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We derive general expressions that incorporate finite pulse envelope effects into a coherent two-
dimensional optical spectroscopy (2DOS) technique. These expressions are simpler and less com-
putationally intensive than the conventional triple integral calculations needed to simulate 2DOS
spectra. The simplified expressions involving multiplications of arbitrary pulse spectra with 2D spec-
tral response function are shown to be exactly equal to the conventional triple integral calculations
of 2DOS spectra if the 2D spectral response functions do not vary with population time. With minor
modifications, they are also accurate for 2D spectral response functions with quantum beats and expo-
nential decay during population time. These conditions cover a broad range of experimental 2DOS
spectra. For certain analytically defined pulse spectra, we also derived expressions of 2D spectra for
arbitrary population time dependent 2DOS spectral response functions. Having simpler and more effi-
cient methods to calculate experimentally relevant 2DOS spectra with finite pulse effect considered
will be important in the simulation and understanding of the complex systems routinely being studied
by using 2DOS. Published by AIP Publishing. https://doi.org/10.1063/1.4985888

I. INTRODUCTION

Two-dimensional coherent optical spectroscopy (2DOS)
has been employed as a powerful tool to investigate vari-
ous physical, chemical, and biological systems.1–3 2DOS has
been applied over a broad electromagnetic spectrum extend-
ing from IR, visible to UV regime. This includes experiments
designed to probe the vibrational levels of chemical com-
pounds or solvation dynamics using 2D IR spectroscopy,4–7

2D and 3D electronic spectroscopy to study electronic excita-
tion and energy transfer in photosynthesis apparatus,8–11 and
UV 2D spectroscopy to observe electron transfer processes in
proteins.12

The third order non-linear optical response function for-
malism based on time dependent perturbation theory in the
system-field interactions is usually used to formulate 2DOS
spectra.13,14 In this formalism, the third order response func-
tions R(3)(t3, t2, t1) corresponding to the stimulated photon
echo and anti-echo (rephasing and non-rephasing) signals of
the material of interest are probed by multiple optical pulses.
These response functions correlate single quantum coherences
over t1 with single quantum coherences over t3 with pop-
ulation time (or waiting time) t2 as a parameter. A typical
2DOS experiment seeks to measure the 2D spectral response
function R(3)(ω3, t2, ω1). This function is the Fourier trans-
forms over t1 and t3 of the time-domain response function
R(3)(t3, t2, t1). However, due to the finite durations of the inter-
acting pulses, the measured 2DOS spectrum is a non-trivial
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convolution of the 2D spectral response function R(3)(ω3, t2,
ω1) with the interacting finite pulses. Nonetheless, it is still a
common practice to simulate the 2DOS spectra in the semi-
impulsive limit, where the pulses are assumed to be infinitely
short. In this limit, the 2DOS spectrum is assumed to be the 2D
spectral response function R(3)(ω3, t2,ω1). This approximation
simplifies derivations and reduces the computational costs for
simulation. This approximation is valid if the system dynamics
time scales are much longer than the pulse durations. However,
for many recent applications of 2DOS, this is not always the
case. For example, the energy relaxation pathways in Fenna-
Matthews-Olson (FMO) complex of green sulfur bacteria C.
tepidum were resolved with lifetimes from 500 fs to 1000 fs
using 50 fs duration laser pulses.15 The coherent quantum beat
in the above system was also observed by using 40 fs duration
pulses revealing the beating frequency 250 cm�1 correspond-
ing to 133 fs period.16 In other studies on nanomaterials, the
electronic coupling in GaAs double quantum wells was inves-
tigated. The observed dynamics was faster than the 150 fs pulse
duration and could not be resolved.17 In those studies, the pulse
durations cannot be considered impulsive when compared to
the recovered dynamics.

There have been studies with calculations, both numer-
ically18–22 and analytically,23–25 that take into consideration
the finite duration of the laser pulses on the 2DOS spec-
tra. These works provide better understanding of the band-
width18,19 and pulse chirp20 effects on the 2DOS spectra. The
so-called nonperturbative methods of the calculation of 2DOS
spectra take into account specific pulse shapes and finite pulse
durations automatically.26–28 The standard approach to incor-
porate the finite pulse effect is to perform the convolution of the
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interacting pulses and the response functions.18–20 However,
due to the need to numerically evaluate a triple integral, these
approaches are computationally intensive. Another approach
is to obtain expressions in the frequency domain which con-
verts the convolutions into simple multiplications and thereby
cutting down on the computational costs.23,29,30 More recently,
there have been analytical expressions developed for specific
types of response functions interacting with pulses of certain
analytical forms: Perlı́k et al. and Smallwood et al. developed
analytical expressions for 2DOS spectra simulated for Bloch
model 3rd order response functions using Lorentzian24 and
Gaussian excitation pulses,25 respectively.

In this paper, we derive general expressions for 2DOS
spectra that take into account finite bandwidth effects for arbi-
trary pulse envelope functions. These general expressions aim
to reduce the amount of numerical integration necessary to
calculate the 2DOS spectra. It can then be shown that for
certain common types of response functions, these expres-
sions are exact or near-exact. This result is important for many
2DOS experiments that measure response functions that are
represented in this study. A more detailed description of this
motivation is provided in Sec. II. The section is then followed
by the theory section providing the derivation of the expres-
sions. The sections that follow explore some applications with
simulations and discussions.

II. MOTIVATION

In the non-linear optical response function formalism
based on time dependent perturbation theory, the observed sig-
nal derives from the polarization P(n)(t) which is generated by
the interaction between the excitation pulses and the material
response function.13,14 It can be expressed as

P(n) (t) ∝

t∫
−∞

dτn

τn∫
−∞

dτn−1 . . .

τ2∫
−∞

dτ1

×R(n) (t − τn, τn − τn−1, . . . , τ2 − τ1)

×E (τn) E (τn−1) . . . E(τ1), (1)

where R(n) (tn,tn�1,. . . ,t1) is the nth-order response function of
the material of interest. E(τi) are the electric fields interacting
with the material at specific time moment τi to generate the
polarization. Typically, in a 2DOS experiment, there may be
some different processes with different corresponding prop-
erties. Hence, the R(n) (tn,tn�1,. . . ,t1) term can be a sum of
various nth-order response functions.

