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Abstract: ARMAX models are widely used in control engineering for both system description and control design. They can
accurately describe a large class of real processes with relatively low complexity, but do not take into account observation
errors, which can be particularly important in applications like filtering and fault diagnosis. Due to the intrinsic dependence in
ARMAX process output, a single outlier may contaminate multiple data entries and completely spoil the conventional least-
squares estimate. In this study, the authors develop a novel Moving Horizon Estimator that is not only robust to outliers but also
able to reveal outliers. By utilising the fact that outliers are extreme errors that occur infrequently, the estimation problem is
formulated as a least-squares optimisation problem with outliers explicitly modelled and regularised with ℓ1-norm to induce
sparsity. A coordinate descent-based solver is developed to obtain iterative algorithms with guaranteed convergence and
closed-form solution available to each coordinate sub-problem per iteration. Due to the explicit modelling of outlier vectors, the
impact of an outlier on multiple time instants can be estimated and mitigated. Simulation tests demonstrate that the proposed
algorithm can effectively cope with outliers, even for the case when the commonly used Huber's M-estimation approach breaks
down.

1 Introduction
The Auto-Regressive-Moving-Average with eXogenous input
(ARMAX) model is a basic model for describing practical systems,
which has been attracting much attention from researchers not only
in time-series analysis but also in systems and control [1–5].
ARMAX models can accurately describe a large class of real
processes with relatively low complexity [6, 7], but do not take into
account the observation errors on the output of the process, which
can be particularly important in applications like filtering and fault
diagnosis [8, 9].

Robustness to uncertainties is one of the major concerns in
system state estimation and control [10–12]. Uncertainties can be
classified into different categories according to their origin. For
example, in networked control systems, the exchange of
information is subject to network congestion and latency [13],
which gives rise to the uncertainty in measurement. In wireless
networked control systems, the mobile sensor nodes may be
affected by external environment, which contributes to the
uncertainty in system state [14]. In addition, the discrepancy
between the mathematical model and the actual dynamical system
brings the uncertainty in model parameter [11, 15]. Such
uncertainties can lead to instability and poor performance of
systems, and various proposals have been developed to address this
issue in various contexts. In particular, the system identification
and state estimation problems under uncertainties have been
studied by many authors, among which we quote Wang and
Burnham [16], Guidorzi et al. [17], and Diversi et al. [8, 9].

Kalman filtering of the ARMAX process has been extensively
studied in the literature [2, 3, 18, 19]. The Kalman filter is the
optimal linear filter for a large class of problems and has enjoyed a
great popularity within the engineering community [20, 21]. It can
be derived as the weighted least-squares solution to a regression
problem, without regard to distributional assumptions [22–24].
However, the Kalman filter is known to be susceptible to outliers.
The squared-error criterion used in Kalman filter is extremely
sensitive to outliers [25, 26]; squaring a larger number makes it
even larger and hence an outlier entering the cost functional is

likely to dominate all other observations. Therefore, even rare
occurrences of outliers can severely degrade the performance of the
Kalman filter, resulting in poor estimates [27].

The problem may become even worse with the autoregressive
and moving average nature of the ARMAX process. Due to the
intrinsic dependence in ARMAX process output, i.e. the current
output value depends on the previous output values, a single outlier
in observation may contaminate multiple data entries when it
comes to estimating the process and completely spoil the
conventional least-squares estimate. Therefore, it appears
extremely useful to have a robust estimator that performs well
under such circumstances.

In this paper, the estimation problem for ARMAX process with
output contaminated by outliers is addressed by using a moving-
horizon approach. In moving-horizon estimation, only the most
recent information is processed and the estimates are obtained by
solving a least-squares optimisation problem with a batch of inputs
and outputs according to a sliding-window strategy. Since the size
of the estimation is fixed by the sliding window, efficient online
optimisation can be performed. The intrinsic robustness to
uncertainties in the knowledge of system dynamics and capability
of accounting constraints have made the approach favourable to
both linear systems [28–31] and non-linear systems [32–34].

Robust statistical procedures provide formal methods to spot
the outlying data points and reduce their influence [35]. One well-
known approach for robustifying the least-squares estimator or
Kalman filter resorts to a robust M-estimator with some outlier-
resilient objective function such as Huber's cost [36–38]. The
objective functions used in M-estimators aim to bound the
influence of large residuals and thereby suppressing the impact of
outliers. This approach requires independent noise entries so that
prewhitening is usually performed to uncorrelate the residual error
vectors before processing them in a robust regression framework.
However, prewhitening spreads the outliers to non-contaminated
data entries making outlier-resilient estimation even more
challenging [39, 40].

Efforts have also been made to totally remove the impact of
extreme errors. For example, a least-trimmed squares based
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approach for robust moving horizon estimation of discrete-time
linear systems is reported in [41]. The approach consists in
minimising a set of least-squares cost functions in which each
measure possibly contaminated by outlier is left out in turn. The
estimate that corresponds to the lowest cost is retained and the
procedure is repeated when the sliding window moves to the next
time instant. Although the principle of deleting one measure at a
time is possible to be generalised to multiple measures, it is not
obvious at all which subset of measures should be deleted. The
computations involved may therefore become intractable because
of the large number of subsets that would have to be considered
[42].

