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Abstract

Concept drift is the problem that the statistical properties of the data gener-

ating process change over time. Recently, the Time Decaying Adaptive Predic-

tion (TDAP) algorithm1 was proposed to address the problem of concept drift.

TDAP was designed to account for the effect of drifting concepts by discounting

the contribution of previous learning examples using an exponentially decaying

factor. The drawback of TDAP is that the rate of its decaying factor is required

to be manually tuned. To address this drawback, we propose a new adaptive

online algorithm, called Follow-the-Regularized-Leader with Adaptive Decay-

ing Proximal (FTRL-ADP). There are two novelties in our approach. First,

we derive a rule to automatically update the decaying rate, based on a rigor-

ous theoretical analysis. Second, we use a concept drift detector to identify

major drifts and reset the update rule accordingly. Comparative experiments

with 14 datasets and 6 other online algorithms show that FTRL-ADP is most

advantageous in noisy environments with real drifts.
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1. Introduction

The problem of concept drift arises in many practical domains such as mal-

ware detection (Saxe & Berlin, 2015), fraud detection (Pozzolo et al., 2015), and

mobile robots (Thrun et al., 2006). In these applications, the performance of the

train-and-forget batch model is known to degrade over time. For example, in the5

field of malware detection, Saxe & Berlin (2015) conducted two slightly differ-

ent experiments with batch learning in trying to distinguish between malicious

and benign executables. In the 1st experiment, the author discards the temporal

order of the executables and randomly splits the dataset into the training set

and the test set. The best performance in this case is 95.2% accuracy. In the10

2nd experiment, the author respects the temporal order and uses a timestamp

to split the dataset into the training set and the test set. The best accuracy in

this case is 67.7%. This performance degradation of the trained batch models

indicates that the behavior of malware does evolve over time. Similar results

were also reported in another study (Bekerman et al., 2015).15

The degradation of batch models in nonstationary settings originates from

the fact that the formulation of batch learning does not factor in the issue of

concept drift. The underlying assumption of batch learning is that the distri-

bution of the data generating process does not change over time (the stationary

assumption (Shalev-Shwartz & Ben-David, 2014)). This assumption may be20

true in established application domains such as face recognition and digit recog-

nition. In highly dynamic applications such as intrusion detection and fraud

detection, this assumption may be challenged. On the contrary, online learning,

specifically the framework of Follow the Regularized Leader (FTRL in (Shalev-

Shwartz, 2011)), is formulated without basing on the stationary assumption.25

This property makes FTRL a more suitable tool to address nonstationary ap-

plications. This framework has been successfully applied to highly dynamic

domains such as click-through prediction (McMahan et al., 2013) and video-on-

demand prediction (Tan et al., 2016).

The most notable algorithm derived from the FTRL framework is the FTRL-30
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Proximal algorithm (McMahan et al., 2013). In this algorithm, all learning ex-

amples contribute equally to the loss function resulting in the slow adaptation to

concept drift. To enhance responsiveness to concept drift, Tan et al. (2016) in-

troduces an exponentially decaying factor to augment the per-coordinate learn-

ing rate schedule proposed in FTRL-Proximal. The basic idea in this approach35

is the usage of a decaying factor to discount the contribution of previous exam-

ples. Although interesting and effective, this approach has two drawbacks.

The first drawback is that the proposed decaying rate is fixed and requires

manual tuning. This process of manual tuning arises since different problems

have different drifting dynamics, hence different rates of decaying are neces-40

sary. This tuning process is time-consuming and requires expertise. The second

drawback is that a fixed decaying rate may not be optimal in the settings with

complex dynamics (e.g. interleaved abrupt drifts and gradual drifts). In these

settings, the decaying rate is expected to change from time to time to optimally

adapt to the change in the drifting dynamics.45

In this paper, we aim to address these two drawbacks by proposing a new

adaptive online algorithm, called Follow-the-Regularized-Leader with Adaptive

Decaying Proximal. We introduce two novel contributions in this algorithm:

• We derive a formula to adjust the decaying rate based on a rigorous the-

oretical analysis (Section 4.2). This formula is theoretically justified to50

ensure that the algorithm has a sublinear regret bound.

• We anticipate major drifts to reset the learning using a drift detector to

monitor the performance of the algorithm (Section 4.3). We base our idea

on the Drift Detection Method introduced by Gama et al. (2004).

The experimental result shows that FTRL-ADP achieves state-of-the-art55

performance in noisy datasets with real drifts owing to these two novelties.

The rest of the paper is structured as follows. In Section 2, we review the

related work on concept drift adaptation and online machine learning. In Sec-

tion 3, we present the framework of FTRL and point out 3 necessary refinements
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to this framework to address the problem of concept drift. These refinements60

are elaborated in Section 4 and lead to the proposed FTRL-ADP algorithm.

We evaluate FTRL-ADP in Section 5. Specifically, we present the controlled

experiments with 8 synthetic datasets in Section 5.1; and in Section 5.2, we use

6 real-world datasets to evaluate the performance of FTRL-ADP. In Section 6,

we conclude the paper and present two directions for future work.65

2. Related Work

Our work aims to advance the research of Follow-the-Regularized-Leader

algorithms (McMahan, 2014). Specifically, we propose an adaptive version of

the state-of-the-art FTRL algorithm, TDAP (Tan et al., 2016). There are two

main lines of work that are in direct relation to our work. The first line of work70

includes online algorithms such as PA (Crammer et al., 2006), Mirror Gradient

Descent (Boyd & Vandenberghe, 2010), and FTRL-Proximal (McMahan et al.,

2013). The second line of work includes the works on concept drift detection

and adaptation such as DDM (Gama et al., 2004) and the work by Ditzler et al.

(2015).75

2.1. Online Learning

Online algorithms such as PA (Crammer et al., 2006) and CWL (Dredze

et al., 2008) are single learners. The basic idea in these algorithms is the objec-

tive to find the weight that minimizes the loss associated with the most recent

example. Certain constraints are enforced on the weight to stabilize the solu-80

tion. Passive Aggressive (PA) algorithm (Crammer et al., 2006) ensures that

the most recent example is correctly classified. The weight, which least deviates

from the most recent weight, is the solution. PA-I and PA-II improve on PA by

introducing the loss associated with the misclassified example into the objective

function. Confidence Weighted Learning (CWL) algorithm (Dredze et al., 2008)85

relaxes the requirement of PA, only to ensure that the most current example

is correctly classified within a certain probability. The objective is to minimize
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the Kullback-Leibler divergence between the new weight distribution and the

most recent one. Like PA I and PA II, the Soft Confidence Weighted Learning

algorithm (Wang et al., 2012) proposes to modify the objective of CWL by in-90

troducing the loss associated with the misclassified example into the objective

function.

These algorithms follow the Mirror Gradient Descent style (McMahan, 2014),

which only considers the loss associated with the most recent example. As a

result, they are robust under concept drift but prone to prediction errors caused95

by noise.

