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A mathematical model for meso-structured perovskite solar cells is derived and calibrated towards

measured intensity dependent current-voltage characteristics. This steady-state device model

describes the transport of free carriers, carrier recombination and optical generation. The optical

part considers internal transmission, reflection, and absorption of light, using a transfer matrix

approach. The carrier recombination in the form of radiative, Auger and Shockley-Read-Hall

mechanisms is accounted for inside the perovskite capping layer, as well as interfacial recombina-

tion between the perovskite and electron/hole-transporting layers. After calibration by best-fitting

the unknown parameters towards intensity dependent current-voltage measurements of an in-house

fabricated meso-structured perovskite solar cell, we identify the dominant recombination mecha-

nisms and their locations inside the cell. A subsequent loss analysis indicates that, in our fabricated

solar cell, the interfacial recombination between the perovskite/mesoporous titanium dioxide within

the mesoporous absorber layer constitutes the main loss channel. This interfacial recombination

accounts for up to 46% of all recombination losses at maximum power, thereby exceeding the

recombination inside the perovskite capping layer with 31% loss. Furthermore, the thickness of the

perovskite capping layer and the mesoporous layer is varied by means of simulation between 50

and 500 nm, in order to predict the optimum device geometry for the calibrated recombination

parameters. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4986115]

I. INTRODUCTION

A major milestone in the development and pursuit of

high-efficiency photovoltaic devices was the conceptualisation

of the perovskite solar cell (PSC) by Miyasaka et al.1 in 2009.

They incorporated the organic-inorganic lead halide perov-

skite compounds CH3NH3PbI3 as visible-light sensitizers in

the form of nanoparticles coating on the surface of a mesopo-

rous metal oxide film with 3.8% conversion efficiency.

Miyasaka’s PSCs, however, suffered from degradation due to

the dissolution of the perovskite layer by the liquid electrolyte.

Kim et al.2 achieved in 2012 for almost 10% efficiency when

spiro-MeOTAD was adopted to replace the liquid electrolyte

in an analogy of the solid-state-dye-sensitized solar cell. In the

same year, Lee et al.3 obtained an efficiency of 10.9% by

replacing the mesoporous n-type titanium dioxide (TiO2) with

insulating aluminium oxide. This discovery laid the founda-

tion for the development of planar PSCs by realizing that a

mesoporous metal oxide is no longer necessary in the struc-

ture of PSCs. Since then, the efficiency has been consistently

improved, reaching 22.1% in 2016.4

In general, PSCs have the advantage of low-cost fabrica-

tion,5 tunable optoelectronic properties such as broad optical

absorption spectra, and high incident photo-to-electron con-

version efficiency.6

In tandem with the material development for PSCs, math-

ematical modelling has come to play an important role in elu-

cidating the device physics, unveiling its intrinsic material

properties and predicting the device performance. Sun et al.7

obtained an analytical solution of “n-i-p” or “p-i-n” type cells

with the assumption of an constant electric field and no

recombination within the active layer. Agarwal et al.,8 Liu

et al.,9 and Yang et al.10 investigated one-dimensional (1D)

planar-type PSCs in terms of recombination, thickness and

defect density of the perovskite layer, the fill factor and the

origin of the high open-circuit voltage. Fu et al.11 and Zhou

et al.12 extended the studies to a two-dimensional planar con-

figuration, revealing the impact of carrier diffusion length on

power conversion efficiency. Yang et al.13 adopted an

effective-medium approach for the photoactive layer and stud-

ied the dominant types of recombination in mesoporous PSCs.

Wu et al.14 demonstrated the electron concentration of TiO2

nanowires can influence the cell performance in mesoporous

PSCs. Minemoto and Murata15 added the interfacial recombi-

nation in their work; however, the bulk recombination was not

considered. Wang et al.16 and Foster et al.17 further included

both the bulk and interfacial recombination in their model, but

Wang et al. cannot differentiate the types of recombination

mechanisms at the interface and Foster et al. excludes

the Auger and Shockley-Read-Hall (SRH) recombination
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mechanisms. Based on Foster’s formulation, Zhou et al.18

implemented a model with non-uniform generation, and both

the radiative and SRH recombination mechanisms. Its draw-

back is the lack of internal light reflection. In the aforemen-

tioned mathematical models, no one has considered radiative,

Auger and SRH recombination mechanisms at the bulk and

also the interfacial recombination together, as well as at the

same time taken internal light reflection into consideration.

Snaith et al.19 demonstrated that the presence of an anoma-

lous hysteresis in the current-voltage (I-V) characteristics of

PSCs is possibly due to large defect density, ferroelectric prop-

erties and excess ions in the perovskite material. Azpiroz

et al.20 and Domanski et al.21 attributed the origin of hysteresis

effect to ionic migration within the bulk and charge accumula-

tion at the interfacial contacts. Based on this, Richardsonet al.22

and O’Kane et al.23 modelled the hysteresis behaviour in planar

PSCs by taking the ionic migration into consideration with the

assumption of linear electric potential in the perovskite. We do

not include ionic migration in our study.

In view of the dominant types of recombination mecha-

nism in PSCs, we continue the development of mathematical

modelling for PSCs by firstly deriving a device model for

meso-structured PSCs with (1) the effect of light reflection

included; (2) radiative, Auger and SRH recombination mecha-

nisms at the bulk and the interfacial recombination together

considered. We first calibrate and validate the resulting model

with in-house fabricated solar cells by reproducing measured

intensity dependent current-voltage curves at three different

illumination levels. Using the mathematical framework devel-

oped, we then identify the dominant recombination mecha-

nisms and their location within the solar cell. Last, a

corresponding loss analysis framework developed for meso-

structured PSCs is carried out, thereby quantifying the potential

efficiency improvement if the device geometry is changed, i.e.,

we vary the thickness of the perovskite capping layer as well

as the thickness of the mesoporous absorber layer of the PSCs.

II. EXPERIMENTS

A meso-structured PSC with an efficiency of 12.0% was

fabricated according to the procedure outlined in Fu et al.24

We used FTO glass as the cathode for the collection of elec-

trons inside the cell. On top of it, a compact layer of TiO2

was deposited and this layer acts as the electron-transporting

layer. Subsequently, 30 nm TiO2 nanoparticle paste was

spin-coated onto the FTO to get a mesoporous TiO2 film.

