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Abstract

Recently, the field of computational stem cell biology, a new subdiscipline
of developmental biology, has received a remarkable level of attention from
the researchers. It leverages computational algorithms and tools to study
the mechanisms of regulating the behaviors of embryonic stem cells (ESCs).
In particular, the invention of induced pluripotent stem cells (iPSCs) in
2006 raised a question of intense focus: “What are the underlying molecu-
lar mechanisms by which iPSCs regain pluripotent potential?” Dynamical
systems modeling has revealed the complexity of the regulation of cell fate
determination and thus has proven to be a useful method for answering this
question.

Towards exploring the molecular basis of stem cell fate regulation, the
transcriptional regulatory network of core pluripotency transcription fac-
tors (TFs) was first modeled to uncover critical network structures that
contribute to the cell fate transitions. Subsequently, we integrated the epi-
genetic network and signaling pathways that support the maintenance of
stem cells and the determination of lineage specifications with the TF-based
genetic layer of regulation, thereby constructing a hybrid network model of
multilayered regulations. However, most of the computational models are
mainly limited to exploring the system dynamics by theoretical modeling.
More recently, a trend has emerged in computational stem cell biology to in-
corporate genome-wide sequencing data, especially single-cell profiling, with
system-level modeling of stem cells.

In this thesis, we concentrate on these two computational methodologies,
i.e., the knowledge-based modeling and the data-driven modeling, to facil-
itate the study of stem cell fate transitions using a well-known metaphor
in development biology, namely Waddington’s epigenetic landscape. It de-
scribes the outcome of the percolation of genetic lineages by linking the cell
phenotypes with the genotypes, through the coordination of gene regulatory
networks. Thus, the trajectories of cell state transition on the landscape
surface reflect the progressive dynamics of stem cell fate determination.

We developed a software tool named “NetLand” to facilitate the knowledge-
based modeling and simulation study of cell state transitions driven by ki-
netics of gene regulatory network in Waddington’s epigenetic landscape. It
serves as a useful tool for understanding the dynamics of stem cells. For
example, it can be used to study the barriers to the conversion of iPSCs.
Although there have been many a plenty of protocols for the generation
of iPSCs, the low conversion rate is still a bottleneck. To apply iPSCs in
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disease modeling and regenerative medicine, it is crucial to identify the key
barriers that prevent the transition of cell types from a somatic state to an
ESC-like state. NetLand identifies epigenetic blocks which have been shown
to have an impact on the conversion rate of iPSCs, in the reprogramming
process after analyzing a reconstructed hybrid network.

The leverage of the next generation sequencing techniques using data-
driven approaches dramatically benefits the study of molecular regulations
in stem cells. Here, we proposed a data-driven method, named HopLand, to
model the process of stem cell fate determination by using the continuous
Hopfield Network (CHN) to map cells in a Waddington’s epigenetic land-
scape. The combinatorial regulatory interactions among genes constitute
a kinetic model which can be calibrated by learning from single-cell gene
expression data. HopLand is applied to estimate the pseudotimes of indi-
vidual cells from the single-cell data, demonstrating its potential to generate
fundamental insights into cell fate regulation.

The mathematical modeling methods proposed in this thesis, i.e., knowledge-
based and data-driven approaches, yield insights into stem cell fate transi-
tions. Subsequently, they have enhanced our capability to engineer cells, for
example, increasing the conversion rate from somatic cell types to iPSCs.
Many open challenges are still impeding cell fate engineering from broad clin-
ical applications. We believe that the research described in this thesis will
provide instrumental quantitative techniques to facilitate the understanding
of cell dynamics and contribute to human health care.

Keywords: Waddington’s epigenetic landscape, iPSC, stem cell reprogram-
ming, di↵erentiation, single-cell sequencing, neural network, pseudotime re-
covery.
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Chapter 1

Introduction

By their nature, embryonic stem cells (ESCs) can irreversibly develop into all

types of somatic cells. However, in 2006 the reprogramming of somatic cells

by the replenishment of four transcription factors (TFs) generated ESC-like

induced pluripotent stem cells (iPSCs) [1]. The remarkable success in cell

engineering raised a question of intense focus: “What are the underlying

molecular mechanisms by which iPSCs regain pluripotent potential?”

Towards exploring the molecular basis, in silico system modeling of

Waddington’s epigenetic landscape leverages computational algorithms and

tools to study the mechanisms of stem cell fate conversions. These methods

have proven to be useful in answering the above question by revealing the

complexity of the regulation of cell fate determination.

This chapter first introduces briefly the background of stem cell fate de-

termination and the state-of-the-art modeling methods. Then the concept

and application of Waddington’s epigenetic landscape in the field of com-

putational stem cell biology are illustrated along with the motivations and

objectives of the research. Finally, it outlines the structure of the thesis.

1.1 Background

Cell fate determination is the result of the coordination of multilayer regu-

lations. Stem cell di↵erentiation and reprogramming are the two represen-
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tative examples in which multiple regulators work at the cellular and tissue

levels to create the final cell types.

During the di↵erentiation process, an ESC becomes specialized with a

specific function, such as a muscle cell, a liver cell, or a neuron. These cells

constitute the multicellular organism with various tissues and cell types after

many times of di↵erentiation. The characteristics of cells, such as ESCs or

adult stem cells, that can di↵erentiate into all (or a collection of) cell types

is known as pluripotency. Thus di↵erentiation is also a process that a cell

loses its pluripotency along with dramatic changes in cell morphology and

functionality. Modifications in transcriptional patterns lead to these changes

involving switching on lineage-specific genes and o↵ genes not needed in a

particular tissue through epigenetic modification and cellular signaling.

This cell development process was generally considered to be irreversible,

until the invention of iPSC reprogramming experiment in 2006 [1]. In this

research, fully di↵erentiated cells are successfully converted to iPSCs which

possess similar functionality and morphology as ESCs, by the replenishment

of the four TFs, i.e., Oct4, Sox2, Klf4, and cMyc. The regained pluripotency

feature of iPSCs endows this technology with great potential in cell therapy

and disease modeling [2]–[4]. Thus it is considered as a significant advance in

the manipulation of cell fates. However, iPSCs still retain a unique gene ex-

pression signature and epigenetic profiles although they outwardly appear to

be indistinguishable from ESCs [5]. The underlying molecular mechanisms

by which iPSCs regain pluripotent potential are still unclear.

To understand how pluripotent cells develop into a final cell type, and

how the cell fate is determined, in silico systems modeling of Waddington’s

epigenetic landscape has proven to be useful. The quantified epigenetic land-

scape provides a performing stage on which the cell fate determination and

cell type maturation are choreographed according to the inherent multilay-

ered regulations.

Based on the essential idea of Waddington’s epigenetic landscape, changes

of cell fates are represented by state transitions overcoming energy barriers

2
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between di↵erent attractors (Figure 1.1). A cellular system tends to con-

verge to low-energy stable states represented by attractors in the state space

of the biological system [6]. These attractors emerge from the dynamics of

the biological system. For example, basins in the Waddington’s epigenetic

landscape of the cell development process represent cell types, such as ESCs

or somatic cells.

Figure 1.1: The illustration of Waddington’s epigenetic landscape. The
marbles represent cells. Changes of cell fates are represented by transitions in
the landscape under the control of di↵erent regulatory factors, e.g. epigenetic
modifications, transcriptional regulations and signaling pathways.

However, the original concept of Waddington’s epigenetic landscape is a

theoretical metaphor that lacks a concrete mechanisitic foundation. It still

requires the quantification using mathematical methods to simulate complex

biological systems. Knowledge-based dynamical modeling of kinetic mech-

anisms and data-driven statistical modeling are the two commonly used

computational methods for modeling Waddington’s epigenetic landscape.

The knowledge-based computational models integrate the transcriptional,

signaling and epigenetic factors at a system level according to the prior

knowledge of regulatory mechanisms. Di↵erential equations (DEs) in a con-

tinuous system with continuous expression levels of genes and Boolean net-

work (BN) in a discrete system with binary switches of genes are the two

main types of formulations [7]–[10]. These equations ultimately determine

the interactions among the genes in a network, and they have been shown
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to capture some characteristics and dynamical trends of gene expression.

However, intricate knowledge about regulatory systems and molecular

kinetics that is required for BN- and DE-based models may not be available

in many cases. In addition, the computational complexity of in silico sim-

ulation of such a system often increases exponentially with the increase of

network size. Data-driven models can help address those challenges. With

the ongoing development of high-throughput genomic sequencing technolo-

gies, not only bulk data but also single-cell expression profiles are available

these days, which provide valuable resources and possibilities for the in-

ference analysis of large gene regulatory networks. But it needs e�cient

methods for the data analysis and modeling.

A data-driven method for modeling Waddington’s epigenetic landscape

using Hopfield network (a type of artificial neural network) was proposed

recently [11]–[13]. The energy of the Hopfield network is defined as the po-

tential of the landscape. It o↵ers an attractive framework for quantitative

modeling of cell di↵erentiation and reprogramming from experimental data.

Compared with BN and DE models, it significantly reduced the computa-

tional time for networks of larger sizes. Moreover, neither network structure

nor knowledge of kinetic parameters is required.

1.2 Motivation and objectives

Embryonic stem cells and iPSCs share the common properties of self-renewal

and the pluripotency which means they can be di↵erentiated into various

types of cell lineages. In addition, iPSCs overcome the ethical issues of

ESCs in clinics to make it possible to be applied in disease modeling, re-

generative medicine, and drug discovery [14]. The establishment of more

authentic methods for iPSC generation and di↵erentiation requires a thor-

ough understanding of the underlying mechanism.

Current studies have revealed unprecedented complexity in stem cell

di↵erentiation and reprogramming involving various molecules in di↵erent
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molecular mechanisms, e.g., TFs in transcriptional regulation, miRNAs in

RAN interference. However, our current understanding is only a piece of the

entire story.

Motivated by the demand for the study of stem cell fate determination,

we concentrate on the two computational methodologies in this thesis: the

knowledge-based modeling and the data-driven analysis, to facilitate the

study of stem cell fate transitions using a popular visual metaphor for lineage

specification, called Waddington’s epigenetic landscape:

1. It is estimated that epigenetic barriers in the reprogramming process

are the main reason for the low conversion rate in reprogramming

experiments [15], [16]. To verify the result, we proposed a knowledge-

based mathematical model based on a hybrid network which integrates

essential regulatory factors in ESCs, i.e., external signals, epigenetic

modifiers and core transcriptional circuses. The in silico mathematical

model successfully predicted a low cell-conversion rate in ordinary re-

programming experiments and identified the barriers in the simulation

of reprogramming.

2. There is a lack of user-friendly software tools to calculate and visual-

ize the Waddington’s epigenetic landscape, especially to visualize the

3D landscape for a regulatory network with more than two genes. To

address the limitations of the practical applications of current mod-

eling methods, we have developed a software tool called “NetLand”

which is intended for modeling, simulation and visualization of gene

regulatory networks (GRNs) and their corresponding quasi-potential

landscapes. It promotes the broad applications of the quantitative

models of Waddington’s epigenetic landscape by researchers of diverse

backgrounds.

3. Taking advantage of the advanced single-cell technologies, a data-

driven model is proposed to infer Waddington’s epigenetic landscape

from single-cell gene expression data using Hopfield network. It re-
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veals the transcriptome dynamics from real data, such as the recovery

of the pseudotimes which is a latent dimension that measures the cells’

progress through the transition. Therefore, it can help us understand

the transition of cell states represented by gene expression profiles.

The mathematical modeling methods proposed in this thesis, i.e., knowledge-

based and data-driven approaches, yield deep insights into stem cell fate

determination. Subsequently, they can enhance our capability to engineer

cells, for example, the reprogramming of somatic cell types to iPSCs. Many

open challenges impede cell fate engineering from broad clinical applications.

We believe that our methods and tools will provide a quantitative basis to

facilitate the understanding of cell dynamics and contribute to human health

care.

1.3 Organization

The thesis is organized into chapters to cover di↵erent aspects of the research

on stem cell fate determination using mathematical modeling of Wadding-

ton’s epigenetic landscape.

Chapter 2 introduces the biological background of stem cell fate regu-

lation. The original theory and existing methods for the reconstruction of

Waddington’s epigenetic landscape are reviewed and summarized. A survey

of the state-of-the-art modeling methods covers two types of techniques, i.e.

knowledge-based modeling and data-driven modeling. It also introduces the

fundamentals of Hopfield network and the protocols of di↵erent single-cell

genomic sequencing technologies used for data-driven analysis.

Chapter 3 provides a detailed description of the formulation, implemen-

tation, and simulation of a hybrid network model constructed for the study

of stem cell di↵erentiation and reprogramming, as well as the construction

and visualization of the corresponding landscape. In particular, the barrier

role of epigenetic modifiers in reprogramming experiments is recapitulated

in this model.

6



Chapter 1

Chapter 4 introduces the software tool of NetLand for quantitative mod-

eling and visualization of Waddington’s epigenetic landscape using proba-

bilistic potential. We provide a list of case studies to illustrate the successful

application of NetLand in the area of stem cell di↵erentiation and reprogram-

ming and cancer development.

Chapter 5 introduces a data-driven method of modeling stem cell fate

conversion using the Hopfield network. The kinetic modeling including pa-

rameter estimation is introduced in this chapter, as well as the definition of

energy function and the visualization of the landscape. It was applied to

the estimation of pseudotimes from di↵erent types of single-cell sequencing

data and compared with other existing methods.

Finally, Chapter 6 concludes the thesis by summarizing the methods and

results introduced in the previous chapters, and maps out possible areas for

future research.
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Literature review

Stem cell di↵erentiation is the process where an ESC acquires cellular traits

becoming functional specialized cells. Somatic cells di↵erentiated from ESCs

were considered as fully programmed that cannot be reprogrammed until the

invention of induced pluripotent stem cells by reprogramming experiments.

Even though reprogramming experiments require more critical conditions to

reverse the process of cellular di↵erentiation [1], [17], [18], they are consid-

ered promising in the application of regenerative therapy and disease mod-

eling [19]–[22]. However, the achievement of Yamanaka’s reprogramming

experiment and the following studies of stem cell reprogramming would just

be the tip of the iceberg in a long-standing problem: how could human

manipulate the fate of a cell eventually?

In this chapter, we will introduce the biological background of stem cell

fate determination, including stem cell di↵erentiation and reprogramming.

The concept and the current development of Waddington’s epigenetic land-

scape are introduced as well. We also review and summarize the state-of-

the-art computational methods in the studies of cell fate conversions.
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2.1 Biological Background

2.1.1 Stem cell di↵erentiation

ESCs are derived from the inner cell mass (ICM) of the blastocyst. They

can proliferate indefinitely and retain pluripotency before di↵erentiating into

di↵erent types of cells [23]. The process from the fertilized embryo to a

somatic tissue or organ is called stem cell di↵erentiation [24]. During this

process, di↵erent cell lineages are formed with specific combinations of media

and factors. Figure 2.1 shows the origin of ESCs from the blastocyst and

the commitment to di↵erent lineages.

