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Abstract: Critical slip surface (CSS) of slopes is useful information in system reliability analyses 1 

and risk assessments of slopes. This paper investigates the effect of spatial variability of shear 2 

strength parameters on the CSS distribution of a two-dimensional slope using a finite element 3 

stress-based slope stability method. The failure mechanics for typical CSSs in a heterogeneous 4 

slope are analyzed and distributions of CSS for various combinations of horizontal and vertical 5 

scales of fluctuation (SOFs) are evaluated. The results show that local failures may occur in 6 

statistically homogeneous slopes, which cannot be observed in deterministic slope stability 7 

analyses. The distribution range of CSS first increases and then decreases with an increasing scale 8 

of fluctuation. As the ratio of horizontal SOF to vertical SOF is large, local failures have entry 9 

points located at the top of a slope. By contrast, as the ratio of horizontal SOF to vertical SOF is 10 

relatively small, local failures have entry points located either at the top of a slope or on the slope 11 

surface. The findings facilitate a more accurate evaluation of the system reliabilities or risks of 12 

slopes. 13 

Keywords: slope stability; critical slip surface; spatial variability; non-intrusive stochastic analysis 14 

  15 
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1. Introduction 16 

Spatial variability is an inherent property of soil materials because of complex geological, 17 

environmental and physical effects. It is more realistic to consider the spatial variability of soil 18 

parameters in the design of geotechnical structures (e.g., Liu et al., 2015; Wang et al., 2016; Huang 19 

et al., 2017; Tan et al., 2017; Xiao et al., 2017). A large number of studies have been conducted to 20 

investigate the effect of spatial variability of soil parameters on the reliability or risk of slopes. For 21 

example, Griffiths et al. (2011) and Li et al. (2014) evaluated the reliability of infinite slopes in 22 

the presence of spatially autocorrelated shear strength parameters. Huang et al. (2013), Zhu et al. 23 

(2013), Li et al. (2016a, b), and Deng et al. (2017) studied the reliability or risk of two-dimensional 24 

slopes considering the spatial variability of soil parameters. Ji (2014), Xiao et al. (2016), Li et al. 25 

(2017) and Liu et al. (2017) conducted reliability or risk analyses of three-dimensional 26 

heterogeneous slopes. 27 

However, rare studies focused on the uncertainty of the critical slip surface for a slope. The 28 

critical slip surface (CSS) refers to the slip surface with the minimum factor of safety in a slope. 29 

In reality, it is not possible to know the whole geotechnical condition of a slope, leading to an 30 

uncertainty in the size and location of the critical slip surface. The CSS plays a vital role in risk, 31 

system reliability analyses of slopes and design of site investigation schemes. An analysis of the 32 

distribution of CSS hence has wide applications as elaborated as follows. First, key failure modes 33 

or representative slip surfaces, which are important inputs in system reliability or risk analysis of 34 

slopes, are always determined according to the CSS of slopes (e.g., Li et al., 2013; Tang et al., 35 

2013; Jiang et al., 2015; Zhang and Huang, 2016; Jiang et al., 2017). The analyses of the 36 

distribution of CSS in heterogeneous slopes help to determine more reasonable representative slip 37 

surfaces. Second, it is well known that the site investigations within the influential range (namely 38 
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the area occupied by the CSS) of a slope is more useful than that beyond the influential range (e.g., 39 

Li et al., 2016c; Deng et al., 2017). An evaluation of the distribution of CSS helps to design more 40 

effective site investigation schemes. Third, back analyses of slope failures are always performed 41 

to infer the knowledge (such as mean and standard deviation) of soil parameters (e.g., Zhang et al., 42 

2010). It has been demonstrated by Hicks and Spencer (2010) that the scale of fluctuation of shear 43 

strength parameters significantly affects the scale or location of the CSS. Therefore, the size or 44 

location of a slope failure surface is useful information for inferring the scales of fluctuation of 45 

shear strength parameters in back analyses.  46 

Albeit significant, a systematic analysis of the distribution of CSS for heterogeneous slopes 47 

is rarely conducted. Griffiths et al. (2011) and Li et al. (2014) investigated the critical depth of 48 

slopes, but the analyses focused merely on infinite slopes. Wang et al. (2010) evaluated the spatial 49 

variability of critical slip surfaces for a two-dimensional slope, but only considered the spatial 50 

variability in the vertical direction. Hicks and Spencer (2010) investigated the failure modes and 51 

reliability of three-dimensional heterogeneous slope. Hicks et al. (2014) further proposed one 52 

method to quantify the slide volume and slide length of three-dimensional heterogeneous slopes. 53 

