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Abstract

Microtask crowdsourcing, as an efficient and economical method for a requester to

outsource tasks to online workers, is becoming increasingly popular in many domains,

especially collecting labels for large-scale datasets. In microtask crowdsourcing, a

requester usually needs to accomplish three steps: firstly, recruit as many as possible

workers from the market; then, assign tasks to the workers based on their performance;

lastly, reward good workers and meanwhile punish bad workers. For these three steps,

various mechanisms have been proposed. Under certain assumptions about workers’

responses to the rewards, these mechanisms can theoretically ensure workers to follow

the strategies desired by the requester and thus maximize the revenue of the requester.

However, these assumptions may be violated in practice, which causes the failure of

these theoretically elegant mechanisms. Thereby, recent studies move their focus

to the learning-based mechanisms which learn workers’ models in an online fashion

rather than simply assuming one. In this thesis, we propose three novel learning-based

mechanisms, each for one step, to push forward the studies in this direction.

More specifically, when recruiting workers from the microtask crowdsourcing mar-

ket, an important factor that can be controlled by the requester is the base reward

guaranteed for each task, termed the price of tasks. Deciding a proper price is very

challenging because overpricing causes inefficient use of the budget, whereas under-

pricing may lead to an insufficient number of participating workers. To solve this

problem, researchers propose posted-price mechanisms which use the classic multi-

armed bandit algorithms to learn the worker model online and accordingly adjust the

price to be optimal. In this thesis, we propose a novel posted-price mechanism which

not only outperforms existing mechanisms on improving the utilities of the requester

but also avoids their need for a finite price range as the prior knowledge. The advan-

tages are achieved by designing an optimal multi-armed bandit algorithm to exploit

the unique features of microtask crowdsourcing. We theoretically show the optimality

of our algorithm and prove that the performance upper bound can be achieved with-

out the need for a prior price range. We also conduct extensive experiments using

real price data to verify the advantages and practicability of our mechanism.



Improper task assignment in microtask crowdsourcing may significantly increase

the number of needed labels. This is because crowdsourcing workers are often non-

experts and redundant labels are collected for each task. Hence, researchers propose

active task assignment mechanisms which use variational inference and active learning

strategies to learn worker models and decide the optimal task assignment, respectively.

However, active learning assumes labels are fully reliable while microtask crowdsourc-

ing may generate many wrong labels. These active learning strategies, which evaluate

each possible assignment at first and then greedily select the optimal one, thus may

require prohibitive computation time but still leave some room for improvement. In

this thesis, we develop a novel active task assignment mechanism by firstly deriving

an efficient algorithm for assignment evaluation. Then, to overcome the uncertainty

of labels, we modulate the scope of the greedy task assignment with the label uncer-

tainty and keep the evaluation being optimistic. The experiments on four popular

worker models and four MTurk datasets show that our mechanism needs the least

workers and has the highest computation efficiency.

The rewards for workers consist of the rewards guaranteed when recruiting them

and the bonus. Through adjusting the bounds according to workers’ contributions,

reward mechanisms aim to induce high-quality labels. To this end, the existing reward

mechanisms assume workers are fully rational and evaluate their contributions by

comparing the labels of two workers. In this thesis, we build a novel sequential reward

mechanism by firstly developing a Bayesian inference algorithm which uses all the

collected labels to evaluate workers’ contributions. Then, we propose a reinforcement

learning algorithm, relying on the above evaluation, to uncover how workers respond to

different levels of rewards. Our mechanism determines the rewards for workers based

on workers’ current contributions and their patterns of responding to the rewards. We

theoretically prove that our mechanism is able to incentivize workers to provide high-

quality labels. We also empirically show that, compared with the simple comparison

in the existing reward mechanisms, our Bayesian inference algorithm can improve the

robustness and lower the variance of rewards. Besides, our reinforcement learning

algorithm can adapt our mechanism to different kinds of worker models, which avoids

the impractical assumption for rational workers.

To summarize, we propose three novel learning-based mechanisms for the three

core steps of microtask crowdsourcing. Putting these mechanisms together, we ac-

tually expect to construct a novel microtask crowdsourcing system which is more

intelligent and more practical in managing a large crowd of workers.
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Chapter 1

Introduction

Crowdsourcing is an economical and efficient method to outsource thousands of tasks

to a crowd of individuals on the Web via an open call for contributions [31, 80, 14].

It has been used to solve problems in various domains, from design innovation to

software development [89]. Early applications of crowdsourcing usually incentivize

the worker crowd by the fun or community belonging incentives. A famous example

of gamification-based crowdsourcing systems is the ESP game [87]. In this game, all

players cannot interact with each other. Two players will win the game only when

they generate the same tag for one picture. Later on, researchers propose an exten-

sion of the ESP game, Peekaboom, where the players need to annotate specific objects

in the required image [88]. Another famous crowdsourcing project is Wikipedia, the

largest and most popular general reference project on the Internet1. In spite of these

successful applications, the use of monetary rewards become more and more pop-

ular in recent years because they can attract workers to make persistent and stable

contributions [17]. Thus, in this thesis, we focus on the cutting-edge studies on crowd-

sourcing systems which use monetary rewards to induce the active participation and

high efforts from a large crowd of self-interested online workers.

Depending on the types of tasks, crowdsourcing takes different forms. In this

thesis, we focus on microtask crowdsourcing, one of the most widely-adopted crowd-

sourcing forms. In microtask crowdsourcing, one group of people, who are called the

requesters, post tasks on a microtask crowdsourcing platform. Another group of peo-

ple (so called workers) contribute their efforts to solve these tasks and report their

1https://en.wikipedia.org/wiki/Wikipedia
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Chapter 1. Introduction

solutions to a requester. For each report provided by the workers, the requester will

pay a small monetary reward in return. The tasks in microtask crowdsourcing are

usually repetitive and easy for an individual to perform but very tedious. Popular

examples of such tasks include: image tagging, audio transcription, survey filling,

rewriting product reviews, and transcription of scanned shopping receipts [22].

The most common and successful applications of microtask crowdsourcing is to

provide data for machine learning algorithms [17, 77, 91]. For example, in the field of

computer vision, the famous ImageNet dataset contains 14, 197, 122 images that are

annotated with the help of the crowdsourcing workforce [42]. In the field of natural

language processing, the well-known RTE dataset employs crowdsourcing workers to

check whether a hypothesis sentence can be inferred from the provided sentence [81].

Furthermore, some researchers even propose hybrid human-machine systems which

deeply integrate microtask crowdsourcing and machine-running algorithms [87]. This

hybrid system can combine both the scalability of machine-running algorithms over

large amounts of data as well as the ability of human workers in analyzing and un-

derstanding data. For example, crowd-powered databases leverage crowdsourcing to

match, rank, and aggregate data based on fuzzy criteria [20]. Due to the strong con-

nection between crowdsourcing and data collection, in this thesis, we call workers’

reports about tasks as labels without considering which kind of tasks they are.

According to the report of World Bank in 2015 [43], the past several years have

seen a fast growth of the microtask crowdsourcing markets. To support this rapidly

growing market, various platforms have been developed. Prominent microtask crowd-

sourcing platforms include Amazon Mechanical Turk (AMTurk), Microworkers, and

CrowdFlower. Now, there are thousands of active requesters and workers all around

the world on these platforms every day. This makes crowdsourcing a promising al-

ternative to the traditional employment which requires workers to stay in the office.

However, in the way of managing this large number of workers, these platforms still

heavily rely on the requesters to decide everything. In this thesis, we wish to develop

an intelligent microtask crowdsourcing system to remove requesters’ hands from the

wheel.

2



Chapter 1. Introduction

Generally speaking, to leverage the power of crowd workers on these microtask

crowdsourcing platforms, a requester needs to accomplish the following three steps:

1) Worker Recruitment: After the tasks are posted, all workers are able to

see the tasks. To finish the tasks, the requester has to recruit a large enough

number of workers. There are usually hundreds of data requesters on a platform.

Workers are free to work on tasks that they think are the most interesting, those

they like to complete or the best paid ones. Thus, in worker recruitment, a

requester actually needs to compete with other requesters on the platform.

2) Task Assignment: After recruiting a certain number of workers from the

microtask crowdsourcing market, the requester needs to decide which task to

be assigned to which worker. In microtask crowdsourcing, a requester usually

needs to handle hundreds of tasks and workers with varying difficulty and quality

levels. Improper task assignment may signifcantly increase the number of labels

needed for high accuracy, and the requester needs to pay for each collected label.

Thus, finding a proper method to assign tasks is very important.

3) Reward Payment: After collecting labels from the workers, the requester

needs to pay monetary rewards to the workers. It is very natural to expect that

those workers who provide high-quality labels should get high rewards as the

incentives, while those who are not so responsible should be given low rewards

as the punishment. By doing so, the workers can be incentivized to be more

responsible for the assigned tasks, and thus the label accuracy can be improved.

To help the requester to gain the maximal revenue in the above three steps, various

mechanisms have been developed. These mechanisms try to affect workers’ strategies

by adjusting the monetary rewards paid to workers. However, they usually need to

make some impractical assumptions about workers. For example, workers are fully

rational—i.e. workers have full knowledge about the mechanisms and only follow the

utility-maximizing strategy. Recently, to avoid these assumptions, researchers pro-

posed learning-based mechanisms which learn workers’ models in an online fashion

3



Chapter 1. Introduction

rather simply assuming one. Nevertheless, the existing learning-based mechanisms

often simply grab some classic machine learning techniques and plug them into the

settings of microtask crowdsourcing. This way of design overlooks the unique features

or problems of microtask crowdsourcing, which certainly cannot improve the revenue

of the requester to the utmost. Thereby, in this thesis, we firstly aim to improve

the existing learning-based mechanisms by developing machine learning algorithms

specifically for the worker recruitment and task assignment steps of microtask crowd-

sourcing. Then, for the step of reward payment, since no learning-based mechanism

has been developed, we design a completely new one based on Bayesian inference and

reinforcement learning.

1.1 Problems and Challenges

1.1.1 Worker Recruitment

In microtask crowdsourcing markets, workers are free to work on tasks that they like.

For a requester, to attract more workers, one commonly-adopted way is to promise

more rewards for each task. Different from the final rewards paid in the third step

(reward payment), the promised rewards here mean the base rewards which are only

a part of the final payments. For the sake of distinction, we call this base reward as

the price of a task. Since the budget owned by the requester is always limited and

the number of tasks is very large, determining the price of tasks properly is always

a key challenge of recruiting workers in microtask crowdsourcing. Overpricing causes

inefficient use of the budget, whereas underpricing may lead to an insufficient number

of participating workers [2]. To solve this problem, researchers propose an incentive

mechanism which requires all workers to report the prices they are willing to accept

at first [78]. It then decides the optimal price accordingly. The idea behind this

mechanism is that it can theoretically ensure that workers can only get the maximal

expected rewards by truthfully reporting their willing-to-accept prices. However, in

practice, workers may not be able to figure out an explicit willing price or always

follow the reward-maximizing strategy. We say that workers are bounded rational in

4
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this case. Due to the existence of bounded rationality, researcher propose another very

promising alternative mechanism, the posted-price mechanism [79]. This mechanism

only requires workers to make reject-or-accept decisions for the price offered to them.

With these binary decisions, the mechanism can learn the worker model online and

accordingly adjusts the price to be optimal. This way of design not only avoids the

aforementioned strong assumption about workers but also lowers the communication

burden between workers and the mechanism, which greatly facilitates the practical

usage.

Nevertheless, existing posted-price mechanisms are still inadequate in two aspects.

First, existing posted-price mechanisms directly apply the classic bandit algorithms

which need to blindly try all the possible prices in the beginning [4]. They overlook

the unique features of microtask crowdsourcing: the number of workers willing to

accept the task is unknown and increases monotonically with the increasing price,

whereas the number of workers allowed by the limited budget is accurately known

and decreases monotonically. These features can be employed to guide the price

adjustment of posted-price mechanisms. Second, the performance of existing posted-

price mechanisms significantly degrades if the number of possible prices is very large.

This is because all the possible prices need to be tried in their mechanisms. Hence,

the requester is required to input a proper range of prices in advance, which causes

much inconvenience. Thus, in this thesis, we focus on overcoming the above two

drawbacks by exploiting the unique features of the worker recruitment process in

microtask crowdsourcing. We develop a novel posted-price mechanism which not only

reaches the theoretical optimum but also avoids setting a prior price range.

1.1.2 Task Assignment

Since tasks in microtask crowdsourcing are usually tedious and workers are often

non-experts, the resulting labels can be very noisy [37, 12]. As a remedy, many

microtask crowdsourcing markets follow the round-robin repeated labeling strategy

which randomly assigns multiple workers with a same task and all tasks are assigned

with a same number of workers [71]. In principle, as long as a sufficient number of

5
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labels is collected, this repeated labeling strategy can generate reports with high label

accuracy. However, workers should be paid for each label they provide. The cost

of having a great amount of redundant labels is non-trivial. In addition, the round-

robin strategy actually overlooks the difference between different tasks and workers,

and thus will waste lots of budget on easy tasks and low-quality workers. Thereby, it

is very crucial to look into a better way of allocating budget among tasks and workers

so that the accuracy growth rate can be maximized. By doing so, we can use few

reports to generate high-accuracy labels.

To achieve this objective, Welinder and Perona [92] propose an active task as-

signment mechanism which applies the classic active learning strategy, uncertainty

sampling [45]. They choose a high quality worker to handle the most uncertain task

at each step. The uncertainties of tasks and the quality of workers are evaluated

on-the-fly via running the variational inference algorithm online. Later on, Simpson

and Roberts [76] further improve the label accuracy by introducing another more

advanced active learning strategy, expected error reduction [70]. However, this strat-

egy requires to predict the expected benefit of each possible task assignment through

running the relatively slow variational inference algorithm for every possible future

report, which is computationally very expensive in microtask crowdsourcing. Besides,

all the data in active learning are assumed to be fully reliable, while a large number of

labels in microtask crowdsourcing may be wrong. This difference causes these classic

active learning strategies to be unable to handle the inference uncertainties in mi-

crotask crowdsouring, which inevitably lowers the label accuracy. Furthermore, their

variational inference algorithms are developed for a specific worker model. We need

to reinvent the wheel from scratch if changing to another worker model. Thus, in this

thesis, we solve these unique problems by combining active learning and variational

inference in microtask crowdsourcing. We formulate a novel active task assignment

mechanism which not only improves the label accuracy but also boosts the compu-

tation efficiency. Besides, our mechanism can flexibly incorporate different worker

models.

6



Chapter 1. Introduction

1.1.3 Reward Payment

As discussed in the last section, notwithstanding the distinctive advantages of mi-

crotask crowdsourcing, one salient concern about crowdsourcing is the quality of the

collected labels, as workers are often non-experts and tasks are very tedious. How

to improve the quality of the collected labels is always an important research topic

of microtask crowdsourcing. In addition to assigning more tasks to more responsible

workers, another popular way of improving the label quality is to adjust the rewards

for workers according to their contributions. Our objective is to reward the workers

who provide high-quality labels and punish those who only report low-quality labels.

However, in microtask crowdsourcing, it is very difficult to verify workers’ contribu-

tions because the ground-truth labels are either unavailable or too costly to obtain.

Thus, researchers call this problem information elicitation without verification [90].

To solve this problem, a class of incentive mechanisms, collectively called peer predic-

tion, has been developed [57, 39, 95, 94, 64, 97, 49]. The core idea of peer prediction

is quite simple and elegant – the mechanism designer financially incentivizes workers

according to the score of their contributions in comparison with their peers’. The

payment rules are designed so that each worker reporting truthfully or exerting high-

efforts to generate high-quality labels is a strict Bayesian Nash Equilibrium for all

workers.

Nonetheless, we note two undesirable properties of existing peer prediction mech-

anisms. Firstly, from the machine learning studies on the collected labels2 [99], we

know that the collected labels contain a wealth of information about the true labels

and workers’ labeling accuracy. However, existing peer prediction mechanisms often

rely on comparing the labels of the targeted worker with those of a small set of refer-

ence workers, which only exploits a limited share of the overall collected information.

This way of design will inevitably lower the robustness, and meanwhile increase the

2In microtask crowdsourcing, there is another branch of research which develops machine learning
algorithms to infer true labels from the collected noisy labels [66, 48, 101, 99]. These studies often
work as one-shot, post-processing procedures facing a static set of workers, whose labeling accuracy
is fixed and informative. They completely ignore the effects of rewards on workers’ strategies.
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variance of rewards, which is unfavorable in practice. Secondly, existing peer predic-

tion mechanisms simplify workers’ responses to the incentive mechanism by assuming

that workers are all fully rational. In other words, they assume that workers have full

knowledge about the incentive mechanism and will only follow the utility-maximizing

strategy we design for them. However, evidence reveals that human agents may fol-

low bounded rational models, or may improve their responding strategies gradually

in practice [75, 11, 21, 52, 53, 54]. To solve the above two drawbacks, we develop a

novel inference aided reinforcement reward mechanism by replacing the simple label

comparison with the combination of Bayesian inference and reinforcement learning

algorithms. Those machine learning algorithms can not only fully exploit the infor-

mation contained in the collected labels but also analyze workers’ responses to the

rewards and adjust the rewards accordingly. By doing so, our mechanism can incen-

tivize workers in a better way and avoid the impractical rationality assumption.

1.2 The Proposed Approaches

Focusing on the aforementioned deficiencies of the existing incentive mechanisms, we

propose three novel mechanisms which are summarized as follows:

• The optimal posted-price mechanism for microtask crowdsourcing [35,

34]: For worker recruitment, we propose a novel posted-price mechanism to fully

exploit the unique features of microtask crowdsourcing. More specifically, we

first convert the pricing problem into an equivalent multi-armed bandit (MAB)

problem. Then, we develop an algorithm that offers each coming worker the

minimum price at which the anticipated number of workers willing to accept

the task approximately equals the number of workers allowed by the budget.

In microtask crowdsourcing, the number of workers willing to accept the task

is unknown and increases monotonically with the increasing price, whereas the

number of workers allowed by the limited budget is accurately known and de-

creases monotonically. Due to the monotonicity features, our algorithm is proven

to be optimal. In addition, these features ensure that our algorithm will never
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explore overly high prices and thus does not need to set a price range in ad-

vance. To empirically validate the advantages of our mechanism over existing

ones, we conduct extensive experiments using three popular worker models as

well as the real-world price data collected from MTurk, a widely-adopted micro-

task crowdsourcing platform. Experimental results confirm that our mechanism

achieves almost the same performance as the idealized case where the accurate

worker model is known in advance (i.e., the optimal price is used from the very

beginning). We also carry out robustness tests to ensure the practicability of

our mechanism.

• An active task assignment mechanism for microtask crowdsourcing [36]:

To improve the task assignment of microtask crowdsourcing, we propose a novel

active task assignment mechanism. It utilizes the variational inference algorithm

to learn the estimates of true labels and worker models in an online fashion.

Different from the existing studies that assume one specific worker model, we

provide a unified formulation of different worker models so that our inference

algorithm can flexibly work with any of the worker models. In our mechanism,

we also develop a novel prediction-based task assignment strategy. To improve

computation efficiency, we derive the first-order approximation equations of our

variational inference algorithm that can be solved by Newton’s method effi-

ciently. To suppress the mutual reinforcement between the uncertainties of true

labels and worker models, we develop a heuristic rule to modulate the scope of

task assignment based on the uncertainty measurement of the current inference

results. Besides, we replace all the expected values with the upper confidence

bounds to achieve an optimistic prediction. We conduct extensive experiments

based on four popular worker models and four MTurk datasets. The empirical

results show that our mechanism not only requires the least number of labels for

high label accuracy but also achieves the highest computation efficiency among

all existing prediction-based task assignment approaches.
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• An inference aided reinforcement learning mechanism for microtask

crowdsourcing [33, 32]: To overcome the drawbacks of peer prediction mech-

anisms which are used to decide the rewards for workers in microtask crowd-

sourcing, we combine traditional mechanism design with Bayesian inference and

reinforcement learning techniques. The high level idea is as follows: we divide

the large to-be-collected dataset into relatively small task packages. At each

step, we employ workers to handle one task package and estimate the true la-

bels and workers’ strategies from their reports via Bayesian inference. Relying

on the above estimates, a reinforcement learning algorithm is used to uncover

how workers respond to different levels of offered payments. We determine the

rewards based on workers’ current strategies and the output of the reinforce-

ment learning algorithm. We theoretically prove that our mechanism is able to

incentivize workers to provide high-quality labels at equilibrium, which is the

objective of peer prediction mechanisms. We also empirically show that our

Bayesian inference algorithm can improve the robustness and lower the variance

of payment, and our reinforcement learning algorithm performs consistently well

under different worker models, such as bounded rational and self-learning work-

ers.

To summarize, we improve the existing incentive mechanisms of microtask crowdsourc-

ing in the following two aspects. Firstly, if there have been learning-based mechanisms

proposed, we improve the mechanisms by analyzing the unique features or problems

of microtask crowdsourcing. Secondly, if there is no learning-based mechanism, we

design a new one which can not only correctly incentivize rational workers but also

be adapted to bounded rational workers. Putting these two aspects together, we ac-

tually expect to build a more intelligent and more practical microtask crowdsourcing

platform which incentivizes workers via learning workers’ models.

1.3 Thesis Outline

The thesis consists of 6 chapters. The first two chapters introduce the background

knowledge, research problems, and related studies. Chapters 3-5 present the three
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novel learning-based mechanisms we develop to help the requesters to handle the

three core steps of microtask crowdsourcing: worker recruitment, task assignment

and reward payment. Finally, Chapter 6 concludes this thesis and proposes future

work. Below is a summary of each of the rest chapters in this thesis:

• Chapter 2. Literature review: It surveys the existing mechanisms developed

for microtask crowdsourcing systems and analyzes their deficiencies.

• Chapter 3. Optimal Posted-Price Mechanism: In this chapter, the optimal

posted-price mechanism for microtask crowdsourcing is proposed. It can im-

prove the revenue of the requester to the utmost by fully exploiting the unique

features of microtask crowdsourcing. It also avoids the need for prior knowledge

on the price range. Theoretical analysis and experimental results confirm that,

compared with existing pricing mechanisms, our posted-pricing mechanism can

provide the optimal performance with the least prior knowledge.

• Chapter 4. Active Task Assignment Mechanism: In this chapter, we pro-

pose a novel task assignment mechanism based on active learning techniques.

It improves existing mechanisms by solving the problems of insufficient label

accuracy, low computation efficiency and the lack of flexibility in incorporat-

ing different worker models. The extensive experiments on four popular worker

models and four real-world datasets have confirmed our advantages.

• Chapter 5. Inference Aided Reinforcement Learning Reward Mecha-

nism: In this chapter, we propose the inference aided reinforcement learning

mechanism to fully exploit the information contained in the collected labels and

relax the assumption for fully rational workers. Theoretical analysis ensures

that, for fully rational workers, our mechanism can correctly incentivize them

to elicit high efforts and report truthfully. Experimental results then show that

our mechanism can improve the robustness and lower the variance of rewards.

Meanwhile, our mechanism can perform consistently well under different worker

models, such as bounded rational and self-learning workers.
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• Chapter 6. Conclusions and future work: It concludes the thesis and indi-

cates potential future research directions.
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Chapter 2

Literature Review

Nowadays, microtask crowdsourcing has developed as an important tool for requesters

to efficiently and economically handle thousands of small tasks [80, 89]. To leverage

the power of microtask crowdsourcing, a requester often needs to go through three

steps: worker recruitment, task assignment and reward payment. Current microtask

crowdsourcing platforms still rely on the requesters themselves to decide everything

in the above three steps [79]. This is undesirable because a requester usually faces

thousands of workers at the same time. To remove the requesters’ hands from the

wheel, in the literature, researchers have proposed various mechanisms to accomplish

these three steps and improve the revenue of the requesters. In this way, we can

not only facilitate the usage of microtask crowdsourcing in practice but also further

enhance the advantages of microtask crowdsourcing.