On the other hand, the FTRL framework considers all previous learning ex-

amples in the objective function (McMahan, 2014), aiming to derive the best

model in hindsight. Regularized Dual Averaging (Xiao, 2010) tries to mini-

mize the linearized losses associated with all previous learning examples. It100

regularizes the solution using L1-norm and an adaptive L2-norm. Similarly,

FTRL-Proximal (McMahan et al., 2013) uses a per-coordinate learning sched-

ule to regularize the proximal terms. As FTRL-derived algorithms factor in

all previous losses, they are less responsive to prediction errors than Mirror

Gradient Descent style algorithms.105

Mirror Descent algorithms and FTRL algorithms are independent learn-

ers. They were proved to be equivalent and only different in the regularization

scheme used (Boyd & Vandenberghe, 2010). Mirror Descent algorithms are

responsive to changes, hence not robust to noise because of their complete for-

getting mechanism. On the other hand, the latter approach of FTRL is more110

conservative and slow in adaptation to concept drifts due to the contribution

of all examples. In this aspect, TDAP (Tan et al., 2016) strikes the balance

between these two approaches via the usage of a decaying factor.

2.2. Concept Drift Adaptation

In the presence of concept drift, the predictive model is necessary to be up-115

dated from time to time. There are two different approaches towards model

update: active and passive (Ditzler et al., 2015). The general framework of
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active approach is shown in Figure 1. There are two key components to han-

dle drifts in this framework: the component to detect concept drift (Change

Detector) and the component to cope with detected drifts (Adaptation).120

In supervised drift detection, the changes in the prediction error are mon-

itored for concept drifts. Gama et al. (2004) propose Drift Detection Method

(DDM), which keeps track of the minimum classification error and its standard

deviation. A drift is detected if the current rate significantly deviates from the

minimum rate. To address the insensitiveness of DDM to gradual drifts, Early125

Drift Detection Method (Baena-Garćıa et al., 2006) proposes to instead moni-

tor the maximum distance between prediction errors and its standard deviation.

Similarly, a drift is signaled if the current distance significantly deviates from

the maximum distance. In another direction, the Page-Hinkley test (Page, 1954)

is proposed to detect significant discrepancies between the cumulative accuracy130

difference and the minimum difference.

Barros et al. (2017) note that DDM suffers from the problem of insensitive-

ness caused by long concepts. The author proposes to periodically reset the

calculation of the statistics used for DDM as a resolve to this problem. Fŕıas-

Blanco et al. (2015) explore the use of Hoeffding’s bound in detecting concept135

drifts. The author monitors the moving average and weighted moving average

of the performance measure for concept drift signals. Similarly, Pesaranghader

& Viktor (2016) use Hoeffding’s bound to threshold the probability of true pre-

dictions. Nishida & Yamauchi (2007) use a sliding window to keep track of the

misclassification probability. The current probability is compared to the proba-140

bility in the past (window size apart) to detect concept drifts. Pears et al. (2014)

InputOutput

Change
Detector

Adaptation Classifier

TrueLabel Predicted Label

Error

Figure 1: The General Framework of the Active Approach towards Concept Drift Adaptation.
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propose a method based on reservoir sampling to detect sequential changes. This

is an improvement upon their previous work in Sakthithasan et al. (2013).

In unsupervised drift detection, the underlying distribution of the data gen-

erating process (or the input) is monitored for concept drift. Masud et al. (2011)145

aim to watch out for sizable regions of unknown classes using outlier detection

techniques. Similarly, Sethi et al. (2016) leverage on clustering techniques to

look for unknown regions. In another direction, independent features are mon-

itored in two different chunks for changes of concept: the current chunk and

the reference chunk. Lee & Magoulès (2012) use Pearson correlation to evaluate150

the correlation between the current chunk and the reference chunk. Similarly,

Ditzler & Polikar (2011) use Hellinger distance to achieve the same purpose.

In general, supervised drift detection methods are more accurate than unsuper-

vised methods at the cost of labeled data.

In passive drift adaptation, there are two main categories of passive learners:155

ensemble learner and single learner. The SEA ensemble classifier (Street &

Kim, 2001) is among the first proposals for ensemble learners. The ensemble

creates a new learner for every new batch of data. To make room for new

learners, existing learners are removed based on age or prediction accuracy.

In another direction, Pocock et al. (2010) propose the Online Nonstationary160

Boosting Algorithm (ONSBoost), which is adapted from the Online Boosting

Algorithm (Oza & Russell, 2001), to address the challenges in nonstationary

settings. Santos et al. (2014) aim to address the problem of frequent changes in

data streams. The authors propose a method to more efficiently distribute the

instances among the experts to allow rapid recovery of expert’s performances.165

Barros et al. (2016) aim to improve the precision by exploring variations of

the voting strategy originally proposed in Santos et al. (2014). Minku & Yao

(2012) exploit diversity by maintaining ensembles with different diversity levels

to achieve two purposes: lower false positive and faster recovery from drifts.

Fŕıas-Blanco et al. (2016) propose an ensemble method to replace the worse170

learner in the ensemble with a new learner when a drift is detected.

Compared to the ensemble approach, the single learner approach is often less
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computationally expensive. Domingos & Hulten (2000) propose Concept Drift

Very Fast Decision Tree (CDVFDT) to mine nonstationary streaming data.

This algorithm is adapted from the Very Fast Decision Tree, which is a popular175

tree-based solution for stream data mining. CDVFDT uses an adaptive window

size to cut off least recent learning examples (Hulten et al., 2001). In another

direction, Lim et al. (2013) propose a modification to the originally stationary

Extreme Machine Learning. The basic idea in this work and similar works (Liu

et al., 2016; Pavlidis et al., 2011) in this approach is to use a fixed or variable180

forgetting factor to increasingly discount the contribution of previous examples.

In summary, our approach further develops the idea in TDAP. Specifically,

we propose a mechanism to adaptively control the decaying rate. This adaptive

mechanism is based on the drift detector DDM and eliminates the need to

manually tune the decaying rate (Section 4.3).185

3. Problem Setting

In this section, we revise the online learning framework of Follow the Reg-

ularized Leader, formulated in the language of online convex optimization. We

then present 3 necessary refinements to this framework. The refinements are

designed to allow real-time online prediction and quick adaptation to concept190

drift.

The framework of online convex optimization can be formulated as fol-

lows (Shalev-Shwartz, 2011). We need to design an algorithm that makes a

series of optimal predictions, each at one time step. At time step t, the algo-

rithm makes a prediction, which is the weight vector wt. A convex loss function195

lt(w) is then exposed to the algorithm. Finally, the algorithm suffers loss lt(wt)

at the end of time step t (Algorithm 1). The algorithm should be able to learn

from the losses in the past to make better predictions over time.

The optimality of a series of predictions is conditioned on the minimization of

the regret with respect to the best classifier in hindsight (Equation 1). Regrett200

in Equation 1 is the difference between the total loss incurred up to time t and
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Algorithm 1 Online Algorithm

1: for t = 1,2,... do
2: Make a prediction wt
3: Receive the lost function lt(w)
4: Suffer the lost lt(wt)

the supposed loss incurred by the best possible prediction in hindsight w∗.