Figure 2.1: The generation and di↵erentiation of embryonic stem cells
(ESCs).

Thus, stem cell di↵erentiation is a natural process that produces the tis-

sues and organs of living organisms. It generates di↵erent types of cells with

various functions and structures. On the contrary, stem cell reprogramming

converts the di↵erentiated cells into iPSCs, which are ESC-like cells.
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2.1.2 Stem cell reprogramming

The attempts of reprogramming adult cells into ESC-like cells have lasted

for decades. Back to 1960s, scientists have successfully used adult cells to

generate the same organisms using nuclear transfer and cell fusion. The

remarkable experiment of Yamanaka in 2006 [1] heralded a new era of stem

cell reprogramming. The development of iPSC reprogramming technology

challenges the traditional idea of irreversible cell development by putting

forward the possibility of the conversion from a completely programmed cell

back to a state similar to ESCs.

In Yamanaka’s experiment, the generation of iPSCs provides a TF trans-

duction method to convert adult cells to pluripotent cells compared to nu-

clear transfer and cell fusion [22], [25], [26] (Figure 2.2). iPSCs show remark-

able similarities to ESCs in both cell morphology and functionality, such as

proliferative properties [27]. A variety of cells including fat, skin, and fi-

broblasts could be the sources to generate iPSCs when treated with di↵erent

cocktails, e.g., the combinations of TFs [18], [22], [26], [28], small chemical

compounds, growth factors stimulus and epigenetic modifiers [29]. Although

many cocktails have been identified to facilitate the reprogramming, the un-

derlying mechanisms for the generation of iPSCs are still unclear.

The reprogrammed cells o↵er the possibility of an unlimited source of

material for the replacement of damaged tissues and disease study since

they can be di↵erentiated into a variety of cell types due to their infinite

di↵erentiation potential. Moreover, the production of iPSCs from a patient’s

cells provides a patient-specific source of pluripotent stem cells to overcome

immune attacks, the most formidable barrier to transplantation. And the

source somatic cells are relatively easy to obtain. The first attempt to use

iPSCs in clinical treatment was performed in 2014 when a woman with eye

disease was transplanted with retinal cells derived from iPSCs. However,

genetic alterations arise from the reprogramming experiment leading to the

uncertainty about the safety of using iPSCs in patients [22]. Therefore, the

evaluation and prediction of iPSCs’ lineage bias become critical with the
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Figure 2.2: The generation and derivation of iPSCs. Figure taken from
http://learn.genetics.utah.edu/content/stemcells/quickref/.

rapid development of stem cell engineering technologies.

Despite uncertainties and issues, the reprogramming technology is still

progressing rapidly. Scientists try to search for alternative and more e�cient

methods to generate iPSCs and are getting to grips with the molecular basis

of pluripotency and lineage plasticity, although the underlying mechanisms

remain controversial.

2.1.3 Regulation of cell fate allocation

Although the underlying mechanisms of stem cell fate conversion are still

unclear, some attempts to uncover them have been made. It is hypothesized

that GRN plays a dominant role in the cell fate determination [30]. Be-

sides signaling pathways work as triggers controlling the expression status

of a set of genes [31]–[33]. Epigenetic modifiers embellish chromatin states

leading to the change of transcriptional rates of a proportion of target genes

[29], [34], [35]. The intricate interactions among various mechanisms form a

multilayered system for cell fates determination.
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Transcriptional regulation

Experiments have suggested that the system-level stable cell state arises

from genetic interactions [36]. Cellular decisions controlling development,

self-renewal, and di↵erentiation are thought to be regulated by the expres-

sion of specific TFs. So does reprogramming. In Yamanaka’s reprogramming

experiment, four reprogramming factors, i.e. Oct4, Sox2, Klf4 and cMyc,

were replenished to convert mouse fibroblast cells into iPSCs, which demon-

strated that the over expression of specific TFs is su�cient to reprogram

somatic cells back to pluripotent cells. Therefore, the transcriptional regu-

lations within the GRN contribute to the driving force behind the change of

cell identity.

In the early stage of development, TFs promote the construction of all

three vertebrate germ layers, i.e., ectoderm, mesoderm, and endoderm (Fig-

ure 2.1). Di↵erent lineages are characterized by their marker genes with

specific regulators. The activation of one group of TFs will inhibit their

mutual regulators.

The reprogramming process is a multi-step process characterized by

transcriptome and proteome resetting [37]. Gene expression patterns are

changed dramatically from di↵erentiated states to stem cell states. At

the initial stage, di↵erentiation-associated and lineage marker genes are

down-regulated combined with the continuous activation of genes respon-

sible for proliferation, metabolism and cytoskeleton organization [38]. The

core pluripotency network is assembled and maintained when genes respon-

sible for the embryonic development and stem cell maintenance are activated

[39], [40]. Then a stable pluripotent state is established.

Signaling pathways

The cellular programs of ESCs, including proliferation, potency, and cell fate

determination, are mediated by signalling pathways through modulating the

expression of TFs or chromatin structures in a concerted manner. The sig-

naling pathways have emerged as important control devices of cell fate, in-
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Table 2.1: The list of essential signalling pathways governing ESC di↵eren-
tiation and reprogramming.

Signalling Pathway Function References

cytokine leukaemia inhibitory factor (LIF) maintain pluripotency [32], [41], [46], [48]–[50]

bone morphogenetic
protein 4 (BMP4)

Induce di↵erentiation of human
ES cells to trophoblast; promoting MET;
cooperates with LIF in the maintenance of pluripotency
in mouse ESCs;

[24], [33], [41], [46], [48]–[50]

Transforming growth
factor-� (TGF-�)

Inhibit reprogramming;
Embryonic stem cells can be maintained;
Inhibition of TGF-�
Improves Mouse Fibroblast Reprogramming

[42], [46], [48], [49], [51], [52]

phosphatidylinositol-3-kinase (PI3K) enhance reprogramming [41], [48]

Fibroblast growth factor (FGF)

promotes the early stages
of reprogramming; connected with
the exit from pluripotency and epigenetic
priming for di↵erentiation;
Embryonic stem cells can be maintained

[45], [46], [48], [49], [53]

Wnt
enhances the maturation phase
of mouse somatic cell reprogramming;
enhances somatic-cell reprogramming

[41], [42], [44], [46], [48], [54], [55]

Notch

cell-to-cell contact via surface proteins;
operates in lateral inhibition roles for
a single cell within a group of equivalent cells,
and as a control of lineage decisions and inductive
signaling among non-equivalent cells

[42], [49], [54]

Hippo cell-to-cell contact via surface proteins [49]

cluding Leukemia inhibitory factor (LIF), Wingless-type (Wnt), Notch and

Bone Morphogenetic Protein 4 (BMP4) [41]–[43]. Some of them are es-

sential for the maintenance of embryonic stem cell pluripotency [41], [44],

whilst some of them trigger the di↵erentiation process [45], [46]. At di↵erent

developmental stages, one signaling pathway may simultaneously promote

antagonistic lineages [47]. Table 2.1 shows the predominant signaling path-

ways involved in ESC di↵erentiation and iPSC reprogramming.

The extrinsic BMP and LIF signaling pathways collaboratively maintain

mouse pluripotency [56]. The Wnt pathway enhances cell reprogramming.

TGF-� is the predominant signaling pathway involved in ESC pluripotency

and self-renewal. Hippo pathway transduces signals through the cell-cell

contact via surface proteins. FGF is associated with stem cell maintenance

and promotes the early stages of reprogramming. Besides their functions in

ESC proliferation, maintenance and di↵erentiation, the LIF/STAT3, BMP,

PI3K, FGF2, Wnt, TGF-� and MAPK pathways have been found to also

govern the reprogramming process [48].

The derivations of the three primary germ layers, i.e., endoderm, meso-

derm, and ectoderm, are controlled by signaling pathways. BMP is one of

the primary signaling pathways that promote di↵erentiation. It inhibits the
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expression of Nanog and activates the expression of lineage-specific genes.

The regulation of signaling functions is through critical TFs, e.g., Oct4,

Sox2, and Nanog, to control the state of ESCs. These TFs which often serve

as markers, activate the expression of specific genes and suppress other genes

involved in di↵erent lineages.

The signaling network is a complex system which may contain multiple

regulatory circuits with variant downstream targets. The e↵ect of regula-

tions could reach a steady state through the balance of the counteraction

between parallel circuits in the signaling pathway [32]. However, the intri-

cate molecular mechanisms of the signaling pathways that regulate cell fate

decisions have remained elusive.

Epigenetic modification

Besides transcriptional regulation and signaling pathways, the change of the

chromatin states, e.g., covalent chromatin modification, histone modifica-

tions, DNA methylation and demethylation, is not only a marker of cell

states but also a regulatory factor on developmental genes in ESCs [57].

The activities of TFs rely on the states of the chromatin to permit the TFs

to bind to specific gene promoters.

During the reprogramming process, chromatin and its regulators work as

essential controllers, especially in the early epigenetic priming events which

may be critical for pluripotency induction later. The change of chromatin

states and transcriptional profiles occurs in a stepwise manner: the epige-

netic signature of the somatic cell is erased first, and then it is reshaped to

an ESC-like epigenome including DNA demethylation of promoter regions of

pluripotency genes and genome-wide resetting of histone modifications [37].

By contrast, distinct patterns of chromatin reorganization are discovered in

the di↵erentiation process. The changes in gene expression patterns during

the di↵erentiation process rely on dynamic epigenetic regulation.

Stem cell reprogramming and di↵erentiation are complex biological pro-

cesses, the global dynamics of which cannot be explained by a single pathway
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or a GRN. Computational biology makes use of mathematical methods to

model and simulate complex biological systems. Thus it is widely accepted

as a powerful tool in stem cell research [29].

2.2 Waddington’s epigenetic landscape

2.2.1 Theory

Waddington’s epigenetic landscape [31] was originally introduced as a the-

oretical model in 1950s to explain the generation of distinct cell types [36].

Back to that time, the fate of a cell was considered irreversible, i.e. once a

cell is fully developed, its identity will keep the same.

In this model, the di↵erentiation process is depicted as cells rolling down

a hillside. On the summit of the hill is a progenitor cell located, and in

response to triggers, it would roll into di↵erent valleys corresponding to var-

ious cell types. Ridges separate the valleys thereby preventing the mixture

of di↵erent cell types. The final positions of cells would be the attractors,

located at the end of each valley. The cells will be trapped there even with

external disturbances.

One defect of Waddington’s epigenetic landscape is the lack of details

about biological mechanisms. A question we try to answer is what is the best

principled way to quantify the Waddington’s epigenetic landscape according

to the real biological systems.

In Waddington’s depiction, the di↵erentiation process goes along with

the loss of potential energy which corresponds to the altitude in the land-

scape. Compared to the entry point, the valleys possess relatively lower

potential representing more stable states. According to statistical physics,

open systems in nature tend to change to lower energy and lower relative

entropy which reflects the amount of overall disorder, randomness or un-

certainty [58]. The barriers between valleys as energy shields restrain the

cross-talks and force the cells to move along their canals. To some extent,

two valleys with lower barriers between them indicate that the two cell types
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have more similar phenotypes.

Thus in the theory of landscape a cell can be abstracted as a physical

system. A pluripotent stem cell would have a higher potential energy and

relative entropy since it possesses the potential to be committed to diverse

cell fates. By contrast, a fully di↵erentiated cell would have relatively lower

entropy since it only needs to maintain its specific state. Physical theories

and mathematical formulations could be adapted to quantify the model to

provide more information [36], [59].

Since a cell type can be simplified as expression levels of a set of genes,

a single point on the Waddington’s epigenetic landscape corresponds to a

specific cell state represented by a set of gene expression levels, and the

attractor state defines a stable cell type. Then, the change of cell fate can

be visualized as the movement of a point on the landscape. In that case,

physical forces that determine the position of a cell in this high-dimensional

space are analogous to regulations functioning in a complex biological system

that is in control of gene expression.

The Waddington’s epigenetic landscape, as a theoretical model, can be

extended not only be used for understanding the transition from a progen-

itor cell toward di↵erentiated stable states [60] but also for depicting the

reprogramming from somatic cells to pluripotent states. Based on the es-

sential idea of Waddington’s epigenetic landscape, changes of cell fates are

represented by transitions overcoming energy barriers between di↵erent at-

tractors. Thus the quantified epigenetic landscape is the stage on which

the play of cell fate decisions and cell type maturation is choreographed

according to some physical laws [36].

2.2.2 Implementation

By following ideas from theoretical physics, the intrinsic kinetics of genes

is encoded by physical laws that determine the developmental potentials of

cells. As such, the theoretical concept becomes a quantitative model that is

capable of describing the global dynamics of a system.
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Langevin dynamics which describes the Brownian motion has been ap-

plied to studying the stochasticity in gene transcriptional regulation [61]–

[63]. In genetic circuits, the change rates of molecular species can be formu-

lated as Langevin equation (Eq. 2.1).

dX(t) = ��Udt+
p
DdWt (2.1)

where X(t) denotes the number of molecules of each gene in the network at

time t. D is the noise term associated with each reaction. U is the particle

interaction potential. Wt denotes a Wiener process (Standard Brownian mo-

tion). The gradient force F is equal to ��U . The drifting part is composed

of the noise term.

The Langevin equation can be reformulated as a Fokker–Planck (FP)

equation which governs the time evolution of the probability density function

of each X(t) under the influence of driving forces and random fluxes (Eq.

2.2) [64]. FP equation is a partial di↵erential equation (PDE).

@P (X, t)

@t
= �

NX

i=1

@[F (xi)P (xi, t)]

@xi

+
NX

i=1

NX

j=1

@
2[Dij(X)P (X, t)]

@xi@xj

, (2.2)

where P (X, t) is the probability density function of a time-dependent vari-

able X(t). X(t) is assumed to be a first-order Markov process. Thus P (x, t)

is the probability of certain expression state x at time t, which possesses the

quasi-potential of

U = �ln(P (x, t)). (2.3)

The quasi-potential landscape is an implementation of Waddington’s epi-

genetic landscape. It is based on the assumption that the noise in gene

expression follows Gaussian distribution and the individual probability of

each gene is independent. Moreover, the quasi-potential landscape is based

on the notion that the probability of gene expression state determines the
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stability of cell [65], [66].

The numerical result of U can be solved by self-consistent mean field

approximation method demonstrated in [65]. It assumes that the probabil-

ities of gene concentrations are independent and follow a Gaussian distri-

bution. Thus P (x, t) =
Q

n

i=1 P (xi, t), where n is the number of genes, and

P (xi, t) ⇠ N(µi, �i) where µi and �i are the mean and variance of each gene.

Therefore, there are 2n di↵erential equations to be solved including n

equations for the means and n equations for the variances. In a multi-stable

system, there are two or more attractors with di↵erent sizes of basins. The

steady state probability is defined as P =
P

m

i=1 wiP (xi), where
P

m

i=1 wi = 1,

and m is the number of attractors.

