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Abstract
This paper uses a network of ideal flow reactors and a detailed population
balance model to study the evolution of the size and shape distributions of pigmentary titanium dioxide, formed under industrial synthesis conditions. The
industrial reactor has multiple reactant injections, a tubular working zone in
which the exothermic reaction is completed, and a cooling zone. A network
of continuously stirred tank reactors is used to model variation in composition
around the feeds and plug flow reactors with prescribed temperature gradients
are used to describe the working and cooling zones. The quality of the industrial product depends on its morphology, and this is influenced by factors
including temperature and throughput. In this paper, a multivariate particle
model is accommodated using a stochastic method and the particle morphology
is characterized in terms of the distributions of primary and aggregate particle
diameters, number of primary particles per particle and neck radii of connected
primary particles. Increasing temperature or residence time is shown to produce
larger particles. Qualitative similarities are highlighted between such findings
and previous studies. The throughput studies are also in qualitative agreement
with empirical industrial experience. There is scope for extending and improv∗ Markus
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ing the current model; however, it is suggested that insights of this type could
be used to inform the design and operation of the industrial process.
Keywords: titanium dioxide, ideal reactor, network, particle model,
stochastic, population balance

1. Introduction
Titanium dioxide (TiO2 , titania) powder is used ubiquitously in pigments,
as well as in cosmetics, pharmaceuticals, ceramics and catalysts. It can be
synthesised by the oxidation of titanium tetrachloride (TiCl4 ) in either a flame,
5

or by stage-wise addition to a plasma (Akroyd et al., 2011; Gázquez et al., 2014).
The TiO2 -forming reaction has the overall stoichiometry:

TiCl4 + O2 → TiO2(particles) + 2Cl2 .
The optical properties of the product are determined by the particle size
and morphology. For example, the tint depends on the particle size distribution
(PSD); and the crystal phase determines the magnitude of the refractive index
10

and the photocatalytic nature of the product (Chen and Mao, 2007; Kartaev
et al., 2014; West et al., 2007). The use of this reaction in titanium dioxide
pigment manufacture necessitates milling of the particles to achieve the necessary size and distribution for light scattering. Milling has a significant impact
on the energy cost of the product; thus, ease of milling can be an important
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consideration.
Many factors influence the size and morphology of the particles, including
the gas-phase reaction rates, particle processes, operating conditions, type of
plasma-forming gas, reactor configuration and use of chemical additives. Park
and Park (2015) discuss the role of these different factors and summarise the
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difficulties inherent in understanding and controlling the synthesis process.
Reactors for the industrial synthesis of titanium dioxide often have multiple
feed points, with independently controlled feed rates and pre-heat temperatures
(West et al., 2007). The operating conditions include temperatures in the range
2

1000-1500 K, pressures of up to 4.5 bara and residence times in the milliseconds.
25

This limits the availability of industrially relevant studies; thus most published
experimental work is under milder laboratory-scale and flame synthesis conditions. Laboratory-scale synthesis in different plasmas at atmospheric pressure
was investigated by Kartaev et al. (2014); and Garrick and Wang (2011); George
et al. (1973); Hong et al. (2005) and Tsantilis et al. (2002) have considered par-
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ticle growth in a flame reactors.
These studies are important – for example, the thin film studies of Ghoshtagore (1970) and the hot wall reactor of Pratsinis et al. (1990) have provided
insights into the kinetics of the overall oxidation reaction. However, the rates
of the particle growth processes are significantly different under industrial con-
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ditions. For instance, a study by Pratsinis and Spicer (1998) found that the
surface growth rate was significantly higher at high TiCl4 concentrations. In
the absence of published experimental data for the industrial synthesis of titanium dioxide, it is useful to compare the available literature to numerical studies
under the elevated temperatures and pressures used in the industrial process.
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The model discussed in this paper aims to facilitate this objective.
Numerical studies of titania synthesis generally involve a population balance model that accounts for processes such as nucleation, coagulation, surface
reaction and sintering. A concise review of the processes and common numerical methods can be found in Kraft (2005). This model is typically solved
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using monodisperse (Koch and Friedlander, 1990; Kruis et al., 1993; Pratsinis
and Spicer, 1998; Spicer et al., 2002), moment (Akroyd et al., 2011; Frenklach
and Harris, 1987), sectional (Tsantilis and Pratsinis, 2000; Xiong and Pratsinis,
1991, 1993) or finite element (Artelt et al., 2006) methods. These techniques are
popular because they provide a set of differential equations for the particle dy-
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namics that can be solved with the chemistry and flow. However, the limitation
of these methods is that they require the description of each particle to remain
relatively simple. Particles are typically spherical and are only described by a
measure of their size, or of their size and volume.
The treatment of the particle processes is constrained by the level of detail
3
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inherent in the particle model. For example, in a spherical model, collisions
must result in perfect coalescence (Pratsinis and Spicer, 1998). Menz and Kraft
(2013) found that incorporating more detail about the particles was particularly
important for cases where coagulation and sintering occur on similar time scales,
or where the coagulating particles are highly polydisperse.
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Stochastic methods can be used to extend to multivariate particle type
spaces. They allow efficient tracking of an arbitrary number of particle properties for a fully polydisperse population by considering particle processes as
discrete events that occur on computational particles in a representative sample
volume. Aggregate structure can thus be resolved by explicitly tracking proper-
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ties such as the number of connected primary particles, the shared surface area
and the extent of sintering between primaries for each computational particle.
Stochastic population balance modelling has been used to simulate formation
of soot (Celnik et al., 2007), silica (Shekar et al., 2012) and titania (Akhtar
et al., 1994; West et al., 2007). Yapp et al. (2016) used a detailed population
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balance to compute the optical band gap of polycyclic aromatic hydrocarbons
in an ethylene diffusion flame. Menz et al. (2014) used a stochastic method
to investigate the synthesis of silicon nanoparticles, using a network of ideal
reactors to describe flow behaviour in the reactor.
In this work, a stochastic method is used to resolve fully the particle structure
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beyond the extent that is possible using monodisperse, bidisperse, moment or
sectional methods. This information is believed to be important here because
particle structure directly relates to the optical properties of the final product,
and the energy requirement of the milling step in the industrial process.
Computational fluid dynamics (CFD) simulations have been used to model
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the flow fields in titania synthesis in laboratory-scale plasma-chemical reactors
(Kartaev et al., 2014, 2015), flame reactors (Mehta et al., 2010; Xu et al., 2016)
and industrially representative reactors (Akroyd et al., 2011). The non-ideal
flow patterns observed in the reactor cases suggest that treatment of flow is
an important consideration for a model of the industrial system. For exam-
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ple, Kartaev et al. (2015) showed mixing in a recirculation zone induced by the
4

