
This document is downloaded from DR‑NTU (https://dr.ntu.edu.sg)
Nanyang Technological University, Singapore.

A simplified model for reinforced concrete
beam‑column joints under seismic loads

Kang, Shao‑Bo; Tan, Kang Hai

2018

Kang, S.‑B., & Tan, K. H. (2018). A simplified model for reinforced concrete beam‑column
joints under seismic loads. Magazine of Concrete Research, 70(3), 138‑153.

https://hdl.handle.net/10356/87268

https://doi.org/10.1680/jmacr.16.00074

© 2018 Thomas Telford (ICE Publishing). This paper was published in Magazine of Concrete
Research and is made available as an electronic reprint (preprint) with permission of
Thomas Telford (ICE Publishing). The published version is available at:
[http://dx.doi.org/10.1680/jmacr.16.00074]. One print or electronic copy may be made for
personal use only. Systematic or multiple reproduction, distribution to multiple locations
via electronic or other means, duplication of any material in this paper for a fee or for
commercial purposes, or modification of the content of the paper is prohibited and is
subject to penalties under law.

Downloaded on 23 May 2023 10:38:06 SGT



A simplified model for reinforced concrete
beam-column joints under seismic loads

Shao-Bo Kang
Post-doctoral research fellow, Key Laboratory of New Technology for
Construction of Cities in Mountain Area (Chongqing University), Ministry of
Education, Chongqing, China; School of Civil Engineering, Chongqing
University, Chongqing, China (corresponding author: skang2@e.ntu.edu.sg)

Kang Hai Tan
Professor, School of Civil and Environmental Engineering, Nanyang
Technological University, Singapore

This paper presents a simplified model for reinforced concrete beam–column joints under seismic loads. In the model,
the beams, columns and the joint zone are assumed to remain rigid, and flexural deformations of the beams and
column are concentrated at the joint interfaces. The compatibility condition of the joint is established in accordance
with the rigid-plastic assumption. To correlate the flexural deformations of the beams and columns to strains
of tensile reinforcement, piecewise linear strain profiles of tensile reinforcement are assumed along the beams
and columns and slips of embedded reinforcement in the joint are also considered. Thereafter, the plane-section
assumption is employed to determine the strain profiles at the joint interfaces. In calculating the compression force
in concrete, the stress–strain model for concrete is used instead of the equivalent rectangular concrete compressive
stress block. The rigid-plastic model was calibrated against published experimental results of interior and exterior
beam–column joints in terms of load–displacement curves. Furthermore, the yield displacement of beam–column
joints was calculated and verified by test data. Through the analytical model, forces transferred to the joint zone by
tensile, compressive reinforcing bars and concrete can be quantified, which enables further development of the joint
model to evaluate the shear resistance of beam–column joints.

Notation
As cross-sectional area of tensile reinforcement
asb distance between the centroid of beam tensile

reinforcement and the extreme tension concrete fibre
asc distance between the centroid of tensile

reinforcement and the extreme tension concrete
fibre of the columns

bb beam width
Ccc, Ccs, Tcs force in compressive concrete, compressive

reinforcement and tensile reinforcement at
column–joint interface, respectively

Clc, Cls, Tls force sustained by compressive concrete,
compressive reinforcement and tensile reinforcement
at the left-hand beam–joint interface, respectively

Crc, Crs, Trs force sustained by compressive concrete,
compressive reinforcement and tensile reinforcement
at the right-hand beam–joint interface, respectively

cbr neutral-axis depth of right-hand beam at
joint interface

cc neutral-axis depth of columns
dr diameter of steel reinforcement
f 0c compressive strength of concrete cylinders
frs tensile stress of reinforcement
fs tensile stress of reinforcement at joint interface
hb depth of beams
hc depth of columns
lb length of beams between pin support and

joint interface
lbe, lby length of elastic and yielded steel

segments, respectively

lc length of columns between joint interface and
pin support

lem effective embedment length of bent
reinforcement

lpl length of plastic hinge of left-hand beam
lpr length of plastic hinge of right-hand beam
Mrb bending moment at end of right-hand beam
Nc axial compression force in columns
Pb vertical load at beam end
Pc horizontal load at column top
sbr slip of reinforcement from joint
sm slip of beam reinforcement at centre of

embedment length
s1, s2, s3 slips associated with maximum and frictional

bond stresses
Vjh horizontal shear force in beam–column joint
Δyc calculated yield displacement
Δym measured yield displacement
δ lateral displacement
δbl deformation of tensile reinforcement in left-hand

beam at beam–joint interface
δbr deformation of tensile reinforcement in right-hand

beam at beam–joint interface
δbs total deformation of tensile reinforcement in

right-hand beam
δc deformation of tensile reinforcement at

column–joint interfaces
δh lateral displacement at column top
δrb vertical displacement of beam–joint interfaces due

to joint rotation
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δrc horizontal displacement at column–joint interfaces
resulting from joint rotation relative to columns