These two studies provide a good basis for risk analysis of three-dimensional slopes. However, it 54 

is worth noting that a two-dimensional slope represents another type of slopes in reality and the 55 

CSS of a two-dimensional slope may display different distribution characteristics from these of 56 

one-dimensional and three-dimensional slopes. The distribution of CSS for two-dimensional 57 

slopes also deserves a thorough study.  58 

Hence, this study investigates the distribution of critical slip surface for a two-dimensional 59 

heterogeneous slope. First, a finite element stress-based slope stability method is presented to 60 

evaluate the critical slip surface of a heterogeneous slope. Second, the failure mechanics for typical 61 
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critical slip surfaces are analyzed. Third, distributions of the CSS for different combinations of 62 

horizontal and vertical scales of fluctuation are compared and the effect of coefficient of variation 63 

(COV ) of shear strength parameters on the CSS distribution is investigated. At last, the significant 64 

role of CSS distribution in reliability analyses of slopes is illustrated by evaluating the contribution 65 

of local failures to the probability of failure of slopes. The CSS distributions obtained in this study 66 

provide guidelines for selecting representative slip surfaces in system reliability analyses and risk 67 

assessments of two-dimensional slopes. 68 

2. Method 69 

In this study, the spatial variability of shear strength parameters is modeled as a lognormally 70 

distributed random field and a widely used spectral representation method is used to generate the 71 

random field (e.g., Popescu et al., 2005; Soubra et al., 2008). The critical slip surfaces of 72 

heterogeneous slopes are computed by a finite element stress-based slope stability analysis. An 73 

efficient non-intrusive stochastic analysis method is used to automatically evaluate the distribution 74 

of critical slip surfaces. The spectral representation method and non-intrusive stochastic analysis 75 

method are well known and are not presented herein. Details of the two methods can be 76 

respectively found in Shinozuka and Deodatis (1991, 1996) and Jiang et al. (2014). This section 77 

merely introduces the finite element stress-based slope stability method. This method is adopted 78 

because it overcomes the drawbacks of other widely used methods, such as finite element (or finite 79 

difference) shear strength reduction method (e.g., Cho, 2009a; Griffiths et al., 2009; Hicks et al., 80 

2014) and the limit equilibrium method (e.g., Cho, 2009b). The finite element shear strength 81 

reduction (FESSR) method has many desirable features, such as being able to calculate the stresses, 82 

movement of slope and to realistically model complex conditions of a slope (such as nonlinear 83 

stress-strain behavior) (Duncan, 1996). But the method is computationally expensive and can only 84 
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calculate a shear zone rather than an explicit critical slip surface. The limit equilibrium (LE) 85 

method is less time-consuming but has to make some assumptions on the forces between slices of 86 

slopes. Furthermore, the LE method provides no strain information of slopes and the obtained 87 

stress distribution in slopes may not be realistic (Duncan, 1996). In comparison, the finite element 88 

stress-based slope stability method does not need to repeatedly compute the stress and hence is 89 

less time-consuming than the FESSR method. In addition, it could compute realistic stress 90 

distributions and an explicit critical slip surface.  91 

The basic idea of the finite element stress-based method is first establishing the stress 92 

distribution in the ground using a finite element analysis and then evaluating the slope stability 93 

using the calculated stresses (GEO-SLOPE Ltd, 2008). For any potential slip surface, the 94 

associated factor of safety (FS) is evaluated by (1) integrating the available shear resistance 95 

(derived from the normal stresses applied to the slip surface) and mobilized shear stress along the 96 

slip surface and (2) dividing the total available shear resistance by the total mobilized shear stress. 97 

The critical slip surface is determined through the procedure as follows. (1) Generate many trial 98 

circular slip surfaces and find the slip surface with the minimum FS. (2) Optimize the slip surface 99 

with the minimum FS and obtain a non-circular critical slip surface. The second step is 100 

implemented because the heterogeneity of a slope always renders the CSS non-circular. This 101 

method has been successfully applied to slopes with spatially autocorrelated soil parameters (e.g., 102 

Jiang et al., 2014, 2015, 2017). In the current study, the slope stability is evaluated by the finite 103 

element stress-based method using a widely used commercial software, GeoStudio (GEO-SLOPE 104 

Ltd, 2008). More details of the method can be found in GEO-SLOPE Ltd (2008).  105 

3. Illustrative examples 106 
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In this section, one heterogeneous slope is first analyzed to illustrate the capacity of the finite 107 

element stress-based method in evaluating the critical slip surface of a heterogeneous slope. 108 