In this chapter, we focus on reviewing the existing mechanisms used in the three

steps of microtask crowdsourcing. More specifically, we first survey the pricing mecha-

nisms used in the worker recruitment of microtask crowdsourcing and point out their

shortcomings in exploiting the unique features of microtask crowdsourcing and re-

quiring prior knowledge about the price range. Second, we review the existing task

assignment mechanisms and discuss their deficiencies in label accuracy, computation

efficiency and the flexibility to incorporate different worker models. At the third

step, we move our focus to the reward payment step and analyze the problems of the

traditional reward mechanisms on exploiting the information of collected labels and

requiring the impractical assumption about fully rational workers.
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2.1 Pricing in Worker Recruitment

Current crowdsourcing platforms, such as Amazon Mechanical Turk and Microwork-

ers, offer limited capability to the requester in designing the pricing policies, mostly

limiting them to a single fixed price. In this case, the only way to set prices is to

estimate workers’ willing-to-accept prices via a sufficient market analysis and then

compute an optimal fixed price which would maximize the utility of the requester.

However, this kind of market surveys usually is not cheap, which severely weakens the

advantages of microtask crowdsourcing [79]. Besides, the nature of the crowdsourcing

market is online and dynamic, and it is difficult to conduct market surveys for every

task package posted by data requesters because the value of the task package is often

not very high. In this case, the static and costly offline survey is not that meaning-

ful. Thus, previous researchers propose different mechanisms to dynamically adjust

the price of tasks, such as bargaining between requesters and workers to minimize

work [30] and workers bidding their willing-to-accept prices for tasks [78, 98, 9]. The

idea behind these mechanisms is that truthfully reporting the willing-to-accept prices

is the utility-maximizing strategy for workers. However, in microtask crowdsourcing,

due to the large number of workers, the above architecture will significantly increase

the communication burden. Besides, the worker may not trust the requester and un-

derstand the mechanism to reveal their willing-to-accept prices or they do not have

an explicit value for their willing-to-accept prices, which is a typical type of bounded

rationality [67].

Instead of requiring workers to report their willing-to-accept prices, recently, re-

searchers propose a more natural mechanism where workers come in a sequential man-

ner and are offered a take-it-or-leave-it price offer. The pricing mechanism adjusts

the offered price according to the accept-it-or-reject-it decisions of workers. We call

this kind of pricing mechanisms posted-price mechanism. In [5] and [79], posted-price

mechanisms are proven to have competitive and even better performance than the

aforementioned bidding mechanisms. Besides, in posted-price mechanisms, it is natu-

rally ensured that truthfully reporting the decisions is the utility-maximizing strategy
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for all workers. To achieve the design, existing posted-price mechanisms assume that

a worker accepts a task if the offered price is higher than the cost. Without prior

knowledge about workers’ costs, these mechanisms learn the cost distribution online

by counting the acceptance frequency. To maximize requesters’ revenue under the

uncertainty about workers’ costs, different price selection algorithms have been em-

ployed. Badanidiyuru et al. [5] discretize the range of workers’ costs into a geometric

progression, and use a heuristic policy to pick the price from the progression. Long

et al. [85] first use a part of the budget to randomly explore workers’ responses and

then greedily follow the optimal strategy learned based on workers’ responses in the

exploration strategy. Singla and Krause [79] then propose an improved policy which

selects the price with the highest upper confidence bound of the expected revenue

under the budget constraint. By doing so, Singla and Krause avoid the undirected

random exploration stage, which lowers the regret from O(B2/3) to O(log(B)).1 Fur-

thermore, Badanidiyuru et al. [6] and Agrawal and Devanur [1] propose to employ

linear programming (LP) to choose the optimal price. The LP problem is formulated

with the upper and lower confidence bounds of the expected revenue and the budget

cost of all possible prices.

To summarize, when a worker comes, the existing mechanisms estimate the ex-

pected revenue for all possible prices using the learned worker model, to choose the

optimal price with respect to that expectation. However, the learned worker model

may be inaccurate, causing the inaccuracy of the estimated revenue. Besides, an es-

sential condition of this approach is that the range of possible prices has to be finite.

Its accuracy will become even lower for a larger range of possible prices. Thereby,

a finite prior price range must be provided. In contrast, in the mechanism proposed

in Chapter 3, we only compare the estimated number of workers willing to accept

the task with the accurately known number of workers allowed by the limited bud-

get [35, 34]. Since one variable in our comparison is known in advance, we can avoid

the complex comparison in the existing mechanisms which compares the expected

1The O(B) item in [79] exists because the price is discrete and cannot reach the real optimal
price. This is not considered in other studies. For fair comparison, we should not include this item.
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revenue estimations corresponding to different prices. This feature makes the optimal

price computed by our mechanism more accurate. Meanwhile, since our mechanism

only cares about the minimum price at which the estimated number of workers willing

to accept the task equals the number of workers allowed by the limited budget, there

is no need to have a proper price range given in advance, which greatly facilitates the

practical use.

2.2 Task Assignment

In microtask crowdsourcing, the tasks are often tedious and workers are non-experts.

Thus, the resulting labels can be very noisy and how to improve the label accuracy is

always a key topic of microtask crowdsourcing studies [37, 12]. To improve the label

accuracy, many microtask crowdsourcing platforms follow the round-robin repeated

labeling strategy which randomly assigns multiple workers with a same task and all

tasks are assigned with a same number of workers [71]. In principle, as long as a

sufficient number of labels is collected, this repeated labeling strategy can generate

labels with high accuracy. However, we need to pay for each label we collect from

workers. The cost of having a great number of redundant labels is non-trivial. In

addition, the round-robin strategy overlooks the difference between different tasks and

workers, and thus will waste lots of budget on easy tasks andB low-quality workers.

To achieve high label accuracy with fewer labels and thus lower the labeling costs,

in many previous studies, researchers propose to actively select tasks and workers

at each step based on the online inference of true labels and worker models. By

doing so, more budget can be allocated to more difficult tasks and more reliable

workers, and then the accuracy growth rate gets boosted. In this thesis, we call this

approach active task assignment. The study on active task assignment starts from

Sheng et al. [71]. They assume workers to be homogeneous and infer the true labels of

tasks using majority voting. Their task assignment relies on the uncertainty sampling

strategy which randomly selects a worker to label the most uncertain task at each

step [45]. Then, Welinder and Perona [92] consider heterogeneous workers. They use
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the variational inference, a classic machine learning technique [86], to estimate true

labels and worker models. Since variational inference can learn the estimates about

the quality of workers’ labels, they extend uncertainty sampling by excluding those

workers whose quality measurements are very low at each step.

Later on, Simpson and Roberts [76] and Muhammadi et al. [59] employ another

more advanced strategy: expected error reduction [70]. Compared with uncertainty

sampling which purely relies on the current inference results, the expected error re-

duction predicts the benefits of all possible next-step assignments. At each step, the

most beneficial assignment is selected. In principle, this prediction-based strategy

can achieve higher accuracy growth rate than uncertainty sampling. However, to

compute all predictions, it needs to traverse all possible future labels corresponding

to each possible assignment. For each possible label, it then needs to run the inference

algorithm which also needs to repeatedly traverse all tasks and workers. Thus, for

a market with hundreds of tasks and workers, the computation cost of this strategy

will become prohibitive. To alleviate the computation cost, Zheng et al. [100] pro-

pose a more efficient way for prediction. They force the estimates of worker models

to be fixed and approximately update the estimates of true labels using Bayes’ the-

orem. Nevertheless, this approximation may bring large errors since it neglects the

correlation between the estimates of true labels and worker models.

Both uncertainty sampling and expected error reduction come from the active

learning studies which assume there is one fully reliable annotator [70]. By contrast,

microtask crowdsourcing only has many possibly unreliable workers. Considering the

uncertainty of labels in microtask crowdsourcing, Chen et al. [12] propose to use

the optimistic upper confidence bounds to replace the expected values for prediction.

However, their strategy is developed for the market where workers are homogeneous

and only the uncertainty of true label estimates needs to be considered. In a practical

market, workers are heterogeneous. Both the estimates of true labels and worker

models have a certain level of uncertainty. Even worse, the uncertainties in two

aspects might be mutually reinforced. The incorrect estimates of true labels will

cause the worker models to be wrong. The wrong worker models will in turn drive the
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inference to trust the incorrect estimates of true labels more. This iteration repeats,

which will cause all estimates to be completely wrong. This problem is very severe

when there are just few labels at the beginning stage. Due to the unique problems

of microtask crowdsourcing on uncertainty, the existing task assignment approaches

cannot improve the label accuracy to the utmost. Besides, the existing studies on

microtask crowdsourcing inference often develop their algorithms by assuming one

specific worker model [99]. Thus, if we directly apply these algorithms, our task

assignment mechanism will be bound with a certain worker model. When changing

to another model, we will always have to redevelop the whole framework, which is very

inconvenient. In other words, existing task assignment approaches lack the flexibility

to incorporate different types of worker models. Thus, in Chapter 4, we develop

a novel active task assignment mechanism to improve label accuracy, computation

efficiency and model flexibility [36].

Note that, in addition to the above research line, there are many other studies on

task assignment in microtask crowdsourcing. For example, Lin et al. [47], Kamar et

al. [40] and Fan et al. [19] focus on how to improve task assignment by incorporating

the features and machine learning classifier of tasks. In fact, our research in Chapter

4 can be beneficial to them because the benchmark active learning strategies in our

study are widely-adopted in their studies. It will be one of our future studies to

incorporate the contextual information of tasks in task assignment. Ho et al. [29],

Parameswaran et al. [62], and Tarable et al. [84] learn worker models using golden

tasks of which the true labels are known in advance. The golden tasks can also be

used to improve the learning of worker models.

2.3 Reward Payment

In addition to assigning more tasks to more reliable workers, another direction to

improve the label accuracy in microtask crowdsourcing is to adjust the rewards for

workers based on the analysis on the collected labels. The objective is to pay more

rewards to workers who provide higher-quality labels. By doing so, we expect to
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truthfully elicit high-quality labels from strategic workers. However, in microtask

crowdsourcing, the ground-truth labels often are either either unavailable or too costly

to obtain, which makes the evaluation of workers’ contributions very difficult. To solve

this problem, a class of mechanisms, collectively called peer prediction [63, 26, 39, 94,

64, 15], has been proposed in the literature.

Peer prediction was first proposed by Miller et al. [57]. They prove that any strictly

proper scoring rule [26] can be used to decide the rewards in peer prediction mech-

anisms. In their peer prediction mechanism, they assume that the requester knows

the joint distribution of the observed labels and this distribution to be the common

knowledge to all workers. Under these assumptions, the scoring rule is calculated

by comparing the labels of the targeted worker and another randomly selected ref-

erence worker. Their mechanism ensures that any worker can only get the maximal

rewards by truthfully reporting the observed label given all the other workers truth-

fully report their labels. However, a salient drawback of their mechanism is that, if all

workers randomly report the labels without observing the true labels, the workers can

even get higher rewards. To relax the assumption that the requester knows the joint

distribution of the observed labels, Prelec [63] propose another elegant mechanism,

Bayesian Truth Serum, which asks each worker to report not only the observed labels

but also a prediction on the distribution of other workers’ reports. The Bayesian

Truth Serum mechanism compares not only the labels between two workers but also

the distribution predictions. Even though the assumption for the requester is relaxed,

this mechanism still requires the joint distribution of the observed labels is common

knowledge for all workers. Besides, the uninformative equilibrium, where all workers

randomly report the labels and predictions, is still an unsolved problem. Thus, quite

a few follow up peer prediction mechanisms have been proposed to further relax the

assumptions [64, 94] and to get rid of the uninformative equilibrium [39].

In the above studies, the only factor that affects workers’ reporting strategies is

the rewards. More recently, Witkowski et al. [93] and Dasgupta and Ghosh [15]

formally studied more practical situations where workers need to exert higher efforts

to generate higher quality labels and the higher efforts will lead to higher costs of
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workers. In other words, workers’ reporting strategies are affected by not only the

rewards but also their own costs. In the peer prediction mechanism proposed by

Dasgupta and Ghosh [15], the equilibrium, where every agent first exerts maximum

efforts to obtain high-quality observations and then truthfully reports them, brings

the highest utility to all workers. Thus, it is not sensible for workers to all randomly

report the labels, which gets rid of the uninformative equilibrium. Based on their

mechanism, Shnayder et al. [73] and Kong and Schoenebeck [41] further extend the

results from binary labels to labels with more than two possible values.

Despite the attractive property of the recently proposed peer prediction mecha-

nisms, they still have two undesirable deficiencies. Firstly, no mater how complex the

formulations of these peer prediction mechanisms are, they still decide the rewards

by comparing the labels of the targeted worker with the labels of another randomly

selected reference worker. However, from the machine learning studies on microtask

crowdsourcing [99], we know that the collected labels contain a wealth of information

about the true labels and worker models. To be more specific, the ”cross validation”

between the labels provided by different workers for the same task can help us to

find the real true label. Meanwhile, the real true label will also be able to help us

to evaluate the performance of each worker. These mechanisms cannot fully exploit

the information contained in the collected labels, which will increase the variance and

lower the robustness of rewards. To solve this problem, Liu and Chen [50] propose to

train a supervised learning model (e.g. the neural network) with the collected labels

and then use the outputs of the trained model as the reference labels. However, the

supervised learning models rely on the contextual information of tasks which is usu-

ally not easy to get. Besides, training the supervised learning model for thousands

of tasks is often very time-consuming, and we cannot let workers wait for 10 hours

to get the rewards. Thus, in Chapter 5, we combine the peer prediction mechanism

with Bayesian inference, an unsupervised learning algorithm, which is computation-

ally very efficient and only uses the collected labels as inputs [33, 32]. By doing

so, we can not only achieve all the attracting properties of the state-of-the-art peer

prediction mechanisms but also efficiently compute the rewards with lower variance
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and higher robustness. Secondly, these peer prediction mechanisms simplify workers’

responses to the incentive mechanism by assuming that workers are all fully rational

and only follow the utility-maximizing strategy. However, some evidence exists that

human agents may follow bounded-rationality model, and may improve their respond-

ing strategies gradually in practice [75, 11, 21]. To adapt peer prediction mechanisms

to workers who may not be fully rational, Liu and Chen [51] propose to adjust the

mechanism in an online fashion with a bandit algorithm. However, the bandit al-

gorithm, which requires a static environment, will fail to learn the optimal settings

when workers adjust their strategies according to the interaction with the mechanism.

Thus, in Chapter 5, our another contribution is to develop a novel reinforcement algo-

rithm to adjust our reward mechanism. In this way, we can analyze workers’ response

patterns to the offered rewards and then adapt our mechanism to different types of

workers.

2.4 Summary

To summarize, this chapter extensively reviews the existing mechanisms in the task

pricing, task assignment and reward payment of microtask crowdsourcing systems.

We point out the challenging problems in the existing learning-based mechanisms is

that they simply apply the classic machine learning techniques, which overlooks the

unique features or problems of microtask crowdsourcing. For the reward mechanisms,

they not only still require the impractical assumption that workers are fully rational

but also cannot fully exploit the information contained in the collected labels. Thus,

in the following three chapters, we propose three novel mechanisms, each for one step,

by developing machine learning algorithms specifically for the mechanism design in

microtask crowdsourcing. Putting these mechanisms together, we expect to build a

novel microtask crowdsourcing system which is more intelligent and more practical in

managing the large crowd of workers.
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Optimal Posted-Price Mechanism

This chapter focuses on developing the optimal posted-price mechanism for the worker

recruitment process of microtask crowdsourcing. We propose a novel posted-price

mechanism to exploit the unique features of microtask crowdsourcing—higher task

prices can attract more workers from the market, but on the other hand, higher

prices allow fewer workers to be recruited due to the limited budget [35, 34]. More

specifically, we first convert the pricing problem into an equivalent multi-armed bandit

(MAB) problem. Then, we develop an algorithm that offers each coming worker the

minimum price at which the anticipated number of workers willing to accept the

task approximately equals the number of workers allowed by the budget. Due to the

monotonicity features of the numbers of workers that can be attracted and are allowed

to be recruited, our algorithm is theoretically proven to be optimal. In addition, these

features ensure that our algorithm will never explore overly high prices and thus does

not need to set a price range in advance.

The following sections of this chapter are arranged as follows. In section 3.1, we

formally describe the model of the worker recruitment process and the unique features

of microtask crowdsourcing. Then, in Section 3.2, we present the equivalent MAB

problem and the proposed posted-price mechanism. We put all the theoretical analysis

in Section 3.3, including the general performance upper bound and the performance

of our mechanism. In Section 3.4, a set of experiments on real-world price data

is conducted to further verify the advantages and practicability of our mechanism.

Finally, Section 3.5 summarizes this chapter. In addition, we list the key notations

used in this chapter as Table 3.1.
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Table 3.1: Key notations used in Chapter 3

B Recruitment budget N Total number of workers

p Price offered to a worker p∗ Optimal price

S Set of possible prices pi The i-th price in S

F (p)
The probability that a worker
accepts price p

U
Objective function (the
number of recruited workers)

k∗ Subscript of the optimal price µi Average acceptance rate of pi

k̂ Minimum POP based on µi b Upper confidence bound

Rπ Regret of any algorithm π R̃ Regret of our algorithm

δp Minimum gap between prices Kr Subscript of the highest price

A1 Set of steps that k̂ < k∗ A2 Set of steps that k̂ > k∗

A3 Set of steps that chooses pk∗−1 but satisfies k̂ = k∗

Ci The number of workers allowed by the budget (= B/(N · pi))

3.1 Modeling of Worker Recruitment

In the worker recruitment process of microtask crowdsourcing, a requester posts tasks

along with the price for each task. Workers can accept or reject the task. If they

accept and finish one task, they will be paid the offered price. In this section, we

formulate the requester and worker models, and study the unique features, optimal

price and performance metric of microtask crowdsourcing.

3.1.1 Requester and Worker Models

The requester gets benefits from the completed tasks. In this chapter, we assume

that each task has unit value. Thus, the requester wishes to maximize the number

of completed tasks within the given budget B. Assume there are N workers in the

market and workers will finish the task if accepting it.

The worker model depicts how workers decide to accept or reject the task. Here,

we give three typical worker models which will be utilized in our experiments:

• Private Cost Model [79] assumes that worker w accepts a task only if the offered

price pi is not lower than the cost cw for performing the task.
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• Discrete Choice Model [23] describes human’s preference for tasks with higher

utility. It assumes worker w accepts price pi with the probability

P ∝ exp[u(pi)]/{exp[u(pi)] + rw}

where rw denotes the effects of other tasks. u(pi) = αwpi + βw denotes the

utility of performing the offered task. The detailed discussion about how to

learn parameters αw and βw from the real-world data can be found in [23].

• Reference Payment Model [96] depicts human’s habit to maintain a reference

payment level rw. It assumes worker w accepts price pi with the probability

P ∝ {1 + exp[−αw − βw(pi − rw)]}−1

where αw and βw denote worker i’s interest and activeness, respectively. Yin

and Chen detailedly discussed the three parameters, αw, βw and rw, in [96].

Note that we list three worker models here just to show the possible ways that work-

ers make decisions, and in the literature, we cannot find more worker models. The

mechanism we propose later actually does not make any assumption about workers’

decision-making process. In other words, our mechanism is independent of the worker

model, and how to set the model parameters does not affect our mechanism.

In this chapter, we assume the stochastic and sequential arrival of workers. This

setting is widely-adopted in the research on the pricing mechanisms of microtask

crowdsourcing [79]. Under this assumption, workers arrive one at a time, and the

decision parameters of different workers (e.g. the cost ci) are the same or indepen-

dently and identically sampled from a same distribution1. Thus, the input-output

relationship of the worker models mentioned above can be described by a probability

function F (p). It denotes the probability at which the coming worker accepts the of-

fered price p. Since prices in practice must be positive, we require the support of F (p)

to be (0,+∞) (i.e. F (p) = 0 for p ≤ 0). Note that the stochastic arrival assumption

1Our mechanism is based on without any prior knowledge about the distribution. Thus, we do
not limit the specific form of the distribution. In other words, any distribution can be applied to
generate the parameters in worker’ models, and it will not affect our mechanism.
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may be violated in real crowdsourcing markets, and the number of workers N is also

always changing. Therefore, in our empirical experiments, we evaluate the robustness

of our mechanism in more practical settings where these factors are all considered.

3.1.2 Unique Features, Optimal Price and Metric

In the worker recruitment process, our objective is to use the limited budget to re-

cruit as many workers as possible. This objective is important because, in microtask

crowdsourcing, we need to let one task be labeled by multiple workers and improve

label accuracy by comparing the labels of different workers. In this case, recruiting

sufficient workers is the foundation of high-quality labels. On the other hand, the

budget of microtask crowdsourcing is usually very limited. Thus, how to use the bud-

get with the highest efficiency is very important. Formally, if we choose a price p for

all tasks, the requester’s objective will be

U(p) = min{N · F (p), B/p}. (3.1)

The first item denotes the expected number of workers accepting the price, and the

second item represents the budget constraint. Then, we can summarize the features

of the pricing problem in microtask crowdsourcing:

• Higher prices attract more workers — i.e. the acceptance probability function

F (p) is monotonically increasing;

• Higher prices allow fewer workers to be recruited — i.e. the budget constraint

B/p is monotonically decreasing;

• The optimal price p∗ = arg maxp U(p) is the point where the budget equals the

costs to recruit all workers willing to accept the price, i.e. N · F (p∗) = B/p∗.

Besides, the available prices in practice should be discrete (e.g. 1, 2, ... cents), and

the optimal price p∗ may be unavailable. Thus, we write the possible prices as an

increasing sequence (p1 < p2 < . . .), and denote the available optimal price with the

optimal subscript k∗ = arg maxk U(pk).
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We also introduce a performance metric for posted-price mechanisms, termed re-

gret. It denotes the gap between the mechanism and taking the optimal price pk∗ :

R(N,B) = U(pk∗ , B,N)− U(B,N) (3.2)

Maximizing the objective function U(B,N) is thus equivalent to minimizing the re-

gret. Note that the stochastic combination of different prices may generate higher

values for the objective function than the optimal price p∗ [6]. Nevertheless, finding

the optimal combination requires much more accurate F (p) than identifying the sin-

gle optimal price. Thus, the mechanisms targeting the optimal combination need to

explore sub-optimal prices more, and their performance turns out to be worse than

ours in experimental evaluation.

3.2 Indirect Design of Posted-Price Mechanism

When selecting prices, we face a dilemma between exploring possible better prices

and exploiting the current best price. A general idea to resolve this dilemma is to

compute and select the current optimal price while considering the uncertainties of the

learned worker model. However, it is not easy to properly measure the uncertainties.

In addition, budget constraint is another factor that needs attention. The requester

accumulates benefits by recruiting workers, and the recruitment stops when the budget

is exhausted. The stopping point is in fact not fixed due to the change of selected

prices, making it difficult to decide the current optimal price. Thus, designing a

mechanism that can also exploit unique features of microtask crowdsourcing becomes

even more challenging.

We adopt an indirect approach to design our mechanism. More specifically, in-

stead of directly solving the pricing problem of microtask crowdsourcing, we define an

equivalent multi-armed bandit (MAB) problem at first. It not only has the same opti-

mal solution as microtask crowdsourcing but also inherits all the unique features. The

only difference is that this equivalent problem has a fixed stopping point which sim-

plifies computing the current optimal. For this equivalent problem, we then develop
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an algorithm which optimally exploits the unique features of microtask crowdsourcing

and use it as the core of our mechanism. For clarity, all the theoretical analysis, in-

cluding the optimality of our MAB algorithm, the linkage between the two problems

on regret and the regret under the infinite price range, will be provided in Section 5.

3.2.1 Equivalent MAB Problem

We first define the equivalent MAB problem using the notations explained in microtask

crowdsourcing. Suppose that we need to repeatedly select a price pi ∈ {p1, . . . , pK} for

N times. After selecting the price pi in round n, we can observe a stochastic signal Xn

which follows the Bernoulli distribution. The mean of Xn equals to F (pi). Meanwhile,

the reward for choosing pi is Ũi = min{Fi, Ci}, where Fi = F (pi) and Ci = B/(N ·pi).