When the PbI2 solution was mixed with CH3NH3I solution

onto the mesoporous film, CH3NH3PbI3 was formed inside

the pores of the TiO2 mesoporous film, as well as on top of

this film. Spiro-MeOTAD was afterwards spin-coated to

form the hole-transporting layer onto the existing layer,

which is denoted as the perovskite capping layer. Last, gold,

the anode layer for the collection of holes, was deposited by

thermal evaporator through a metallic mask to define the

area of the solar cell. A detrimentally low shunt resistance

was observed in this device, likely because of an incomplete

coverage of the perovskite material above the TiO2 mesopo-

rous film. Thus, a shunting pathway has formed as a result of

direct interfacial contact between the TiO2 mesoporous film

and the Spiro-MeOTAD.

Figure 1(a) shows a cross-sectional image of our fabri-

cated meso-structured PSC from a field emission scanning

electron microscope (SEM) (instrument JOEL JSM-7600F).

The thickness of each layer, l, is estimated from the SEM

image as follows: 110 nm for gold; 268 nm for Spiro-

MeOTAD; 176 nm for perovskite capping layer; 345 nm for

mesoporous layer; 480 nm for FTO. The thickness of the

TiO2 compact layer is too small to be estimated from the

SEM image and hence is assumed to be in the range of

50–80 nm.

A series of I-V curves were measured under three differ-

ent illumination intensities, namely, 0.3 sun, 0.5 sun and 1

sun, of an AAA graded solar simulator (Newport 91190A)

with a 450 W xenon lamp (model 81172, Oriel). The refer-

ence cell for calibration was a certified Oriel PN91150V sili-

con solar cell. I-V scans were carried out in both the forward

scan (FS) and the backward scan (BS), with a rate of 0.1

Vs�1. Figure 2 shows the I-V measurement in both direc-

tions. Here, we quantified the hysteresis effect in the I-V

curves by defining a hysteresis index (H) according to the lit-

erature25 as

FIG. 1. (a) A SEM image of the fabri-

cated meso-structured PSC; (b)

Schematics of the meso-structured

PSC with six layers (thickness labelled

lA, lH, lP, lM, lE and lC) and five interfa-

ces (labelled I, II, III, IV and V). The

materials used in each layer are: gold

for the anode (A); Spiro-MeOTAD for

the hole-transporting layer (H); CH3

NH3PbI3 for the perovskite capping

layer (P); an intermixture of mesoporous

CH3NH3PbI3 and mesoporous TiO2 for

the mesoporous layer (M); compact

TiO2 for the electron transporting layer

(E); FTO for the cathode (C).
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H ¼
���� j

expt
BS 0:6Vocð Þ � jexpt

FS 0:6Vocð Þ
jexpt
BS 0:6Vocð Þ

����; (1)

where jexpt
BS and jexpt

FS are the measured current density in BS

and FS, respectively, Voc is the open-circuit voltage. A H
value of 1 indicates the cell has hysteresis as high as the pho-

tocurrent, while a H value of 0 corresponds to no significant

hysteresis. The H values in our I-V measurement are 0.002,

0.025 and 0.101 at 0.3 sun, 0.5 sun and 1 sun, respectively. It

indicates that the hysteresis effect in our cell increases with

an increase in the illumination intensity and no significant

hysteresis at 0.3 sun and 0.5 sun. The FS I-V curves were

chosen for our model calibration and validation later.

III. MATHEMATICAL FORMULATION

We first consider that the meso-structured PSC can be

modelled with six layers and five interfaces, as illustrated in

Fig. 1(b). Since CH3NH3PbI3 is formed inside the pores of

TiO2 mesoporous film and also on top of this film, we formu-

late a mesoporous layer and a perovskite capping layer sepa-

rately, the former consists of mesoporous CH3NH3PbI3 and

mesoporous TiO2 whereas the latter consists of compact

CH3NH3PbI3 only. Since the mesoporous layer is a compos-

ite of CH3NH3PbI3 and TiO2, we use effective medium

approximations to model its macroscopic properties. Our

device model comprises two main parts.

The first part treats the optical components of the model,

including internal transmission, reflection and absorption of

light and is modelled with the well-established transfer

matrix method.26,27 The average size of TiO2 nanoparticle in

this experiment is about 30 nm and the pore scale of perov-

skite in the mesoporous layer is taken to have similar or even

smaller size. Yin et al.28 used volume averaging theory to

predict the behavior of the optical properties of nanocompo-

site materials. The typical length scale of the system is much

smaller than the wavelength of light range from 300 to

820 nm and the Debye length is estimated to be 125 nm

according to the definition given by Ref. 29. This Debye

length is large compared to the size of the microstructure,

around 30 nm, whence volume averaging theory can be

applied to obtain effective optical properties. The effective-

medium refractive index depends not only on the refractive

index of perovskite and TiO2 but also on their extinction

coefficients. The same holds for the effective-medium

extinction coefficient.

The second part which is the electrical components of

the model describes generation, recombination and transport

of the charge carriers. At interface I and IV, the electric

potential and the electron/hole concentration are defined,

while at interface II and III, the continuity of electric poten-

tial and the electric field are enforced, leading to a corre-

sponding jump of electron/hole flux and of the electron/hole

concentration, see Foster et al.17 The net recombination for

electrons and holes inside the perovskite capping layer con-

sists of three terms, namely, radiative recombination, Auger

recombination and SRH recombination, respectively. An

effective recombination term describes the net recombina-

tion of electrons and holes inside the mesoporous layer. This

term includes radiative, Auger and SRH recombination

within the perovskite material itself, as well as the recombi-

nation occurring at the interface between the perovskite and

the mesoporous TiO2.

The main characteristics and assumption for our model

are as follows:

(1) The three-dimensional structure of the meso-structured

PSC is reduced into a 1D effective-medium geometry in

the x-direction, under the condition that the electron/hole

flux in both y- and z-direction vanishes. The contacts at

the anode and cathode are assumed to be equipotential.

(2) A 1D effective-medium approach describes the genera-

tion and recombination within the mesoporous layer.

(3) Interfacial recombination is explicitly considered at

interface II. At this interface, two possible ways of

recombination are postulated: either one electron from

the perovskite capping layer recombines at the interface

with one hole from the hole-transporting layer; or one

electron and one hole from the perovskite capping layer

recombine at the interface. No interfacial recombination

is assumed to take place at interface III and IV, because

these two interfaces are of the same material,

respectively.

