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Abstract
It is shown that the concept of topological phase transitions can be used to design nonlinear photonic
structures exhibiting power thresholds and discontinuities in their transmittance. This provides a
novel route to devising nonlinear optical isolators.We study three representative designs: (i) a
waveguide array implementing a nonlinear 1D Su–Schrieffer–Heegermodel, (ii) awaveguide array
implementing a nonlinear 2DHaldanemodel, and (iii) a 2D lattice of coupled-ring waveguides. In the
first two cases, we find a correspondence between the topological transition of the underlying linear
lattice and the power threshold of the transmittance, and show that the transmission behavior is
attributable to the emergence of a self-induced topological soliton. In the third case, we show that the
topological transition produces a discontinuity in the transmittance curve, which can be exploited to
achieve sharp jumps in the power-dependent isolation ratio.

1. Introduction

Nonreciprocal light transmission plays a key role inmodern optical technologies. Optical isolators are devices
that allow light to pass in one direction (e.g., along awaveguide), while blocking transmission in the other
direction, thus acting as the analogues of diodes in electronic circuits. To realize an optical isolator, the
reciprocity principle of ordinary electromagnetismmust be broken [1]. This can be accomplished in three
distinct ways: usingmagneto-optic effects, temporalmodulation of the electromagneticmedium, or optical
nonlinearity.Magneto-optic isolators are themost widely used in current technology, but are challenging to
incorporate into on-chip optical circuits [2–4]. For this reason, there has been a great deal of research into
isolator designs based on spatio-temporalmodulation [5, 6] and nonlinearmaterials [2, 7–26].

This paper explores the possibility of realizing optical isolators using nonlinearity-induced topological phase
transitions. The concept of topological phases originated in the field of condensedmatter physics [27], andwas
introduced into photonics some years ago [28–39]. Researchers have demonstrated a variety of photonic
structures with topologically nontrivial photonic bands, includingmagneto-optic photonic crystals operating at
microwave frequencies [28–31] and non-magneto-optic waveguide structures that can operate at optical
frequencies [32, 36–38]. Such structures possess a distinctive property: when tuned into a ‘topologically
nontrivial’ phase, they exhibit topological edge states that are robust against perturbations (and, in some cases,
have useful properties such as unidirectionality [30]). Although these topological edge states havemostly been
studied in the linear regime, there have been several recent papers exploring how they are affected by optical
nonlinearities [25, 40–43]. It appears that photonic topological transitions—transitions from a conventional or
topologically trivial phase to a topologically nontrivial phase—can be ‘driven’ by nonlinearities, so that the light
intensity itself determines whether the light can propagate via an edge state.Wewill study how this behavior
might be exploited in nonlinear optical isolators. There have also been a number of papers seeking to implement
optical isolators usingmagneto-optic topological photonics [3, 4], but such schemes lie outside the scope of the
present discussion.

Wewill analyze three representative photonic designs that (i) are known to exhibit topological transitions in
the linear regime, and (ii) can feasibly operate in the optical frequency range, where optical isolation is a
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particularly pressing problemdue to the absence of strongmagneto-optic effects [2–4]. Our goal is to obtain a
conceptual understanding of the features and limitations of these novel isolation schemes; as such, wewillmake
use of simplifiedmodels, based on the coupled-mode theory and transfermatrix frameworks, capturing just the
essentials of nonlinearity and bandstructure topology. In particular, wewill not attempt to study the actual
device geometries andmaterial nonlinearities needed to achieve the nonlinear lattice parameters appearing in
ourmodels, nor to optimize our designs tomaximize their performance.

Thefirst type of structure wewill study is an array of coupled optical waveguides, where light is guided
(‘evolves’) either forward or backward along eachwaveguide, and can hop between adjacent waveguides via
evanescent coupling.We beginwith an exemplary waveguide array corresponding to a 1D Su–Schrieffer–Heeger
(SSH)model [27], withKerr-like nonlinearities added to the inter-waveguide coupling strengths.Hadad,
Khanikaev, andAlù have shown that such amodel can exhibit a self-induced topological transition [42], in
which the nonlinearity drives a local region of the lattice into a different topological phase, giving rise to self-
trapped soliton-like edge states. These nonlinear edge states allow a high-intensity signal injected in a edge
waveguide to resist diffraction into the rest of the lattice.We show that when such a lattice has asymmetric input
and output coupling losses, it can function as an efficient optical isolator. Light is injected into one port of an
edgewaveguide, evolves through afixed distance, and leaves at the other end of the samewaveguide.With
appropriately-chosen systemparameters, the forward transmittance (via a self-induced topological edge state) is
of order unity, while the backward transmittance (without an edge state) is suppressed by several orders of
magnitude.