The rewards are accumulated in background, so we can only know the rewards after

finishing all the N selections. In fact, this new problem just equally divides the

objective function in microtask crowdsourcing into N rounds, i.e. Ũi = U(pi)/N . This

conversion helps us bypass the difficulty to predict the stopping point that the budget

is exhausted, when trying to exploit the unique features of microtask crowdsourcing.

It is also easy to conclude that this equivalent problem inherits all the unique features

of microtask crowdsourcing because Fi and Ci directly come from the acceptance

probability function and the budget constraint, and are monotonically increasing and

deceasing, respectively. In this case, the equivalent MAB problem also satisfies the

third unique feature of the pricing problem discussed above—i.e. the optimal price

should be the intersection point. Thus, the optimal arm of this MAB problem should

also be pk∗ , namely, the optimal price in the pricing problem.

Based on the three unique features, we introduce the following two kinds of possible

optimal prices (POPs):

• POP-1 is the price pk that satisfies Ck > Fk ≥ Ck+1;

• POP-2 is the price pk that satisfies Fk ≥ Ck > Fk−1.

Here, k ∈ {1, . . . , K}. For completeness, we add the conventions that p0 = 0 and

pK+1 = +∞. The rationale behind introducing POPs lies in the following theorem:
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Theorem 3.1 There is always one and only one POP-1 or POP-2. The optimal

price pk∗ must be POP-1 or POP-2.

[Proof of Existence:] Due to the monotonicity of F (p) and B/p, Fi−Ci is monotoni-

cally increasing when i changes from 1 to K. Meanwhile, the conventions, p0 = 0 and

pK+1 = +∞, lead to F0−C0 < 0 and FK+1−CK+1 > 0, respectively. Therefore, there

must exist k satisfying Fk −Ck < 0 and Fk+1 −Ck+1 ≥ 0. In this case, if Fk ≥ Ck+1,

then pk is POP-1; otherwise, pk+1 is POP-2.

[Proof of Uniqueness:] Let pk be POP-1. Then, for ∀i < k, Fi ≤ Fk < Ck ≤ Ci+1 <

Ci. For ∀i > k, Fi ≥ Fi−1 ≥ Fk ≥ Ck+1 ≥ Ci. Thus, pi 6=k cannot be POP-1 or

POP-2. Besides, let pk be POP-2. Then, for ∀i < k, Fi ≤ Fk−1 < Ck ≤ Ci+1 < Ci.

For ∀i > k, Fi ≥ Fk ≥ Ck ≥ Ci−1 > Ci. Thus, pi 6=k also cannot be POP-1 or POP-2.

[Proof of Optimality:] Let pk be POP-1 or POP-2. From the uniqueness proof, we

can have Fi ≤ min{Ck, Fk} for ∀i < k and Ci ≤ min{Ck, Fk} for ∀i > k. Therefore,

Ũk ≥ Ũi 6=k, and pk equals to the optimal price pk∗.

3.2.2 Optimal MAB Algorithm

Algorithm 1: Optimal MAB Algorithm (OA-MAB)

Input: n, S = {p1, . . . , pK}, µj(n) for i = 1 . . . K

1 Search for the minimum POP in S based on µi(n);

2 Output the current optimal price pk(n) at which:

k(n) =


k̂ if pk̂ is POP-1,

k̂ if pk̂ is POP-2 and
lk̂−1

2
∈ N

k̂ if pk̂ is POP-2,
lk̂−1

2
6∈ N and bk̂−1 < Ck̂

k̂ − 1 if pk̂ is POP-2,
lk̂−1

2
6∈ N and bk̂−1 ≥ Ck̂

where k̂ is the subscript of the minimum POP, and the upper confidence

bound b is defined in Equation 3.4.

Here we describe the optimal algorithm for the MAB problem, a novel price selec-

tion algorithm with the regret proven to match the Lai-Robbins regret lower bound

in Section 3.3.1. To formally describe the algorithm, we need the following notations.
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Let Ni(n) denote the number of times that price pi has been selected up to round n.

The empirical estimate of the acceptance probability Fi in round n is

µi(n) =
1

Ni(n)

n∑
t=1

1{k(t) = i}Xt (3.3)

where k(t) denotes the subscript of the selected price in round t, and we set µi(n) = 1

if Ni(n) = 0. Besides, we employ the KL-divergence to compute the upper confidence

bound of the estimate as:

bi(n, µi, Ni) = sup{q ≥ µi(n) : Ni(n) ·KL[µi(n), q] ≤ log(n) + 3 log(log(n))} (3.4)

with the convention that bi(n, µi, 0) = 1 and bi(n, 1, Ni) = 1. Here,

KL[x, y] = x log(
x

y
) + (1− x) log(

1− x
1− y )

denotes the KL-divergence between two Bernoulli distributions whose means are x

and y respectively. We adopt this upper confidence bound formulation because [24]

prove it to outperform other formations in Bernoulli distributions. Furthermore, we

define li(n) as the number of times that pi has been identified as not only the minimum

possible optimal price (being POP-1 or POP-2) but also POP-2. The pseudo-code of

the algorithm is presented in Algorithm 1.

3.2.3 Posted-Price Mechanism

Our posted-price mechanism is presented in Algorithm 2. The input parameters

include the budget B, the number of workers N and the minimum price gap δp. Here,

δp is a parameter of the microtask crowdsourcing platform and denotes the minimum

payment unit (e.g. 1 cent). Due to the search of the minimum possible optimal price

in our MAB algorithm, the probability of exploring overly large prices exponentially

decreases. We call this property probability decay and will further explain it in Section

3.3.3. This special property ensures the performance of our MAB algorithm to be

unaffected when K → +∞. Thus, our mechanism does not need the input of a finite

price range, which is required by other existing mechanisms. Furthermore, to strictly

ensure the offered price is not higher than the remaining budget Bn, we use Bn to

update the available price set S in our mechanism.
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Algorithm 2: Optimal Posted-Price Mechanism (OPPM)

1 Parameters: B, N , δp

2 Initialize: worker counter: n = 1; available budget: Bn = B;

the number of recruited workers: U = 0;

the number of available prices: K = bB/δpc;
the estimate of F : µi = 1 for i = 1 . . . K;

begin

3 while Bn > δp and n ≤ N do

4 K ← bBn/δpc , S ← {δp, 2δp, . . . , Kδp};
5 pk ← OA-MAB(n, S, µ1, . . . , µK);

6 Offer price pk(n) to the coming worker;

7 Observe the decision: Xn = 0 (reject) or 1 (accept);

8 Update: U ← U +Xn; Bn+1 ← Bn − pkXn;

µk ← (Nkµk +Xn)/(Nk + 1)

Nk(n) ← Nk(n) + 1;n← n+ 1

3.3 Theoretical Analysis

In this section, we provide extensive theoretical analysis to support our indirect ap-

proach to designing the posted-price mechanism.

3.3.1 Optimality of the MAB Algorithm

To prove the optimality of Algorithm 1, we firstly derive a general bound for the MAB

problem defined in Section 3.2.1, the Lai-Robbins regret lower bound [44]. Since

we expect for smaller regret, this classic lower bound represents the possible best

performance that can be achieved by any uniformly good algorithm. We say an

algorithm π is uniformly good if its regret is at most O(logN) for all possible F (p).

Besides, we keep B/N = const when N → +∞. This setting ensures the optimal

price pk∗ to be unchanged and can greatly facilitate the asymptotic analysis.

Theorem 3.2 In the MAB problem defined in Section 3.2.1, any uniformly good

algorithm π satisfies:

lim inf
N→∞

Rπ(N)

log(N)
=

{
0 pk∗ is POP-1

Ck∗−Fk∗−1

KL[Fk∗−1,Ck∗ ]
pk∗ is POP-2

(3.5)
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Proof: To prove this theorem, we firstly employ the Theorem 1 in the classic studies

of Graves and Lai [28]2 and can get

limN→∞ inf [Rπ(N)/ log(N)] ≥ w(F )

where w(F ) equals the output of the following LP problem:

min
∑K

j=1wj · [Ũk∗(F )− Ũj(F )]

s.t. inf F̌∈Z(F )

∑
j 6=k∗wj ·KL[Fj, F̌j] ≥ 1

where wj ≥ 0 and F̌ denotes the bad distribution that has the same value as F at k∗

but provides the largest rewards at another price ǩ 6= k∗. 1 in the right-hand side of

the constraint ensures the regret Rπ(N) to be [w(F ) + O(1)] · log(N), for which the

detailed explanation can be found in the Equation 2.5 of [28]. Even starting from k∗,

any algorithm still needs to explore other prices to distinguish F and F̌ . Otherwise, it

may miss the real optimal price ǩ if we substitute F with F̌ . All the bad distributions

form the set Z(F ):

Z(F ) = {F̌ |F̌k∗ = Fk∗ , Ũk∗(F̌ ) < maxk Ũk(F̌ )}.

Secondly, we solve the LP with the monotonicity of F (p) and C(p) considered. The

detailed deduction is as follows:

• If pk∗ is POP-1, Z(F ) = ∅ because

Ũk∗(F̌ ) = F̌k∗ ≥ F̌j<k∗ ≥ Ũj<k∗(F̌ )

Ũk∗(F̌ ) = F̌k∗ ≥ Cj>k∗ ≥ Ũj>k∗(F̌ ).

Thus, the minimal value is w(F ) = 0.

• If pk∗ is POP-2,

inf F̌∈Z(F )

∑
j 6=k∗

wjKL[Fj, F̌j] = wk∗−1 ·KL[Fk∗−1, Ck∗ ]

because:

F̌k∗−1 ≥ max
j
Ũj(F̌ ) > Ck∗ ,

2The Condition (2.14) for Theorem 1 in [Graves and Lai 1997] is equivalent to F (p(k
∗ − 1)) > 0,

which is satisfied in all cases.
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∑
j 6=k∗

wjKL[Fj, F̌j] ≥ wk∗−1KL[Fk∗−1, F̌k∗−1] > wk∗−1KL[Fk∗−1, Ck∗ ],

and, for ε > 0, constructing F̌ ε
j as F̌ ε

j = Fj for j 6= k∗ − 1 and F̌ ε
k∗−1 = Ck∗ + ε

leads to F̌ ε ∈ Z(F ) and

lim
ε→0

∑
j 6=k∗

wjKL[Fj, F̌
ε
j ] = wk∗−1KL[Fk∗−1, Ck∗ ].

Thus, the minimal value is obtained at

wk∗−1 = 1/KL[Fk∗−1, Ck∗ ] and wj 6=k∗−1 = 0.

Combining the above two cases, we can conclude Theorem 3.2.

Then, let R̃ be the regret of Algorithm 1. The optimality of our algorithm is guaran-

teed by the following theorem:

Theorem 3.3 The regret upper bound of Algorithm 1 equals the Lai-Robbins regret

lower bound, namely

lim supN→∞R̃/ log(N) = lim infN→∞R
π/ log(N). (3.6)

To prove this theorem, we firstly decompose the rounds where sub-optimal prices are

selected into the following sets:

{n ≤ N |k(n) 6= k∗} ⊂ A1 ∪ A2 ∪ A3, (3.7)

where A1 = {n|k̂(n) < k∗} and A2 = {n|k̂(n) > k∗} denote the cases where POP is

wrongly identified. A3 = {n| k̂(n) = k∗, k(n) = k∗ − 1} represents the cases where

POP is correct but the price is wrongly selected. Next, based on this decomposition,

we compute the regret of Algorithm 1 as:

Theorem 3.4

R̃ ≤ E|A1|+ E|A2|+ (Ck∗ − Fk∗−1) · E|A3| (3.8)

where | · | denotes the size of a set.

Proof: Considering the fact that Ũk∗ ≤ Ck∗, Ũk∗−1 = Fk∗−1 and 0 < Ũj ≤ Ũk∗ ≤ 1

hold for ∀j, we can have

R(B,N) = U(pk∗ , B,N)−∑N
n=1Ũk(n)

= (
∑

j<k∗−1 +
∑

j>k∗ +
∑

j=k∗−1)[Ũk∗ − Ũj]ENj

≤ E|A1|+ E|A2|+ (Ck∗ − Fk∗−1) · E|A3|
where, Nj denotes the total times that pj is selected.
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Furthermore, we can bound E|A1|, E|A2| and E|A3| with:

Theorem 3.5 E|A1| < +∞.

Proof: According to the settings of Algorithm 1, we derive

Qj
def
= {n|k̂ = j}

Wj
def
= {n|k̂ = j, k(n) = j}

}
⇒ |Wj| ≥ |Qj|/2

using the fact that pj is selected at least when
lj−1

2
∈ N. For j < k∗, to achieve

k̂ = j, µj should satisfy µj ≥ Cj+1. Meanwhile, Fj < Cj+1. Thus, µj > Fj holds

for all elements in Wj. According to Theorem 4.1 of [65], E|Wj| < ∞ and E|A1| =∑
j<k∗ E|Qj| < +∞, which concludes Theorem 3.5.

Theorem 3.6 E|A2| = O(log log(N)).

Proof: For any j > k∗, we can define the following sets:

Qj
def
= {n|pj is POP-1} Wj

def
= {n|pj is POP-2}

Furthermore, we can decompose the set Wj as:

Xj
def
= {n ∈ Wj|Nj−1(n) ≥ lj(n)/4}

Yj
def
= {n ∈ Wj|Nj−1(n) < lj(n)/4}

where lj(n) denotes the times that pj is identified as the minimum POP and POP-2.

Similar as Theorem 3.5, we can prove E|Qj| < +∞ and E|Xj| < +∞. Then, we can

derive

Zj
def
= {n ∈ Wj|bj−1(n) < Cj} ⇒ |Yj| ≤ 4|Zj|

using the fact that pj is selected at least lj(n)/4 times under the condition that (lj −

1)/2 6∈ N and bj−1(n) < Cj. Since Cj < Fj−1, according to Theorem 2 of [24],

E|Zj| ≤ γ log log(N), where γ is a constant. Thus, E|A2| =
∑

j>k∗(E|Qj|+ E|Wj|) =

O(log log(N)), which concludes Theorem 3.6.

Theorem 3.7 If pk∗ is POP-1, E|A3| < +∞ . If pk∗ is POP-2, E|A3| = O((1 +

ε) log(N)/KL[Fk∗−1, Ck∗ ]), where ε can be any positive number [24].

Proof: A3 denotes the case where pk∗ is identified as POP-2 in Algorithm 1 and
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k∗ − 1 is selected because bk∗−1 ≥ Ck∗. If k∗ is actually POP-1, we can know that

Ck∗ > Fk∗. However, to enter set A3, our algorithm must wrong identify pk∗ as

POP-2, which requires µk∗ ≥ Ck∗. In other words, our algorithm must maintain a

wrong estimation of Fk∗. Moreover, according to the settings of Algorithm 1, we can

know |A3| ≤ |H|/2, where the set H = n|µk∗ ≥ Ck∗. Similar as Theorem 3.5, we

can drive |H| < +∞ based on Theorem 4.1 of [65], which concludes E|A3| < +∞.

If k∗ is POP-2, we can get Fk∗−1 < Ck∗ ≤ bk∗−1. According to Theorem 2 of [24],

E|A3| = O((1 + ε) log(N)/KL[Fk∗−1, Ck∗ ]).

Using Theorems 3.4∼3.7, we can finally conclude Theorem 3.3.

3.3.2 Regret of Our Mechanism

Since the stopping point of posted-price mechanisms is not fixed, the regret of our

mechanism has a little difference with the regret of the proposed MAB algorithm

(Theorem 3.4). Thus, we here derive the regret upper bound of our mechanism as the

following Theorem 3.8.

Theorem 3.8 The expected regret of our mechanism satisfies:

R(N,B) ≤1 + E|A1|+ (Fk∗ − Fk∗−1)E|A3|

[Krδp − Fk∗pk∗ ] · E|A2|/pk∗
(3.9)

where Kr > k∗ denotes the subscript of the highest price explored by our mechanism.

Proof: The expected utility of our posted-price mechanism satisfies

U(M,B,N) =
Kr∑
i=1

E[Ni] · Fi.

Let T be the round when pk∗ can not be selected in T+1. Then, T = N or Bn(T+1) <

pk∗. The former denotes there are no workers any more. The latter denotes there is

not enough budget, where we have

B − pk∗ <
Kr∑
i=1

E[Ni(T )] · Fipi

≤
∑
i>k∗

E[Ni(T )] · [Fipi − Fk∗pk∗ ] +
Kr∑
i=1

E[Ni(T )] · Fk∗pk∗ .
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Thus,

E[T ] =
Kr∑
i=1

E[Ni(T )] > B/(Fk∗pk∗)− 1/Fk∗ −
∑
i>k∗

E[Ni(T )] · δi

where δi = (Fipi − Fk∗pk∗)/(Fk∗pk∗). Furthermore,

R = U(pk∗)−
Kr∑
i=1

E[Ni] · Fi

≤ min{N · Fk∗ , B/pk∗}+
∑
i<k∗

E[Ni(T )] · [Fk∗ − Fi]− E[T ] · Fk∗ .

When T = N ,

R ≤
∑
i<k∗

E[Ni(T )] · [Fk∗ − Fi].

When Bn(T + 1) < pk∗,

R < 1 +
∑
i<k∗

E[Ni(T )] · [Fk∗ − Fi] +
∑
i>k∗

E[Ni(T )] · δiFk∗ .

Since δi ≤ δKr , we can get

R < 1 +
∑
i<k∗

E[Ni(T )] · [Fk∗ − Fi] +
∑
i>k∗

E[Ni(T )] · Krδp − Fk∗pk∗
pk∗

.

Recall the definitions of A1, A2 and A3:

A1 = {n|k̂(n) < k∗} , A2 = {n|k̂(n) > k∗} , A3 = {n|k̂(n) = k∗, k(n) = k∗ − 1}.

Thus, ∑
i<k∗

E[Ni(T )] ≤ E|A1|+ E|A3| ,
∑
i>k∗

E[Ni(T )] = E|A2|.

Correspondingly, we can get

∑
i<k∗

E[Ni(T )] · [Fk∗ − Fi] ≤ E|A1|+ (Fk∗ − Fk∗−1)E|A3|

because Fk∗ − Fi ≤ 1. Meanwhile, we can have

∑
i>k∗

E[Ni(T )] · Krδp − Fk∗pk∗
pk∗

= [Krδp − Fk∗pk∗ ] · E|A2|/pk∗ .

Thereby, we can conclude Theorem 3.8.
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Theorems 3.4 and 3.8 show that the regrets of both the algorithm and the posted-

price mechanism are linearly proportional to E|A1|, E|A2| and E|A3|. This linkage

explains the rationale behind our indirect approach — i.e. we can first develop the

optimal MAB algorithm to minimize E|A1|, E|A2| and E|A3|, and then design our

mechanism based on the optimal MAB algorithm, which will also minimize the regret

of our mechanism. In addition, due to the probability decay that will be explained in

Section 5.3, Kr may be far smaller than bB/δpc, which will further reduce the regret

and is favorable in practical use.

3.3.3 The Regret under Infinite Price Range

In our mechanism, the price range is set as the budget B. However, in real markets,

B is usually very large, leading to a large number of possible prices. To avoid the low

efficiency of exploring a large price space, existing mechanisms all require inputting

a prior price range. By contrast, the regret of our mechanism is not affected by

the infinitely increasing price range. To demonstrate, we analyze the probability

distribution of the largest price explored in our mechanism:

Theorem 3.9 (Probability Decay) There exists a probability Pd < 1 which en-

sures P(Kr = k∗ + n) ≤ Pn−1
d .

Proof: If Algorithm 1 outputs Kr, pKr or pKr+1 must be identified as the minimum

POP. Thus, µk < Ck must hold for k∗ < ∀k < Kr. In this case, we can have

P(Kr = k∗ + n) ≤
∏k∗+n−1

k=k∗+1
P(µk ≤ Ck) (3.10)

Meanwhile, since the initial value of µi is set as 1 in Algorithm 2, to satisfy µk < Ck,

pk must be tried for at least one time. Considering the fact that Fk > Ck and the

Chernoff-Hoeffding bound [4], we can get

P(µk ≤ Ck) ≤ e−2Nk(Fk−Ck)2 ≤ e−2∆2

(3.11)

where ∆ = Fk∗+1 − Ck∗+1. Combining Equations 3.10 and 3.11, we can conclude

Theorem 3.9 by setting Pd as exp(−2∆2).
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Then, we conduct asymptotic analysis of the regret as:

Theorem 3.10 When N →∞ and B/N = const,

R(N,B) ≤
{

O(log logN) pk∗ is POP-1

O
(

Fk∗−Fk∗−1

KL[Fk∗−1,Ck∗ ]
logN

)
pk∗ is POP-2

Proof: Considering the probability decay, we can bound the expected value of the

right-hand side of Equation 3.9 using

∑∞

n=1
KrδpP(Kr = k∗ + n) ≤

∑∞

n=1
(k∗ + n)δpPnd (3.12)

The other items in Equation 3.9 are not affected by Kr. Furthermore, we can compute

the above infinite series as

∑∞

i=1
(k∗ + n)Pnd = (k∗ + 1)Z(Pd) + Z2(Pd) < +∞ (3.13)

where Z(Pd) = Pd/(1 − Pd). Thus, the effects of the infinite price range (B → ∞)

is bounded by a finite constant. Hence, using Theorems 3.5∼3.7, we can conclude

Theorem 3.10.

Theorem 3.10 shows that our mechanism not only outperforms the state-of-the-art

mechanism, BP-UCB [79], but also classic MAB algorithms, such as UCB-1 [4] and

OSUB [13]. In addition, even when the number of possible prices is infinite, the regret

upper bound we get in Theorem 3.10 still matches the Lai-Robbins regret lower bound

in Theorem 3.2. In other words, the optimality of our mechanism is not affected by

the number of possible prices, which is attractive for practical usage but unreachable

by existing posted-price mechanisms and MAB algorithms.

3.4 Experimental Evaluation

In this section, we empirically compare our mechanism with state-of-the-art mecha-

nisms including BP-UCB [79], PD-BwK [6] and UCB-BwK [1]. The idealized case

with the optimal price pk∗ known in advance and always selected is also employed for

comparison. The testbeds are built based on the three worker models mentioned in
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Table 3.2: Experimental settings for Posted-Price Mechanisms

Expt. Worker Model Price Range1 B/N

#1 Private Cost Model: ci ∼ U [5, 200]2 [5, 200] 40

#2
Discrete Choice Model:

[1, 200] 30
αi = 1/15, βi = 0.39, Mi = 2000

#3

Reference Payment Model:

[1, 200] 70αi ∈ {0, 1, 3}, βi ∈ {0, 1, 3}, ri ∈
{20, 60, 120}, Evenly Distributed

#4
The data (Fig. 3.1e) collected using

[1, 100] 10
MTurk-Tracker [17]

1 The price range is set for the benchmark mechanisms.
2 Here, U denotes the uniform distribution.

Section 3.1 and the real-world price data collected from MTurk. In our experiments,

workers come sequentially. The mechanism offers a price for each worker. The worker

decides to accept or reject the price according to the worker model. After observing

worker’s decision, the mechanism updates the price offered to the next worker. The

settings of our experiments are shown in Table 3.2. The price unit in all experiments

is the cent. The objective function is estimated with the mean of 100 runs. Besides,

we keep the ratio between the budget B and the number of workers N fixed so as to

ensure the optimal price pk∗ to be unchanged and thus a fair comparison. Meanwhile,

for different set of experiments, we keep testing different values of the ratio to show

that our mechanism can work very well in different parameter settings.

The results are shown in Fig. 1(a-d), respectively. We can conclude that our

mechanism remarkably outperforms state-of-the-art mechanisms.3 It even achieves

the same performance as the idealized case where pk∗ is known and always selected.