Recent advances in compressed sensing theory have made the
ℓ1-norm regularisation a promising approach in both signal
recovery [43, 44] and sparse error detection [45, 46]. In state
estimation, the ℓ1-norm regularisation was also used, e.g. to
address the problem of detecting and mitigating the effects of an
adversarial corruption of sensory data in cyber-physical systems
[47–49]. Besides ℓ1-norm regularisation, the sum-of-norms
regularisation was applied in the smoothing problem for a generic
linear system where impulsive disturbances occur in the process
model [50]. Similar to ℓ1-norm regularisation, which induces
sparsity in the estimates, sum-of-norms regularisation produces
sparse estimates in which the zero components come in groups.

In this paper, we focus on handling the uncertainty in
measurement and explicitly model the outliers as auxiliary
variables. By leveraging the fact that the outlier component could
indeed be a sparse vector, the estimation problem is formulated as a
least-squares problem with outliers regularised with ℓ1-norm to
induce sparsity. The resultant optimisation problem is jointly
convex over the state and outlier vectors. A coordinate descent-
based solver is developed to obtain iterative algorithms with
guaranteed convergence and closed-form solution available to each
coordinate sub-problem per iteration. Due to the explicit modelling
of outlier vectors, the impact of an outlier on multiple time instants
can be estimated and mitigated. Therefore, a more robust and
accurate estimate can be expected. Some attractive aspects of the
proposed approach are summarised as follows:

• The approach achieves a dual-task in both obtaining a robust
estimate and detecting the outliers without requiring any
assumption about the outlier pattern except that it must be
sparse. Indeed, outliers, being the most extreme observations,
are events that occur infrequently, and thus sparse.

• Since outlier vectors are explicitly modelled, the impact of an
outlier on multiple time instants can be estimated and
subsequently reduced. This is unlike the commonly used M-
estimation methodology such as Huber-based robust scheme
which only implicitly incorporates outliers and may break down
due to contamination of multiple data entries induced by a single
outlier.

• The resultant optimisation problem is convex, so the global
solution can be computed efficiently by using many standard
methods. In fact, the coordinate descent solver developed in this
paper allows it to be solved in linear time complexity, which
makes the approach quite practical even for large estimation
horizon length.

The remaining of the paper is organised as follows. Section 2
develops the Moving Horizon Estimator (MHE) for ARMAX
processes. The robustification scheme based on outlier-pursuit ℓ1-
norm regularisation is introduced in Section 3, where a coordinate
descent-based solver is also developed. In Section 4, both
simulation and experimental results are presented and discussed.
Finally, the conclusions are drawn in Section 5.

2 Preliminaries
The ARMAX process and moving horizon estimation were already
introduced in the literature [1–3, 18, 28–31]. In this section, we
only give the equations necessary for the derivation of the ℓ1-
regularised MHE in Section 3.

2.1 ARMAX process with aberrant observations

Consider the following ARMAX process:

A(q−1)zk = B(q−1)uk + C(q−1)εk (1)

with aberrant observations

yk = zk + ok (2)

where

A(q−1) = I + A1q−1 + ⋯ + Anq−n

B(q−1) = B1q−1 + B2q−2 + ⋯ + Bnq−n

C(q−1) = I + C1q−1 + ⋯ + Cnq−n

are matrix polynomials in backward-shift operator q−1, i.e.
q−1zk = zk − 1, with Ai ∈ ℝm × m, Bi ∈ ℝm × l and Ci ∈ ℝm × m. The
process input and output are given by uk ∈ ℝl × 1 and zk ∈ ℝm × 1,
respectively. The zero-mean white Gaussian noise εk ∈ ℝm × 1 has a
known covariance matrix Rk, and is in general independent of uk. In
the measurement contamination model of (2), yk is what we really
observe and zk is the process output given by (1). The outlier vector
ok is defined to be deterministically non-zero if yk corresponds to
an aberrant observation, and 0m otherwise.

The ARMAX model in (1) can be represented in the state-space
form given as [2]

xk + 1 = ΦAxk + Γuk + Ωεk (3)

zk = Hxk + εk (4)

where

ΦA =

−A1 I 0 ⋯ 0
−A2 0 I ⋯ 0

⋮ ⋮ ⋮ ⋱ ⋮
−An − 1 0 0 ⋯ I
−An 0 0 ⋯ 0

Γ = B1 B2 ⋯ Bn
T

Ω =

C1 − A1

C2 − A2

⋮
Cn − An

H = I 0 ⋯ 0

Substituting (4) into (3) gives

xk + 1 = Φxk + Γuk + Ωzk (5)