The isolator relies on the fact that the self-induced topological transition has a power threshold—i.e., the
soliton-like edge state appears only above a certain power. The asymmetric input and output couplings ensure
that the edge state exists under forward transmission, but not backward transmission. However, the existence of
a threshold is not unique to the nonlinear SSHmodel. It has previously been shown that nonlinear lattices with a
conventional design can support edge solitonswith a power threshold [44–46], distinct frombulk solitonswhich
normally bifurcate from zero power [47]. In those studies [44–46], the edge soliton thresholds had no apparent
connection to the topology of the underlying bandstructure. In the present case, the threshold—and hence the
operating power of the isolator—is set by the topological phase transition of the SSHmodel.

Next, we generalize these results to a structure exhibiting a 2D topological phase [36]. Unlike the 1D SSH
model, the 2D lattice has edge solitons that aremobile, and can travel around defects such as corners [43]. In this
case, to achieve strong optical isolation, the input and outputmust correspond to different (spatially separated)
waveguides, chosen according to the nonzero velocity of the edge soliton. Similar to the 1D case, wefind that the
soliton has a power threshold determined by the underlying linearmodel’s topological phase transition—in this
case, a transition from conventional insulator toChern insulator. This shows that the soliton-based optical
isolation scheme can be extended tomore complex 2D lattices. Unlike in 1D topological phases, topologically
nontrivial behavior in 2D can occurwithout requiring any special lattice symmetries, and is thusmore robust.

Thefinal type of nonlinear isolator thatwewill study is based on a periodic 2D array of coupled ring-like
waveguides [32, 34, 37, 38, 56–59]. Unlike thewaveguide array case, which had a separate ‘evolution’ axis z (with
light injected at z= 0, and undergoing nonlinear evolution up to z = Z), here the system is entirely on-chip.
Light is in-coupled and out-coupled at two different positions on the lattice edge, and the steady-state solution
within the nonlinear lattice is determined self-consistently. Roughly speaking, this is like solving a nonlinear
steady-state scattering problem at a fixed ‘energy’, rather than a nonlinear evolution problemover afixed ‘time
interval’.

We show that the coupled-ring lattice can also function as an efficient optical isolator, butwith substantially
different characteristics due to its steady-state nature. The isolation is again based on a topological phase
transition in the lattice bandstructure [34, 57], driven by a nonlinearity-induced variation in the effective
coupling between rings. Unlike in thewaveguide array, the transitionmanifests as a discontinuity in the
nonlinear transmittance: above a critical input power, light propagation switches abruptly from very low
transmittance (via bulk states) to very high transmittance (via edge states). Thus, with varying input power, the
structure is able to exhibiting a discontinuous jump fromvery low to very high isolation ratios.

2.Nonlinear coupledwaveguide arrays: 1D SSHmodel

Webegin our studywith a nonlinear version of the 1DSSHmodel [42], which is the simplestmodel to exhibit
topologicalmodes. As shown schematically infigure 1(a), such amodel can be implementedwith a 1D array of
waveguides with nonlinear couplings. Each unit cell consists of twowaveguides, with identical wave-guiding
characteristics.We take the tight-binding (coupled-mode) approximation, which applies to guidedmodes
moving in one direction along the axial direction z, without backscattering.We let a z b z,n n( ) ( ) denote the
complexwave amplitudes in the twowaveguides of unit cell n.With an appropriate gauge choice, these obey the
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coupled-mode equations [47]
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where ,n n
1 2 k k Î + are intra-cell and inter-cell coupling coefficients. In the linear regime, theκ parameters are

constants independent of n. The linear SSHmodel has been extensively investigated in photonics, including in
femtosecond-laser-written waveguide arrays [48, 49] and plasmonic waveguide arrays [50]. It has a phase
transition at 1k = ;2k when 1 2k k< , there is an edge state with zero eigenvalue localized to the left edge of the
lattice.We can observe this by exciting the leftmost site (waveguide 0)with input power I a 00

2= ∣ ( )∣ , and letting
the state evolve up to afixed distanceZ. As shown infigures 1(b) and (c), the excitation diffracts into a
superposition of bulkmodes for 12 1k k < , but remains confined to the edge for for 12 1k k > . Infigure 1(d),
we plot the transmittance on the edgewaveguide, defined as a Z I0

2 = ∣ ( )∣ . This is seen to closely track the
edge intensity of the exact edge eigenstate (the normalized eigenstate of the linearHamiltonian having eigenvalue
zero).