To explain the reason for the optimal performance of our mechanism, we compare the

selected price distributions in Fig. 3.1f. We can observe an overstaying of BP-UCB

at the current optimal price, which is caused by an over-exploitation on the current

estimate of F (p). UCB-BwK, on the other hand, shows an over-exploration on the

3The t-test also supports our conclusion. For example, in Figure 3.1c, if N = 1.0 × 104, the p-
values of the t tests between our mechanism and other algorithms except for using pk∗ are all below
1× 10−3.
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(a) Expt. #1 (b) Expt. #2
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Figure 3.1: Experiment results for posted-price mechanisms on different worker models

possible better prices. By contrast, our mechanism performs much better in balancing

exploitation and exploration. It can not only move quickly to pk∗ , but also accurately

stop exploration around pk∗ . Note that PD-BwK behaves similarly as UCB-BwK and

thus is not included for comparison in Fig. 3.1f.

To further verify the practical usability of our mechanism, we conduct robustness

analysis by considering two abnormal cases where the assumptions used for design are

violated. Here, we use the private cost model as the testbed, and the settings are the

same as Expt. #1. In Fig. 3.2a, we compare the performance of different mechanisms

when the number of workers N is not accurately given. The real number of workers
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(a) (b)

Figure 3.2: Robustness tests of posted-price mechanisms against: (a) the inaccurate
worker number; (b) the non-stochastic arrival of workers

N is 20000, and the relative error is calculated as (N̄ −N)/N , where N̄ is the value

offered to the mechanism. The comparison shows that our mechanism has distinct

advantages over state-of-the-art mechanisms in this abnormal case. Fig. 3.2b presents

the comparison of different mechanisms in a non-stochastic setting where two groups

with the private cost uniformly distributed in [5, 100) and [100, 200] respectively arrive

one after another. This setting can explain the phenomenon that working at night

may cost workers more than at day. The results show that the performance advantage

of our mechanism is kept in this non-stochastic setting.

3.5 Summary

In this chapter, we propose an optimal posted-price mechanism for microtask crowd-

sourcing. Compared with existing mechanisms, our mechanism not only has better

performance but also requires fewer inputs. To demonstrate the advantages, we firstly

prove the optimality of our algorithm that its regret matches the Lai-Robbins regret

lower bound. This lower bound applies to any possible algorithms and denotes the

best performance that can be achieved. Then, we prove that the regret of our mech-

anism is not affected by the infinite price range. Besides, the empirical results on

various worker models and the real price data collected from MTurk also verify the

advantages of our mechanism.
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Chapter 4

Active Task Assignment
Mechanism

This chapter focuses on the task assignment process of microtask crowdsourcing. We

propose a novel active crowd labeling framework to improve task assignment [36]. It

utilizes the variational inference algorithm to learn the estimates of true labels and

worker models in an online fashion. Different from the previous inference studies that

assume one specific worker model, we provide a unified formulation of different worker

models so that our inference algorithm can work with any of the worker models. In

our mechanism, we also propose a novel prediction-based task assignment strategy. To

improve computation efficiency, we derive the first-order approximation equations of

our variational inference algorithm that can be solved by Newton’s method efficiently.

To suppress the mutual reinforcement between the uncertainties of true labels and

worker models, we develop a heuristic rule to modulate the scope of task assignment

based on the uncertainty measurement of the current inference results. Besides, we

replace all the expected values with the upper confidence bounds to achieve an op-

timistic prediction. We conduct extensive experiments based on four popular worker

models and four MTurk datasets. The empirical results show that our framework not

only requires the least number of labels for high label accuracy but also achieves the

highest computation efficiency.

The following sections of this chapter are arranged as follows. In Section 4.1, we

formally describe the task assignment process in microtask crowdsourcing and provide

a general description of active task assignment mechanism. Then, in Section 4.2, we
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Table 4.1: Key notations used in Chapter 4

M Number of tasks N Number of workers

Lti(j) Worker i’s label for worker j at step t

Lt(j) Worker i’s label for task j at step t

Lt(j) The real true label of task j

S Label matrix, [si(j)] si(j) Worker i’s label for task j

Lt(j) Inferred true label for task j Ltj Simplified notation of Lt(j)
Ci Confusion matrix of worker i cikg Element of Ci

E
Set of constraints on Ci, for
example, {ci11 = ci22} B Basis of workers’ labeling

behaviour space

Bwl Element of B (basis matrix) θiwl Probability on basis Bwl

δijg Indicator function, 1(stij = g) A(t) Label accuracy at step t

qjk Parameter of the categorical distribution, P(Lj = k) = qjk

〈it, jt〉 Assign task jt to worker it at step t

I(t, x, z, λ) Accuracy increment when worker x label task z as λ at step t+ 1

Ĩ Estimation of I(t, x, z, λ) Q(t) Scope of task assignment

G̃(t, x, z) Conditional value-at-risk of EĨ(t, x, z, λ), where λ ∼ [qtzλ]

analyze the unique accuracy and efficiency problems existing in the task assignment

process of microtask crowdsourcing and propose a novel task assignment strategy

to solve these problems. In Section 4.3, we conduct extensive experiments on four

popular worker models and four MTurk datasets to validate the advantages of our

mechanism. Finally, Section 4.4 summarizes this section. In addition, we list the key

notations used in this chapter as Table 4.1. Note that, in this chapter, we use the

subscript t to denote the case that the variable is computed at step t.

4.1 Task Assignment in Microtask Crowdsourcing

Suppose there are M tasks and N workers in a push market of microtask crowdsourc-

ing. Tasks may belong to different classes numbered from 1 to K. L(j) ∈ {1, . . . , K}

denotes the true label of task j, and vector L = [L(j)]M represents the true labels of

all tasks, and we assume all tasks are independent. The labels collected up to step t

can be written as a matrix St = [si(j)]N×M , where si(j) ∈ {0, 1, . . . , K} and 0 means

task j has not been labeled by worker i. At each step t, our mechanism decides the
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assignment 〈it, jt〉 according to a certain task assignment strategy. After obtaining la-

bels, it firstly updates the label matrix St and then the true label estimates Lt(j) and

worker models based on the label matrix St. So, the accuracy A(t) of our mechanism

is calculated as

A(t) =
1

M

∑M

i=1
1[Lt(j) = L(j)]. (4.1)

In this chapter, we adopt a common assumption for the task assignment process of

microtask crowdsourcing that acquiring a label incurs a fixed unit cost [47]. Thus,

the objective of our active crowd labeling mechanism is to maximize the growth rate

of accuracy A(t) as the number of labels t.

To achieve this objective, our mechanism employs the variational inference to guide

the assignment of tasks.1 However, when applying this classic technique, it requires

to assume a specific worker model. If the worker model is changed, the variational

inference algorithm will need to be redeveloped. Thus, in this section, we propose a

unified formulation of different worker models, based on which we derive an online

variational inference algorithm that can take any worker model as the input. In this

way, our mechanism can flexibly incorporate different worker models.

4.1.1 Unified Formulation of Worker Models

Previous studies [102, 99] usually used the confusion matrix Ci = [cikg]K×K to depict

workers’ labeling behaviors. Here, cikg denotes the probability that worker i labels

a task in class k as class g. Since the number of free parameters in Ci increases

sharply as K increases, researchers have also introduced some simpler worker models.

For example, the widely-adopted one-coin worker model assumes that worker i has a

fixed probability to provide true labels for all tasks [99]. Welinder and Perona [92]

assume that, given true label k of a task, worker i has the same probability to choose

a wrong label g 6= k. In fact, these simplified models can be regarded as adding some

1We choose the variational inference technique because it can provide very stable performance in
online settings where labels are incrementally added, while other methods (e.g. the Dawid-Skene [16]
and Minimax [101] estimators) cannot. The reason behind is that the variational inference contains
Laplacian smoothing [48] in computation. This advantage has also been confirmed by our empirical
investigation.
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Algorithm 3: Basis of Workers’ Labeling Behavior Space

Input: the constraint set E = {cikg = cist}
Output: the basis of worker’ labeling behavior space B

1 w ← 0, l← 0,B ← ∅, T ← ∅
2 for k = 1 to K do

3 for g = 1 to K do

4 if g = 1 and cikg = cist does not hold for any cist ∈ T then

5 w ← w + 1, l← 1, Append Bwl with Bwl(k, g) = 1 to B
6 else if cikg = cist does not hold for any cist ∈ T then

7 l← l + 1, Append Bwl with Bwl(k, g) = 1 to B
8 else

9 If cikg = cist ∈ T and there exist m and n satisfying Bmn(s, t) = 1, set

Bmn(k, g) = 1

10 Append cikg to the set of traversed elements T

extra equality constraints to the confusion matrix. For example, the one-coin worker

model is equivalent to requiring ciks = cigt and cikk = cigg for all k 6= s and g 6= t.

We can formulate these constraints as cikg = cist, and they form a constraint set E.

Since variational inference cannot incorporate these equality constraints, we have to

redevelop the mechanism when changing to a different worker model. Thus, we build

a unified representation of worker models so that our inference algorithm can work

with different worker models without modification.

Mathematically, these equality constraints limit the values of the confusion matrix

to a subspace of the matrix space RK×K . We call this subspace as workers’ labeling

behavior space, which provides an equivalent representation of the worker model. To

uniformly depict this subspace, we formally define its basis as:

Definition 4.1 The basis of workers’ labeling behavior space B is a set of K × K

matrices Bwl, each element of which is 0 or 1. Besides, Bwl(k, g) = Bwl(s, t) = 1

is equivalent to requiring cikg = cist.
2 Note that, to uniformly represent different

worker models, we arrange all the basis matrices as a two dimensional table. Thus,

the subscripts of Bwl(k, g), w and l, denotes the row and column numbers in the

2All workers share the same behavior space. Thus, j does not denote a specific value.
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table. Meanwhile, all basis matrices are two dimensional. Thus, k and g in Bwl(k, g)

represent a specific position in the basis matrix.

In Definition 4.1, w ∈ [W ] and l ∈ [L(w)], where W and L(w) denote the degree of

freedom of rows in the confusion matrix and the elements in row w, respectively. We

do not need to know the values of W and L(w) in advance because they will be the

by-products of building the basis B. In Algorithm 3, we denote all the constraints

added to the confusion matrix (e.g. ci11 = ci22 and ci12 = ci21 in the aforementioned

one-coin model) by the constraint set E, and present the pseudo code to build the

basis B from E via traversing all elements in the confusion matrix by row.3 For

each element cikg, if it is not required to be the same as any previous element, we

will add a new basis matrix Bwl (line 7); otherwise, we just represent the equality

constraint cikg = cist by adding a new element 1 to the basis matrix corresponding to

cist (line 9). If the unconstrained cikg is the first element of a row, we add a new row

to the basis matrix set (line 5). In this way, we can map a row of the confusion matrix

to a row of the basis matrices (Theorem 4.2), which can facilitate the computation

of the normalization condition
∑

g cikg = 1. Based on Algorithm 3, we can derive the

following three properties of B:

Theorem 4.1 Given a pair of k ∈ [K] and g ∈ [K], there must exist one and only

one basis matrix Bwl satisfying Bwl(k, g) = 1.

Proof: For each pair of k and g, Algorithm 3 either adds a new basis matrix or sets

Bmn(k, g) = 1, which naturally ensures the existence of Bwl(k, g) = 1. On the other

hand, if there are two different basis matrices that satisfy Bm1n1(k, g) = Bm2n2(k, g) =

1, the element 1 can only be set in line 9 of Algorithm 3. Thus, there exist (s1, t1) and

(s2, t2) satisfying Bm1n1(s1, t1) = 1 and Bm2n2(s2, t2) = 1. Without loss of generality,

we assume cjs1t1 locates before cjs2t2. To add the basis matrix Bm2n2, cjs1t1 = cjs2t2

does not hold. However, both cis1t1 and cis2t2 equal cikg. These two aspects contradict,

which proves the uniqueness and thus concludes Theorem 4.1.

3Algorithm 3 will create a basis for a given family of worker models. Since our inference and task
assignment algorithms are designed without assuming a specific worker model, any models can be
used in our mechanism after transferring to the basis formation.
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Theorem 4.2 For the k-th row of Cj, if there exists k ∈ [K] satisfying Bwl(k, g) = 1,

Bmn(k, q) = 0 for all m 6= w and q ∈ [K].

Proof: Suppose the first k− 1 rows of Ci satisfy Theorem 4.2. Assume that, given

Bwl(k, g) = 1, there exist q ∈ [K], m 6= w, and n ∈ [L(w)] satisfying Bmn(k, q) = 1.

According to the uniqueness proved in Theorem 4.1, we can know that Bmn(k, g) = 0

and Bwl(k, q) = 0. Without loss of generality, we assume m < w. In Algorithm 3,

Bmn(k, q) = 1 can only be set through the third case, namely line 9. In other words,

there exists s < k and t ∈ [K] satisfying cikq = cist. However, due to the uniqueness,

Bmd(k, g) = 0 holds for all d ∈ [K], which means cikg 6= cisx for all x ∈ [K] because

our assumption at the beginning of this proof requires elements in row s of Ci share the

same w. Meanwhile, the normalization condition of probability requires
∑

x∈[K] cikx =∑
x∈[K] cisx = 1. Here, x is introduced to let cikx and cisx denote any element in rows

k and s, respectively. Since cikg 6= cisx for all x ∈ [K] while cikq = cist, we can obtain a

non-cancellable constraint that
∑

x6=q cikx =
∑

x 6=t cisx, which violates our requirement

that all equality constraints are in set E. Thereby, elements in row k must share the

same w. Besides, in Algorithm 3, all elements in the first row of Ci naturally satisfy

Theorem 4.2 because m in line 9 can only be 1. In this case, our recursive proof holds

for all rows of Ci, which concludes Theorem 4.2.

Theorem 4.3
∑

g∈[K] Bwl(k, g) = 0 or ||Bwl||, where || · || denotes the ∞-norm,

namely ||Bwl|| = maxk∈[K]

∑
g∈[K] Bwl(k, g).

Proof: Let
∑

g Bwl(k, g) = akl and
∑

g Bwl(s, g) = asl. Assume there exits q ∈ [K]

satisfying akq 6= asq, akq > 0 and asq > 0. According to Theorems 4.1 and 4.2, for

any element in rows k and s of Ci, for example, cikg, there exists x ∈ [K] staisfying

Bwx(k, g) = 1. Considering the normalization condition, we can obtain an equation

that
∑

l aklcikgkl =
∑

l aslcisgsl = 1, where the subscript gkl satisfies Bwl(k, gkl) = 1.

The existence of akq 6= asq will cause this equation to be a non-cancellable constraint

which violates our requirement that all constraints are in set E. Thus, the assumption

does not hold and akq = asq > 0. In this case, the ∞-norm satisfies akq = ||Bwl||,

which concludes Theorem 4.3.
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We say that a labeling behavior (for example, labeling a task in class k as class

g) is captured by Bwl when Bwl(k, g) = 1. Then, we use θiwl =
∑

g cikgBwl(k, g)

to denote the probability that the labeling behaviors captured by Bwl happen when

the true label is k. Suppose there exists another s 6= k and t ∈ [K] satisfying

Bwl(s, t) = 1. In other words, there is another labeling behavior captured by Bwl.

Due to Theorem 4.3, we can get
∑

g cikgBwl(k, g) =
∑

g cisgBwl(s, g). Thus, we can

overlook the labeling behaviors in other rows and use θiwl without considering which

specific k is conditioned on. Taking the uniqueness of element 1 (Theorem 4.1) into

consideration, we can further calculate cikg as

cikg =
∑

w∈[W ]

∑
l∈[L(w)]

θiwl
||Bwl||

Bwl(k, g). (4.2)

Meanwhile, Theorem 4.2 ensures the equivalence between the normalization conditions∑
g cikg = 1 and

∑
l θiwl = 1. In this way, we convert different worker models into a

set of standard K ×K basis matrices and uniformly denote the variables of different

worker models by the conditional probability vector θi = [θiwl]. These basis matrices

can be further included in our inference algorithm and task assignment strategy, which

enables our mechanism to incorporate different worker models without modification.

4.1.2 Online Variational Inference

To apply the variational inference technique, we first need to analyze the joint prob-

ability distribution of the observed label matrix St, the hidden true labels L, and

the conditional probability vector Θ = [θi]. From [102], we can know that the joint

probability distribution of L, Θ and the confusion matrix C = [Ci] satisfying

P(L, St,C) =
∏

i∈[N ],j∈[M ],g∈[K]

(
ciLjg

)δtijg (4.3)

where δtijg = 1(stij = g) is 1 only when worker i’s label for task j is g and 0 otherwise.

For the simplicity of notations, we use Lj to denote L(j). Substituting Equation 4.2

into the Equation 4.3, we can compute the joint probability distribution of L, Θ and

St as

P(L,Θ, St) =
∏

i∈[N ],j∈[M ],g∈[K]
w∈[W ],l∈[L(w)]

(
θiwl
||Bwl||

)δtijgBwl(Lj ,g)
(4.4)
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Then, we need to analyze the probability distribution of hidden variables, namely the

true labels L and the conditional probability vector Θ. According to the mean field

theory [86], we can factorize the distribution of L and Θ as

P(L,Θ) =
∏M

j=1
P(Lj) ·

∏N

i=1

∏W

w=1
P(θiw) (4.5)

where θiw = [θiw1, . . . , θiwL]. The assumption behind the mean field theory is that

all tasks and workers are independent. Furthermore, to ensure the normalization

condition of conditional probabilities
∑

l θiwl = 1, we approximate the probability

distribution P(θiw) with the Dirichlet distribution Dir(αiw), where the parameter

vector αiw = [αiw1, . . . , αiwL]. Meanwhile, for the simplicity of notations, we use qjk

to denote P(Lj = k). According to the basic theory of variational inference [86], the

optimal estimates of variational variables qjk and αiwl should minimize the following

KL divergence

KL[P(L,Θ)||P(L,Θ, St)] = −EP(L,Θ)[logP(L,Θ, St)]

+
∑

j
EP(Lj)[logP(Lj)] +

∑
i

∑
w
EP(θiw)[logP(θiw)]

(4.6)

Solving this minimization problem, we can have

αtiwl =
∑M

j=1

∑K

k=1

∑K

g=1
δtijgBwl(k, g) · qtjk + α0

wl (4.7)

log qtjk =
∑N

i=1

∑K

g=1

∑W

w=1

∑L

l=1
δtijg ·Bwl(k, g) ·

[
ψ(αtiwl)

−ψ(
∑L

l=1
αtiwl)− log(||Bwl||)

]
+ εj

(4.8)

where ψ(·) represents the digamma function and εj denotes the normalization con-

stant used to keep
∑

k qjk = 1. α0
wl denotes the value of αjwl at step 0, namely the

prior knowledge about workers. In our mechanism, we assume all workers to share

the same priors. According to the previous studies [12], we should be optimistic—i.e.

believing workers have higher probability to be correct. Here, we denote the priors cor-

responding to the correct- and wrong-label-reporting components by α0
w+l+ as α0

w−l− ,

respectively. Mathematically, there exists at least one k that ensures Bw+l+(k, k) = 1.

To be optimistic, we can set α0
w−l− = 1 while keeping α0

w+l+ > 1. On the other hand,

α0
w+l+ � N is needed so that the dominance of the first item in the right-hand side
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Algorithm 4: Active Task Assignment Mechanism
Input: the required number of labels T

the basis of workers’ labeling behavior space B
Output: the inferred true labels yT

1 for t = 0 to T − 1 do

2 〈it, jt〉 ← UMOA(qtik, α
t
jwl, S

t,B)

3 St+1 ← Get the label and update the label matrix St

4 〈qt+1
ik , αt+1

jwl 〉 ← Iterate Eq. 4.7 and 4.8 until convergence

5 yTi ← arg maxkq
T
ik (Maximum a Posterior Probability Rule)

of Equation 4.7 can be ensured. Our empirical investigation shows that the vaule

changes of α0
w+l+ in the range discussed above almost have no effects on the inference

results. Thus, we keep α0
w+l+ = 4 in this Chapter.

4.1.3 Pseudo-Code Summary

To summarize, we present the pseudo code of our active task assignment mechanism

in Algorithm 4. At each step, it firstly decides the task assignment 〈it, jt〉 based on the

current estimates of variational variables. After collecting a new label, our mechanism

updates the label matrix and solves the variational variables by iterating Equations

6 and 7 until convergence. Note that, to improve the computation efficiency, we use

the values of variational variables at the last step as the starting point of iteration.

When the required T labels are collected, we decide the true labels by using the classic

maximum a posteriori probability rule (line 5).

The remaining question of our mechanism is how to use the inferred variational

variables to guide the task assignment. The existing task assignment strategies [59, 12]

encounter the efficiency bottleneck and uncertainty reinforcement when combined with

variational inference in microtask crowdsourcing. This unique problem motivates

us to propose a novel task assignment strategy, uncertainty modulated optimistic

assignment (UMOA), which will be detailed in the next section.
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4.2 Task Assignment Strategy

The objective of our active task assignment mechanism is to maximize the growth

rate of accuracy A(t) as the number of labels t. However, the accuracy A(t) defined

in Equation 4.1 cannot be used to guide our task assignment because the true labels

L are unknown. Instead, we calculate the expectation of label accuracy based on the

estimated posterior distribution of true labels as

EA(t) =
1

M

M∑
j=1

ELj∼[qjk]

[
1(Ltj = Lj)

]
=

1

M

M∑
i=1

max
k∈[K]

qtjk. (4.9)

Suppose worker x provides label λ for task z at step t.4 Then, the expected accuracy

increment or error reduction brought by this new label can be calculated as

I(t, x, z, λ) =
1

M

M∑
j=1

(
maxkq

t+1
jk −maxkq

t
jk

)
.5 (4.10)

The classic expected error reduction strategy greedily selects the assignment 〈x, z〉

that maximizes EλI(t, x, z, λ), where the distributions of λ is computed based on the

current variational estimates qtjk and αtiwl. Nevertheless, when applying this simple

greedy strategy to microtask crowdsourcing, we observe the following two drawbacks.

• Efficiency Bottleneck: To find the optimal task assignment, we need to tra-

verse all possible pairs of tasks and workers. In other words, we need to compute

O(MN) times of EλI(t, x, z, λ). For every λ, we need to solve Equations 4.7 and

4.8 to compute qt+1
jk in Equation 4.10. Solving Equations 4.7 and 4.8 requires to

repeatedly go through all tasks and workers, and the time complexity is around

O(MN). Thereby, computing all the predictions requires O(M2N2) time costs,

which significantly lowers the computation efficiency because there are usually

hundreds of tasks and workers in a market.

• Uncertainty Reinforcement: Since we are uncertain about the true labels,

we cannot accurately infer worker models. The uncertainty of worker models will

4Here, we introduce the new notation to avoid the nested subscript it and jt in our derivation.
5The N tasks is included because the iteration used to solve Equations 4.7 and 4.8 makes the

true label estimates for all tasks correlated, even though the true labels of tasks are independent.
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in turn cause us to be more uncertain about the true labels. This reinforcement

process amplifies the uncertainties of the inferred true labels and worker models.

Thereby, if we purely rely on Equation 4.10 to guide the task assignment, we may

make severe mistakes. For example, after obtaining the first label, the inference

algorithm will trust the label because of the optimistic priors. This inferred true

label will increase our confidence about the worker’s ability to provide correct

labels. Then, we will choose this “trusted” worker to label a new task because

new tasks have the minimal maxkq
t
jk, and this worker becomes more “trusted”.

Finally, we use this “trusted” worker to label all tasks at first and then greedily

select workers who can provide the same label as this worker. This way of task

assignment is obviously not reasonable.

Due to this unique problem of microtask crowdsourcing, in this section, we first over-

come the efficiency bottleneck by developing an efficient algorithm to predict qt+1
jk .

Its time complexity is independent of M and N . Then, we suppress the uncertainty

reinforcement by using the uncertainty measurement of current inference results to

adjust the scope of task assignment. Furthermore, we follow the optimistic rule to

replace the expectations with the upper confidence bounds in prediction. After these

modifications, we formally write our task assignment strategy as Equation 4.22 below,

in Section 4.2.2.