where

Φ = ΦA − ΩH =

−C1 I 0 ⋯ 0
−C2 0 I ⋯ 0

⋮ ⋮ ⋮ ⋱ ⋮
−Cn − 1 0 0 ⋯ I
−Cn 0 0 ⋯ 0

2.2 Moving-horizon estimation for ARMAX process

The moving-horizon approach consists in deriving an estimate at
the current time k by using the most recent information given by
yk − N, …, yk and uk − N, …, uk − 1 with the integer N ≥ 1. Using (4)
and (5), N + 1 equations can be set up as follows:
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zk − N = Hxk − N + εk − N

zk − N + 1 = HΦxk − N + HΓuk − N + HΩzk − N

+εk − N + 1

⋮

zk = HΦNxk − N + ∑
i = 1

N
HΦi − 1Γuk − i

+ ∑
i = 1

N
HΦi − 1Ωzk − i + εk

(6)

For convenience, let us define the vectors

Zk, N = [zk − N
T , …, zk − 1

T , zk
T]T

Uk − 1, N − 1 = [uk − N
T , …, uk − 2

T , uk − 1
T ]T

Ek, N = [εk − N
T , …, εk − 1

T , εk
T]T

and the matrices

TN =

I 0 0 ⋯ 0
−HΩ I 0 ⋯ 0

−HΦΩ −HΩ I ⋯ 0
⋮ ⋮ ⋮ ⋮

−HΦN − 1Ω −HΦN − 2Ω −HΦN − 3Ω ⋯ I

Γ̄N =

0 0 0 ⋯ 0
−HΓ 0 0 ⋯ 0

−HΦΓ −HΓ 0 ⋯ 0
⋮ ⋮ ⋮ ⋮

−HΦN − 1Γ −HΦN − 2Γ −HΦN − 3Γ ⋯ −HΓ

Πk, N =

Rk − N 0 ⋯ 0
0 Rk − N + 1 0
⋮ ⋱ ⋮
0 0 ⋯ Rk

The equations in (6) can be written in a more compact form given
as

Z̄k, N = MNxk − N + Ek, N (7)

where

Z̄k, N = TNZk, N + Γ̄NUk − 1, N − 1 (8)

Let x̄k − N be the a priori prediction and Σk − N the associated
covariance matrix, the least-squares criteria comes up as a natural
choice for deriving the MHE. Therefore, at time instant k, our goal
is to solve

x^k − N |k = arg min
xk − N

∥ Z̄k, N − MNxk − N ∥Πk, N
−1

2

+∥ xk − N − x̄k − N ∥Σk − N
−1

2
(9)

where x^k − N |k denotes the estimate of xk − N at time k. Once x^k − N |k is
obtained, the remaining estimates at time k, x^k − N + 1|k, …, x^k |k, can
be easily iterated from x^k − N |k by recursively applying (5), i.e. for
i = k − N, …, k − 1

x^i + 1|k = Φx^i |k + Γui + Ωzi (10)

The estimated process output is then given by

ẑk |k = Hx^k |k (11)

The second term on the right hand side of (9) is known as the
arrival cost in estimation theory and different choices can be made
for x̄k − N and Σk − N. Let Pi |k denote the error covariance matrix of
x^i |k. For example, one can choose the result of the corresponding
estimate at the previous step, i.e. x̄k − N = x^k − N |k − 1 and
Σk − N = Pk − N |k − 1, as proposed in [28, 41]. To simplify the
discussion, we adopt the choice in [29, 51] and assume that the
prediction x̄k − N and Σk − N are determined by propagating the
estimated value at time k − N − 1, i.e.

x̄k − N = Φx^k − N − 1|k − N − 1 + Γuk − N − 1 + Ωzk − N − 1 (12)

Σk − N = ΦPk − N − 1|k − N − 1ΦT (13)

In this case, the estimator in (9) is the standard least-squares MHE
[51], and the state estimate x^k |k computed in (10) coincides with the
well-known Kalman filter state estimate at time k. The estimation
procedure is initialised with some a priori prediction x̄0 and Σ0.

3 Regularised MHE
In this section, we explicitly model the outliers by introducing
auxiliary variables ok as described in (2), and propose a robust
version of the MHE in (9). The objective here is to estimate the
output of the ARMAX process, zk, given the outlier-contaminated
measurements, yk.

Let yk and ok denote the outlier-contaminated measurements and
outlier vectors, respectively, then for the sliding window at time k
we have

Yk, N = [yk − N
T , …, yk − 1

T , yk
T]T

Ok, N = [ok − N
T , …, ok − 1

T , ok
T]T

and according to (2)

Yk, N = Zk, N + Ok, N . (14)

Substituting (14) into (8) gives

Z̄k, N = TN(Yk, N − Ok, N) + Γ̄NUk − 1, N − 1 (15)

Substituting (15) into (7) gives

Ȳk, N = MNxk − N + TNOk, N + Ek, N (16)

where

Ȳk, N = Z̄k, N + TNOk, N (17)

It can be seen that a data entry in Ȳk, N is affected by not only the
contemporaneous outlier but also a combination of past outliers
with weights depending on the model from which the underlying
process zk is generated. Therefore, a single outlier may contaminate
multiple data entries when it comes to estimating the process.

