
This document is downloaded from DR‑NTU (https://dr.ntu.edu.sg)
Nanyang Technological University, Singapore.

Optimum placement of phasor measurement
units in power systems

Sun, Lu; Chen, Tengpeng; Chen, Xuebing; Ho, Weng Khuen; Ling, Keck‑Voon; Tseng,
King‑Jet; Amaratunga, Gehan A. J.

2018

Sun, L., Chen, T., Chen, X., Ho, W. K., Ling, K. V., Tseng, K. J., et al. (2018). Optimum
Placement of Phasor Measurement Units in Power Systems. IEEE Transactions on
Instrumentation and Measurement, In press.

https://hdl.handle.net/10356/87215

https://doi.org/10.1109/TIM.2018.2851838

© 2018 IEEE. Personal use of this material is permitted. Permission from IEEE must be
obtained for all other uses, in any current or future media, including
reprinting/republishing this material for advertising or promotional purposes, creating new
collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted
component of this work in other works. The published version is available at:
[http://dx.doi.org/10.1109/TIM.2018.2851838].

Downloaded on 23 May 2023 10:34:31 SGT



1

Optimum Placement of Phasor Measurement Units
in Power Systems

Lu Sun, Tengpeng Chen, Xuebing Chen, W.K. Ho, KV Ling, K.J. Tseng and Gehan A. J. Amaratunga

Abstract—In this paper, we proposed to evaluate the optimal
PMU placement based on the Sum of Variance of the robust esti-
mators. Variance is traditionally used as a measure of the quality
of estimates. In this paper, after satisfying the requirements of
the minimum number of PMUs, maximum measurement redun-
dancy and observability, the placements obtained are further
distinguished on the basis of the variance of the estimated states.
Both the Weighted Least Squares (WLS) and robust estimators
are considered. Examples on the IEEE 30-bus system using Least
Absolute Value (LAV) estimation are given. The covariance of the
state estimates from the WLS can be calculated using existing
formulas. However, there is no equivalent formula for the robust
LAV estimator. A formula is derived in this paper using influence
function to approximately calculate the covariance matrix of the
state estimates from the robust LAV estimator. The optimum
placement i.e. the placement with the smallest sum of variance
can be selected.

Index Terms—Smart Grid; Phasor Measurement Unit; Sensor
Placement; Robust Estimation; Least Absolute Value.

NOMENCLATURE

The notations used in the paper are summarized below for
easy reference.

x true state vector
n length of x
z(k) measurement vector obtained by Phasor Measurement

Units at k
m length of z(k)
σi standard deviation of zi(k)
H measurement matrix
ε(k) measurement noise at k
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V ri real part of the voltage phasor of Bus i
V imi imaginary part of the voltage phasor of Bus i
J cost function
ρ(·) ρ-function
N batch size of measurements used in the state estimation
x̂ state estimate
ei(k) measurement residual ei(k) = zi(k)−Hix̂
Ψ Ψ-function
H̄ collective of H defined by (5)
wi(k) weight associated with ei(k) defined by (6)
W weight matrix defined by (7)
Z collective of z(k) defined by (8)
E collective of ei(k) defined by (9)
αi, ai, bi, ri parameters of the Multiple-Segment estimator giv-

en in (11)
IF(·) Influence Function
f(ε) joint Probability Density Function of the measurement

noise
x0 operating point
Ω,Λ intermediate value in (16)
Cov(·) covariance of a vector
tr(·) trace of a matrix
SV sum of variance

I. INTRODUCTION

Power System State Estimation (PSSE) is traditionally a
nonlinear problem [1]–[4]. However, when the Phasor Mea-
surement Unit (PMU) is used to take measurements, it can
be formulated as a linear problem [5] and application of
linear system analysis is now possible. Together with its other
advantages of fast sampling frequency and low measurement
error led to the increasing use of PMU in power system state
estimation [6]–[12].

Given the fact that PMU is able to provide measurements
that are linearly related to system states, it is possible to
formulate state estimation as a linear problem as long as
the entire system is fully observed by PMUs. The simplest
way to ensure full observability and maximum measurement
redundancy is to install PMUs on all the buses. However,
this is hardly possible in practice due to the high cost of a
PMU. Even though the cost of PMUs has been decreasing in
the past years, logistic, economic and design aspects limit the
massive installation of PMUs on all buses in the system [13].
In addition, the communication network that links the massive
number of PMUs to the control center can be expensive as well
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[14]–[17]. Therefore, Optimal PMU Placement (OPP) problem
has been formulated as a constrained optimization problem
where the objective function is to achieve an observable system
with the minimum number of PMUs placed at strategic bus
locations [17]–[23]. More studies on OPP can be found in
[24]–[36] .

Minimizing the number of PMUs alone can give unsatis-
factory state estimation because of poor or no measurement
redundancy [19], [23]. In such cases, the quality of the
estimation is likely to be affected by noise [37]. The System
Observability Redundancy Index (SORI) is proposed in [17],
[38] to evaluate the multiple solutions obtained by minimizing
the number of PMUs. Placements with the highest value of
SORI are selected, thus achieving the designs which maximize
the measurement redundancy given the minimum number of
PMUs. However, this method does not produce a unique
solution, and the quality or estimation uncertainty of the state
estimate is not taken into account.