We now introduce nonlinearity into themodel. In accordance with the goals of this study, wewill choose a
nonlinearity that is conceptually simple and easy tomodel, leaving aside the question of howbest to physically
implement it. The inter-cell coupling coefficient ismade dependent on the local intensity, as follows [42]:

z a z b z , 3n
n n2 0 1

2 2k k a= + ++( ) (∣ ( )∣ ∣ ( )∣ ) ( )

where 0k stands for static inter-cell coupling, andα is a Kerr-like coefficientmultiplying the sumof the
intensities in the two coupled sites.Wewill take 1.01k = , 0.50k = , and 0a > , i.e. the inter-cell coupling
becomes stronger at higher intensities. Thus, the bandstructure is topologically trivial in the linear (zero-
intensity) limit, but increasing the intensity will (roughly speaking) drive it into the nontrivial phase.Without
loss of generality, we set 1a = (other values are equivalent up to a rescaling of intensities).

The nonlinearity allows for the possibility of a self-induced topological transition [42]. Supposewe prepare
an initial state by exciting just the left edgewaveguidewith input power I a 00

2= ∣ ( )∣ . The light undergoes
nonlinear evolution for distanceZ, andwe compute the transmittance I a Z I0

2 =( ) ∣ ( )∣ . The results are

Figure 1. (a) Schematic of SSHmodel realized by an array of coupledwaveguides. (b), (c)Mode intensity distributions in a linear SSH
lattice of 29 sites, generated by an excitation on the left-most site (waveguide 1). Results are computed numerically using the z-
evolution operator. (b) For a ‘trivial’ lattice with 11k = and 0.22k = , the excitation diffracts into the bulk. (c) For a ‘nontrivial’ lattice
with 11k = and 52k = , the excitation is confined to the edge. (d)Transmittance onwaveguide 1 (blue line) versus 2 1k k . The
intensity of the edge eigenmode onwaveguide 1, a1

2∣ ∣ , is also shown (green dashes). In (b)–(d), the input/output couplings Ah and Bh
are set to unity.
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shown infigure 2(a). For small I, I( ) is close to zero (similar to the linear case, the lightmostly diffracts into the
lattice bulk); but for I 9 , I( ) abruptly (but continuously) increases towards unity.

This abrupt change in the nonlinear transmittance is related to a self-induced topological transition. To see
this, infigure 2(b)we plot the averaged values of 2 1k k as a function of I (since 2k varies between sites and also
with z, the averages shown here are taken over different numbers of unit cells near the left lattice edge, and over a
fixed range of z).Wefind that the increase in I( ) starts to occurwhen 12 1k k » , which is precisely the
topological transition point of the SSHmodel. Note that correspondence is apparent evenwhenwe average 2k
over 12 sites, a relatively far distance from the edge.

The regime of high nonlinear transmittance is due to the self-induced edge soliton described byHadad et al
[42]. This is a nonlinearmode that inherits some properties of the linear SSHmodel’s edge state, such as leaving
the bn sites unexcited. Its onset also closelymatches the topological transition of the SSHmodel. However, it
differs in other ways: its eigenvalue is not pinned to zero (as the SSHmodel’s ‘particle–hole’ symmetry is broken
by the nonlinearity), and the intensity goes to a small constant in the bulk rather than decaying exponentially
with distance from the edge [42].

A nonlinear photonic structure with a strong intensity-dependent transmittance can serve as the basis for an
optical isolator [10, 16, 20, 21, 23, 24]. To accomplish this, we introduce couplings Ah and Bh , as shown
schematically infigure 1(a). In forward-transmissionmode, light is coupled into portA on an edgewaveguide, is
guided in the z+ direction, and is out-coupled at portB of the same edgewaveguide. In backward-transmission
mode, light enters atB, is guided in the z- direction, and is out-coupled at portA. (Note that this is distinct from
‘asymmetric light transmission’ schemes, such as those studied in [6], where light propagates either left-to-right
or right-to-left along the lattice, while being guided in a single axial direction z;+ those schemes have no direct
bearing on the problemof optical isolation, as they do not swap physical input and output ports.) In forward-
transmissionmode, the input light has intensity I, and the intensity coupled into the edgewaveguide is I ;A

2h the

intensity at the end of thewaveguide is I IA B
2 2 h h( ) , where  is the nonlinear transmittance of the lattice itself.

Figure 2.Behavior of the nonlinear SSH lattice as an optical isolator. (a)Nonlinear transmittance alongwaveguide 0,  , versus input
power I. The lattice has 29 sites, with 1Ah = , 0.5Bh = , 11k = , 0.50k = , and 1;a = the output is atZ=20. Results are computed
numerically using evolution operators with step size z 10 3d = - . (b)Averaged values of 2 1k k versus input power I, where the
nonlinear 2k is averaged over z18 22  (i.e., around the outputZ) and over a few sites (4, 8, or 12) closest to the left lattice edge.
The topological transition point of the linear SSHmodel, 2 1k k= , is indicated by the horizontal dashes. (c) Isolation ratio (IR),
forward transmittanceTf, and backward transmittanceTb, versus input power I. Horizontal dashes show the approximate upper
bounds Tf b A B,

max 2 2h h= and TIR 1 0max » ( ).