(4) The anode and cathode are the current collectors. They

are assumed to behave ohmically.

(5) The effective Debye length inside the mesoporous layer

is assumed large compared to the fine scale morphologi-

cal structure of the mesoporous layer.29

A. Governing equations

In this paper, the superscripts A, H, P, M, E and

C denote properties associated with the anode, hole-

transporting layer, perovskite capping layer, mesoporous

layer, electron-transporting layer and cathode, respectively.

FIG. 2. Measured (symbols) and fitted using two-diode model (lines)

current-voltage curves of our processed meso-structured PSC under a spec-

tral AM 1.5 solar illumination. Three different illumination intensities are

used for training sets, i.e., 0.3 sun (left and right pointing green filled trian-

gle), 0.5 sun [left and right pointing red filled triangle)] and 1 sun (left and

right pointing blue filled triangle), respectively. (") indicates the forward

scan and (3) the backward scan.
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In the hole-transporting layer, we solve the conservation

equation for holes coupled with the Poisson equation

r � JH
h ¼ 0; (2)

r2wH ¼ � e

eH
Ch � NH�

a

� �
; (3)

where Ch is the hole concentration, JH
h is the hole flux in the

hole-transporting layer, wH is the electric potential in the

hole-transporting layer, e is the elemental charge, eH is the

permittivity of hole-transporting layer, and NH�
a is the ion-

ized acceptor impurity concentration in the hole-transporting

layer.

In the electron-transporting layer, we consider the con-

servation equation of electrons and the Poisson equation

r � JE
e ¼ 0; (4)

r2wE ¼ e

eE
Ce � NEþ

d

� �
; (5)

where Ce is the electron concentration, JE
e is the electron flux

in the electron-transporting layer, wE is the electric potential

in the electron-transporting layer, eE is the permittivity of

electron-transporting layer, and NEþ
d is the ionized donor

impurity concentration in the electron-transporting layer.

In the perovskite capping layer, we solve for conserva-

tion of holes and electrons as well as the Poisson equation

r � JP
h ¼ GP � RP; (6)

r � JP
e ¼ GP � RP; (7)

r2wP ¼ e

eP
Ce � Chð Þ; (8)

where JP
h and JP

e are the hole and electron fluxes in the

perovskite layer, respectively, wP is the electric potential in

the perovskite layer, eP is the permittivity of perovskite, GP

is the generation rate of electrons and holes from optical cal-

culation, and RP is the net recombination rate for electrons

and holes inside this layer.

Similarly in the mesoporous layer, which is treated as an

effective medium layer, we solve for conservation of holes

and electrons as well as the Poisson equation

r � JM
h ¼ GM � RM; (9)

r � JM
e ¼ GM � RM; (10)

r2wM ¼ e

eM
Ce � Chð Þ; (11)

where JM
h and JM

e are the hole and electron fluxes in the mes-

oporous layer, respectively, wM is the electric potential in the

mesoporous layer, eM is its effective permittivity defined by

Eq. (44), GM and RM are the generation rate and net recombi-

nation rate for electrons and holes inside this layer.

B. Boundary conditions

At the interface V between the electron-transporting

layer and the cathode, without loss of generality we set the

electric potential as zero; the electron concentration is given

by

wEjV ¼ 0; (12)

CejV ¼ NE
c exp

vE
e �WA

kBT

� �
exp

eVbi

kBT

� �
; (13)

where NE
c is the effective conduction band density of states

in the electron-transporting layer, vE
e is the absolute value of

electron affinity in the electron-transporting layer, WA is the

work function of the anode, Vbi is the built-in potential, kB is

the Boltzmann constant and T is the absolute temperature.

At the interface I between the hole-transporting layer

and the anode, the electric potential and hole concentration

is given by

wHjI ¼ Vap � Vbi; (14)

ChjI ¼ NH
v exp

WC � vH
h

kBT

� �
exp

eVbi

kBT

� �
; (15)

where Vap is the applied voltage, NH
v is the effective valance

band density of states in the hole-transporting layer, WC is

the work function of the cathode, vH
h is the absolute value of

ionization potential in the hole-transporting layer.

At the interface II between the hole-transporting layer

and the perovskite capping layer, the continuity of electric

potential, electric displacement and electric flux take the form

wHjII ¼ wPjII; (16)

eHrwHjII � ex ¼ ePrwPjII � ex; (17)

ðJP
h jII � JP

e jIIÞ � ex ¼ JH
h jII � ex; (18)

JP
e jII � ex ¼ RII; (19)

where RII is the interface net recombination rate at the inter-

face II defined as

RII ¼ Seff ðCP
e;sC

H
h;s � CP

i CH
i Þ þ ðCP

e;sC
P
h;s � CP

i CP
i Þ

h i
; (20)

in which Seff is the effective surface recombination velocity

at the interface II, CP
e;s and CP

h;s are the interface electron and

hole concentrations of the perovskite capping layer, respec-

tively, CH
h;s is the interface hole concentration of the hole-

transporting layer, CP
i and CH

i are the intrinsic carrier densi-

ties of the perovskite capping layer and the hole-transporting

layer, respectively. In addition, the ratio of the hole concen-

trations at interface II can be formulated in terms of the

jumps in the ionization potential17 as

ChjII�
ChjIIþ

¼ NP
v

NH
v

exp
vH

h � vP
h

kBT

� �
; (21)

where NP
v is the effective valance band density of states and

vP
h is the absolute value of the ionization potential in the

perovskite capping layer.

At the interface III between the perovskite capping layer

and the mesoporous layer, the continuity of electric potential,

electric displacement and electric flux have the form

083105-4 Xue et al. J. Appl. Phys. 122, 083105 (2017)



wMjIII ¼ wPjIII; (22)

eMrwMjIII � ex ¼ ePrwPjIII � ex; (23)

ðJM
e jIII � JP

e jIIIÞ � ex ¼ ðJM
h jIII � JP

h jIIIÞ � ex ¼ 0; (24)

and the ratio of the electron concentration at interface III can

be formulated in terms of the jumps in the electron affinity17

CejIIIþ
CejIII�

¼ NP
c

NM
c

exp
vP

e � vM
e

kBT

� �
; (25)

where NP
c and NM

c are the effective conduction band density

of states in perovskite and mesoporous layer, respectively.

vP
e and vM

e are the absolute values of electron affinity in

perovskite and mesoporous layer, respectively.