δv vertical displacement of beam
εbl strain of beam tension reinforcement at the left

face of the joint
εbm strain of tensile reinforcement at the centre of its

embedment length
εbr strain of tensile reinforcement at

beam–joint interfaces
εc strain of tensile reinforcement at

column–joint interface
εrc strain of extreme compression concrete fibre
εrs strain of tensile reinforcement
εy yield strain of tensile reinforcement
θb rotation of beams
θbj rotation of beam end section with regard to the

joint interface
θc rotation of column relative to vertical position
θ0c rotation of columns about the vertical axis after

considering joint rotation
θcj angle between column end section and

joint interface
θj rigid-body rotation of the joint zone
θrs, θrb rotation of beam relative to the joint resulting

from slip of longitudinal reinforcement from joint
and beam flexural deformation, respectively

σc compressive stress of concrete
τe bond stress of reinforcement in elastic stage
τy post-yield bond stress of reinforcement
τ1, τ3 maximum and frictional bond stresses of steel

reinforcement, respectively

Introduction
Rigid-plastic models have been widely used in the analysis of
reinforced concrete (RC) one-way slabs subjected to compressive
arch action (Keenan, 1969; Park, 1964; Welch et al., 1999). In a
rigid-plastic model, it is generally assumed that slab segments
remain rigid under flexural action, whereas rotations of the seg-
ments are concentrated at pre-specified plastic hinges.
Furthermore, it is assumed that the steel reinforcement in the
plastic hinge regions has yielded, and compressive concrete has
attained its ultimate strength. Thus, equilibrium of internal
forces at the plastic hinges can be explicitly established by calcu-
lating the tension force in the steel reinforcement from its yield
strength, and the compression force sustained by concrete
through the equivalent compressive concrete stress block.
However, these models are not applicable to structural members
with compressive steel reinforcement, such as beams and
columns, as the stress state of the reinforcement in compression
cannot be determined from the model (Park and Gamble,
2000). Moreover, due to the rigid-plastic assumption, such
models can only be used to predict the response of slabs at the
post-yield stage of tensile reinforcement, and the response of
slabs at the initial elastic stage cannot be estimated.

In recent years, rigid-plastic models have been modified by
considering the effect of imperfect boundary conditions and
the contribution of compressive reinforcement (Guice et al.,
1989; Yu and Tan, 2013). In these models, the extreme com-
pression concrete fibre is assumed to have attained the ultimate
strain, and the strain of steel reinforcement in the compression
zone is determined through the plane-section assumption.
Later, by assuming a linear strain profile along the beam
length, the model was extended to the elastic stage prior to
the formation of plastic hinges (Kang and Tan, 2015a). The
compression force sustained by concrete was determined by
integrating compressive stresses across the compression zone.
Through this model, reasonably good predictions of load
capacities were obtained for beam–column sub-assemblages
under column-removal scenarios.

A similar concept can also be used for RC beam–column
joints subjected to seismic loads. With sufficient stirrups in the
plastic hinge regions at the ends of beams and columns and
the beam–column joint, shear failure can be prevented and
flexural behaviour of the beams and columns is dominant over
shear distortion of the joint zone. Experimental tests indicated
that shear distortion of the joint zone and shear deformations
of the beams and columns only contribute a limited portion to
the total deformations of beam–column joints (Lin et al.,
2000; Xin, 1992). Therefore, beam–column joints can be rep-
resented by plastic hinge mechanisms. However, in addition to
flexural deformations in the plastic hinge regions, slip of the
longitudinal reinforcement relative to the joint has to be con-
sidered, which requires a proper bond–slip model for steel
reinforcement embedded in beam–column joints (Lowes and
Altoontash, 2003; Lowes et al., 2004).

This paper describes a rigid-plastic model for RC beam–column
joints. In the model, the compatibility condition of the joint is
considered by correlating the strains of the steel reinforcement
and corresponding slips to flexural deformations of the beams
and columns at the joint interfaces. A stress–strain model for
concrete is employed rather than a rectangular concrete stress
block. Comparisons of the experimental and analytical results
indicate that the model yields reasonably good estimations of
the load–displacement curves of interior and exterior joints
under seismic loads. Furthermore, internal forces and slip of
reinforcement at the joint interfaces were also investigated to
shed light on the joint behaviour at the sectional level.

Rigid-plastic model for beam–column joints
When subjected to seismic loads, RC joints develop flexural
deformations in beams and columns, as shown in Figures 1(a)
and 1(b). Two types of loading conditions were considered in
developing the joint model presented in this paper. In the first
type, a horizontal load was applied to the column top of an
interior joint, as shown in Figure 1(a). Alternatively, a vertical
load can be applied to the beam, as shown in Figure 1(b),
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which is widely used for exterior joints. Therefore, prior to
derivation of the model, different compatibility conditions
were considered under the two loading conditions.

