr, u) exp
(

jkr

√
u2 + ρ2 − 2ux

)
dkrdu, (8)

where ρ and x = ρ sin θ represent the axes in the radial and along-track (or azimuth) directions,
respectively. Then, two wavenumber variables, kρ and kx, are introduced, which give the radial and
along-track wavenumber variables, respectively. Under the commonly-used narrow-beam and far-field
assumptions, Equation (8) can be approximated as: [13]

I (ρ, x) ≈
K
∑

k=1

∫ ∫
P(kρ) exp

(
−jkρρk − jkxxk

)
exp

(
kρ∆ρ(u) + kx∆x(u)

)
exp

(
jkρρ + jkxx

)
dkρdkx (9)

where xk = ρk sin θk and ∆ρ(u) and ∆x(u) are the components of the range error ∆R(u) in the radial
and along-track directions, respectively. For detailed derivation of (9), refer to [13].

4. Motion Error Auto-Calibration

To facilitate the following analysis, the spatial variable u is substituted by [13]:

u = −ρ0
kx

kρ
. (10)

where ρ0 gives the reference slant range from the radar to the observing scene center.
Generally, the motion error compensation is carried out with respect to a reference point that is usually
selected as the observing scene center. Next, both the motion error effects, APE and NsRCM errors are
to be analyzed analytically, and a coherent error auto-calibration algorithm will be proposed under an
analytical relationship between the errors.

4.1. Motion Error Effects

As seen in Equation (9), FFBP simply avoids the decoupling for the range migration, and both
the radial and azimuthal coordinates of the k-th scatter, ρk and xk are decoupled from the radial and
along-track wavenumber kρ and kx, respectively. Next, we are to solve the motion error problem.
The signal model in Equation (9) can be shown in the 2D wavenumber domain as:

S̃(kρ, kx) ≈
K

∑
k=1

P(kρ) exp
(
−jkρρk − jkxxk

)
exp

[
kρ∆ρ(u) + kx∆x(u)

]
. (11)

Equation (11) gives the analytical form of the error-contaminated echoes after FFBP SAR IFP.
It can be noted from Equation (11) that each scatterer with the radial and azimuthal coordinates, ρk and
xk, can be easily imaged in the quasi-polar grid (ρ, x) by employing the Fourier Transformation (FT)
with respect to kρ and kx. However, due to the error, the image quality will be degraded. To evaluate
the motion error effect, Equation (10) is substituted into Equation (11), and we have:

S̃(kρ, kx) ≈
K

∑
k=1

P(kρ) exp
(
−jkρρk − jkxxk

)
exp

[
kρ∆ρ(−ρ0

kx

kρ
) + kx∆x(−ρ0

kx

kρ
)
]

. (12)

In Equation (12), the first exponential term gives the ground scatterer at the quasi-polar coordinates
(ρk, xk), while the last exponential term shows the effect from the motion error. The first term in the
error exponent represents the motion error effect from the airborne radar motion deviation in the
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radial direction, while the second term gives that in the along-track direction. By approximating the
radial motion error effect in Taylor series expansion, there is:

kρ∆ρ(−ρ0
kx

kρ
) ≈ k0∆ρ(−ρ0

kx

k0
) +

[
∆ρ(−ρ0

kx

k0
) + ρ0

kx

k0
∆ρ
′
(−ρ0

kx

k0
)
]
(kρ − k0) (13)

where ∆ρ
′
(·) gives the derivative of ∆ρ(·). It can be noted from Equation (13) that the first term is

proportional to the radial error ∆ρ(·) with a constant coefficient, i.e., the wavenumber centroid k0. It is
therefore referred to as APE varying with the azimuth wavenumber variable kx. The other two terms in
Equation (13) are represented with a common term (kρ − k0), and both terms can be interpreted as the

NsRCM error, which may result in a range cell migration error when
[
∆ρ(−ρ0

kx

k0
) + ρ0

kx

k0
∆ρ
′
(−ρ0

kx

k0
)
]

exceeds one range cell.
Next, in Equation (12), the second term in the exponential error function corresponding to the

along-track motion error will also introduce degradations, and it can be analyzed similarly as:

kx∆x(−ρ0
kx

kρ
) ≈ kx∆x(−ρ0

kx

k0
) + ρ0

k2
x

k2
0

∆x
′
(−ρ0

kx

k0
)(kρ − k0) (14)

where ∆x
′
(·) represents the derivative of ∆x(·). Similar to the above analysis, the first term in

Equation (14) is known as the APE error function, and the residuals can be referred to as the
NsRCM error.