4

New J. Phys. 19 (2017) 095002 XZhou et al



The overall forward transmittance is thus

T I . 4f A B A
2 2 2h h h= ( ) ( )

Similarly, the backward transmittance (in the z- direction) is

T I . 5b A B B
2 2 2h h h= ( ) ( )

Note thatTf=Tb in the linear regime I=0, in accordance with the recprocity principle. The isolation ratio is
defined by

T T
I

I
IR . 6f b

A

B





h
h

º =
( )
( )

( )

Figure 2(c) shows numerical results for the forward and backward transmission, and the isolation ratio, for
1Ah = and 0.5Bh = .We can understand these results qualitatively by using equations (4) and (5) and the

features of the nonlinear waveguide transmittance I( ). First, note that the upper bound for the transmittance
(in either direction) isTf b A B,

max 2 2 h h , which occurswhen the light is transmitted predominantly along the edge,
with losses only at the input and output ports. As I is increased from zero, the transmittances increase
exponentially from the very low value of 0A B

2 2 h h ( ), before saturating near the upper bound. Since A Bh h¹ , the
initial increase ofTf andTb occurwith different exponential factors, and as a result the IR increases exponentially
with the input power I. It reaches amaximumof IR 1 0max » ( ), where 0( ) is thewaveguide transmittance in
the linear regime. This corresponds to the case whereTfhas saturated but notTb. The results infigure 2(c) show
good agreement with these approximate bounds.

We can compare these results to optical isolation schemes based on ‘non-topological’ edge solitons, such as
solitons induced by on-site Kerr nonlinearity [44–46]. Such solitons also exhibit a power threshold proportional
to the couplingκ. Optimizing the isolation ratio in a device offixed length thus requires a trade-off between
minimizing the linear transmittance (largerκ), orminimizing the threshold power (smallerκ). In contrast, in
the nonlinear SSHmodel one can reduce the linear transmittance by increasing 0,1k without substantially
effecting the threshold power, determined by 1 0k k- .Moreover, the staggered profile of the topological edge
soliton enables further optimization of the performance, for example by incorporating lossy elements onto the
unexcited bn sites to further reduce the backward transmission [4].

3.Nonlinear coupledwaveguide arrays: 2DHaldanemodel

The phenomenon of optical isolation aided by a topological transition can also be observed in 2D lattices. There
are two important difference between 1D and 2D. Firstly, topological edge states in 2D can exhibit unidirectional
propagation along the edge, sowe choose the input and output ports to be different waveguides. Secondly,
whereas topological protection in the SSHmodel requires a specific sublattice symmetry, topological protection
in 2D generally does not; hence, 2D lattices could provide robust isolation under awider range of fabrication
imperfections or nonlinearities.

In the linear regime, it has previously been shown that a 2Doptical waveguide array can bemade to act as a
2D topological insulatorwith broken ‘time-reversal’ symmetry (aChern insulator) by adding a helical twist to
thewaveguides [36]. A variant design has been shown to support tunable topological phase transitions [52].
Here, we leave implementation details to one side, and focus instead on theHaldanemodel [53], the simplest
andmostwell-known 2Dmodel with a topological phase transition between a conventional insulator phase and
aChern insulator phase [53]. This tight-bindingmodel describes a 2Dhoneycomb latticewith broken time-
reversal symmetry; the honeycomb lattice is divided into two sub-lattices,A andB, with on-sitemass terms
m mA 0= and m mB 0= - . The othermodel parameters are the nearest-neighbor hopping t1 Î , the next-
nearest-neighbor hopping amplitude t2 Î , and anAharanov–Bohmphase ,f p pÎ -[ ]which determines
themagneticflux penetrating sub-regions of each unit cell [53]. The bandstructure is in a Chern insulator phase
when

m t 3 3 sin , 70 2 f<∣ ∣ ∣ ∣ ( )

withChern numbers C sgn f= ( ). The other phase is a conventional insulatorwith Chern numberC=0.
Wenow introduce a nonlinearity designed to drive the system through a topological transition.Wemake the

on-sitemass terms on theA andB sublattices nonlinear, depending on the local intensity, as follows:
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where m0 Î is theHaldanemodel’smass parameter in the linear limit; ,m n are site indices on theA andB
sublattices respectively; and a b, Îm n denote the optical wave amplitude (wavefunction) at those sites. Similar
saturable nonlinearities have previously been studied in the context of non-topological photonic lattices with
mobile discrete solitions [54].Wewill take 2f p= , t 1 32 = , and m 20 = , so that according to equation (7)
the linear system is in the trivial insulator phase.With increasing intensity, the saturable nonlinearity decreases
the on-sitemass parameters, ‘driving’ the system towards theChern insulator phase.