Regrett =

t∑
s=1

ls(ws)−
t∑

s=1

ls(w
∗) (1)

Since the future loss functions are unknown, the greedy approach to achieve

the objective of minimizing the regret is to leverage on the prediction that incurs

the least total loss on all past rounds. This approach is called Follow-the-Leader205

(FTL), in which the leader is the best prediction with respect to all past loss

functions. In some cases, this simple formulation may result in algorithms with

undesirable properties such as rapid changes in the predictions (Shalev-Shwartz,

2011), which lead to overall high regret. To fix this problem, some regularization

function is usually added to stabilize the prediction. The second approach is210

called Follow-the-Regularized-Leader (FTRL), which is formulated in Equation

2 (the version presented here is the proximal version (McMahan, 2014), which

can be conveniently modified to handle the problem of concept drift).

wt+1 = argmin
w

{ t∑
s=1

ls(w) +

t∑
s=1

σt,s‖w − ws‖22
}

(2)

In Equation 2,
∑t
s=1 σt,s‖w − ws‖22 is the proximal regularization used to

stabilize the solution weight, σt,s the coefficient used to control the amount of215

regularization and wt the predicted weight at time t.

We next point out 3 refinements to this framework necessary to allow for

real-time prediction under concept drift.

1st refinement. In general, Equation 2 does not have a closed-form solution. For

example, when ls(w) is the cross-entropy loss (investigated in Section 4.1), the220

derivative of the objective function in Equation 2 is a transcendental function
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(Boyd, 2014), which does not have a closed-form solution in general. Therefore,

we need to run some sort of gradient descent at each time step to solve for

w. This operation is computationally expensive and not suitable for real-time

applications. This issue can be addressed by approximating the loss function225

using its linearization at wt. Consequently, the optimization problem can be

solved in closed-form and enjoys an efficient recursive structure. The recursive

algorithm is constant in time and memory, which makes it suitable for real-time

applications. This refinement is elaborated in Section 4.1.

2nd refinement. The proximal terms in Equation 2 regularize the current solu-230

tion by enforcing losses on deviations from past solutions. If σt,s is a constant,

all past solutions will have an equal regularizing effect. However, in the face of

concept drift, we argue that it is more appropriate for the current solution to

be biased towards the most recent past solutions, to counter the drifting effect.

This idea can be realized by using an exponentially decaying factor σt,s = γt−s235

(with 0 < γ < 1) to increasingly discount the proximal terms. This refinement

is illustrated in Section 4.2.

3rd refinement. Different applications may have different drifting dynamics and

require different decaying rates. Therefore, we propose a data-driven mechanism

to adaptively adjust the decaying rate based on two novel ideas: sublinear240

regret analysis and drift detection. The latter idea is adapted from the method

introduced by Gama et al. (2004). This drift detection method has been shown

to achieve the best performance across different tasks in (Gonçalves Jr et al.,

2014). This refinement is elaborated in Section 4.3.

4. Methodology245

4.1. Linearization of Loss Function

We cast an online classification problem as an online convex optimization

problem as follows. At time t, the algorithm makes prediction wt and receives

input xt. The true value yt is then revealed to the algorithm. The loss function
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lt(w) associated with time t is defined in terms of xt and yt (Equation 3).

Finally, the cost incurred at the end of time t is lt(wt). The final optimization

problem is shown in Equation 5. The solution to this problem is the Follow the

Regularized Leader with Decaying Proximal algorithm (Algorithm 2).

lt(w) = −yt log(p)− (1− yt) log(1− p)

in which p = sigmoid(w>xt)
(3)

Compared to Equation 2, Equation 5 has the actual loss function lt(w)

replaced by its linear approximation at wt, which is:

lt(w) ≈ lt(wt) +∇lt(wt)>(w − wt) = g>t w + lt(wt)− g>t wt

in which gt = ∇lt(wt)
(4)

The constant term (lt(wt) − g>t wt) is omitted in Equation 5. Overall, this

linear approximation is to enable the derivation of a closed-form solution at each

time step, which is not possible with the original problem in Equation 2.

wt+1 = argmin
w

{
g>1:tw + λ1‖w‖1 +

1

2
λ2‖w‖22 +

1

2
λp

t∑
s=1

σt,s‖w − ws‖22
}

in which g>1:t =

t∑
i=1

g>t and σt,s = γt−s

(5)

FTRL-DP utilizes 3 different regularizers to serve 3 different purposes. The

1st regularizer is the L1-norm used to enforce sparsity on the solution. The

2nd regularizer is the L2-norm used to favor low variance solutions that have

small weights. The 3rd regularizer is the proximal terms used to stabilize the250

solution by not allowing it to deviate too much from past solutions. In our

work, we propose an adaptive mechanism (Section 4.3) to automatically tune

the parameter γ of the proximal coefficient σt,s, which is fixed and manually

tuned in the work introduced by Tan et al. (2016). The solution to the objective

function of FTRL-DP is stated in Theorem 1.255
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Theorem 1. The optimization problem in Equation 5 can be solved in the fol-

lowing closed form:

wt+1,i =


0 if ‖zt,i‖1 ≤ λ1

− zt,i−λ1sign(zt,i)

λ2+λp
1−γt
1−γ

otherwise.

(6)

in which zt = g1:t − λp
t∑

s=1

γt−sws

The proof of Theorem 1 is provided in Appendix A. Theorem 1 provides a

formula to compute wt at each time step. This formula has a recursive structure

and can be efficiently realized by Algorithm 2.260

Algorithm 2 Follow the Regularized Leader with Decaying Proximal

1: Input: λ1, λ2, λp, γ

2: Initialize vt = ht = zt = wt = 0, rt = 1

3: for t = 1, 2, ... do

/* Make prediction */

4: Make prediction wt,i =


0 if ‖zt,i‖1 ≤ λ1

− zt,i−λ1sign(zt,i)
λ2+λprt

otherwise.

5: Receive xt, yt /* and suffer the lost lt(wt) in Equation 3*/

/* Update parameters */

6: pt = 1

1+e−w
>
t xt

7: gt = (pt − yt)xt
8: vt = vt−1 + gt
9: ht = γht−1 + wt

10: zt = vt − γpht
11: rt = γrt−1 + 1

Algorithm 2 is initialized with 5 parameters (vt, ht, zt, wt, and rt). These

parameters are buffered and iteratively updated after each time step. In each

time step, the algorithm firstly makes a weight prediction wt (Line 4). It then

uses the new weight wt and the feature vector xt (Line 5) to compute the prob-

ability pt of class 1 (Line 6). The difference between the predicted probability265

and the true label is used to adjust the rest 4 buffered parameters (vt in Line
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8, ht in Line 9, zt in Line 10, and rt in Line 11). It is noted that caching the

intermediate computation results in vt, ht, zt, and wt allows the computation

cost to remain constant in each step.

In the next section (Section 4.2), we prove that the regret of FTRL-DP can270

be sublinearly bound via a proper choice of the decaying rate. This result leads

to the proposed adaptive formula to update the decaying rate γ.

4.2. Decaying Proximal Regularization

The effect of the exponentially decaying proximal,
∑t
s=1 γ

t−s‖w − ws‖22 is

to bias the current solution towards the most recent past solutions. This re-275

finement is the novelty of our work compared to the FTRL-Proximal algorithm

proposed by McMahan et al. (2013). McMahan et al. proposed the following

per-coordinate learning schedule to regulate the proximal terms:

σs,i =
(√√√√ s∑

j=0

(g2j,i)−

√√√√s−1∑
j=0

(g2j,i)
)

=
g2s,i√∑s

j=0(g2j,i) +
√∑s−1

j=0(g2j,i)

The drawback of this schedule is that σs,i tends to decrease with time, given

roughly the same gradient gs,i, since the denominator of σs,i monotonically280

increases. Consequently, the current solution is based towards the least recent

solutions, instead of the most recent ones. This consequence is unfavorable as

it enhances the effect of concept drift rather than counterbalances it.