Deformations of beams and columns
Based on the rigid-plastic assumption developed by Park
(1964) for slab strips, a hinge mechanism was assumed for the
joints, in which beams and columns remain rigid and their
flexural deformations are concentrated at the joint interfaces.
Figures 2(a) and 2(b) show the deformations of beams and
columns in an interior joint. When a horizontal load is applied
at the column top, compatibility between columns and the
joint zone is established based on the rigid-plastic assumption.
At a lateral displacement δ, rotation θc of the whole column
relative to its original position can be determined as

1: θc ¼ δh
2lc þ hb

where θc is the rotation of the columns relative to the vertical
position, δh is the lateral displacement at the column top, lc is
the length of the columns between the joint interface and the
pin support, and hb is the depth of the beams.

However, due to the presence of adjoining beams, the joint
zone develops a rotation θj with respect to the columns, as
shown in Figure 2(a). This rotation generates a horizontal dis-
placement δrc at the column–joint interfaces, as expressed in
Equation 2. This displacement increases the rotation angle of
the columns to θ0c.

2: δrc ¼ 0�5hbðθc � θjÞ

3: θ0c ¼ θc þ δrc
lc

Thus, the angle of the column end section with respect to the
joint interface can be calculated as the difference between θ0c
and θj

4: θcj ¼ θ0c � θj

in which θcj is the angle between the column end section and
the joint interface.

In addition, compatibility between beams and the joint zone
can also be established, as shown in Figure 2(b). With a
rotation θj of the joint zone, the beam–joint interfaces develop
a vertical displacement δrb, given by

5: δrb ¼ 0�5hcθj

Correspondingly, the RC beams experience a rotation θb due
to the joint rotation, expressed by

6: θb ¼ δrb
lb

where lb is the length of the beams between the pin support
and the joint interface.

At the beam–joint interfaces, angle θbj of the beam end section
with regard to the joint interface can be quantified using

7: θbj ¼ θbþθj

If a vertical load is applied to the beam, deformations of the
joint are different from that shown in Figure 2. Therefore,
compatibility of the joint has to be re-established. Figure 3(a)
shows the deformations of the beam–joint assembly. When the
vertical displacement of the beam is δv, rotation of the joint

Nc Nc

Pc

Pb

Nc

Pc

Pc

PbPb

Pc

Nc

(a) (b)

Figure 1. Idealised beam–column joints: (a) interior joint; (b) exterior joint
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zone is assumed to be θj, and thus rotation of the beam with
respect to its original position is

8: θb ¼ δv � 0�5hcθj
lb

þ θj

where hc is the depth of columns.

As a result, rotation of the beam end section relative to the
joint zone can be determined as

9: θbj ¼ θb � θj

In addition, rotation of the joint generates a horizontal
displacement at the column–joint interfaces, as shown in
Figure 3(b), and the displacement can be calculated using

10: δrc ¼ 0�5hbθj

Hence, rotation of the column end section about the joint
interface satisfies

11: θcj ¼ δrc
lc

þ θj

Through the rigid-plastic assumption, rotations of the beams,
columns and the joint zone can be correlated to each other.
However, to calculate the internal forces acting at the joint
interfaces, strains of steel reinforcement and concrete need to
be quantified, which requires compatibility at the joint inter-
faces to be established.

Compatibility at joint interfaces
At the joint interfaces, elongation of tensile reinforcement in the
columns can be obtained from the compatibility, expressed by

12: δc ¼ ðhc � cc � ascÞ tan θcj

where δc is the deformation of tensile reinforcement at the
column–joint interfaces, cc is the neutral-axis depth of the
columns and asc is the distance between the centroid of tensile
reinforcement and the extreme tension concrete fibre of the
columns.

In RC beam–column joints, plastic hinges are only formed at
the beam ends, whereas steel reinforcement in the columns
remains in the elastic stage. In addition, column reinforcement
passing though the joint is well-confined by horizontal hoops in
the joint zone and slip of the reinforcement can be neglected.
Therefore, to determine the strains of the steel reinforcement
and concrete fibre, a linear strain profile of tensile reinforcement
is assumed along the column height, with zero strain at the pin
support and maximum value at the joint interfaces, as shown in
Figure 2(a), and the sum of reinforcement tensile strain along
the column height is equal to the elongation of tensile reinforce-
ment at the joint interfaces, as expressed by Equation 13.
Accordingly, the strain profile at the column–joint interfaces can
be determined based on the plane-section assumption.

13: δc ¼ 0�5lcεc

Here, εc is the strain of the tensile reinforcement at the
column–joint interfaces.

Nc

Pb

Pc

Pb

Nc

Pc

h c

c c

lc
lc

δ

δ
c

θc

δbl

εbr

εbm

εbl

εy

εbm

εy

εbl

εy

εbr
ε y

δ r
b

δbr
θ j

θ
j

c b
l

c b
r

εc

εc

θj θ j

h b

lb

lpl

lpr

lb

θ b

(a) (b)

δ rc

Figure 2. Compatibility of interior joint under horizontal load: (a) column–joint assembly; (b) beam–joint assembly
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Likewise, total elongation of the tensile reinforcement at the
beam–joint interface can be obtained from the rigid-plastic
model, expressed by

14: δbr ¼ ðhb � cbr � asbÞ tan θbj

where δbr is the deformation of the tensile reinforcement in the
right-hand beam at the beam–joint interface, cbr is the neutral-
axis depth of the right-hand beam at the joint interface and
asb is the distance between the centroid of the beam tensile
reinforcement and the extreme tension concrete fibre.