Second, the failure mechanics for typical CSSs in a heterogeneous slope are analyzed and 109 

distributions of CSS for various combinations of the horizontal and vertical SOF for cohesion are 110 

evaluated. Finally, parametric studies are conducted to explore the effect of coefficient of variation 111 

of cohesion on the distribution of CSS. The CSS distributions for a slope with spatially 112 

autocorrelated friction coefficient are also investigated. In all the slope stability analyses, a slope 113 

model with a size of 30 m   10 m as shown in Fig. 1 is used. The slope height is 5 m and the size 114 

of random field grid is 0.5 m   0.5 m. The resulting grid density is equal to or larger than that 115 

adopted by Hicks and Spencer (2010), and Hicks et al. (2014). Hence, the accuracy of the 116 

stochastic analysis could be guaranteed.  117 

   118 

(a) critical slip surface searched by GeoStudio          (b) contour plot of shear strain rate calculated by FLAC3D 119 
Fig. 1 Slope stability evaluated by different methods 120 

3.1 Capacity of the finite element stress-based slope stability method 121 

In this section, the capacity of the finite element stress-based slope stability method (FESSSM) is 122 

illustrated by comparing the critical slip surface evaluated from FESSSM with the shear strain rate 123 

contour calculated by a finite difference method. The latter is accomplished in a widely used 124 

commercial software, i.e., FLAC3D. The contour plot of shear strain rate evaluated from the finite 125 

difference method is widely used to display the sliding zone of geotechnical structures (e.g., Li et 126 

al., 2015; Shen and Fu, 2011). The two analyses merely consider the spatial variability of friction 127 
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coefficient and adopt the same soil parameters. In this study, the autocorrelation structure of shear 128 

strength parameters is represented by a widely used single exponential autocorrelation function 129 

(e.g., Jiang et al., 2017) given by Eq. 1. 130 
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where ),(ln yx  = ),(ln jiji yyxx   is the autocorrelation coefficient between )),(log( ii yxZ  132 

and )),(log( jj yxZ , in which ),( ii yxZ  and ),( jj yxZ  are two random variables in the random field 133 

and are respectively located at ),( ii yx  and ),( jj yx , Z  could be cohesion, c, or friction coefficient, 134 

f; x  and y  respectively are the horizontal and vertical scales of fluctuation for the field of log(Z). 135 

One random filed realization for friction coefficient with the mean f  = 0.268, coefficient of 136 

variation, fCOV = 0.3 and scales of fluctuation xf ,ln  = yf ,ln = 5 m is plotted in Fig. 1(a). In Fig. 137 

1(a), dark colors represent large values of friction coefficient while light colors represent small 138 

values of friction coefficient. The friction coefficient values in this realization are assigned to the 139 

corresponding regions in the finite element model and to the corresponding elements in the finite 140 

difference model. The remaining soil parameters are kept constant, i.e., cohesion = 5 kPa, elastic 141 

modulus = 8 MPa, Poisson's ratio = 0.33 and unit weight = 20 kN/m3. The same constitutive model 142 

(namely an elastic-perfectly plastic model with a Mohr-Coulomb yield criterion) and boundary 143 

conditions are adopted in the finite element and finite difference analyses. The horizontal 144 

movement in all the vertical boundaries are constrained and the nodes at the bottom boundary are 145 

fixed in all directions. Note that the shape and size of the finite difference elements are the same 146 

as that of the random field grids and the soil parameters for each element are assigned using a 147 

built-in programming language in FLAC3D, i.e., FISH (e.g., Li et al., 2015). The critical slip 148 

surface evaluated from the FESSSM and shear strain rate contour calculated by the finite difference 149 
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method are plotted in Fig. 1. As shown, the critical slip surface is located in the area with high 150 

shear strain rate, indicating that the two analyses obtain consistent results. In addition, the 151 

obtaining critical slip surface is typically non-circular and automatically captures the weak soils 152 

(see Fig. 1(a)). Hence, the FESSSM is effective in searching out the non-circular critical slip 153 

surface of a heterogeneous slope.  154 

3.2 Effect of spatial variability of cohesion on the distribution of critical slip surface 155 

In this subsection, the suitable number of Monte Carlo simulation is first determined through a 156 

parametric study. Second, the failure mechanics for typical CSSs are analyzed. Third, the CSS 157 

distributions for different combinations of horizontal scale of fluctuation and vertical scale of 158 

fluctuation are compared. At last, the effect of COV  of cohesion on the CSS distribution is studied. 159 