The challenge with introducing Ok, N is that estimating xk − N and
Ok, N based solely on Ȳk, N would be an under-determined problem
(fewer equations than unknowns), which generally has an infinite
number of solutions. Notice that in practise the outlier vectors, ok,
are associated with occasional large errors caused by disturbances,
instrument failures and so on. Hence most entries of Ok, N are zero,
and the key to addressing the problem of underdeterminacy is
recovery of the degree of sparsity of the vector Ok, N.

For this reason, we consider introducing an appropriate
regularisation term to Ok, N to induce sparse solutions. It is well
known that ℓ0-norm regularisation is able to quantify the degree of
sparsity, however, the optimisation problem is non-convex and
requires an intractable combinatorial search [52]. A natural
approximation to ℓ0-norm regularisation is ℓ1-norm regularisation,
which is convex and seems to be ubiquitous throughout many
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fields of mathematics and engineering [53]. Good examples such
as the much used lasso [54] and compressed sensing [55, 56] have
demonstrated the effectiveness of such regularisation.

Substituting (17) into (9) and using an ℓ1-norm regularisation,
the robust MHE amounts to solving

x^k − N |k, O^
k, N

= arg min
xk − N, Ok, N

∥ Ȳk, N − MNxk − N − TNOk, N ∥Πk, N
−1

2

+∥ xk − N − x̄k − N ∥Σk − N
−1

2 + λk ∥ Ok, N ∥1

(18)

where λk ≥ 0 is a tuning parameter that determines the degree of
sparsity in Ok, N, and O^

k, N = [o^k − N |k
T , …, o^k − 1|k

T , o^k |k
T ]T is the estimate

of Ok, N at time k.
 
Remark 1: The ℓ1-norm regularisation term ∥ Ok, N ∥1 in (18)

enables recovery of outlying data entries. If outliers are present in
all entries of Ok, N, then replacing it by ∥ Ok, N ∥2 would enable the
estimator to identify whole data vectors as outliers instead of entry-
wise outliers. The underlying optimisation problem for ℓ2-norm
regularisation is still convex [57], and iterative solvers can likewise
be developed using the same methodology presented in this paper;
due to space limitations only ℓ1-norm regularisation is discussed
hereinafter.

 
Remark 2: There is a well-known connexion between the ℓ1-

regularisation approach and the Huber's M-estimation approach
(see, e.g. [39, 40, 58]. In this particular application, the state
estimates obtained in (18) is equivalent to the solution of the
following Huber's M-estimation problem, when Πk, N, TN and Σk − N
are all identity matrices, i.e.

x^k − N |k = arg min
xk − N

∑
d = 1

D
ρλk Ȳk, N , d − MN , d

T xk − N

+ ∑
d′ = 1

n × m
xk − N , d′ − x̄k − N , d′

2

= arg min
xk − N, Ok, N

∥ Ȳk, N − MNxk − N − Ok, N ∥2

+∥ xk − N − x̄k − N ∥2 + λk ∥ Ok, N ∥1

(19)

where Ȳk, N , d is the dth entry of Ȳk, N, MN , d
T  the dth row of MN,

xk − N , d′ the d′th entry of xk − N and ρλk the Huber's cost [35] given by

ρλk(r) =

r2

2 , |r | ≤ λk

λk |r | − λk
2

2 , |r | > λk

(20)

The optimisation problem in (18) is actually more general than
that in (19) by being able to incorporate the weighting matrix TN,
which essentially reveals how the outliers affect the data entries
and results in a more reasonable penalisation on the outlier vectors.
This distinguishes the proposed MHE from the conventional ones
in which the outliers are not explicitly modelled and the estimators
may break down due to contamination of multiple data entries
caused by a single outlier.

3.1 Robust MHE via coordinate descent

The optimisation problem in (18) is jointly convex in xk − N and
Ok, N, and a method exploiting the problem structure and offering
computational advantages is block coordinate descent [59]. In this
method, the optimisation variables are partitioned into blocks and
the objective function is minimised iteratively with respect to one
block variable at a time: given Ok, N, the optimal xk − N is the least-
squares estimate from regression of Ȳk, N − TNOk, N on design

matrix MN; given xk − N, the optimal Ok, N is the solution to the ℓ1-
minimisation problem. This alternation between updates to xk − N
and Ok, N closely matches the interplay between detecting outliers
and estimating states.

Let j be the index of coordinate descent iterations, xk − N
( j)  and

Ok, N
( j)  are updated cyclically by solving the following sub-problems

per iteration j:

xk − N
( j) = arg min

xk − N
∥ Ȳk, N − MNxk − N − TNOk, N

( j − 1) ∥Πk, N
−1

2

+∥ xk − N − x̄k − N ∥Σk − N
−1

2
(21)

Ok, N
( j) = arg min

ok, N
∥ Ȳk, N − MNxk − N

( j) − TNOk, N ∥Πk, N
−1

2

+λk ∥ Ok, N ∥1

(22)

Solving the sub-problem in (21) is equivalent to finding the
standard least-squares MHE estimate in (9) with outlier-
compensated measurements Z̄k, N

( j − 1) = Ȳk, N − TNOk, N
( j − 1) per iteration j.