2.3 Dynamical systems modeling

Dynamical systems modelling leverages computational algorithms and tools

to study the mechanisms of stem cell fate regulation. It involves the use

of mathematical modeling methods and computer simulations of cellular

subsystems, such as transcriptional regulation, signal transduction pathways

and epigenome that contribute to the change of cell types, to both analyze

and visualize the complex interactions among these cellular processes.

The dynamics of reactions can be modeled in di↵erent ways, e.g., Boolean

logic and di↵erential equations. Discrete models based on Boolean rules are

relatively independent of detailed information of system thermodynamics.

It applies discretization to the real values which might compromise the ac-

curacy [67]. By contrast, continuous modeling approaches using real-valued

parameters can generate more accurate data over a continuous time scale

[68]. There are some theoretical models constructed to depict the biological

phenomena of transcriptional regulations, signaling regulations and epige-

netic modifications (Table 2.2).
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Table 2.2: Examples of mathematical models for stem cell reprogramming
or di↵erentiation.
Description Method Publications

Related
work

A model for a two-gene network
ODE (Mension
equations)
Landscape

[7]
Sui Huang’s
quasi-potential landscape

A combination of fuzzy theory and petri network Fuzzy petri network [8] Boolean network

Two isolated models for Wnt and Notch respectively and a combined model
ODE (Mension
equations)

[9]
General method for
signaling modeling [69], [70]

A model for Notch and BMP4 with core GRN
ODE (non-contact model Narula, 2010)
Consider enhancer, promoter

[71]

A model for three-gene network
ODE (Hill equation,
considering protein complex binding)

[7], [10]

A model for epigenetic regulations during reprogramming
Epigenetic regulatory rules with assigned
probabilities

[72] Probabilistic Boolean network

A model for 22-gene (out of 52) network during reprogramming or
di↵erentiation

ODE (Mension
equations)
Landscape
(Langevin dynamics)

[73]
Sui Huang’s
probabilistic landscape

A model for 10-gene network during reprogramming or di↵erentiation
ODE (Wilson-Cowan function)
Epigenetic state network

[74]

A model for lineage determination with external signals
ODE (Mension
equations)

[75]

A model for lineage commitment ODE and landscape [76] Study the entropy evolution

2.3.1 Boolean model

The Boolean network model, which was first proposed by Kau↵man [77],

discretizes the real value into discrete levels, such as two levels of 1 (active

state) and 0 (inactive state). It is instrumental for understanding how the

network structure and logical rules determine the flow of information [78].

For example, the study of network stability can be achieved by modeling

regulations with logic functions using only the network’s structure [79]. It

has also been used to model the dynamics of cell signaling networks involving

pathway crosstalk and produced insights about the operation of signaling

pathways [80].

The primary advantage of the discrete model is its simplicity as the values

comprise limited discrete levels. The regulatory interactions between entries

are formulated by logic relations. Thus the computational complexity of

small networks is reduced compared to the calculation of DEs. Despite the

simplicity, Boolean network models can provide important insights into net-

work dynamics, such as the existence of steady states or network robustness,

without need of detailed information of kinetic parameters [78].

One of the main limitations of Boolean logic models is the loss of informa-

tion due to the biochemically unrealistic discretization of values. The sim-

plified formulation may lead to limited details of real dynamics in biological

models. Another problem is that for large-scale networks, the computational
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cost of steady states simulation still grows exponentially.

2.3.2 Continuous model

The continuous modeling approach represents the concentration change of a

component over time [81]. Di↵erential equations (ODE or SDE) are widely

used to describe the kinetics of a gene regulatory system. The algebraic

equations depict the instantaneous change of concentrations over time in

a GRN and construct a thermodynamic model. This model can provide

detailed information about global kinetics and individual interactions [82].

A profound advantage and also disadvantage is that the quality of the

model relies on the accuracy of kinetic parameters [83]. Due to measurement

di�culties and lack of knowledge on the functions of many proteins and their

interactions, some of the parameters of continuous models are usually based

on estimations or inference [68]. Therefore this method has been applied to

only a few well-studied fine-scale systems.

Despite these drawbacks, continuous modeling is still a practical method

to study the kinetics of a biological system. The Hill and Michaelis-Menten

functions are examples of such analytical models of small systems [81]. Here

we give some recent cases for modeling the dynamics of regulatory networks

using ODEs.

Michaelis-Menten kinetics

Michaelis-Menten kinetics was initially proposed to describe the synthetic

rate of a product. It is assumed that the concentration of enzyme is much

lower than the substrate concentration when the enzyme is not allosteric in

a quasi-steady state [81]. In a general case, E denotes an enzyme binding

to its substrate S and P is the product (Eq. 2.4). E catalyzes the reaction

in the form of a temporary complex with S, denoted as ES. The total
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concentration is not produced or consumed.

E + S
k f

GGGGGGBF GGGGGG

k r
ES

kcat! E + P (2.4)

The concentration change rates are listed in the following equations:

dP

dt
= kcat[ES] (2.5)

d[ES]

dt
= kfES � kr[ES]� kcat[ES] (2.6)

dE

dt
= kr[ES] + kcat[ES]� kfES (2.7)

dS

dt
= kr[ES]� kfES (2.8)

where [x] denotes the concentration of x. In the steady state, the synthetic

rate of [ES] would be a constant, i.e. d[ES]/dt = 0. The total amount of

E is also a constant as ET = [ES] + E. Then the following results can be

derived:

[ES] =
SEr

S + kr+kcat
kf

(2.9)

dP

dt
=

kcatSEr

S + kr+kcat
kf

(2.10)

Km = kr+kcat
kf

is called the Michaelis constant. When kr, kf � kcat, we can

assume that Km = kr/kf .

The Michaelis-Menten equation represents a special case of the Hill equa-

tion (explained next), where the Hill coe�cient is set to one. If the protein

under study has more than one substrate binding sites, and if there is co-

operativity with respect to substrate binding to the protein, the reaction

rate as a function of the substrate concentration is no longer hyperbolic,

because a hyperbolic function suggests non-cooperativity but may assume a

sigmoidal shape.
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Hill equation

The Hill equation is a sigmoidal function that describes the enhancement of

a ligand binding to its target, e.g., a promoter region. In cases when the

receptor is a dimer or tetramer rather than a monomer, the a�nity of the

receptor to the latter bound ligand is significantly increased [81]. The Hill

coe�cient provides a way to quantify this e↵ect. For a two-gene network,

the reaction rates of the entities can be formulated as Hill equations:

Figure 2.3: An example network with two nodes. Each node is auto-
regulated and mutually inhibited by the other node.

dx

dt
= vxx

x
nx1

Kxd1
nx1 + xnx1

+ vyx
1

Kyd1
ny1 + yny1

� dx ⇤ x (2.11)

dy

dt
= vxy

x
nx2

Kxd2
nx + xnx2

+ vyy
y
ny2

Kyd2
ny + yny2

� dy ⇤ y (2.12)

whereK⇤d is the dissociation constant, v⇤ is the maximal constant expression

level, n⇤ is the Hill coe�cient describing the cooperate binding which governs

the slope, and d⇤ is the constant degradation rate.

Stochastic models

In regulatory networks, the law of mass action can be used to accurately cal-

culate the change in concentrations when the number of involved molecules

of each species is large. By contrast, when the number of molecules is small,

significant stochastic e↵ects may be occur. The dynamics will manifest dif-
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ferent behaviors, even starting from the same initial conditions. For exam-

ple, in Hanna’s reprogramming experiment on early Pre-B cells, a continuous

stochastic process was revealed with continuous supplementation of pluripo-

tency factors [16].

Stochastic di↵erential equations (SDEs) are a type of di↵erential equa-

tions with at least one inherent random component. Its solution is a stochas-

tic process described in terms of probability distributions. Thus SDE is suit-

able for modeling the stochastic nature of regulation by accounting for the

fluctuations that occur at the molecular level [61].

A quantitative model is proposed in [65] based on a 52-gene regula-

tory network with 123 edges in human stem cells. The network includes

both pluripotency factors and lineage markers. To account for the e↵ect

of stochastic noise, a system of SDEs with linear di↵usion coe�cients was

employed (Eq. 2.13). F (x) is the driving force composed of transcriptional

regulations on gene x. ⇠ is defined with Gaussian distribution and denotes

the noise term generated from either the external environmental fluctuations

or intrinsic fluctuations.

dx

dt
= F (x) + ⇠ (2.13)

2.3.3 Current progress

In recent years, there have been extensive studies on dynamical systems

modeling for understanding stem cell fate determination. Table 2.2 lists

some existing representative models for stem cell di↵erentiation or repro-

gramming using Boolean rules or di↵erential equations. A few works have

adopted the concept of Waddington’s epigenetic landscape to visualize the

system in a 3D plot.

Most of the recent works explained cell fate decisions by purely mod-

eling GRNs. One of the representative work is from [7]. In this model, a

two-gene network with mutual inhibitions and self-activations is modeled in

ODEs to simulate the lineage commitment during di↵erentiation. Another

23



Chapter 2

continuous model of a GRN with 52 nodes was proposed for the study of

stem cell di↵erentiation and reprogramming [65]. Not only continuous mod-

els, but rule-based discrete models are also widely used. [8] presents a fuzzy

reasoning model based on the Fuzzy Petri Net. The model considers the

regulatory triplets using predicting changes in expression level of the target

gene based on input expression levels.

Besides focusing on core GRNs, signaling pathways and epigenetic mech-

anisms are encoded into the models to reveal more details of molecular inter-

actions. For example, Flöttmann [72] made use of the probabilistic Boolean

network to integrate the known regulatory factors, e.g., gene expression,

chromatin modifications, and DNA methylation, to study stem cell di↵er-

entiation and the production of iPSCs. [75] constructed an ODE model for

understanding stem cell maintenance and lineage determination with ex-

ternal signals. It incorporates two external signals on Gata6 and Nanog

respectively to induce reprogramming, i.e., signal Sg which represses Gata6,

and signal Sn which induces Nanog. Also, the level of an external signal A

on Oct4 determines the fate of cells.

Due to the computational complexity and limitation of biochemical in-

formation, the dynamical modeling method is only applicable to small core

networks with detailed biological information. Also, the simulation and

prediction results generated from the constructed model need verification.

Moreover, existing computational models tend to focus on only one or two

regulatory mechanisms, and as such may have oversimplified the molecular

mechanisms of stem cell fate determination. A dynamical model that inte-

grates TF-DNA interactions, epigenetic dynamics and signaling regulation

is required for the aims of increasing our understanding of the regulatory

mechanisms of stem cell fate decision and finding new ways to improve the

safety, reproducibility, and e�ciency of stem cell reprogramming and guided

di↵erentiation.

In addition, an ever-increasing amount of data from new high-throughput

techniques in stem cell research makes the data-driven methods possible.
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These methods can accelerate new discoveries in the field as reviewed in the

next section.

2.4 Data-driven approach

Bulk sequencing data, which measure the average expression level for each

gene across a large population of cells, have been widely used for tran-

scriptomics, quantifying expression signatures from ensembles. However, it

is insu�cient for studying heterogeneous systems, e.g., early development

studies, complex tissues (for example brain) and tumour cells. An ever-

increasing amount of single-cell data from new high-throughput techniques

in stem cell research makes the data-driven methods polular in the field

which are reviewed in this section.

2.4.1 Single-cell technology

The field of single-cell genomics is advancing rapidly and generating more

high-resolution single-cell sequencing data, which enable new biological dis-

coveries [84]. We provide an overview of the state of the art in the field.

qPCR

Quantitative polymerase chain reaction (qPCR) is one of the high-throughput

RNA counting techniques for measuring the genome-wide gene expression of

previously known genes of single cells [43]. It uses two-sided primers of the

known genes for the PCR amplification, which however limits the number of

measured genes immensely but makes dropout events less likely. The gene

expression is the count of detected DNA molecules. The targeted nature of

qPCR makes this method less prone to dropout events in lowly expressed

genes, but there is an expression detection cap at the high end, making it

di�cult to di↵erentiate between highly expressed genes.
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scRNA-seq

Single-cell RNA sequencing (scRNA-seq) has rapidly gained popularity for

profiling transcriptomes of hundreds of thousands of single cells since 2009

[85]. This technology has led to the discovery of novel cell types and insights

into the development of complex tissues, e.g., cell type identification, het-

erogeneity in cellular responses to drugs, stochasticity of gene expression,

the inference of gene regulatory networks, etc.

Currently, there are several di↵erent protocols in use, e.g. SMART-seq2

[86], CELL-seq [87] and Drop-seq [88] etc. However, due to minute amounts

of starting material, samples undergo extensive amplification, which might

increase technical variability. Dropout events are another main source of

discrepancy between the libraries. Through proper normalization and cor-

rections, it is possible to alleviate some of these issues.

Mass cytometry

Mass cytometry is a mass spectrometry technique based on inductively cou-

pled plasma mass spectrometry and time of flight mass spectrometry used

for the determination of the properties of cells [89].

Mass cytometry can investigate millions of single cells from an individual

sample with over 40 parameters [89]–[91]. The parameters are not restricted

to one level of cellular products. Rather, posttranslational modifications,

proteolysis products, etc. can all be quantified from a single experiment

[92].

Therefore it is applied to analyze complex cellular systems by observing

the diversity of cellular phenotypes and behaviors in a single sample [93].

2.4.2 Hopfield network

The artificial neural networks (ANNs) that build on multiple similar infor-

mation processing blocks imitate the architecture and function of a human

brain. They are capable of modeling and processing linear or nonlinear re-
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lationships between inputs and outputs in parallel. Hopfield network (HN)

is a type of recurrent neural network in which all neurons are both inputs

and outputs. It o↵ers an attractive framework for quantitative modeling of

cell states from empirical data.

HN was proposed by John J. Hopfield in 1982 based on spin-glass models

[94]. It consists of a set of N interconnected neurons which update their ac-

tivation values asynchronously or synchronously. A matrix W = {Wij, i, j =

1, 2, ..., N} represents the interactions between these nodes. The changes

in the activation values of the output neurons are significant such that the

dynamical properties of the network are important.

A primary application of the HN is to model the recall of associative

memories which are a form of long-term memory. When the network is

cued with a noisy or incomplete test memory, it will render the incorrect or

missing data by iterating to a stable state which is in some sense near the

cued pattern. The behavior of the system can be described with an energy

function determined by the weights of the connections between the neurons.

In this case, the weight matrix has to be set such that the states of the

system corresponding to the memories that are to be stored in the network

are stable. These states can be seen as dips in an energy space. Every time

the network is updated the energy level decreases (or is unchanged). The

activation values of the units with low energy indicate stable states in which

these activations do not change anymore.

Neuronal networks such as HN have diverse applications. For example, it

has been used for making stock market predictions [95], time series prediction

[96], super-resolution mapping of land cover features [97] and recognition of

blurred images [98].