At the interface IV between the mesoporous layer and

the electron-transporting layer, the continuity of electric

potential, electric displacement and electric flux have the

form

wMjIV ¼ wEjIV; (26)

eMrwMjIV � ex ¼ eErwEjIV � ex; (27)

ðJM
e jIV � JE

e jIVÞ � ex ¼ JM
h jIV � ex ¼ 0: (28)

C. Constitutive relations

We define the hole and electron fluxes in the different

layers as follows:

Ji
h ¼ �Chl

i
hrwi � Di

hrCh; (29)

Jj
e ¼ Cel

j
erwj � Dj

erCe; (30)

where the superscripts i and j denote the layer (i¼ {H, P, M}

and j¼ {E, P, M}); li
h and lj

e are the mobilities of holes and

electrons in layer i and j, respectively, and Di
h and Dj

e are the

diffusion coefficients defined by Einstein’s relation

Di
h ¼ li

h

kBT

e
; (31)

Dj
e ¼ lj

e

kBT

e
: (32)

The generation rate terms Gk in the perovskite capping layer

and the mesoporous layer, as stated in Eqs. (6), (7), (9), and

(10) are equated by calculating the effective optical electric

field component of each layer with transfer matrix methodol-

ogy and using volume averaging theory in order to obtain an

effective medium refractive index and extinction coefficient

in case of modelling the mesoporous layer M as

Gk ¼ hk

h�
Qk; (33)

where superscript k ¼ i \ j ¼ fP;Mg, h is the quantum effi-

ciency of free charge generation, h is Planck’s constant, � is

the frequency of incident wave, Q is the time average of the

energy dissipated per second in layer k at normal incidence

defined by26

Qk ¼ 2p�e0g
k
eff j

k
eff jEk

eff j
2; (34)

in which e0 is the permittivity of free space, Eeff is the effec-

tive optical electric field, geff and jeff are the effective-

medium refractive index and extinction coefficients, respec-

tively, defined by volume averaging theory30 as

g2
eff ¼

1

2
X þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p� �
; (35)

j2
eff ¼

1

2
�X þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p� �
; (36)

where

X ¼ /k ðgPÞ2 � ðjPÞ2
h i

þ ð1� /kÞ ðgEÞ2 � ðjEÞ2
h i

; (37)

Y ¼ 2/kgPjP þ 2ð1� /kÞgEjE; (38)

and /k is the porosity of layer k defined as

/k ¼ volume of perovskite inside layer k

volume of layer k
: (39)

It is obvious that /P¼ 1. gP and jP are the optical properties

of the perovskite material, gE and jE are the optical proper-

ties of electron-transport layer. In Eq. (33), Q
h� gives the num-

ber of photons of a given energy incident on the layer k.

When it multiplies by h, it gives the number of electrons and

holes generated. In Eqs. (34)–(36), volume averaging theory

is used to model the effective medium optically.

In the perovskite capping layer, the net recombination

term RP for electrons and holes in Eqs. (6) and (7) is defined

by31

RP ¼BP
rad CeCh � CP

i

� �2
h i

þ AP
e;AugCe þ AP

h;AugCh

� �
CeCh � CP

i

� �2
h i

þ CeCh � CP
i

� �2

sP
e;SRH Ch þ Ch;tð Þ þ sP

h;SRH Ce þ Ce;tð Þ
; (40)

where BP
rad is the radiative recombination coefficient, AP

e;Aug

and AP
h;Aug are the Auger recombination coefficients for two-

electron collisions and two-hole collisions, respectively,

sP
h;SRH and sP

e;SRH are the SRH recombination lifetime for hole

and electron capture by the trap, respectively. Ch,t and Ce,t

are the values of hole and electron density, respectively,

when the hole or electron Fermi level is equal to the trap

level,

Ch;t ¼ CP
i exp

Ei � Et

kBT

� �
; (41)

Ce;t ¼ CP
i exp

Et � Ei

kBT

� �
; (42)

where Ei is the intrinsic potential energy related to CP
i and Et

is the energy of trap state in the band gap.

In the mesoporous layer, the net recombination term RM

for electrons and holes in Eqs. (9) and (10) is defined by
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RM ¼ DM
eff CeCh � ðCM

i Þ
2

h i
; (43)

where DM
eff is the effective recombination coefficient and CM

i

is the intrinsic carrier density in the mesoporous layer.

The effective permittivity eM in Eq. (11) for the mesopo-

rous layer is taken as the volume average of the permittiv-

ities from the perovskite and the electron-transporting layers

eM ¼ /MeP þ ð1� /MÞeE: (44)

The total current density jtot flowing through the solar

cell is

jtot ¼ e �ðChl
m
h þ Cel

m
e Þrwm � Dm

hrCh þ Dm
erCe


 �
; (45)

where superscript m ¼ i [ j ¼ fH;P;M;Eg.
For our loss analysis, we also define the following

parameters: the radiative (jPrad), Auger (jP
Aug) and SRH (jP

SRH)

recombination current from the perovskite capping layer as

jPrad ¼
ðlCþlEþlMþlP

lCþlEþlM
BP

rad CeCh � ðCP
i Þ

2
h i

dx; (46)

jP
Aug ¼

ðlCþlEþlMþlP

lCþlEþlM
ðAP

e;AugCe þ AP
h;AugChÞ CeCh � ðCP

i Þ
2

h i
dx;

(47)

jPSRH ¼
ðlCþlEþlMþlP

lCþlEþlM

CeCh � CP
i

� �2

sP
e;SRH Ch þ Ch;tð Þ þ sP

h;SRH Ce þ Ce;tð Þ
dx;

(48)

respectively; the recombination current jM
prv from the perov-

skite material within the mesoporous layer from the recombi-

nation current in the perovskite capping layer by means of

their volume ratio as

jMprv ¼
lM/M

lP
jP
rad þ jPAug þ jP

SRH

� �
; (49)

the recombination current jMint at the perovskite/TiO2 interface

as

jMint ¼
ðlCþlEþlM

lCþlE
DM

eff CeCh � ðCM
i Þ

2
h i

dx� jM
prv; (50)

the recombination current jII at the interface II between the

perovskite capping layer and the hole-transporting layer as

jII ¼ RII; (51)

the total recombination current jrec as

jrec ¼ jPrad þ jP
Aug þ jP

SRH þ jMprv þ jM
int þ jII: (52)

Furthermore, the efficiency of a solar cell, gsc, is deter-

mined as the fraction of incident power which is converted

into electricity and is defined as

gsc ¼
VocIscF

Pin
;

where Isc is the short-circuit current, F is the fill factor and

Pin is the input power.