For the sub-problem in (22), it is actually a generalised lasso
problem that can be further partitioned into a sequence of one-
dimensional (1D) coordinate descent iterations [60, 61], i.e.

Ok, N , d
( j) = arg min

ok, N, d
Ȳk, N − MNxk − N

( j) − TN

Ok, N , 1:d − 1
( j)

Ok, N , d

Ok, N , d + 1:D
( j − 1)

Πk, N
−1

2

+λk |Ok, N , d|

(23)

where Ok, N , d
( j)  is the dth entry of Ok, N

( j)  and D = (N + 1) × m is the
dimension of Ok, N. To put things into perspective, it is helpful to
express the 1D problem in (23) as an equivalent scalar lasso given
by

Ok, N , d
( j) = arg min

ok, N, d
Ok, N , d − γk, d

( j) 2 + λk, d |Ok, N , d| (24)

where

γk, d
( j) = 1

uk, d, d
αk, d

( j) − ∑
i = 1

d − 1
uk, d, iOk, N , i

( j) − ∑
i = d + 1

D
uk, d, iOk, N , i

( j − 1)

αk
( j) = TN

TΠk, N
−1 (Ȳk, N − MNxN − k

( j) )

Uk = TN
TΠk, N

−1 TN, λk, d = λk
uk, d, d

and uk, d, d′ is the (d, d′) entry of U. The closed-form solution to
scalar lasso problem exists [62], and for the problem in (24) the
solution is calculated as

Ok, N , d
( j) = max |γk, d

( j) | − λk, d
2 , 0 sign γk, d

( j) (25)

 
Remark 3: For any initial values of Ok, N

(0) , global convergence of
the iterates in (21) and (22) to the solution of (18) is guaranteed
according to the results in [63]. However, there is no analytical
results available in the literature regarding the rate of convergence.
Nevertheless, we can see that the large part of the total
computational time for each iteration j will be spent in solving the
least-squares sub-problem in (21) for which the complexity is
linear in N.

For considerable reduction in the coordinate decent iterations, it
was suggested that one should initialise with Ok, N

(0)  close to its
global optimum values [39]. At time k, the best initial guess would
be the estimate obtained at the previous time instant. Therefore,
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one can start naturally with ok
(0) being zero and ok − N

(0) , …, ok − 2
(0) , ok − 1

(0)

being the estimates obtained at time k − 1. In practise, a very fast
convergence with only a few iterations has been noticed. This is
due to the efficiency of the coordinate descent when the
subproblems have a simple closed-form solution and each
coordinate minimisation can be done very quickly. Furthermore,
often the minimisers for many of the estimates did not change
(indeed, many entries of the estimated outlier vectors remained to
be zero) as we cycle through the variables, and hence, the iterations
can be very fast.

 
Remark 4: An improved approximation of the ℓ0-norm relative

to that offered by the ℓ1-norm is provided by the weighted ℓ1-norm
[52]. A major difference between the ℓ1-norm and ℓ0-norm
regularisations is that larger coefficients are penalised more heavily
than smaller coefficients in the ℓ1-norm, unlike the more equal
penalisation in the ℓ0-norm. To address this imbalance, weighted
ℓ1-norm regularisation was developed to more equally penalize
non-zero coefficients. The weights used for the current iteration
were chosen as inversely proportional to the magnitude of the
solution obtained in the previous iteration, thereby decreasing the
weights for large coefficients and increasing the weights for small
coefficients. Building on this line of thought, consider surrogating
(18) by

x^k − N |k
(l) , O^

k, N
(l)

= arg min
xk − N, Ok, N

∥ Ȳk, N − MNxk − N − TNOk, N ∥Πk, N
−1

2

+∥ xk − N − x̄k − N ∥Σk − N
−1

2 + λk ∥ Wk
(l)Ok, N ∥1

(26)

where Wk
(l) = diag wk, d

(l)  and for d = 1, 2, …, D

wk, d
(l) = |Ok, N , d

(l − 1) | + δ
−1

(27)

The parameter δ is a small positive constant preventing the weight
wk, d from tending to infinity. The cost in (26) is actually a weighted
version of the cost in (18), where each of the outlier norms is
weighted by wk, d. When an element of Ok, N is small, then this
element is weighted more during the minimisation of the next
iteration, and vice versa. To start the iteration, all weights can be
set to one and (26) reduces to (18), whose solution is then used as
the initial condition for the next iteration in (26). The simulation
results in Section 4 will show that (26) can produce a better
estimate than that of (18). Another attractive fact is that each
iteration of this algorithm consists only in solving one ℓ1-
regularised optimisation problem, for which the solver developed
in this paper can readily be used.