The resulting nonlinear propagation is shown in figure 3(a). Input light is injected onto a single site at a
corner of the lattice, with intensity I a0

2= ∣ ∣ , and undergoes nonlinear evolution over afixed distanceZ; as
discussed in section 3, the z axis plays the role of time. For small I, the light diffracts into the bulk of the lattice, in
accordancewith the fact that the bandstructure of the linear system is topologically trivial. For large I, the light
remains tightly confined to the edge, and propagates in one direction along the edge, including around corners,
in accordancewith the existence of a unidirectional edge state in theChern insulator phase.

The nonlinear transmittance I( ) is plotted infigure 3(b), and it exhibits a power threshold similar towhat
we observed in the nonlinear SSHmodel. Here, I( ) is defined as the transmittance from the input site (A) at
z=0, to the output site (B) on the opposite lattice corner at z=Z. Again, we can demonstrate a close
correspondence between the power threshold and the topological transition of the linear lattice. Infigure 3(c),
we plot m mA Bá ñ - á ñversus I, where mAá ñand mBá ñare the nonlinear on-sitemass terms averaged over sites
closest to the outputwaveguide at z=Z. Based on equation (7), the linear lattice exhibits a topological transition
at m m t6 3 sin 2 3 ;A B 2 f- = =∣ ∣ infigure 3(c), we indeed observe that the nonlinear transmittance’s
threshold power occurs as m mA Bá ñ - á ñdrops below this value. Infigure 3(d), we plot the isolation ratio and

Figure 3. (a) Intensities after evolution through a nonlinearHaldane lattice, with parameters t 11 = , t 1 32 = , 2f p= , and
m 20 = . A corner site (A) is initially excitedwith intensity I, and colors indicate site intensities a 2

m∣ ∣ and b 2
n∣ ∣ (with arbitrary

normalization) after propagation throughZ= 19.2. Two cases are shown: I=1 and I=150. The input/output couplings Ah and Bh
are set to unity. (b)Nonlinear transmittance I( ) fromone corner (A) to the opposite corner (B), versus input power I. (c)Mean values
of m mA Bá ñ - á ñ, versus I. The averages are taken over sites up to n nearest-neighbor hops from siteB, for n 1, 2, 3, 4Î { }. (d)
Isolation ratio (IR), forward transmittanceTf, and backward transmittanceTb, versus I.
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forward and backward transmittances. The behavior is similar to the nonlinear SSH results in figure 2(c). One
difference is thatTf andTb are dissimilar even though the input/output couplings are symmetric (herewe set

1A Bh h= = ); this is because the inputs and outputs are on different sites, so the lattice itself provides the
asymmetry.

Optical isolation based on traveling edge solitons has important qualitative differences compared to schemes
based on immobile solitons, such as the nonlinear SSHmodel discussed in section 2. The device lengthZ and/or
the choice of outputwaveguidemust bematched to the edge soliton velocity, so as to ensure a high forward
transmittance. This kind of traveling discrete soliton is not easily achievable with ‘conventional’nonlinear lattice
designs not tied to a topological transition; in those cases, traveling solitons require excitation of several
waveguides [54], and discrete solitons are typically immobile and/or suffer from strong radiative losses [55].

4.Nonlinear coupled ring lattices

Wenow turn our attentions to a quite different type of photonic structure: a lattice of nonlinear coupled rings.
The structure is shown schematically infigure 4(a), and consists of ring-shapedwaveguides arranged in a 2D
square lattice, with adjacent ‘site rings’ connected by auxiliary ‘coupler rings’. The structure is assumed to be
engineered so that there is negligible back-scattering at the coupling regionswhere neighboringwaveguides
approach one another; in other words, the circulation of light in the site rings—clockwise or anti-clockwise—is
preserved under inter-site hopping [32, 37, 38].

Suppose the entire lattice, including the auxiliary rings, is periodic. In this case, the lattice’s bandstructure is
known to exhibit a topological transition [34]: as we increase the effective coupling between site rings, the
bandstructure goes from a conventional phase to a topologically nontrivial phase. In the latter, there exists (for
each circulation) a family of topological edge states thatmove unidirectionally along the lattice edge [34, 56–59].