Different from the conventions, both the APE and NsRCM errors are considered in the proposed
error auto-calibration. Moreover, the errors are estimated and compensated coherently, instead of
separately. As can be noted from Equations (13) and (14), both the radial and along-track motion errors
will result in the APE and NsRCM errors. It is actually one of the contributions in this paper where
both the radial and along-track motion errors are considered in the proposed error auto-calibration.
In total, the NsRCM error can be therefore given as:

∆RNsRCM(kx) = ∆ρ(−ρ0
kx

k0
) + ρ0

kx

k0
∆ρ
′
(−ρ0

kx

k0
) + ρ0

k2
x

k2
0

∆x
′
(−ρ0

kx

k0
) . (15)

Applying an Inverse FT (IFT) on the radial wavenumber in Equation (12), the expression for the
range-compressed signal can be written as:

s̃(ρ, kx) =
1

2π

∫
S̃(kρ, kx) exp(jkρρ)dkρ . (16)

Assuming p(ρ) represents the range profile that is determined by the specific form of P(kρ),
the range-compressed signal can be re-written as:

s̃(ρ, kx) =
K

∑
k=1

p
[
ρ− ρk − ∆RNsRCM(kx)

]
exp(−jkxxk) exp

[
j∆φAPE(kx)

]
(17)

where:
∆φAPE(kx) = k0∆ρ(−ρ0

kx

k0
) + kx∆x(−ρ0

kx

k0
) (18)

gives the total APE function from both the errors in radial and along-track directions. As can be
noted in Equation (17), the range-compressed profile p[·] will shift due to the NsRCM error ∆RNsRCM
in Equation (15). This will result in the range response of scatters in one range cell dispersing into
adjacent range cells. It will also affect the performance of the auto-calibration process for the APE
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adjustment. Next, another IFT is performed on Equation (17) with respect to the azimuth wavenumber
kx, and the SAR image can be therefore obtained as:

I(ρ, x) =
1

2π

∫
s̃(ρ, kx) exp(jkxx)dkx . (19)

where s̃(ρ, kx) can refer to Equation (17). Due to the unknown APE error ∆φAPE(kx) in s̃(ρ, kx), the IFT
operation in Equation (19) cannot fulfill the azimuthal focusing.

4.2. Coherent Relationship between APE and RCM

In this paper, we are to compensate the APE and NsRCM errors simultaneously in a coherent
manner based on the FFBP formation. This is different from the conventions they implement in both
the estimation and compensation separately. The conventions may take advantage of an arbitrary
error function, but at the cost of efficiency. Generally, for SAR data, they inherently have coherence,
which means the amplitude and phase modulation of the data have a coherent relationship. In other
words, the range profile migration and the phase modulation should have a fixed relationship [12,13].
Thanks to the coherence, we can exploit the analytical form of the relationship between the APE and
NsRCM error functions. When the relationship can be revealed after the SAR IFP, we can implement
the 2D auto-calibration coherently. By further exploiting the NsRCM and APE error functions in
Equations (15) and (18), an explicit relationship can be revealed as:

∆RNsRCM(kx) =
1
k0

[
∆φAPE(kx)− kx · ∆φ

′
APE(kx)

]
. (20)

It can be clearly seen from Equation (20) that the NsRCM range error can be denoted by the APE
error function with both its own terms and its derivative. This naturally paves the way to achieve
both the error functions from one single error estimation. We will discuss details about the APE and
NsRCM compensations in the next sub-section.

Compared to the APE and NsRCM errors before the SAR IFP as shown in Equations (5) and (6),
it can be noted that the relationship has been changed after the FFBP SAR IFP. Before the SAR IFP,
the APE and NsRCM errors are straightforwardly proportional within the same range error ∆R(u);
while after FFBP in Equations (15) and (18), both error functions change into the combination of the
range error and its derivative. The deterministic relationship between the APE and NsRCM errors
reveals that the FFBP formation introduces an additional term of the error derivative. Without the
relationship, both the APE and NsRCM errors should be estimated and compensated separately.
With the analytical relationship, we can achieve one of the error functions under the estimation of the
other, where a simple numerical calculation can replace the estimation of either APE or NsRCM error.
Moreover, both errors in the radial and along-track directions are considered in the above development,
which will facilitate the processing of the SAR data collected at a large squint angle.