For simplicity, this subsection merely focuses on the spatial variability of cohesion. The remaining 160 

parameters are constant and take the same value as that adopted in section 3.1 (the friction 161 

coefficient is fixed at its mean value, i.e., 0.268). The same slope model as that in section 3.1 is 162 

used.  163 

3.2.1 Determining the number of Monte Carlo simulation 164 

In this section, the random field parameters for the cohesion are set to be mean c = 5 kPa, 165 

coefficient of variation cCOV  = 0.5, scales of fluctuation xc,ln = 25 m, and yc,ln  = 2.5 m. The 166 

values of cCOV , xc,ln , and yc,ln  respectively lie within the corresponding typical ranges 167 

summarized by Phoon and Kulhawy (1999). 500, 1000, and 2000 realizations of cohesion random 168 

fields are respectively simulated. The distribution of critical slip surfaces for these realizations are 169 

evaluated and plotted in Fig. 2. In Fig. 2, the CSS for the deterministic analysis using the mean 170 

value of cohesion is denoted by a thick line while the CSSs for random field realizations are 171 

denoted by thin lines. As shown, there are no big differences between the distributions of CSS for 172 
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1000 and 2000 realizations. Hence, the number of random field realizations is set to 1000. In 173 

addition, the critical slip surfaces are a cluster of curves with different locations and sizes. Local 174 

or deep-seated overall failures may occur if the spatial variability is considered. By contrast, a 175 

deterministic analysis can only produce an overall slope failure. It is worth noting that local slip 176 

failures did occur in reality (e.g., Canuti et al., 2005; Du et al., 2013; Li et al., 2009). This fact 177 

highlights the importance of considering spatial variability in slope stability analyses. 178 

   179 

(a) 500 realization                                                                (b) 1000 realization 180 

 181 

(c) 2000 realization 182 

Fig. 2 Critical slip surfaces for different numbers of random field realizations  183 

3.2.2 Failure mechanics for typical critical slip surfaces  184 

In this section, the failure mechanics for typical critical slip surface are analyzed. Different 185 

realizations of cohesion random field and associated CSSs are plotted in Fig. 3. These realizations 186 

are extracted from the Monte Carlo simulation in section 3.2.1. In Fig. 3, light colors represent 187 

small values of cohesion while dark colors represent large values of cohesion. The typical 188 

realizations in Fig. 3 have different characteristics of weak zone distributions and are divided into 189 

five categories as follows.  190 

(1) The slope is relatively homogeneous and has no obvious weak zones. Typical realizations 191 

of this category are plotted in Figs. 3(a, b). For this case, the failure mode of the slope is an overall 192 
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failure and the critical slip surface is located around the critical slip surface obtained from a 193 

deterministic analysis using the mean value of cohesion. In addition, the CSS is shallow when the 194 

cohesion is relatively small (see Fig. 3(a)) while the CSS is deep when the cohesion is relatively 195 

large (see Fig. 3(b)). 196 

    197 
(a) the cohesion is generally small                                              (b) the cohesion is generally large 198 

   199 
(c) the weak zone is large and located at the upper 

area of the slope 

(d) the weak zone is small and located at the upper 

area of the slope 

    200 
(e) the weak zone is located at the lower area of the slope  (f) the weak zone is located below the toe of the slope   201 

Fig. 3 Critical slip surfaces for typical realizations of a random field with xc,ln  = 25 m and yc,ln  202 

= 2.5 m as 
cCOV = 0.5 203 

(2) The weak zone is located at the upper area of the slope and is relatively large (see Fig. 204 

3(c)). The associated failure mode is a local failure and the location of the CSS is consistent with 205 

the location of the weak zone. The reason is that the FS for the local slip surface running across 206 

the weak zone is smaller than that for a large slip surface representing an overall failure.  207 

(3) The weak zone is located at the upper area of the slope and is relatively small (see Fig. 208 

3(d)). The failure mode for this case is an overall failure and the location of CSS is not consistent 209 

with the location of the weak zone. The reason is explained as follows. The load of a slope is a 210 

Critical slip surface for 
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Critical slip surface 

for homogeneous slope
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component of the gravity of the slope, which is proportional to the volume of the slide mass. The 211 

shear resistance of the slope consists of two parts, friction angle part (i.e., friction coefficient   212 

normal stress applied to a slip surface) and cohesion part (i.e., cohesion   area of a slip surface). 213 

The frictional angle part is also proportional to the volume of slide mass but the cohesion part is 214 

proportional to the area of a slip surface. Obviously, as the size of a slip mass decreases, the 215 

decreasing rate of the associated slip surface is smaller than that of the slip volume. In other words, 216 

if the shear strength parameter keeps constant and the size of sliding mass decreases, the load of a 217 

slope decreases faster than the resistance of the slope. To achieve the same factor of safety (i.e., 218 

the same decreasing rate of the load and resistance of a slope), the shear strength has to decrease 219 

simultaneously with the size of a slip surface. For a relatively large slip surface as shown in Fig. 220 