One limitation of the proposed approach is that there is no
analytic solution available for the ℓ1-regularised optimisation
problem and hence the stability of the proposed MHE can hardly
be analysed. Nevertheless, one can still enjoy the stability of the
standard least-squares MHE by selecting an appropriate value for
the tuning parameter λk, which will be introduced in the ensuing
subsection.

3.2 Parameter selection and pathwise coordinate
optimisation

A nice property of the proposed regularisation-based approach is
that it only has one tuning parameter, λk, which controls the amount
of regularisation and hence detection of outlier. It can be
understood that increasing the value of λk causes Ok, N to be
weighted more in the overall objective function and encourages
more zero components in O^

k, N. Indeed, all the entries of O^
k, N will

be identically zero when λk exceeds a certain critical value. In this
case, the proposed method will reduce to the standard least-squares
method. On the contrary, decreasing the value of λk can give rise to
increasing numbers of non-zero components in O^

k, N, making the

proposed method more conservative than the method of least
squares.

In robust batch linear regression problems, λk is usually
assumed to be constant with respect to k, i.e. λk = λc for all k ≥ 1,
and judicious tuning of λc has been investigated for this case (see,
e.g. [39, 64]). However, these methods are not suitable for online
optimisation. As a remedy, it was suggested to select λc during an
initialisation phase and fix its value for all future time instants [40].
Obviously, this approach is restricted to the assumption that the
statistical properties of the outliers and nominal noise would
remain unchanged.

For the moving horizon estimation problem in this paper, the
lasso-based solver developed in Section 3 allows one to
simultaneously perform parameter selection and state estimation
tasks. Recall that the procedure described in Section 3 is a
successive coordinate-wise descent algorithm for minimising the
objective function in (18) with a fixed λk. Without much difficulty,
the coordinate-wise descent procedure can also be applied to obtain
the solutions at a grid of λ values (regularization path), using each
solution as the initial condition for the next λ value on the grid. The
strategy here is that we first obtain a path of solutions before
selecting one that is optimal with respect to some criteria. This
procedure is repeated as the sliding window moves to the next time
instant.

Before searching along the path, we first need to choose a
starting point, λk

max, such that the estimated outlier vector in (18)
will be set exactly equal to zero when λk ≥ λk

max. This requires
computing the standard least-squares MHE solution, i.e. solving

x^k − N
mhe = arg min

xk − N
∥ Ȳk, N − MNxk − N ∥Πk, N

−1
2

+∥ xk − N − x̄k − N ∥Σk − N
−1

2
(28)

and the following proposition gives the critical value.
 
Proposition 1: The robust MHE estimate in (18) coincides with

the standard least-squares MHE estimate x^k − N
mhe  if and only if

λk ≥ λk
max = 2∥ TN

TΠk, N
−1 (Ȳk, N − MNx^k − N

mhe ) ∥∞ (29)

The proof is given in the Appendix.
 
Remark 5: In the presence of impulsive outliers, the λk

max

obtained in (29) may become unreasonably large, and it is
inefficient to start the path from such a point. In this case one can
use a set of outlier-free training data and run the standard least-
squares MHE in (28) to obtain a surrogate defined as

λ̄k
max = max

N ≤ k ≤ Nt
2∥ TN

TΠk, N
−1 (Z̄k, N − MNx^k − N

mhe ) ∥∞ (30)

where Z̄k, N is the outlier-free measurements and Nt is the length of
training data.

Once the starting point is determined at each time instant, it is
clear that the ‘best’ λk should always locate in the interval [0, λk

max].
Let {λk

i}i = 1
I  be a grid of λ values distributed over the interval

[0, λk
max], and x^k − N(λk

i), O^
k, N(λk

i)  the solution of (18) due to λk
i . If

the estimate is accurate, then Ȳk, N − MNx^k − N(λk
i) − TNO^

k, N(λk
i)

should have similar statistics as Ek, N. Therefore, the standardised
sample variance should approach one, and the best λk is then
chosen as

λk
∗ = min

1 ≤ i ≤ I
1 − σ̂ε(λk

i) (31)

where
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σ̂ε(λk
i) =

∥ Ȳk, N − MNx^k − N(λk
i) − TNO^

k, N(λk
i) ∥Πk, N

−1
2

(N + 1) × m

Finding λk
∗ in (31) seems to require solving I times the optimisation

problem in (18). This is fortunately not the case for our problem, as
efficient path algorithms for lasso-based problems exist.

The lasso solutions at a grid of λ values can be efficiently
computed using the pathwise coordinate descent algorithm [61,
62]. Specifically, let λk

1 > λk
2 > ⋯ > λk

I be a grid of decreasing λ
values, where λk

1 = λk
max, and λk

I = 0. Starting at λk
1 and proceeding

along the grid, the estimate obtained at the previous point, say λk
i − 1,

is used as the initial condition for the current point λk
i . Examples

have shown that it can be more efficient to compute the entire path
of solutions than to calculate the solution only at a single fixed λ
value, especially for large problem dimensions; see [65]. The
number of λ values, I, should be chosen large enough to ensure that
a λ value in the vicinity of the global minimum of (31) can be
obtained.