4.3. Coherent Motion Error Compensation

Finally, both the APE and NsRCM errors are to be removed from the SAR echoes, so that the
final SAR image can be well focused. As mentioned in the above sub-section, under the deterministic
relationship in Equation (20), they can be estimated and compensated in a coherent manner.

Generally, both the APE and NsRCM errors can be estimated from the echoed data in the
data-driven manner. Firstly, the APE error function can be estimated in the complex range-compressed
data domain. By extracting the phase component of the echoed data from either a single range cell
or multiple weighted cells, the phase error function can be estimated in various ways. In terms of
the estimated phase type, there are three categories for the APE estimation, the phase rate estimation,
the phase difference estimation and the direct phase estimation. Map-Drift (MD) [25], Phase Gradient
Autofocusing (PGA) [21] and Minimum Entropy Autofocusing (MEA) [26] are the typical methods,
respectively. Considering both the accuracy and efficiency of the APE error estimation, PGA is the best
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candidate, which has been widely used in the SAR community. Secondly, for the NsRCM error, it can be
estimated by either calculating the correlation of the range profiles or evaluating an objective function
of the entropy of the range profiles. The former requires the echoes to have a high signal-to-noise ratio
(SNR), while the latter have a large computational burden.

Recall the relationship developed in Equation (20); it paves a way toward achieving the APE and
NsRCM errors by firstly estimating one of them and then simply calculating the other according to the
relationship. As it is well known that the accuracy of the error estimation from APE is higher than that
from the NsRCM error, we propose the motion error compensation in a coherent manner under the
relationship developed in Equation (20), where the APE estimation is performed first and then directly
calculating the NsRCM error based on the analytical relationship. The coherent error auto-calibration
can be therefore established. Furthermore, to estimate the APE error function, PGAs are to be
adopted. To accommodate practical imaging scenarios, PGA is further improved as the Weighted
PGA (WPGA) [21], which fully utilizes the phase redundancy across the range cells. Because WPGA
is capable of achieving a high accuracy for an arbitrary error form and simultaneously maintaining
a high efficiency, it is employed in the proposed algorithm. Followed by the APE estimation by
WPGA, the NsRCM error function can be calculated according to Equation (20); both errors can be
simultaneously compensated, and the proposed error auto-calibration method can accommodate
arbitrary error forms of both APE and NsRCM errors.

5. Processing Procedure

In this section, the processing procedure of the proposed algorithm is presented, and the flowchart
is demonstrated in Figure 3. Specifically, the processing procedure is carried out in three stages.

• Stage 1: FFBP SAR IFP. At the first stage, the raw data collected at a large squint angle will be
pre-processed. Either matched-filtering or de-chirping can be applied for the range de-ramp.
Then, the data S̃(kr, u) as described in Equation (4) are processed by FFBP for the SAR IFP. FFBP as
one of the classic FTDBP algorithms is capable of generating high-resolution SAR images without
limitation on the squint angle. To accommodate the airborne application, if the airborne INU
and GPS are available, they can be useful to preliminarily compensate the airborne SAR motion
deviations/errors [25]. When no navigational data are available or only low accuracy data are
available, the proposed algorithm still has the capability to compensate the error in a data-driven
manner. To facilitate the FFBP SAR IFP with the data-driven error auto-calibration, the novel FFBP
implementation in a quasi-polar grid is employed [13], and the data are transformed into the 2D
wavenumber domain as S̃(kρ, kx) in Equation (12). For the following motion error compensation,
the data are further transformed into the range-compressed domain by a range IFT.

• Stage 2: Coarse auto-calibration. At the second stage, the error auto-calibration process is carried
out in the range-compressed data domain as s̃(ρ, kx) in Equation (17). To reduce the influence of
the NsRCM on the APE estimation, range down-sampling will be performed [21]. Then, WPGA
is employed to achieve the APE estimation ∆φCo

APE(kx). According to the relationship developed
in Equation (20), the NsRCM error function can be simply calculated as ∆φNsRCM(kρ, kx).
Accordingly, a coarse Motion error Compensation (MoComp) can be implemented with a coarse
compensation for the APE and simultaneously a complete compensation for the NsRCM error.
Though only a relatively coarse accuracy of the APE estimate is obtained, it is accurate enough for
the compensation of the NsRCM error [21].