In most beam–column joints, plastic hinges form at the beam
ends where the tensile reinforcement develops post-yield behav-
iour. At the post-yield stage of steel reinforcement, slip of the
reinforcement relative to the joint zone contributes a signifi-
cant portion to total joint deformation due to the reduced
bond stress (Alsiwat and Saatcioglu, 1992; Sezen and Setzler,
2008). Therefore, slip of the reinforcement needs to be
considered in establishing compatibility at the joint interfaces.
The elongation of tensile reinforcement consists of two com-
ponents – deformation of the reinforcement in the beams and
slip of the reinforcement from the beam–column joint,
expressed by

15: δbr ¼ δbs þ sbr

where δbs is the total deformation of the tensile reinforcement
in the right-hand beam and sbr is the slip of the reinforcement
from the joint.

To determine the elongation of the tensile reinforcement in the
right-hand beam, different strain profiles are assumed along
the beam length at the elastic and post-yield stages. When steel
reinforcement remains elastic at the joint interface, the strain
profile along the beam length is assumed to be linear between
the pin support and the joint interface, with its maximum
value at the interface and zero at the pin support, as shown in
Figure 2(b). Hence, strain of the tensile reinforcement in the
right-hand beam is correlated to the elongation of the
reinforcement, as expressed by Equation 16. Once the tensile
reinforcement develops its post-yield strain at the joint inter-
face, a plastic hinge forms at the beam end. Thus, a bilinear
strain profile is assumed along the plastic hinge region and the
elastic beam segment (see Figure 2(b)). Correspondingly, the
total deformation of tensile reinforcement in the beam can be
determined from Equation 17.

16: δbs ¼ 0�5lbεbr

17: δbs ¼ 0�5ðlb � lprÞεy þ 0�5lprðεy þ εbrÞ

Here, εbr is the strain of the tensile reinforcement at the beam–

joint interface, εy is the yield strain of the tensile reinforcement
and lpr is the length of plastic hinge, which can be taken as
0·5hb, as suggested by Paulay and Priestley (1992).

Slip of reinforcement
In addition to elongation of the tensile reinforcement in the
beam, slip of reinforcement from the beam–column joint has

δ r
b

δbr

εbr

εbr

εy
εy

lb

P
b

P
c

lem

c b
r

θ j

θ j θ b

θc

εc

εc

θ
j

δ

h b

lpr

Nc

hc

lc

lc

cc

δ
c

δrc

θj

Pc

Nc

(a) (b)

Figure 3. Compatibility of exterior joints under vertical loads: (a) beam–joint assembly; (b) column–joint assembly
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to be considered. As for interior joints, beam reinforcement
passing through the joint sustains a tension force at one end
and a compression force at the other. Push–pull tests of steel
reinforcement anchored in concrete suggest that the bond stres-
ses of steel reinforcement under compression and tension are
identical and the steel stress at the centre of the embedment
length is nearly zero (Viwathanatepa et al., 1979). Therefore, it
was assumed in this work that steel stress is zero at the centre
of the embedment length, whereas slip of the reinforcement
and the associated bond stress are mobilised at the section. A
similar bond stress profile to that postulated by Lowes et al.
(2004) was used, in which uniform bond stresses are assumed
along the elastic and post-yield steel segments, as shown in
Figure 4.

The bond–slip model for concrete (CEB-FIP, 1991) was used
in this work to calculate the slip at the joint interface. In
this model, the maximum and frictional bond stresses and
corresponding slips were defined from experimental results.
However, the model is only applicable to elastic steel reinforce-
ment. Once plasticity of the reinforcement is initiated along
the embedment length, the post-yield bond stress is used
over the inelastic steel segment (Kang and Tan, 2015b). The
Poisson effect induced by the cross-section contraction of
inelastic steel reinforcement reduces the frictional bond
stress by 20–30% (Eligehausen et al., 1983). Thus, the

post-yield bond stress can be taken as 70% of the friction
bond stress.

18:

τe ¼ τ1
sm
s1

� �0�4
if sm � s1 and εbr � εy

τe ¼ τ1 if s1 , sm � s2 and εbr � εy

τe ¼ τ1 þ τ3 � τ1
s3 � s2

ðsm � s2Þ if s2 , sm � s3 and εbr � εy

τe ¼ τ3 if s3 , sm and εbr � εy

19: τy ¼ 0�7τ3 if εbr . εy

Here, τe is the bond stress of the reinforcement at the elastic
stage, τ1 and τ3 are the maximum and frictional bond stresses
of steel reinforcement, expressed as 2�5 ffiffiffiffiffi

f 0c
p

and 1�0 ffiffiffiffiffi
f 0c

p
,

respectively, s1, s2 and s3 are the slips associated with the
maximum and residual bond stresses, equal to 1·0 mm,
3·0 mm and the clear rib spacing, respectively, and τy is the
post-yield bond stress of reinforcement.