In the literature, the covariance of the state estimation error
is used as a measure of estimation uncertainty [39]–[42]. In
[42] and [43], the covariance of the state estimation error of
a Weighted Least Squares estimator and a Kalman Filter is
used respectively to evaluate the optimality of PMU placement
while guaranteeing the observability of the system. Weight-
ed Least Squares estimator and Kalman Filter are popular
in PSSE because their estimation error covariances can be
computed analytically [1], [37]. These non-robust estimators
give good performance when measurement noise follows the
Gaussian distribution, but can be adversely affected by outliers
producing biased estimation results [37].

Robust estimators have been proposed in power system
state estimation to reject measurement outliers [1], [2], [5],
[44]. In this paper, we propose to evaluate the optimal PMU
placement based on the sum of variance of not only the
non-robust estimators but also the robust estimators. More
specifically, given the minimum number of PMUs to guarantee
the observability of the system, the sum of variance is then
used to further distinguish among the multiple placement
solutions obtained by maximizing SORI. The placement with
the minimum sum of variance is then selected. The IEEE 30-
bus system and the LAV robust estimator are used to illustrate
our proposed method.

By implementing Optimal PMU Placement (OPP) based on
minimization of the Sum of Variance of the estimates, the
state estimation uncertainty is lowered and its precision is
improved. The higher precision of the state estimates enables
more accurate supervision of the bus voltage phasors, which
is a perquisite to better control of the power system voltages.

The rest of the paper is organized as follows. The WLS
and the robust estimation algorithms are given in Section II. A
formula is derived to approximately calculate the state estimate
variance for the robust estimators in Section III. Examples are
given in Section IV, and conclusion in Section V.

II. ROBUST ESTIMATION

When measurements are taken by PMUs, the model is linear
and given by [5]

z(k) = Hx(k) + ε(k) (1)

where

x(k) = [V r1 (k), ..., V rB(k), V im1 (k), ..., V imB (k)]T ∈ Rn×1

z(k) = [z1(k), . . . , zm(k)]T

ε(k) = [ε1(k), . . . , εm(k)]T

The state x(k) is independent of the sampling instance k since
a steady-state problem is considered. In the sequel, x instead
of x(k) will be used. V ri and V imi are the real and imaginary
part of the voltage phasor of Bus i respectively while B is
the total number of buses and n = 2B. The measurement
vector and measurement matrix are given by z(k) and H
respectively. There are two parameters, the standard deviation
of ε(k) and H , in the model of equation (1). The standard
deviation of εi(k) depends on the measurement accuracy of
the associated PMU, usually provided by the manufacturer. H
is the measurement matrix which depends on the placement
of the PMUs. The derivation of H is given in [7]. The
measurement noise εi(k) is assumed to be an independent
zero-mean Gaussian random variables.

Estimation of the state x̂ can be obtained as follows. Define
cost function J as

J =

m∑
i=1

N∑
k=1

ρ(ei(k)) (2)

where ei(k) = zi(k) −Hix̂ is the measurement residual and
ρ(·), a nonlinear function. N is the batch size of measurements
used. The state estimate x̂ can be obtained by minimizing J .

Differentiate J in (2) w.r.t. x gives

∂J

∂x
= Ψ =

∂J

∂ei(k)

∂ei(k)

∂x

= −
m∑
i=1

N∑
k=1

wi(k)(ei(k))HT
i

= −H̄TW (Z − H̄x) (3)
= −H̄TWE (4)

where

H̄ = [HT , ...,HT ]T ∈ RNm×n (5)

wi(k) =
∂ρ(ei(k))

∂ei(k)

1

ei(k)
(6)

W = diag (w1(1), . . . , wm(1), . . . , w1(N), . . . , wm(N))

∈ RNm×Nm (7)
Z = [z(1)T , ..., z(N)T ]T ∈ RNm×1 (8)
E = [e(1)T , ..., e(N)T ]T (9)

The state estimate x̂ is the solution to the equation

Ψ = 0 (10)
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This method is applicable to common robust estimators
such as the Multiple-Segment (MS), Quadratic-Linear (QL),
Quadratic-Constant (QC), Square-Root (SR), Least Absolute
Value (LAV) as well as the well-known Weighted Least
Squares (WLS) estimator [1].

Considering the MS estimator, the cost function ρ(ei(k)) in
(2) is given by [37]

ρ(ei(k)) =

(ei(k))2

2α2
i

|ei(k)| ≤ aiαi

ai|ei(k)|
αi

− a2i
2 aiαi < |ei(k)| ≤ biαi

−ai(riαi−|ei(k)|)2
2(ri−bi)α2

i

+ 1
2airi + 1

2aibi −
1
2a

2
i biαi < |ei(k)| ≤ riαi

1
2 (airi + aibi − a2

i ) riαi < |ei(k)|
(11)

where ai, bi and ri are thresholds selected by the user satis-
fying 0 ≤ ai ≤ bi ≤ ri.