The decaying rate γ in Equation 5 controls the stability-plasticity balance

of FTRL-DP. Stability refers to the ability to perform robustly in noisy envi-285

ronments. Plasticity refers to the ability of the algorithm to quickly adapt to

drifting concepts. We can see that these two requirements are irreconcilable as

they require the decaying rate to change in two opposite directions. A larger

value of decay rate γ means that the model is more robust to noise but less

responsive to drifting concepts. On the contrary, for smaller γ, the model can290

quickly respond to concept drift at the cost of sensitivity to noise.
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In practice, we need to manually search for the optimal decay rate to suit the

specific application. This process is time-consuming. In Theorem 2, we prove a

result that sheds some light on how to choose a good decaying rate.

Theorem 2. Suppose that ‖wt‖2 ≤ R and ‖gt‖2 ≤ G. With λ1 = λ2 = 0 and

λp = 1, we have the following regret bound for FTRL-DP:

Regret(w∗) ≤ 2R2 1− γT

1− γ
+
G2

2

1− γ
γT

T∑
t=1

γt

1− γt
(7)

We prove that a proper choice of γ can lead to a sublinear growth of the

expression on the right-hand side of Inequality 7. Specifically, if we choose

γ = 1− lnT
2T , we have the following sublinear regret bound:

Regret(w∗) ≤ 4R2 T

lnT
+
G2

2

(1 + lnT )

(1− lnT
2T )T

(8)

The proof to Theorem 2 is provided in Appendix B. Theorem 2 means that295

if we are allowed to change the decaying rate of FTRL-DP at each time step, the

specific choice of γ = 1 − lnT
2T will ensure that the average regret of FTRL-DP

(dividing both sides of Inequality 8 by T ) diminishes with time.

Therefore, in the next section (Section 4.3), we propose an update rule to

adjust the decaying rate of FTRL-DP based on this theorem (γ = 1− lnT
2T ). In300

addition, we also consider the effect of drifting speed and baseline noise level on

the decaying rate.

4.3. Adaptive Decaying Rate

We propose Algorithm 3 as an adaptive mechanism to adjust the decaying

rate. In Line 6 of Algorithm 3, the decaying rate increases following the rule305

derived in Theorem 2. This update rule to ensure sublinear regret bound is

only meaningful in stationary settings. The rest of the algorithm is to address

nonstationary settings by resetting the update rule on detected drifts.

In nonstationary settings, the optimal decaying rate depends on two factors:

the drifting speed and the noise level. The relationship between the drifting310
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Algorithm 3 Adaptive Decaying Rate

1: Input: pt, yt
2: Initialize pmin = smin = 1, count = error = countwarn = errorwarn = 0
3: for t = 1, 2, ... do
4: count = count+ 1
5: error = error + 1‖pt−yt‖1>0.5

6: γ = 1− ln(count)
2×count

7: if count > 30 then
8: pi = error

count

9: si =
√

pi(1−pi)
count

10: sum = pi + si
11: γ = 0.99γ + 0.01pi
12: if sum < pmin + smin then
13: pmin = pi
14: smin = si
15: if sum < pmin + 2smin then /* Trigger warning stage */
16: countwarn = 0
17: errorwarn = 0
18: else
19: countwarn = countwarn + 1
20: errorwarn = errorwarn + 1‖pt−yt‖1>0.5

21: if sum > pmin + 3smin then /* Trigger critical stage */
22: count = countwarn
23: error = errorwarn
24: pmin = 1
25: smin = 1

speed and the decaying rate is reversely proportional. Namely, if the drifting

speed is high, the decaying rate should be low so that the algorithm quickly

forgets past solutions. On the other hand, the baseline noise level and the

decaying rate are proportionally related. In a noisy environment, the decaying

rate should be high for the learner to stay conservative to prediction errors. This315

analysis highlights the opposite effect of the drifting speed and the baseline noise

level on the decaying rate, which is usually referred to as the stability-plasticity

dilemma encountered in adaptive learning systems (Grossberg, 2013).

4.3.1. Drifting Speed

The basic idea is to reset the update rule (thereby decreasing the decaying320

rate) when the learner starts to degrade. To this end, we keep track of the
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current error rate, pi, which is computed in Line 8 of Algorithm 3. We then

consider each prediction as a Bernoulli trial with mean pi and standard deviation

si =
√

pi(1−pi)
count (Line 9).

According to statistical learning theory (Shalev-Shwartz & Ben-David, 2014),325

in stationary settings, the variance of the error rate must decrease when the

number of examples increases. However, if the error rate deviates significantly

from the current rate, a major drift may have happened. In this case, we are

supposed to decrease the decay rate to speed up the forgetting process. This

idea was first introduced by Gama et al. (2004).330

To be more sensitive to low drifting speed, the pair (pmin, smin) with mini-

mum sum pmin+smin (Line 12 to Line 14) is used as the reference distribution,

instead of the most recent pair (pi, si). At any point, if pi + si > pmin + 2smin,

a concept drift is anticipated and the warning stage is triggered (Line 15). The

factor of 2 is chosen to ensure 95% confidence of drift. If pi+si > pmin+3smin,335

a drift is detected and the learning is reset (Line 21 to Line 25). The factor of

3 is chosen to ensure 99% confidence of drift.

4.3.2. Noise Level

The basic idea is to increase the decaying rate when the noise level increases

and vice versa. To realize this idea, we establish a simple linear relationship340

between the decaying rate and error rate pi (Line 11). The contribution amount

of the error rate to the decaying rate (0.01 = 1%) is empirically determined and

found to work well across all datasets.

4.4. Space and Time Complexity of FTRL-ADP

Both Algorithm 2 and Algorithm 3 have constant space and time complexi-345

ties. Algorithm 2 is a recursive procedure to compute the latest solution weight

by leveraging on the proceeding one. This is the result of the linearization trick

to avoid running gradient descent at each time step in solving Equation 2. On

the other hand, Algorithm 3 is a recursive procedure to estimate the current

error rate. Combining Algorithm 2 and Algorithm 3 results in Follow the Reg-350
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Dataset Number of Examples Number of Expanded Features Duration Drift Type

Stationary 20k 2 N/A Stationary
Dynamic 70k 2 N/A Mixed Drift
SEA (Street & Kim, 2001) 40k 3 N/A Abrupt Drift
Hyperplane (Fan, 2004) 40k 10 N/A Gradual Drift
Noisy Stationary 20k 2 N/A Stationary
Noisy Dynamic 70k 2 N/A Mixed Drift
Noisy SEA (Street & Kim, 2001) 40k 3 N/A Abrupt Drift
Noisy Hyperplane (Fan, 2004) 40k 10 N/A Gradual Drift
Spam Dataset (Katakis et al., 2010) 9,324 39,916 Unknown Unknown
URL Dataset (Ma et al., 2009) 616,000 3,231,960 30 days Unknown
Airline Dataset (Wickham, 2011) 539,383 613 20 years Unknown
Weather Dataset (Ditzler & Polikar, 2013) 18,159 8 50 years Unknown
Electricity Dataset (Harries, 1999) 27,549 60 2.5 years Unknown
Intrusion Dataset (Lippmann et al., 2000) 494,021 122 7 weeks Unknown

Table 1: 12 Evaluated Datasets.

ularized Leader with Adaptive Decaying Rate algorithm, which therefore also

enjoy constant space and time complexities.