3(c), the cohesion in the weak zone is small enough to generate an FS smaller than the FS for an 221 

overall slip surface. However, if the slip surface continues to decreases to a level as shown in Fig. 222 

3(d), the FS for the local slip surface is larger than the FS for overall slip surface. The reason is 223 

that the cohesion in the weak zone cannot further decrease for a given cCOV . Hence, overall failure 224 

happens in the case of Fig. 3(d). 225 

(4) The weak zone is located at the lower part of the slope and the failure mode is an overall 226 

failure (Fig. 3(e)). The reason for the overall failure mode is that the FS for a local slip surface in 227 

the weak zone is larger than that for an overall slip surface. 228 

(5) The weak zone is located below the toe of the slope and the failure mode is a deep-seated 229 

overall failure (see Fig. 3(f)). 230 

From the above analyses, it can be clearly seen that the failure mode for a slope with a 231 

relatively large value of ycxc ,ln,ln /  is an overall failure in most cases. Although local failures 232 
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may happen in certain cases, the associated critical slip surfaces always have entry points (the 233 

uppermost points of slip surfaces) located at the top of the slope. 234 

3.2.3 Distributions of critical slip surface for different combinations of xc,ln  and yc,ln  235 

In this subsection, the distributions of CSS for different combinations of xc,ln  and yc,ln  are 236 

compared. Seven cases are considered, namely xc,ln  = yc,ln = 1 m; xc,ln  = yc,ln = 2.5 m; xc,ln  237 

= yc,ln = 5 m; xc,ln  = yc,ln = 25 m; xc,ln  = yc,ln = infinite; xc,ln  = 10 m, yc,ln = 1 m; and xc,ln  238 

= 12.5 m, yc,ln = 2.5 m. The seven cases can be divided into two categories, namely xc,ln  = yc,ln , 239 

and xc,ln  > yc,ln . In the fifth case, the cohesion can be viewed as a random variable. The CSS 240 

distributions for the seven sets of scales of fluctuation are plotted in Fig. 4. In Fig. 4, the critical 241 

slip surface for the deterministic analysis using the mean value of cohesion is denoted by a thick 242 

line while the CSSs for random field realizations are denoted by thin lines. As shown in Figs. 4(a-243 

e), the distribution range of CSS first increases and then decreases with an increasing scale of 244 

fluctuation. This phenomenon can be explained as follows. First, the cases with the scales of 245 

fluctuation smaller than the influence zone (namely the cases as shown in Figs. 4(a-c)) are 246 

considered. The influence zone refers to the zone covered by the CSS of a slope (e.g., Li et al., 247 

2016c). For the studied slope, the size of the influence zone is approximately equal to 20 m 8 m 248 

(see Figs. 2 and 4). As the scale of fluctuation is small, the size of a continuous weak zone is small. 249 

For this case, a potential slip surface is likely to run across both weak and strong soil layers and 250 

the average value of cohesion along a potential slip surface is close to the input mean value. Hence, 251 

the critical slip surface is located around the CSS for the deterministic analysis. By contrast, a 252 

small or large potential slip surface for relatively large SOFs is highly likely to run across 253 

continuous weak soils and be the critical slip surface. Hence, when the SOFs are smaller than the 254 
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influence zone, the distribution range of CSS is larger for large SOFs than that for small SOFs. 255 

This phenomenon can also be observed by comparing the CSSs in Fig. 2(b) and Fig. 4(g). Second, 256 

the cases with the scales of fluctuation larger than the influence zone (namely the cases as shown 257 

in Figs. 4(d-e)) are considered. Compared with the case of xc,ln  = yc,ln = 5 m in Fig. 4(c), these 258 

cases have relatively small distribution ranges of CSS. The reason is that, for these large values of 259 

scale of fluctuation, the whole slope area is almost homogeneous. The small weak zone as shown 260 

in Fig. 3(c) and large weak zone as shown in Fig. 3(f) are not likely to occur. 261 

   262 
(a) xc,ln = yc,ln = 1 m                                                   (b) xc,ln = yc,ln = 2.5 m 263 

   264 
(c) xc,ln = yc,ln = 5                                                          (d) xc,ln = yc,ln = 25 m 265 

   266 
(e) xc,ln = yc,ln = infinite                                                (f) xc,ln = 12.5 m, yc,ln = 2.5  267 