injection of quench gas by eight perpendicular jets into the mainstream, and
Akroyd et al. (2011) illustrated circulation in the velocity field near the reactant injection site, with axial flow in the direction of the mainstream further
downstream. However, the computational cost of solving the flow with CFD
90

limits the complexity of the chemistry and particle models that can be used.
The equivalent reactor network (ERN) approach couples ideal reactors, such
as continuously stirred tank reactors (CSTRs) and plug flow reactors (PFRs),
to approximate the flow behaviour observed experimentally or by CFD. This
has been used to simplify the treatment of turbulent reacting flows in models
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for particle synthesis so that an acceptable level of detail can be obtained in the
chemistry and particle models (Novosselov et al., 2006; Novosselov and Malte,
2008; Mehta et al., 2010, 2013). Treatment of turbulent reacting flows has also
been approached using stochastic reactor models (SRMs) such as the partially
stirred plug flow reactor (PaSPFR), for example for a carbon black furnace
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Balthasar et al. (2002).
The purpose of this paper is to demonstrate the potential to simulate the
synthesis of TiO2 in an industrial reactor, using a detailed population balance
model to obtain information about particle properties, such as size and morphology, which determine the product quality. Coupling to CFD on a realistic
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reactor geometry (especially with many perpendicular feed jets at multiple feed
points) is out of scope at present, due to the complexity of the chemistry and
particle model in the current principle study. Thus, a network of ideal reactors
is employed to account for variation in composition, temperature, and localised
mixing. A linear network of CSTRs and PFRs is used to model an industrial
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reactor. The model is also applied to investigate different process conditions,
which could be useful for predicting the effect of process phenomena such as
temperature hot-spots on the product properties.
The structure of this paper is as follows: Section 2 discusses the particle
model and processes, and gives a brief overview of the numerical methods used.
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Section 3 introduces the reactor network model and the base case operating
conditions. Section 4.1 presents the results of the base case simulation and dis5

cusses related numerical considerations. Section 4.2 presents a short sensitivity
study for reactor temperature, configuration and throughput, mentioning relevant literature studies and industrial experience. Finally, the current work is
120

summarised in Section 5, along with suggestions for future work.

2. Model and methods
This work uses coupled solvers for the gas-phase chemistry and particle population balance. The chemical mechanism proposed by West et al. (2009) is
used for the gas-phase. It includes 28 gas-phase species, one solid species and
125

66 gas-phase reactions. A multivariate particle model is used and the population balance, which describes the formation and growth of particulate titania,
is solved using a stochastic method.
2.1. Particle model
The simulation system is comprised of computational particles Pi , with
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i = 1, . . . , N ≤ N (max) , in a sample volume Vsmp (Fig. 1). Each computational particle represents a certain number of physical particles and the sample
volume defines the scaling between the physical system and the simulated system. The user-defined upper limit on the number of computational particles in
the simulation is given by N (max) .
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Each particle Pi is an aggregate structure which is described by a list of
its ni constituent primary particles pj , j = 1, . . . , ni . Information about the
connectivity between the primary particles is also stored (Menz and Kraft, 2013;
Yapp et al., 2016) such that Pi is defined by:

Pi = (p1 , . . . , pni , C) .
Here, C represents the structure that stores the connectivity, degree of sinter140

ing and shared surface area data for each pair of neighbouring primary particles
in Pi . For a detailed explanation of the implementation of C, see Sander et al.

6

(2009) and Shekar et al. (2012). Each primary particle pj is defined in terms of
the number, η ∈ N0 , of titanium, oxygen and chlorine atoms it contains:

pj = (ηTi , ηO , ηCl ) .

Physical system

Computational system

Particle

Primary particle

[TiO2]n
· ηTi
· ηO2
Connectivity
·
·
·
·

N (real) >> N
M0

}

N
Vsmp

N/Vsmp = M0 (number of real particles per m3)

Fig. 1. Computational representation of the physical system, using N simulation particles in
a sample volume Vsmp , and primary particle connectivity and composition within the particle.

The primary particle volume v (pj ) is computed from its composition:

v (pj ) =
145

1
NA

Ncomponents

X
k=1

ηk W k
,
ρk

(1)

where Wk refers to the molecular weight of component k, ρk is its mass density
and NA is Avogadro’s constant. The primary diameter, dp , and area, ap , are
computed by:


6v (pj )
π

 13
,

(2)

ap (pj ) = π(dp (pj )) .