Its associated wi(k) in (7) is

wi(k) =


1
α2

i
|ei(k)| ≤ aiαi

ai
αi|ei(k)| aiαi < |ei(k)| ≤ biαi
ai(riαi−|ei(k)|)
(ri−bi)α2

i |ei(k)| biαi < |ei(k)| ≤ riαi
0 riαi < |ei(k)|

(12)

Note that the QL, QC, WLS and LAV estimators can all be
regarded as special cases of the MS estimator [1]. It reduces
to the QL estimator when bi → ∞, the QC estimator when
ri → bi and bi → ai, the WLS estimator when ai → ∞,
the LAV estimator when αi → 0, ai = αi, bi → ∞ and
biαi → ∞. Figure 1 is an example of the cost function of
the different estimators. In Figure 1, the choice of αi, ai, bi
and ri are 1, 3, 4 and 5 respectively, where αi is the standard
deviation of the measurement noise.

III. VARIANCE OF THE STATE ESTIMATES

This section summarizes the Influence Function (IF) ap-
proach in [44] to derive the variance of robust estimators. It
serves as a necessary background for the derivation, in Section
IV, of the variance of the LAV robust estimator which is not
given in [44].

The definition of the IF is given in [37], [45] as

IF(ε) = −
[∫ ∞
−∞

∂Ψ

∂x
f(ε)dε

]−1

Ψ

≈ x̂− x0 (13)

where ε = [ε(1)T , ..., ε(N)T ]T , f(ε) is the associated joint
probability density function, and x0 the operating point of the
system. Equation (13) can be interpreted intuitively as follows.
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Fig. 1. ρ(ei(k)) for MS, QL, QC, WLS and LAV estimators.

The first-order Taylor series expansion of g(x) about the
operating point (x0, g(x0)) is given by

g(x1) ≈ g(x0) +
dg(x)

dx

∣∣∣∣
x=x0

(x1 − x0) (14)

Let x1 = x̂, g(x0) = Ψ, g(x1) = 0. Taking the expectation of
dΨ
dx gives (13). A formal derivation of the influence function
is given in [37].

Using (13), the covariance of the state estimates can be
approximated as

Cov(x̂) = Cov(x̂− x0)

≈
∫ ∞
−∞

IF(ε)IF(ε)T f(ε)dε

=

[∫ ∞
−∞

∂Ψ

∂x
f(ε)dε

]−1 [∫ ∞
−∞

ΨΨT f(ε)dε

]
×
[∫ ∞
−∞

∂Ψ

∂x
f(ε)dε

]−T
(15)

Replacing E with ε in (4) gives Ψ = H̄Wε. Equations (1),
(5) and (8) give Z = H̄x+ε. Substituting them into (15) gives

Cov(x̂) ≈
[
H̄T

(∫ ∞
−∞

∂Wε

∂ε
f(ε)dε

)
H̄

]−1

×
[
H̄T

(∫ ∞
−∞

WεεTWf(ε)dε

)
H̄

]
×
[
H̄T

(∫ ∞
−∞

∂Wε

∂ε
f(ε)dε

)
H̄

]−T
=

[
H̄TΩH̄

]−1 [
H̄TΛH̄

] [
H̄TΩH̄

]−T
(16)

where

Ω =

∫ ∞
−∞

∂Wε

∂ε
f(ε)dε

Λ =

∫ ∞
−∞

WεεTWf(ε)dε
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Assuming stationary independent measurement noise,

Ω = diag (Ω1(1), ...,Ωm(1), ...,Ω1(N), ...,Ωm(N))

Ωi(k) =

∫ ∞
−∞

∂wi(k)εi(k)

∂εi(k)
fi,k(εi(k))dεi(k) (17)

Λ = diag (Λ1(1), ...,Λm(1), ...,Λ1(N), ...,Λm(N))

Λi(k) =

∫ ∞
−∞

Wi(k)2εi(k)2fi,k(εi(k))dεi(k) (18)

Substituting (12) into (17) and (18), Ωi(k) and Λi(k) can
be obtained as follows.

Ωi(k) =
1

α2
i

aiαi∫
−aiαi

fi(εi)dεi −
2

α2
i

riαi∫
biαi

aifi(εi)

ri − bi
dεi

(19)

Λi(k) =

∫ aiαi

−aiαi

ε2i
α4
i

fi(εi)dεi

+ 2

(∫ biαi

aiαi

a2
i

α2
i

fi(εi)dεi

+

∫ riαi

biαi

a2
i (riαi − εi)2

α4
i (ri − bi)2

fi(εi)dεi

)
(20)

IV. EXAMPLES

In this paper, simulations on the IEEE 30-bus system are
used to demonstrate the Optimal PMU Placement based on the
minimization of the Sum of Variance for both Weighted Least
Squares (WLS) and Least Absolute Value (LAV) estimation.
The IEEE 30-bus system model is widely used in the studies
of power system design and analysis [17], [22], [46]. Consider
the 3 placements (A, B and C) in [38] which were obtained by
maximizing the SORI while minimizing the PMU number on
the IEEE 30-bus system. All the placements require ten PMUs
and have the same SORI. Figure 2 shows the positions of the
PMUs. Bus Number 2, 4, 6, 9, 10, 12, 15, 25 and 27 are nine
PMU positions common to all the placements. Bus Number 18,
19 and 20 are unique to Placements A, B and C respectively.
Since the SORI is the same for all the placements, using it
alone is unable to distinguish among the three placements.
Here we use the variance of the state estimate to pick the
optimum placement.