 268 

(g) xc,ln = 10 m, yc,ln = 1 m 269 

Fig. 4 Critical slip surfaces for random fields with different combinations of xc,ln  and yc,ln  270 
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Furthermore, the CSS distributions for cases with small values of xc,ln / yc,ln  are compared 271 

with the cases with relatively large value of xc,ln / yc,ln . As shown in Figs. 4(a-f), the local critical 272 

slip surfaces for cases with relatively small values of xc,ln / yc,ln  (namely 1 or 5) may have entry 273 

points located on the slope surface. This finding is significantly different from the cases with xc,ln274 

/ yc,ln = 10 as shown in Fig. 2(b) and Fig. 4(g), where local critical slip surfaces enter into the slope 275 

merely at the top of the slope. To explore the reason, one typical realization of the random field 276 

with xc,ln = 12.5 m and yc,ln  = 2.5 m and the associated CSS are plotted in Fig. 5. As shown in 277 

Fig. 5, the FS for the local slip surface is smaller than that for a large slip surface. This is different 278 

from the case illustrated in Fig. 3(e). In Fig. 3(e), although the weak zone is also located at the 279 

lower area of the slope, the weak zone is not large enough to produce a local slip surface with the 280 

minimum FS. The reason is that when ycxc ,ln,ln /  is large, the weak zone has a layered shape, 281 

which limits the height of the weak zone. By contrast, as ycxc ,ln,ln /  is relatively small, weak soils 282 

in different depths are more likely to connect and the resulting weak zone reaches a larger size.  283 

 284 

Fig. 5 Critical slip surfaces for one typical realization of a random field with xc,ln  = 12.5 m and 285 

yc,ln  = 2.5 m as cCOV = 0.5 286 

3.2.4 Distributions of critical slip surface for a relatively small cCOV  287 

The effect of coefficient of variation of cohesion is investigated in this section. The CSS 288 

distributions with various cCOV s and different combinations of xc,ln  and yc,ln  are plotted in Fig. 289 

Critical slip surface: FS= 1.032

One arbitrary slip surface: FS=1.059

Weak zone
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6. As shown in Figs. 6(a-d), when the COV of shear strength is small, there are no big differences 290 

among the CSS distributions for various combinations of xc,ln  and yc,ln . The reason is that the 291 

CSS is always located around the CSS for the deterministic analysis no matter where the weak 292 

zone is. In other words, the COV of shear strength is too small to produce a local or very large 293 

CSS. In addition, as shown in Figs. 6(d-g) and Fig. 2(b), the distribution range of CSS increases 294 

with an increasing cCOV . In other words, local or very large CSS are more likely to happen as the 295 

COV of shear strength is large. The reason is quite obvious and not repeated herein.  296 

   297 
(a) xc,ln = 2.5 m, yc,ln = 2.5 m, cCOV  = 0.1                   (b) xc,ln = 5 m, yc,ln = 5 m, cCOV  = 0.1 298 

   299 
(c) xc,ln = 10 m, yc,ln = 1 m, cCOV  = 0.1                       (d) xc,ln = 25 m, yc,ln = 2.5 m, cCOV  = 0.1  300 

   301 
(e) xc,ln = 25 m, yc,ln = 2.5 m, cCOV  = 0.2                    (f) xc,ln = 25 m, yc,ln = 2.5 m, cCOV  = 0.3  302 

 303 

(g) xc,ln = 25 m, yc,ln = 2.5 m, cCOV  = 0.4 304 

Fig. 6 Critical slip surfaces for various combinations of horizontal and vertical scales of fluctuation 305 

and various cCOV s 306 
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3.3 Effect of spatial variability of friction coefficient on the distribution of critical slip surface 307 

This section investigates the effect of spatial variability of friction coefficient on the distribution 308 

of slip surface. As the friction coefficient normally has a smaller COV  than the cohesion (e.g., 309 

Phoon and Kulhawy, 1999), the COV  for the friction coefficient, fCOV , is set to be 0.3 and 0.1. 310 

The mean of friction coefficient is set to be 0.268. Figs. 7(a-b) plot the CSS distributions for slopes 311 

with spatially autocorrelated friction coefficient. The scales of fluctuation of friction coefficient is 312 

set to be xf ,ln = 25 m and yf ,ln = 2.5 m. The other parameters are kept constant and are set to 313 

values the same as the case in section 3.1. As shown, as the fCOV  decreases, the distribution of 314 