4.2.1 Efficient Prediction

In Equations 4.7 and 4.8, the newly obtained label sxz = λ only causes the change

that δtxzλ = 0 → δt+1
xzλ = 1. When iteratively solving Equations 4.7 and 4.8, since

we use the estimates at step t as the starting values of step t + 1, this change firstly

affects the variational variables of task z and worker x. Through the second round

of iteration, the variational variables of the workers who have labeled task z and the

tasks that have been labeled by worker x will then be updated. This process repeats,

and finally the variational variables of all workers and tasks will be updated. To

achieve efficient prediction, we focus on the direct effects of sxz on task z and worker

51



Chapter 4. Active Task Assignment Mechanism

x and neglect its high-order effects on other tasks and workers. In other words, when

predicting the next-step values of variational variables, we assume qt+1
jk ≈ qtjk for j 6= z

and αt+1
iwl ≈ αtiwl for i 6= x. Despite this assumption, solving Equations 4.7 and 4.8 for

prediction still needs to repeatedly go through all tasks and workers. To overcome

this efficiency bottleneck, we construct a new set of equations to directly solve the

differences of qzk and αxwl between step t and t+ 1. Firstly, we define the differences

as

φtzk = qt+1
zk − qtzk , ϕtxwl = αt+1

xwl − αtxwl. (4.11)

Then, substituting Equation 4.7 into Equation 4.11, we can have

ϕtxwl =
∑K

k=1
Bwl(k, λ) · (φtzk + qtzk). (4.12)

According to Theorem 4.1, there will be at most one k satisfying ξkλwl = 1, which

ensures 0 ≤ ϕtxwl ≤ 1. On the other hand, in Equation 4.7, αtjwl will become far

larger than 1 as the number of labels increases. Thus, for the relatively small ϕtxwl,

we introduce the following linear approximation equation

ψ(αt+1
xwl)− ψ(αtxwl) ≈ ζ(αtxwl)ϕ

t
xwl (4.13)

where ζ(·) denotes the trigamma function [56]. Then, substituting Equations 4.8, 4.12

and 4.13 into Equation 4.11, we can have

log

(
1 +

φtzk
qtzk

)
−
∑K

g=1
Tkg · φtzg + ε̃z = H(k) (4.14)

where

Tkg =
∑W

w=1

∑L

l=1
τxwl ·Bwl(g, λ)

τxwl = Bwl(k, λ) · ζ(αtxwl)−
∑K

q=1
Bwq(k, λ) · ζ(

∑L

l=1
αtxwl)

H(k) =
∑W

w=1

∑L

l=1

∑K

g=1
τxwl ·Bwl(g, λ) · qtzg+∑W

w=1

∑L

l=1
Bwl(k, λ) ·

[
ψ(αtxwl)− ψ(

∑L

l=1
αtxwl)− log ||Bwl||

]
.

The relaxation variable ε̃z ensures the probability sum of all label values to always be

1, namely ∑K

k=1
qt+1
zk −

∑K

k=1
qtzk =

∑K

k=1
φtzk = 0. (4.15)

52



Chapter 4. Active Task Assignment Mechanism

In this way, we convert the prediction of the variational variables as solving K + 1

logarithmic equations.

The most efficient method to solve Equations 4.14 and 4.15 is Newton’s method [8].

However, the overshoot of Newton’s method may cause the essential condition φtzk ≥

−qtzk in Equation 4.14 to be violated. Thus, we eliminate the non-negative condition

of the logarithmic function via defining a new variable as

σtzk = log
(
1 + φtzk/q

t
zk

)
. (4.16)

Then, we can rewrite Equations 4.14 and 4.15 as F = 0, where the vector F =

[F (k)]K+1. For k = 1, . . . , K,

F (k) = σtzk −
∑K

g=1
Tkg · qtzg · (eσ

t
zg − 1) + ε̃z −H(k)

F (K + 1) =
∑K

k=1
qtzk · (eσ

t
zk − 1).

(4.17)

Applying Newton’s method to solve the K + 1 exponential equations F = 0, we

can efficiently solve σtzk and then compute the estimates of the expected accuracy

increment as

Ĩ(t, x, z, λ) = (maxkq
t
zk · eσ

t
zk −maxkq

t
zk)/N. (4.18)

4.2.2 Task Assignment

To suppress the reinforcement between the uncertainties of true labels and worker

models, we heuristically set an upper bound for the uncertainty of the inferred true

labels. When the number of labels is very small, the uncertainty upper bound should

be very low to prevent the misjudgment of true labels and the corresponding worker

models. If the upper bound is not reached, we will force the next-step task assignment

to stay at the same task to ensure accurate estimates of true labels and worker models.

We call this period as the exploration stage. When the number of labels is large

enough, few wrong labels cannot cause us to make severe mistakes in the inference

of worker models. In this stage, to boost the label accuracy to the utmost, our

mechanism should be able to freely select the task assignment that can bring the

largest expected accuracy increment, which requires a high uncertainty upper bound.
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Thus, we introduce the logistic function and formally write the uncertainty upper

bound of the inferred true labels as

1−maxk∈[K]q
t
jt−1k

≤ K − 1

K
· 1

1 + exp [−a(t− b)] (4.19)

where the left-hand side denotes the uncertainty measurement of task it−1. On the

right-hand side, the coefficient K−1
K

is used because the minimal value of maxk∈[K]q
t
jt−1k

can be theoretically proven to be 1/K. In addition, the uncertainty parameters, a and

b, adjust the length of our exploration stage, respectively. We will decide the values

of these two parameters through empirical experiments in the next section. Based on

this uncertainty upper bound, we can define the scope of task assignment at step t as

Q(t) =

{
{〈i, j〉|j = jt−1, s

t
ij = 0} Cond.1 & 2

{〈i, j〉|stij = 0} Otherwise
(4.20)

where condition 1 denotes the violation of Equation 4.19. Condition 2 denotes that

the number of workers who have labeled task jt−1 is smaller than M . In other words,

there are still some workers for task jt−1 to choose. In addition, at step t = 0, we use

the convention that j−1 = 1 to start the assignment from the first task.

In addition, the obtained label λ from worker x can be any value in {1, . . . , K}.

Considering the uncertainty of online inference, we use the upper confidence bound

to replace the expectation in the expected error reduction strategy. For the K-

dimensional distribution over K possible values, the upper confidence of the expected

accuracy increment, G̃(t, x, z), can be computed as the conditional value-at-risk which

satisfies [68]:

G̃(t, x, z) = maxqλ≥0,λ∈[K]Ĩ(t, x, z, λ) · qλ

s.t. qλ ≤ P(st+1
xz = λ)/γ(t),

∑
λ
qλ = 1

(4.21)

where P(st+1
xz = λ) =

∑
k q

t
zkc

t
jkλ denotes the probability that the obtained label is λ.

Besides, γ(t) denotes the risk level, and 1 − γ equals the required confidence level.

We will empirically decide the γ(t) function in the next section. Lastly, our task

assignment strategy, uncertainty modulated optimistic assignment (UMOA), decides

the task assignment at step t by the following equation:

〈it, jt〉 = arg max〈x,z〉∈Q(t)G̃(t, x, z). (4.22)
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To summarize, our task assignment strategy first computes the expected accu-

racy increment Ĩ(t, x, z, λ) corresponding to each possible label λ by using Newton’s

method to solve Equation 4.17. This design avoids iteratively solving Equations 4.7

and 4.8, which will significantly improve the computation efficiency. Then, we opti-

mistically calculate the expected accuracy increment G̃(t, x, z) corresponding to as-

signment 〈x, z〉 as the upper confidence bound of Ĩ(t, x, z, λ). Meanwhile, we intro-

duce an upper bound for the uncertainty of true labels, and modulate the scope of

task assignments by comparing the current uncertainty measurement and the upper

bound. By doing so, we can suppress the reinforcement between the uncertainties of

true labels and worker models, which avoids wrongly judging and choosing low-quality

workers. Thus, the label accuracy growth rate can get boosted. Furthermore, we wish

to again highlight the importance of uniformly formulating different worker models as

the basis of workers’ labeling behavior space B. Without B, we will have to re-derive

Equations 4.7, 4.8, 4.14 and 4.17 as well as the Jacobi matrix required in Newton’s

method [8] when changing to another model of workers, which is not trivial to achieve.

4.3 Experimentation

In this section, we first present four popular worker models to demonstrate the pro-

posed basis of workers’ labeling behavior space. Then, we explain how to set the risk

level function γ(t) and the uncertainty parameters a and b. Since our task assign-

ment strategy is very robust to parameter values, we actually use the same parameter

settings in all the following comparison experiments. Next, we compare the compu-

tation efficiency of different task assignment strategies to show the importance of our

efficient prediction algorithm. Lastly, we compare the label accuracy by employing

the four worker models and four Mechanical Turk datasets.

4.3.1 Popular Worker Models

We firstly discuss two worker models for binary labels (K = 2):

55



Chapter 4. Active Task Assignment Mechanism

• One-Coin Model [12] assumes workers to have a fixed probability to provide

correct labels for all tasks, which requires Cj(1, 1) = Cj(2, 2) and Cj(1, 2) =

Cj(2, 1). Thus, the basis matrix set B corresponding to this model is:

B11 =

[
1 0
0 1

]
, B12 =

[
0 1
1 0

]
.

• Two-Coin Model [66] directly uses the confusion matrix to depict workers’ la-

beling behaviors. Thus, the corresponding basis matrix set B satisfies:

B11 =

[
1 0
0 0

]
, B12 =

[
0 1
0 0

]
B21 =

[
0 0
1 0

]
, B22 =

[
0 0
0 1

]
.

Then, we consider the more complex triple-valued labels (K = 3):

• No-Preference Model [92] assumes that workers have no preference over any

label value but workers’ labeling behaviors depend on the true labels of tasks.

In other words, workers will choose the two possible wrong labels with the

same probability, which is equivalent to requiring Cj(1, 2) = Cj(1, 3), Cj(2, 1) =

Cj(2, 3) and Cj(3, 1) = Cj(3, 2). Thus, the corresponding basis matrix set B

satisfies:

B11 =

1 0 0
0 0 0
0 0 0

 , B12 =

0 1 1
0 0 0
0 0 0

 , B21 =

0 0 0
1 0 1
0 0 0

 ,
B22 =

0 0 0
1 0 1
0 0 0

 , B31 =

0 0 0
0 0 0
0 0 1

 , B32 =

0 0 0
0 0 0
1 1 0

 .
• Middle-Preference Model [69] considers the psychological observation that if

there are three options, human workers usually have special preference for the

middle one. In this case, we can assume that workers have the same labeling

behavior for the other two options, which requires Cj(1, 1) = Cj(3, 3), Cj(1, 2) =

Cj(3, 2) and Cj(1, 3) = Cj(3, 1). Thus, the basis matrix set B corresponding to
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Figure 4.1: Experiments on different parameter settings of our mechanism

this model is:

B11 =

1 0 0
0 0 0
0 0 1

 , B12 =

0 1 0
0 0 0
0 1 0

 , B13 =

0 0 1
0 0 0
1 0 0

 ,
B21 =

0 0 0
0 1 0
0 0 0

 , B22 =

0 0 0
1 0 1
0 0 0

 .
4.3.2 Empirical Study on Parameter Settings

In Figure 4.1, we present the label accuracy comparison between different settings of

γ(t), a and b. Here, we use the popular one-coin worker model and binary labels as our

testbed. Note that, in our experiments, we have also tried other worker models and

get similar results. Thus, in this section, we only show the results of one-coin worker

model to support our conclusions. Besides, since parameters are correlated with

each other, we actually decide the parameter values by iteratively testing different

combinations. In Figure 4.1, we only show the final results.

In our experiments, we firstly generate the true labels of tasks via the uniform

distribution. Meanwhile, we generate workers’ probabilities to provide the correct
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label by using the uniform distribution over [0.5, 1.0]. Then, we generate workers’

labels based on the Bernoulli distribution. In Figure 4.1a, we employ the function

family γ(t) = 1 − exp(−c · t) to test the effects of changing risk level functions γ(t)

on label accuracy. The rationale of this function family roots in the fact that the

uncertainty of online inference will decrease as more labels are collected. In this case,

we can gradually increase the risk level. Besides, we calculate the label accuracy by

running the simulation for 10000 rounds. We use so many rounds of simulations to

support using the t-test to distinguish the slight differences between different risk level

functions. The simulation results show that the effects of the risk level functions are

very tiny. However, decreasing c from∞ to 0 can slightly improve the label accuracy.

Thus, we use γ(t) = 0 for our following experiments. In this case, we can simplify the

linear programming in Equation 4.21 as looking for the maximum value, namely

G̃(t, x, z) = maxλĨ(t, x, z, λ). (4.23)

By doing so, we can also slightly boost the efficiency.

In Figure 4.1b, we study the effects of the uncertainty parameters a and b by

running the simulation for 2000 rounds. From the figure, we can find that overly

large a and b values must be avoided. They will lead to an overly long exploration

stage, which has obviously adverse effects on the label accuracy. On the other hand,

smaller a and b can slightly improve the label accuracy at the beginning because

of a shorter exploration stage. However, an overly short exploration stage can also

degrade the label accuracy in some cases, for example, when high-quality workers

make some mistakes at the beginning. Due to this reason, we can observe that, when

the number of labels is larger than 100, the accuracy growth rate corresponding to

a = 0.06 and b = 100 is larger than the other two parameter settings with smaller a

and b. Actually, when the number of tasks is 100, the number of collected labels is at

least 100. Thus, the advantage when the number of labels is smaller than the number

of taks is meaningless, and we will not show the accuracy comparison of this stage in

following experiments.
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From Figure 4.1b to 4.1c and 4.1d, we increase the numbers of tasks and workers

by 2 times, respectively. The comparison between different parameter settings shows

that the major threat to label accuracy is still the overly large b which will greatly

lengthen the exploration stage. From Figure 4.1c, we can further obverse that as

the number of tasks increases, the effects of a, which is responsible for finely adjust

the length of exploration stage, will decrease. Besides, when the number of tasks

increases, we should slightly increase b. This is because, after the exploration stage,

our task assignment strategy will greedily label all tasks with reliable workers. In

this case, the cost to correct the mistakes in the learned worker models will increase,

which requires a smaller risk to wrongly judge workers and thus a longer exploration

stage. From Figure 4.1d, we can find that we should synchronously increase a as the

number of workers. This is because more workers require more steps to learn the

correct worker models. To summarize, parameters a and b capture the effects of more

workers and tasks, respectively. Note that, our conclusion is only suitable for the case

when the number of tasks is far larger than the number of workers. This is usually

satisfied in practice because a practical worker often needs to label hundreds of tasks

in a crowd labeling market.

4.3.3 Computation Efficiency Comparison

Table 4.2 compares the average one-step time cost of our mechanism when different

task assignment strategies are applied. The selected benchmarking task assignment

strategies include:

• Round-Robin strategy [71] randomly assigns the same number of workers for all

tasks;

• Uncertainty sampling [92] selects the most uncertain task at each step and ex-

cludes must-be-bad workers whose correction rate and the corresponding vari-

ance are lower than 0.55 and 0.052 respectively;

• Expected error reduction [59] greedily selects the task assignment that can bring

the maximum one-step expected accuracy increment at each step;
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• Optimistic KG [12] calculates the optimistic knowledge gradient (KG) as the

maximum expected accuracy increment of all possible next-step labels and se-

lects the one with the highest optimistic KG at each step;

• Bayesian approximation [100] fixes the learned worker models, uses Bayes’ the-

orem to predict the one-step expected accuracy increment, and selects the as-

signment with the maximal increment at each step.

Table 4.2: Computation time of different task assignment strategies

Task Assignment Strategies
One-Step Time Cost (ms)

(20, 10) (60, 10) (60, 20)

Round-Robin Strategy 0.7 0.8 0.8

Uncertainty Sampling 0.9 1.2 0.9

Expected Error Reduction 24 247 431

Optimistic KG 21 180 436

Bayesian Approximation 3.1 8.3 16

Our Strategy 1.5 3.2 5.6

In Table 4.2, the brackets (N,M) denote that the numbers of tasks and workers

are N and M , respectively. Our experiment settings here are the same as that in

Figure 4.2a, which will be detailed in the next section. The time cost is estimated

via running 100 rounds of experiments on Xeon CPU E5-1650 and collecting M · N

labels in each round of experiments. From Table 4.2, we can conclude that our

strategy is the most efficient among all prediction-based task assignment strategies

(i.e. the last ones). The time complexity of our strategy, which uses the efficient

prediction algorithm, is lower than O(NM). By contrast, the time complexity of the

expected error reduction and optimistic KG strategies is around O(N2M). In our

following experiments with hundreds of tasks and thousands of labels to collect, the

computation time of these two strategies is prohibitive. Thus, we also use our efficient

prediction algorithm to improve the efficiency of these two strategies and mark them

with [e] for distinction in the following sections. Besides, the computation efficiency of

the Bayesian approximation strategy is acceptable because it approximately predicts
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Figure 4.2: Label accuracy comparison on four popular worker models

the one-step expected accuracy increment by fixing workers’ models. However, this

approximation neglects the correlation between the estimates of worker models and

true labels, which will degrade the label accuracy. We will empirically show this point

in the next two sections.

4.3.4 Accuracy Comparison on Synthetic Data

To show the advantage of our strategy on accuracy growth rate, we conduct experi-

ments on the four aforementioned worker models and present the results in Figure 4.2.

Here, we set the number of experiments as 200 so that the differences between differ-

ent strategies can be distinguished by t-test. For example, the p-values of the t-tests
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corresponding to T = 1, 000 in Figure 4.2b between our strategy and benchmarking

strategies are all below 1× 10−10. In our experiments, we firstly generate the true la-

bels of tasks via the uniform distribution. Meanwhile, we generate worker models θjw

by using the Dirichlet distribution Dir(αw), where αwl = 4 if there exists k satisfying

Bwl(k, k) = 1 and αwl = 1 otherwise. Then, we compute workers’ confusion matrices

using Equation 4.2 and generate workers’ labels based on the categorical distribution.

In Figures 4.2a-d, we set the numbers of tasks and workers as 500 and 10, respec-

tively. Considering the fact that we should collect at least 500 labels for 500 tasks,

we start the accuracy comparison from #Labels= 500. Actually, the accuracy of all

strategies equals 1/K when #Labels= 0. From these four figures, we can conclude

that our task assignment strategy can reach high accuracy (e.g. 0.95) with much less

number of labels than all the benchmarking strategies. Meanwhile, Expected Error

Reduction [e] and Optimistic KG [e], which combines the classic strategies with our

efficient prediction algorithm, also perform better than the other three strategies. On

the other hand, the advantage of our strategy on the single-coin model is larger than

that on the other three models. The reason for this phenomenon is that, for example,

the three rows of the confusion matrix corresponding to the no-preference model are

independently generated. Since the true label is also unknown, it becomes difficult

to judge whether a worker is better than another in this case (e.g. c111 > c211 while

c122 < c222).

To further validate the advantage of our strategy, we conduct the other two sets of

experiments based on Figure 4.2a. Firstly, in the one-coin model, θj11 denotes worker

j’s probability of being correct (PBC). In Figure 4.2e, we set θj11 = j ∗ 0.05 + 0.45

and compute the average PBC of employed workers up to step n as
∑n

t=1 θjt11/n. The

results show that our strategy has the highest average PBC, which means that our

strategy successfully identifies and employs higher-quality workers. This observation

explains the rationale behind the advantage of our strategy. Secondly, in Figure 4.2f,

we increase the number of tasks to 1000, which requires two times of labels to be

collected. Compared with expected error reduction, our strategy reduces #labels to

reach 0.95 by 50% in both Figures 4.2a and f, which reveals the good robustness of
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our strategy to the scale of collected labels. In fact, as the number of required labels

T increases, the ratio between the length of the exploration stage in our strategy

and T will decrease, which is helpful to enhance our advantage over benchmarking

strategies. However, running 200 experiments is quite time-consuming. Thus, we keep

the number of tasks as 500 in our following experiments on MTurk datasets.

4.3.5 Accuracy Comparison on MTurk Datasets

In addition to using the synthetic data, we employ four popular MTurk datasets

as our testbeds in Figure 4.3. HCB dataset contains the judgments on the relevance

between Web pages and search queries [7]. RTE dataset workers need to check whether

a hypothesis sentence can be inferred from the provided sentence [81]. SPE dataset

consists of the positive or negative labels of movie reviews [61]. ACC dataset workers

classify websites according to their adult contents [38]. A challenge of using these

datasets is that they are very sparse and the label corresponding to the required

assignment may not exist. Thus, we employ the famous SQUARE library (Version

2.0) to complement those non-existent labels [72]. It uses the true labels to compute

workers’ confusion matrices at first and then generates workers’ labels accordingly.

Since the SQUARE library relies on the two-coin worker model, we also use it for

the computation of our mechanism. Besides, to facilitate computation, we select the

first 500 tasks and 10 workers in the experiments with the first three datasets. The

ACC dataset has only 333 tasks with known true labels that have been labeled by

workers. Thus, we set the number of tasks as 333 in Figure 4.3d. From Figure 4.3,

we can conclude that our strategy always significantly outperforms the round-robin,

uncertainty sampling and Bayesian approximation strategies.6 The advantage of our

strategy over the expected error reduction and optimistic KG strategies, which needs

to employ our efficient prediction algorithm to solve the efficiency bottleneck, always

exists but may become small in some cases. This is because, if the differences between

the two rows of the confusion matrix in the two-coin worker model are very large, it

will be difficult for our strategy to distinguish which worker is the best one.

6The t-test also supports our conclusion. For example, in Figure 4.3b, if T = 1, 000, the p-values
of the t tests between UMOA and other strategies are all below 1× 10−4.
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Figure 4.3: Label accuracy comparison on four popular MTurk datasets

4.4 Summary

In this chapter, we present an active task assignment mechanism which uses online

variational inference to improve task assignment in microtask crowdsourcing. Our

core contribution is the novel prediction-based task assignment strategy. To improve

accuracy growth rate and efficiency, it keeps the prediction optimistic, uses the un-

certainty measurement of inference to modulate the scope of task assignment, and

predicts the future via an approximation algorithm of variational inference. Our an-

other contribution is a unified formulation of different worker models so that our

mechanism can incorporate any of the worker models. In our experiments, we first

decide the parameters in our mechanism by conducting experiments on one typical

worker model and then apply our mechanism to four worker models and four MTurk

datasets. The comparison with various benchmarking algorithms show that our active

task assignment mechanism not only requires the least labels for high accuracy but

also has better efficiency than existing prediction-based task assignment approaches.
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Chapter 5

Inference Aided Reinforcement
Learning Reward Mechanism

This chapter focuses on the reward payment process of microtask crowdsourcing. We

propose a novel inference-aided reinforcement mechanism, aiming to avoid the im-

practical requirement for workers’ rationality and the prior knowledge about workers

in existing reward mechanisms [33, 32]. The high level idea is as follows: we collect

data in a sequential fashion. At each step, we assign workers a certain number of tasks

and estimate the true labels and workers’ strategies from their labels. Relying on the

above estimates, a reinforcement learning (RL) algorithm is proposed to uncover how

workers respond to different levels of offered payments. The RL algorithm determines

the payments for the workers based on the collected information up-to-date. By doing

so, our mechanism not only incentivizes (non-)rational workers to provide high-quality

labels but also dynamically adjusts the payments according to workers’ responses to

maximize the data requester’s cumulative utility. Applying standard RL solutions

here is challenging, due to unobservable states (workers’ labeling strategies) and re-

ward (the aggregated label accuracy) which is further due to the lack of ground-truth

labels. Leveraging standard inference methods seems to be a plausible solution at

the first sight (for the purposes of estimating both the states and reward), but we

observe that existing methods tend to over-estimate the aggregated label accuracy,

which would mislead the superstructure RL algorithm.

We address the above challenges and make the following contributions: (1) We

propose a Gibbs sampling augmented Bayesian inference algorithm, which estimates
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workers’ labeling strategies and the aggregated label accuracy, as done in most existing

inference algorithms, but significantly lowers the estimation bias of labeling accuracy.