The standard Weighted Least Squares estimator is given
in Section IV-A. The increasingly popular LAV estimator [5]
chosen among the robust estimators is given in Section IV-B
to illustrate the calculations. Monte-Carlo experiments with
10,000 runs are used to verify the proposed formula (26).
Monte-Carlo experiments are widely used in power system
design and analysis to verify the effectiveness of methodolo-
gies, especially to test the statistical performance of the power
system [3], [47], [48].

The simulations are performed using MATLAB 2016a on
a Windows 10 computer configured with Intel R© CoreTM,
CPU i7− 4790, 3.60GHz and 8GB RAM.

Fig. 2. The PMU positions obtained by maximizing SORI.

Red Star: Common PMU position;
Yellow Star: PMU position unique to Placement A;
Blue Star: PMU position unique to Placement B;
Green Star: PMU position unique Placement C.

A. WLS Estimation

The state estimate and variance are well-known and given
in [1] as

x̂ =
(
H̄TWH̄

)−1
H̄WZ (21)

Cov(x̂) =
(
H̄TWH̄

)−1
(22)

where

W = diag
(

1

σ2
1

, . . . ,
1

σ2
m

, . . . ,
1

σ2
1

, . . . ,
1

σ2
m

)

The sum of variance (SV) is the trace of the covariance
matrix

SV = tr
((
H̄TWH̄

)−1
)

(23)

For the ten PMUs, let one have smaller measurement
standard deviation of σs = 0.0025 and the rest, bigger standard
deviation of σb = 0.005. For a batch size of N = 5, the SV
of WLS estimation obtained from (23) for Placements A, B,
C are shown in Table I Columns (b), (f) and (j) respectively.
For instance, consider Row (1) Column (b) as an example.
If the PMU with σs is placed on Bus 2 of Placement A and
the nine PMUs with σb on the other Buses (4, 6, 9, 10, 12,
15, 18, 25, 27) of Placement A, then a SV of 47.04 × 10−6

is obtained. The smallest and largest SV are 37.08 × 10−6

and 47.48×10−6 respectively. The smallest SV is obtained in
Row (12) Column (f). In other words, optimality defined as
minimum variance is obtained when the PMU with σs is on
Bus 27 and the rest of the nine PMUs with σb on Buses 2, 4,
6, 9, 10, 12, 15, 19 and 25.
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TABLE I
THE SUM OF VARIANCE (SV) FOR DIFFERENT PLACEMENT OF THE 10 PMUS.

Row Bus Location Placement A (Bus: 2, 4, 6, Placement B (Bus: 2, 4, 6, Placement C (Bus: 2, 4, 6,
Number of 9, 10, 12, 15, 18 , 25, 27) 9, 10, 12, 15, 19, 25, 27) 9, 10, 12, 15, 20, 25, 27)

PMU with σs WLS LAV WLS LAV WLS LAV
(a) (b) (c) (d) (e) (f) (g) (h) (i) (j) (k) (l) (m)

(1) 2 47.04 76.50 73.98 3.4% 45.82 74.57 72.74 2.5% 46.86 76.21 73.61 3.5%
(2) 4 46.49 75.78 73.62 2.9% 45.58 74.33 72.37 2.7% 46.32 75.51 73.38 2.9%
(3) 6 46.62 75.95 73.13 3.9% 45.56 74.27 72.57 2.3% 46.42 75.64 73.09 3.5%
(4) 9 46.55 75.80 73.05 3.8% 45.51 74.16 72.25 2.7% 46.40 75.57 73.86 2.3%
(5) 10 46.51 75.67 73.14 3.5% 45.28 73.78 71.36 3.4% 46.54 75.74 72.95 3.8%
(6) 12 45.76 74.62 72.21 3.3% 44.88 73.20 71.86 1.9% 45.54 74.25 72.09 3.0%
(7) 15 46.62 75.76 73.34 3.3% 45.19 73.57 71.10 3.5% 46.13 74.97 72.52 3.4%
(8) 18 47.48 76.94 74.79 2.9% — — — — — — — —
(9) 19 — — — — 46.35 75.17 72.95 3.0% — — — —

(10) 20 — — — — — — — — 47.29 76.73 75.03 2.3%
(11) 25 44.60 72.14 70.32 2.6% 43.37 70.20 68.33 2.7% 44.42 71.85 69.30 3.2%
(12) 27 38.30 62.76 61.71 1.7% 37.08 60.83 59.31 2.6% 38.12 62.47 60.92 2.5%

Variance Unit: ×10−6.