IV. NUMERICS

The system of non-linear ordinary differential equations

for the dependent variables—concentration of holes Ch, con-

centration of electrons Ce, and electric potential w—was

solved numerically with the commercial finite-element

solver COMSOL MULTIPHYSICS 5.2a.32 The direct solver

PARDISO was selected as the nonlinear solver with a rela-

tive convergence tolerance of 10�6. A typical run for one

solution required around 4 s (wall-clock time) with around

8� 103 degrees of freedom on a deca-core 3.1 GHz worksta-

tion with 512 GB RAM.

The generation rate of electrons and holes within a

wavelength range from 300 to 820 nm was obtained from a

code written by McGehee et al.33 based on the transfer

matrix method. After importing the generation rate profile

inside COMSOL, a cubic spline interpolation was per-

formed. Further, the refractive index and extinction coeffi-

cients for each layer of the solar cell were obtained from

ellipsometric measurements by Snaith et al.34

V. CALIBRATION AND VALIDATION

As aforementioned, the FS I-V curves from our experi-

ments show a non-negligible shunt resistance in our device,

as we can observe from Fig. 2: at an illumination intensity of

1 sun, there is a visible drop of the current density of 1.3 mA

cm�2 when the applied voltage is ranging from 0 to 0.6 eV.

This shunt resistance is likely due to a direct contact of the

TiO2 mesoporous film to the Spiro-MeOTAD, thereby pro-

viding an alternative path for the light-generated current

inside the solar cell. As our mathematical model does not

include shunt-resistance, we need to eliminate this influence

of the shunt resistance in the measured FS I-V curves.

Miyano et al.35 demonstrated the I-V curve of a PSC can be

phenomenologically well described by a two-diode model.

Thus, we employed the two-diode model in order to convert

our measured FS I-V curves in Fig. 2 to “shunt-free” I-V

curves in Fig. 3. The two-diode model can be written in the

form as

j2d
tot Vapð Þ ¼ jphoto � j01 exp

e Vap þ j2d
totRs

� �
kBT

" #

� j02 exp
e Vap þ j2d

totRs

� �
2kBT

" #
� Vap þ j2d

totRs

Rsh
; (53)

where j2d
tot is the current density of the two-diode model, jphoto

is the photogenerated current density, j01 and j02 are the

reverse saturation currents of diode 1 and 2, respectively, Rs

is the series resistance and Rsh is the shunt resistance. In Fig.

2, the FS I-V curve at an intensity of 0.3 sun was the first

training set for calibrating the parameters j01, j02, Rs and Rsh

in the two-diode model by solving a non-linear fitting prob-

lem in the least-squares sense similar to Eqs. (56) and (57).

The remaining training sets were the FS I-V curves at inten-

sities of 0.5 and 1 sun for calibrating Rs and Rsh by taking the

values of j01 and j02 from the first calibration at 0.3 sun. The

calibrated Rs and Rsh in each of the sets are different,
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possibly because of their dependence on light intensity. The

values of the parameters for two-diode model can be found

in Table I. The maximum relative error between I-V curves

from two-diode model and FS experimental measurement is

8%, 9%, and 5% at 1 sun, 0.5 sun and 0.3 sun, respectively,

when the last six data points are not taken into consideration.

We introduce a shunt-resistance correction factor for the

current as

DjcorrðVapÞ ¼ �j2d
tot þ lim

Rsh!1
j2d
tot; (54)

and subsequently the current density from shunt-resistance

correction, jcorr
tot , can be evaluated as

jcorr
tot ðVapÞ ¼ jexpt

FS þ Djcorr: (55)

There are a total of 36 parameters required for our math-

ematical model. Table II shows those which are either

directly measured, i.e., the thickness of the various layers is

determined by means of SEM, or which have been accu-

rately measured elsewhere and are thus taken from literature.

However, there are 7 more parameters, i.e., the recombina-

tion parameters for the perovskite capping layer, the mesopo-

rous layer and at the interface II—BP
rad; AP

e;Aug; AP
h;Aug;

sP
e;SRH; sP

h;SRH; DM
eff , Seff—which are less well known due to

experimental difficulties in measuring them directly. Based

on the work of Agarwal et al.,8 we assume AP
e;Aug ¼ AP

h;Aug

and sP
e;SRH ¼ sP

h;SRH as a first approximation. This helps in

reducing the unknown parameters for calibration from 7 to 5.

In order to determine them, the corresponding parameters in

our mathematical model were calibrated against our shunt-

corrected measured FS I-V data at illumination intensities of

0.3 sun as the training set and subsequently validated at 0.5

and 1 sun as the test sets.

Calibration of these parameters was performed by solv-

ing a non-linear curve-fitting problem in the least-squares

sense in MATLAB R2015a;42 i.e., we can find the

parameters

U ¼ ðBP
rad;A

P
e;Aug;A

P
h;Aug; s

P
e;SRH; s

P
h;SRH;D

M
eff ; Seff Þ (56)

that best fit the expression

min
U
kIðU;VapÞ � IcorrðVapÞk2; (57)

where I and Icorr are vectors that contain simulated and

shunt-corrected measured FS current densities at various

applied voltage, Vap, respectively. We adapted heuristically

these 7 parameters with a constraint in three orders of magni-

tude from the initial condition for the least-squares minimi-

zation. We found the set of parameters with the summed

square of residuals within 1. The values of calibrated param-

eters can be found in Table III. The first 5 parameters are in

the range of reported values8 and their values differ by one

order of magnitude.

FIG. 3. Simulated (lines) and shunt-corrected measured (symbols) current-

voltage curves for our in-house processed meso-structured PSC under an

AM 1.5 spectral solar illumination: three different illumination intensities

are used, i.e., the training set is at 0.3 sun (�), and two test sets are at 0.5

sun (�) and 1 sun (�).

TABLE I. Two-diode model parameters. All values are fitted.