• Stage 3: Fine auto-calibration. At the third stage, a fine MoComp is performed to compensate
the residual APE for a well-focused SAR image. WPGA is adopted again for the residual APE
estimation. As the NsRCM error has been removed in the second stage, there is no need to carry
out the down-sampling. Therefore, the fine MoComp is implemented with only the residual APE
correction. Finally, an azimuth IFT is applied to achieve the focused SAR image as shown in
I(ρ, x) in Equation (19). As the proposed algorithm is performed in the quasi-polar grid (ρ, x),
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the achieved SAR image as in Equation (19) should be finally transformed into the Cartesian
coordinates on the slant-range plane as I(r, x).
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Figure 3. Processing flowchart of the proposed algorithm.

6. Discussions

In this paper, we mainly focus on the processing of the airborne SAR data collected at a large
squint angle. To facilitate the processing of the complicated range migration in the echoed data, FFBP
is adopted for the SAR IFP. To accommodate the practical airborne motion errors, FFBP is further
improved to process the data in the quasi-polar grid, so that it can be incorporated with the data-driven
motion error compensation, seamlessly. The motion error auto-calibration is developed in a coherent
manner, where the APE and NsRCM errors are estimated and compensated coherently. Moreover,
during the establishment of the motion error model, not only the radial error, but also the error
in the along-track direction are taken into account, which will definitely improve the capability of
the proposed algorithm in processing the high-squint SAR data. Though we develop the proposed
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algorithm specifically for the squint SAR imaging, it should have great potentials in various airborne
applications, such as circular SAR, bistatic SAR, and so on. However, we need plenty of experimental
data to examine the effectiveness, which are under investigation.

7. Experiments

In this section, both simulated and raw SAR data collected at a large squint angle will be processed
to validate the effectiveness of the proposed algorithm. Comparisons with conventional algorithms
will be demonstrated and analyzed to show the superiority of the proposed algorithm.

7.1. Simulations

First of all, point scatters are simulated to generate the simulation data, where the simulated SAR
parameters are set as shown in Table 1. A large squint angle of 55◦ is simulated for the airborne SAR
to provide sufficient warning time for reactions. The geometry of imaging scenario is presented in
Figure 4. In total, 9 scatterers are simulated in the observing scene, ad each of them are set with a
uniform spacing of 1 km. Taking practical issues into account, not only the motion errors in the radial
direction, but also that in the along-track direction are simulated. Figure 5 shows the simulated motion
errors in the radial and along-track directions in arbitrary forms.

Table 1. Simulated parameters of airborne squint SAR.

Parameters

Centroid Frequency X-Band
Bandwidth 180 MHz

Sampling rate 200 MHz
PRF 600 Hz

Reference Range 17 km
Velocity ∼132 m/s

Squint Angle ∼55◦

1 km

1
 km

Y

X

O

17 km

55

Edge 
Scatter

Figure 4. Simulated squint SAR geometry.

Due to the motion error, the focusing quality of the simulated scatters will be degraded even after
FFBP for SAR IFP. Figure 6 shows the 3D responses of the center and edge scatters (Figure 4) in the left
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and right sub-figures, respectively. As can be noted, severe degradations can be observed including
widened main-lobe and increased sidelobes.

According to the processing procedure of the proposed algorithm in Figure 3, the APE function
is estimated by the WPGA as shown Figure 7a, and the NsRCM error function is directly calculated
based on the APE estimation according to the relationship developed in Equation (20) as given in
Figure 7b. It is clear that due to the FFBP formation, the variations of APE and NsRCM errors are
different from each other, which we have analyzed in Section 4. As the proposed algorithm performs
in the quasi-polar wavenumber domain (kρ, kx), it is difficult to compare the estimated error and
the simulated error in the same data domain. Therefore, we show the APE estimation and NsRCM
calculation in the azimuth sample domain as in Figure 7. After both the APE and NsRCM errors are
compensated in the simulated data, the scatters are refocused with good quality, as shown in Figure 8,
where both the center scatter and the edge one are well focused.
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Figure 5. Simulated motion errors in the (a) radial direction and (b) along-track direction.