(3)

dp (pj ) =

2

The collision diameter, dc , of each particle is computed from the total particle
volume, Vi , and area, Ai , as in Eq. (4), assuming a fractal dimension of 1.8 as

7
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discussed in Sander et al. (2009) and Tsantilis et al. (2002). Vi and Ai are
calculated by summation of the particle’s primary particle volumes and surface
areas, adjusted for the effect of sintering (see Section 2.2.4).

dc (Pi ) =

1
6Vi
ni 1.8
Ai

(4)

Constant/variable fractal dimensions are studied in Goudeli et al. (2015).
Expressions for the collision diameter are compared by Patterson and Kraft
155

(2007). It has been suggested that the specific choice for approximating aggregate structure does not have a significant effect relative to the current understanding of the formation and growth processes (Patterson and Kraft, 2007;
Tsantilis et al., 2002).
Theoretical convergence of the population balance equation as N (max) → ∞

160

has been studied by Eibeck and Wagner (2003); Patterson (2013, 2016) and
Wells (2006).
2.2. Particle processes
The formation and growth processes in the population balance model include
inception, surface growth, coagulation and sintering (Fig. 2).
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The whole aggregate structure is available due to use of the multivariate
particle model. For each stochastic particle, the list of its primary particles
(with their individual compositions), the primary particle connectivity, the degree of sintering and the shared surface area between each pair of neighbouring
primary particles is tracked throughout the simulation. Each stochastic particle
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is an aggregate consisting of one or many primary particles; thus, the different
processes can be defined in terms of properties such as surface area, collision diameter or mass of the primary/aggregate particles, since these properties can be
derived from the tracked information. The processes act on (pairs of) primary
particles or whole particle aggregates as highlighted in Sections 2.2.1-2.2.4.

8

Cl2
Cl2
O2

TiCl4

TixαOyαClzα
TixβOyβClzβ

Inception

Coagulation

Surface growth

Sintering

Fig. 2. Particle formation and growth processes for titania.
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2.2.1. Inception
Inception refers to the nucleation of primary particles from precursor gasphase species. Here, possible particle inception reactions are defined by a set
of 105 bimolecular collisions between the various titanium oxychloride species
(Tix Oy Clz , x, y, z ≥ 1) that are generated by the gas-phase mechanism, and
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the collision rate is determined by a transition regime coagulation kernel, with
a molecular collision diameter of 0.65 nm (Akroyd et al., 2011; Celnik et al.,
2007; Sander et al., 2009; West et al., 2007). The inception reactions have the
form:

Tixα Oyα Clzα + Tixβ Oyβ Clzβ → (xα + xβ ) TiO2(s)




yα + yβ
zα + zβ
+
− x α − x β O2 +
Cl2 .
2
2
2.2.2. Surface reaction
185

Primary particles undergo growth due to surface reaction with gaseous species.
Here, the heterogeneous surface reaction is assumed to be first order in TiCl4
and O2 , as in Akroyd et al. (2011). The growth rate is given by Eq. (5), where
ks has Arrhenius form as in Eq. (6), and A refers to the surface area per unit
9

volume of the particle population. Values for the parameters k1 and Ea were
190

obtained by fitting the data from the experiment of Pratsinis et al. (1990):
k1 = 1.34 × 103 m/s·m3 /mol and Ea = 60 kJ/mol.
d [TiO2 ]
= ks A [TiCl4 ] [O2 ]
dt


Ea
ks = k1 exp −
RT



(5)

m m3
·
s mol

(6)

It is not currently possible to validate these values at the higher end of the
temperature range pertinent to this work (ca 1300-1500 K) owing to the absence
of relevant surface rate data. However, the Arrhenius form is still expected to be
195

suitable in this range and, at present, there is no evidence to suggest a different
reaction mechanism at elevated temperatures.
2.2.3. Coagulation
Coagulation between particles Pi and Pj involves collision and lasting point
contact, and is governed by the Smoluchowski equation (Eibeck and Wagner,
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2001). The rate is described by the transition regime coagulation kernel Ktr ,
which is calculated as half the harmonic mean of the slip flow and free molecular
kernels, Ksf and Kfm as in Eqs. (7)-(9), in which m is the particle mass, kB is
the Boltzmann constant, P is the pressure, and Kn is given by Eq. (10) (Shekar
et al., 2012).

Ktr =

2kB T
Ksf (Pi , Pj ) =
3µ



Ksf Kfm
Ksf + Kfm

1 + 1.257Kn (Pi ) 1 + 1.257Kn (Pj )
+
dc (Pi )
dc (Pj )

(7)


(dc (Pi ) + dc (Pj ))
(8)

s
Kfm (Pi , Pj ) = 2.2

πkB T
2




1
1
2
+
(dc (Pi ) + dc (Pj ))
m (Pi ) m (Pj )

10

(9)

Kn (Pi ) = 4.74 × 10−8
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T
P dc (Pi )

(10)

2.2.4. Sintering
Particle rounding occurs due to sintering; which is modelled between neighbouring pairs of primary particles pi and pj . As in other work (West et al.,
2007; Xiong and Pratsinis, 1993), it is assumed that the excess radius over that
of a mass-equivalent spherical particle decays exponentially. Thus, the change
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in the common particle surface area, Ai,j , due to sintering is given by Eq. (11),
in which Asph
i,j is the surface area of a mass-equivalent spherical particle.