This result is counter-intuitive because, as shown in Table II,
a PMU on Bus 6 can take the most number of measurements.
Hence one would expect that a good PMU with small measure-
ment standard deviation, σs, should be put on Bus 6 to give
the greatest reduction in the sum of variance. This is further
explained using Table III. In Table III, Column (a) is the
state index. Column (b) is the variance of the state estimates
using WLS when PMUs of standard deviation σb = 0.005 are
used (Configuration 1). Column (c) is the variance of the state
estimates when the PMU on bus 6 is replaced by the PMU
with σs = 0.0025 (Configuration 2) while Column (d) is the
variance of the state estimates when the PMU on bus 27 is
replaced by the PMU with σs = 0.0025 (Configuration 3).
The improvements in the variances are given in Columns (e)
and (f) respectively.

The results in Table III are plotted in Figure 3. It can be seen
from the figure that the variances do not change much when
the PMU on bus 6 is replaced. However, when the PMU on
bus 27 is replaced, the variances of the states V24, V25, V26,
V27, V29 and V30 are reduced significantly. Thus unless the
actual variance is calculated it is not intuitively clear where to
place the PMUs to reduce the overall variance.

TABLE II
THE NUMBER OF MEASUREMENTS THAT CAN BE TAKEN ON EACH BUS.

Bus Number of
Number Measurements

2 10
4 10
6 16
9 8
10 14
12 12
15 10
18 6
19 6
20 6
25 8
27 10

TABLE III
THE VARIANCE V r

n (REAL) + V i
n (IMAGINARY) OF THE STATE ESTIMATE

FOR PLACEMENT B WITH WLS ESTIMATOR.

State All Replacement of Improvement
PMUs PMU with σb by

Vn with σb PMU with σs on
Bus 6 Bus 27 Bus 6 Bus 27

(a) (b) (c) (d) (e)=(c)−(b) (f)=(d)−(b)
V1 1.189 0.888 0.953 0.301 0.236
V2 1.156 0.854 0.919 0.302 0.237
V3 1.108 0.834 0.869 0.276 0.240
V4 1.093 0.817 0.853 0.276 0.240
V5 1.562 1.262 1.327 0.299 0.235
V6 1.091 0.816 0.849 0.275 0.242
V7 1.164 0.833 0.922 0.331 0.241
V8 1.109 0.820 0.868 0.289 0.242
V9 1.154 0.855 0.934 0.299 0.220
V10 1.170 0.878 0.953 0.292 0.217
V11 1.587 1.287 1.367 0.299 0.220
V12 1.196 0.957 0.984 0.239 0.212
V13 1.392 1.153 1.180 0.239 0.212
V14 1.613 1.377 1.403 0.236 0.210
V15 1.234 1.002 1.027 0.232 0.207
V16 1.680 1.441 1.468 0.239 0.212
V17 1.252 0.960 1.035 0.292 0.217
V18 1.385 1.153 1.184 0.232 0.201
V19 1.352 1.115 1.153 0.237 0.199
V20 1.350 1.108 1.149 0.241 0.201
V21 1.238 0.946 1.022 0.292 0.217
V22 1.447 1.155 1.231 0.292 0.217
V23 1.742 1.510 1.535 0.232 0.207
V24 3.418 3.252 2.449 0.166 0.969
V25 1.979 1.813 1.010 0.166 0.969
V26 4.070 3.904 3.101 0.166 0.969
V27 1.805 1.630 0.920 0.175 0.885
V28 1.108 0.817 0.854 0.292 0.254
V29 4.013 3.838 1.472 0.175 2.541
V30 6.463 6.288 2.085 0.175 4.378
SV 53.12 45.56 37.08 7.557 16.04

Variance Unit: ×10−6.

B. LAV Estimation

To prevent the large bias caused by measurement outliers,
many robust estimators have been proposed [5], [6], [49]. The
LAV robust estimator is computationally efficient and suitable
for handling simultaneous multiple measurement outliers [7],
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Fig. 3. Comparison of the variance of each state estimate.

Configuration 1: All PMUs with σb = 0.005. (Black)
Configuration 2: PMU on bus 6 is replaced by the PMU with σs = 0.0025. (Shaded)
Configuration 3: PMU on bus 27 is replaced by the PMU with σs = 0.0025. (White)

[10], [49]. The LAV algorithm is discussed elsewhere [1], [5],
here we only give the equations for the calculation of the
covariance.

For the LAV estimator, equation (11) reduces to ρ(ei(k)) =
|ei(k)| and (2) becomes

J =

m∑
i=1

N∑
k=1

|ei(k)| (24)

The LAV estimator is a special case of the MS estimator
with αi → 0, ai = αi, bi → ∞, biαi → ∞. Equation (12)
now gives

wi(k) =
1

|ei(k)|
(25)

and the state estimate, x̂, is obtained by solving (10).