This lays a strong foundation for constructing correct reward signals, which are ex-

tremely important if one wants to leverage reinforcement learning techniques. (2) A

reinforcement incentive learning (RIL) algorithm is developed to maximize the data

requester’s cumulative utility by dynamically adjusting incentive levels according to

workers’ responses to payments. (3) We prove that our Bayesian inference algorithm

and RIL algorithm are incentive compatible (IC) at each step and in the long run,

respectively. Here, we formally define incentive compatibility as follows:

Definition 5.1 Suppose there are a group of agents and we expect those agents to

follow the desired strategy s∗. For any agent i, we use −i to denote all the other

agents except for agent i. Then, incentive compatibility formally means

ui(s
∗
i , s
∗
−i) ≥ ui(si, s

∗
−i) (5.1)

where ui and si denotes agent i’s utility and strategy, respectively. In other words,

given other agents follow the desired strategy, agent i can only get the maximal utility

by also following the desired strategy.

In our problem, we desire workers to exert high efforts to observe labels at first and

then truthfully report the observations, because the data requester can only get the

high-quality labels when workers follow this strategy. (4) Experiments are conducted

to test our mechanism, which shows that our mechanism performs consistently well

under different worker models. Meanwhile, compared with the state-of-the-art peer

prediction solutions, our Bayesian inference aided mechanism can improve the robust-

ness and lower the variances of payments.

The following parts of this chapter are arranged as follows. In Section 5.1, we

formally formulate the model of the reward payment step of microtask crowdsourcing.

Then, in section 5.2, we describe our inference-aided reinforcement reward mechanism.

Section 5.3 is devoted to proving the IC property of the proposed mechanism. In

Section 5.4, a set of experiments are conducted to validate the advantages of our
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Table 5.1: Key notations used in Chapter 5

M Number of tasks at each step N Number of workers

Lti(j) Worker i’s label for task j at step t

Lt(j) The real true label of task j at step t

eftti Worker i’s probability of exerting high efforts

rptti Worker i’s probability of reporting truthfully

PH Probability to observe the correct label when exerting high efforts

PL Probability to observe the correct label when exerting low efforts

mt
i Number of tasks assigned to worker i at step t

cH Workers’ cost to exert high efforts

cL Workers’ cost to exert low efforts

uti Utility of worker i at step t At Label accuracy at step t

P t
i (j) The payment to worker i for task j at step t

F (·) The function that maps label quality to data requester’s utility

rt Data requester’s utility at step t

η The tunable parameter that balances label quality and costs

scti(j) The probability that worker i’s label for task j is correct

at The scaling factor in our payment rule

b The base payment in our payment rule

A The set of possible values for at

Lt Matrix representation of the collected labels, = [Lti(j)]

Lt = [Lt(1), . . . ,Lt(M)] , p = [P1, . . . ,PN ]

τ The distribution of real true labels, = [τ1, τ2]

δtijk = 1(Lti(j) = k) and ξtjk = 1(Lt(j) = k) are the indicator functions.

α1, α2, β1, β2 Parameters of Dirichlet priors

α̂i, β̂ Parameters of the posterior distribution P(L|L)

W , W0 Number of samples in Gibbs sampling and the burn-in process

s State in the Markov decision process

ŝ The augmented state representation used in our mechanism

Qπ(ŝt, at) The Q-value of choosing action at at state ŝt under policy π

V π(ŝt) The value of state ŝt under policy π

γ Discount factor in the Markov decision process

εt, επ Gaussian noise r Vector representation of rt
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mechanism on rewards and the ability to perform consistently well under different

worker models. Finally, Section 5.5 summarizes this chapter. In addition, we list the

key notations used in this chapter as Table 5.1. Note that, for the simplification of

notations, we omit the subscript t in some subsections of this chapter.

5.1 Problem Formulation

This chapter considers the following data collection problem via microtask crowd-

sourcing: at each discrete time step t = 1, 2, ..., one requester assigns M tasks with

binary answer space {1, 2} to N ≥ 3 candidate workers to label. Workers receive pay-

ments for submitting a label for each task. We use Lti(j) to denote the label worker i

generates for task j at time t. For simplicity of computation, we reserve Lti(j) = 0 if

j is not assigned to i. Furthermore, we use L and L to denote the set of ground-truth

labels and the set of all collected labels respectively.

The generated label Lti(j) depends both on the ground-truth L(j) and worker

i’s strategy, which is mainly determined by two factors, exerted effort level (high

or low) and reporting strategy (truthful or deceitful). Accommodating the notation

commonly used in reinforcement learning, we also refer to worker i’s strategy as his/her

internal state. At any given time for any task, workers at their will adopt an arbitrary

combination of effort level and report strategy. Specifically, we define eftti ∈ [0, 1] and

rptti ∈ [0, 1] as worker i’s probability of exerting high efforts and reporting truthfully

for task j, respectively. The strategy space of worker i can be formally written as

(eftti, rpt
t
i) ∈ [0, 1]2. We desire all workers to follow (eftti, rpt

t
i) = (1.0, 1.0) to generate

labels. Furthermore, following existing literature [15, 51], we assume that tasks are

homogeneous and workers share the same probability of generating the correct labels

if they exert the same level of efforts - we denote these probabilities as PH and PL.1 We

assume PH > PL = 0.5. We further assume that the cost for any worker i to exert low

effort is cL = 0, whereas exerting high effort incurs cH ≥ 0.2 These cost parameters

1For simplicity we have assumed that the labeling accuracy is ground-truth label independent.
2We make such assumption for simplicity. Our analysis can be extended to the case where both

cL, cH ≥ 0, as long as cH ≥ cL.
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stay unknown to the data requester. Worker i’s probability of being correct (PoBC)

at time t for any given task is then given as

Pti = rptti · efttiPH + (1− rptti) · eftti(1− PH)+

rptti · (1− eftti)PL + (1− rptti) · (1− eftti)(1− PL)
(5.2)

Suppose we assign mt
i ≤ M tasks to worker i at time step t, then his or her utility

would be

uti =
∑M

j=1
P t
i (j)−mt

i · cH · eftti (5.3)

where P t
i (j) denotes our payment to worker i for task j at time t, for which we will

provide further detail in Section 5.2.1.

At the beginning of each step, the requester and workers mutually agree to a

certain rule of payment determination, which would not be changed until the next

time step. The workers are self-interested and may change their strategies according

to the expected utility Euti he/she can get. It is not surprising that workers’ different

strategies would lead to different PoBCs and then different qualities of labels. After

collecting the generated labels, the data requester infers the true labels L̃t(j) by

running a certain inference algorithm. The aggregate label accuracy At and the data

requester’s utility rt are defined as follows:

At =
1

M

∑M

j=1
1
[
L̃t(j) = Lt(j)

]
rt = F (At)− η

∑N

i=1

∑M

j=1
P t
i (j)

(5.4)

where F (·) is a non-decreasing monotonic function mapping accuracy to utility and

η > 0 is a tunable parameter balancing label quality and costs. Naturally, F (·)

function is non-deceasing as higher accuracy is preferred.3

5.2 Reward Mechanism for Crowdsourcing

Our mechanism mainly consists of three components: one-step payment rule, Bayesian

inference and reinforcement incentive learning (RIL); see Figure 5.1 for the overall

layout, where estimated values are denoted with tildes.

3We use r to denote the data requester’s utility as it is used as the reward in our RL algorithm.
See Section 5.2.3 for details.
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Figure 5.1: Overview of our reward mechanism.

The payment rule ensures that reporting truthfully and exerting high efforts is the

utility-maximizing strategy for all workers at any given time. This property is termed

as one-step IC. Furthermore, our reward mechanism as a whole guarantees that this is

also the utility-maximizing strategy for all workers in the long-run, which is termed as

long-term IC. We kindly refer readers to Section 5.3.2 for the theoretical proof. This

property prevents strategic manipulations from workers, which brings more long-term

benefits to them by sacrificing short-term gains, or the other way around, or both.

The Bayesian inference algorithm is responsible for estimating the true labels, workers’

PoBCs and the aggregate label accuracy from the collected labels at each time step. It

utilizes soft Dirichlet priors and Gibbs sampling to prevent overestimation of accuracy

when workers generate poor-quality labels. RIL adjusts the payment rule based on

the historical data of rewards, workers’ PoBCs and aggregate labels’ accuracy, aiming

to optimally balance the utility gain from high accuracy and loss from large payments,

which corresponds to F (At) and
∑

i

∑
j P

t
i (j) in Equation 5.4 respectively.

5.2.1 Payment Rule

We design the payment to worker i for his/her label on task j as

P t
i (j) = at · [scti(j)− 0.5] + b (5.5)

where scti(j) denotes the score of worker i’s label for task j—i.e. the probability that

worker i’s label for task j is correct, which will be computed by our Bayesian inference
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algorithm (details in next subsection). b ≥ 0 is a constant representing the fixed base

payment even if the worker purely genrates random labels. We use at ∈ A to denote

the scaling factor, determined by RIL at the beginning of every step t. We assume A
is a finite set |A| <∞. Note that, in practice, we cap P t

i (j) to be non-negative.

5.2.2 Bayesian Inference

For the simplicity of notations, we omit the superscript t in this subsection. The

motivation for designing our own Bayesian inference algorithm is as follows. We ran

several preliminary experiments using popular inference algorithms used in the liter-

ature. Our empirical studies reveal that those methods tend to heavily bias towards

overestimating the accuracy when the quality of labels is very low. For example, in

our experiments in Section 5.4.1, when there are 10 workers and Pti = 0.55, the es-

timated label accuracy of the EM estimator [66] stays at around 0.9 while the real

accuracy is only around 0.5. This heavy bias will lead the data requester’s utility rt

to be miscalculated, causing two bad consequences. First, it induces bad incentive

property, as workers with poor labeling accuracy now enjoy good estimates. Secondly,

this potentially misleads RIL, as rt is used as reward.

For the simplicity of notations, we omit the superscript t in this subsection. It

is not hard to figure out the joint distribution of the collected labels L and the true

labels L

P(L,L|p, τ ) =
∏M

j=1

∏2

k=1

{
τk

N∏
i=1

Pδijki (1− Pi)δij(3−k)
}ξjk

where p = [P1, . . . ,PN ] and τ = [τ1, τ2]. τ1 and τ2 denote the distribution of true label

1 and 2, respectively. Besides, δijk = 1(Li(j) = k) and ξjk = 1(L(j) = k). Here, we

assume Dirichlet priors Dir(·) for Pi and τ

[Pi, 1− Pi] ∼ Dir(α1, α2) , τ ∼ Dir(β1, β2).

Then, the joint distribution of L, L, p and τ

P(L,L,p, τ ) = P(L,L|p, τ ) ·
N∏
i=1

Dir(α1, α2) ·Dir(β1, β2)

=
1

B(β)

K∏
k=1

τ
β̂∗
k−1

k ·
N∏
i=1

1

B(α)
Pα̂

∗
i1−1
i (1− Pi)α̂

∗
i2−1
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where B(x, y) = (x− 1)!(y − 1)!/(x+ y − 1)! denotes the beta function, and

α̂∗i1 =
∑M

j=1

∑K

k=1
δijkξjk + α1

α̂∗i2 =
∑M

j=1

∑K

k=1
δij(3−k)ξjk + α2

β̂∗k =
∑M

j=1
ξjk + βk.

The convergence of our inference algorithm requires α1 > α2. To simplify the theo-

retical analysis, we set α1 = 1.5 and α2 = 1 in this chapter. Note that, as long as

α1 > α2, our mechanism works well under the different settings of α1 and α2. Fixing

the values of α1 and α2 is because our ability to theoretically analyse the transcen-

dental function H(·) defined in Appendix B.2 (Equation 7.28) is limited. Meanwhile,

we employ the uniform distribution for τ by setting β1 = β2 = 1. In this case, we

can conduct marginalization via integrating the joint distribution P(L,L,p, τ ) over

p and τ as

P(L,L|α,β) =
B(β̂)

B(β)
·
∏N

i=1

B(α̂i)

[B(α)]2
(5.6)

where α̂i = [α̂∗i1 + α1 − 1, α̂∗i2 + α2 − 1] and β̂ = [β̂∗1 + β1 − 1, β̂∗2 + β1 − 1]. Following

Bayes’ theorem, we can know that

P(L|L) =
P(L,L|α,β)

P(L|α,β)
∝ B(β̂)

N∏
i=1

B(α̂i). (5.7)

Algorithm 5: Gibbs Sampling aided Bayesian Inference

1 Input : the collected labels L, the number of samples W

2 Output: the sample sequence S
begin

3 S ← ∅, Initialize L̃ with the uniform distribution

4 for s = 1 to W do

5 for j = 1 to M do

6 Compute P[L(j) = k] by letting L(−j) = L̃(−j)
7 L̃(j)← Sample {1, 2} with P[L(j) = k]

8 Append L̃ to the sample sequence S

Note that it is generally hard to derive an explicit formula for the posterior distri-

bution of a specific task j’s ground-truth from the conditional distribution P(L|L). We
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thus resort to Gibbs sampling for the inference. More specifically, according to Bayes’

theorem, we know that the conditional distribution of task j’s ground-truth L(j) sat-

isfies P[L(j)|L,L(−j)] ∝ P(L|L), where −j denotes all tasks excluding j. Leveraging

this, we generate samples of the true label vector L following Algorithm 5. At each step

of the sampling procedure (lines 6-7), Algorithm 5 first computes P[L(j)|L,L(−j)]
and then generates a new sample of L(j) to replace the old one in L̃. After traversing

through all tasks, Algorithm 5 generates a new sample of the true label vector L.

Repeating this process for W times, we get W samples, which is recorded in S. Here,

we write the s-th sample as L̃(s). Since Gibbs sampling requires a burn-in process,

we discard the first W0 samples in S. After doing so, we calcualte worker i’s score on

task j as

scti(j) =
∑W

s=W0+1
1(L̃(s)(j) = Li(j))/(W −W0) (5.8)

where 1(L̃(s)(j) = Li(j)) is 1 only when the worker i’s label for task j is the same

as the s-th true label sample for task j. In other words, we are computing the score

by calculating the ratio of true label samples that are the same as workers’ labels.

Similarly, we estimate worker i’s PoBC Pi as

P̃i =

W∑
s=W0+1

[
2α1 − 1 +

M∑
j=1

1(L̃(s)(j) = Li(j))
]

(W −W0) · (2α1 + 2α2 − 2 +mi)
(5.9)

and the distribution of true labels τ as

τ̃k =

W∑
s=W0+1

[
2β1 − 1 +

M∑
j=1

1(L̃(s)(j) = k)

]
(W −W0) · (2β1 + 2β2 − 2 +M)

. (5.10)

Furthermore, we define the log-ratio of task j as

σ̃j = log
P[L(j) = 1]

P[L(j) = 2]
= log

(
τ̃1

τ̃2

N∏
i=1

λ̃
δij1−δij2
i

)
(5.11)

where λ̃i = P̃i/(1− P̃i). Finally, we decide the true label estimate L̃(j) as 1 if σ̃j > 0

and as 2 if σ̃j < 0. Correspondingly, the label accuracy A is estimated as

Ã = E (A) =
1

M

∑M

j=1
e|σ̃j |

(
1 + e|σ̃j |

)−1
. (5.12)

For good inference accuracy, we require both W and W0 to be large values, and in

the rest of this chapter, we set W = 1000 and W0 = 100 respectively.
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5.2.3 Reinforcement Incentive Learning

In this subsection, we formally introduce our reinforcement incentive learning (RIL)

algorithm, which adjusts the scaling factor at at each time step t. Viewed under the

big picture, it serves as the glue to connect the other components in our mechanism

(see the edges and parameters around RIL in Figure 5.1). In a reinforcement learning

(RL) problem, an agent interacts with an unknown environment and attempts to

maximize its cumulative collected reward [82, 83]. The environment is commonly

formalized as a Markov Decision Process (MDP) defined as M = 〈S,A,R,P , γ〉. At

time t the agent is in state st ∈ S where it takes an action at ∈ A leading to the

next state st+1 ∈ S according to the transition probability kernel P , which encodes

P(st+1 | st, at). In most RL problems, P is unknown to the agent. The agent’s goal

is to learn the optimal policy, a conditional distribution π(a | s) that maximizes the

sate’s value function. The value function calculates the cumulative reward the agent

is expected to receive given it would follow the current policy π after observing the

current state st

V π(s) = Eπ

[
∞∑
k=1

γkrt+k | st = s

]
.

Intuitively, it measures how preferable each state is given the current policy.

As a critical step towards improving a given policy, it is a standard practice for

RL algorithms to learn a state-action value function (i.e. Q-function). Q-function

calculates the expected cumulative reward if agent choose a in the current state and

follows π thereafter

Qπ(s, a) = Eπ [R(st, at, st+1) + γV π(st+1) | st = s, at = a] .

In real-world problems, in order to achieve better generalization, instead of learning

a value for each state-action pair, it is more common to learn an approximate value

function: Qπ(s, a; θ) ≈ Qπ(s, a). A standard approach is to learn a feature-based state

representation φ(s) instead of using the raw state s [27, 58, 46]. Due to the popularity

of Deep Reinforcement learning, it has been a trend to deploy neural networks to

automatically extract high-level features [74, 58]. However, running most deep RL
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models is computationally very heavy. In contrast, static feature representations are

usually light-weight and simple to deploy. Several studies also reveal that a carefully

designed static feature representation can achieve performance as good as the most

sophisticated deep RL models, even in the most challenging domains [46].

With some transformation, the crowdsourcing problem we aim to tackle in this

chapter can perfectly fit into the above RL formalization. To be more specific, the

data requester is the agent and it interacts with workers (i.e. the environment); scal-

ing factors are actions; the utility of the data requester after paying workers (see

Equation 5.4) is the reward rt; how workers respond to different incentives and po-

tentially change their internal states thereafter forms the transition kernel, which is

unobservable; what scaling factor to be picked at each step t given workers’ labeling

constructs the policy, which needs to be learned. Since the real accuracy cannot be

observed, we use the estimated accuracy Ã calculated by Equation 5.12 instead to

approximate the reward signal as

rt ≈ F (Ãt)− η
∑N

i=1
P t
i . (5.13)

Recall that the data requester’s implicit utility at time t only depends on the aggre-

gate PoBC averaged across the whole worker body. Such observation already points

out to a representation design with good generalization, namely φ(st) =
∑N

i=1Pti/N .

Further recall that, when deciding the current scaling factor at, the data requester

does not observe the latest workers’ PoBCs and thus cannot directly estimate the

current φ(st). Due to this one-step delay, we have to build our state representation

using the previous observation. Since most workers would only change their internal

states after receiving a new incentive, there exists some imperfect mapping function

φ(st) ≈ f(φ(st−1), at−1). Utilizing this implicit function, we introduce the augmented

state representation in RIL as

ŝt = 〈φ(ŝt−1), at−1〉.

Since neither rt nor ŝt can be perfectly accurate, it would not be a surprise to

observe some noise that cannot be directly learned in our Q-function. As for most
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crowdsourcing problems the number of tasks M is large, we leverage the central limit

theorem to justify our modeling of the noise using a Gaussian process. To be more

specific, we calculate the temporal difference (TD) error as

rt = Qπ(ŝt, at)− γEπQπ(ŝt+1, at+1) + εt (5.14)

where the noise εt follows a Gaussian process N (ŝt, ŝt+1), and π = P(a|ŝ) denotes

the current policy. Doing so, we gain two benefits. First, it greatly simplifies the

derivation of the update equation for the Q-function. Secondly, as shown in our

empirical results later, it is robust against different worker models. Besides, following

[25], we approximate Q-function as

Qπ(ŝt+1, at+1) = EπQπ(ŝt+1, at+1) + επ

where επ also follows a Gaussian process.

Under the Gaussian process approximation, all the observed rewards and the cor-

responding Q values up to the current step t form a equation set, and it can be written

as

r = HQ+N (5.15)

where r, Q and N denote the collection of rewards, Q values, and residuals. Fol-

lowing Gaussian process’s assumption for residuals, N ∼ N (0,σ2), where σ2 =

diag(σ2, . . . , σ2). The matrix H satisfies H(k, k) = 1 and H(k, k + 1) = −γ for

k = 1, . . . , t. Then, by using the online Gaussian process regression algorithm [18],

we effectively learn the Q-function as

Q(ŝ, a) = k(ŝ, a)T(K + σ2)−1H−1r (5.16)

where the vector k(ŝ, a) = [k((ŝ, a), (ŝ1, a1)), . . . , k((ŝ, a), (st, at))]
T and the matrix

K = [k(ŝ1, a1), . . . ,k(ŝt, at)]. Here, we use k(·, ·) to denote the Gaussian kernel.

Finally, we employ the classic ε-greedy method to decide at based on the learned Q-

function. To summarize, we provide a formal description about RIL in Algorithm 6.

Note that, when updatingK, H and r in Line 6, we employ the sparse approximation
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to discard some data so that the size of these matrices does not increase infinitely.

The details of this technique can be found in [25]. Note that, for the hyper-parameters

in the Gaussian kernel, if we can have a good estimation in advance, we can set them

accordingly; otherwise, we tend to set them larger for an approximately uniform prior.

Algorithm 6: Reinforcement Incentive Learning (RIL)

begin

1 for each episode do

2 for each step in the episode do

3 Decide the scaling factor as (ε-greedy method)

at =

{
arg maxa∈AQ(ŝt, a) Probability 1− ε
Random a ∈ A Probability ε

4 Assign tasks and collect labels from the workers

5 Run Bayesian inference to get ŝt+1 and rt
6 Use (ŝt, at, rt) to update K, H and r in Equation 5.16

5.3 Convergence and Incentive Results

In this section, we present the theoretic analysis of our incentive mechanism4. Our

main results are as follows:

Theorem 5.1 (One-Step IC) At any time step t, when M � 1, (2PH)2(N−1) ≥M

and at >
cH

PH−0.5
, reporting truthfully and exerting high efforts is the utility-maximizing

strategy for any worker i if other workers all follow this strategy.

Theorem 5.2 (Long-Term IC) Suppose the conditions in Theorem 5.1 are satisfied

and the learned Q-function approaches the real Qπ(ŝ, a). When

ηM(N − 1)PH ·GA >
F (1)− F (1− ψ)

1− γ (5.17)

ψ = (τ1τ
−1
2 + τ−1

1 τ2)[4PH(1− PH)]
N−1

2 (5.18)

4Currently, our theoretical analysis is for the case that mt
i = M . mt

i < M requires to replace the
binomial distribution with the trinomial distribution when analyzing a key function involved in the
proof in the supplementary file. The main idea of proof is roughly the same, and we will extend our
proof in the future work.
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always reporting truthfully and exerting high efforts is the utility-maximizing strategy

for any worker i in the long-term if other workers all follow this strategy. Here,

GA = mina,b∈A,a6=b |a− b| denotes the minimal gap between two available values of the

scaling factor.

In the following two subsections, we outline the proofs of these two theorems. In our

proof, if we omit the superscript t in an equation, we mean that this equation holds

for all time steps. We also employ the convention that P̄ = 1−P, P̂ = max{P, P̄} and

P0 = τ1.

5.3.1 Proof for One-Step IC

Our idea to prove the one-step IC is to derive the conditions from the conclusion.

To be more specific, we focus on one individual worker at first and derive the condi-

tions needed to ensure exerting high efforts and reporting truthfully to be the utility-

maximizing strategy. Then, we move to our Bayesian inference algorithm and study

how to ensure these conditions in our mechanism.

Firstly, for workers’ utility defined in Equation 5.3, we can have

Lemma 5.1 For worker i, when M � 1 and at >
cH

PH−0.5
, if P̃ti ≈ Pti, reporting

truthfully (rptti = 1) and exerting high efforts (eftti = 1) is the utility-maximizing

strategy.