For thewaveguide arrays discussed in sections 2 and 3, the ‘forward’ and ‘backward’modes of the optical
isolator corresponded to z+ and z- propagation. By contrast, the present coupled-ring lattice structure is ‘on-
chip’, i.e.purely 2D. In forward-transmissionmode, light is coupled into one ring, propagates through the
lattice in a given circulation direction (say, clockwise), and is subsequently out-coupled. In backward-
transmissionmode, the input and output ports are switched, and hence the in-lattice propagation takes place via
the opposite circulation (anti-clockwise). It is important to note that this switches the directionality of the
topological edge states. For instance, infigure 4(a)we show a right-moving edge state on the upper edge, with
clockwise circulation; the reciprocal partner is a left-moving edge state on the upper edge, with anti-clockwise
circulation.

The transmission of light through the lattice can be calculated using transfermatrices [32, 34]. Figure 4(b)
shows a coupler ring joining two site rings; the complexwave amplitudes labeled in this figure are related by

Figure 4. (a) Schematic of a lattice of coupled rings, consisting of ‘site rings’ (large circles) arranged in a square lattice, separated by
auxiliary ‘coupler rings’ (small circles). Light is coupled in/out of the lattice on the left and right, with coupling parameters Aq and Bq .
(b)Close-up of an inter-site coupling, showing the definitions of the complex wave amplitudes a b c d, , ,{ } (in the site rings) and

, , ,a b g d{ } (in the coupler ring).
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is a unitary 2×2 scatteringmatrix describing evanescent couplingwith energy conservation and negligible
back-scattering, as well as 180° rotational symmetry [32, 34, 56]. The strength of the evanescent coupling is
described by 0q .Moreover, wave amplitudes acquire a phase 1,2x on traversing each armof the coupler ring:

e , e . 11i i1 2a d b g= =x x ( )

The effective coupling between adjacent site rings can be determined [34, 56, 57] from the parameters 0q and 1,2x
(which depend, in turn, on thewaveguide geometry and operating frequency).Wewill assume that the couplings
in the x and y direction are identical.

The bandstructure is defined in terms of the phase shiftf over each quarter of a site ring, as indicated in
figure 4(b). This plays the role of a ‘quasi-energy’ [34, 57], whose value isfixed by thewaveguide geometry and
operating frequency; we can regardf as being analogous to the chemical potential in a band insulator. (Note that
the othermodel parameters, 0q and 1,2x , will also simultaneously depend on the operating frequency; in
designing a real device, thesemodel parametersmust bemapped onto physical quantities including the
frequency and geometrical parameters.) Infigures 5(a) and (b), we plot band diagrams off versus k for a semi-
infinite lattice with transverse width of 10 unit cells; here, k is the usual Blochwavenumber, defined as the phase
shift produced by translating one unit cell along the strip [34].We fix 60q p= , and show results for two choices
of 1 2x x x= = . Figure 5(a) shows a conventional bandstructure, whilefigure 5(b) shows a nontrivial
bandstructure with gaps spanned by topological edge states. Evidently, we can switch between these two distinct
cases by tuning only ξ, with all othermodel parameters kept constant. Figure 5(c) shows a phase diagram
indicating the parameter choices for observing trivial and nontrivial gaps.

Figure 5. (a), (b)Band diagrams for a semi-infinite lattice of coupled rings, withwidth 10 unit cells in the y direction. For the coupler
ring parameters, we choose 60q p= and two different choices of the phase shift ξ; the resulting bandstructures are (a) topologically
trivial for 0.551 2x x x p= = = , and (b) topologically nontrivial for 0.85x p= . (c)Numerically-obtained phase diagramof the
system for 60q p= . Gray regions show the ungapped parts of the bandstructure, white regions show trivial (T) bandgaps, and pink
regions shownontrivial (NT) bandgaps. Forfixed 4f p= , the system canmove from a trivial to a nontrivial gap by varying 1,2x as
indicated by the arrow. The gaps depend only on 1x and 2x through the combination 1 2x x+ .
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Figure 6(a) shows the transmittance across the linear lattice forfixed 4f p= and varying coupler ring
phase shifts 1 2x x x= = . The transmittance is close to zero for 2x p» , when the system is in a trivial gap, and
approaches unitywhen ξ increases and the system enters a topologically nontrivial gap. For intermediate ξ, the
system lies in a band, and the transmittance exhibits numerous resonances.