（a） （b）

Figure 6. 3D response of the (a) center scatter and (b) edge scatter without motion error compensation.

To prove the superiority of the proposed algorithm, the ωK algorithm as one of the most
representative algorithms of the DPAs is employed for the comparison. Specifically, an extended
version of the ωK algorithm as described in [6,22] is applied, for which it is easy to incorporate
the data-driven auto-calibration. Figure 9 presents the azimuth responses of scatters processed by
the proposed algorithm based on FFBP formation and the conventional algorithm based on the ωK
formation [6,22]. The comparison of the center scatter is shown in Figure 9a, and that of the edge scatter
is given in Figure 9b. From the comparison, it can be seen that the proposed FFBP-based algorithm is
superior to the conventional extended ωK-based algorithm, where the processing result has narrower
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main-lobe and lower sidelobes. This is because FFBP, as one of the FTDBP algorithms, is employed for
the image formation, and both radial and along-track motion errors are considered.
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Figure 7. Estimated (a) APE error function and calculated (b) NsRCM error function for compensation.
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Figure 8. 3D response of the (a) center scatter and (b) edge scatter after the proposed motion error compensation.
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Figure 9. Azimuth response comparison of (a) the center scatter and (b) the edge scatter processed by
the proposed FFBP-based motion compensation (solid lines) and the ωK-based motion compensation
(dashed lines).
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Finally, the SAR image processed by the proposed algorithm of all 9 scatters is given in Figure 10.
Obviously, all the scatters are well focused by the proposed algorithm.
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Figure 10. Focused SAR image of all 9 simulated point scatters.

7.2. Raw Data Experiments

In this sub-section, the raw SAR data collected from an airborne platform at a large squint angle of
55◦ are used to examine the practical performance of the proposed algorithm. The main parameters are
the same as in Table 1. As no onboard INU/GPS is available, it is necessary to develop the data-driven
auto-calibration approach. Firstly, the raw data are processed by the FFBP, but without motion error
compensation, and the imaging result is shown in Figure 11. Due to the unavoidable motion error
from the airborne platform deviations, the resultant SAR image encounters severe degradation, where
the image is severely blurred and the scene content cannot be distinguished from the SAR image.
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Figure 11. Squint SAR image without motion error compensation.
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By extracting one of dominant scatters within the ground scene, its range-compressed response
after FFBP is shown in Figure 12. It is obvious that the range profiles of the scatter shift along with the
azimuth samples, which is known as the NsRCM error. It not only causes range defocusing, but also
degrades the accuracy of the APE estimation.
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Figure 12. Range profiles without motion error compensation.

Employing the proposed algorithm, a well-focused SAR image is obtained and shown in Figure 13.
The image has been transformed into the Cartesian grid. It can be noted that the motion error effects
are removed, and a clear ground scene can be seen. Moreover, due to the SAR sensor working in squint
mode, the buildings are obvious with the squint shadow in the SAR image.
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Figure 13. Squint SAR image with the proposed error auto-calibration.
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As the proposed algorithm is capable of correcting not only APE, but also NsRCM error, the range
profiles of the dominant scatter are shown in the range-compressed data domain as in Figure 14. It is
obvious that the NsRCM error is compensated, and the range shifting is removed.
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Figure 14. Range profiles with the proposed NsRCM correction.

Similarly to the analysis in the above simulation, the APE function is estimated by WPGA,
while the NsRCM error function is obtained by a simple calculation according to Equation (20).
The APE and NsRCM error functions used for the error auto-calibration are shown in Figure 15a,b,
respectively. Again, due to the FFBP formation, the variation of the NsRCM error function deviates
from the APE function, because a derivative term is introduced.
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Figure 15. (a) Estimated APE function and (b) calculated NsRCM error function.