For a given tensile strain εbr of steel reinforcement at the joint
interface, the associated tensile stress can be determined in
accordance with a bilinear stress–strain model with hardening
behaviour. In the meantime, slip of the embedded reinforcement
at the centre of the joint has to be assumed, so that the sum of
bond stresses over the embedment length between the joint
centre and interface can be equal to the tension force of
reinforcement at the joint interface, as expressed by Equations
20 and 21. Note that a debonding zone of reinforcement is
assumed near the column face, with length equal to the distance
between the centroid of the column longitudinal reinforcement
to the nearest column face (see Figure 4). Over the debonding
zone, the bond stress of the steel reinforcement is zero due to
the formation of a failure cone near the beam–joint interface.

20: τelbeπdr ¼ fsAs

21: ðτelbe þ τylbyÞπdr ¼ fsAs

Here, lbe and lby are the lengths of the elastic and yielded steel
segments, respectively, dr is the diameter of the steel reinforce-
ment, fs is the tensile stress of the reinforcement at the joint
interface and As is the cross-sectional area of the tensile
reinforcement.

Therefore, slip of the beam longitudinal reinforcement
at the joint face can be determined from Equations 22 and 23.
The calculated slip must be equal to the value obtained
from the compatibility at the joint interface.

22: sm þ 0�5εbrlbe þ εbrasc ¼ sbr

Sm

fs

lbe asc

Sbr

x

x
fsfs

τ τe

Sm

fs

lbe lby asc

Sbr

x

x
fs

fy fs

τ τe

τy

(a)

(b)

Figure 4. Bond–slip of reinforcement in beam–column joints:
(a) elastic stage; (b) post-yield stage
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23: sm þ 0�5εylbe þ 0�5ðεy þ εbrÞlby þ εbrasc ¼ sbr

in which sm is the slip of beam reinforcement at the centre of
the embedment length.

In interior beam–column joints, the strain of the tensile
reinforcement is assumed to be zero at the centre of the embed-
ment length because the reinforcement is subjected to a tension
force at one end and compression at the other. However, in
exterior beam–column joints, the beam longitudinal reinforce-
ment is typically bent into the joint and the strain and slip of
reinforcement at the centre of the embedment length are not
zero. Filippou et al. (1983) recommended that the effective
embedment length of bent reinforcement can be taken as the
sum of its straight portion and five times the rebar diameter. At
the free end of the equivalent embedment length, the strain of
steel reinforcement is zero, and thus the same bond–slip behav-
iour as that shown in Figure 4 can be used to determine the slip
of the beam reinforcement relative to the joint.

Equilibrium
From the strain of the tensile reinforcement and the neutral-axis
depth, the strain profile at the joint interface can be determined
in accordance with the plane-section assumption, as shown in
Figure 5. For the steel reinforcement, a bilinear stress–strain
relationship with hardening was adopted and assumed to be
identical in tension and compression. In calculating the internal
forces sustained by concrete, the stress–strain model proposed
by Mander et al. (1988) for concrete was used in the rigid-
plastic model instead of the equivalent concrete compressive
stress block. Accordingly, the concrete compression force at the
joint interface was quantified through integration of the com-
pressive stress over the compression zone (Equation 24). A
similar method can also be used to calculate the bending
moment contributed by compressive concrete (Equation 25).

24: C rc ¼ bb

ðcbr
0

σc dx

25:
M rb ¼ bb

ðcbr
0

ð0�5hb � cbr þ xÞσc dx

þ C rsð0�5hb � asbÞ þ Trsð0�5hb � asbÞ

Here, Crc is the compression force sustained by concrete at the
right-hand beam–joint interface, Crs and Trs are the forces sus-
tained by the compressive and tensile reinforcement at the
right-hand beam–joint interface, respectively, bb is the beam
width, σc is the compressive stress of concrete and Mrb is the
bending moment at the end of the right-hand beam.

Besides compatibility, force equilibrium at the joint interfaces
has to be satisfied. The resulting internal forces acting on
each joint face has to be equal to the net axial force in the
beams or columns, as expressed in Equations 26–28. Thus,
bending moments at the beam–joint and column–joint inter-
faces can be calculated from equilibrium. Correspondingly, the
horizontal load on the columns and the vertical force on the
beams can be determined.

26: C rc þ C rs � Trs ¼ 0

27: C lc þ C ls � T ls ¼ 0

28: C cc þ Ccs � Tcs ¼ N c

Here, Clc, Cls and Tls are the forces sustained by the compres-
sive concrete, compressive reinforcement and tensile reinforce-
ment at the left-hand beam–joint interface, respectively, Ccc,
Ccs and Tcs are the forces in compressive concrete, compressive
reinforcement and tensile reinforcement at the column–joint
interfaces, respectively, and Nc is the axial compression force in
the columns.

hb

as

bb

cbr f'rs
a's

ε'rs

εrc

εrs frs

Trs

Crc

Mrb

Crs
σrc

Neutral axis

Figure 5. Force equilibrium of beam sections
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Solution procedures
With compatibility, equilibrium and material models for steel
reinforcement and concrete, a set of solution procedures was
developed for the simplified model. For a beam–column joint
subjected to a horizontal load at the column top, the following
procedure can be utilised to determine the load–displacement
curve.