1 
dAi,j
=−
Ai,j − Asph
i,j
dt
τc

(11)

The characteristic sintering time, τc , is given by Eq. (12), in which di,j is
the minimum diameter of the two primaries. The expression was proposed by
Kobata et al. (1991) and derives from TiO2 particles sintering through grain215

boundary diffusion. This approach was used by West et al. (2007). Alternate
expressions for τc are available (Park and Park, 2015).
τc = 7.4 × 108 T d4i,j exp



3.1 × 104
T


(12)

The sintering level si,j between the primary particle pairs in each particle is
given by Eq. (13), as in Shekar et al. (2012). This describes the extent to which
sintering has occurred; si,j = 0 implies that the particles are in point contact
220

and si,j ≥ 0.95 implies that the primaries have coalesced to form a new particle (Yapp et al., 2016). Intermediate levels, si,j ∈ (0, 0.95), describe partially
sintered particles, connected by a ‘neck’ of non-zero radius, and ability to describe such connections is believed to be one of the advantages of a multivariate
particle model. The sintering level is tracked for each pair pi , pj in all particles
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Pi .

si,j =

Asph
i,j
Ai,j

− 2−1/3

1 − 2−1/3
11

(13)

2.3. Numerical methods
The coupling between the gas-phase and particle systems is treated using
an operator-splitting technique (Celnik et al., 2007). The gas-phase reactions
are handled using an ordinary differential equation solver and the population
230

balance can be solved using either a direct simulation algorithm (DSA) or a
stochastic weighted algorithm (SWA) (Patterson et al., 2011; Shekar et al.,
2012). The DSA was used for the simulations in this work. The reactors in
the network are solved sequentially (Menz et al., 2014). See Appendix B for
the algorithms.
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In the population balance solver, inflow, inception, coagulation and surface
growth are modelled as stochastic processes and outflow and sintering are modelled as continuous processes. Continuous outflow is used to minimise propagation of error, as recommended by Menz et al. (2014), and is achieved by
rescaling the sample volume. The waiting time between events is assumed to
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be exponentially distributed and the mean of the distribution is specified by
the overall process rate for the current state. The probability of selecting a
particular process is given by the ratio of the individual and overall process
rates.
The DSA assigns equal statistical weights to each computational particle in
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the ensemble. That is, each computational particle represents the same number
of physical particles. This means that coagulation events deplete the sample,
because each event combines two of the computational particles. In SWA, particles are given unequal weights. When a coagulation occurs, one of the two
particles involved is left unaltered, and the other particle is updated to have the
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properties of the particle that would result from the coagulation event. This
is accounted for by changing the weight of the updated particle as described
elsewhere (Patterson et al., 2011). This improves the resolution of rare/large
particles and can be useful for variance reduction in systems in which coagulation occurs to a large extent.
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In order to improve computational efficiency, a linear process deferment algorithm (Patterson et al., 2006) is implemented for surface growth. A majorant
12

technique (Eibeck and Wagner, 2000; Patterson et al., 2011) is used to compute
the coagulation rate and perform coagulation events efficiently. A binary tree
data structure is used to store the particle lists, providing an efficient means of
260

selecting particles based on a specific property (Patterson et al., 2006).

3. Reactor model
The specific industrially representative titania reactor considered in this
work has two distinct zones (Fig. 3). High temperature oxygen enters the
dosing zone (the shaded part) at x = 0, and TiCl4 and O2 gas is fed through
265

the wall at three subsequent points. The second part of the reactor is called
the working zone. Here, the gas-phase reactions continue to completion and
the particulate product undergoes further growth. A qualitative temperature
profile is shown in the lower half of Fig. 3. The temperature does not increase
significantly in the dosing zone due to the effect of reactant injections through
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the reactor wall. The temperature increases across the working zone due to the
exothermic oxidation reaction. The particulate product from the reactor is then
cooled in a cooler that is several times the reactor length.
An ideal reactor network (Fig. 4) is used to account for the axial variation
in composition and temperature, while keeping the flow model simple enough
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to use a detailed particle model. This consists of a linear sequence of eleven
CSTRs and two PFRs.
The CSTRs are used as a dynamic model of the reactor dosing zone because
good mixing is assumed to occur near the dosing points. We note that this
assumption forms the basis of the current ERN study. Although a realistic CFD
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study is presently out of range, particularly in conjunction with the detailed
particle model used in this work, it would be useful to investigate the flow
behaviour in more detail at a later stage to validate this assumption for the
industrial reactor.

13

TiCl4, O2

Temperature, T (K)

Hot O2

To cooler

Toxygen

Tdosing zone

f2

f3

Tworking zone

f4

Ldosing zone

Lworking zone

Distance, x (m)

Fig. 3. Schematic of industrial titania reactor showing rough axial temperature profile and
location of each feed stage relative to the reactor length L, L = Ldosing

zone

+ Lworking

zone

(not to scale). The labels f2 , f3 , f4 designate the feed points.

f2

f3

f4

f1
CSTR CSTR CSTR
(1-1) (1-2) (2-1)

CSTR CSTR
(2-3) (3-1)

CSTR CSTR
(3-3) (4-1)

CSTR
(4-3)

Working PFR (1)

Cooler PFR (2)

Fig. 4. Reactor network with feed fi to CSTR (i-1), i.e. the first reactor in the ith section,
i = 1, . . . , 4. Results will be shown for CSTRs (1-2), (2-3), (3-3), (4-3) and PFRs (1) and (2).

Fresh TiCl4 and O2 is injected to every third CSTR in the network, as shown
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in Fig. 4. The injection streams have volumetric feed fractions f2 , f3 and f4
relative to the total volumetric inflow to the corresponding reactor. PFRs with
prescribed positive and negative temperature gradients are used to model the
reactor working zone and the cooler respectively. Conditions are given in Table
1.