Discrete Hopfield network

The original HN proposed in 1982 is a two-state model, i.e. each neuron

has two states (e.g. +1, �1). The activation of each node is assigned either

+1 or �1. During clamping, the activation state yi of the ith unit can
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be updated either synchronously or asynchronously in discrete time steps.

The strength of the synapse from node j to node i is defined in the weight

matrix wij. For synchronous updates, the state yi of each node is updated

simultaneously according to the rule:

yi = sgn(
NX

j=0

wijyj) (2.14)

where the function sgn is defined as

sgn(z) =

8
><

>:

+1 if z � 0

�1 if z < 0
(2.15)

In asynchronous updating, one node that is chosen randomly or according

to some rule is updated at each time point. For example, in the update rule

of Glauber dynamics, one gene is selected at random and probabilistically

updated according to its local field at each time step [99].

Continuous Hopfield network

Considering the state of neurons in a real biological system is continuous,

Hopfield proposed the continuous Hopfield network (CHN) in 1984 [100]. It

also consists of a set of N interconnected neurons which update their acti-

vation values synchronously or asynchronously. Compared with the original

two-state HN proposed by Hopfield himself in 1982 [94], CHN uses continu-

ous variables and predicts continuous responses.

In the framework of CHN, the change rate of neuron i is modeled by

dyi

dt
= Ci

NX

j=1

WijUj � �iyi + Ii, (2.16)

Uj = gj(yj), (2.17)

whereWij is an entry of the weight matrix of CHN representing the intercon-

nection weight coe�cient from neuron j to neuron i, and Ci is an amplifier
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on the synaptic connections. The external input Ii represents a combina-

tion of propagation delays. The activation function gj(yj) represents the

input-output relationship of a nonlinear amplifier with negligible response

time. The activation function is required to be a monotonically increasing

function to make the system stable [101], e.g. a sigmoid activation function

(Eq. 2.18).

gj(yj) = 1/(1 + e
�yj). (2.18)

The behavior of a CHN system can be described with an energy function

(Eq. 2.19) which is a Lyapunov function:

E = �1

2

NX

i=1

NX

j=1

WijUiUj +
NX

i=1

IiUi +
NX

i=1

�i

Z
Ui

0

g
�1
i
(u)du. (2.19)

2.4.3 Current progress

The rapid increase of single-cell transcriptomic data provides new oppor-

tunities for exploring landscape models using data-driven approaches. HN

o↵ers an attractive framework for quantitative modeling of stem cell fate

determination from single-cell data.

The discrete HN has been used to study the biological process of cell

development [11]–[13]. Maetschke and Ragan [11] constructed a discrete

HN with attractors denoting cancer subtypes. The energy of the network

was defined as potentials of the landscape. For the visualization of the

landscape, the first two components of PCA were selected as the X- and Y-

coordinates. A similar approach was developed to model the stem cell fate

transition processes [13]. It successfully explained partially reprogrammed

cells and identified potential TFs that can be used to induce reprogramming.

Taherian Fard used the same model to study the transition process in stem

cell development [12].

However, the landscape constructed by discrete HN cannot fully capture

the dynamics of a real biological system in which the values of elements
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(e.g., the expression values of genes) are continuous. In particular, the het-

erogeneity characteristic of single-cell sequencing data requires high reso-

lution of models. Thus we adopt the framework of CHN to construct the

Waddington’s epigenetic landscape as a valuable tool to guide future studies

and engineering of stem cell fates.

2.5 Summary

Experimental manipulations of cell fates provide the unpreceded opportu-

nities for scientists to contribute to human health care. For example, the

induction of pluripotent cells generates patient-specific disease models and

transplant resources.

However, the application of cell manipulation faces challenging problems.

First, the transitions between two cell states are only partially understood

due to the lack of knowledge of the underlying mechanisms. For example, the

discovery of the cocktails for stem cell reprogramming relies on experimental

selections without fully understanding the mechanisms [1]. Secondly, the

current studies and applications are hindered by the low transition e�ciency

and the low quality of products. Some researchers are trying to discover the

bottlenecks [16], and new cocktails are identified that could significantly

increase the conversion rate. Meanwhile, for further usage of the engineered

cells, rigorous evaluation of the quality is crucial.

To address these issues, computational modeling methods have been ap-

plied to discover molecular regulations in stem cells. In a mathematical

model of gene regulation, the update of a gene is determined by its inter-

actions in a network (e.g., GRNs, signaling pathways). The connections

between genes have been assigned specific regulatory functions according to

the knowledge of mechanisms or inferred from experimental data. The sys-

tem dynamics are visualized in the Waddington’s epigenetic landscape. The

changes of cell states which are determined by the dynamic regulations are

along the trajectories on the surface of the landscape. Both the knowledge-
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based methods and the data-driven approaches yield inspiring insights into

stem cell fate transitions. Subsequently, they can enhance our capability to

engineer cells, for example, the conversion from somatic cell types to iPSCs.

In the next chapter, a knowledge-based mathematical model is proposed

based on a hybrid network which integrates crucial regulatory factors in

ESCs, i.e., external signals, epigenetic modifiers and core transcriptional

network. A Waddington’s epigenetic landscape is constructed to study the

cell fate transitions in di↵erentiation and reprogramming. It captures the

roles of epigenetic factors as barriers to cell reprogramming.
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Knowledge-based mathematical

modelling

The transitions of cell fates, like embryonic stem cell di↵erentiation, as a re-

sult of the time evolution of cellular kinetics, are determined by the collective

dynamics of regulatory networks. However, the underlying mechanisms need

further elucidation. For example, it remains unclear how the ectopic expres-

sion of a few defined TFs can induce dynamic changes in gene expression

profiles that establish a pluripotent state during stem cell reprogramming.

In this chapter, a model of core gene regulatory network is proposed

to explore the dynamic characteristics of the stem cell reprogramming and

di↵erentiation processes, and especially the critical role of epigenetic modi-

fication in the reprogramming will be analyzed.

3.1 Construction of the dynamic model

3.1.1 Gene regulatory network

A core network with four nodes, i.e., Oct4, Sox2, MEs, and ECTs, has

been proposed in [18] to analyze the cell state transitions in reprogramming

experiments using lineage specifiers as substitutes for Oct4 and Sox2. In

this network, MEs represents a group of marker genes of the mesoderm
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lineage, while ECTs represents ectodermal genes. The 4-node transcriptional

network is extended to a hybrid network including three layers of regulations,

i.e., signaling, genetic and epigenetic regulations, which are considered to

determine the transitions of cell fates. The three categories of regulators are

briefly reviewed below.

The first category is the TFs, such as pluripotency factors, and lineage

specifiers. The pluripotency-associated genes are the primary regulators

that control the maintenance and self-renewal of ESCs. They often form

regulatory complexes to regulate a group of genes thereby weaving a regu-

latory network. For example, Sox2 binds to promoters cooperatively with

Oct4 at non-palindromic sequences to activate the transcription of crucial

pluripotency factors. It was also found that these ESC markers can promote

lineage commitment, e.g., Oct4 promotes the mesoderm lineage (ME) and

primitive endoderm di↵erentiation, and at the same time Oct4 suppresses

the ectoderm lineage (ECT) [102]. On the contrary, the lineage specifiers are

essential markers of specific lineages. In general, the lineage commitment is

the result of the mutual inhibitions between pluripotency factors and lineage

markers.

The second category is the epigenetic modifiers, which are enzymes and

considered to be critical in cell fate determination [103]. Six types of epige-

netic modifications including histone modification, DNA methylation etc.,

are considered in the network model. The chromatin states have a significant

impact on the interactions between TFs and DNA sequences. For example,

the binding of epigenetic activators to MLL complex can alter the epigenetic

states of pluripotency genes (such as Oct4, Sox2, and Nanog) from sup-

pressed states (e.g. DNA methylation and H3K27me3) to activated states

(e.g. histone acetylation and H3K4me3), which leads to the up-regulation

of these genes [104]. Meanwhile, the abundances and activities of these

epigenetic modifiers are also regulated by TFs, e.g., Oct4 [105].

The third category is the cell signaling pathways that coordinate the ac-

tivities of individual cells. For instance, Notch signaling pathway functions
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at all stages of development to regulate cell proliferation, survival, and dif-

ferentiation [106]. BMPs play an important role in the regulation of stem

cell pluripotency. It blocks ESC neural di↵erentiation and maintains ESC

pluripotency by forming a balance between growth factor (LIF and FGF)

signaling pathways [107]. ESCs remain undi↵erentiated in the presence of

the cytokine LIF. Specification and di↵erentiation of germ layer derivatives

in mouse embryos require signaling induction [108]. To study the influence

of signal transduction on cell fate determination, we integrated three cell

signals that govern Gata6, Sox1, and Oct4 respectively. Then we simulated

the cellular dynamics using the model with di↵erent strength of signals to

investigate the influence of signaling pathways on cell fate changes.

The final constructed circuit contains six epigenetic modifiers, two lineage

specifiers (Sox1, Gata6), five ESC-related genes (Klf4, Myc, Oct4, Nanog,

and Sox2), and three common genes (Gcnf, Pax6, Cdx2) in Figure 3.1. Five

additional nodes representing the amounts of the regulatory DNA sequences

are included as well. Klf4, Myc, Oct4, and Sox2 are also the Yamanaka

factors used in the iPSC reprogramming experiment. They control vari-

ous downstream target genes that are essential in ESCs. Lineage markers

including Gata6 and Sox1 are selected to represent lineage commitment.

Gata6, which is derived from lateral mesoderm, plays an important role in

the regulation of cellular di↵erentiation and organogenesis during vertebrate

development [109]. Sox1 is one of the earliest transcription factors to be

expressed in the ectodermal cells. They are the marker genes of mesoderm

and ectoderm lineages respectively. The interactions between them have

been verified by experimental observations, such as ChIP-chip or ChIP-Seq

experiments. There are 75 edges in this network, where 34 edges are acti-

vating and 41 are inhibitory.

3.1.2 Dynamic formulation

The time evolution of the concentrations of TFs includes two timescales: a

fast timescale if we assume rapid kinetics of protein-DNA binding, and a
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Figure 3.1: The 10-node transcriptional network with epigenetic modifiers
in mouse embryonic stem cells. Gata6 and Sox1 are lineage specifiers. Klf4,
Myc, Oct4, Nanog and Sox2 are pluripotency factors. Edges with flat heads
indicate inhibition, and edges with arrowheads represent activation.

slow timescale for the processes of transcription and protein degradation.

We assume that the binding-unbinding reactions are so fast that we can use

their equilibrium concentrations to compute the gene occupancy. A discrete

model and a continuous model are proposed below.

Boolean model

A Boolean model was constructed based on the network. The construction

and simulation were performed using the software “GINsim” [110]. Table

S4 lists the transition functions. Three external signals, Sig0, Sig1 and

Sig2, work on Gata6, Sox1 and Oct4 respectively driving the generation of

lineages.

The attractor system contains four stable states in Table 3.1 when the

external cues are muted, including stem cell state (S1), trophectoderm lin-

eage (S2), ectoderm lineage (S3) and mesoderm lineage (S4). After adding

signals to the network, e.g., Sig2 on Oct4, Sig0 on Gata6, ESC can maintain
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its status or di↵erentiate into di↵erent lineages.

Table 3.1: Steady states identified from synchronous updating simulation.

# Oct4 Sox2 Nanog Gcnf Cdx2 Pax6 Sox1 Gata6 Myc Klf4

S1 1 1 1 0 0 0 0 0 * *
S2 0 0 0 0 1 * 0 0 0 0
S3 0 0 0 0 0 * 1 0 0 0
S4 0 0 0 0 0 * 0 1 0 0
S5 0 0 0 0 0 * 0 0 0 0

Note: * indicates both 0 and 1

The state transition graph shows the di↵erences between the network

with and without epigenetic modifications in both di↵erentiation and re-

programming experiments. Only a proportion of ESCs in the start stage

is di↵erentiated into somatic cells under the control of epigenetic modifiers,

while the conversion rate is 100% in the network without epigenetic modifi-

cations. The same result is observed in the in silico simulation of Yamanaka’s

reprogramming experiment by raising the basic rates of synthesis of Oct4,

Sox2, Klf4, and Myc, and we also repeat the result in the seesaw reprogram-

ming experiment using Gata6, Sox1 as substitutes of Oct4 and Sox2 on this

discrete model with epigenetic modifiers.

Continuous model

In the continuous model, the change of the concentration of each gene’s

product was encoded in the form of ODEs. The expression level of a gene

can be regulated by the exogenous expression, transcription factor binding

to its DNA sequences, temporal epigenetic state, and self-degradation (Eq.

3.1).

d[Genei]

dt
= BasalGenei + EGenei ⇥ SGenei ⇥ SigGenei

⇥'(Gene1, Gene2...GeneN)�

K
�[Genei] +D · ✓(t),

(3.1)
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where [Genei] denotes the concentration of Genei. BasalGenei is the ex-

ogenous expression of Genei. EGenei is the maximum transcriptional rate

determined by the epigenetic state of Genei. SGenei is the state of Genei’s

DNA sequence. K� is the degradation rate, '(·) represents the cis-regulation

of Genei by other nodes, ✓(t) is the noise term, and D controls the strength

of noise. External signals are transmitted into the cells through phospho-

rylation, de-phosphorylation and protein binding. They are simplified as a

parameter SigGenei on the target genes.

For each target gene, '(·) consists of two parts, i.e., an active component

and an inhibitive component, denoting the regulations of activators and

inhibitors by Hill equations (Eq. 3.2).

'(·) =
maX

i=1

Gene
na
i

Gene
na
i

+ kna
a

+
mbX

i=1

k
ni
i

Gene
ni
i
+ k

ni
i

(3.2)

In the above equation, ma and mb denote the numbers of activators and

inhibitors respectively. ka and kb are activation constant and inhibition

constant. na and ni are Hill coe�cients.

Two modules each comprising three mutually exclusive elements consti-

tute the epigenetic network in Figure 3.1. The epigenetic modifiers control

the accessibility of target genes’ cis-regulatory elements and subsequently

regulate the expression of genes. The same formula is applied to encode the

change of the concentration.

3.1.3 Parameter estimation

The simulated annealing (SA) method was used to infer the parameters

(Algorithm 1). Since the model is intended to simulate the stem cell repro-

gramming, we assume that there are three specific steady states representing

the stem cell state (Attractor3), ectoderm lineage (Attractor1) and meso-

derm lineage (Attractor2) respectively. The attractors are represented by

expression values of marker genes. The cost function in Eq. 3.3 is defined to

capture the three groups of attractors representing ESC, mesoderm lineage
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and ectoderm lineage with their marker genes highly expressed.