& Step 1. Provide a lateral displacement δh at the column
top and calculate the corresponding rotation θc via
Equation 1.

& Step 2. Assume rotation θj of the joint and
compute rotation θ0c of the column through Equations 2
and 3. Thus, rotation θcj of the column with respect
to the joint interface can be determined from Equation 4.

& Step 3. Assume a neutral-axis depth cc of the column
and calculate the strain εc of the tensile reinforcement
through Equations 12 and 13. Thereafter, the strain
profile at the column–joint interface can be determined
in accordance with the plane-section assumption.
Associated forces in the steel reinforcement and
concrete can be quantified based on respective
constitutive models. Force equilibrium at the column–joint
interface has to be satisfied, as expressed by
Equation 28.

& Step 4. Calculate rotation θbj from Equations 5–7.
& Step 5. Assume a neutral-axis depth cbr and determine

elongation δbr of the tensile reinforcement at the
beam–joint interface from Equation 14.

& Step 6. Assume a strain εbr and calculate δbs and sbruntil
the value obtained from Equation 15 is equal to that from
Equation 14.

& Step 7. Determine the strain profile at the beam–joint
interface and calculate the internal forces sustained by the
steel reinforcement and concrete. If equilibrium in
Equation 26 is satisfied, the corresponding bending
moment can be computed from Equation 25.

& Step 8. Calculate the horizontal force Pc applied to the
column top in accordance with force equilibrium.

When a vertical load is applied to the beam, an associated ver-
tical displacement δv has to be assumed and rotations θbj and
θcj can be determined from Equations 9 and 11, respectively.
The foregoing procedure can also be employed to calculate the
vertical load.

Validation of the rigid-plastic model
The behaviour of interior and exterior beam–column joints
under seismic loads was simulated using the rigid-plastic model.
Table 1 summarises the geometric properties and reinforcement
details of the interior and exterior joints. Figures 6 and 7 show
the envelopes of load–displacement of interior joints tested by
Ruitong and Park (1987) and Xin (1992) and the model results;
horizontal load was applied at the column top during testing. A
comparison of the analytical and experimental results suggests
that the model yields reasonably good estimations of the load–
displacement curves at the ascending and plateau stages.
However, as buckling of compressive reinforcement is not

Table 1. Properties of interior and exterior beam–column joints and measured and calculated yield displacements

Joint

Beam Column

Δym:
mm

Δyc:
mm

Δyc

Δym

Length:
mm

Cross-
section: mm Rebar detailsa Height: mm

Cross-
section: mm Rebar detailsa

Ruitong and Park (1987)
Unit 1 1916 229�457 5D16; 2D16 1008 305�406 8HD16 15·1 17·0 1·13
Unit 2 2D28; 2D20 8HD20 19·6 19·0 0·97
Unit 3 5D16; 2D16 6HD16+2HD12 13·1 19·0 1·45
Unit 4 2D28; 2D20 6HD20+2HD16 18·0 19·0 1·06

Xin (1992)
Unit 1 1525 250�500 7HD12; 2HD12 985 300�450 4HD28+2HD20 20·7 20·0 0·97
Unit 2 4HD16; 2HD16 4HD24+4HD16 14·4 17·5 1·22
Unit 3 4HD16; 4HD16 4HD32+4HD20 16·5 17·0 1·03
Unit 4 2HD20; 2HD16 4HD28+2HD20+2HD16 14·1 15·5 1·10
Unit 5 3HD20; 3HD20 4HD32+4HD20 12·7 17·0 1·34
Unit 6 2HD28; 2HD20 16·3 17·5 1·07

Megget (1974)
Unit A 1400 255�460 2D25+D29; 2D29 1270 330�380 8D22 18·0 18·0 1·00

Scarpas (1981)
Unit 1 2210 355�610 6D20; 6D20 1372 457�457 12D20 — 16·0 —

Unit 2 6D20+2D24;
6D20+2D24

— 17·0 —

Unit 3 6D20; 6D20 — 15·0 —

Mean 1·12
Coefficient of variation: % 14

aD16 denotes deformed grade 275 steel bar of 16 mm diameter and HD16 denotes deformed grade 380 steel bar of 16 mm diameter
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considered in the model, the decrease in horizontal load prior
to failure cannot be accurately simulated. Regarding the exterior
joints, vertical load was applied to the beam end. The envelopes
of the load–displacement curves reported by Megget (1974)
and Scarpas (1981) are compared with the model results in
Figures 8 and 9. Once again, the agreement between the
analytical and experimental results is reasonably good. The joint
tested by Megget (1974), with different areas of top and bottom
reinforcement in the beam, exhibited significantly different
load–displacement responses when subjected to hogging and
sagging moments at the beam end, and thus both loading con-
ditions were considered by the model.