14
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Typical industrial conditions are used, such as an approximately equimolar
ratio of TiCl4 to O2 in feeds f2 , f3 and f4 (Akroyd et al., 2011) and a pressure
of around 4 bara. Feed f1 is predominantly O2 with a small amount of TiCl4 .
Table 1. Base case operating conditions where D/W/C are the dosing/working/cooling zones.

Zone

Reactor

Feed fraction

Residence time

Temperature

-

-

f

τ , ms

T, K

D

CSTR (1-1)

1.0

2.0

1200

D

CSTR (1-2)

0

2.0

1200

D

CSTR (2-1)

0.50

5.0

1200

D

CSTR (2-2)

0

5.0

1200

D

CSTR (2-3)

0

5.0

1200

D

CSTR (3-1)

0.30

5.0

1200

D

CSTR (3-2)

0

5.0

1200

D

CSTR (3-3)

0

5.0

1200

D

CSTR (4-1)

0.40

5.0

1200

D

CSTR (4-2)

0

5.0

1200

D

CSTR (4-3)

0

5.0

1200

W

PFR (1)

0

160

1200-1600

C

PFR (2)

0

1500

1600-400

4. Results and discussion
The reactor network model is used to study the distributions of the size and
295

structural characteristics of titania particles formed under industrial synthesis
conditions. Particle growth is investigated in detail for a base case simulation
in Section 4.1, with a brief discussion of numerical considerations in Section
4.1.2. In Section 4.2, a parameter study is used to compare the product size
and structure resulting from different process conditions.
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4.1. Base case
The evolution of the particle distributions under the base case conditions
is shown in Fig. 5. The characteristics chosen for study are the number of
primaries per particle (Fig. 5(a)), the mean collision and primary diameters
(Figs. 5(b) and 5(c)) and the mean neck radius (Fig. 5(d)) for each aggregate.
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The mean value and the densities derived from a kernel estimator are included
with the distributions to highlight the trends across the reactor-cooler.
The Matlab ksdensity function (MathWorks, 2016) was used to fit the estimates based on a normal kernel function for the discrete simulation data, using
the default adaptive bandwidth, and the fits were normalised to illustrate the
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number density. The fourth sub-figure in each case compares the kernel estimators at the end of the reactor and cooler respectively.
The neck radius is computed by solving the difference between the common
surface area and volume, and the surface area and volume of a pair of mass
equivalent spheres, for the distance between the particle centres as described

315

and illustrated in Lindberg et al. (2016).
Inception dominates near the beginning of the reactor due to the high reactant concentration and lack of particle surface area for surface reaction. Thus,
most aggregates consist of one/several small primary particles and have small
collision diameters (Fig. 5, CSTR (1-2)). The small mean neck radius indicates
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that most aggregated particles are only in point contact. Further down the dosing zone, the distributions become increasingly broad as the particles become
more polydisperse and more significantly connected (Fig. 5, CSTR (4-3)).
Coagulation increases the mean collision diameters and number of primary
particles of the particles. Surface growth increases the primary diameters and
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the neck radii become larger due to sintering between neighbouring primaries.
Because coagulation is fast relative to sintering under the base case conditions, a
significant proportion of the particles remains in point contact across the reactor
(e.g. Fig. 5(d), CSTR (4-3)).
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Fig. 5. Raw simulation data, kernel density estimate and mean of the PSD in CSTRs (1-2),
(3-3), (4-3) and PFR (1); and kernel density estimate for PFR (2). Right-hand schematics
illustrate each property.
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In the working zone and cooler, the gas-phase precursor is depleted and
330

there is no further substantial change in mean primary diameter (Fig. 5(c),
PFR (1)). Coagulation and sintering continue, producing increasingly broad,
flat distributions with large mean collision and neck diameters (Figs. 5(a),5(b),
5(d) PFR (1)). Further primary growth could occur by complete sintering of
neighbouring particles since merging changes the primary composition (cf. Eqs.

335

(1)-(2)); however, this contribution was not significant in the current simulation.
4.1.1. Transient evolution of particle properties
The transient evolution of the particle collision diameters is explored at times
0.05τ , 0.5τ , τ and 5τ (τ = 2 ms) in CSTR (1-1). Lognormal kernel density
estimates (Appendix A) for the collision diameter raw data are compared in

340

Fig. 6. At the early time, the distribution consists of a single peak, that
is just larger than the incepting particle size (0.49 nm). For 0.5τ and τ , the
mean of the distribution is increasingly large due to coagulation (increasing
the particle collision diameter) and surface growth (indirectly contributing to a
larger collision diameter by increasing the primary diameters).

345

The absence of a peak at the incepting particle size (0.49 nm) suggests that
coagulation is rapid, especially for the smallest particles. By 5τ , the steady-state
has been established and this is observed to consist of a bimodal distribution,
with a peak centred at the incepting particle size and a second peak at approximately 550 nm. These observations indicate that the characteristic time of the

350

coagulation process is relatively short compared to the CSTR residence time.

18

Fig. 6. Lognormal kernel estimates (with σ = 0.4) for the collision diameter simulation data,
for four time points during transience in CSTR (1-1) with τ = 2 ms. Extension below 0.49 nm
is a consequence of the continuous smoothing kernel.