CSS also decreases significantly. No local failures happen as fCOV  = 0.1. The phenomena are the 315 

same as that for cohesion and the reasons are not repeated herein. Figs. 7(c-d) plot the CSS 316 

distributions for slopes with spatially autocorrelated cohesion and friction coefficient. The COV317 

s for cohesion and friction coefficient are respectively set to be 0.5 and 0.3. The scales of 318 

fluctuation for the two parameters are assumed to be the same and have values of x = 25 m and 319 

y = 2.5 m. The correlation coefficient of the two parameters is set to be -0.5. As shown, when the 320 

spatial variabilities of both cohesion and friction coefficient are considered, the CSS distribution 321 

display similar phenomena as the case with only spatially autocorrelated cohesion. In other words, 322 

when the ratio of horizontal scale of fluctuation to vertical scale of fluctuation is large, local CSSs 323 

are highly likely to enter the slope from the top of slope. By contrast, when the ratio of horizontal 324 

scale of fluctuation to vertical scale of fluctuation is relatively small, local failures have an entry 325 

point located either at the top of the slope or on the slope surface. The CSS distributions for other 326 

cases exhibit similar trends as that shown in Figs. 4 and 6. These cases are not repeated herein.  327 
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   328 
(a) fCOV = 0.3, xf ,ln = 25 m, yf ,ln = 2.5 m                       (b) fCOV = 0.1, xf ,ln = 25 m, yf ,ln = 2.5 m 329 

   330 
(c) cCOV = 0.5, fCOV = 0.3, x = 25 m, y = 2.5 m               (d) cCOV = 0.5, fCOV = 0.3, x = y = 5 m 331 

Fig. 7 Critical slip surfaces when spatial variability of friction coefficient is considered 332 

Note: Figs. 7(a, b) only consider the spatial variability of friction coefficient while Figs. 7(c, d) consider the 333 

spatial variability of both cohesion and friction coefficient. 334 

4. Discussion – significance of CSS distribution in reliability analyses of slopes 335 

To illustrate the significance of identifying the distribution of critical slip surface in reliability 336 

analyses of slopes, this section analyzes the number of local critical slip surfaces and local failures 337 

in Monte Carlo simulations. The local critical slip surface refers to a critical slip surface with an 338 

entry point or an exit point on the slope surface, namely m 20m 10 Entry  x  or 339 

m 20m 10 Exit  x , where Entryx  and Exitx  respectively are the horizontal coordinates of the entry 340 

(uppermost) and exit (lowermost) points of one critical slip surface. The local failures denote the 341 

cases with local critical slip surfaces and factors of safety less than 1. The local critical slip surfaces 342 

and local failures are analyzed because existing system reliability analyses of slopes tend to neglect 343 

or put little weight on the failure mode corresponding to a local failure (e.g., Li et al., 2013). The 344 

local critical slip surfaces are classified into two categories in this study. The first category has an 345 

entry point located at the top of the slope ( m 10Entry x ) and an exit point on the slop surface 346 

( m 20m 10 Exit  x ). The second category has an entry point located on the slope surface, namely 347 
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m 20m 10 Entry  x . For illustration, Fig. 8 plots the distributions of the two types of local CSSs 348 

for two cohesion random fields investigated in section 3.2.1 and 3.2.3, namely the random fields 349 

with xc,ln = 25 m, yc,ln = 2.5 m and xc,ln = 5 m, 
yc,ln = 5 m. These distributions are extracted 350 

from Fig. 2(b) and Fig. 4(c). The case of xc,ln = 25 m, 
yc,ln = 2.5 m has only one subfigure because 351 

all the local CSSs have an entry point located at the top of the slope.  352 

 353 
(a) all the local critical slip surfaces for xc,ln = 25 m 

and yc,ln = 2.5 m 

(b1) local critical slip surfaces with entry points 

located at the top of the slope for xc,ln = 5 m and 

yc,ln = 5 m 

 354 
(b2) local critical slip surfaces with entry points 

located on slope surfaces for xc,ln = 5 m and yc,ln = 

5 m 

 

Fig. 8 Local critical slip surfaces for various combinations of xc,ln  and yc,ln  355 

Table 1 summarizes the numbers and percentages of local critical slip surfaces and local 356 

failures for the two cohesion random fields. In Table 1(a), the percentage of each type of local CSS 357 

is the ratio of the number of associated realizations to the total number of realizations for one 358 

random field, i.e., 1000. In Table 1(b), the percentage of each type of local failure is the ratio of 359 

the number of associated realizations to the total number of failures. As shown in Table 1(a), local 360 

critical slip surfaces in both cases take up a large percentage, i.e., 29.8% and 32.7%. In addition, 361 

the percentages of local failures are further higher, i.e., 43.8% and 46.1% (see Table 1(b)). These 362 

phenomena indicate that local failure mode may contribute a large part to the probability of failure 363 
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of a slope and should be well considered in system reliability analyses of slopes. Another important 364 

observation is that the local failures with entry points on the slope surface contribute 5.6% of the 365 

failures. Although this percentage is high, the failure mode corresponding to the local failures with 366 

entry points located on the slope surface is rarely considered in system reliability analyses of slopes. 367 