Components of internal forces
In addition to the overall load–displacement curves of beam–

column joints, internal forces acting at the joint interfaces can

also be obtained through the rigid-plastic model. Unit 1,
tested by Xin (1992), was analysed using the proposed model.
Figure 10 shows the variations in forces sustained by the steel
reinforcement and the concrete in the compression zones of
columns and beams. A negative value represents compression
force and a positive value denotes tension force. In the com-
pression zone of the columns, the forces in the steel reinforce-
ment and concrete increased at the initial stage and were then
nearly constant with increasing horizontal displacement, as
shown in Figure 10(a). The maximum compression force in the
concrete was 2·36 times that in the steel reinforcement.
However, compression forces in the beams displayed showed
different variations, as shown in Figure 10(b). The compression
force in the concrete increased to a maximum of 392·4 kN and
thereafter decreased gradually due to crushing of the concrete.
In the meantime, the compressive reinforcement started to
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Figure 6. Comparison of experimental (Ruitong and Park, 1987) and analytical load–displacement curves of interior joints: (a) unit 1;
(b) unit 2; (c) unit 3; (d) unit 4
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sustain more compression force, and the maximum fraction of
the reinforcement force in the total compression force was
around 46%. Due to identical top and bottom reinforcement
ratios in the beams, the left- and right-hand beams developed
the same internal forces at the joint interfaces. By varying the
top and bottom reinforcement ratios, the compression force
sustained by the steel reinforcement can differ significantly.

Based on equilibrium of the beam–column joint, the horizon-
tal shear force in the joint can be calculated (Paulay and
Priestley, 1992) using

29: V jh ¼ Trs þ C lc þ C ls � Pc

in which Pc is the horizontal load at the column top and Vjh is
the horizontal shear force in the beam–column joint.

Figure 11 shows the variation of horizontal shear force in the
beam–column joint. At the initial stage, the joint shear force
was nearly proportional to the horizontal displacement of the
column, levelling off with increasing horizontal displacement
at the column top. In addition to the total shear force, the
portion of shear force transferred by the compressive concrete
was calculated and is also shown in Figure 11. The contri-
bution of the concrete compression force to the total shear
force attained a maximum value of 65% at 40 mm horizontal
displacement. With a further increase in horizontal displace-
ment, the ratio decreased to around 34% due to crushing of
the concrete in the compression zone.

Variations of neutral-axis depths and strains
To investigate the behaviour of beam–column joints at the sec-
tional level, neutral-axis depths and strains of the steel

reinforcement and concrete at the joint interfaces were
obtained from the rigid-plastic model. Figure 12 shows the
variations of neutral-axis depths of beams and columns. It can
be seen that the neutral-axis depth at the column–joint interface
decreased when the horizontal displacement of the column
was less than 15 mm. Thereafter, a nearly constant value of
136 mm was reached. However, the minimum neutral-axis
depth of the beam was only 65 mm. It is noteworthy that with
increasing horizontal displacement of the column, the beam
neutral-axis depth increased slowly due to progressive crushing
of the concrete in the compression zone.

Figure 13 shows the variations of strains of steel reinforcement
and concrete with horizontal displacement of the column. At
the column–joint interface, the maximum strain of tensile
reinforcement was around 0·0013 (see Figure 13(a)), much less
than its yield strain of 0·0023. In addition, the maximum
strain of the extreme compression concrete fibre was only
0·0006. Thus, a plastic hinge did not form at the column–joint
interface. However, at the beam–joint interface, the tensile
reinforcing bars attained their yield strain at about 20·0 mm
horizontal displacement, as shown in Figure 13(b), and then
the strain increased rapidly due to post-yield behaviour. In the
compression zone, the compressive strain of concrete increased
slowly to 0·0172, whereas the strain of the compressive
reinforcement was only 0·0012 – significantly smaller than that
of the tensile reinforcement and concrete. These variations in
strains agree well with the calculated forces in the compression
zone of the beam, as shown in Figure 10(b).

Based on the calculated strain of the tensile reinforcement, the
yield displacement of the beam–column joints can be deter-
mined from the analytical model; these are reported in
Table 1. It should be noted that the yield displacement of the
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interior beam–column joints refers to the average value of
horizontal displacement at which the top and bottom
reinforcement of the beam attained the yield strength whereas,
in exterior joints, it represents the displacement at which the
beam top reinforcement yielded. The average ratio of calcu-
lated to measured yield displacements was 1·12, with a coeffi-
cient of variation of 14%. Thus, the yield displacement of
beam–column joints is slightly overestimated through the
model. However, the yield displacement of exterior joints
tested by Scarpas (1981) was not provided and only analytical
values are included in Table 1.