5. Experiment

We use 8 synthetic and 6 real-world datasets to evaluate the performance

of FTRL-ADP. Table 2 summarizes the characteristics of the datasets. These355

datasets are available at https://git.io/v51Qv.

In the experiments with 8 synthetic datasets, we evaluate 3 different versions

of FTRL-ADP (FTRL-P with fixed γ = 1, FTRL-DP with fixed γ < 1, and

FTRL-ADP with adaptive γ) against TDAP (Tan et al., 2016) and FTRL-

Proximal (McMahan et al., 2013). All these algorithms are derived from the360

FTRL framework.

In the experiments with 6 real-world datasets, we compare FTRL-ADP to

6 other online algorithms: Confident Weighted Learning (Dredze et al., 2008),

PA I, PA II (Crammer et al., 2006), ALMA (Gentile, 2001), TDAP (Tan et al.,

2016), and FTRL-Proximal (McMahan et al., 2013). These algorithms are single365

learners and comparable to FTRL-ADP.

We compare the performances of the algorithms using average cumulative

error (or prequential error in (Gama et al., 2013)). Specifically, we consider

the evolution of the average of the total error from the first learning example

to the current learning example as the performance metric. We use 0.5 as the370

threshold to binarize the probabilistic predictions when applicable.
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5.1. Synthetic Experiments

The objective of this experiment is to study how the optimal decaying rate

depends on the drifting speed and the noise level. To this end, we closely

control the amount of noise added to the datasets and the underlying drifting375

level. We aim to analyze the experimental results to highlight the improvements

of FTRL-ADP over existing algorithms in the FTRL family.

For a fair comparison, we use the same amount of regularizations (L1 = 1,

L2 = 1 and Lp = 1) in the 5 algorithms, namely: FTRL-P (γ = 1), FTRL-DP

(γ < 1), FTRL-ADP (adaptive γ), TDAP, and FTRL-Proximal. The decaying380

rates of FTRL-DP and TDAP are set to the same value of 0.9.

5.1.1. Datasets

Other than abrupt and gradual, concept drifts can also be classified as real

and virtual (Gama et al., 2014). In a classification problem, the objective is to

determine the posterior probability P (y|x) = P (x|y)P (y)
P (x) . In this context, real385

drift refers to the shift in P (y|x). Virtual drift refers to the change in the data

generating process P (x). Virtual drift may or may not co-occur with real drift.

We use two publicly available synthetic datasets to evaluate the case of real

drift: SEA dataset (Street & Kim, 2001) and Hyperplane dataset (Fan, 2004).

The SEA dataset contains abrupt real drifts. The drifts in the Hyperplane390

dataset is also real but the drifting speed is gradual. To study more complex

drifting dynamics, we generate a new dataset that contains both abrupt and

gradual virtual drifts. In addition, we also generate a stationary dataset to

serve as the baseline for evaluation.

SEA dataset. This dataset simulates abrupt real drifts. It involves three fea-395

tures, in which only the first two are correlated with the labels. The generated

points are separated into two classes using the threshold f on the sum of the

first two features. For a given point (f1, f2, f3), if f1 + f2 < f , it is labelled

as class 0 and class 1 otherwise. Consequently, the decision line only translates

in the feature space, which is different from the rotating decision line in the400
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Figure 2: Visual illustration of an abrupt drift in the SEA dataset. The first two features, f1
and f2, among the three given features are used to make the scatter plot. The figure shows
the decision line shifting abruptly at data point 1000.

Hyperplane dataset to be introduced next. A drift is simulated by changing

the value of the threshold f . We use the framework of Massive Online Analysis

(MOA in (Bifet et al., 2010)) to generate a dataset of 40k examples with abrupt

concept changes at 10k and 20k and 30k using the thresholds 7, 13, 6, and 12 in

succession. A visual representation of the first two features of the SEA dataset405

is shown in Figure 2. The plot on the left of Figure 2 shows the data points from

9700 to 10000 and the plot on the right the data points from 10001 to 10301.

Each cross marker represents a class 1 data point and circle marker class 0 data

point. We can see that the decision line shifts abruptly at data point 10000,

which is the first in the sequence of three simulated drifts.410

Hyperplane dataset. This dataset resembles the SEA dataset except that the

decision line can also rotate in the feature space. For a given point (f1, f2, ..., fn),

if
∑n
i=1 fiwi < w0, it is labelled as class 0 and class 1 otherwise. The drifting

dynamics is controlled by varying the weights following the law wi = wi + σd,

in which σ is the probability that the drifting direction is reversed and d the415

amount of drift. Using MOA, we generate a dataset of 40k examples with 10

features, σ = 10%, and d = 30%. A visual representation of the Hyperplane

dataset is shown in Figure 3. The plot on the left of Figure 3 shows the data

points from 10000 to 10300 and the plot on the right the data points from 30000

to 30300. The first 2 features of the 10-dimensional feature vectors are used to420

make the plots in Figure 3. The decision line shifts gradually from data point
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Figure 3: Visual illustration of gradual drift in the Hyperplane dataset. The first two features
among the given ten features are used to make the scatter plot. The decision line shifts
gradually from data point 10000 to 30300 in this case.

10000 to 30300 in this case.

The above two datasets are commonly used to evaluate the capability to han-

dle concept drifts of online algorithms. However, they only represent the simple

scenarios of a single type of drift. We propose a new dataset that simulates a425

scenario with more complicated drifting dynamics.

Dynamic dataset. In this dataset, we interleave abrupt drifts with gradual drift.

The data points are generated by two moving Gaussian distributions to simulate

real concept drifts. The level of noise is controlled by manipulating the standard

variation of the Gaussian distributions. The speed of drifting varies from 0 to430

1 and controls how fast the means of the Gaussians move in the feature space

(0 for stationary and 1 for abrupt drift).

Using this method, we generate a dataset of 70k examples with the follow-

ing drifting sequence: stationary, gradual, abrupt, gradual, abrupt, gradual,

and abrupt in succession. The mean of the first Gaussian distribution, which435

generates the data points of class 1, oscillates back and forth between point

[1,1] and point [-1,1] in the drifting sequence. Similarly, the second Gaussian

distribution oscillates between [-1,-1] and [1,-1]. The speeds of the 3 gradual

drifts in the sequence are 0.1, 0.2, and 0.3, respectively in this order.

The Dynamic dataset contains two features and is visualized in Figure 4. In440

Figure 4, the plot on the left visualizes the data points from 10000 to 10300,

the plot at the middle the data points from 14000 to 14300, and the plot on the
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Figure 4: Visual illustration of a gradual drift in the Dynamic dataset. The plot on the left,
at the middle, and on the right correspondingly visualize the data points from 10000 to 10300,
from 14000 to 14300, and from 19700 to 20000. The Gaussian distribution of class 1 moves
gradually from right to left and vice versa for the Gaussian distribition that generates the
data points of class 0.

right the data points from 19700 to 20000. We can see that the positions of the

Gaussian distributions are moving gradually from right to left for class 1 and

vice versa for class 0.445

Stationary dataset. We also use the same method as in the Dynamic dataset to

generate a stationary dataset of 20k examples. However, to ensure stationarity,

the positions of the two Gaussian means are not moving in this dataset. We

achieve this by setting the drifting speed to zero.