In our model, we define Attractor3 as distinct cell states with highly

expressed Oct4, Sox2 and down-regulated Sox1 and Gata6. Oct4, Sox2 are

inhibited in both Attractor1 and Attractor2. In Attractor1, Sox1 is down-

regulated but Gata6 is activated. Attractor2 is another lineage with Sox1 up-

regulated and Gata6 inhibited. Considering the computational tractability

and our previous experience, we calculated N = 50 trajectories with random

initial states in each update of parameters, and then checked how many of the

final states have converged to the predefined three types of attractor states.

Ideally, all time-series will be stable and converge to the three attractors

which constitute three parts of the cost function.

cost = |N/3�#ofAttractor1|+ |N/3�#ofAttractor2|

+ |N/3�#ofAttractor3|+ (N �#ofAttractor1 �#ofAttractor2�

#ofAttractor3) + |3�#ofattractors|

(3.3)

The full list of the ODEs and inferred parameters of the above continuous

model can be found in Appendix (Eq. S6.2, Table S6).

3.2 Construction of the landscape

3.2.1 The probabilistic landscape

After the knowledge-based dynamical model is constructed, the next step of

modeling is to quantify and visualize the Waddington’s epigenetic landscape

for stem cell fate transitions. The quasi-potential function of the probabilis-

tic landscape is based on the probability density function of steady states

[66]. The self-consistent mean field approximation method [65] described in

Section 2.2, Chapter 2 can be used to find the numerical solution of FPE.

Under the assumption that gene concentration is independent and follows
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Algorithm 1 The pseudocode of the Simulated Annealing algorithm for
parameter estimation
INPUT: iterationsmax,temperaturemax

OUTPUT: Param = [a, b, ka, ki, na, ni, a1, b1, ki1, ka1, na1, ni1]
Initialization: Paramcurrentissettorandomvalues

Iteration:
1: for i = 1 to iterationsmax do
2: Paramnew = createNewSolution(Paramcurrent);
3: temperaturecurrent = calculateTemperature(i, temperaturemax)
4: if cost(Paramnew) <= cost(Paramcurrent) then
5: Paramcurrent = Paramnew

6: else
7: if exp[(cost(Paramcurrent)�cost(Paramnew))/temperaturecurrent] >

random() then
8: Paramcurrent = Paramnew

9: end if
10: end if
11: end for
12: return Paramcurrent

Gaussian distribution, two di↵erential equations for mean µi and standard

deviation �i of each gene, were constructed according to [65]. Based on these

equations, multiple trajectories were generated to get the steady solutions.

The initial states were chosen as quasi-random points produced from the

Sobol sequence which is a base-2 digital sequence that fills space in a highly

uniform manner. P (x) is calculated as the product of P (xi) for gene xi.

3.2.2 Visualization of multi-dimensional landscape

Waddington’s epigenetic landscape is visualized as a 3D plot with the z-axis

representing quasi-potential, while the XY-plane represents the expression

space. Usually, the other two coordinates are the expression values of two

marker genes selected from the gene regulatory network. Figure 3.2 shows

the landscape of the network in Figure 3.1 with expression values of Sox1 and

Gata6 as x-axis and y-axis. Three attractors can be found representing stem

cell state (low expression of both lineage markers), ectoderm (up-regulation

of Sox1) and mesoderm (up-regulation of Gata6) respectively.

However, in most of the cases, the expression space of two genes are not
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Figure 3.2: The probabilistic landscape of the constructed gene network.

enough to cover the whole system dynamics when more than two genes are

involved. Thus a suitable dimensionality reduction method is required to

project a high-dimensional space to a 2D space.

Dimensionality reduction

Linear projections have traditionally been preferred for the ease of comput-

ing. Principal component analysis (PCA) is one of the most widely used

methods. It uses an orthogonal transformation to convert a set of observa-

tions of possibly correlated variables into a set of values of linearly uncor-

related variables called principal components. Kernel principal component

analysis (kernel PCA) is an extension of PCA using a kernel to map the

originally non-linear space to a linear mapping. Locally linear embedding

(LLE) seeks an embedded space for which locally linear relationships are pre-

served. Isomap computes an approximation to the geodesic distance through

constructing a neighborhood graph. Semidefinite embedding maximises the

variance in the latent space with a constraint that local distances should

be preserved. These methods focus on preserving local distances but not

long distances. This might cause the overlap of mapping in the resulting

embedding. When there exists noise in the system, it might lead to failure
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to capture the underlying manifold structure [111].

In conclusion, the projection of high-dimension data to a latent space

requires the solutions of two problems. One is how to reduce the dimension-

ality while preserving the distances and similarities between data points.

The other is how to map data from the latent space back to the original

space.

Gaussian process dynamical model (GPDM) is a probabilistic approach

to modeling high-dimensional time-series data in a low-dimensional latent

space with a dynamical model [112]. It has been used for nonlinear time-

series analysis, with applications in learning models of human pose and mo-

tion from high-dimensional motion capture data [113], [114]. In the GPDM

framework, the original data consisting of N points, Y = [y1...yN ], with D

dimensions are recovered from the latent space with the corresponding two-

dimensional data X = [x1...xN ]. The relationship between the latent space

data x and the high-dimensional data y with Gaussian noise would be

yi = Wxi + �i, (3.4)

where W 2 R
D⇤2 which has a prior as a spherical Gaussian distribution with

zero mean and �i 2 R
D⇤1 sampled from a spherical Gaussian distribution

with 0 mean and �
�1
I covariance. Thus the likelihood of all data points is

p(Y |X, �) =
DY

d=1

p(y.d|X, �) =
DY

d=1

N(y.d|0, K) (3.5)

where the kernel matrix is K = XX
T + �

�1
I. The mapping between the

latent space and observational space is achieved through maximizing the

marginal likelihood in Eq. 3.5. Complex kernels could be applied, e.g.

linear + RBF [113], to guarantee the smoothness and nonlinearity of the

output function. Normally the data are independent in the analysis, while

the time-series data have dynamic connections between consecutive points

which are not considered in Eq. 3.5. GPDM can model time-series data

using a dynamic model initialized by PCA and trained using scaled conjugate
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gradient (SCG).

In addition, to make the points that are close in the original data space

also close in the latent space, a back constraint is added to force the latent

points to be a smooth function of the observational data points [111]. The

latent points are composed by a function of input points.

Visualization of the landscape

A complex kernel of RBF, with linear and white noise, was selected to learn

the latent coordinates. The back constraints made use of a multi-layer per-

ceptron with ten hidden units. To generate a smooth surface in the latent

space, new points were interpolated in the latent space and mapped back

to the original space to obtain their quasi-potentials using the projection

model learned from the simulated data.

The constructed landscape is shown in Figure 3.3. It shows a similar

distribution of attractors as in Figure 3.2, i.e. one stem cell state, and two

di↵erentiated cell states.

Figure 3.3: The projection of a multi-dimensional data space to a 2-
dimenional latent space using GPDM. The colour represents the level of
quasi-potential U .
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3.3 Epigenetic barriers in cell fate alterations

We performed the in silico reprogramming experiment using the determin-

istic models, one with epigenetic modifiers and the other without epigenetic

modifiers, with the initial state selected as a di↵erentiated state when Gata6

has highly expressed and pluripotency factors, as well as other lineage mark-

ers, are down-regulated. The di�culties of cell state transitions were evalu-

ated by the energy barriers between attractors in the landscapes with and

without epigenetic modification.

Gillespie stochastic algorithm, an algorithm for simulating the kinetics

of a set of coupled chemical reactions, is employed to solve the stochastic

model. In Gillespie’s approach, the chemical reaction kinetics are modeled

as a Markov process in which reactions occur at specific instants of time

defining intervals that are Poisson-distributed, with a mean reaction time

interval that is recomputed after each chemical reaction occurs. For each

chemical reaction interval, a specific chemical reaction occurs, randomly

selected from the set of all possible reactions with a weight given by the

individual reaction rates.

After the replenishment of the four pluripotency factors (Oct4, Sox2,

Klf4, and cMyc), the conversion rate from somatic cells to iPSCs is calcu-

lated from the two models. The landscape structures with three attractors

compared to one attractor indicate the barrier role of epigenetic during the

reprogramming events (Figure 3.4). In the model without epigenetic factors,

only one attractor representing the stem cell state was revealed after the re-

programming treatment (Figure 3.4 (a)) indicating a 100% conversion rate.

On the contrary, the epigenetic modification made all three types of attrac-

tors preserved (Figure 3.4 (b)) reaching a rate of near 0.6% in the full model

with epigenetic modifications. The di↵erent topologies of the landscapes

verified the e↵ects of epigenetic barrier to iPSC reprogramming which have

been previously validated in Jacob Hanna’s reprogramming experiments [15].

In Jacob’s experiment, Mbd3 was found to be a major epigenetic barrier
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(a) (b)

Figure 3.4: Visualization of Waddington’s epigenetic landscape. (a) Model
without epigenetic modifiers. (b) Model with epigenetic modifiers. The dark
areas indicate cell states with low potentials, and the light regions have high
potential values.

to the iPSC reprogramming using the Yamanaka’s reprogramming factors

that the repression of Mbd3 expression can improve the conversion rate to

nearly 100%. We simulated the Mbd3 depletion in our proposed model and

predicted the reprogramming rates. The simulation result is 100% in our

model which is consistent with the experimental observations.

3.4 Summary

The mathematical model constructed in this chapter provides an example

of knowledge-based modeling to study the mechanisms of stem cell repro-

gramming and di↵erentiation. It integrates multiple regulatory factors and

can be used to generate testable hypotheses for future research.

The probabilistic landscape of the mathematical model of the constructed

gene network is composed of three stable states theoretically representing the

stem cells, mesendodermal cells and ectodermal cells according to the gene

expression levels of lineage marker genes. We successfully simulated the

reprogramming process under experimental conditions, e.g., the overexpres-

sion of Oct4, Sox2, Klf4, and cMyc, and the predicted low conversion rate is

consistent with published wet-lab experiments. By comparing the landscape

structures of models with and without epigenetic modifiers, it recapitulates
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the role of epigenetic modification as barriers to state transition during the

process of reprogramming from somatic cells to iPSCs.

With quantitative modeling of Waddington’s epigenetic landscape, the

systems dynamics of transcriptional regulation driving cellular phenotypic

changes can be more easily analyzed and predicted. Therefore, the modeling

and visualization of Waddington’s landscape can facilitate the studies of

cell fate conversion and help design innovations in cell fate engineering and

regenerative medicine.
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NetLand: quantitative

modeling and visualization of

Waddington’s epigenetic

landscape using probabilistic

potential

Waddington’s epigenetic landscape is a powerful metaphor for cellular dy-

namics driven by regulatory networks. Its quantitative modeling and vi-

sualization, however, remain a challenge, especially when there are more

than two genes in the network. A software tool for Waddington’s epigenetic

landscape has not been available in the literature.

In this chapter, a software tool named NetLand for quantitative modeling

and visualization of Waddington’s epigenetic landscape using probabilistic

potential has been introduced. With an interactive and graphical user in-

terface, NetLand can facilitate the knowledge discovery and experimental

design in the study of cell fate regulation (e.g., stem cell di↵erentiation and

reprogramming) (Figure 4.1).
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Figure 4.1: A case study of a multi-attractor system by NetLand. Screenshot
of NetLand on a 4-node network for mouse stem cell reprogramming. The
4-gene regulatory network (a) for mouse stem cell reprogramming [18] has
three attractors shown in (d). Based on the mathematical model, time-
series data of reprogramming experiment are simulated (b), and the network
dynamics is visualized in Waddington’s epigenetic landscape (c).

4.1 Overview of NetLand

Practical applications of current modeling methods need address several

limitations. First, there is a lack of user-friendly software tools to calculate

and visualize the landscape. Secondly, it is still di�cult to visualize the 3-

dimensional landscape for a regulatory network with more than two genes.

Although a 52-gene regulatory network has been recently used to plot a

potential landscape [65], their method either selects only two marker genes

for the coordinates of the state space or requires the system to have just two

attractors.

For the theoretical models of GRN and landscape to be widely used,

we need user-friendly software to automate the steps of model construction,

dynamic simulation, and visualization of the Waddington’s epigenetic land-

scape, etc., so that users without experience in computational modeling can

also benefit from these models.

To address these issues, we have developed a software tool called “Net-

Land” which is intended for modeling, simulation, and visualization of GRNs

and their corresponding quasi-potential landscapes. It provides a user-
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friendly interface to facilitate model construction, dynamical simulation and

landscape plotting without restriction on the number of genes in a GRN

(Figure 4.2). Hopefully, NetLand can help make the quantitative models

of Waddington’s epigenetic landscape widely used by researchers of diverse

backgrounds.

There are mainly five functional modules, i.e., the input module, the

mathematical modeling module, the modification module, the simulation

module and the landscape module. Users can import models of GRNs from

a file in formats such as TSV, SBML, etc., and manually edit the network

structure. Then, NetLand will automatically encode di↵erential equations

for modeling the kinetics of transcriptional regulations. Users can also mod-

ify model equations and parameters, e.g. adding external inputs as signals

to the equations. As such, a computational model is constructed and can

be used to simulate the dynamics of the input networks and generate the

Waddington’s epigenetic landscape.

Figure 4.2: An overview of the functional modules in NetLand. There are
mainly five functional modules, namely the input module, the mathematical
modeling module, the modification module, the simulation module and the
landscape module. It takes networks as input, and generates dynamic models
for timeseries simulation and landscape construction.

To display the 3D landscape for a network of more than two genes, Net-

Land allows users to either project the landscape to a state space of two

chosen marker genes or project to a latent space using a dimensionality re-
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duction method called the Gaussian process dynamical model [112], [113].

Based on a nonlinear latent variable model, GPDM can take into account

the dynamics of time-series gene expression data and is capable of projec-

tion in both directions between the low-dimensional latent space and the

high-dimensional observation space.

Therefore, NetLand can provide a global picture of cellular dynamics for

a user-specified GRN. Although we designed the NetLand software initially

for modeling stem cell fate transitions, it can also be used to study other

cellular phenotypes, such as cancer cell death, cellular aging, etc.

The software NetLand can be downloaded from link:NetLand.

4.2 Dynamic model construction and simu-

lation

In this section, we introduce the automatic modeling process in NetLand, as

well as the three types of simulators integrated for model simulations. Net-

Land also provides interfaces for the modification of a network structure and

elements of a dynamic model. A brief introduction to the model operations

is also included.

4.2.1 Constructing a dynamic model

Loading a model

NetLand is capable of loading network structure files (in formats of TSV,

GML, or DOT) or computational models in the systems biology markup

language (SBML), e.g. models extracted from the BioModels database [115].

A network is often represented as a graph having a set of vertices and

edges. The nodes correspond typically to genes, mRNAs, proteins, com-

plexes, etc., while the edges represent interactions, regulation, co-expression,

co-location, etc.. Network structure files, such as TSV, are formats for stor-

ing the topology of a network. The dynamic model is automatically gener-

49



Chapter 4

ated using the formulation rules introduced in the next section.