Substituting wi(k) = 1
|εi(k)| into (25) and ai = αi, ai → 0,

bi →∞, biαi →∞ into (19) and (20) give

Ωi(k) =
1

α2
i

aiαi∫
−aiαi

fi(εi)dεi =

√
2

πσ2
i

Λi(k) =

∫ aiαi

−aiαi

ε2i
α4
i

fi(εi)dεi + 2

∫ biαi

aiαi

a2
i

α2
i

fi(εi)dεi = 1

where f(εi) is the zero-mean Gaussian probability density
function

f(εi) =
1√

2σ2
i π

exp

(
− ε2i

2σ2
i

)

Equation (16) reduces to

Cov(x̂) ≈
[
H̄TΩH̄

]−1 [
H̄T H̄

] [
H̄TΩH̄

]−T
(26)

where

Ω =

√
2

π
diag

(
1

σ1
, . . . ,

1

σm
, . . . ,

1

σ1
, . . . ,

1

σm

)
(27)

The SV is now given as

SV ≈ tr
([
H̄TΩH̄

]−1 [
H̄T H̄

] [
H̄TΩH̄

]−T)
(28)

and can be used as a criterion to evaluate the performance of a
LAV estimator. A flowchart is given in Figure 4 to illustrate the
key steps of the proposed OPP method based on minimization
of the SV.

Note that the SV for the QL (bi → ∞) and QC (ri →
bi, bi → ai) robust estimators can likewise be obtained from
(16).

The same three placements (A, B, C) and ten PMUs (nine
with σb and one with σs) in the WLS estimation are used. For
a batch size of N = 5, the SV obtained from (28) when the
PMU with σs is placed on different buses are also given in
Table I Columns (c), (g) and (k). The smallest and largest
SV are 60.83 × 10−6 and 76.94 × 10−6 respectively. The
smallest SV is obtained in Row (12) Column (g). In other
words, optimality defined as minimum variance is obtained
when the PMU with σs is on Bus 27 and the rest of the
nine PMUs with σb on Buses 2, 4, 6, 9, 10, 12, 15, 19 and
25. Monte-Carlo experiments with 10,000 runs are given in
Table I Columns (d), (h), (l) to verify the variance of the state
estimation calculated using (28). The relative error of the result
between the formula (28) and the Monte-Carlo experiment are
given in Columns (e), (i), (m). The largest relative error in
Table I is 3.9% which should be acceptable in practice.

It should also be noted that (23) and (28) are general
variance formulas for the WLS and LAV estimators and their
uses are not restricted to PMUs placement problems. For
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Fig. 4. Key steps of the proposed OPP method based on minimization of
the SV.

example, if a specified SV is given then (23) and (28) can
be used to find the quality and/or quantity of PMUs to satisfy
the specification. Although in the examples, (23) and (28) give
the same PMUs placements for the largest and smallest SV,
this is not true in general. Although Monte-Carlo experiments
can be used to find the variance, this is not a feasible approach
in practice because of the computational load. For example in
the current IEEE 30-bus system example it took a i7 8G RAM
computer with Matlab 2016a, 120 seconds for 1,000 Monte-
Carlo experiment runs to obtain 1 variance result compared
with 0.01 second for (28). If all ten PMUs have different values
of σ then there will be 3× 10! combinations. To calculate the
SV for all possible placements will then take about 15,000
days for Monte-Carlo experiments but only 1 day for (28).

V. CONCLUSION

In this paper, the variance of the state estimate is included
as an objective in the PMU placement problem. Therefore not
only the minimum number of PMU and maximum measure-
ment redundancy but also the minimum state estimate variance
is obtained. The proposed method is able to distinguish the
optimal placement among those with the same SORI, or when
different measurement standard deviations are considered for

different measurements. The placement problem for PMUs
with the WLS estimator and robust estimators are considered.
In the current work, the formula is derived for steady state
robust estimations only. Therefore, the use of the formula is
restricted to static power systems [1]. This can be extended to
dynamic power systems [50].
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[1] A. Abur and A. Gómez-Expósito, Power system state estimation: theory
and implementation. CRC press, 2004.

[2] A. Monticelli, State estimation in electric power systems: a generalized
approach. Springer Science & Business Media, 1999, vol. 507.

[3] A. Benigni, J. Liu, F. Ponci, A. Monti, G. Pisano, and S. Sulis,
“Decoupling power system state estimation by means of stochastic
collocation,” IEEE Trans. Instrum. Meas., vol. 60, no. 5, pp. 1623–1632,
2011.

[4] P. A. Pegoraro and S. Sulis, “Robustness-oriented meter placement for
distribution system state estimation in presence of network parameter
uncertainty,” IEEE Trans. Instrum. Meas., vol. 62, no. 5, pp. 954–962,
2013.

[5] M. Göl and A. Abur, “LAV based robust state estimation for systems
measured by PMUs,” IEEE Trans. Smart Grid, vol. 5, no. 4, pp. 1808–
1814, 2014.

[6] ——, “A robust PMU based three-phase state estimator using modal
decoupling,” IEEE Trans. Power Syst., vol. 29, no. 5, pp. 2292–2299,
2014.

[7] P. Yang, Z. Tan, A. Wiesel, and A. Nehorai, “Power system state
estimation using PMUs with imperfect synchronization,” IEEE Trans.
Power Syst., vol. 28, no. 4, pp. 4162–4172, 2013.