Parameters Values (0.3 sun) Values (0.5 sun) Values (1 sun)

j01 (mA cm�2) 2.8� 10�22 2.8� 10�22 2.8� 10�22

j02 (mA cm�2) 5.9� 10�12 5.9� 10�12 5.9� 10�12

Rs (Xcm2) 13.7 14.8 9.9

Rsh (Xcm2) 848 907 245

TABLE II. Mathematical model non-calibrated parameters.

Parameters Values References

T 298 K …

/M 0.3 36

eH 3e0 17

eE 9e0 15

eP 6.5e0 17

lH
h 5.6� 10�7 m2 V�1 s�1 37

lE
e 6� 10�7 m2 V�1 s�1 38

lP
h 5� 10�5 m2 V�1 s�1 39

lP
e 5� 10�5 m2 V�1 s�1 39

lM
h 1� 10�5 m2 V�1 s�1 13

lM
e 1� 10�5 m2 V�1 s�1 13

NH�

a 3� 1024 m�3 9

NEþ

d 0 m�3 Estimateda

WC 4.2 eV 8

WA 5.1 eV 9

vH
h 5.22 eV 2

vE
e 4 eV 2, 40

vP
h 5.43 eV 2, 40

vP
e 3.93 eV 2, 40

NP
c 2.2� 1024 m�3 15

NE
c 1� 1025 m�3 14

NM
c 1� 1025 m�3 Estimatedb

NP
v 1.8� 1025 m�3 15

NH
v 1� 1026 m�3 14

Et 5.27 eV 41

lH 268 nm Estimatedc

lP 176 nm Estimatedc

lM 345 nm Estimatedc

lE 50 nm Estimatedc

aNo additives added in the electron-transporting layer.
bSame as NE

c as electrons go to TiO2 in mesoporous layer.
cSEM image.
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The maximum relative error between I-V curves from

the mathematical model and the shunt-corrected FS measure-

ment is 6% at 0.3 sun. This error is 16% and 18% at 0.5 and

1 sun, respectively. Overall, comparatively good agreement

was obtained as shown in Fig. 3. The validation at 0.5 sun

and 1 sun in Fig. 3 shows that our mathematical model is

able to capture the cell behaviour in the FS I-V measurement

and a hysteresis model is required in future for capturing the

BS I-V behaviour. In addition, in Fig. 2, we observe that hys-

teresis is not a leading-order effect at 0.3 sun and 0.5 sun.

VI. PLOTS OF POTENTIAL AND CARRIER
CONCENTRATIONS

We examine the local behaviour of the dependent varia-

bles, namely, electric potential and carrier concentrations, at

the condition of short-circuit current for the mathematical

model. As only the hole and electron are considered in the

hole-transporting and electron-transporting layers, respec-

tively, we speculate that the right hand side of their Poisson

equations in Eqs. (3) and (5) has a larger order of magnitude

than the ones in the perovskite capping layer and the meso-

porous layer. As a result, both the hole-transporting and

electron-transporting layers have a higher non-linear electric

potential in comparison with the other two layers. This simu-

lated electric potential profile in Fig. 4 corresponds well with

our speculation and also suggests there is a significant space

charge effect in the hole-transporting and electron-

transporting layers. In Fig. 4, the electric potential is approx-

imately linear in the perovskite capping layer and the

mesoporous layer due to a reduction in the space charge

effect by the screening effect from the opposite carriers.

Since there is no carrier generation in the hole-transporting

and electron-transporting layers, the drift fluxes inside Eqs.

(2) and (4) have to be counter-balanced by their respective

diffusion fluxes. A consequence of this is huge carrier con-

centration gradient in the hole-transporting and electron-

transporting layers. This is confirmed by the simulated con-

centration profile in Fig. 5.

VII. LOSS ANALYSIS AND DISCUSSION

Recombination losses inside the solar cell are crucial to

the cell performance because they affect both the current col-

lection as well as the forward bias injection current. It is nec-

essary to quantify these recombination losses as it aids in

evaluating the importance of each loss mechanism within the

cell and consequently allows to estimate the potential effi-

ciency improvement if some parameters such as the thick-

ness are changed. After calibration and validation towards

the intensity dependent I-V measurements, we extract the

percentage of each recombination loss under open-circuit

and maximum power condition, for our in-house fabricated

PSC, by dividing jP
rad; jP

Aug; jPSRH; jM
prv; jM

int, and jII with jrec.

Figure 6 illustrates the corresponding loss analysis at an

open-circuit voltage of 1.08 V and at a maximum power volt-

age of 0.79 V, respectively.

At open circuit, the recombination losses are listed in

descending order: 38% for the recombination at perovskite/

TiO2 interface in the mesoporous layer; 21% for the radiative

recombination in the perovskite capping layer; 17% for the

recombination from the perovskite material within the meso-

porous layer; 14% for the recombination at perovskite cap-

ping layer/hole-transporting layer interface; 7% and 3% for

the Auger and SRH recombination in the perovskite capping

layer. The total recombination inside the mesoporous layer is

55%, which is significant over the total recombination from

the perovskite capping layer of 31%.

Radiative recombination is the dominant recombination

within the perovskite capping layer, whereas the dominant

TABLE III. Mathematical model calibrated parameters.

Parameters Values References

BP
rad 3.4� 10�16 m3 s�1 Fitted

AP
e;Aug 3.6� 10�39 m6 s�1 Fitted

AP
h;Aug 3.6� 10�39 m6 s�1 Fitted

sP
e;SRH 2.1� 10�7 s Fitted

sP
h;SRH 2.1� 10�7 s Fitted

DM
eff 6.4� 10�18 m3 s�1 Fitted

Seff 2.3� 10�27 m4 s�1 Fitted

FIG. 4. Distribution of electric potential in the meso-structured PSC at an

illumination intensity of 1 sun at short-circuit current.

FIG. 5. Distribution of electron (—) and hole (- - -) concentrations in the

meso-structured PSC at an illumination intensity of 1 sun at short-circuit

current.
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recombination from the mesoporous layer occurs at the

perovskite/TiO2 interface. Only in case, all recombination

inside the perovskite material is added up, this is 48% and

substantially more than the interfacial recombination from

the mesoporous layer. Analyzing a single recombination loss

channel, recombination at the perovskite/TiO2 interface

within the mesoporous layer is by far the most dominant

recombination loss at open-circuit.