Computational models of biological processes are stored in representation

formats, such as SBML based on XML. It has been applied for the represen-

tation of many di↵erent classes of biological phenomena, including metabolic

networks, cell signaling pathways, regulatory networks, etc.. NetLand can

process SBML files that describe transcriptional regulations.

Formulation

A computational model of a biological network typically contains three key

components, i.e., molecular species (nodes), biochemical reactions (edges),

and parameters. The molecular species are the products of genes, function-

ing as reactants or modifiers in a reaction. Biochemical reactions describe

the regulatory interactions between species. Parameters control the kinetics

of the reactions, such as the production and degradation rates.

In NetLand, the transcriptional regulation is formulated in ODEs or

SDEs. The algebraic equations depict the instantaneous changes of molecu-

lar concentrations over time in the form of Hill equations (Eq. 4.1).

d[Gene1]

dt
= K

+
'(Gene1, Gene2...GeneN)�K

�[Gene1] +D · ✓(t), (4.1)

where [Gene1] denotes the concentration of the products of a gene named

“Gene1”. K
+ is the maximum transcriptional rate of ”Gene1”, and K

� is

the degradation rate. '(·) represents the cis-regulation of Gene1 by other

genes, ✓(t) is the noise term, and D controls the strength of noise. For each

target gene, '(·) consists of two parts, i.e., an active component and an

inhibitive component, denoting the regulations of activators and inhibitors

by Hill equations (Eq. 4.2).
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'(Gene1, Gene2...GeneN) = BasalExpressionGene1

+
maX

i=1

(BasalExpressionmai + ai ⇤
Genei

na

Geneina + ka
na
) (4.2)

+
mbX

i=1

(BasalExpressionmbi
+ bi ⇤

kb
nb

Geneinb + kb
nb
)

In the above equation, ma and mi denote the numbers of activators and in-

hibitors respectively. Two coe�cients, ai and bi, represent the strength of ac-

tivators and inhibitors to their target. ka and kb are activation constant and

inhibition constant. na and nb are Hill coe�cients. BasalExpressionGene1 is

the basic expression value of Gene1 besides the regulation from other genes

in the network, while the two parameters, i.e., BasalExpressionmai and

BasalExpressionmbi
, denote the basic values of the regulation of a specific

regulator. The default values of the above parameters are defined in Table

4.1.

Table 4.1: The default values of parameters in Eq. 4.1 and 4.2.

Parameter Default value

K
+ 1

K
� 1

D 0.05
BasalExpressionGenei 0
BasalExpressionmai 0
BasalExpressionmbi

0
ai 1
bi 1
na 4
nb 4
ka 0.5
kb 0.5

This formulation may not apply to some other types of biochemical reac-

tion networks, e.g., signaling systems, metabolic networks. For the analysis

of those networks or models other than GRNs, an existing model in SBML

format (e.g., extracted from BioModels database or saved from previous
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model editing tools such as CellDesigner [116]) is preferred, and then the

model can be edited in NetLand which will be elaborated in the following

section.

Model operation

NetLand provides flexible control to load and modify a network model. In

this section, we describe how to use NetLand to modify the network model,

e.g., deleting nodes, adding new nodes or edges, editing parameters and

reactions. Using the user-friendly interactive interfaces, users can easily

modify the network structure and the kinetic model.

By modifying the structure of a network, users can simulate biological ex-

periments. For example, a node in a gene regulatory network can be blocked

(i.e., inhibited or suppressed) to reproduce the gene knockout experiment.

In addition to blocking genes, users can also add genes and edges to build

new nodes and regulatory interactions. Once a new gene is inserted, users

will be asked to verify a set of parameters including the initial value, degra-

dation rate, etc. The kinetics of the new regulatory relations (associated

with the edges) will be encoded with Hill equations (Eq. 4.2) and auto-

matically added to the target genes’ original formulas. Besides the network

structure, the elements of the dynamic model including the initial values of

the variables for genes’ activities (e.g., expression levels), the reactions of

genes and parameters, can be directly modified to encode the interactions

in a more flexible way.

4.2.2 Running a simulation

Three simulators are implemented in NetLand based on numerical algo-

rithms of di↵erential equations. In this section, we will introduce how to use

NetLand to perform dynamical simulation using di↵erent simulators.

Di↵erent simulators are integrated to solve di↵erent types of models. The

Runga-Kutta method using finite di↵erence methods is implemented for the

approximate solution of a deterministic model with a set of ODEs. The
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stochastic model described as Langevin equations (SDEs) [61] is numerically

solved using the Euler-Maruyama method [117]. The above two methods

are suitable for models with high molecular concentrations. When the copy

numbers of molecules are small, leading to significant stochastic e↵ects, users

can choose Gillespie algorithm [118].

ODE solver

A deterministic simulator, i.e., the 5(4) Dormand-Prince (RKDP) integrator

[119], implemented in the package of org.apache.commons.math3.ode which

provides classes to solve non-sti↵ ordinary di↵erential equations problems

is used to solve ODEs. The method belongs to the Runge–Kutta family

of ODE solvers that it calculates fourth- and fifth-order accurate solutions.

The same algorithm has been used in Matlab command ODE45.

In NetLand, the minimum step size is set 0.01. The maximal step size is

set 1,000. The allowed absolute and relative scalar errors are both 0.000001.

SDE solver

SDEs are used to model many situations including population dynamics,

protein kinetics, turbulence, finance, and engineering [64]. Knowing the

solution of the SDE in question leads to an interesting analysis of the tra-

jectories. Most SDE are unsolvable analytically, and other methods must

be used to analyze properties of the stochastic process. From the SDE, a

partial di↵erential equation can be derived to give information on the prob-

ability transition function of the stochastic process. Knowing the transition

function provides information on the equilibrium distribution (if one exists),

and convergence to the equilibrium distribution.

In the stochastic model, the changes of species’ concentrations are de-

scribed by Langevin equations which are SDEs in Itô scheme (Eq. 4.3).

dxt

dt
= f(xt) + g(xt)

dWt

dt
(4.3)
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where Wt is the Wiener process, as used in the stochastic integral, is char-

acterized by its first two moments, E[Wt � Ws] = 0 for all t, s � 0 and

E[(Wt �Ws)2] = (t � s). For the assumption that g(xt) is constant means

that there is no feedback in the noise to the system. To simplify the calcu-

lation, we assume g(xt) is constant.

They are numerically solved by the Euler-Maruyama method imple-

mented in the package “libSDE” [120]. In Itô calculus, the Euler–Maruyama

method is a method for the approximate numerical solution of an SDE. It is

a straightforward generalization of the Euler method for ordinary di↵erential

equations to stochastic di↵erential equations.

Stochastic simulation algorithm (SSA)

The Gillespie stochastic algorithm is used to simulate the stochastic pro-

cesses which are an algorithm for modeling the kinetics of a set of coupled

chemical reactions, taking into account stochastic e↵ects from low copy num-

bers of the chemical species.

In Gillespie’s approach, the chemical reaction kinetics are modeled as a

Markov process in which reactions occur at specific instants of time defining

intervals that are Poisson-distributed, with a mean reaction time interval

that is recomputed after each chemical reaction occurs. For each chemi-

cal reaction interval, a specific chemical reaction occurs, randomly selected

from the set of all possible reactions with a weight given by the individual

reaction rates. NetLand integrates the Java implementation of the Gillespie

algorithm in Dizzy [121].

The steps to run the Gillespie algorithm is as follows:

Step 1 Set the number of molecules and reactions constants in the system.

Step 2 Generate random numbers to determine the next reaction to occur as

well as the time interval. The probability of a given reaction to be

chosen is proportional to the number of substrate molecules.

Step 3 Update the time and the number of molecules according to Step 2.
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Step 4 Go back to Step 2. Stop the simulation when the number of reactants

is zero or the simulation time has been exceeded.

4.3 Waddington’s epigenetic landscape con-

struction

How to construct a probabilistic landscape from the dynamic model is dis-

cussed in this section. More importantly, the visualization of a landscape

generated from high-dimensional gene expression data is crucial in its appli-

cation. The implementation of a dimensionality reduction method is intro-

duced.

4.3.1 Constructing a probabilistic landscape

NetLand provides a probabilistic implementation of Waddington’s epigenetic

landscape based on the assumption that the probability of a gene expres-

sion state determines the cellular stability [65], [66]. The quasi-potential

(altitude) of the landscape is defined as

U = �log(p), (4.4)

@p(X, t)

@t
=

NX

i=1

�@(f(X)p(X, t))

@Xi

�
NX

i=1

NX

j=1

@(g(X)p(X, t))

@XiXj

. (4.5)

Eq. 4.5 is the Fokker–Planck equation which is a partial di↵erential equation

that describes the time evolution of the probability density function of the

velocity of a particle under the influence of drag forces and random forces,

as in Brownian motion. It is used here to describe the probability of a gene

expression state X to calculate its quasi-potential U .

NetLand adopted the self-consistent mean field approximation (SCMF)

method in [65], [66] to solve the Fokker-Planck equation. The probability of

individual genes is assumed independent and follows a Gaussian distribution,
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and the probability of a cell state is the products of individual ones. For

the multi-dimensional system, there may be several probability distributions

localized at every attractor, but with di↵erent variations. Therefore, the

total probability is the weighted sum of all these probability distributions.

The weighting factors are the size of the basin, representing the relative size

of the di↵erent basin of attraction. Once we have the total probability, we

can construct the potential landscape.

4.3.2 Visualizing a probabilistic landscape

To visualize the landscape of a network with more than two genes, NetLand

provides two options. The first option is to select two marker genes whose

expression levels will be set as the x-axis and y-axis in the landscape (Fig-

ure 4.3(a)). However, the two marker genes may not represent the global

dynamics in many cases.

To avoid the loss of information, NetLand o↵ers the second option.

A probabilistic dimensionality reduction method, GPDM is employed to

project high dimensional gene expression time-series data to a low dimen-

sional latent space with a dynamical model [112], [113], [122]. GPDM is

a latent variable model for nonlinear time series analysis. It has been ap-

plied to learning models of human pose and motion from high-dimensional

motion capture data. It comprises a low dimensional latent space with as-

sociated dynamics, as well as a map from the latent space to an observation

space. In this case, the x-axis and y-axis are two constructed components

(Figure 4.3(b)). For both options, the z-axis is the quasi-potential U . This

method uses all genes to provide a global view of the network dynamics and

thereby making the landscape plot more comprehensive.

4.3.3 Result rendering

NetLand provides an interactive interface for the visualization and analysis

of Waddington’s epigenetic landscape. The output of NetLand contains
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(a)

(b)

Figure 4.3: The two visualization methods of the landscape in NetLand (a)
by selecting two marker genes and (b) by mapping to a 2D latent space.

three sections, i.e., the plotted landscape, four function buttons and a data

grid. Figure 4.4 shows an example of the constructed probabilistic landscape.

The quasi-potential value and coordinates of a point in the landscape can

be extracted by double click the cells in the data grid. Users can also plot

the contour map or draw a mesh of points in the landscape using the control

buttons. The attractors can be retrieved by the “Show attractors” function.

4.4 Case studies

In this section, we provide a list of case studies to illustrate the application of

NetLand in the area of stem cell di↵erentiation and reprogramming and can-

cer development. These case studies show how our software has successfully

analyzed and visualized the systems, and inspire researchers to find ideas in
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(a)

(b)

(c)

Figure 4.4: The three components in the output of NetLand. (a) The con-
structed landscape mapping to two marker genes (left) and mapping to a
2D latent space (right). (b) Control buttons. (c) The table of the grid data
in the landscape colored according to the value of quasi-potentials.

the study of network kinetics using Waddington’s epigenetic landscape.

4.4.1 A classic two-gene network regulating cell fate

A cell as a dynamical system is intuitively governed by genetic interaction

networks that regulate cell fate. A simple circuit of two genes a and b that

inhibit each other, forming a double-negative feedback loop structure works

as a toggle switch with two stable steady states: one state with high b

and low a expression, and the other state with high a and low b expression

[7]. Such ”bistable” switches formed by mutual antagonism of a pair of

critical regulatory genes underlie many binary cell fate choices. When adding

positive auto-regulations to the network, a new attractor appears with high
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expressions of both nodes. The circuit can be described as a two-variable

dynamical system, with the rate of change in expression of each of the two

genes given as a function of their expression levels:

da

dt
= maxa ⇤ (BasalExpressiona + (4.6)

(BasalExpressiona0 + Ia0 ⇤
(a/Ka0)

Na0

1 + (a/Ka0)
Na0

) +

(BasalExpressiona1 + Ia1 ⇤ (
1

1 + (b/Ka1)
Na1

)))� dega ⇤ a

db

dt
= maxb ⇤ (BasalExpressionb + (4.7)

(BasalExpressionb0 + Ib0 ⇤
(b/Kb0)

Nb0

1 + (b/Kb0)
Nb0

) +

(BasalExpressionb1 + Ib1 ⇤ (
1

1 + (a/Kb1)
Nb1

)))� degb ⇤ b

Here we used NetLand to construct the landscape of this model (Fig-

ure 4.5(a)). The probabilistic landscapes mapping to two marker genes and

a 2D latent space are shown in Figure 4.5(b-c). The system has three at-

tractors listed in Figure 4.5(d). Then we removed the self-loops from the

network by editing the reactions (Figure S1). After altering the structure

of the deterministic network, instead of three attractors, only two attractors

were identified (Figure S2).

NetLand creates a quantitative map of Waddington’s epigenetic land-

scape for the underlying cell fate choice. It provides mechanistic insights into

the ”forces” that direct cellular di↵erentiation in the context of physiological

development, as well as during artificially induced cell lineage reprogram-

ming. Rigorous quantification of the gene regulatory circuits that govern

cell lineage choice and subsequent mapping of the epigenetic landscape can

potentially help identify optimal routes of cell fate reprogramming.
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(a)

(b) (c)

(d)

Figure 4.5: (a) A two-gene network with mutual inhibitions and self-loops.
The probabilistic landscapes of the two-gene network when (b) mapping to
two marker genes and (c) a 2D latent space. (d) The three attractors.

4.4.2 Studies on stem cell state transitions

The seesaw model

To study the stem cell di↵erentiation and reprogramming process, a com-

putational model, named ‘seesaw model’ with four nodes (Figure 4.6) was

constructed in [18]. The pluripotency module consists of self-activations of

Oct4 and Sox2. Mutual antagonism between the ME and ECT lineages are
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the components of the di↵erentiation module. The seesaw model focuses

on reprogramming using lineage specifiers as substitutions of Yamanaka’s

pluripotency factors. In agreement with the two-gene model introduced

above, mutually exclusive lineage specifiers facilitate reprogramming to reach

the pluripotency state when the forces are balanced otherwise drive the cell

to a di↵erentiated fate.

Figure 4.6: The topology structure of the seesaw model with 4 genes and 16
interactions.