We now introduce a nonlinearity designed to drive the system through the topological transition. Let the
phase shift parameter on each armof a coupler ring be intensity-dependent:

, 120 x x k= + ( )

where 0x is the phase shift in the linear limit,κ is a Kerr coefficient, and  is the local intensity in the armof the
coupler ring, defined as 2 y= ∣ ∣ whereψ is the local complex amplitude. Physically, thismay be accomplished
by fabricating the coupler rings out of a nonlinearmaterial (note that the intensity within the coupler rings will
be strongly enhanced if they are close to resonance with the operating frequency [56]).We choose 4f p= ,

60q p= (both assumed to be intensity-independent), 20x p= , and 1k = . Referring to the phase diagram in
figure 5(c), we see that in the linear limit the bands are topologically trivial, withf lyingwithin a trivial gap.
Increasing  , and hence ξ, drives the system (locally) into a nontrivial gap. In interpreting this phase diagram,
note that although the nonlinearity changes ξ independently in the two arms of a coupler ring, the band gaps of
the linear systemdepend only on the sum of ξ in the two arms.

Figure 6(b) plots the transmittance across the lattice, I( ), versus input power I. Here, we assume the input
and output couplings to be perfect (the couplingmatrices have the formof equation (10), with coupling angle

2p ). These results are obtained by using a standard numerical nonlinear solver tofind self-consistent solutions
to the entire set of transfermatrix relations within the lattice, including the nonlinear phase shifts described by
equation (12). Fromfigure 6(b), we observe that the transmittance in the linear limit, 0( ), is negligible, in
accordancewith the fact that the system is in a trivial gap.Moreover, with increasing I, I( ) initially remains low,
but at a critical intensity it jumps discontinuously to 0.8 » . Above this discontinuity, transmission takes place
along the upper lattice edge, as shown infigure 6(c).

Infigure 6(d), we plot xá ñversus I, averaging over the coupler rings on the upper lattice edge. This shows that
the large discontinuity in I( ) found infigure 6(b) occurs at values of xá ñcorresponding to the boundary
between the trivial gap and the band, and between the band and the nontrivial gap. By comparisonwith the
linear system’s phase diagram from figure 5(c), it appears that the nonlinear lattice is ‘jumping’ past the in-band
regime. Figures 6(b) and (d) also shows a ‘secondary’ discontinuity, where xá ñ jumps to a larger valuewhile
remaining in the topological gap region. This seems to be triggeredwhen the nonlinearity causes the value of ξ in

Figure 6. (a)TransmittanceT through a linear latticewith phase shift ξ in all arms of all coupler rings. The input/output couplings are
taken to be perfect (the couplingmatrices have the form of equation (10)with 2A Bq q p= = ), and the lattice parameters are

4f p= , and 60q p= . For 2x p» ,f lies in a trivial gap, andT is close to zero; with increasing xD ,f enters a band (gray region)
andT exhibits bulk transmission resonances; for still larger ξ,f enters a nontrivial gap (pink region) andT approaches unity. Vertical
dashes indicate the boundaries between the band and gap regions shown in figure 5(c). (b)Transmittance through the nonlinear
lattice versus input power I, using nonlinearity parameters 20x p= and 1k = , with all other parameters kept the same as in (a).
This and subsequent results are obtained by solving the nonlinear transfermatrix relations self-consistently via a numerical nonlinear
solver. (c)Normalized field intensity distribution at I= 3.21, just above the large discontinuity in (b). For clarity, the coupler rings are
omitted and only the site ring intensities are shown. (d)Mean phase shifts 21 2x x xá ñ = á + ñ( ) versus I, with averages taken over both
arms of the eight coupler rings on the upper lattice edge (seefigure 4(a)). Horizontal dashes indicate the boundaries fromfigure 5(c).
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a few individual coupler rings to exceed the upper boundary of the topological gap region, entering into another
in-band region at 1.1x p~ . This destabilizes the solution, and the system compensates by jumping to a different
field distribution, with larger xá ñ, that keeps all coupling rings in the topological gap region.On both sides of this
secondary discontinuity, thefield distribution remains confined to the upper lattice edge.

Unlike the nonlinearHaldanemodel studied in section 3, there is no ‘time-of-flight’ limitation on the
propagation of light from the input to the output port, due to the steady-state nature of themodel. As such,
optical isolation in the nonlinear coupled-ring lattice can exhibit topological protection against lattice defects.
To test this idea, we apply an input/output asymmetry by adding a small amount of loss (coupling factor of e 0.1- )
to one of the ports (B).We then compute the self-consistent forward transmittance (portA toB), backward
transmittance (B toA), and isolation ratio. Disorder is introduced by adding normally distributed shifts to each

ix parameter (with standard deviation 0.01p). The results are shown infigure 7. For a range of input powers near
I 3 , there is a sharp jump in themean forward transmittance Tfá ñ, and correspondingly a jump in themean
isolation ratio. These jumps come from ensemble averages of transmittance discontinuities shifted by the
disorder; note that the secondary discontinuities, beingmuch smaller inmagnitude, are ‘smeared out’ and are
thus not visible in the plottedmean values.