4 Examples
In this section, the performance of the proposed approach is tested
by using both simulated and experimental data. For easy reference,
the proposed MHEs with equal weight and refined weight are
summarised in Algorithms 1 and 2, respectively. For real-time
implementation, one can follow the steps described in the
algorithms and repeat the procedure each time as the next
measurement becomes available.
 
Algorithm 1 (Proposed MHE with equal weight):

1: Give the initial values x0 and Σ0, and set k = 0.
2: Select a suitable value for λk according to subsection 3.2.
3: Solve the optimisation problem (18) by using the coordinate
descent algorithm in Section 3.1.
4: Compute the estimated output ẑk |k by using (10) and (11) with zi
being replaced by yi − o^i |k.
5: Compute the prediction x̄k − N and Σk − N by using (12) and (13).
6: Set k = k + 1 and go back to step 2.

 
Algorithm 2 (Proposed MHE with refined weight):

1: Give the initial values x0 and Σ0, and set k = 0.
2: Select a suitable value for λk according to Section 3.2.
3: for l = 1 to L do
4:  Solve the optimisation problem (26) by using the coordinate
descent algorithm in Section 3.1.
5:  Update the weight Wk

(l + 1) by using (27).
6: end for
7: Compute the estimated output ẑk |k by using (10) and (11) with zi
being replaced by yi − o^i |k.
8: Compute the prediction x̄k − N and Σk − N by using (12) and (13).
9: Set k = k + 1 and go back to step 2.

4.1 Example 1: single outlier

Consider the ARMAX process in (1) where

A(q−1) = 1 − 0.9q−1, B(q−1) = 0.1q−1

C(q−1) = 1 − 0.8q−1

and the measurement noise εk was N(0, 0.1). The process was
initialised with x0 = 0, Σ0 = 0.1I and a step input of size 1 (i.e.
uk = 1 for all k ≥ 1). An outlier of size −10 was introduced at
k = 25.

The proposed MHE was implemented according to Algorithm 1
with N = 5 and λk = 5 (approximately equals to 1/3 of λ̄k

max in
(30)). For the sake of comparison, the Kalman filter and Huber-
penalty MHE in [66] were implemented. In the latter, the
measurement rows in (28) were prewhitened, and the least-squares
cost was replaced by Huber's cost in (20). The Huber's parameter
was set to 1.345 for standardised Gaussian noise as suggested by
[35]. Moreover, the MHE with one iteration of the refined weight
in Algorithm 2 was also implemented.

Fig. 1 shows 1000 simulation runs each for the (a) Kalman
filter, (b) Huber-penalty MHE, (c) proposed MHE with equal
weight in Algorithm 1, and (d) proposed MHE with refined weight
in Algorithm 2. The mean values of the 1000 runs are given by the
white curves. First, observe that the estimates from the Kalman
filter are severely biased by the presence of the outlier at k = 25,
while the estimates from the proposed MHE are almost not.
Second, the Huber-based scheme failed to give a robust estimate
and exhibited similar performance to the Kalman filter. This is not
surprising as a single outlier may give rise to multiple
contaminated entries in Ȳk, N thereby causing the breakdown of
Huber's M-estimator. Third, a clear improvement is observed for
the MHE with refined weight as a result of more equal penalisation
on outlier vectors. The proposed MHE can effectively cope with
outlier and outperforms the non-robust Kalman filter even when λk
is not systematically tuned.

4.2 Example 2: multiple outliers

Consider the ARMAX process in (1) where

A(q−1) = I + A1q−1 + A2q−2

B(q−1) = B1q−1 + B2q−2

C(q−1) = I + C1q−1 + C2q−2

and

A1 = 0 0.5
1 0 , A2 = 1.2 0

0 0.5

B1 = 1
1 , B2 = 1

1

C1 = 1.2 0
0 0.6 , C2 = 0.36 0

0 0

Both {uk} and {εk} are independent sequences given by
uk ∼ N(0, 1) and εk ∼ N(0, Rk) where Rk = diag 2, 1 . The
proposed estimator in Algorithm 1 is designed with N = 5 and λk
chosen according to the criteria in (31). The initial condition was
set as x0 = 0 and Σ0 = I.

A total of 50 samples were generated in one simulation run and
1000 such simulation runs were conducted. To compare the
performance of the estimators, the root mean square error (RMSE)
of the estimates from the 1000 simulation runs is defined as
follows:

RMSE(k) = 1
1000 ∑

r = 1

1000
∥ x^k |k

(r) − xk ∥2
1/2

where x^k |k
(r)  is the estimated state at time k in the rth simulation run.