To understand the implications of the reprogramming landscape, Net-

Land was applied to simulate and analyze the model. The regulatory inter-

actions between genes were extracted into a TSV file. After loading it to

NetLand, the di↵erential equations including the parameters were modified

accordingly. Figure 4.7 shows the Waddington’s epigenetic landscape con-

structed by NetLand. Three attractors are identified representing the stem

cell state and two lineages respectively.

Then a parameter sensitivity analysis was performed to test the system

dynamics. We set the parameter KM to 0, which is the concentration of

Klf4 and cMyc, then the cells cannot maintain their pluripotency and start

to di↵erentiate. NetLand detected three attractors in this system including

two states representing ME (#1) and ECT (#3) states respectively and a

rare state (#2) (Figure 4.8(b)).
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(a) (b)

(c)

Figure 4.7: The probabilistic landscapes of the seesaw model when (a) map-
ping to two nodes, MEs and ECTs and (b) the 2D latent space using GPDM.
(c) The table of attractors.

To simulate the stem cell reprogramming experiment with two strate-

gies, i.e., using Yamanaka’s factors and using lineage specifiers, we set the

parameter KM to 0.4. Balanced equilibrium of the lineage-specifying forces

facilitates the induction of pluripotency. At the dynamically stable point,

the pluripotency module could be activated, wherein the ME and ECT lin-

eage fates are blocked by Sox2 and Oct4, respectively, and the pluripotency

state is maintained.

Cocktail 1: Using Yamanaka’s pluripotency factors

With the replenishment of Yamanaka’s pluripotency factors (Oct4, Sox2,

Klf4, cMyc), the somatic cells will be reprogrammed into iPSCs (similar
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(a) (b)

Figure 4.8: (a) The probabilistic landscapes of the modified network when
mapping to MEs and ECTs. (b) The table of attractors.

to stem cells) [1]. We tried to repeat the reprogramming experiment using

NetLand following the steps below:

Step1. Set the initial state as ME state.

Step2. Increase the base production rate of Sox2 and Oct4.

Step3. Simulate ten trajectories using the Gillespie algorithm.

Step4. Calculate attractors from the simulated data. It shows that all

ME cells turned into stem cell state with Oct4 and Sox2 highly expressed

(Figure S3).

Cocktail 2: Using lineage specifiers

The somatic cells can be reprogrammed into iPSCs (similar to stem cells)

using lineage specifiers [18]. In this reprogramming experiment, the lineage

specifiers, MEs, and ECTs worked as the substitutions of Oct4 and Sox2.

Then we followed the steps stated in the above experiment. We got quali-

tatively similar result that all ME cells are reprogrammed into stem cells in

which Oct4 and Sox2 are highly expressed.

A dynamic model from BioModels

A dynamical model of lineage determination based upon a minimal circuit

which contains the Oct4/Sox2/Nanog core network as well as other vital

63



Chapter 4

genes are discussed in [75] (BIOMD0000000209.xml from BioModels). A

self-organized core network of embryonic stem cells, consisting of Oct4, Sox2,

and Nanog, maintains pluripotency and self-renewal functioning as a bistable

switch. The mutual antagonistic interaction pairs Cdx2-Oct4 and Gata6-

Nanog give rise to the endoderm lineage.

Assembling the entire network shown in Figure S4(a), we obtain equa-

tions for the gene concentrations. We probe this system about system dy-

namics using NetLand. The probabilistic landscapes mapping to two marker

genes and a 2D latent space are shown in Figure S4(b)-(c). The system has

two attractors listed in Figure S4(d) representing endoderm and stem cell

fates. In particular, we studied the transitions of gene expression profiles

as functions of the Oct4 concentration under the induction of an external

factor SignalA.

For low values of SignalA, the external signal activating Oct4, the stem

cell is switched o↵, and Cdx2 reach high levels (Figure 4.9(a)). For SignalA

within an intermediate range, the core triplet genes in stem cells, i.e., Oct4,

Sox2, and Nanog, switch on. This region is bistable (Figure 4.9(b)-(c))

that either Gata6 and Cdx2 are at higher levels, or the system reaches the

stem cell state. For yet higher values of SignalA, Oct4 is highly activated

to induce Gata6 and simultaneously suppress Cdx2. At the same time,

Nanog is shut down by the over-expression of Gata6, in turn, weakening the

positive feedback to Oct4 and Sox2, which is therefore unable to maintain

Sox2. Ultimately only Oct4, Gata6 and Gcnf are on (Figure 4.9(d)).

Therefore, the dynamics of the network consisting of the master TFs in

stem cells and lineages suggests three stable attractors, corresponding to the

three lineages. The external factors determine which state the system will

stabilize.

4.4.3 Cancer development

Cancer presents a serious threat to human health regulated by the underlying

gene networks. The understanding of the emergence of cancer states as
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(a)

(b) (c)

(d)

Figure 4.9: Time series concentrations in terms of the concentration levels
of SignalA indicating the final steady state values. (a) SignalA = 1, the
trophectoderm is the only possible state of the system. (b-c) SignalA = 10,
the bistable system gives either the embryonic or di↵erentiated stem cell
(endoderm) lineage. (d) SignalA = 25, the endoderm lineage is the only
possible state.

well as the transformation remains challenging in current cancer biology. A

simplified gene regulatory network of cancer and development including 6

genes and 16 edges is constructed in [123] (Figure 4.10).
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Figure 4.10: The topology structure of the cancer model.

The core network contains two classes of major maker genes: two cancer

marker genes (MDM2 and P53) and two stem cell markers (ZEB and OCT4).

The interactions within the network determine the stable states of the sys-

tem. From the topology of the network, there are some mutual inhibitions

between pairs of genes with diverse functions, such as miR-200 and Zeb,

miR-145 and Zeb, and miR-145 and Oct4. P53, the primary tumor repres-

sor, represses Zeb and Oct4 through two miRNAs, miR-200 and miR-145,

whereas the activation of Zeb promotes the epithelial-mesenchymal transi-

tion (EMT), which gives rise to the formation of cancer stem cells (CSCs).

In addition, its expression is also under the control of oncogene Mdm2.

We used NetLand to develop a potential global landscape to quantify

cancer and associated processes. Stem cell, CSC, cancer, and normal cell

types emerge as basins of attraction on the associated landscape mapping

to P53 and Zeb (Figure 4.11(a)). However, when the landscape is mapped

to a 2D latent space, a complete depiction of the system dynamics in high-

dimensional spaces is visualized (Figure 4.11(b)). Additional attractors are

identified representing di↵erent types of intermediate cells (Figure 4.11(c)).

This landscape provides a quantitative way to understand the underlying

mechanisms of CSC formation and interplay between cancer and develop-

ment.
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(a) (b)

(c)

Figure 4.11: The probabilistic landscapes of the network when (a) mapping
to two marker genes (P53 and Zeb) and (b) a 2D latent space. (c) Identified
attractors.

4.5 Summary

The famous drawing of Waddington’s epigenetic landscape depicts how a

cell progresses from an undi↵erentiated state to one of some discrete, dis-

tinct, di↵erentiated cell fates during development. Inspired by dynamical

systems theory, it has been applied for a comprehensive understanding of

the determination of cellular phenotypes (e.g., cell fate decision in di↵erenti-

ation and reprogramming). Each dimension of the landscape corresponds to

a physical quantity, a ‘representative’ output of the regulatory system, for

example, the concentration of a critical TF. But a complete depiction of a

cell’s state with high-dimensional spaces is di�cult to visualize. To address

these issues, we present NetLand, an open-source software tool for modeling

and simulating the kinetic dynamics of a biological system, and visualizing

the corresponding Waddington’s epigenetic landscape in three dimensions

without restriction on the number of genes.

We have applied NetLand on three case studies illustrating the great

potential of NetLand in the study of cell fate transitions. With quantita-
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tive modeling of Waddington’s epigenetic landscape, the systems dynamics

of transcriptional regulation driving cellular phenotypic changes are easily

analyzed and predicted. Therefore, by automating the modeling and visu-

alization of Waddington’s landscape, NetLand can facilitate the studies of

cell fate conversion and help design innovations in cell fate engineering and

regenerative medicine.

However, the knowledge-based mathematical modeling method is often

time-consuming and only applicable to a finely crafted network. In the next

chapter, a data-driven model is proposed to infer a Waddington’s epigenetic

landscape from single-cell sequencing data using Hopfield network. It inter-

prets the transcriptome dynamics from empirical data, such as the recovery

of the pseudo-times. Therefore, it can help us understand the transition of

gene expression profiles.
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Data-driven approach in

modelling stem cell fate

determination

This chapter introduces a data-driven method, named HopLand, to model

stem cell fate determination using continuous Hopfield network (CHN) to

map cells in a Waddington’s epigenetic landscape. The combinatorial regu-

latory interactions of genes construct a kinetic model learned from single-cell

sequencing data. Through the analysis of such a model, essential genes and

regulatory interactions are identified which drive the transition of cell states.

Therefore, HopLand has the potential to generate fundamental insights into

cell fate regulation.

HopLand is applied for the estimation of pseudotimes of individual cells

in di↵erent types of single-cell transcriptome data. Pseudotime is a latent

dimension which measures the cells’ progress through the transition. Pseu-

dotime is related to but not necessarily the same as laboratory capture time.

The recovery of pseudotime increases the temporal resolution of single-cell

transcriptional data to help understand the transition of gene expression

profiles. It achieved high accuracies of pseudotime prediction compared to

existing methods.
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5.1 Workflow of HopLand

Motivated by the famous Waddington’s epigenetic landscape metaphor in

developmental biology, di↵erent proposals are made to realize this metaphor

in a rationalized way. Data-driven approaches using single-cell sequencing

are at the cutting edge of single-cell biology which can reveal the subtle

changes that make each one unique. The virtual individual cells modeled

based on the single-cell gene expression data are to be placed on the surface

regions of the landscape corresponding to their developmental stages.

To plot such a landscape, we constructed a kinetic model from the se-

quencing data, using neural networks to simulate the transcriptional regu-

lation. CHN is a type of recurrent neural network characterized by memory

recall. Its topology structure is similar to a transcriptional network, and its

dynamic feature is corresponding to the attractor system as Waddington’s

epigenetic landscape (Figure 5.1). For each target gene, the model associates

its change rate with the adaptation of the neurons.

(a) (b)

Figure 5.1: (a) The topology and (b) The dynamic feature of Hopfield net-
work.

Based on the above framework, the HopLand algorithm is designed as

follows:

Step 1. Normalize the gene expression data using z-score and select
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di↵erentially expressed genes (e.g., by filtering out genes with low variances).

Step 2. Construct the kinetic model by neural network inference from

data.

Step 3. Construct the Waddington’s epigenetic landscape based on the

kinetic model.

Algorithm 2 illustrates the steps of HopLand which are further elaborated

in the following subsections.

Algorithm 2 HopLand algorithm

INPUT: Single-cell gene expression data D 2 R
S⇥N where S is the num-

ber of cells and N is the number of genes, and temporal information
cellStages (which is not compulsory)

OUTPUT: Kinetic model of Waddington’s epigenetic landscape
landModel

1: if cellStages is available then
2: ✓ = ParameterOptimization(D, cellStates)
3: else
4: ✓ = initializeParam(D)
5: end if
6: landModel = LandscapeConstruct(D, ✓)
7: return landModel

8: procedure ParameterOptimization(D, cellStates, realTraj, w,
gmmModels)

9: Algorithm 3
10: end procedure

11: procedure LandscapeConstruct(D, ✓)
12: Algorithm 4
13: end procedure

5.2 Data-driven kinetic modelling

This section outlines the modeling process in HopLand. Section 5.2.1 in-

troduces the formulation of the change rate for each gene in a CHN and

how gene-gene interactions can be encoded in ODEs. The gradient descent

algorithm used in the estimation of parameters of the model is introduced

71



Chapter 5

in Section 5.2.2.

5.2.1 Network formulation

The discrete HN has been used to study biological systems with each neu-

ron representing a gene [11]–[13]. However, gene expression values tend to

have continuous input-output relations which cannot be fully characterized

by the simplified discrete state of neurons in the two-state HN. CHN uses

continuous variables and predicts continuous responses. Thus the frame-

work of CHN is adopted to model the system dynamics with each neuron

corresponding to an individual gene whose adaptation indicates the change

of gene expression value.

In the framework of CHN, the gene expression of a cell is characterized by

the output of the neurons V = {Vi, i = 1, 2, ..., N}, where N is the number

of genes. The inputs of each neuron come from two sources, the background

noise and inputs from other neurons. The time evolution of the system is

represented by ODEs. The change rate of neuron i is modeled by

dVi

dt
= Ci

NX

j=1

WijUj � �iVi + Ii, (5.1)

Uj = gj(Vj), (5.2)

whereWij is an entry of the weight matrix of CHN representing the intercon-

nection weight coe�cient from neuron j to neuron i, and Ci is an amplifier

on the synaptic connections. The external input Ii represents a combina-

tion of propagation delays, regulations by other genes not in our model, and

noise in transciptional regulation. �i denotes the degradation rate of gene i.

The activation function gj(Vj) represents the input-output relationship of a

nonlinear amplifier with negligible response time. The activation function

is required to be a monotonically increasing function to make the system

stable [101]. In our model, a sigmoid activation function is used (Eq. 5.3)

which has been used in [124], [125] to describe the regulatory function of a
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gene:

gj(Vj) = 1/(1 + e
�(Vj�µj)/�j). (5.3)

In Eq. 5.3, µj and �j are the mean and standard derivation of the expression

levels of the j -th gene in all cells.

5.2.2 Parameter estimation

There are several parameters in the ODE model of kinetics in Eq. 5.1. To

infer these parameters ✓ = {�i, Ii, Ci,Wij, i, j = 1, 2, ..., N} from the sequenc-

ing data, an optimization method (Algorithm 3) which fits the simulated and

observed single-cell data is proposed based on the premise that a realistic

model should be able to generate simulated data consistent with the real

data.

The consistency between experimental data and simulated data is mea-

sured in two aspects. First, the gene expression values Di = {Dit, t =

t1, t2, ..., tT} where T is the number of time points (or cell stages) in the

single-cell data, should follow a similar distribution. Normally it is be-

lieved to follow the Gaussian mixture distribution with the mean values

of components as the representative gene expression values in di↵erent lin-

eages [15], [126] which are calculated by Function
0
fitMixtureGaussian

0 in

AlgorithmS1. The second aspect of consistency lies in the change of a single

gene, e.g. down-regulated or up-regulated, along the time evolution of cell

states. Thus the objective functions are defined as follows:

OBJ1 =
NX

i=1

(DFi

data
�DFi

simulate
(✓)), (5.4)

OBJ2 =
1

mN

tmX

t=t1

NX

i=1

�it(Dit � Sit(✓))
2
, (5.5)

where DFi

data
and DFi

simulate
are the density functions for the observed and

simulated expression levels of the ith gene. �it is the standard derivation

of the expression values of gene i at the time point (or cell developmental
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stage) t. Si = {Sit1 , Sit2 , ..., Sitm} is an average of the simulated trajectories

with m time points by simulating the CHN of Eq. 5.1 using the generated

initial states.