4.1.2. Numerical considerations
The direct simulation algorithm was used to produce the results presented in
this paper. The stochastic weighted algorithm was found to produce comparable
statistical errors across the network. However, in contrast to a previous study
355

for CSTR networks with recycles (Menz et al., 2014), SWA was not found to
reduce the statistical error in the particle moments. This is because the current

19

reactor network is linear. The run time with 214 particles was approximately
33 hours (for DSA) on a 3 GHz Intel Xeon X5472 processor with 8 GB of RAM,
running 64-bit CentOS Linux 7.
360

The statistical error and convergence behaviour are shown for CSTR (21), under the base case simulation conditions, using DSA. The average relative
statistical error, ¯stat , is defined in Eq. (14), where M is the number of time
steps included in the calculation, N and R are the ensemble capacity and the
number of repeats, and cθ and µθ are the 99.9% confidence interval and the

365

mean for the property θ (Menz et al., 2014).

¯θ,stat =

M
(N,R)
(tm )
1 X cθ
M m=1 µ(N,R) (tm )
θ

(14)

The particle mass moments are used as defined in Eq. (15), where, wi is
the statistical weight of the ith particle (corresponding to the relative number
of physical particles it represents) and ρ is the mass density of TiO2 . For DSA,
all particles have the same statistical weight (here wi = 1).

Mk (t) =
370

1
Vsmp

N (t)

X

k

wi (ρVi ) , k = 0, 1, 2

(15)

i=1

The statistical errors in the lower order particle moments, the collision diameter, the primary diameter and the number of primary particles per particle
(np ) are compared using N (max) = 214 computational (aggregate) particles and
R = 10 repeat runs (Fig. 7). The statistical errors are observed to increase
in the higher order moments as was found in other works (Menz et al., 2014;

375

Patterson et al., 2011). The statistical errors in properties that are of interest
in this work are sufficiently low.

20

Fig. 7. Steady-state statistical error of the particle moments and the particle size characteristics in CSTR (2-1).

Convergence as a function of the number of computational particles is shown
for the particle and primary particle diameters and the first mass moment with
N (max) × R = 217 (Fig. 8). All properties are relatively level by N (max) = 214 ,
380

the value used elsewhere in this work.
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8

6

4

2

Fig. 8. Steady-state convergence behaviour of the particle moments and the particle size
characteristics in CSTR (2-1).

4.2. Preliminary sensitivity study
The effect of changing configuration and operating conditions on the particle
properties is explored to demonstrate the potential to use the detailed model to
understand the process and important parameters. Three reactor configurations
385

(test cases 0, 1 and 2), two temperatures (test cases 0 and 3) and two residence
times (test cases 0 and 4) were considered, as summarised in Table 2. The

22

configuration was varied by moving the location of the three feed sites (Fig. 9).
The effect of temperature and residence time on the particle size and structure is summarised using the mean and geometric standard deviation of the
390

aggregate and primary particle diameters, the number of primaries per particle
and the number density (Fig. 10 and Table 3). These properties are chosen
so as to accommodate qualitative comparison with literature studies and plant
experience, in the absence of relevant data.
Table 2. Operational parameters used in the base case (0) and test cases (1-4) varying the
feed injection points, temperature and flow rate. {τ }bc is the set of base case residence times.

Case

Temperature

2nd feed

3rd feed

4th feed

Residence time

-

T, K

CSTR #

CSTR #

CSTR #

{τ }, ms

0

1200

3

6

9

1 × {τ }bc

1

1200

2

3

4

1 × {τ }bc

2

1200

9

10

11

1 × {τ }bc

3

1100

3

6

9

1 × {τ }bc

4

1200

3

6

9

1
2
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× {τ }bc
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f1
CSTR CSTR CSTR CSTR CSTR
(1-1) (2-1) (3-1) (4-1) (4-2)

CSTR
(4-5)

CSTR
(4-8)

Working PFR (1)

(a) Early dosage injection inlets (case 2)
f2

f3

f4

To Cooler PFR (2)

f1
CSTR CSTR
(1-1) (1-2)

CSTR
(1-5)

CSTR CSTR CSTR CSTR
(1-8) (2-1) (3-1) (4-1)

Working PFR (1)

(b) Late dosage injection inlets (case 3)

Fig. 9. Reactor network configurations with different dosing points compared to the base case
reactor dosing scheme, in which f2 , f3 and f4 were allocated to the third, sixth and ninth
CSTRs respectively.

In the base case, particle inception dominates near the reactor inlet, as can be
395

seen from the preliminary spike in the number density in Fig. 10. The surface
reaction proceeds rapidly across the dosing zone, near the fresh feed points,
and a sharp increase in the mean primary diameter is observed. The primary
diameter remains almost constant in the reactor working zone and the cooler
because the rate of the surface reaction is diminished at the significantly lower

400

reactant concentrations there. The final mean primary diameter is 277 nm.
Coagulation occurs throughout the reactor and cooler, as can be seen in
the increasing collision diameter and decreasing particle number density, and
the aggregate structure shown in the simulated TEMs, in Fig. 10. The final
product consists of aggregates with a mean size of 2000 nm, comprised of on

405

average 32 primary particles per particle, with a mean neck radius of 38 nm,
indicating partial sintering between neighbouring connected primary particles.