5.Discussion and conclusions

In this paper, we have studied how optical isolation can be accomplished in three differentmodels of topological
photonics. A few basic ingredients are common to all threemodels. Firstly, themodelmust be nonlinear, so as to
break optical reciprocity [1]. Secondly, the structuremust contain an asymmetry (e.g., asymmetric input/output
couplings) that distinguishes between ‘forward’ and ‘backward’ directions. The third ingredient is the use of a
topological phase transition to associate forward transmission and backward transmissionwith different
topological phases, whose physical properties are qualitatively different from each other. This last design
principle is reminiscent of recently-proposed optical isolation schemes based on parity/time-reversal (PT)
symmetric structures, which rely on a non-Hermitian transition (between ‘PT symmetric’ and ‘PTbroken’
phases) rather than a topological phase transition [20, 21, 23, 26].

In the presence of nonlinearity, topological phase transitionsmanifest as ‘self-induced’ topological solitons:
local regions of the lattice where the opticalfield self-sustains its own edge state-like behavior, evenwhen the
lattice is topologically trivial in the zero-intensity limit. Such solitonswere previously discovered in the 1D
nonlinear SSHmodel [42], as well as 2D continuum ‘Floquet topological insulator’models [40, 43]. Here, we
have shown that the nonlinear SSH soliton is useful for optical isolation, andmoreover that topological solitons
also occur in twonew 2Dmodels—nonlinear versions of theHaldanemodel [28] and the coupled-ring lattice
[32, 34, 37, 38, 57]. The soliton in the coupled-ring latticemodel is notable for being a static (steady-state)
solution, whereas the solitons in the nonlinearHaldanemodel and other previously-studied 2D lattices [40, 43]
are dynamical. Aswe have seen, this gives rise to the distinctive feature: a discontinuity (not just a threshold or
kink) in the power-dependent optical transmittance.

Figure 7. Isolation ratio (IR), forward transmittanceTf, and backward transmittanceTb, versus input power I, in disordered nonlinear
coupled ring lattices. Thin lines show results for 100 different disorder realizations, and thick black lines show themean values. The
disorder consists of shifts in individual coupler ring phase shifts jx , normally distributedwithmean 0 and standard deviation 0.01p.
Input/output loss is applied at portB bymultiplying amplitudes by e0.1 (with no loss at portA); all other parameters are the same as in
figure 6.
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To realize a self-induced topological soliton, nonlinearitymust be applied to amodel in a non-arbitrary way:
as exemplified by equations (3), (8), and (12), the nonlinearity needs to act on parameters that drive the system
towards a topological phase transition. Interestingly, homogeneous nonlinearities such as local Kerr effects,
which are themost commonly-studied nonlinearities in latticemodels [44–47], may not be suited to inducing
topological phase transitions. Roughly speaking, such uniformnonlinearities play the role of altering the scalar
potential, which is an inefficient way to induce topological band inversions. In real experiments, nonlinearities
may be inhomogeneous and present in both on-site terms and ‘off-diagonal’ (inter-site coupling) terms [60].
Our results demonstrate that the latter, though frequently ignored, can lead to soliton behaviors that are both
distinctive and useful. It should also be noted that our study has omitted the temporal effects of optical
nonlinearity, such as frequency generation and pulse dispersion; thesemay be important in certainmaterials, or
for ultrashort pulses [61].

In future studies, it would be interesting to introduce additional features to themodels that could further
improve their performance as optical isolators. For instance, loss can be selectively added to the lattice to
suppress the transmittance frombulkmodes and/or diffusive non-topological edgemodes, while leaving the
topological edgemodes relatively unaffected. It would also be interesting tomake a comparisonwith various
non-topological nonlinear isolator designs that arefine-tuned to achieve high isolation ratios and/or high
transmittance [15–18]; onemight be able to show that isolation schemes based on topological solitons can
achieve similarly high performance, while being less sensitive to randomdefects due to the intrinsic robustness
of the topological edgemodes.

Dynamical effects in the coupled-ring lattice are another avenue for further study. For example, the
transmittance jumps in figure 6(b)may formhysteresis loops under an additional slowmodulation of the input
intensity. Such designsmay also be useful for limiting unwanted dynamical reciprocity [5], as the nonlinear
isolation is provided by topological edge states localized in both frequency and space. Small amplitude signals
with sufficiently large frequency detuning from the input could propagate via the qualitatively different bulk
modes, andmight thus be efficientlyfiltered or suppressed.
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