For each of the 4 datasets above, we generate two versions: the first version450

with a low level of noise and the second version with a high level of noise. The

amount of noise in the SEA and the Hyperplane datasets is controlled by the

manipulating the probability that the given label of a data point is switched

from the true class 0 to the wrong class 1 and vice versa. In the MOA package,

we set this probability to 15% in both noisy SEA and noisy Hyperplane datasets455

and 0% in their low noise versions. On the other hand, the amount of noise in

the Dynamic and the Stationary datasets is naturally controlled by varying

the standard deviations of the Gaussian distributions, used to generate the

data points. We set the standard deviations of the Gaussian distributions to

1.5 in both noisy Dynamic and noisy Stationary datasets and 0.8 in their low460

noise versions. In summary, we generate 8 synthetic datasets, which is the 8

combinations of 4 different drift conditions (no drift, gradual drift, abrupt drift,
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and mixed drift) and 2 noise conditions (low level of noise and high level of

noise).

5.1.2. Discussion465

We use the same parameters to generate each dataset 30 times. Figure 5

shows the evolution of the prediction errors (average score of 30 iterations) of all

algorithms on all synthetic datasets. Table 2 summarizes the errors using means

and standard deviations. The bold numbers indicate the best performers.

We can see that FTRL-P and FTRL-Proximal outperform FTRL-ADP,470

FTRL-DP, and TDAP in the two Stationary datasets (Figure 5). The gaps

in the prediction errors are more announced in the noisy Stationary dataset.

This result validates our claim that high level of noise requires the learner to be

conservative and less responsive to prediction errors. In this case, the stability

of FTRL-P and FTRL-Proximal, owing to the omission of the decaying factor475

(or γ = 1), explains their best performance.

At the same time, we can see that FTRL-DP and TDAP become too para-

noid with prediction errors as it tries to correctly classify every example by

quickly forgetting old weights (γ < 1). Overall, they make the most number

of mistakes due to this short-sightedness. On the contrary, FTRL-ADP per-480

forms comparably to FTRL-P and FTRL-Proximal while avoiding the shorted-

sightedness of FTRL-DP of TDAP, due to its adaptive mechanism (Friedman

test (Demšar, 2006) with 5% significance level). This mechanism increases the

decaying rate of FTRL-ADP to asymptotically reach 1 (γ = 1 − lnT
2T ) to best

perform in the stationary case. There are no concept drifts detected in the485

stationary case according to Figure 6.

The addition of noise degrades the performance of all learners in all cases.

The error rates of FTRL-P, FTRL-Proximal, FTRL-DP, TDAP, and FTRL-

ADP increase by 15.55%, 15.46%, 19.16%, 21.22%, and 16.46% in the noisy

Stationary dataset. FTRL-ADP are more robust than FTRL-P and FTRL-DP490

but less robust than FTRL-P and FTRL-Proximal. This result can be explained

by the conservativeness when γ = 1 and the responsiveness when γ < 1.
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Figure 5: Error Rates of FTRL-P, FTRL-Proximal, FTRL-DP, TDAP and FTRL-ADP on 8
Synthetic Datasets.
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Figure 6: Evolution of Decaying Rates of FTRL-ADP on 8 Synthetic Datasets.

On the contrary, FTRL-P and FTRL-Proximal perform the worst in the

Dynamic dataset. After the onsets of the abrupt drifts (localized by the plunges

in the decaying rate (Figure 6)), the performances of all the learners decrease.495

However, the error rates of FTRL-Proximal and FTRL-P sharply increase while
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Dataset FTRL-P FTRL-DP FTRL-ADP FTRL-Proximal TDAP

Stationary 8.05±0.38 8.72±0.46 8.25±0.78 8.08±0.96 9.49±0.93
Dynamic 15.54±3.91 10.14±0.8 10.02±1.06 13.25±2.68 10.41±0.67
Sea 8.4±1.9 3.93±2.77 3.25±2.14 7.54±3.34 5.58±4.19
Hyperplane 13.36±4.53 4.62±3.71 9.35±2.74 15.15±6.48 10.72±4.23
Noisy Stationary 23.6±0.78 27.88±0.84 24.19±0.9 23.54±0.94 30.71±0.7
Noisy Dynamic 26.78±2.1 26.25±0.54 23.41±0.71 26.42±1.87 29.36±0.77
Noisy Sea 26.51±3.16 28.51±2.49 26.78±1.88 25.1±2.27 26.64±2.15
Noisy Hyperplane 35.98±2.01 36.96±0.71 34.24±1.49 36.03±2.4 38.43±0.83

Table 2: Means and Standard Deviations of Error Rates of FTRL-P, FTRL-Proximal, FTRL-
DP, TDAP and FTRL-ADP on 8 Synthetic Datasets.

the error rates of TDAP, FTRL-DP, and FTRL-ADP quickly plateau. For

example, after the first drift at example 1300th in the Dynamic dataset, the

error rates of FTRL-Proximal and FTRL-P steeply increase from around 0.08

to 0.17 while the error rates of TDAP, FTRL-DP, and FTRL-ADP settle at500

around 0.10. This result supports our claim that conservative learners (FTRL-

P and FTRL-Proximal) do not perform well when drifting concepts are present.

Here, we can see the opposite effects of drifting speed and noise level on the

conservativeness of the algorithm: they require the conservativeness to change

in two opposite directions. This is a manifestation of the Stability-Plasticity505

dilemma usually encountered in adaptive learning systems (Grossberg, 2013).

In the SEA and Hyperplane datasets, the performances of the algorithms are

mixed. FTRL-DP, TDAP, and FTRL-ADP usually outperform FTRL-P and

FTRL-Proximal in the cases with less noise and vice versa in the noisy cases. It

is interesting to note that the FTRL-P and FTRL-Proximal are rather robust to510

virtual drifts (contained in the SEA and Hyperplane datasets). Their error rates

do not sharply increase at the onsets of the drifts like in the Dynamic datasets,

which contain real drifts. Due to this reason, although FTRL-ADP is able to

detect abrupt drifts (the plunges in the decaying rate (Figure 6)), these positive

detections do not help FTRL-ADP outperform FTRL-P and FTRL-Proximal515

significantly in the cases of SEA and Hyperplane datasets.

In addition, the performances of FTRL-DP, TDAP, and FTRL-ADP are

comparable in the 2 nonstationary datasets, Dynamic and SEA, with less noise
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(Friedman test with 5% significance level). When the noises are injected into

these 2 datasets, FTRL-ADP becomes significantly outperforming FTRL-DP520

and TDAP. This result again validates our claim that high level of noise penalizes

responsive learners the most. Compared to FTRL-DP and TDAP, FTRL-ADP

is more robust to noise due to its decaying rate being adjusted according to the

level of noise (γ = 0.99γ + 0.01pi).

Therefore, we can conclude that the optimal decaying rate depends on the525

drifting speed and the noise level. Higher drifting speed requires the learner to

be more responsive, which can be achieved by decreasing the decaying rate. On

the other hand, noisy cases require the learner to be conservative by increasing

the decaying rate. These two factors are considered when designing the adap-

tive scheme (Algorithm 3) to adjust the decaying rate (specifically, Line 21 to530

consider drifting speed and Line 11 to consider noise level).