In linear spectroscopy where n = 1, the first order polar-
ization P(1) (t) is a convolution between the first order response
function and the optical field,

P(1) (t) ∝

t∫
−∞

dτ1R(1) (t − τ1) × E(τ1). (2)

Upon Fourier transform along t, the polarization expression
P(1) (t) gives the frequency expression

S (ωt) ≡

+∞∫
−∞

dtP(1) (t) eiωt t = Ẽ (ωt) R(1)(ωt). (3)

In this convenient form, the absorption spectrum is simply a
multiplication of the frequency domain linear response and
the optical pulse spectrum. The convolution in Eq. (2) can
be avoided. Equation (3) is a statement of the convolution
theorem where the Fourier transform of the convolution of
two functions is equal to the multiplication of the individual
Fourier transform of the two functions.

For the third order response function used in 2DOS where
n = 3, Eq. (1) becomes

P(3) (t, T , τ) ∝

t∫
−∞

dτ3

τ3∫
−∞

dτ2

τ2∫
−∞

dτ1R(3) (t−τ3, τ3 − τ2, τ2 − τ1)

×E (τ3) E(τ2)E(τ1). (4)

In a typical 2DOS measurement, the sample is usually excited
by a three-pulse train as depicted in Fig. 1. The optical field
used for such experiments typically consists of three pulses
expressed as

E (t) = E1 (t + T + τ) + E2 (t + T ) + E3(t)

= E1 (t + T + τ) e−iωL(t+T+τ) + E2 (t + T ) e−iωL(t+T )

+ E3 (t) e−iωL t , (5)

where τ and T are the time delays from the first to the second
and from the second to the third pulse. Ei(t) are the envelopes
of the ith pulses andωL is the laser frequency. In this article, we
use Ei(t) to denote the pulse envelope and Ei(t) to denote the
optical pulse field that includes the pulse envelope and carrier
wave. Ẽi(ω) and Ẽi(ω) are the Fourier transform of Ei(t) and
Ei(t), respectively.

Typically, in order to obtain the 3rd order polarization,
the triple integral in Eq. (4) needs to be calculated. However,
with Eq. (3) as an example, it is therefore attractive to seek
analogous expressions for higher orders that consist of mul-
tiplications of the response function in the frequency domain
and the interacting pulse spectra. In the case of third order, it
is possible to derive and show that the triple Fourier transform
of the third order polarization signal yields23,25,29,30

S (ωt ,ωT ,ωτ) ≡
∫ +∞∫
−∞

∫
dtdTdτP(3) (t, T , τ) eiωt teiωT T eiωττ

∼ Ẽ1 (ωτ) Ẽ2 (ωT − ωτ) Ẽ3 (ωt − ωT )

×R(3)(ωt ,ωT ,ωτ), (6)

FIG. 1. The three-pulse train illustration with the average of response function
centered at T and weighted by the pulse envelopes.
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where R(3)(ω3, ω2, ω1) is the triple Fourier transform of the
response function R(3)(t3, t2, t1) along all three time domains.
(We include a more detailed expression in the supplemen-
tary material, Sec. I.) Analogous to Eq. (3), Eq. (6) can be
viewed as a statement of the convolution theorem. This kind
of expression is very useful as the finite pulse effect can be
taken into consideration from a direct multiplication of the
interacting pulse spectra and the frequency domain expres-
sion of the response function. Equations like Eq. (6) have
been derived by Belabas and Jonas for applications in ana-
lyzing pulse propagation effects in 2DOS.29,30 Schweigert and
Mukamel derived general expressions which extended applica-
tions to higher dimensional optical spectroscopies23 of which
Eq. (6) can be considered a special case.

However, 2D photon echo experiments are usually pre-
sented as 2D spectra of frequency axes ωt and ωτ with the
population time T as a parameter. The standard approach to
acquire a 2DOS spectrum with finite pulse effect is to obtain
the 3rd order polarization by performing the triple integral
in Eq. (4) followed by Fourier transformations over τ and t.
We shall henceforth label this as the standard triple integra-
tion (STI) approach. As the STI approach is computationally
intensive, and with Eq. (6) as a motivation, it is natural to seek
such expressions for the 2DOS signal function,

S (ωt , T ,ωτ) ≡
∫ +∞∫
−∞

dtdτP (t, T , τ) eiωt teiωττ

?
≈ Ẽ1 (ωτ) Ẽ2 (ωτ) Ẽ3 (ωt) R(3)(ωt , T ,ωτ), (7)

where analogous to Eq. (6), we have the spectra of the three
interacting optical fields multiplied by the 2D spectral response
function R(3)(ω3, t2, ω1) which is the Fourier transform of the
third order response function along t3 and t1 domains. It is
known that for the case where there is no longer any corre-
lation between the excitation and detection frequencies, the
2D spectral response function is simply the product of the lin-
ear absorption spectra along both frequency dimensions, and
Eq. (7) is valid.19 This typically is the case for long population
time t2, for systems undergoing spectral diffusion. One major
purpose of this article is to determine the general conditions
under which the expression of Eq. (7) is valid.

In Sec. III, we present the derivation of expressions that
will allow us to answer our questions better. We will then
show that for the cases where 2D spectral response func-
tions are not t2-dependent, the expression is exact for wait-
ing times significantly longer than the pulse width. For t2-
dependent 2D response functions, generally, we can only
approximate the expressions. However, for two cases as shown

below, the t2-oscillating and t2-exponentially decaying 2D
response functions, simplified expressions related to Eq. (7) are
exact.

III. THEORY

In this section, we present the derivation of the simplified
expressions for the 2DOS signal function S(ωt , T, ωτ). Equa-
tion (4) is evaluated with the pulse train expressed in Eq. (5).
The first interaction comes from the first pulse presented in
Eq. (4) as the first integral along τ1. Similarly, the second
and the third integrals denote the second and the third interac-
tions between the sample and the second and the third pulses,
respectively.

The kind of pulse trains in Eq. (5) describes a train
consisting of replica pulses that can be created by transla-
tional delay stages and are representative of pulses used in
the phase matching non-collinear beam geometry, sometimes
known as the Boxcar geometry. Substituting the electric field
in Eq. (1) and assigning Ei(τi) to be the ith interaction, we
have

P(3) (t, T , τ) ∝

t∫
−∞

dτ3E(η3)
3 (τ3) e−iη3ωLτ3

×

τ3∫
−∞

dτ2E(η2)
2 (τ2 + T ) e−iη2ωL(τ2+T )

×

τ2∫
−∞

dτ1E(η1)
1 (τ1 + T + τ) e−iη1ωL(τ1+T+τ)

×R(3)(t − τ3, τ3 − τ2, τ2 − τ1). (8)

Here, the response function is either of the rephasing R(3)
R

or non-rephasing R(3)
NR processes which is associated with the

different sets of interaction indices ηi, respectively,

R(3)
R with

[
η1, η2, η3

]
= [−1, +1, +1],

R(3)
NR with

[
η1, η2, η3

]
= [+1,−1, +1].