24

ion
lat th
n
u
ag ow atio g
l in
ns d co e gr
u
o
i
g
r
c
a te
pi a
pt
ce Ra surf
Co sin
In
&
&
1000

Cooler

Reactor

8

2000

6

1500

500

4

1000

4

250

2

500

2

Q
T

0

Q

T

750

0.2

6

Decreases with
- flow rate, Q

Decreases with
- temperature, T
- flow rate, Q

f2 f3 f4

0

8

Increases with
- temperature, T

0.4

300 nm

0.6

0.8

1

0

0

300 nm

0

1

2

3

4

5

6

7

300 nm

Fig. 10. Evolution of particle size and number density across the reactor and cooler (normalised
by reactor length L) for the base conditions. Dashed arrows show the effects of increasing
temperature T and throughput Q. The simulated TEM images were generated using the
free-ware ray tracing program POV-Ray to visualise the simulation surface data for the set of
computational particles.
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0

Increasing the reactor temperature increased the mean collision diameter
and decreased the mean primary diameter and number density. These trends
are indicated with dashed arrows in Fig. 10 and can be explained by compar410

ing the relative rates of the different processes at different temperatures. The
particle process rates are greater at higher temperatures; however, the effect of
temperature on the inception and coagulation rates is relatively large compared
to the effect on the surface growth rate.
Akhtar et al. (1991) used an aerosol reactor to investigate the effect of tem-

415

perature in the range 1200-1723 K. There, the PSD was found to shift to larger
particle sizes with increased temperature and a theoretical study showed an
increase in coagulation. As in the current work, there was little change in the
geometric standard deviation (Table 3). Nakaso et al. (2003) also observed that,
for temperatures in the range studied here, higher temperatures produced larger

420

particles consisting of smaller primaries, and lower temperatures resulted in less
dense aggregates of larger primaries. Other studies also report this effect (Zhou
et al., 2006). The primary diameter might begin to increase again for temperatures higher than the ones investigated here due to complete sintering between
primary particles (Nakaso et al., 2003).

425

Increasing the flow rate produced smaller primary and aggregate particles
(indicated with dashed arrows in Fig. 10), and a higher number density because
the particles had less time to grow. Again, this is supported by the trend
reported in the literature (Akhtar et al., 1991) and this finding also agrees with
empirical experience of the industrial process.

430

In this work, the same base case temperature profile was used for the early
and late dosing cases. This is sufficient for the current study; however, the choice
of dosing configuration is complex, since it affects the concentration profile and
temperature exotherm. It would be useful to adjust the temperature profile to
match the dosing strategy to account for the change in temperature due to the

435

reaction. Here, the early dosing configuration created slightly smaller particles
and a higher particle number concentration while the late dosing configuration
produced significantly smaller primary particles (Table 3).
26

A smaller mean particle size is desirable to reduce milling requirements. This
short study suggests that the use of high throughput, with rapid quenching at
440

the end of the working zone and in the cooler, is necessary to minimise coagulation and sintering of the pigmentary particles and thereby improve product
quality with minimal requirement on milling.
Table 3. Mean and geometric standard deviation (GSD, σ̃) of collision diameter and primary
diameter and mean number density after the cooler for each case in Table 2.

Test case

Mean

GSD

Mean

GSD

Mean

-

d¯c , nm

σ̃dc

d¯p , nm

σ̃dp

M̄0 , m−3

Base case

2000

1.79

277

1.23

8.14×1014

Early dosage

1910

1.77

272

1.21

8.44×1014

Late dosage

1990

1.77

246

1.27

8.07×1014

Low temperature

1800

1.74

356

1.23

9.02×1014

High throughput

1590

1.76

251

1.23

15.1×1014

5. Conclusions
This paper has presented a model for titania synthesis in an industrial reac445

tor. Important features include an ideal reactor network to treat the flow behaviour and describe variations in composition and temperature; and a detailed
population balance to describe the particle system, coupled to a comprehensive chemical mechanism. The use of a detailed particle model allows for many
internal co-ordinates of the particles to be tracked, and these are believed to

450

provide important information about the aggregate structure. Aggregate size
and morphology are critical factors in determining the product quality, which
in turn impacts the milling requirement of the industrial process. It is thus believed to be useful to obtain as much information as possible about the particle
aggregates.

455

In particular, the distributions of the number of primary particles per particle, collision diameter, primary particle diameter, and neck radius are tracked

27

along the reactor-cooler. The pigmentary product leaving the cooler is shown to
consist of partially sintered groups of connected primary particles, such that the
particles are on average several times larger than their constituent primary par460

ticles. This has implications for the amount of milling that would be necessary
to produce particles of the requisite size in the industrial process.
A preliminary sensitivity study found that increasing temperature resulted in
the formation of larger particles, comprised of smaller primary particles, owing
to the relative rates of the particle processes at different temperatures. This

465

agrees with previous studies. Higher throughput produced smaller particles
due to the limited time for reaction and particle growth. This is supported
by empirical experience of the industrial process. Thus, although there is not
currently industrial data to compare such trends quantitatively, the effects of
operational changes were found to agree qualitatively with trends published for

470

a number of laboratory studies.
This work serves as proof-of-concept for the use of a reactor network with
a detailed population balance to simulate industrial titania synthesis. Avenues
for future work could include development of a more detailed sintering model
and inclusion of crystal structure information in the particle description. Re-

475

garding the latter, Xu et al. (2016) have recently demonstrated such a phasetransformation model in a CFD-population balance Monte Carlo simulation for
flame synthesis of TiO2 . A full sensitivity study could then be performed towards optimising the PSD; investigating temperature hot-spots, the effect of
the AlCl3 additive (Shirley et al., 2009) and operational design limitations; and

480

studying the parameters defining the particle processes. The Model Development Suite (MoDS) (CMCL Innovations, 2016) software tool could be utilised
to do this, and to fit cheaper surrogate models (Forrester et al., 2008) to the
simulation data.
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Nomenclature