Proof: When M � 1, we can have
∑

j sci(j) ≈M · P̃i. Thus, the utility of worker

i can be computed as

uti ≈M · at · (P̃i − 0.5) +M · b−M · cH · eftti. (5.19)

Further considering Equation 5.2 and PL = 0.5, if P̃ti ≈ Pti, we can compute worker

i’s utility as

uti ≈M · [at(2 · rptti − 1)(PH − 0.5)− cH ] · eftti +M · b. (5.20)

Thereby, if at >
cH

PH−0.5
, rptti = 1 and eftti = 1 maximize uti, which concludes Lemma 5.1.
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In this case, we can conclude Theorem 5.1 by proving the convergence of our Bayesian

inference algorithm, i.e. proving P̃ti ≈ Pti. P̃ti is computed according to Equation 5.9,

and if most of the samples in our Bayesian inference are correct, namely L̃(s)(j) ≡ L(j),

we can prove P̃ti ≈ Pti by leveraging the law of large numbers. This observation

motivates us to bound |P̃ti − Pti| by calculating the upper bound of the ratio of wrong

labels in the samples. Thereby, we prove Theorem 5.1 with the following two steps:

Step 1: In this step, we aim to derive the upper bound of the ratio of wrong

samples. To achieve this objective , we introduce n and m to denote the number of

tasks of which the true label sample in Equation 5.9 is correct (L̃(s)(j) = L(j)) and

wrong (L̃(s)(j) 6= L(j)), respectively. Then, we are able to prove the following lemma:

Lemma 5.2 When M � 1,

E[m/M ] . (1 + eδ)−1(ε+ eδ)(1 + ε)M−1 (5.21)

E[m/M ]2 . (1 + eδ)−1(ε2 + eδ)(1 + ε)M−2 (5.22)

where ε−1 =
∏N

i=0(2P̂i)2, δ = O[∆ · log(M)] and

∆ =
∑N

i=1
[1(Pi < 0.5)− 1(Pi > 0.5)].

We defer the detailed proof to Appendix B.2. Our main idea is to introduce a set of

counts for the collected labels at first. More specifically, among the n tasks of which

the posterior true label is correct, xi and yi denote the number of tasks of which worker

i’s label is correct and wrong, respectively. Among the remaining m tasks, wi and zi

denote the number of tasks of which worker i’s label is correct and wrong, respectively.

Then, we calculate the approximation of P(m) based on the conditional probabilities

P(xi, yi, wi, zi|m) and P(L|L). The upper bounds of E[m/M ] and E[m/M ]2 can be

obtained by calculating the upper bounds of
∑

mmP(m) and
∑

mm
2P(m).

Step 2: In this step, we derive the upper bound of |P̃i − Pi| under the conditions

of Theorem 5.1. Following the notations in Step 1, when M � 1, in Equation 5.9, we

have P̃i ≈ EL(xi + zi)/M , where EL denotes the expectation with respect to P(L|L).

Meanwhile, according to the law of large numbers, Pi ≈ (xi + wi)/M . Thus, we have

|P̃i − Pi| ≈ EL|wi − zi|/M ≤ EL [m/M ] . (5.23)
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If workers, except for worker i, all report truthfully and exert high efforts, then ∆ ≤ −1

in Theorem 5.2 because we require N ≥ 3 in Section 5.1. Thus, eδ ≈ 0. Since 2P̂i ≥ 1,

we have ε−1 ≥ (2PH)2(N−1). Hence, ε ≤ M−1 when (2PH)2(N−1) ≥ M . Taking the

above analysis into consideration, Equations 5.21 and 5.22 can be calculated as

E
[m
M

]
.

C1

M · C2

, E
[m
M

]2

.
C1

M2 · C2
2

(5.24)

where C1 = (1 + M−1)M ≤ e and C2 = 1 + M−1 ≥ 1. Then, m/M ≈ 0 because

E[m/M ] ≈ 0 and Var[m/M ] = E[m/M ]2− (E[m/M ])2 ≈ 0. In this case, P̃i ≈ Pi, and

thus we can conclude Theorem 5.1.

5.3.2 Proof for Long-Term IC

Due to the one-step IC in our mechanism, we know that, to get higher long-term

payments, worker i must mislead our RL algorithm into at least increasing the scal-

ing factor from a to any a′ > a at a certain state ŝ. Actually, our RL algorithm

will only increase the scaling factor when the state-action value function satisfies

Qπ(ŝ, a) ≤ Qπ(ŝ, a′). Equation 5.13 tells us that our objective function consists of the

utility obtained from the collected labels (F (Ãt)) and the utility lost in the payment

(η
∑N

i=1P
t
i ). Once we increase the scaling factor, we at least need to increase the pay-

ments for the other N − 1 workers by M(N − 1)PH · GA, which corresponds to the

left-hand side of Equation 5.17.

On the other hand, for the obtained utility, we have the following lemma.

Lemma 5.3 At any time step t, if all workers except for worker i report truthfully

and exert high efforts,

F (Ãt) ≤ F (1) , F (Ãt) ≥ F (1− ψ)

where ψ is defined in Equation 5.18.

We again defer the detailed proof to Appendix B.4. Our main idea is to derive the

bounds of the estimated label accuracy Ã by analyzing the distribution of the log-

ratio σ̃j calculated in Equation 5.11. Our motivation comes form Equation 5.12 which
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ensures, Ã ≈ 1 − E[1/(1 + e|σ̃j |)]. From Lemma 5.3, we can know that, even in the

long-term, worker i can at most increase our value by (1 − γ)−1[F (1) − F (1 − ψ)],

which corresponds to the right-hand side of Equation 5.17.

Thereby, if Equation 5.17 is satisfied, worker i will be unable to make up our

value loss increment in the payments, and our RL algorithm will reject the hypothesis

to increase the scaling factor. In this case, the only utility-maximizing strategy for

worker i is to report truthfully and exert high efforts in all time steps, which concludes

Theorem 5.2.

5.4 Empirical Experiments

In our reward mechanism, Bayesian inference extracts important and useful informa-

tion from all collected labels. On the other hand, RIL empowers us with the adaptivity

to different types of worker models. In this section, we demonstrate these benefits of

our reward mechanism via empirical studies.

5.4.1 Performance Analysis of Bayesian Inference

In this subsection, we focus on our Bayesian inference algorithm by fixing the scaling

factor at = 1 and setting the number of tasks at each step M = 100, the number of

workers N = 10, the probability of being correct when exerting high efforts PH = 0.8,

the base salary b = 0 and the number of tasks assigned to each worker at each step

mt
i = M(N − 1)/N . We use the average payment to worker i as a proxy, as it is

proportional to scores computed by Bayesian inference. We use DG13, the state-of-

the-art peer prediction mechanism for binary labels [15], as the benchmark to conduct

our comparison. To set up the experiments, we generate task j’s true label L(j)

following its distribution τ and worker i’s label for task j based on i’s PoBC Pi and

L(j). For each data point, we run experiments for 1000 rounds and report the mean.

In Figure 5.2a, we let all workers excluding i report truthfully and exert high efforts

(i.e. P−i = PH), and increase τ1 from 0.05 to 0.95. In Figure 5.2b, we let τ1 = 0.5,

and increase other workers’ PoBCs P−i from 0.6 to 0.95. As both figures reveal, in our

mechanism, the payment for worker i almost only depends on his/her own strategy.
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Figure 5.2: Empirical analysis on our Bayesian inference algorithm. (a) Average
payment per task given true label’s distribution. (b) Average payment per task given
PoBCs of workers excluding i. (c) The standard deviation of the payment given worker
i’s PoBC. (d) The inference bias of the label accuracy.

By contrast, in DG13, the payments severely affected by the distribution of true labels

and the strategies of other workers. It is unfair for a worker to get low rewards because

of other workers’ low efforts or the unbalanced distribution of true labels. In other

words, our Bayesian inference is more robust to different environment. Furthermore

in Figure 5.2c, we present the standard deviation of the payment to worker i. We

let τ1 = 0.5, P−i = PH and increase Pi from 0.6 to 0.95. As shown in the figure,

our method manages to achieve a noticeably smaller standard deviation compared

to DG13. In summary, compared with traditional peer prediction mechanisms that

only make use of a small set of workers’ labels to decide a payment, the usage of

our Bayesian inference algorithm improves its robustness and decreases the variance,

because of its ability to fully exploit all the collected labels.

Furthermore, in Figure 5.2d, we compare our Bayesian inference algorithm with

two popular inference algorithms in crowdsourcing, that is, the EM estimator [66]

and the variational inference estimator [48]. Here, we set workers’ PoBC Pi to be
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equal and increase the value of Pi from 0.5 to 0.9. The other settings are the same as

Figure 5.2b. From the figure, we can find that, when the quality of labels is very low,

the inference bias of the EM and variational inference estimators on the label accuracy

can be larger than 0.3 while the range of the label accuracy is only [0.5, 1.0]. This

observation shows that these two estimators become over-optimistic for low-quality

labels, which will be disastrous for our RIL algorithm. Thus, we develop our Bayesian

inference algorithm to calibrate the estimates of label accuracy for training our RIL

algorithm.

5.4.2 Empirical Analysis on RIL

In this subsection, we focus on investigating whether RIL proposed in Section 5.2.3

consistently manages to learn a good policy to maximize the data requester’s cumu-

lative utility R =
∑

t rt. For all the experiments in this subsection, we set M = 100,

N = 10, PH = 0.8, b = 0, cH = 0.02, the available value set of the scaling factor

A = {0.1, 1.0, 5.0, 10}, the exploration rate ε = 0.2 for RIL, F (A) = A10, η = 0.1 for

the utility function (Equation 5.4) and the number of time steps for an episode as 28.

To reduce the influence of outliers, we report the average over 5 trials. To demonstrate

our algorithm’s general applicability, we test it under three different worker models,

with each capturing a different rationality level. The formal description of the three

models is as follows:

• Rational workers alway act to maximize their own utilities. Since our incen-

tive mechanism theoretically ensures that exerting high effort is the utility-

maximizing strategy for all workers (proved in Section 5.3), it is safe to assume

workers always do so as long as the payment is high enough to cover the cost.

• Quantal Response (QR) workers [55] exert high efforts with the probability

eftti =
exp(λ · utiH)

exp(λ · utiH) + exp(λ · utiL)

where utiH and utiL denote worker i’s expected utility after exerting high or low

efforts respectively at time t. λ describe workers’ rationality level and we set

λ = 3 in our experiments.
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• Multiplicative Weight Update (MWU) workers [11] update their proba-

bilities of exerting high efforts at every time step t after receiving the payment

as the following equation

eftt+1
i =

eftti(1 + ū·H)

eftti(ū·H − ū·L) + ū·L + 1

where ū·H and ū·L denote the average utilities received if exerting high efforts

or low efforts at time t respectively. We initialize eft0i as 0.2 in our experiments.

Since we have shown the advantage of using Bayesian inference in Section 6.1, for

the sake of fair comparison, we use our payment rule with manually adjusted scaling

factor as the benchmark. In this case, how tasks are assigned does not affect the

empirical analysis we wish to conduct and thus we let every worker to be assigned the

whole task set at each time step t (i.e. ∀i,mt
i = M).
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Figure 5.3: Empirical analysis on our RL algorithm. (a) The gap between the esti-
mation of the data requester’s cumulative rewards and the real one, smoothed over 5
episodes. (b) The learning curve of our mechanism smoothed over 5 episodes.

Our first set of experiments focus on the estimation bias of the data requester’s

cumulative utility R. Since the data requester’s utility is used as the reward in RIL,

it would not be a surprise that the reliability of the estimation of the reward plays

a crucial role in determining the well-being of the whole mechanism. As Figure 5.3a

shows, the estimated value only deviates from the real one in a very small magnitude

after a few episodes of learning, regardless of which worker model the experiments
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run on. The next set of experiments is about how quickly RIL learns. As Figure 5.3b

shows, under all three worker models, RIL manages to pick up and stick to a promising

policy in less than 100 episodes. This observation also demonstrates the robustness

of RIL under different deploying environment.

Table 5.2: Performance comparison between RIL and traditional mechanisms on three
worker models. Requester’s cumulative utility normalized over the number of tasks.
Standard deviation reported in parenthesis.

Method Rational QR MWU

Fixed Optimal 27.584 (.253) 21.004 (.012) 11.723 (.514)

Heuristic Optimal 27.643 (.174) 21.006 (.001) 12.304 (.515)

Adaptive Optimal 27.618 (.109) 21.017 (.004) 18.475 (.382)

RIL 27.184 (.336) 21.016 (.018) 15.726 (.416)

Lastly, we take the learned policy after 500 episodes with exploration rate turned

off (i.e. ε = 0) and compares it with two benchmarks constructed by ourself (see

Table 5.2). To create the first one, Fixed Optimal, we try all 4 possible fixed value

for the scaling factor and report the highest cumulative reward realized by either of

them. Note most traditional peer prediction mechanisms assume a fixed scaling factor

and thus Fixed Optimal represents the best performance possibly achieved by them.

To create the second one, Heuristic Optimal, we divide the value region of Ãt into five

regions: [0, 0.6), [0.6, 0.7), [0.7, 0.8), [0.8, 0.9) and [0.9, 1.0]. For each region, we select

a fixed value for the scaling factor at. We traverse all 45 = 1024 possible combinations

to decide the optimal heuristic strategy. To create the third one, Adaptive Optimal,

we change the scaling factor every 4 steps and report the highest cumulative reward via

traversing all 47 = 16384 possible configurations. This benchmark is infeasible to be

reproduced in real-world practice, once the number of times steps becomes large. Yet it

is very close to the global optimal in the sequential setting. As Table 5.2 demonstrates,

the two benchmarks plus RIL all achieve a similar performance tested for rational

and QR workers. This is because these two kinds of workers have a fixed pattern

in response to incentives and thus the optimal policy would be a fixed scaling factor

throughout the whole episode. On contrast, MWU workers’ learn utility-maximizing
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strategies gradually, and the learning process is affected by the incentives. Under this

model, compared with Fixed Optimal, RIL increases the cumulative reward from 11.7

to 15.6, which is a significant improvement considering the unreachable real optimal is

only around 18.5. Up to this point, with three sets of experiments, we demonstrate the

competitiveness of RIL and its robustness under different environment, which ensures

the ability of our mechanism to adapt to different types of workers in practical usage.

5.5 Summary

In this chapter, we build a novel inference aided reinforcement learning reward mech-

anism for sequentially acquiring data from crowdsourcing. At each time step, our

mechanism uses the Bayesian inference algorithm to learn workers’ probability of be-

ing correct, and we issue payments to workers that are proportional to the estimated

accuracy. When interacting with workers, our mechanism learns the optimal policy

to adjust the scaling factor of the payments via our RIL algorithm. We theoreti-

cally prove that our mechanism is incentive compatible—i.e. workers can only get the

maximal utility by exerting high efforts and reporting truthfully. As a by product, we

have also proved the convergence of our Bayesian inference method. We empirically

show that our Bayesian inference algorithm can help improve the robustness and lower

the variance of payments, which are favorable properties in practice. Meanwhile, our

mechanism performs consistently well with different worker models.
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Conclusions and Future Work

6.1 Conclusions

This chapter concludes the completed research so far, towards constructing a novel

microtask crowdsourcing system, which is more intelligent and more practical in man-

aging the large crowd of workers than existing mechanisms. By considering the unique

features of worker recruitment in microtask crowdsourcing, the optimal posted-price

mechanism has been proposed in Chapter 3. To reduce to the number of redundant

labels needed for high label accuracy, a novel active task assignment mechanism has

been proposed in Chapter 4. To fully exploit the information contained in the col-

lected labels, Chapter 5 proposes an inference aided reinforcement learning reward

mechanism. The proposed reward mechanism can improve the robustness and, at the

same time, lower the variance of rewards. Moreover, in all the above mechanisms,

we use machine learning techniques to learn workers’ models rather than assuming

workers to follow a fixed strategy as the traditional incentive mechanism studies. This

design avoids impractical assumption about workers and thus makes our mechanisms

more suitable for practical use.

In more detail, in Chapter 3, the optimal posted-price mechanism has been pro-

posed to fully exploit the unique features of microtask crowdsourcing. It uses a multi-

armed bandit algorithm to gradually learn the worker model and optimally decide

the price. With the same budget, it can recruit more workers than existing mecha-

nisms. At the same time, it requires fewer inputs, which is favorable in real-world

applications. To demonstrate the optimality of the proposed mechanism, the classic
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Lai-Robbins regret lower bound is derived. This lower bound applies to any possi-

ble posted-price mechanism and denotes the best performance that can be achieved.

Then, the regret of our mechanism is proven to match this bound. Furthermore, it

is proven that, even if the price range is infinite, the regret of the proposed mecha-

nism is not affected. The proposed mechanism can thus be used without imputing a

price range as the prior knowledge about workers. In addition to theoretical analysis,

the empirical results on various worker models and the real price data collected from

MTurk also verify the advantages of the proposed mechanism.

In Chapter 4, an active task assignment mechanism has been proposed to reduce

the number of redundant labels needed for achieving high label accuracy. It uses

variational inference to learn the worker models in an online fashion and decides the

task assignment by using active learning strategies. However, combining these two

techniques in microtask crowdsourcing will cause problems in handling the uncer-

tainties of learning and computation efficiency. In addition, traditional variational

inference algorithms developed for microtask crowdsourcing cannot incorporate dif-

ferent worker models. To address these problems, the proposed mechanism keeps the

prediction optimistic, uses the uncertainty measurement of inference to modulate the

scope of task assignment, and predicts the future via an approximation algorithm of

variational inference. In addition, a unified formulation of different worker models is

developed so that the proposed mechanism can incorporate any of the worker models.

Extensive experiments are conducted based on four popular worker models and four

MTurk datasets. The empirical results show that the proposed mechanism not only

can achieve the highest label accuracy but also has the highest computation efficiency

among all existing prediction-based task assignment approaches.

In Chapter 5, a novel inference aided reinforcement learning reward mechanism

has been proposed to incentivize workers to generate high-quality labels. It uses the

Bayesian inference algorithm to learn workers’ probability of being correct, and the

rewards are proportional to these estimated probabilities. When interacting with

workers, it learns the optimal policy to adjust the scaling factor of the rewards via

the reinforcement incentive learning algorithm. The proposed reward mechanism is

88



Chapter 6. Conclusions and Future Work

proven that, exerting high-efforts and truthfully reporting is the utility-maximizing

strategy for all workers both at each step and in the long-term interaction. This

property ensures rational workers are correctly incentivized. Then, to demonstrate

the advantages of the proposed reward mechanism, extensive experiments have been

conducted. The empirical results show that employing the Bayesian inference algo-

rithm can help improve the robustness and lower the variance of rewards, which are

favorable properties in practice. Meanwhile, the reinforcement incentive learning al-

gorithm can adapt the mechanism to different types of workers, which ensures the

proposed mechanism to perform consistently well even with bounded rational and

self-learning workers.

In all, the goal of our research in Chapters 3-5 is two-fold. First, we improve

the existing learning-based mechanisms by analyzing the unique features and prob-

lems of microtask crowdsourcing. For example, our active task assignment mecha-

nism boosts the label accuracy by analyzing the inference uncertainties of microtask

crowdsourcing. Second, since no learning-based reward mechanisms exist now, we

design a new reward mechanism by developing Bayesian inference and reinforcement

learning algorithm specifically for the mechanism design of microtask crowdsourcing.

Our mechanism not only achieves the same theoretical objective as traditional re-

ward mechanisms, but also empirically outperforms them. Furthermore, when the

assumption of these traditional reward mechanism is violated, our mechanism can

still perform consistently well. Putting the proposed mechanisms together, we wish

to build a novel microtask crowdsourcing system which is more intelligent and more

practical in managing the large crowd of workers.

6.2 Future Work

Based on the current work, the future research is planned in four aspects.

6.2.1 Extension to Our Pricing Mechanism

In the optimal posted-price mechanism proposed in Chapter 3, we still need to try all

the possible prices one-by-one. This simple way of searching is quite inefficient. Thus,
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we expect to adaptively change the searching step to enhance efficiency in the future.

Besides, our mechanism can decide the price for the next worker only after the last

worker has fed back his/her decision about the offered price. In other words, our cur-

rent mechanism cannot handle the delay of workers’ feedback. According to Chapelle

and Li’s empirical studies [10], Thompson sampling, as an alternative method to the

bandit algorithm that is studied in Chapter 3, can alleviate the influence of delayed

feedback by randomizing over actions. Thus, in the future, we also expect to redesign

our posted-price mechanism based on Thompson sampling. However, the theoretical

analysis on Thompson sampling is very challenging and requires significant further

study. Furthermore, our posted-price mechanism assumes workers’ decisions on the

offered prices follow a fixed distribution. Although this assumption can incorporate

the case where workers are bounded rational, it makes our mechanism unable to cor-

rectly adjust the price when workers are time-varying. According to Combes and

Proutiere’s studies [13], we can overcome this non-stationary problem by adding a

sliding window to the bandit algorithm. However, how this sliding window will affect

the performance of our mechanism requires further study.

6.2.2 Extension to Our Task Assignment Mechanism

In the active task assignment mechanism proposed in Chapter 4, we learn workers’

models based on variational inference. Our learning algorithm only uses the collected

label as inputs. However, in practice, we usually have contextual information about

the targeted tasks [47, 40, 19]. For example, if our task is to label an image dataset

(e.g. ImageNet), we can use convolutional neural networks to handle these images,

which can help us to evaluate workers’ contributions. Thus, one of our future works

is to study how to merge the contextual information of tasks and the collected labels

from workers in task assignment. In addition, for a small part of tasks, we may

be able to obtain the real true labels by, for example, employing a small number of

experts [29, 62, 84]. In this case, the obtained real true labels can be used to calibrate

the learn models about workers. However, how to incorporate the calibration into our

online learning process still requires further study. Moreover, our mechanism now can
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only handle the push market where there is a fixed worker pool and we can call any

worker to label any task at any time. The most common market in practice is the pull

market where workers can come and leave at any time. It is thus of great importance

to extend our mechanism to the pull market in the future. A possible approach is to

use the output of our mechanism to adjust the waiting time of workers. If the worker

is of low quality, we can wait for a quite long time to assign him/her the next task.

6.2.3 Extension to Our Reward Mechanism

In the reward mechanism proposed in Chapter 5, we develop a Bayesian inference

algorithm to learn workers’ models. One advantage of our inference algorithm is

that we can theoretically prove the convergence to the true worker models, which is

the basis of proving the incentive compatibility. However, similar to the variational

inference algorithm used in our task assignment mechanism, our inference algorithm

cannot incorporate the contextual information of tasks and the real true labels of

a small part of tasks. It will be very challenging to develop an algorithm that can

maintain the theoretical guarantee for the convergence to the real worker models and

meanwhile incorporate these additional information. This is because machine learning

studies often focus on improving the empirical performance while mechanism design

studies need to at least ensure the rational workers are correctly incentivized. Besides,

in practice, the states of workers can be far more complex than exerting high or low

efforts and truthfully or falsely reporting the labels. For example, some workers are

active on getting tasks from the requester while the others may be not so active. In

the future, it will be an important direction for us to explore the question of how to

improve our mechanism with more complex state representations.

6.2.4 Integration of Different Mechanisms

The three mechanisms proposed in Chapters 3-5, each covers one step of microtask

crowdsourcing. In the future, we wish to integrate them to further enhance the effects

of incentives. For example, in the reinforcement incentive learning algorithm of our

reward mechanism, we will handle 100 tasks in each step. How to assign the 100 tasks
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to the participating workers can be handled by our task assignment mechanism. By

doing so, we can let those workers who provide low-quality labels not only get less

rewards on each task but also be assigned less tasks. Another example is to integrate

the posted-price mechanism and the reward mechanism. The posted-price mechanism

only decides the base payment in our final rewards (b in Equation 5.5), and our

reward mechanism only adjusts the scaling factor of the rewards (a in Equation 5.5).

In the future, we can develop a reinforcement learning algorithm to adjust the base

payment and the scaling factor in the meanwhile. By doing so, the price considers

workers’ response to rewards rather than assuming a fixed distribution for workers’

decisions. Also, adjusting the base payment can help us to further enlarge the incentive

differences between high- and low-quality workers.
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Appendix B

B.1 Basic Lemmas

We firstly present some lemmas for our proof later.