(9)

We use the notation of Smallwood et al. for the interaction
indices ηi dictating whether an electric field (ηi = 1) interaction
or a complex conjugated field (ηi = �1) interaction is being
considered,25

E(ηi)
i (τi) e−iηiωLτi =

{
Ei (τi) e−iωLτi (ηi = +1)
E∗i (τi) e+iωLτi (ηi = −1)

.

We can substitute the upper bound of the integrals with infinity
by adding the Heaviside step functionsΘ(t) to satisfy the time
order of the pulse sequence,

P(3) (t, T , τ) ∝

+∞∫
−∞

dτ3E(η3)
3 (τ3) e−iη3ωLτ3Θ (t − τ3)

+∞∫
−∞

dτ2E(η2)
2 (τ2 + T ) e−iη2ωL(τ2+T )

Θ(τ3 − τ2)

×

+∞∫
−∞

dτ1E(η1)
1 (τ1 + T + τ) e−iη1ωL(τ1+T+τ)

Θ(τ2 − τ1)R(3)(t − τ3, τ3 − τ2, τ2 − τ1). (10)
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The emitted signal that is proportional to the polarization is
then resolved in a spectrometer which effectively carries out
a Fourier transform along t. The first coherence time τ is
scanned and Fourier transformed to produce the 2DOS sig-
nal function. As indicated in Eq. (7), we shall define the
2DOS signal function S(ωt , T, ωτ) as the Fourier trans-
form result over t and τ domains of the polarization P(3)

(t, T, τ),

S (ωt , T ,ωτ) =

+∞∫
−∞

dτeiωττ

+∞∫
−∞

dteiωt tP(3) (t, T , τ) . (11)

We notice that in Eq. (10), τ containing terms only appear in the
first integral. We assume that all considered functions are well-
behaved and satisfy the conditions for integration interchange-
ability.31,32 We can interchange the integration sequence and
Eq. (11) becomes

S (ωt , T ,ωτ) ∝

+∞∫
−∞

dteiωt t

+∞∫
−∞

dτ3E(η3)
3 (τ3) e−iη3ωLτ3Θ (t − τ3)

+∞∫
−∞

dτ2E(η2)
2 (τ2 + T ) e−iη2ωL(τ2+T )

Θ (τ3 − τ2)

×

+∞∫
−∞

dτ1R(3) (t − τ3, τ3 − τ2, τ2 − τ1)Θ (τ2 − τ1)

+∞∫
−∞

dτeiωττE(η1)
1 (τ1 + T + τ) e−iη1ωL(τ1+T+τ). (12)

After the operation of the two Fourier transformations, the obtained 2DOS signal function becomes

S (ωt , T ,ωτ) ∝ Ẽ(η1)
1 [η1 (ωτ − η1ωL)]

+∞∫
−∞

dτ3E(η3)
3 (τ3) e−iη3ωLτ3 eiωtτ3

×

+∞∫
−∞

dτ2E(η2)
2 (τ2 + T ) e−iη2ωL(τ2+T )e−iωτ (τ2+T )

Θ (τ3 − τ2) × R (ωt , τ3 − τ2,ωτ) . (13)

We note that Eq. (13) is still equivalent to Eq. (11). The first
thing to notice is that in this case, the first interaction pulse
is now recast as a pulse spectrum. The triple integral has
been reduced to a double integral multiplied by a pulse spec-
trum. Mathematically, the Heaviside function Θ(τ3 � τ2) in
Eq. (13) ensures time-ordered interactions, i.e., the third pulse
will always interact after the second pulse. The Heaviside func-
tion is important in cases where the second and the third pulses
overlap in time. However, for cases in which the second and
the third pulses do not overlap, i.e., in the case that the waiting
time delay T is significantly larger than the pulse durations of
the two last pulses, the time ordering is ensured even without
the Heaviside function. In most experimental conditions, 2D
spectra are presented only for T larger than the pulse widths.
This is due to the fact that when pulses two and three over-
lap, there are inadvertently coherent artifacts that distort the
2D spectra and are usually not taken into consideration.8,33–35

Therefore, for such cases, we can drop the Heaviside function
to obtain

S (ωt , T ,ωτ) ∝ Ẽ(η1)
1 [η1 (ωτ − η1ωL)]

×

+∞∫
−∞

dτ3E(η3)
3 (τ3) e−iη3ωLτ3 eiωtτ3

×

+∞∫
−∞

dτ2E(η2)
2 (τ2 + T ) e−iη2ωL(τ2+T )e−iωτ (τ2+T )

×R (ωt , τ3 − τ2,ωτ) . (14)

From Eq. (14), a clear physical interpretation can be discerned
for the remaining two integrals. It is the average of the 2D spec-

tral response function centered at T, weighted by the pulse
envelopes of the second and the third pulses as shown in
Fig. 1.

In Secs. III A–III C, we consider further simplification of
Eq. (14) under certain conditions.

A. t2-independent response functions and slowly
varying response functions

We consider here for the case that the 2D spectral response
function of the investigated system is t2-independent. In
this case, the 2D spectral response function R(ωt , t2, ωτ)
= R(ωt ,ωτ) and can be taken out of the integrals in Eq. (14) to
give

S (ωt , T ,ωτ) = R (ωt ,ωτ) Ẽ(η1)
1 [η1 (ωτ − η1ωL)]

×

+∞∫
−∞

dτ3E(η3)
3 (τ3) e−iη3ωLτ3 eiωtτ3

×

+∞∫
−∞

dτ2E(η2)
2 (τ2 + T ) e−iη2ωL(τ2+T )e−iωτ (τ2+T ).