The performance of the MHE with different types of outlier
contamination was tested. More specifically, two contamination
types were considered: two-point contamination which yields
values −10 or 10 with equal probability of τ /2, and contamination
with a Gaussian distribution N(0, 102) with probability τ. The
tested contamination fractions were τ = 0.01, 0.1, 0.2, 0.3, 0.4, 0.5
and 0.6.

A snapshot of the estimates obtained in one simulation run for
Gaussian contamination and τ = 0.1 is presented in Fig. 2. It can be
seen that the estimates (circles) from the Kalman filter are severely
affected by the outliers but the estimates (triangles) from the
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proposed MHE are almost not. Fig. 3 depicts the boxplot of the
RMSE versus percentage of outliers for the MHE and Kalman
filter, respectively. As compared with the Kalman filter, the
proposed MHE performs much better in terms of RMSE under
both types of contamination.

4.3 Example 3: liquid-level estimation

Consider the liquid-level estimation problem studied in [67], where
the liquid level of a coupled-tank control apparatus shown in Fig. 4
is to be estimated. The transfer function between the liquid level in
Tank 1, zk, and the control voltage, uk, is given as

zk = 0.066
1 − 0.99q−1 uk + εk (32)

where the measurement noise εk is N(0, 0.1). The polynomials A,
B, and C in the ARMAX model can be obtained by comparing (32)
and (1) and is given by

A(q−1) = C(q−1) = 1 − 0.99q−1,
B(q−1) = 0.066q−1

One thousand measurements of the liquid level yk were collected as
shown in Fig. 5 when the control voltage uk was held constant at 2 
V. To obtain statistical results, we estimated the liquid level zk for
10 samples using the Kalman filter and the proposed MHE in
Algorithm 1 with N = 5 and λk = 1. This was repeated 100 times
and the results are shown in Figs. 6 and 7, respectively. For
comparison purposes, we also tested three other different values of

Fig. 1  Estimates from the
(a) Kalman filter, (b) Huber-penalty MHE, (c) MHE with equal weight in (18), and (d) MHE with refined weight in (26). The mean values of the 1000 runs for the estimate are given
by the white curves

 

Fig. 2  True state, measures and estimates of x1 and x2 in a simulation run for Gaussian contamination and τ = 0.1 using MHE and KF are given by
multiplication symbol, addition symbol, triangle and open circle, respectively
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λk: 1.5, 2, and ∞. The variances of the estimation results at each
time instant are summarised in Table 1. It can be seen from Table 1
that the variances from the proposed MHE are less than that from
the Kalman filter in all cases except for λk = ∞, in which case the
proposed MHE reduces to the well-known Kalman filter and hence
gives the same variance. For λk = 1, Table 1 shows that the
variance from the proposed MHE is about half of that from the
Kalman filter. This example shows that the tuning parameter in the

proposed MHE can be chosen gainfully to reduce the impact of
outliers and give a smaller variance.

5 Conclusion
In this paper, a robust MHE for ARMAX process with
measurements affected by outliers was developed. Outliers were
modelled as auxiliary variables and simultaneously estimated with
the state using ℓ1-norm regularisation. Block coordinate descent-
based iterations for the underlying convex optimisation problem
were developed such that each coordinate sub-problem involved
only simple closed-form updates per time step. A weighted ℓ1-
regularisation scheme was proposed to achieve improved
performance. Simulation and experimental tests demonstrated that
the proposed MHE can effectively cope with outliers, even for the
case when the commonly used Huber's M-estimator breaks down.

Sum-of-norms regularisation is able to induce group sparsity
and has been applied to the detection and estimation of abrupt
changes in state smoothing problems [50, 68]. Considering that
when the outlier vector ok is non-zero, all its components are
typically non-zero (group sparsity), we can employ sum-of-norms
regularisation in the concerned ARMAX process just like the
application in the smoothing problems. Furthermore, the proposed
approach is developed for handling measurement outliers, and new
chanllenges may araise if uncertainties or disturbances occur in
system state and model parameter. It would be interesting to study
the robustness issues under such circumstances in our future work.
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8 Appendix
 
Let Jk(xk − N, Ok, N) denote the cost in (18) and ∇̌ the sub-gradient
operator, the optimality condition for the non-differentiable
problem in (18) is given by

0 ∈ ∇̌Ok, NJk(x^k − N, O^
k, N) ⇒

0 ∈ λǑk, N − 2TN
TΠk, N

−1 (Ȳk, N − MNx^k − N − TNO^
k, N)

(33)

where Ǒk, N = [Ǒk, N , 1, Ǒk, N , 2, …, Ǒk, N , D]T is the subgradient of
∥ Ok, N ∥1 and for d = 1, 2, …, D

Ǒk, N , d =
sign(O^

k, N , d), O^
k, N , d ≠ 0

sN , d, O^
k, N , d = 0, |sN , d | ≤ 1.

The proposed robust MHE coincides with the standard least-
squares one when O^

k, N = 0D which implies x^k − N = x^k − N
mhe . For

O^
k, N = 0D, (33) is satisfied with x^k − N = x^k − N

mhe  if and only if (29)
holds.
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