This may lead to an overestimation of the reliability of a slope when the ratio of horizontal scale 368 

of fluctuation to vertical scale of fluctuation is relatively small. 369 

Table 1 Number and percentage of local critical slip surfaces and local failures 370 

(a) Number and percentage of local critical slip surfaces 371 

 Local CSSs with 

Entryx < 10 m and   

10 m < Exitx < 20 m 

Local CSSs with     

10 m < Entryx < 20 m 
All local CSSs All CSSs 

 Number Percentage Number Percentage Number Percentage Number Percentage 

xc,ln = 25 m, 

yc,ln = 2.5 m 
298 29.8%   0 0.0% 298 29.8% 1000 100% 

xc,ln = 5 m, 

yc,ln = 5 m 
291 29.1% 36 3.6% 327 32.7% 1000 100% 

(b) Number and percentage of local failures (cases with local critical slip surfaces and FSs < 1.0) 372 

 Local failures with 

Entryx < 10 m and   

10 m < Exitx < 20 m 

Local failures with 

10 m < Entryx < 20 m 
All local failures All failures 

 Number Percentage Number Percentage Number Percentage Number Percentage 

xc,ln = 25 m, 

yc,ln = 2.5 m 
99 43.8%   0 0.0% 99 43.8% 226 100% 

xc,ln = 5 m, 

yc,ln = 5 m 
72 40.5% 10 5.6% 82 46.1% 178 100% 

Note: Entryx = horizontal coordinate of the entry (or uppermost) point of a critical slip surface; Exitx = horizontal 373 

coordinate of the exit (or lowermost) point of a critical slip surface 374 

5. Conclusions 375 

This paper investigates the distribution of critical slip surfaces in the presence of spatially 376 

autocorrelated shear strength parameters. A non-intrusive stochastic analysis method, which 377 

combines a spectral representation method and a finite element stress-based method, is adopted to 378 

evaluate the distribution of CSS for a heterogeneous slope. The mechanics for different locations 379 
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of CSS in a heterogeneous slope are analyzed and distributions of CSS for various combinations 380 

of the horizontal and vertical scales of fluctuation are compared. The following conclusions are 381 

drawn based on the analyses.  382 

(1) A slope stability analysis ignoring the spatial variability of shear strength parameters can 383 

only produce an overall failure. However, if the spatial variability of shear strength is considered, 384 

the critical slip surface could be a local one. This phenomenon agrees with some landslide case 385 

histories, where local failures happen in statistically homogeneous slopes.  386 

(2) The spatial variability of shear strength parameters has a significant influence on the 387 

distribution characteristic (i.e., location and scale) of critical slip surface. When no apparent weak 388 

zone exists, the failure mode of a slope is an overall failure. When a weak zone is large and located 389 

above the toe of a slope, local failure happens and the location of critical slip surface is consistent 390 

with that of the weak zone. However, if a weak zone is on a small scale, the failure mode is an 391 

overall failure with the CSS not located within the weak zone. As last, if the weak zone is located 392 

below the toe of a slope, the failure mode is a deep-seated overall failure.  393 

(3) When the scale of fluctuation is smaller than the influence zone of a slope, the distribution 394 

range of critical slip surface increases with an increasing scale of fluctuation for shear strength 395 

parameters. However, if the scale of fluctuation exceeds the size of influence zone, the distribution 396 

range of CSS decreases with an increasing scale of fluctuation for shear strength parameters.  397 

(4) As the ratio of the horizontal scale of fluctuation to the vertical scale of fluctuation is large, 398 

local failures have an entry point located at the top of a slope. By contrast, when the ratio of 399 

horizontal scale of fluctuation to the vertical scale of fluctuation is relatively small, a local failure 400 

may have an entry point located either at the top of a slope or on the slope surface. The failure 401 

mode corresponding local failures with entry points located on the slope surface is rarely 402 
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considered in system reliability analyses of slopes. This may lead to an overestimation of the 403 

reliability when the ratio of horizontal scale of fluctuation to vertical scale of fluctuation is 404 

relatively small. 405 

(5) The distribution range of critical slip surface increases with an increasing coefficient of 406 

variation of shear strength parameters. Local failure does not happen if the coefficient of variation 407 

is small.  408 
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