(15)

The two remaining integrals can be easily evaluated as
+∞∫
−∞

dτ2E(η2)
2 (τ2 + T ) e−iη2ωL(τ2+T )e−iωτ (τ2+T )

= Ẽ(η2)
2 [−η2 (ωτ + η2ωL)], (16)

+∞∫
−∞

dτ3E(η3)
3 (τ3) e−iη3ωLτ3 eiωtτ3 = Ẽ(η3)

3 [η3 (ωt − η3ωL)]. (17)
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Finally, the 2DOS signal function can be expressed as

S (ωt ,ωτ) = R (ωt ,ωτ) Ẽ(η1)
1

[
η1 (ωτ − η1ωL)

]
× Ẽ(η2)

2
[
−η2 (ωτ + η2ωL)

]
Ẽ(η3)

3 [η3 (ωt − η3ωL)].

(18)

For cases that the 2D spectral response function varies with
a time scale that is slow compared to the pulse width, we
can make the approximation that the response function does
not vary so much over the last two pulse widths between
the two integration time points τ3 � τ2 (see Fig. 1) and
assume that the response function bears the value at T, i.e.,
R(ωt , τ3 � τ2, ωτ)≈R(ωt , T, ωτ) in Eq. (14), the resultant 2D
spectra can be approximated as

S (ωt , T ,ωτ) ≈ R (ωt , T ,ωτ) Ẽ(η1)
1 [η1 (ωτ − η1ωL)]

× Ẽ(η2)
2

[
−η2 (ωτ + η2ωL)

]
× Ẽ(η3)

3 [η3 (ωt − η3ωL)]. (19)

The result presented here physically means that the 2D spec-
trum obtained using the pulse train expressed in Eq. (5) can be
approximated as the 2D spectral response function of the sys-
tem in the spectral domain multiplied by the spectra of three
excitation laser pulses. An expression similar to Eq. (19) has
been stated previously.36 The 2DOS of transitions that undergo
spectral diffusion can also be described by Eq. (19) at suffi-
ciently large waiting time, T, when the transitions are no longer
correlated between the excitation frequenciesωτ and detection
frequencies ωt .19

We now take a closer look at Eq. (18) for the two cases of
non-rephasing and rephasing processes with the correspond-
ing ηi value sets [Eq. (9)]. The non-rephasing (anti-echo) and
rephasing (echo) 2DOS signal functions, from Eq. (18), are,
respectively,

SNR (ωt ,ωτ) = RNR (ωt ,ωτ) Ẽ1 (ωτ − ωL)

× Ẽ∗2 (ωτ − ωL) Ẽ3 (ωt − ωL) ,

SR (ωt ,ωτ) = RR (ωt ,ωτ) Ẽ∗1 (−ωτ − ωL)

× Ẽ2 (−ωτ − ωL) Ẽ3 (ωt − ωL) .

(20)

In the actual experimental practice of 2DOS, the signals are
usually heterodyne detected using a local oscillator pulse.
With this taken into consideration, the final measured 2DOS
spectrum S (ωt , T ,ωτ) becomes (Appendix)

S (ωt , T ,ωτ) = S (ωt , T ,ωτ) Ẽ∗LO (ωt)

+ S∗ (ωt , T ,−ωτ) ẼLO(ωt). (21)

For 2DOS performed in the phase matching non-collinear
beam geometry, where the non-rephasing and rephasing sig-
nals are acquired separately, the measured 2DOS spectra for
the non-rephasing and rephasing processes are, respectively,

SNR (ωt ,ωτ) = RNR (ωt ,ωτ) Ẽ1 (ωτ − ωL) Ẽ∗2 (ωτ − ωL)

× Ẽ3 (ωt − ωL) Ẽ∗LO (ωt) ,

SR (ωt ,ωτ) = R∗R (ωt ,−ωτ) Ẽ1 (ωτ − ωL) Ẽ∗2 (ωτ − ωL)

× Ẽ∗3 (ωt − ωL) ẼLO(ωt).

(22)

We have only included the measured 2DOS spectra in the
positive quadrant (ωt , ωτ) = (+, +), as is usually presented.

For 2DOS that is performed in the pump-probe geometry,
the local oscillator is the “probe” pulse that is the same pulse
as the third interacting pulse, i.e., ẼLO (ωt) = Ẽ3 (ωt − ωL).
The signal measured in the pump-probe geometry is in purely
absorptive form, as both rephasing and non-rephasing signals
are measured simultaneously.37–40 The measured 2D spectrum
will be

Sabs (ωt , T ,ωτ) = RNR (ωt ,ωτ) Ẽ1 (ωτ − ωL) Ẽ∗2 (ωτ − ωL)

× Ẽ3 (ωt − ωL) Ẽ∗3 (ωt − ωL) + R∗R (ωt ,−ωτ)

× Ẽ1 (ωτ − ωL) Ẽ∗2 (ωτ − ωL) Ẽ∗3 (ωt − ωL)

× Ẽ3 (ωt − ωL) . (23)

In most cases, only the real part of Eq. (23) is presented.

B. Response functions with t2-dependent oscillation
or exponential decay

As presented in Eq. (19), if the 2D spectral response
function is t2-dependent, the multiplication expression is an
approximation. However, for some cases of t2-dependent 2D
spectral response functions, we can also derive exact expres-
sions. Let us assume that the 2D spectral response function
takes the form of

R (ω3, t2,ω1) ≡ R (ω3,ω1) × e−iΞt2 , (24)

where Ξ = Ω � iγ is a complex number with two real val-
ued coefficients Ω and γ. The above expression can describe
the oscillation in the peaks’ amplitude and shape, which is
one aspect of the 2DOS spectra for vibrational wave packet
motion36 and quantum coherent beatings41,42 (Ξ = Ω being
the corresponding frequency) or the influence of vibrational
relaxation during the population time (Ξ = �iγ, γ being the
corresponding rate)43 and linear combination of these expres-
sions describes fairly general response function in the sum-
over-state representation. The expressions of Eq. (24) can
be substituted into the response function in Eq. (14). After
simplification, the expression for 2DOS signal becomes

S (ωt , T ,ωτ) = R (ωt ,ωτ) e−iΞT Ẽ(η1)
1

[
η1 (ωτ − η1ωL)

] +∞∫
−∞

dτ3E(η3)
3 (τ3) e−iη3ωLτ3 eiωtτ3 e−iΞτ3

×

+∞∫
−∞

dτ2E(η2)
2 (τ2 + T ) e−iη2ωL(τ2+T )e−iωτ (τ2+T )eiΞ(τ2+T ). (25)
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The subsequent integration then gives

S (ωt , T ,ωτ) = R (ωt ,ωτ) e−iΞT Ẽ(η1)
1

[
η1 (ωτ − η1ωL)

]
× Ẽ(η2)

2
[
−η2 (ωτ + η2ωL − Ξ)

]
× Ẽ(η3)

3 [η3 (ωt − η3ωL − Ξ)]. (26)

This expression is similar to Eq. (18) except for the fact that
the second and the third pulse spectra are “shifted” from its
original spectrum by Ξ.