To further evaluate the superiority of the proposed algorithm, the extended ωK algorithm with
the motion error compensation is also employed to process the raw data [6,22]. Two representative
zoom-in areas are selected from the observed scene (Area 1 and Area 2 in Figure 13) to show the
superiority. In Figure 16, the left column gives the zoom-in images processed by the ωK-based motion
error compensation [6,22], while the right column shows that processed by the proposed FFBP-based
error auto-calibration algorithm. In terms of vision quality, the images by the proposed algorithm
have better focusing quality than that by the extended ωK-based algorithm, where a certain extent of
smearing can still be observed in the left images, while it is better in the right images. Furthermore,
quantitative analysis is also carried out by extracting two dominant scatters, Scatterer 1 and Scatterer 2
from Area 1 and Area 2, respectively. The azimuth responses of Scatterer 1 and Scatterer 2 are
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plotted in Figure 17a,b, respectively, where the results by the ωK-based algorithm are shown in
dashed lines and that by the proposed algorithm are given in solid lines. From the comparisons in
Figure 17, the refocused azimuth response by the proposed algorithm has narrower main-lobe and
lower sidelobes than that by the ωK-based algorithm. Finally, numerical comparisons in terms of the
−3-dB main-lobe, the Peak-Sidelobe Ration (PSLR) and the Integrated Sidelobe Ratio (ISLR) for the
focusing quality analysis are listed in Table 2 for the ω-K-based algorithm and Table 3 for the proposed
algorithm [12]. Bold labels denote the superior performance of either the ω-K-based algorithm or the
proposed algorithm. It is obvious that the proposed algorithm has superior performance in terms of
focusing quality (main-lobe resolution and sidelobe level) than the ω-K-based algorithm.

Scatterer 1

Scatterer 2

Area 1

Area 2

Figure 16. Comparison of zoom-in SAR image by the ωK-based MoComp algorithm (left images) and
the proposed algorithm (right images).

Table 2. Focusing quality of the ωK-based MoComp algorithm.

Range Direction

3-dB width PSLR ISLR
Scatterer 1 0.92 m −27.32 dB −23.75 dB
Scatterer 2 0.96 m −26.48 dB −24.63 dB

Azimuth direction

3-dB width PSLR ISLR
Scatterer 1 0.90 m −15.23 dB −13.39 dB
Scatterer 2 0.81 m −25.02 dB −10.62 dB
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Figure 17. (a) Azimuth response comparison of Scatterer 1 in Area 1 and (b) azimuth response
comparison of Scatterer 2 in Area 2.

Table 3. Focusing quality of the proposed algorithm.

Range Direction

3-dB width PSLR ISLR
Scatterer 1 0.91 m −30.62 dB −27.13 dB
Scatterer 2 0.92 m −29.11 dB −26.04 dB

Azimuth direction

3-dB width PSLR ISLR
Scatterer 1 0.72 m −24.87 dB −21.59 dB
Scatterer 2 0.75 m −17.75 dB −16.32 dB

8. Conclusions

In this paper, a novel error auto-calibration algorithm based on FFBP formation is proposed for
airborne high-resolution SAR imaging at a large squint angle. The data-driven error auto-calibration
algorithm is designed under the FFBP IFP framework, and it avoids complicated processing for the
correction of various range migrations. Therefore, the proposed algorithm is capable of forming SAR
images without limitations on the squint angle. Moreover, the data-driven error auto-calibration
algorithm is implemented in a coherent manner, where both the APE and NsRCM errors are taken into
account, and both errors are removed under an analytical and coherent relationship. The relationship
is established under the consideration of both errors in the radial and along-track directions, so that it
can accommodate the practical SAR data collected at a large squint angle. Both simulated and raw SAR
data collected at a high-squint angle are processed to prove the effectiveness of the proposed algorithm,
and the resultant performance is compared with the conventional ones to show the superiorities of the
proposed algorithm.
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Abbreviations

The following abbreviations are used in this manuscript:
SAR Synthetic Aperture Radar
IFP Image Formation Processing
TDBP Time-Domain Back-Projection
FTDBP Fast Time-Domain Back-Projection
FFBP Fast Factorized Back-Projection
APE Azimuthal Phase Error
NsRCM Non-systematic Range Cell Migration
DPAs Doppler Processing Algorithms
MoComp Motion Compensation
MD Map-Drift
PGA Phase Gradient Autofocusing
MEA Minimum Entropy Autofocusing
WPGA Weighted Phase Gradient Autofocusing
INU Inertial Navigation Unit
GPS Global Positioning System
PRF Pulse Repetition Frequency
UAV Unmanned Aerial Vehicle
PSLR Peak Sidelobe Ratio
ISLR Integrated Sidelobe Ratio
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