5.2. Real-world Experiments

The objective of this experiment is to evaluate FTRL-ADP against 6 state-

of-the-art online algorithms: Confident Weighted Learning (Dredze et al., 2008),

PA I, PA II (Crammer et al., 2006), ALMA (Gentile, 2001), TDAP (Tan et al.,535

2016), and FTRL-Proximal (McMahan et al., 2013). We also include the eval-

uation of DDM-enabled Hoeffding Tree (Hulten et al., 2001) as the baseline

drift-enabled classifier for comparison.

We use the same amount of L1, L2 and Lp regularizations in FTRL-ADP,

TDAP, and FTRL-Proximal. The decaying rate γ of TDAP and parameter α of540

ALMA is searched in {0.5, 0.55, ..., 0.95}. The parameters C of PA-I and PA-II

and η of CWL used are the best performing values in {10−3, 10−2, ..., 101}. For

the DDM-enabled Hoeffding Tree, we use the default parameters of DDM and

Hoeffding Tree provided by the MOA package.

5.2.1. Datasets545

We evaluate the algorithms on the following datasets: Spam (Katakis et al.,

2010), URL (Ma et al., 2009), Airline (Wickham, 2011), Weather (Ditzler &
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Figure 7: Error Rates of FTRL-ADP, TDAP, PA I, PA II, ALMA, FTRL-Proximal, CW, and
DDM-enabled Hoeffding Tree on 6 Real-world Datasets.

Polikar, 2013), Electricity (Harries, 1999), and Intrusion (Lippmann et al.,

2000). These datasets cover a wide range of applications showing the prevalence

of concept drift in real-world applications.550

Spam dataset. This dataset contains spam emails collected using the SpamAs-

sassin data collection framework. The bag of words model is used to represent

each spam as a vector. Concept drift contained in the dataset has been studied

in detail in (Katakis et al., 2010).
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Figure 8: Evolution of Decaying Rates of FTRL-ADP on 6 Real-world Datasets.

URL dataset. This dataset is collected in an effort aimed to create a machine555

learning based firewall to replace the commonly used blacklists. The dataset

contains anonymized and labeled URLs collected over the period of 120 days.

Due to the adversary nature of the domain of computer security, concept drifts

are anticipated in this dataset and have been studied in detail in (Ma et al.,

2009).560

Airline dataset. This dataset is motivated by the need to predict flight delays. It

contains more than half a million examples collected over the period of more than

20 years. The raw dataset contains 4 categorical features (Airline, AirportFrom,

AirportTo, and DayOfWeek) and 2 numerical features (Time and Length). We
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Dataset FTRL-ADP FTRL-Proximal TDAP PAI PAII CW ALMA DDM-HT

Spam 13.24 19.28 14.71 11.06 11.09 11.5 11.79 20.28
Airline 36.3 38.78 37.3 40.73 40.7 40.87 40.84 35.1
Url 33.91 35.84 34.37 36.94 36.97 37.56 37.56 35.74
Weather 28.32 30.13 26.0 29.08 28.97 26.25 27.24 26.71
Electricity 15.23 23.16 21.63 15.82 15.76 15.71 15.84 15.88
Intrusion 0.15 1.70 0.48 2.11 2.14 1.77 1.82 0.80

Table 3: Error Rates of FTRL-ADP, TDAP, PA I, PA II, ALMA, FTRL-Proximal, CW, and
DDM-enabled Hoeffding Tree on 6 Real-world Datasets.

use one hot encoding to convert categorical features to numerical features for565

the evaluation.

Weather dataset. This dataset is motivated by the need to predict rain in

weather forecasting. It is a collection of weather records over more than 50

years curated by the National Oceanic and Atmospheric Administration, USA.

Electricity dataset. This dataset records the changes in electricity consumption570

in New South Wales (Australia). The duration of the dataset is from 7 May

1996 to 5 December 1998. A record contains 6 attributes: day of week, time of

day, demand in New South Wales, price in Victoria, demand in Victoria, and

electricity transfer between the states. The label is either UP for the increase

in the consumption of electricity or DOWN vice versa.575

Intrusion dataset. This dataset records the network connections made at the

gateway of a simulated military network environment. The network traffic con-

tains various type of attacks in the midst of normal traffic. The dataset contains

41 features including both categorical features, such as the protocol type, and

numerical features, such as the number of failed logins. The label of a connection580

is either attack or normal.

5.2.2. Discussion

Like the synthetic experiment, the cumulative prediction errors are used as

the performance metric. Figure 7 shows the error rates associated with the best

parameters incurred by all algorithms on all datasets. Table 3 shows the final585
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Figure 9: Error Rates of FTRL-ADP, TDAP, PA I, PA II, ALMA, FTRL-Proximal and CW
on the two SEA Datasets.

error rates. The bold numbers in Table 3 indicate the best performers. Figure 8

shows the evolution of the decaying rate reported by FTRL-ADP.

From Figure 7, we can see that FTRL-ADP and TDAP tend to be more

robust to concept drifts than FTRL-Proximal. For example, in the case of the

Spam dataset, the prediction error of the FTRL-Proximal consistently rises after590

the onset of the drift (occurs at around example 1000th based on the evolution

of decaying rate in Figure 8). The error rates of FTRL-ADP and TDAP also

increase but plateau quickly. We can notice the same observation in the Airline

dataset and the Intrusion dataset. The performance of FTRL-Proximal signif-

icantly increases from example 200kth (Airline dataset) and 10kth (Intrusion595

dataset) while the performance of TDAP and FTRL-ADP also increase but at

a much lower rate.

TDAP and FTRL-ADP perform comparably well in real-world datasets.

This is the result of fine tuning the decaying rate of TDAP by running the

experiment multiple times to select the best decaying rate. On the contrary,600

the decaying rate of FTRL-ADP is adaptive and doesn’t require tuning.

The baseline classifier DDM-HT performs the worst in the Spam dataset.

However, it is the best classifier in the Airline dataset. In comparison to

FTRL-ADP, DDM-HT outperforms FTRL-ADP in the Airline and the Weather

datasets. However, FTRL-ADP outperforms DDM-HT in the rest 4 datasets.605

PA I, PA II, CW, and ALMA outperform other algorithms in the Spam
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dataset. They are the most adaptive to concept drift in this case with better

performance after the drift. However, these 4 learners are often over-sensitive

to noise; this characteristic may explain their poor performance in the other 3

datasets. We can demonstrate this characteristic in a simulated scenario. For610

example, Figure 9 shows the cumulative error rates of all algorithms on the two

SEA datasets. We can see that CW performs almost perfectly (99.35% accu-

racy) and significantly outperforms other algorithms in the clean SEA dataset.

However, its performance degrades substantially when the noise is injected.

6. Conclusion and Future Work615

In this paper, we have proposed an adaptive online algorithm to address

the problem of concept drift, called FTRL-ADP. We have introduced two nov-

elties in the adaptive mechanism of FTRL-ADP. First, we derive a formula to

adaptively adjust the decaying rate based on sublinear regret analysis. Sec-

ond, we use the concept drift detector DDM to speed up the adaptation to620

drifting concepts. The adaptive mechanism eliminates the need for manually

tuning the decaying rate required by TDAP. Experiments with 14 datasets and

6 other online algorithms show that FTRL-ADP is most advantageous in noisy

environments with real concept drifts.