Let us first consider the case where the Ξ term is purely
real, i.e.,Ξ=Ω. This represents a 2D spectral response function
whose amplitude oscillates with t2. From Eq. (26), the resultant
expressions for the 2DOS signal become

S (ωt , T ,ωτ) = R (ωt ,ωτ) e−iΩT Ẽ(η1)
1

[
η1 (ωτ − η1ωL)

]
× Ẽ(η2)

2
[
−η2 (ωτ + η2ωL −Ω)

]
× Ẽ(η3)

3 [η3 (ωt − η3ωL −Ω)]. (27)

The expression in Eq. (27) shows that the 2D spectra consist
of the 2D spectral response function oscillating during T mul-
tiplied with the first pulse spectrum. The second and the third
pulse spectra that are multiplied onto the 2D spectral response
function are shifted by oscillating frequencyΩ. More detailed
analysis will be conducted in Sec. IV.

We now consider the case where the Ξ term contains only
an imaginary value, i.e.,Ξ=�iγ. In this case, the t2-dependence
is described as an exponential decay representing, for exam-
ple, population transfer dynamics. Substituting Ξ = �iγ into
Eq. (26), we have the expression for the 2DOS signal function
as

S (ωt , T ,ωτ) = R (ωt ,ωτ) e−γT Ẽ(η1)
1

[
η1 (ωτ − η1ωL)

]
× Ẽ(η2)

2
[
−η2

(
ωτ + η2ωL + iγ

)]
× Ẽ(η3)

3 [η3
(
ωt − η3ωL + iγ

)
]. (28)

Similar to the previous case, the expression for the 2DOS signal
function is the product of the 2D spectral response function and
the three excitation pulses. However, the second and the third
pulse spectra contain an imaginary frequency iγ. More detailed
interpretation will be presented in Sec. IV.

C. Cases with arbitrary 2D spectral response function
and analytical pulse spectra

In some cases, it may be sufficient to use an analytical
function to represent the pulse spectra. For example, Gaussian
functions are regularly used to represent ultrashort laser pulses.
The 2D spectra of an arbitrary t2-dependent response function
can be generated taking into account the finite pulse effect.
We can reduce the two integrals needed in Eq. (14) to one
integral. Equation (14) can be expressed after changing the
time variables τ3 � τ2 = t2 to give

S (ωt , T ,ωτ) ∝ Ẽ(η1)
1

[
η1 (ωτ − η1ωL)

] +∞∫
0

dt2E(η3)
3 (τ2 + t2) e−iη3ωL(τ2+t2)eiωt (τ2+t2)

×

+∞∫
−∞

dτ2E(η2)
2 (τ2 + T ) e−iη2ωL(τ2+T )e−iωτ (τ2+T )R (ωt , t2,ωτ) , (29)

where the integral over τ2 no longer involves the response
function. By making the substitution τ2 + t2 = x � ξ, ξ = (T �

t2)/2, we then obtain

S (ωt , T ,ωτ) ∝ Ẽ(η1)
1

[
η1 (ωτ − η1ωL)

]
×

+∞∫
0

dt2Φ(Ω+, ξ)e−iξΩ−R (ωt , t2,ωτ) , (30)

where
Ω+ = η3ωL − ωt + η2ωL + ωτ ,

Ω− = −η3ωL + ωt + η2ωL + ωτ .

The quantity

Φ (Ω+, ξ) =

+∞∫
−∞

dxE(η2)
2 (x + ξ) E(η3)

3 (x − ξ) e−ixΩ+ (31)

is known as the Wigner spectrogram.44,45 It can be easily evalu-
ated analytically for certain functions. For example, for pulses

represented by a Gaussian function, E(ηi)
i (t) = e−Γ

2t2
, one

obtains

Φ (Ω+, ξ) ∝ e−2Γ2ξ2
e−Ω+

2/(8Γ2). (32)

Equation (32) can then be substituted into Eq. (30), where only
one integration needs to be performed. In the event if the pulses
are short on the time scale of the population dynamics, Φ(Ω+,
ξ) is sharply peaked around ξ = 0, one can write

S (ωt , T ,ωτ) ≈ R (ωt , T ,ωτ) Ẽ(η1)
1

[
η1 (ωτ − η1ωL)

]
× 2

+∞∫
−∞

dξΦ(Ω+, ξ)e−iξΩ− . (33)

Equation (33) is equivalent to Eq. (19). The approximation
made in the deduction of Eq. (33) from Eq. (30) is simi-
lar to the so-called doorway-window approximation, which
is frequently used for the description of femtosecond signals
induced by temporally well-separated pulses.46
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IV. APPLICATIONS AND SIMULATIONS

A. t2-independent response functions

A common example of a t2-independent 2D spectral
response function is a system with linear spectrum that con-
tains homogeneous and inhomogeneous linewidths. This is
typically termed a Voigt’s profile which is a convolution
between a Lorentzian profile for the homogeneous broaden-
ing and a Gaussian profile for the inhomogeneous distribu-
tion. In such cases, the response functions for rephasing and
non-rephasing processes can be expressed as

RNR (t3, t2, t1) = −

(
i
~

)3

µ4
Θ (t3)Θ (t2)Θ (t1)

× e−iω0(t3+t1)e−Γ(t3+t1)e−∆
2
0(t3−t1)2

,

RR (t3, t2, t1) = −

(
i
~

)3

µ4
Θ (t3)Θ (t2)Θ (t1)

× e−iω0(t3−t1)e−Γ(t3+t1)e−∆
2
0(t3−t1)2

.

(34)

To affirm that Eq. (18) is indeed the analytical equivalent
of Eq. (11) for t2-independent 2D spectral response func-
tions, we perform calculations of the 2DOS spectra that are
generated using the STI approach and using Eq. (22). For sim-
plicity, in the subsequent simulations, the center frequency
of the response function is set as ω0 = 0. We investigate
an ensemble of two-level systems having a homogeneous
linewidth Γ of 0.2 eV and an inhomogeneous linewidth ∆0 of
0.2 eV. Although the pulse spectra can be of arbitrary func-
tions, for simplicity, we assume all three excitation pulses
used are transform-limited Gaussian pulses with a full width

half maximum (FWHM) duration of 20 fs. We calculate the
spectrum at population time T = 100 fs. The local oscilla-
tor in this simulation is the same as the last excitation laser
pulse.