[8] F. Aminifar, M. Shahidehpour, M. Fotuhi-Firuzabad, and S. Kamalinia,
“Power system dynamic state estimation with synchronized phasor
measurements,” IEEE Trans. Instrum. Meas., vol. 63, no. 2, pp. 352–363,
2014.

[9] S. Chakrabarti, E. Kyriakides, and M. Albu, “Uncertainty in power
system state variables obtained through synchronized measurements,”
IEEE Trans. Instrum. Meas., vol. 58, no. 8, pp. 2452–2458, 2009.

[10] M. Pau, P. A. Pegoraro, and S. Sulis, “Efficient branch-current-based dis-
tribution system state estimation including synchronized measurements,”
IEEE Trans. Instrum. Meas., vol. 62, no. 9, pp. 2419–2429, 2013.

[11] W. Jiang, V. Vittal, and G. T. Heydt, “A distributed state estimator
utilizing synchronized phasor measurements,” IEEE Trans. Power Syst.,
vol. 22, no. 2, pp. 563–571, 2007.

[12] E. Hossain, Z. Han, and H. V. Poor, Smart grid communications and
networking. Cambridge University Press, 2012.

[13] H. H. Müller and C. A. Castro, “Genetic algorithm-based phasor mea-
surement unit placement method considering observability and security
criteria,” IET Generation, Transmission & Distribution, vol. 10, no. 1,
pp. 270–280, 2016.

[14] D. Dua, S. Dambhare, R. K. Gajbhiye, and S. Soman, “Optimal
multistage scheduling of PMU placement: An ilp approach,” IEEE Trans.
Power Del., vol. 23, no. 4, pp. 1812–1820, 2008.

[15] W. Yuill, A. Edwards, S. Chowdhury, and S. Chowdhury, “Optimal PMU
placement: A comprehensive literature review,” in Power and Energy
Society General Meeting. IEEE, 2011, pp. 1–8.

[16] N. Manousakis, G. Korres, and P. Georgilakis, “Optimal placement of
phasor measurement units: A literature review,” in Intelligent System
Application to Power Systems (ISAP), 2011 16th Int. Conf. IEEE,
2011, pp. 1–6.

[17] S. Chakrabarti, E. Kyriakides, and D. G. Eliades, “Placement of syn-
chronized measurements for power system observability,” IEEE Trans.
Power Del., vol. 24, no. 1, pp. 12–19, 2009.

[18] Z. H. Rather, Z. Chen, P. Thøgersen, P. Lund, and B. Kirby, “Realistic
approach for phasor measurement unit placement: consideration of
practical hidden costs,” IEEE Trans. Power Del., vol. 30, no. 1, pp.
3–15, 2015.

[19] S. Chakrabarti and E. Kyriakides, “Optimal placement of phasor mea-
surement units for power system observability,” IEEE Trans. Power Syst.,
vol. 23, no. 3, pp. 1433–1440, 2008.

[20] ——, “PMU measurement uncertainty considerations in WLS state
estimation,” IEEE Trans. Power Syst., vol. 24, no. 2, pp. 1062–1071,
2009.



8

[21] C. Rakpenthai, S. Premrudeepreechacharn, S. Uatrongjit, and N. R.
Watson, “An optimal PMU placement method against measurement loss
and branch outage,” IEEE Trans. Power Del., vol. 22, no. 1, pp. 101–
107, 2007.

[22] N. H. Abbasy and H. M. Ismail, “A unified approach for the optimal
PMU location for power system state estimation,” IEEE Trans. Power
Syst., vol. 24, no. 2, pp. 806–813, 2009.

[23] N. Xia, H. B. Gooi, S. Chen, and M. Wang, “Redundancy based PMU
placement in state estimation,” Sustainable Energy, Grids and Networks,
vol. 2, pp. 23–31, 2015.

[24] C. Zhang, Y. Jia, Z. Xu, L. L. Lai, and K. P. Wong, “Optimal PMU
placement considering state estimation uncertainty and voltage control-
lability,” IET Generation, Transmission Distribution, vol. 11, no. 18, pp.
4465–4475, 2017.

[25] E. Caro, R. Singh, B. Pal, A. Conejo, and R. Jabr, “Participation factor
approach for phasor measurement unit placement in power system state
estimation,” IET generation, transmission & distribution, vol. 6, no. 9,
pp. 922–929, 2012.

[26] N. H. A. Rahman and A. F. Zobaa, “Integrated mutation strategy with
modified binary PSO algorithm for optimal PMUs placement,” IEEE
Trans. Ind. Informat., vol. 13, no. 6, pp. 3124–3133, 2017.

[27] J. Aghaei, A. Baharvandi, A. Rabiee, and M.-A. Akbari, “Probabilistic
PMU placement in electric power networks: an MILP-based multiob-
jective model,” IEEE Trans. Ind. Informat., vol. 11, no. 2, pp. 332–341,
2015.

[28] T. K. Maji and P. Acharjee, “Multiple solutions of optimal PMU
placement using exponential binary PSO algorithm for smart grid
applications,” IEEE Trans. on Ind. Appl., vol. 53, no. 3, pp. 2550–2559,
2017.