Similarly, at maximum power, the recombination losses

are as follows: 46% for the recombination at perovskite/TiO2

interface in the mesoporous layer; 22% for the radiative

recombination in the perovskite capping layer; 20% for the

recombination from the perovskite material within the meso-

porous layer; 8% for the SRH recombination in the perov-

skite capping layer; 3% for the recombination at perovskite

capping layer/hole-transporting layer interface; 1% for the

Auger recombination in the perovskite capping layer.

The interfacial recombination from the mesoporous

layer dominates over all other recombination loss channels.

Now the total recombination inside the perovskite material

adds up to 51%, which is slightly above the interfacial

recombination from the mesoporous layer with 46%. As we

can see, the recombination percentage from the perovskite

capping layer remains unchanged at both the open-circuit

and maximum power, while the interfacial recombination

within the mesoporous layer increases by 8% from open-

circuit to maximum power. We suggest that this is due to the

interfacial potential barrier formed between the perovskite

and the TiO2. There is experimental evidence43,44 showing

the existence of such a interface potential barrier at the

perovskite/TiO2 interface, and this could hinder the electron

transporting process and result in a higher recombination at

the interface and further influence the efficiency of those

TiO2-based PSCs.

In summary, the dominant type of recombination takes

place inside the meso-structured layer, i.e., at the interface

between the perovskite and the mesoporous TiO2. This is the

case for maximum power as well as for open-circuit condi-

tions, if the perovskite bulk recombination inside the meso-

porous layer and inside the perovskite capping layer is

counted separately. Therefore, our results imply that careful

surface engineering of mesoporous TiO2 is important for

device performance—this is in accordance with the experi-

mental work by Ramakrishna et al.45 and Tan et al.46

VIII. PREDICTION OF OPTIMUM DEVICE GEOMETRY

We proceed to study how the thickness of the various

layers affects the device performance, i.e., gsc. We want to

answer the question if the layer thicknesses are optimally

chosen, considering the given recombination channels. The

thickness of the perovskite capping layer and of the mesopo-

rous layer is most critical inside the device because most

generation and recombination of electrons/holes occurs

within these two layers. This reduces the study for thickness

variation into (i) studying the thickness variation of the

perovskite capping layer, (ii) studying the thickness variation

of the mesoporous layer and (iii) investigating this firstly one

at a time and finally simultaneously together. We expect our

experimental thickness to be more or less close to the opti-

mal thickness, as an experimental thickness optimization has

been undertaken beforehand, in order to achieve the best

efficiency.

Figure 7 shows the predicted efficiency potential by

varying the thickness of the perovskite capping layer and the

mesoporous layer one at a time. When the thickness of the

perovskite capping layer is changed, the thickness of the

mesoporous layer is fixed at the experimental length, and

vice versa. Simulating a thickness variation of the perovskite

capping layer, a maximum efficiency is predicted at the

thickness of 160 nm, which is close to the experimental value

of 176 nm. This indicates that the chosen thickness of the

perovskite capping layer in our experiment has been well-

optimised. On the other hand, simulating a thickness varia-

tion of the mesoporous layer, two different maxima for the

solar cell efficiency show up, i.e., a local maximum at a

thickness of 300 nm and a global one at a thickness of

120 nm. Obviously, the experimental value of 345 nm is a

local-optimised condition and there is a possibility to

increase the solar cell efficiency by significantly reducing

the thickness of the mesoporous layer. From a morphological

FIG. 6. Percentage contribution of various recombination loss channels: (a) under open-circuit condition; (b) under maximum power condition.

083105-9 Xue et al. J. Appl. Phys. 122, 083105 (2017)



control point of view, an underlying meso-structured perov-

skite layer is required in order to grow a high-quality perov-

skite capping layer.47 Given the finding that the interfacial

recombination within the meso-structured perovskite layer is

the most dominant source of recombination, however, its

thickness should be minimized.

Subsequently, we investigate the efficiency potential by

varying both the thicknesses of perovskite capping layer and

mesoporous layer simultaneously. The result is illustrated in

a 2D contour plot in Fig. 8. As we can see, there are multiple

local maxima and the predicted global maximum efficiency

of 14.4% is located at a perovskite capping layer thickness

of 200 nm and a mesoporous layer thickness of 90 nm.

According to our simulation, there is room for an absolute

efficiency improvement of about 0.35% by slightly increas-

ing the perovskite capping layer thickness from 176 nm to

200 nm and significantly decreasing the thickness of the mes-

oporous layer from 345 nm down to 90 nm. Furthermore, we

notice that the area with relative higher efficiency is located

in the middle to right-bottom of Fig. 8 whereas the thickness

of the mesoporous layer is relatively lower than the

experimental value. This supports our aforementioned loss

analysis result, stating that the dominant recombination

comes from the interface between the perovskite and the

TiO2 within the mesoporous layer. When its thickness is

decreased, the corresponding interfacial area will be

decreased as well, thereby resulting a suppression in the

interfacial recombination within the mesoporous layer, and

thus increasing the resulting solar cell efficiency.

IX. CONCLUSIONS

This work derives a mathematical formulation of perov-

skite device model, which is able to describe intrinsic solar

cell physics such as free charge carrier generation, carrier

transport and recombination within the bulk, as well as at the

interfaces. Our device model has been calibrated and vali-

dated with an in-house fabricated meso-structured PSC

device, using intensity dependent I-V measurements at 0.3

sun, 0.5 sun and 1 sun illuminations. Furthermore, a loss

analysis for meso-structured PSC has been developed, show-

casing the various recombination channels inside the perov-

skite solar cells. According to our loss analysis, the

dominant type of recombination for our cell takes place at

the interface between the perovskite and the TiO2 within the

mesoporous absorber layer of the solar cell. This is the case

for maximum power condition, as well as for open-circuit

condition. Moreover, inside the perovskite capping layer, as

a consequence of its direct band gap, radiative recombination

dominates over Auger and SRH recombination. Our study

also indicates that the thicknesses of the perovskite capping

layer and the mesoporous layer can be optimized towards

maximum device performance by a significant reduction in

the mesoporous layer thickness and a slight increment in the

perovskite capping layer thickness.

FIG. 7. Predicted efficiency potentials in terms of (a) the thickness of the

perovskite capping layer and (b) the thickness of the mesoporous layer. The

shunt-corrected experimental efficiency is 14.05%, indicated by a square

(�).