Components of joint deformations
Under cyclic loading conditions, RC beam–column joints
experience significant deformations. As shear distortion of the
joint zone and shear deformations of beams and columns

are neglected in the rigid-plastic model, total deformations
comprise two components – the deformations of beams and
columns. Figure 14 shows the rotations of beams and columns
relative to the joint zone. Note that the total rotation of
the beams includes flexural deformation and the rotation
induced by slip of the beam longitudinal reinforcement
embedded in the joint zone. With increasing horizontal dis-
placement at the column top, the rotation of the beams kept
increasing, whereas rotation of the columns increased to a
value of 0·0022 rad at about 20 mm horizontal displacement
and then remained nearly constant. In terms of the ratio of
beam rotation to total rotation of the joint, the ratio increased
from 0·76 to 0·96 when the horizontal displacement at the
column top varied from 10 mm to 125 mm, indicating that
rotation of the joint started to concentrate at the beam–joint
interfaces.
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Slip of steel reinforcement
Slips of the beam longitudinal reinforcement at the centre of
the embedment length and the joint interface were calculated
using the bond–slip model. Figure 15 shows the variations in
reinforcement slip in relation to horizontal displacement at the
column top. At the elastic stage of steel reinforcement, the slip
at the centre of the embedment length was close to that at the
joint interface, as shown in Figure 15. When the top reinforce-
ment yielded at the beam–joint interface at 20 mm horizontal
displacement of column, the slip at the joint centre was only
0·41 mm. Once post-yield behaviour of the steel reinforcement
commenced, the slip at the joint interface increased rapidly to
7·63 mm due to inelastic elongation of the reinforcement,
whereas the slip at the joint centre remained limited to only
0·79 mm – less than the slip associated with the maximum

bond stress. Therefore, pull-out failure of the beam reinforce-
ment did occur in the joint zone, as the maximum bond stress
between the steel reinforcement and concrete had not been
attained along the elastic steel segment.

With slip of the tensile reinforcement at the joint interface, the
total rotation of the beams with regard to the joint can be
decomposed into two components – reinforcement slip and
flexural deformation of the beams. These two components can
be calculated using

30: θrs ¼ sbr
hb � cbr � asb
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31: θrb ¼ δbs
hb � cbr � asb

where θrs and θrb are the rotations of beams relative to the
joint resulting from, respectively, slip of longitudinal reinforce-
ment from the joint and beam flexural deformation.

Figure 16 shows the variation in beam rotations due to
reinforcement slip and flexural deformation. At the beam–joint
interface, the components of beam rotation induced by flexural
deformation and reinforcement slip increased with increasing
horizontal displacement at the column top. The maximum
rotation caused by beam flexural deformation was 0·035 rad.
In addition, the figure shows that slip of the longitudinal
reinforcement in the beam contributed an increasingly greater
portion to total rotation of the beam relative to the joint. The
maximum ratio of beam rotation induced by reinforcement slip

to the total rotation was around 37%. Therefore, if slip of the
reinforcement embedded in the beam–column joint is not con-
sidered in the model, much stiffer behaviour is predicted.

Discussion of the joint model
The rigid-plastic model proposed by Park (1964) assumes that
the steel reinforcement has yielded and the concrete has; thus,
only the plastic behaviour of beams or slabs could be pre-
dicted. Furthermore, the slip of the longitudinal reinforcement
relative to the joint was not considered and therefore the esti-
mated load–displacement response was fairly stiff. In the pro-
posed joint model, a bilinear stress–strain curve is assumed for
the steel reinforcement, and the stress–strain model for concrete
proposed by Mander et al. (1988) is utilised instead of an
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equivalent rectangular compressive stress block to calculate the
compression force sustained by the concrete. Therefore, the
load–displacement curve of the beam–column joint can be
determined at the elastic stage. In addition to the concrete
model, the proposed model also considers slip of the beam
longitudinal reinforcement embedded in the joint. Elastic and
post-yield bond stresses determined by Kang and Tan (2015b)
are used to determine the slip of longitudinal reinforcement
at different stages. Accordingly, good agreement between
experimental and analytical results can be obtained.

However, the simplified model has several limitations. During
analysis, the beams, columns and joint zone are assumed to
remain rigid and shear deformations are neglected. Therefore,
the model is only applicable to beam–column joints with ade-
quate stirrups, as shear failure of the joints cannot be pre-
dicted. In addition, only the force–displacement envelope can
be obtained for interior and exterior beam–column joints sub-
jected to lateral loads, whereas the whole response under cyclic
loadings cannot be simulated. As a result, the accumulation of
damage under cyclic loading conditions is not considered,
which may result in overestimation of the applied load.

Conclusions
An analytical model for RC beam–column joints under seismic
loads has been described. In the model, the beams, columns
and the joint are assumed to remain rigid and flexural defor-
mations are concentrated at the joint interfaces. Strains of steel
reinforcement and concrete are determined from the compatibil-
ity condition at the joint interfaces, and slips of beam longitudi-
nal reinforcement embedded in the joint are taken into
consideration. Furthermore, forces acting at the joint interfaces
are calculated by means of stress–strain models of steel bars and
concrete. The model was validated using previously obtained
experimental results of interior and exterior beam–column
joints under seismic loads. In addition to the load–displacement

envelopes, neutral-axis depths and strains at the joint interfaces
can also be obtained through the model to gain insight into the
joint behaviour at the sectional level. The model can also be
used to estimate the yield displacement of beam–column joints
and to quantify the forces transferred through the steel reinforce-
ment and the concrete into the joint zone. The model therefore
enables further analytical study of the behaviour of a joint zone
subjected to horizontal shear forces.
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