In Fig. 2(a), the spectrum depicts the real part of the
non-rephasing 2DOS spectrum measured by impulsive pulses
(δ pulses). It is therefore simply the 2D spectral response
function which is obtained by the Fourier transform over
t3 and t1 of the RNR(t3, t2, t1) shown in Eq. (34). Figure
2(b) is obtained using the simplified expression in Eq. (22).
The multiplication scheme is illustrated in the figure. The
spectrum of the first pulse Ẽ1 (ωτ − ωL) and the complex
conjugated spectrum of the second pulse Ẽ∗2 (ωτ − ωL) are
multiplied along the ωτ domain. Both of them are centered
at ωL. The last pulse spectrum Ẽ3 (ωt − ωL) and the local
oscillator spectrum Ẽ∗LO (ωt) = Ẽ∗3 (ωt − ωL) are multiplied
along the ωt dimension. Figure 2(c) presents the real part
of 2DOS spectrum calculated using the STI approach. It can
be seen that Figs. 2(b) and 2(c) are virtually identical. The
only difference is the numerical background noise that comes
from finite numerical integrations of the triple integral in
Fig. 2(c).

Comparing Figs. 2(b) and 2(c) with Fig. 2(a), we clearly
see that the main difference is that the finite bandwidth of
laser pulses serves as a window and limits the accessible spec-
tral range. This effect narrows the measured 2DOS spectra
compared to the “ideal” 2D spectral response function.

As a further test, we also consider cases when the pump
pulse spectra are asymmetric. As is expected, the 2DOS
spectra calculated from both our expressions and using the
STI approach are virtually identical (supplementary material,
Sec. II).

FIG. 2. Simulation results for the 2D
spectra of an ensemble of two-level sys-
tems. Figure 2(a) is the non-rephasing
(anti-echo) response function, i.e., 2D
spectrum in the impulsive regime. Fig-
ure 2(b) is the 2D spectrum obtained
from the multiplication of Fig. 2(a) with
suitable pulse spectra as presented. Fig-
ure 2(c) is the 2D spectrum obtained
by calculating the triple integral in
Eq. (8). All spectra are normalized to the
maxima.
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We note that although we perform the simulation to verify
the validity of our expressions on this relatively simple system,
our expressions in Eqs. (22) and (23) are applicable for arbi-
trary 2D spectral response functions that are t2-independent.
Examples of systems with t2-independent 2D spectral response
functions include the Fano model which is typically used to
describe photoionization of atoms and photodissociation of
molecules.47

B. Quantum beat response functions

We now take a look at 2DOS spectra with response func-
tions whose amplitude oscillates with t2. We have shown that
the 2DOS signal function behaves according to Eq. (27) if
we include finite pulse effects. This can come in the form of
quantum beats generated by the coherence between different
excited states during the population time. One typical system
with such quantum beats is a system of atomic electronic levels
with one ground state connected with many excited states. If
the excitation laser spectrum is broad enough to cover two or
more excited states, the quantum beat coherence can be created
and the signal exhibits beatings during population time. One
example of such a system is a three-level system having two
excited states with slightly different resonant frequencies con-
nected through a shared ground state as shown in Fig. 3. Quan-
tum beats have also featured prominently in the discussions
on efficient energy transfer dynamics in photosynthetic light
harvesting systems.16 Cheng and Fleming proposed a model
to study the interplay between rephasing and non-rephasing
contributions into the quantum beat signal in 2D spectra.41

Ishizaki and Fleming examined the decay of quantum beat with
two models and determined the observed decay is the ensem-
ble dephasing.42 The beating peaks are different for rephasing
and non-rephasing signals. The beating signals only appear
in non-rephasing diagonal peaks and rephasing crosspeaks as
presented by Khalil et al.48 For a comprehensive simulation
of 2DOS spectrum of this three-level system, all accessible
double-sided Feynman diagrams should be enumerated and
treated separately, i.e., the beating and non-beating processes
have different finite pulse effects. The resultant 2DOS spec-
trum is the sum of all individually treated processes. In the
scope of this paper, we present simulation of one specific
non-rephasing diagonal beating peak and interpret the finite
pulse effects. The corresponding double-sided Feynman dia-
gram of the mentioned non-rephasing process is shown in
Fig. 3.

For a non-rephasing process, the expression for the
heterodyne detected 2DOS spectrum in Eq. (27) becomes

FIG. 3. (Left) Double-sided Feynman diagram of the interested non-
rephasing beating process. (Right) Energy level diagram of the investigated
three-level system.

SNR (ωt , T ,ωτ) = RNR (ωt ,ωτ) e−iΩT Ẽ1 (ωτ − ωL)

× Ẽ∗2 (ωτ − ωL −Ω) Ẽ3 (ωt − ωL −Ω)

× Ẽ∗LO (ωt) . (35)

When a 2DOS spectrum is presented, only the real part of
Eq. (35) is usually taken. This gives rise to the oscillation of
the 2DOS spectrum’s peak amplitude and shape. In this simu-
lation, we consider the same parameters as in Sec. IV A with
both homogeneous and inhomogeneous linewidths of 0.2 eV.
Three transform-limited Gaussian laser pulses have the same
FWHM duration of 20 fs and are resonant with the transi-
tion |0〉 → |1〉. We let the local oscillator be the same as the
third laser pulse, i.e., Ẽ∗LO (ωt) = Ẽ∗3 (ωt − ωL). The energy
difference between the |1〉 and |1′〉 states is set to 0.1 eV
and yields the beating frequency Ω = 0.1 eV which corre-
sponds to a beating period of around 41.36 fs. This peak lies
on the diagonal and its amplitude oscillates with population
time.