FIG. 8. Simulated efficiency potential by varying the thickness of perovskite

capping layer and the thickness of mesoporous layer simultaneously. The

colourbar indicates the efficiency. The horizontal and vertical dotted lines

indicate the cross sections which are shown in Figs. 7(a) and 7(b), respec-

tively. The square � indicates the shunt-corrected experimental efficiency

and the triangle (�) indicates the simulated maximum efficiency.
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X. OUTLOOK

Our developed device model is able to compare the dif-

ferent device performance of a planar-structured PSC towards

a meso-structured PSC. A corresponding device calibration

for comparing these two types of perovskite solar cell is cur-

rently on-going. Furthermore, an extension of this work aims

at a three-dimensional explicit modelling of the meso-

structured layer, in order to validate the 1D effective-medium

approach presented in this paper. We can also derive func-

tional forms of the effective material properties and examine

the relation between macroscopic and nanoscopic quantities.
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NOMENCLATURE

Ae,Aug Auger recombination coefficients for two-electron

collisions, m6 s�1

Ah,Aug Auger recombination coefficients for two-hole colli-

sions, m6 s�1

Brad radiative recombination coefficient, m3 s�1

Ce electron concentration, m�3

Ce,s interface electron concentration, m�3

Ce,t electron density when the electron Fermi level is

equal to the trap level, m�3

Ch hole concentration, m�3

Ch,s interface hole concentration, m�3

Ch,t hole density when the hole Fermi level is equal to

the trap level, m�3

Ci intrinsic carrier densities, m�3

Deff effective recombination coefficient, m3 s�1

Di diffusion coefficient of species i, m2 s�1

e elementary charge, C

Ec LUMO energy level, eV

Eeff optical electric field, V m�1

EF Fermi energy level, eV

Ei intrinsic potential energy, eV

Et energy of trap state, eV

Ev HOMO energy level, eV

F fill factor

G generation rate of electrons and holes, m�3 s�1

h Planck’s constant, J s

H hysteresis index

Isc short-circuit current, mA cm�2

Ji flux of species i, m�2 s�1

jphoto photogenerated current density, mA cm�2

jtot current density, mA cm�2

jexpt
BS measured current density in backward scan, mA cm�2

jexpt
FS measured current density in forward scan, mA cm�2

jcorr
tot current density from shunt-resistance correction,

mA cm�2

j2d
tot current density from the two diode model, mA cm�2

jP
Aug Auger recombination current density, mA cm�2

jP
rad radiative recombination current density, mA cm�2

jP
SRH SRH recombination current density, mA cm�2

jMprv recombination current density from perovskite in

mesoporous layer, mA cm�2

jM
int recombination current density from the perovskite/

TiO2 interface, mA cm�2

jII recombination current density at interface II, mA

cm�2

jrec total recombination current density, mA cm�2

j01 reverse saturation currents of diode 1, mA cm�2

j02 reverse saturation currents of diode 2, mA cm�2

kB Boltzmann constant, J K�1

l layer thickness, nm

Nc effective conduction band density of states, m�3

Nv effective valance band density of states, m�3

NH�
a ionized acceptor impurity concentration in H, m�3

NEþ
d ionized donor impurity concentration in E, m�3

Pin input power, W

Q time average of the energy dissipated per second, J

m�3 s�1

R net recombination rate of electrons and holes, m�3

s�1

Rs series resistance, X cm2

Rsh shunt resistance, X cm2

Seff effective surface recombination velocity, m4 s�1

T absolute temperature, K

Vap applied voltage, V

Vbi built-in potential, V

Voc open-circuit voltage, V

W work function, eV

DEf quasi-fermi level splitting, eV

Djcorr shunt-resistance correction factor, mA cm�2

Greek

e0 permittivity of free space, Fm�1

e permittivity of material, Fm�1

g refractive index

gsc solar cell efficiency

h quantum efficiency

j extinction coefficient

li mobility of species i, m2 V�1 s�1

� frequency of incident wave, s�1

/ porosity

se,SRH SRH recombination lifetime for electron, s

sh,SRH SRH recombination lifetime for hole, s

ve absolute value of electron affinity, eV

vh absolute value of ionization potential, eV

w electric potential, V

W absolute value of electric potential in the vacuum

near the surface, V

Superscript

A anode
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C cathode

E electron-transporting layer

H hole-transporting layer

M mesoporous layer

P perovskite capping layer

APPENDIX: DERIVATION OF EQS. (13), (15), (21), AND
(25)

We derive the Eqs. (13), (15), (21), and (25):

From Fig. 9, the built-in potential, Vbi, which measures

the electric potential difference between the anode and the

cathode, is defined by

Vbi ¼
WA �WC

e
: (A1)

The hole concentration at interface I is given by

ChjI ¼ NH
v exp

EH
v � EF

kBT

� �

¼ NH
v exp

�eWH � vH
h þWA þ eWA

kBT

 !

¼ NH
v exp

�vH
h þWC þ eVbi

kBT

� �

¼ NH
v exp

WC � vH
h

kBT

� �
exp

eVbi

kBT

� �
; (A2)

where Eq. (A1) is used in the third step.

The electron concentration at interface V is given by

CejV ¼ NE
c exp

EF � EE
c

kBT

� �

¼ NE
c exp

�WC � eWC þ eWE þ vE
e

kBT

 !

¼ NE
c exp

eVbi �WA þ vE
e

kBT

� �

¼ NE
c exp

vE
e �WA

kBT

� �
exp

eVbi

kBT

� �
; (A3)

where Eq. (A1) is also used in the third step.

The ratio of hole concentration at interface II is given by

ChjII�
ChjIIþ

¼
NP

v exp
EP

v � EF

kBT

� �

NH
v exp

EH
v � EF

kBT

� �

¼ NP
v

NH
v

exp
EP

v � EF � EH
v þ EF

kBT

� �

¼ NP
v

NH
v

exp
�eWP � vP

h þ eWH þ vH
h

kBT

 !

¼ NP
v

NH
v

exp
vH

h � vP
h

kBT

� �
: (A4)

The ratio of electron concentration at interface III is

given by

CejIIIþ
CejIII�

¼
NP

c exp
EF � EP

c

kBT

� �

NM
c exp

EF � EM
c

kBT

� �

¼ NP
c

NM
c

exp
EF � EP

c � EF þ EM
c

kBT

� �

¼ NP
c

NM
c

exp
eWP þ vP

e � eWM � vM
e

kBT

 !

¼ NP
c

NM
c

exp
vP

e � vM
e

kBT

� �
: (A5)
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