[29] N. Xie, F. Torelli, E. Bompard, and A. Vaccaro, “A graph theory based
methodology for optimal PMUs placement and multiarea power system
state estimation,” Electric Power Systems Research, vol. 119, pp. 25–33,
2015.

[30] S. M. Mahaei and M. T. Hagh, “Minimizing the number of PMUs
and their optimal placement in power systems,” Electric Power Systems
Research, vol. 83, no. 1, pp. 66–72, 2012.

[31] R. Sodhi, S. Srivastava, and S. Singh, “Optimal PMU placement method
for complete topological and numerical observability of power system,”
Electric Power Systems Research, vol. 80, no. 9, pp. 1154–1159, 2010.

[32] J. E. Anderson and A. Chakrabortty, “PMU placement for dynamic
equivalencing of power systems under flow observability constraints,”
Electric Power Systems Research, vol. 106, pp. 51–61, 2014.

[33] K. G. Khajeh, E. Bashar, A. M. Rad, and G. B. Gharehpetian, “Integrated
model considering effects of zero injection buses and conventional
measurements on optimal PMU placement,” IEEE Trans. Smart Grid,
vol. 8, no. 2, pp. 1006–1013, 2017.

[34] T. Kim and S. Wright, “PMU placement for line outage identification
via multinomial logistic regression,” IEEE Trans. Smart Grid, 2016.

[35] S. Azizi, A. S. Dobakhshari, S. A. N. Sarmadi, and A. M. Ranjbar,
“Optimal PMU placement by an equivalent linear formulation for
exhaustive search,” IEEE Trans. Smart Grid, vol. 3, no. 1, pp. 174–
182, 2012.

[36] Q. Li, T. Cui, Y. Weng, R. Negi, F. Franchetti, and M. D. Ilic, “An
information-theoretic approach to PMU placement in electric power
systems,” IEEE Trans. Smart Grid, vol. 4, no. 1, pp. 446–456, 2013.

[37] F. R. Hampel, E. M. Ronchetti, P. J. Rousseeuw, and W. A. Stahel,
Robust statistics: the approach based on influence functions. John
Wiley & Sons, 2011, vol. 114.

[38] X. Chen, T. Chen, K. J. Tseng, Y. Sun, and G. Amaratunga, “Hybrid
approach based on global search algorithm for optimal placement of
µPMU in distribution networks,” in Innovative Smart Grid Technologies-
Asia (ISGT-Asia). IEEE, 2016, pp. 559–563.

[39] X. Li, A. Scaglione, and T.-H. Chang, “A framework for phasor
measurement placement in hybrid state estimation via gauss–newton,”
IEEE Trans. on Power Syst., vol. 29, no. 2, pp. 824–832, 2014.

[40] J. Zhang, G. Welch, and G. Bishop, “Observability and estimation
uncertainty analysis for PMU placement alternatives,” in North American
Power Symp. IEEE, 2010, pp. 1–8.

[41] J. Zhang, G. Welch, G. Bishop, and Z. Huang, “Optimal PMU placement
evaluation for power system dynamic state estimation,” in Innovative
Smart Grid Technologies Conf. Europe, PES. IEEE, 2010, pp. 1–7.

[42] V. Kekatos, G. B. Giannakis, and B. Wollenberg, “Optimal placement
of phasor measurement units via convex relaxation,” IEEE Trans. on
Power Syst., vol. 27, no. 3, pp. 1521–1530, 2012.

[43] Y. Sun, P. Du, Z. Huang, K. Kalsi, R. Diao, K. K. Anderson, Y. Li, and
B. Lee, “PMU placement for dynamic state tracking of power systems,”
in North American Power Symp. IEEE, 2011, pp. 1–7.

[44] W. K. Ho, T. Chen, K. V. Ling, and L. Sun, “Variance analysis of
robust state estimation in power system using influence function,” Int.
J. of Elect. Power & Energy Systems, vol. 92, pp. 53–62, 2017.

[45] P. J. Huber, Robust statistics. Springer, 2011.
[46] B. Gou, “Generalized integer linear programming formulation for op-

timal PMU placement,” IEEE Trans. Power Syst., vol. 23, no. 3, pp.
1099–1104, 2008.

[47] J. Zhao, M. Netto, and L. Mili, “A robust iterated extended kalman filter
for power system dynamic state estimation,” IEEE Trans. Power Syst.,
vol. 32, no. 4, pp. 3205–3216, 2017.

[48] R. Singh, B. Pal, and R. Jabr, “Choice of estimator for distribution
system state estimation,” IET generation, transmission & distribution,
vol. 3, no. 7, pp. 666–678, 2009.

[49] M. Göl and A. Abur, “PMU based robust state estimation using scaling,”
in North American Power Symp. (NAPS), 2012. IEEE, 2012, pp. 1–5.

[50] A. K. Singh and B. C. Pal, “Decentralized dynamic state estimation
in power systems using unscented transformation,” IEEE Trans. Power
Syst., vol. 29, no. 2, pp. 794–804, 2014.