Lemma B.1 If x ∼ Bin(n, p), Etx = (1− p+ tp)n holds for any t > 0, where Bin(·)

is the binomial distribution.

Proof:

tx = ex log t = mx(log t) =
(
1− p+ pelog t

)n
(7.1)

where mx(·) denotes the moment generating function.

Lemma B.2 For given n,m ≥ 0, if 0 ≤ p ≤ 1, we can have∑n

x=0

∑m

w=0
Cx
nC

w
mp

x+w(1− p)y+z ×B(x+ z + 1 + t, y + w + 1) =∫ 1

0

[(2p− 1)x+ 1− p]n[(1− 2p)x+ p]mxtdx

Proof: By the definition of the beta function [60],

B(x, y) =

∫ +∞

0

ux−1(1 + u)−(x+y)du (7.2)

we can have ∑
x,w

Cx
nC

w
mp

x+w(1− p)y+zB(x+ z + 1 + t, y + w + 1)

=

∫ +∞

0

Eux · Euz · ut · (1 + u)−(n+m+2+t)du (7.3)

where we regard x ∼ Bin(n, p) and z ∼ Bin(m, 1−p). Thus, according to Lemma B.1,

we can obtain ∫ +∞

0

Eux · Euz · ut · (1 + u)−(n+m+3)du

=

∫ +∞

0

[1− p+ up]n · [p+ (1− p)u]m · ut
(1 + u)n+m+2+t

du.

(7.4)
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For the integral operation, substituting u with v− 1 at first and then v with (1−x)−1,

we can conclude Lemma B.2.

Lemma B.3
∑N

n=0C
n
N · xn = (1 + x)N .

Lemma B.4
∑N

n=0C
n
N · n · xn = N · x · (1 + x)N−1.

Lemma B.5
∑N

n=0C
n
N · n · xN−n = N · (1 + x)N−1.

Lemma B.6
∑N

n=0C
n
N · n2 · xn = Nx(1 +Nx)(1 + x)N−2.

Lemma B.7
∑N

n=0C
n
N · n2 · xN−n = N(x+N)(1 + x)N−2.

Lemma B.8 If 0 < x < 1, we can have

bN/2c∑
n=0

Cn
N · xn ≥

(
1− e−cN

)
· (1 + x)N

N∑
n=bN/2c+1

Cn
N · xN−n ≥

(
1− e−cN

)
· (1 + x)N .

where c = 0.5(1− x)2(1 + x)−2.

Proof: To prove the lemmas above, we firstly define

Ft(x) =
N∑
n=0

Cn
Nn

txn (7.5)

Then, Lemma B.3 can be obtained by expanding (1 + x)N . Lemma B.4 can be proved

as follows

F1(x) =
N∑
n=0

Cn
N(n+ 1)xn − (1 + x)N

N∑
n=0

Cn
N(n+ 1)xn =

d

dx
[xF0(x)]

= Nx(1 + x)N−1 + (1 + x)N .

(7.6)

Lemma B.5 can be obtained as follows

N∑
n=0

Cn
Nnx

N−n = xN
N∑
n=0

Cn
Nn

(
1

x

)n
= xN ·N · 1

x
·
(

1 +
1

x

)N−1

.

(7.7)
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For Lemma B.6, we can have

F2(x) =
N∑
n=0

Cn
N(n+ 2)(n+ 1)xn − 3F1(x)− 2F0(x)

=
[
x2F0(x)

]′ − 3F1(x)− 2F0(x) (7.8)

Thus, we can have

F2(x) = Nx(1 +Nx)(1 + x)N−2 (7.9)

which concludes Lemma B.6. Then, Lemma B.7 can be obtained by considering Equa-

tion 7.10.

N∑
n=0

Cn
Nn

2xN−n = xN
N∑
n=0

Cn
Nn

2

(
1

x

)n
. (7.10)

For Lemma B.8, we can have

bN/2c∑
n=0

Cn
Nx

n = (1 + x)N
bN/2c∑
n=0

Cn
Np

n(1− p)N−n (7.11)

where p = x(1 + x)−1. Let X ∼ Bin(N, p), we can have

bN/2c∑
n=0

Cn
Np

n(1− p)N−n ≥ 1− P (X ≥ N/2) . (7.12)

Since x < 1, p < 0.5 and Np < N/2. Considering Hoeffding’s inequality, we can get

P (X ≥ N/2) ≤ exp

[
−N(1− x)2

2(1 + x)2

]
(7.13)

which concludes the first inequality in Lemma B.8. Similarly, for the second inequality,

we can have
N∑

n=K

Cn
Nx

N−n = (1 + x)N
N∑

n=K

Cn
N(1− p)npN−n (7.14)

where K = bN/2c+ 1. Suppose Y ∼ Bin(N, 1− p), we can have

N∑
n=K

Cn
N(1− p)npN−n ≥ 1− P (Y ≤ N/2) . (7.15)

Considering Hoeffding’s inequality, we can also get

P (Y ≤ N/2) ≤ exp

[
−N(1− x)2

2(1 + x)2

]
(7.16)

which concludes the second inequality in Lemma B.8.
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Lemma B.9 For any x, y ≥ 0, we can have

(1 + x)y ≤ exy.

Proof: Firstly, we can know (1 + x)y = ey log(1+x). Let f(x) = x − log(x). Then,

we can have f(0) = 0 and f ′(x) ≥ 0. Thus, x ≥ log(1 + x) and we can conclude

Lemma B.9 by taking this inequality into the equality.

Lemma B.10

g(x) =
ex

ex + 1

is a concave function when x ∈ [0,+∞).

Proof: g′(x) = (2 + t(x))−1, where t(x) = ex + e−x. t′(x) = ex − e−x ≥ 0 when

x ∈ [0,+∞). Thus, g′(x) is monotonically decreasing when x ∈ [0,+∞), which

concludes Lemma B.10.

Lemma B.11 For x ∈ (−∞,+∞),

h(x) =
1

e|x| + 1

satisfies

h(x) < ex and h(x) < e−x.

Proof: When x ≥ 0, we can have

h(x) <
1

ex
= e−x ≤ ex. (7.17)

When x ≤ 0, we can have

h(x) =
ex

ex + 1
< ex ≤ e−x. (7.18)

Lemma B.12 If λ = p/(1− p) and 0.5 < p < 1, then

∑N

n=bN/2c
Cn
Nλ

m−npn(1− p)m ≤ [4p(1− p)]N/2

∑bN/2c

n=0
Cn
Nλ

n−mpn(1− p)m ≤ [4p(1− p)]N/2

98



Chapter 6. Conclusions and Future Work

where m = N − n.

Proof: For the first inequality, we can have

N∑
n=bN/2c

Cn
Nλ

m−npn(1− p)m (7.19)

=
N∑

n=bN/2c

Cn
Np

m(1− p)n ≤
bN/2c∑
m=0

Cm
N p

m(1− p)n

According to the inequality in [3], we can have

bN/2c∑
m=0

Cm
N p

m(1− p)n ≤ exp(−ND) (7.20)

where D = −0.5 log(2p) − 0.5 log(2(p − 1)), which concludes the first inequality in

Lemma B.12.

For the second inequality, we can have

bN/2c∑
n=0

Cn
Nλ

n−mpn(1− p)m

=
1

[p(1− p)]N
bN/2c∑
n=0

Cn
N [p3]n[(1− p)3]m

=
[p3 + (1− p)3]N

[p(1− p)]N
bN/2c∑
n=0

Cn
Nx

n(1− x)m

(7.21)

where x = p3/[p3 + (1− p)3]. By using Equation 7.20, we can have

bN/2c∑
n=0

Cn
Nλ

n−mpn(1− p)m

≤ [p3 + (1− p)3]N

[p(1− p)]N [x(1− x)]N/2

= [4p(1− p)]N/2

(7.22)

which concludes the second inequality of Lemma B.12.

B.2 Proof for Lemma 5.2

To prove Lemma 5.2, we need to analyze the posterior distribution of L which satisfies

P(L|L) = B(β̂)
∏N

i=1
B(α̂i)/[Cp · P(L)] (7.23)
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where Cp is the nomalization constant. This is because the samples are generated

based on this distribution. However, both the numerator and denominator in Equa-

tion 7.23 are changing with L, making the distribution difficult to analyze. Thus, we

derive a proper approximation for the denominator of Equation 7.23 at first. Denote

the labels generated by N workers for task j as vector L(j). The distribution of L(j)

satisfies

Pθ̂[L(j)] =
∑2

k=1
τk
∏N

i=1
Pδijki (1− Pi)δij(3−k) (7.24)

where θ̂ = [τ1,P1, . . . ,PN ] denotes all the parameters and δijk = 1(Li(j) = k). Then,

we can have

Lemma B.13 When M →∞,

P(L)→ CL(M) ·
∏

L(j)
{Pθ̂[L(j)]}M ·Pθ̂ [L(j)]

where CL(M) denotes a constant that depends on M .

Proof: Denote the prior distribution of θ by π. Then,

P (L|α,β) =
∏M

j=1
Pθ(xj)

∫
e[−M ·dKL]dπ(θ̂) (7.25)

dKL =
1

M

M∑
j=1

log
Pθ(xj)

Pθ̂(xj)
→ KL[Pθ(x), Pθ̂(x)] (7.26)

where xj denotes the labels generated for task j. The KL divergence KL[·, ·], which

denotes the expectation of the log-ratio between two probability distributions, is a con-

stant for the given θ and θ̂. Thus,
∫
e[−M ·dKL]dπ(θ̂) = CL(M). In addition, when

M →∞, we can also have
∑

1(xj = x)→M ·Pθ(x), which concludes Lemma B.13.

Then, we move our focus back to the samples. To quantify the effects of the

collected labels, we introduce a set of variables to describe the real true labels and

the collected labels. Among the n tasks of which the posterior true label is correct,

• x0 and y0 denote the number of tasks of which the real true label is 1 and 2,

respectively.

• xi and yi denote the number of tasks of which worker i’s label is correct and

wrong, respectively.
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Also, among the remaining m = M − n tasks,

• w0 and z0 denote the number of tasks of which the real true label is 1 and 2,

respectively.

• wi and zi denote the number of tasks of which worker i’s label is correct and

wrong, respectively.

Thus, we can have xi + yi = n and wi + zi = m. Besides, we use ξi to denote the

combination (xi, yi, wi, zi).

To compute the expectation of m/M , we need to analyze the probability distribu-

tion of m. According to Equation 5.7 in our thesis, we can know that P(m) satisfies

P(m) ≈ Cm
M

Z

∑
ξ0,...,ξN

N∏
i=0

P(ξi|m)B(β̂)
N∏
i=1

B(α̂i) (7.27)

where Z = CpCL
∏
x[Pθ(x)]M ·Pθ(x) is independent of ξi and m. Meanwhile, β̂1 =

x0 +z0 +1, β̂2 = y0 +w0 +1, α̂i1 = xi+zi+2 and α̂i2 = xi+zi+1. When the m tasks

of which the posterior true label is wrong are given, we can know that xi ∼ Bin(n,Pi)

and wi ∼ Bin(m,Pi), where Bin(·) denotes the binomial distribution. In addition, xi

and yi are independent of wi, zi and ξk 6=i. Also, wi and zi are independent of xi and

yi and ξk 6=i. Thus, we can further obtain P(m) ≈ Ẑ−1 · Cm
MY (m), where

Y (m) = elogH(m,P0;M,0)+
∑N
i=1 logH(m,Pi;M,1)

H(m, p;M, t) =
∑n

x=0

∑m

w=0
2M+1Cx

nC
w
m×

px+w(1− p)y+zB(x+ z + 1 + t, y + w + 1)

(7.28)

and Ẑ = 2−(N+1)(M+1)Z. Considering
∑M

m=1 P(m) = 1, we can know that Ẑ ≈∑M
m=1C

m
MY (m). Note that, we use P0 to denote the probability of true label 1,

namely τ1.

The biggest challenge of computing P (m) exists in analyzing functionH(m, p;M, t)

which we put in Section B.3 of this appendix. Here, we directly use the obtained lower

and upper bounds depicted in Lemmas B.18 and B.19 and can have{
eC−Klm . Y (m) . eC−Kum 2m ≤M
eC+δ−Kln . Y (m) . eC+δ−Kun 2m > M

(7.29)
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where C = H(0,P0;M, 0) +
∑N

i=1H(0,Pi;M, 1) and

Kl =
∑N

i=0
log λ̂i , Ku = 2

∑N

i=0
log
(

2P̂i
)

δ = ∆ · log(M) +
∑N

i=1
(−1)1(Pi>0.5)φ(P̂i)

λ̂i = max

{
Pi

P̄i + 1
M

,
P̄i

Pi + 1
M

}
, φ(p) = log

2P− 1

P
.

Besides, we set a convention that φ(p) = 0 when p = 0.5. Thereby, the expectations

of m and m2 satisfy

E[m] .

∑M
m=0me

−Kum +
∑M

m=0 me
δ−Kun∑k

m=0 e
−Klm +

∑M
m=k+1 e

δ−Kln
(7.30)

E[m2] .

∑M
m=0m

2e−Kum +
∑M

m=0m
2eδ−Kun∑k

m=0 e
−Klm +

∑M
m=k+1 e

δ−Kln
(7.31)

where k = bM/2c. By using Lemmas B.4, B.5, B.6 and B.7, we can know the upper

bounds of the numerator in Equations 7.30 and 7.31 are M(ε + eδ)(1 + ε)M−1 and

[M2ε2 +Mε+ eδ(M2 +Mε)](1 + ε)M−2, respectively, where ε = e−Ku . On the other

hand, by using Lemma B.8, we can obtain the lower bound of the denominator as

(1 + eδ)[1 − e−c(ω)M ](1 + ω)M , where ω = e−Kl and c(ω) = 0.5(1 − ω)2(1 + ω)−2.

Considering M � 1, we can make the approximation that e−c(ω)M ≈ 0 and (1 +

eδ)ε/M ≈ 0. Besides, (1+ω)M ≥ 1 holds because ω ≥ 0. In this case, Lemma 5.2 can

be concluded by combining the upper bound of the numerator and the lower bound

of the denominator.

B.3 H function analysis

Here, we present our analysis on the H function defined in the proof of Lemma 5.2.

Firstly, we can have:

Lemma B.14 H(m, 0.5;M, t) = 2(t+ 1)−1.

Lemma B.15 H(m, p;M, t) = H(n, p̄;M, t).

Lemma B.16 As a function of m, H(m, p;M, t) is logarithmically convex.

Proof: Lemma B.14 can be proved by integrating 2xt on [0, 1]. Lemma B.15 can be
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proved by showing that H(n, p̄;M, t) has the same expression as H(m, p;M, t). Thus,

in the following proof, we focus on Lemma B.16. Fixing p, M and t, we denote log(H)

by f(m). Then, we compute the first-order derivative as

H(m)f ′(m) = 2M+1

∫ 1

0

λun(1− u)mxtdx (7.32)

where u = (2p− 1)x+ 1− p and λ = log(1− u)− log(u). Furthermore, we can solve

the second-order derivative as

2−2(M+1)H2(m)f ′′(m) =∫ 1

0

g2(x)dx

∫ 1

0

h2(x)dx−
(∫ 1

0

g(x)h(x)dx

)2 (7.33)

where the functions g, h : (0, 1)→ R are defined by

g = λ
√
un(1− u)m , h =

√
un(1− u)m. (7.34)

By the Cauchy-Schwarz inequality,∫ 1

0

g2(x)dx

∫ 1

0

h2(x)dx ≥
(∫ 1

0

g(x)h(x)dx

)2

(7.35)

we can know that f ′′(m) ≥ 0 always holds, which concludes that f is convex and H is

logarithmically convex.

Then, for the case that t = 1 and M � 1, we can further derive the following three

lemmas for H(m, p;M, 1):

Lemma B.17 The ratio between two ends satisfies

log
H(0, p;M, 1)

H(M, p;M, 1)
≈


log(M) + ε(p) p > 0.5

0 p = 0.5
− log(M)− ε(p̄) p < 0.5

where ε(p) = log(2p− 1)− log(p) and ε(p) = 0 if p = 0.5.

Lemma B.18 The lower bound can be calculated as

logH(m, p) &

{
H(0, p)− kl ·m 2m ≤M
H(M, p)− kl · n 2m > M

where kl = log (max {p/(p̄+M−1), p̄/(p+M−1)}).
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Lemma B.19 The upper bound can be calculated as

logH(m, p) .

{
H(0, p)− ku ·m 2m ≤M
H(M, p)− ku · n 2m > M

where n = M −m and ku = 2 log (2 ·max {p, p̄}).

Proof: By Lemma B.14, logH(m, 0.5;M, 1) ≡ 0, which proves the above three

lemmas for the case that p = 0.5. Considering the symmetry ensured by Lemma B.15,

we thus focus on the case that p > 0.5 in the following proof and transform H(m, p)

into the following formulation

H(m, p) = ω(p) ·
∫ p

p̄

xn(1− x)m(x− 1 + p)dx (7.36)

where ω(p) = 2M+1/(2p− 1)2. Then, we can solve H(0, p) and H(M, p) as

H(0, p) = ω(p)

∫ p

p̄

xM(x− p̄)dx

=
(2p)M+1

(2p− 1)(M + 1)
−O

(
(2p)M+1

M2

) (7.37)

H(M, p) = ω(p)

∫ p

p̄

(1− x)M(x− p̄)dx

=
p(2p)M+1

(2p− 1)2(M + 1)(M + 2)
−O

(
(2p̄)M+1

M + 2

)
.

(7.38)

Using the Taylor expansion of function log(x), we can calculate the ratio in Lemma B.17

as

log
H(0, p)

H(M, p)
= log(M) + log

2p− 1

p
+O

(
1

M

)
(7.39)

which concludes Lemma B.17 when M � 1.

Furthermore, we can solve H(1, p) as

H(1, p) = ω(p)

∫ p

p̄

xM−1(x− p̄)dx−H(0, p)

=
(2p̄+M−1)(2p)M

(2p− 1)(M + 1)
−O

(
(2p)M+1

M2

) (7.40)

The value ratio between m = 0 and m = 1 then satisfies

log
H(1, p)

H(0, p)
= log

p

p̄+M−1
+O

(
1

M

)
. (7.41)

By Rolle’s theorem, there exists a c ∈ [m,m+ 1] satisfying

logH(1, p)− logH(0, p) = f ′(c) (7.42)
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where f(m) = logH(m, p). Meanwhile, Lemma B.16 ensures that f ′′(m) ≥ 0 always

holds. Thus, we can have

logH(m+ 1, p)− logH(m, p) ≥ log
H(1, 0)

H(0, p)
(7.43)

which concludes the first case of Lemma B.18. Similarly, we compute the ratio between

m = M − 1 and M as

log
H(M, p)

H(M − 1, p)
= log

p

p̄+M−1
+O

(
1

M

)
. (7.44)

Meanwhile, Rolle’s theorem and Lemma B.16 ensure that

logH(m, p)− logH(m− 1, p) ≤ log
H(M, 0)

H(M − 1, p)
(7.45)

which concludes the second case of Lemma B.18.

Lastly, we focus on the upper bound described by Lemma B.19. According to the

inequality of arithmetic and geometric means, x(1− x) ≤ 2−2 holds for any x ∈ [0, 1].

Thus, when 2m ≤M (i.e. n ≥ m), we can have

H(m, p) ≤ 2−2mω(p) ·
∫ p

p̄

xn−m(x− 1 + p)dx (7.46)

where the equality only holds when m = 0.∫ p

p̄

xn−m(x− 1 + p)dx =
(2p− 1)pδ

δ
+

∆

δ(δ + 1)
(7.47)

where δ = n−m+ 1 and ∆ = p̄δ+1 − pδ+1 < 0. Hence,

log
H(m, p)

H(0, p)
≤ −2m[log(2p)− ε(m)] +O

(
1

M

)
(7.48)

where ε(m) = −(2m)−1[log(n − m + 1) − log(M + 1)]. Since log(x) is a concave

function, we can know that

ε(m) ≤ (M)−1 log(M + 1) = O
(
M−1

)
(7.49)

which concludes the first case in Lemma B.19. Similarly, for 2m > M (i.e. n < m),

we can have

log
H(m, p)

H(M, p)
≤ −2n[log(2p)− ε̂(n)] +O

(
1

M

)
(7.50)

where ε̂(n) ≤ O(M−1). Thereby, we can conclude the second case of Lemma B.19.

Note that the case where p < 0.5 can be derived by using Lemma B.15.
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For the case that t = 0 and M � 1, using the same method as the above proof, we

can derive the same lower and upper bounds as Lemmas B.19 and B.18. On the other

hand, for t = 0, Lemma B.17 does not hold and we can have

Lemma B.20 H(m, p;M, 0) = H(n, p;M, 0).

Proof: When t = 0,

H(m, p) = 2M+1(2p− 1)−1

∫ p

p̄

xn(1− x)mdx. (7.51)

Then, substituting x as 1− v concludes Lemma B.20.

B.4 Proof for Lemma 5.3

In our Bayesian inference algorithm, when M � 1, the estimated accuracy Ã satisfies

Ã ≈ 1− Eg(σ̃j) , g(σ̃j) = 1/(1 + e|σ̃j |). (7.52)

From the proof of Theorem 5.1, we can know that P̃ti ≈ Pti. In this case, according to

Equation 5.11, we can have

σ̃j(Pi) ≈ log

(
τ1

τ2

λ
δij1−δij2
i

∏
k 6=i
λ
δkj1−δkj2
H

)
. (7.53)

where λi = Pi/(1− Pi) and λH = PH/(1− PH).

We know that Ã ≤ 1.0 holds no matter what strategy worker i takes. To prove

Lemma 2, we still need to know the lower bound of Ã. Thus, we consider two extreme

cases where worker i intentionally provides low-quality labels:

Case 1: If Pi = 0.5, we can eliminate λi from Equation 7.53 because λi = 1.

Furthermore, according to Lemma B.11, we can know that g(σ̃j) < eσ̃j and g(σ̃j) <

e−σ̃j both hold. Thus, we build a tighter upper bound of g(σ̃j) by dividing all the

combinations of δkj1 and δkj2 in Equation 7.53 into two sets and using the smaller one

of eσ̃j and e−σ̃j in each set. By using this method, if the true label is 1, we can have

E[L(j)=1]g(σ̃j) < q1 + q2, where

q1 =
τ2

τ1

∑N−1

n=K+1
Cn
N−1(

1

λH
)n−mPnH(1− PH)m

q2 =
τ1

τ2

∑K

n=0
Cn
N−1λH

n−mPnH(1− PH)m

n =
∑

k 6=i
δkj1 , m =

∑
k 6=i
δkj2
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and K = b(N − 1)/2c. By using Lemma B.12, we can thus get

E[L(j)=1]g(σ̃j) < cτ [4PH(1− PH)]
N−1

2 .

where cτ = τ1τ
−1
2 + τ−1

1 τ2. Similarly,

E[L(j)=2]g(σ̃j) < cτ [4PH(1− PH)]
N−1

2 .

Thereby, Ã > 1− cτ [4PH(1− PH)]
N−1

2 = 1− ψ.

Case 2: If Pi = 1− PH , we can rewrite Equation 7.53 as

σ̃j(1− PH) ≈ log

(
τ1

τ2

λx−yH

∏
k 6=i
λ
δkj1−δkj2
H

)
where x = δij2 and y = δij1. Since Pi = 1 − PH , x and y actually has the same

distribution as δkj1 and δkj2. Thus, the distribution of σ̃j(1 − PH) is actually the

same as σ̃j(PH). In other words, since Theorem 5.1 ensures P̃i ≈ Pi, our Bayesian

inference algorithm uses the information provided by worker i via flipping the label

when Pi < 0.5.

Thus, even if worker i intentionally lowers the label quality, Ã ≥ 1−ψ still holds.

Considering F (·) is a non-decreasing monotonic function, we conclude Lemma 5.3.
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