Upper-case Roman
A

[m2 ]

Surface area

C Connectivity matrix
Ea
Kfm

[kJ·mol-1 ]

Arrhenius activation energy
Free molecular regime coagulation kernel

Kn

Knudsen number

Ksf

Slip flow regime coagulation kernel

Ktr

Transition regime coagulation kernel

L Length
M

490

Number of time steps

M0

0th number moment

Mk

k th mass moment

N
NA
P

[m]

[m-3 ]
[kgk ·m-3k ]

Number of particles in the ensemble
[mol-1 ]

Avogadro’s constant
Pressure

[bar]

P Probability
P

Particle

Q System state
[m3 ·bar·K-1 ·mol-1 ]

R

Gas constant

R

Number of repeat runs

T

Temperature

V

Volume

[m3 ]

Sample volume

[m3 ]

Vsmp
W

[K]

[g·mol-1 ]

Molecular weight
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Lower-case Roman
ap

[nm2 ]

Primary particle area

c Confidence interval (here 99.9%)
dc

Collision diameter

[nm]

dp

Primary particle diameter

[nm]

f

Volumetric feed fraction
[J·K-1 ]

kB

Boltzmann constant

ks

Surface growth rate constant, Arrhenius form

[m4 ·s-1 ·mol-1 ]

k1

Arrhenius constant

[m4 ·s-1 ·mol-1 ]

m

Mass

[kg]

n Number of primary particles
p

Primary particle

t Time
v

Primary particle volume

w

Statistical weight

[s]
[nm3 ]

x Axial distance

[m]

Lower-case Greek
¯stat

Average relative statistical error

η

Number of elements

θ

Property

µ Mean
ρ Mass/molar density (specified in the text)

[kg·m-3 ]/[mol·m-3 ]

σ

Standard deviation

σ̃

Geometric standard deviation

τ

Residence time

[s]

τc

Characteristic sintering time

[s]
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Superscripts
max
sph

Maximum
Sphere (denotes a property of a mass equivalent sphere)

Subscripts
bc

Base case

i

Index variable

j

Index variable

k

Index variable

0

Denotes the number zero – added to the set of natural numbers

Symbols
N

Set of natural numbers

Abbreviations
CFD

Computational fluid dynamics

CSTR

Continuous stirred tank reactor

DSA

Direct simulation algorithm

ERN

Equivalent reactor network

PFR

Plug flow reactor

PSD

Particle size distribution

SWA

Stochastic weighted algorithm

TEM

Transmission electron microscopy

MoDS

Model Development Suite
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Appendix A. Particle size distributions
The probability density function of the collision diameter, f (dc ), is estimated
685

as the sum of log-normal distributions (for N stochastic particles in sample
volume Vsmp ):
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Here, dc

(A.1)

is the collision diameter of the nth particle and σ is the standard

deviation of the distribution, a parameter which can be modified to control the
degree of smoothing. The number density is given by
g (dc ) =

N
dn
=
f (dc )
d (dc )
Vsmp

(A.2)

and, from this,
dn
dn
= dc
= dc g (dc ) .
d ln (dc )
d (dc )

(A.3)

Appendix B. Numerical Methods

Algorithm B.1: Reactor network algorithm with Strang operator-splitting
scheme (Menz et al., 2014).
Input: Initial state Q0 at t0 , final time tf , time-step ∆t, number of reactors nreac
Output: Final state Qf at tf
Set t ← t0 , Q ← Q0 , ireac ← 1
while t < tf do
while ireac < nreac + 1 do
h
Solve gas-phase chemistry for t, t +

∆t
2

i

.

Solve particle-phase for [t, t + ∆t] using Algorithm B.2.
h
i
, t + ∆t .
Solve gas-phase chemistry for t + ∆t
2
Increment ireac ← ireac + 1.
end
Increment t ← t + ∆t.
end
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Algorithm B.2: Direct simulation algorithm including particle inflow and
outflow (Menz et al., 2014; Shekar et al., 2012)
Input: Initial state Q0 at t0 , final time tf
Output: Final state Qf at tf
Set t ← t0 , Q ← Q0
while t < tf do
Generate an exponentially distributed waiting time τ with parameter:
Rtotal (Q) = Rinception (Q) + Rcoagulation (Q) + Rsurface (Q) + Rinflow (Q) .
(B.1)
Choose process ∈ {inception, surface, coagulation, inflow} by:
P (process) =

Rprocess (Q)
.
Rtotal (Q)

(B.2)

if process = inception then
Perform inception by adding a new particle PN +1 to the ensemble.
else if process = coagulation then
Uniformly select two particles Pi , Pj , perform any tagged deferred
events and then perform successful coagulation with probability:
Pi,j =

Ktr (Pi , Pj )
K̂ (Pi , Pj )

(B.3)

where K̂ is the majorant kernel.
else if process = surface then
Uniformly select a particle Pi and, from this, a primary particle pj .
if defer = true then
Tag pj for deferred surface reaction.
else
Perform surface reaction on pj .
end
else if process = inflow then
Uniformly select a particle Pi and add Nin copies to the ensemble.
Nin =

Vsmp
(j)

(B.4)

Vsmp
(j)

Vsmp and Vsmp in Eq. (B.4) are the current and inflow scaling factors.
end
Perform continuous outflow and sintering for [t, t + τ ] and rescale the
sample volume (τCSTR is the reactor residence time):
new
Vsmp
=

Vsmp
.
1 − τ /τCSTR

Increment t ← t + τ .
end
Perform outstanding deferred processes.
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(B.5)