Figure 4 is presented in a similar fashion as Fig. 2. It
shows the simulated 2DOS spectra for the investigated non-
rephasing process depicted in Fig. 3. Figure 4(a) is the real
part of the 2DOS spectrum obtained with impulsive pulses
(real valued 2D spectral response function). In this example,
we have calculated the 2DOS spectra when the population
time T = 82.72 fs was chosen to be twice as the beating period
to keep the 2D spectral response function real valued (for ease
of portrayal in the figure). The multiplication scheme accord-
ing to Eq. (35) between Fig. 4(a) and the four pulse spectra
leads to Fig. 4(b). Figure 4(c) shows the 2DOS spectrum calcu-
lated using the STI approach. The similarity between the two
spectra of Figs. 4(b) and 4(c) shows the validity of our deriva-
tion. For comparison, Fig. 4(d) depicts the 2DOS spectrum
calculated via Eq. (22). It is clear that the simple expressions
of Eq. (22) are not adequate for this case. From Eq. (35) and
Fig. 4, we can see that the first two pulse spectra Ẽ1 (ωτ − ωL)
and Ẽ∗2 (ωτ − ωL −Ω) are not centered at the same frequency.
The second pulse spectrum has an apparent shift by Ω along
theωτ dimension relative to the first pulse spectrum. In theωt

dimension, the third pulse spectrum Ẽ3 (ωt − ωL −Ω) also has
an apparent shift of Ω from the local oscillator Ẽ∗3 (ωt − ωL).
These frequency shifts cause an asymmetric distortion of the
2D peakshape. The 2D peak is more elongated towards the
higher frequency. We perform further simulations for differ-
ent population times T. They similarly show the validity of
our expression [Eq. (35)]. They also show the trend of the
asymmetric distortion of the 2D peakshapes compared with
the spectra generated with the simple expressions of Eq. (22)
(supplementary material, Sec. III).

The shift in the frequency for the second and third pulses
in Eq. (35) may seem puzzling initially, as all the excitation
pulses have the same central frequencies. A more physical
interpretation of this shift can be made if we view it as a
shift in the resonance frequency rather than a shift in the
pulse center frequency. This can be seen from the double-
sided Feynman diagram (Fig. 3), where the second and third
interactions are the |0〉 to |1′〉 transitions which are shifted
from the |0〉 to |1〉 transition (which is set as 0 frequency) by
Ω. This interpretation is also in line with the expectation that
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FIG. 4. Simulation results for 2D spec-
tra of non-rephasing beating peak. Pop-
ulation time T = 82.72 fs was cho-
sen to be twice as the beating period
to keep the 2D spectral response func-
tion real valued (for ease of presenta-
tion in the figure). Figure 4(a) is the
non-rephasing response function in the
spectral domain. Figure 4(b) is the result
of multiplication of Fig. 4(a) with the
appropriate pulse spectra as depicted.
Figure 4(c) is the calculated 2DOS spec-
trum using the STI approach. Figure
4(d) is obtained by a simple expres-
sion of Eq. (22) and presented for
comparison.

with a bigger separation between states |1〉 and |1′〉, the inten-
sity of resultant peaks will decrease with the separation of the
first and the second pulse spectra, and one of the third and
local oscillator pulse spectra. As Ω becomes large compared
with the pulse spectral widths, the pulse spectra will cease
to cover simultaneously both the |0〉 → |1〉 and |0〉 → |1′〉
transitions.

C. Exponential decay response functions

We now discuss the expressions that describe 2DOS peaks
whose amplitudes decay exponentially with t2. Examples
of such features are commonly observed in 2DOS spectra.

2DOS is routinely deployed to measure the excitonic energy
transfer (EET) dynamics of light harvesting complexes.8,9,11 In
such experiments, the amplitudes of the various peaks in the
2DOS spectrum reveal the strength of coupling and transfer
rates between different coupled excitonic states. The change
of the peak amplitude is typically modeled with exponential
decays, and the response functions of the systems will include
forms resembling Eq. (24), with imaginary Ξ = �iγ, where γ is
the decay rate constant. The resultant 2D spectral function is
described in Eq. (28). Here we simulate the measured purely
absorptive 2DOS spectrum that is typically used in studies of
EET processes,

Sabs (ωt , T ,ωτ) = RNR (ωt ,ωτ) e−γT Ẽ1 (ωτ − ωL) Ẽ∗2
(
ωτ − ωL + iγ

)
Ẽ3

(
ωt − ωL + iγ

)
Ẽ∗LO (ωt)

+ R∗R (ωt ,−ωτ) e−γT Ẽ1 (ωτ − ωL) Ẽ∗2
(
ωτ − ωL − iγ

)
Ẽ∗3

(
ωt − ωL + iγ

)
ẼLO(ωt). (36)

In this simulation, we consider the same parameters as in Sec.
IV A with both homogeneous and inhomogeneous linewidths
of 0.2 eV. Three laser pulses having a duration of 20 fs are used
to excite the system resonantly. The population time T of 100
fs is significantly larger than the pulse durations. We consider
two cases here. In the first case, the decay time is of the simi-
lar order as the pulse temporal width and the second case for
the decay time scale is much longer than the pulse duration.
In the first case, we assume a decay rate γ = 0.1 eV (corre-
sponding to a lifetime of 40 fs) in the 2D spectral response

function. Figure 5 illustrates the resultant purely absorptive
2DOS spectra.

Figure 5 is presented in a similar fashion to Fig. 2. Fig-
ure 5(a) presents the real part of the purely absorptive 2DOS
spectrum obtained with impulsive pulses. Figure 5(b) presents
the real part of the purely absorptive 2DOS spectrum as cal-
culated from Eq. (36), while Fig. 5(c) presents the real part of
the 2DOS spectrum as calculated using the STI approach. It
is clear that apart from noise from the numerical calculations,
the spectra are identical. Figure 5(d) presents the real part of
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FIG. 5. Simulation results of purely absorptive 2D spec-
tra for the population transfer response function. Figure
5(a) is the purely absorptive 2D spectrum obtained using
semi-impulsive pulses. Figure 5(b) is obtained using
Eq. (36) with the multiplication scheme presented. Fig-
ure 5(c) is calculated using the STI approach. Figure 5(d)
is the purely absorptive 2DOS spectrum without popu-
lation decay calculated using Eq. (23) and shown for
comparison purpose. All 2D spectra are normalized to
the maxima.

the 2DOS calculated from applying the simple expression of
Eq. (23). The obvious difference is that the simple expression
of Eq. (23) results in a narrower peakshape than the actual
peakshape. This can be understood by looking at the expression
of Eq. (25). The two integrals that give rise to the pulse spec-
tra with imaginary frequency shift can be viewed as Fourier
transforms over the pulse envelope multiplied by the exponen-
tial decay e�γT . The resultant convolution introduces complex
valued pulse spectra which upon the application of Eq. (36)
mixes the dispersive part of the 2D spectral response function
with the purely absorptive portions to give a “broadened” 2D
peakshape [Fig. 5(b)] compared to Fig. 5(d). In the case above,

the decaying lifetime is in a similar order as the pulse dura-
tions, and the effects of the finite pulse width are apparent. We
now consider the case where the population transfer lifetime
is long compared to the pulse widths. In this case, we let the
lifetime be 400 fs (γ = 1/400 fs�1) and the results are shown
in Fig. 6.