We outline two directions for the future work. In the first direction, we625

plan to investigate other possibilities for the adaptive decaying mechanism. For

example, we are aware of a rich literature on adaptive forgetting factor for the

original non-adaptive Reclusive Least Squared (RLS) algorithm. The forgetting

factor in RLS plays the same role as the decaying rate in FTRL-ADP. In the

second direction, we aim to develop a mathematical analysis to prove the con-630

vergence property of FTRL-ADP in the case of concept drift. We are now only

able to visually demonstrate the tracking ability of the algorithm, which is a

good starting point for a rigorous analysis.
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Appendix A. Proof of Theorem 1

Proof. To remind the optimization objective of FTRL-DP:

wt+1 = argmin
w

g>1:tw + λ1‖w‖1 +
1

2
λ2‖w‖22 +

1

2
λp

t∑
s=1

γt−s‖w − ws‖22

wt+1 = argmin
w

(
g>1:t − λp

t∑
s=1

γt−sw>s
)
w + λ1‖w‖1 +

1

2

(
λ2 + λp

1− γt

1− γ
)
‖w‖22

+
1

2
λp

t∑
s=1

γt−s‖ws‖22

Omitting the constant term 1
2λp

∑t
s=1 γ

t−s‖ws‖22, we have:

wt+1 = argmin
w

z>t w + λ1‖w‖1 +
1

2

(
λ2 + λprt

)
‖w‖22 (A.1)

In Equation A.1, zt = g>1:t − λp
∑t
s=1 γ

t−sw>s and rt = 1−γt
1−γ . Each compo-

nent of w contribute independently to the objective function of A.1 hence can

be solve separately:

wt+1,i = argmin
wi

zt,iwi + λ1‖wi‖1 +
1

2

(
λ2 + λprt

)
‖wi‖22 (A.2)

Note that wi in A.2 refers to the ith component of w. Let f(wi) = zt,iwi +

λ1‖wi‖1 + 1
2

(
λ2 + λprt

)
‖wi‖22. There are two cases:

• If ‖zt,i‖1 ≤ λ1, we have:

f(wi) ≥ −‖zt,iwi‖1 + λ1‖wi‖1 +
1

2

(
λ2 + λprt

)
‖wi‖22
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f(wi) ≥ −λ1‖wi‖1+λ1‖wi‖1+
1

2

(
λ2+λprt

)
‖wi‖22 =

1

2

(
λ2+λprt

)
‖wi‖22 ≥ 0

f(wi) achieves the minimum at wi = 0805

• If ‖zt,i‖1 ≥ λ1, zt,i and wi must have opposite signs at the minimum

of f(wi) as otherwise wi can always have sign flipped to further reduce

fi(wi). Therefore, it is equivalent to solving:

wt+1,i = argmin
wi

zt,iwi − sign(zt,i)λ1‖wi‖1 +
1

2

(
λ2 + λprt

)
‖wi‖22

which achieves minimum at zero gradient or wi = − zt,i−sign(zt,i)λ1

λ2+λprt

This concludes the proof.

Appendix B. Proof of Theorem 2

Proof. As r1:t(w) = 1
2

∑t
s=1 σs‖w − ws‖22 is 1-strongly convex (Lemma 3)

w.r.t. norm ‖w‖(t) =
√
σ1:t‖w‖2, whose dual is ‖w‖(t),∗ = 1√

σ1:t
‖w‖2, applying

Theorem 2 in (McMahan, 2014), we have:

Regret(w∗) ≤ 1

2ηT
(2R)2 +

1

2

T∑
t=1

ηt‖gt‖2

In which, ηt = 1
σ1:t

= 1∑t
s=1 γ

T−s = (1−γ)γt
γT (1−γt) , therefore:

Regret(w∗) ≤ 2R2 1− γT

1− γ
+
G2

2

1

γT

T∑
t=1

(1− γ)γt

(1− γt)

If we choose γ = 1− lnT
2T , we have:

Regret(w∗) ≤ 4R2 T

lnT
+
G2

2

1

γT

T∑
t=1

γt∑t−1
i=0 γ

i
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As γt∑t−1
i=0 γ

i
≤ 1

t for γ < 1, we have:

Regret(w∗) ≤ 4R2 T

lnT
+
G2

2

1

γT

T∑
t=1

1

t

As
∑T
t=1

1
t ≤ 1 + lnT (Lemma 4), we have:

Regret(w∗) ≤ 4R2 T

lnT
+
G2

2

(1 + lnT )

(1− lnT
2T )T

Therefore:

lim
T→∞

Regret(w∗)

T
≤ lim
T→∞

4R2 1

lnT
+
G2

2

(1 + lnT )√
T

1√
T (1− lnT

2T )T
(B.1)

As limT→∞
√
T (1− lnT

2T )T = 1 (Lemma 5), the right hand side of B.1 vanishes

when T goes to infinity. Therefore:

lim
T→∞

Regret(w∗)

T
≤ 0

This concludes the proof.

Lemma 3. Prove that r1:t(w) = 1
2

∑t
s=1 σs‖w−ws‖22 is 1-strongly convex w.r.t.810

norm ‖w‖(t) =
√
σ1:t‖w‖2, given σ1, σ2, ..., σt > 0 and w1, w2, ..., wt.

Proof. With arbitrary x, y ∈ Rn, we have:

r1:t(y) ≥ r1:t(x) +∇r1:t(x)(y − x) +
1

2
‖y − x‖2(t)

⇔ r1:t(y)− r1:t(x) ≥ ∇r1:t(x)(y − x) +
1

2
‖y − x‖2(t)

⇔ 1

2

t∑
s=1

σs(y + x− 2ws)
>(y − x) ≥

t∑
s=1

σs(x− ws)(y − x) +
1

2
‖y − x‖2(t)

⇔ 1

2

t∑
s=1

σs(y − x)>(y − x) ≥ 1

2
σ1:t‖y − x‖22

The last inequality is actually an equality. This concludes the proof.
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Lemma 4. Prove that:
T∑
t=1

1

t
≤ 1 + lnT (B.2)

Proof. We have:

lnT =

∫ T

x=1

dx

x
=

T−1∑
k=1

∫ k+1

x=k

dx

x
≥
T−1∑
k=1

∫ k+1

x=k

dx

k + 1
=

T−1∑
k=1

1

k + 1

Therefore:

1 + lnT ≥
T∑
t=1

1

t

This concludes the proof.

Lemma 5. Prove that:

lim
T→∞

√
T
(
1− lnT

2T

)T
= 1 (B.3)

Proof. Change T to 1
x , and take the log of the left-hand side of B.3, we have:

lim
T→∞

ln

[
√
T
(
1− lnT

2T

)T]
= lim
x→0

ln
(

1 + x ln x
2

)
− 1

2x lnx

x

Applying L’Hôpital’s rule, we have:

lim
T→∞

ln

[
√
T
(
1− lnT

2T

)T]
= lim
x→0
−x lnx+ x(lnx)2

2(2 + x lnx)

As limx→0 x(lnx)n = 0 for all integer n, we have:

lim
x→0
−x lnx+ x(lnx)2

2(2 + x lnx)
= 0

Therefore:

lim
T→∞

√
T
(
1− lnT

2T

)T
= 1

This concludes the proof.815
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