The scheme of Fig. 6 follows that of Fig. 5. Figure 6(a)
presents the real part of the purely absorptive 2DOS spec-
trum obtained with impulsive pulses. Figure 6(b) presents the
real part of the 2DOS spectrum as calculated from Eq. (36),
while Fig. 6(c) presents the real part of the 2DOS spectrum as
calculated using the STI approach for comparison. Figure 6(d)

FIG. 6. Simulation results for slow decaying response
function. All notations are the same as Fig. 5.
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presents the real part of the 2DOS spectrum calculated from
applying Eq. (23). In this case, Fig. 6(d) is similar to the spectra
in Figs. 6(b) and 6(c).

Therefore, by comparing the simulations in Figs. 5 and 6,
we can conclude that the finite pulse effect is significant and
apparent in the regime where the population decay time scale is
of the same order as the pulse durations. If the decay rate is slow
compared to the excitation pulse duration, the approximation
of Eq. (19) applies.

V. CONCLUSION

In this paper, we derive simplified expressions for 2DOS
spectra that incorporate effects of finite pulse durations with
arbitrary excitation pulse spectral profile. Compared to the
standard triple integral approach, the simplified expressions
are computationally less intensive. The expressions can be
reduced to one integral for arbitrary t2-dependent 2D spectral
response functions with analytical Gaussian shaped excita-
tion pulses. For certain cases, the expressions can be reduced
to the simple product of the 2D spectral response function
R(ω3, T, ω1) with arbitrary excitation pulse spectra. These
cases include t2-independent 2D spectral response functions,
quantum beat systems, and population evolving dynamics. For
2D spectral response functions that vary slowly with t2, the
expression of Eq. (19) is a good approximation. We performed
simulations to verify that the simplified expressions are indeed
equivalent to the standard triple integral approach. We note that
although in our simulations we used Gaussian pulse spectra,
the expressions are applicable for arbitrary pulse spectra, as
is the case for a realistic experiment. There are recent stud-
ies that consider analytical expressions for 2D spectra that
incorporate pulse shapes of known functional forms.24,25 In
the expressions we develop here, the pulse spectra can be arbi-
trary functions or simply the experimental pulse spectra that
can be easily measured in an experiment. Our current work
therefore is complementary to and a generalization of these
previous studies.

The results of the presented work should be useful for
the 2DOS community. With efficient procedures to simulate
the 2DOS spectra and the resulting knowledge of how the
finite pulse duration can alter 2DOS spectra, this opens up
the possibility of recovering the original 2D spectral response
functions of the material of interest by the deconvolution of
the experimental 2DOS spectra. Trial 2D spectral response
functions can be multiplied with the measured spectra of the
pulses used, according to the appropriate expressions derived
in this article, to generate numerical 2DOS spectra which can
then be compared with the experimentally measured 2DOS
spectra. An optimal search loop can then be formulated to
arrive at a “best fit” 2D spectral response function.

SUPPLEMENTARY MATERIAL

See supplementary material for further simulations of
(I) the detailed expressions for Eq. (6), (II) 2DOS spectra
with asymmetric pulse spectra, and (III) 2DOS spectra of
response functions with quantum beat at various population
time T.
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APPENDIX: HETERODYNE DETECTION

In a typical 2DOS experiment, after three interactions with
the excitation laser pulses, the generated third order polar-
ization results in an electric field emitting along the phase
matching direction,

S (t, T , τ) ∝ −iP(3)(t, T , τ). (A1)

To retrieve the phase and time dependence of this emitted
field S(t, T, τ), we need to perform a heterodyne detection
using a local oscillator which is either an extra pulse in a
BOXCAR geometry or the probe pulse in a pump-probe geom-
etry. The local oscillator and emitted signal are detected in the
frequency domain in a spectrometer using a square-law detec-
tor. Hence, the detected signal at the spectrometer is expressed
as

�������

+∞∫
−∞

dt eiωt t [S (t, T , τ) + ELO (t)]

�������

2

=
���ẼLO (ωt)

���
2
+2<e

[
S (ωt , T , τ) Ẽ∗LO (ωt)

]
+ |S(ωt , T , τ)|2.

(A2)

The last term of Eq. (A2) |S(ωt , T, τ)|2 is the intensity spectrum
of the emitted field which is negligible compared to the other

terms and is typically dropped. The first term ���ẼLO (ωt)
���
2

is
the intensity spectrum of the local oscillator. The heterodyne
detected spectrum S (ωt , T , τ) is the second term of Eq. (A2),

S (ωt , T , τ) = 2<e[S (ωt , T , τ) Ẽ∗LO (ωt)]

= S (ωt , T , τ) Ẽ∗LO (ωt) + S∗ (ωt , T , τ) ẼLO (ωt) .

(A3)

To obtain the 2DOS spectrum S (ωt , T ,ωτ), discrete Fourier
transformation is performed along τ,

S (ωt , T ,ωτ) =

+∞∫
−∞

dτ eiωττ
[
S (ωt , T , τ) Ẽ∗LO (ωt)

+ S∗ (ωt , T , τ) ẼLO (ωt)
]

= S (ωt , T ,ωτ) Ẽ∗LO (ωt)

+ S∗ (ωt , T ,−ωτ) ẼLO (ωt) . (A4)

According to Eq. (A4), the heterodyne detected 2DOS spec-
trum consists of two terms. The first term S (ωt , T ,ωτ) Ẽ∗LO (ωt)
is the conventional term with rephasing (echo) signal appear-
ing at the (ωt , ωτ) = (+, �) quadrant and non-rephasing
(anti-echo) signal at the (ωt , ωτ) = (+, +) quadrant. The
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second term S∗ (ωt , T ,−ωτ) ẼLO (ωt) is the complex con-
jugation and mirror image of the first term over the
ωτ = 0 axis.
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