The gradient descent learning algorithm [127] is used to optimize the

parameters in the CHN. The update of a parameter value at k-th iteration

is defined as

�✓
(k) = �⌘(

@OBJ2

@✓(k)
), (5.6)

✓
(k+1) = ✓

(k) +�✓
(k)
, (5.7)

where ⌘ is the learning rate between 0 and 1 which controls the rate of

parameter adjustment. We also iteratively adapt the learning rate according

to the Bold Driver technique [128]. The weight matrix is initialized as the

Pearson correlation coe�cients between samples. To simulate the dynamic

trajectories, we used the Euler’s method (the first order Runge-Kutta) to

solve the ODEs with the initial states generated near the given starting

points (Refer to Fucntion
0
generateRandomInitialStates

0 in AlgorithmS1).

In each iteration of the gradient descent learning, we calculated the value of

Eq. 5.4 using the current parameters. In the end, the optimized parameters

are selected with the minimum sum of Eq. 5.4 and Eq. 5.5.

5.3 Construction of the landscape

This section introduces the definition and visualization of the Waddington’s

epigenetic landscape constructed in HopLand. The landscape is created

based on the model constructed in the above section. Compared to the

quasi-potential landscape in Section 3.2.1, it uses a similar Gaussian process

based dimensionality reduction method in NetLand as an approach to the

visualization of high dimensional data. The altitude of the landscape is

defined according to the network energy of HN.

74



Chapter 5

Algorithm 3 Parameter optimization
INPUT: Single-cell gene expression data D, temporal information

cellStages

OUTPUT: Optimized parameters ✓ = {�i, Ii, Ci,Wij, i, j = 1, 2, ..., N}
Initialization: Set �i = 1, Ii = 0, Ci = 1, Wij = corr(D), ⌘ = 0.3,

maxIts = 2000.
Set startPoints as the earliest samples in cellStages;
Random initial states randomInitials = generateRandomIni-

tialStates(startPoints);
Coe�cient matrix � = generateTrajectory(D, cellStates)
Gaussian mixture models gmmModels = fitMixtureGaus-

sian(D)
Iteration:
1: for k = 1, 2, ...,maxIts do

2: �✓
(k) = �⌘(@OBJ2(✓(k))

@✓(k)
);

3: ✓
(k+1) = ✓

(k) +�✓
(k);

4: if OBJ2(✓(k)) > OBJ2(✓(k+1)) then
5: ⌘ = ⌘ ⇤ 1.2;
6: else
7: ⌘ = ⌘ ⇤ 0.5;
8: end if
9: end for
10: k⇤ = argmin

k

OBJ1(✓(k)) +OBJ2(✓(k));

11: return ✓ = ✓
(k⇤).
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5.3.1 Energy function

Under certain conditions, the activation values of the units in a CHN un-

dergo a relaxation process such that the network will converge to a stable

state in which these activation values will not change anymore. These con-

ditions include that the weight matrix W = {Wij, i, j = 1, 2...N} has to be

symmetric, and the activation functions must be continuous, bounded, and

strictly monotonically increasing, such as a sigmoid function (Eq. 5.3). The

behavior of a CHN system can be described with an energy function (Eq.

5.8) which is a Lyapunov function:

E = �1

2

NX

i=1

NX

j=1

WijUiUj +
NX

i=1

IiUi +
NX

i=1

�i

Z
Ui

0

g
�1
i
(u)du. (5.8)

Based on the essential idea of Waddington’s landscape, the di↵erentiation

processes follow the paths of losing potential energy determined by the to-

pography of the landscape. Compared to the entry point, the valleys possess

relatively lower potentials representing more stable states. Here we use the

network energy in Eq. 5.8 to quantify the altitude of the landscape, similar

to previous works [11]–[13].

5.3.2 Visualizing the landscape

To visualize the cellular dynamics in a landscape whose shape is determined

by the energy function in Eq. 5.8, we project the high-dimensional data

to a two-dimensional latent space as the XY-plane in the landscape. The

non-linear dimensionality reduction method, named Gaussian process latent

variable model (GP-LVM), is used to generate the mapping between the

original space and the latent space [112], [113]. GP-LVM is a probabilistic

approach to modeling high-dimensional time-series data in a low dimensional

latent space with a dynamical model. It has been used for computer vision,

biological data analysis, etc. We have used this method to process gene
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expression time-series data in the visualization of landscape [129].

Using GP-LVM to reduce the dimensions of the observed data to two

dimensions, we create a mapping from the original space to the latent space.

Then we generate a 2D grid in the reduced space covering all the cells to plot

a continuous surface. Since the energy is calculated in the high-dimensional

space, we project the grid points back to their original space. The landscape

is plotted on the grid data. The pseudocode of the landscape construction

method is shown in Algorithm 4.

Algorithm 4 Landscape construction
INPUT: Single-cell gene expression data D with S samples and N genes,

parameter vector ✓
OUTPUT: A landscape model landModel

1: Generate mapping X = GPLVM(D), where latent variables are en-
coded in matrix X 2 R

S⇥2;
2: Define a 2D grid Grid = [min(X1.) � ",max(X1.) + "]0 ⇥ [min(X2.) �

",max(X2.)+"], where X1. and X
2. are the first and second components

of samples, and " is a small positive constant which determines the size
of margins around the observed data in the latent space;

3: Perform inverse dimensionality reduction Y = GPLVM
�1(Grid), where

Y 2 R
S
Grid⇥N , SGrid is the number of points in Grid;

4: Calculate the energy according to Eq. 5.8;
5: landModel = {X,Grid, energy};
6: return landModel.

5.4 Pseudotime recovery

The heterogeneities among cells from single-cell datasets show the gene ex-

pression dynamics during the gradual transition of their transcriptomes. The

estimation of the pseudotimes of the single cells is to construct a pseudo-

temporal path to order cells. Then, the pseudotime can be estimated by

calculating the geodesic distance between every two cells in the landscape.

In Waddington’s epigenetic landscape, a single cell with specific gene

expression pattern is simplified as a point, hence the time evolution of cell

states is defined as the state-transition movement on the landscape which is

determined by the topography of the landscape surface. Thus the geodesic
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distances between two cells can be calculated from the coordinates of the

cells on the landscape. The geodesic distances to the starting point are

considered proportional to the pseudotimes, setting the pseudotime of the

starting point to zero. The pseudotime of the ith cell is defined as the

geodesic distance to the starting point.

We used the fast marching algorithm [130], which is a numerical method

for solving boundary value problems of the Eikonal equation, to perform

geodesic extraction on a triangulated mesh generated from the landscape

surface.

By extracting the shortest path between every two points on the surface,

a minimum spanning tree (MST) is constructed to connect all cells with

the given starting point as the root. An MST is a subset of the edges of

a connected, edge-weighted undirected graph that connects all the vertices,

without any cycles and with the minimum possible total edge weight. That

is, it is a spanning tree whose sum of edge weights is as small as possible.

More generally, Due to the sparsity of single-cell sequencing data, the con-

nections between consecutive states may lack sample data to link them. In

such an undirected graph, a minimum spanning forest exists which is a union

of the minimum spanning trees for its connected components. Kruskal’s al-

gorithm is commonly used to find the forest in a graph.

The pseudocode of the pseudotime estimation is shown in Algorithm 5.

Considering the significant di↵erences among the three coordinates in the

landscape, a.k.a. the network energy and x,y- two coordinates, we normal-

ized the three values to the same scale in the range [0,1]. Then a triangulated

mesh was created to perform fast marching on the landscape surface to gen-

erate a distance matrix. The MST was built based on this distance matrix

and the given start point.

5.4.1 Single-cell sequencing datasets

In this section, the testing datasets using di↵erent sequencing protocols

are introduced. Totally 11 testing datasets are included, a qPCR dataset
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Algorithm 5 Pseudotime recovery
INPUT: landModel, StartPoint

OUTPUT: pseudotimes of cells PT

1: manifold = Normalize(landModel)
2: [V etices, Faces] = delaunayTriangulation(manifold);
3: distMatrix = fast marching(V etices, Faces);
4: T = minimumSpanningTree(distMatrix, StartPoint);
5: PT = calculateDistance(T, StartPoint);
6: return PT .

“GUO2010” [131], 5 synthetic datasets and 5 scRNA-seq datasets, i.e. “DENG2014”

using Smart-seq2 [132], “YAN2013” [133] using scRNA-seq method demon-

strated in [85], “ES MEF” using STRT [134], “LPS” [135] and “HSMM”

[136]

qPCR

As introduced in Section 2.4.1, quantitative polymerase chain reaction (qPCR)

is a directed way of measuring the expression of previously known genes in

down to singular cells. It combines PCR amplification and detection into a

single step.

We extracted the dataset “GUO2010” from a mouse embryonic single-cell

qPCR experiment [131]. It contains 438 cells, captured the di↵erentiation

process from zygote to 64-cell state. In this experiment, 48 genes are se-

quenced for each cell (Table 5.1).

Table 5.1: Numbers of embryos and cells in “GUO2010”.

Stage No. of single cells

zygote 9
2-cell 19
4-cell 23
8-cell 44
16-cell 75
32-cell 109
64-cell 159
Total 438

Bifurcation events happened at the 32-cell stage and the 64-cell stage.

79



Chapter 5

Two lineages, i.e., inner cell mass (ICM) and trophectoderm (TE), are gener-

ated in the 32-cell stage when the blastocyst starts to grow from the morula.

ICM is consist of cells from the inside of the morula, while the others located

on the outside form TE. ICM cells remain totipotent that they can di↵eren-

tiate into any of the cells in the embryo. In di↵erentiation, they will further

di↵erentiate into the epiblast (EPI) and the extraembryonic primitive en-

doderm (PE) according to the concentration of fibroblast growth factor-4

(FGF4). Thus, cells are di↵erentiated into three di↵erent cell states in the

64-cell stage: TE, EPI, and PE.

Synthetic data

Besides of the experimental qPCR dataset, five di↵erentiation patterns of

cells were simulated using the code from [137] based on the qPCR dataset.

The simulation was done by simulating a branching process in two dimen-

sions with increasing probability of splitting in a cell stage along the timeline

which ensures a random pattern of splitting. Gene expression profiles are

simulated by sampling from independent Gaussian processes with di↵ering

priors for 48 di↵erent genes. The priors for the mapping include a linear

mapping and both long-term and short-term non-linear trends to simulate

the complexity of biological processes. This makes the simulations more

complex than any of the models we applied to recover the data.

scRNA-Seq

Genome-wide single-cell mRNA sequencing (scRNA-seq) profiles with high

temporal and spatial resolution o↵er possibilities to characterize cellular

states and understand regulatory mechanisms among heterogeneous cell pop-

ulations. A variety of methods has been recently developed making it pos-

sible to reveal new biological and medical insights.

For the dataset published by Yan et al. [133], the transcriptional profiles

of 124 individual cells covering 22,687 maternally expressed genes from hu-

man preimplantation embryos and human embryonic stem cells (hESCs) at

80



Chapter 5

seven crucial stages (Table 5.2) were screened using RNA-Seq analysis. The

sequenced embryos were picked at di↵erent passages of pre-implantation:

metaphase II oocyte, zygote, 2-cell, 4-cell, 8-cell, morula and late blastocyst

at the hatching stage. Approximately 85% genes with low variances were

filtered out, and we normalized the rest data using zscore.

Table 5.2: Numbers of embryos and cells in “YAN2013”.

Stage No. of single cells

Oocyte 3
Zygote 3
2-cell 6
4-cell 12
8-cell 20
Morula 16
Late blastocyst 30
hESC 34
Total 124

The dataset “DENG2014” [132] covers the same time span in early mouse

embryo development as the qPCR dataset analyzed “GUO2010”, a.k.a. from

zygote to the late blastocyst stage. In addition, two adult cell types are

included in the dataset, fibroblasts and liver cells. The RNA-seq experiments

detected a total of 22,958 genes in 317 single cells (Table 5.3), but many

genes were expressed at a low level and subject to considerable technical

variation. Thus, a subset of 1,000 genes are extracted that were likely to be

discriminative and expressed (> 1 reads per kilobase of transcript per million

reads mapped) in at least 30% of the cells [138]. This filtered RNA-seq gene

signature is further normalized.

The “LPS” dataset consists of single-cell RNA-seq samples collected after

stimulating bone-marrow-derived dendritic cells by lipopolysaccharide (LPS)

[135]. A total of 306 cells collected at 1, 2, 4 and 6h after the stimulation

were used for our analysis. We selected a subset of the data with two classes,

i.e. unstimulated cells and treated cells at 6h, in order to test the clustering

function of HopLand (Table 5.4).

The dataset “HSMM” consists of single-cell RNA-seq samples from dif-
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Table 5.3: Numbers of embryos and cells in “DENG2014”.

Stage No. of single cells

zygote 4
early 2-cell 8
middle 2-cell 20
late 2-cell 10
4-cell 14
8-cell 47
16-cell 58
early blastocyst 43
middle blastocyst 60
late blastocyst 30
liver 13
fibroblast 10
Total 317

Table 5.4: Numbers of cells in “LPS”.
Class No. of single cells

unstimulated 57
treated 74
Total 131

ferentiating human skeletal muscle myoblasts (HSMM) under high-mitogen

conditions (GM) [136] (Table 5.5). Around 49 and 77 cells are captured at

each of the four-time points after the switch to DM using the Fluidigm C1

microfluidic system. Complete gene expression profiles of 271 cells are col-

lected at 0, 24, 48 and 72 h after switching human myoblasts to low serum.

This dataset is also used to test the clustering function in HopLand.

Table 5.5: Numbers of cells in “HSMM”.
Class No. of single cells

T1 69
T2 74
T3 79
T4 49
Total 271

The transcriptomes of 92 single cells of two distinct types, ESC and
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mouse embryonic fibroblasts (MEF), in the dataset “ES MEF” are generated

using single-cell tagged reverse transcription (STRT) [134] (Table 5.6).

Table 5.6: Numbers of cells in “ES MEF”.
Class No. of single cells

ESC 48
MEF 44
Total 92

5.4.2 Pseudotimes inferred from single-cell sequenc-

ing data

We evaluate the performance of HopLand by comparing it with 6 state-

of-the-art methods, i.e. Monocle [136], Topslam [137], Wanderlust [139],

Wishbone [140], SCUBA [138] and Di↵usion map [141].

Synthetic data

We tested HopLand on five synthetic datasets generated by simulating the

early development of mouse embryos. Each dataset contains a randomly gen-

erated di↵erentiation pattern by angled linear splits in two dimensions [137].

We extracted the pseudotimes of the cells using the HopLand algorithm and

compared it with other methods (Figure 5.2).

The singular cells in each synthetic dataset are mapped in the contour

plot of the landscape surface according to the extracted pseudotimes (Fig-

ure 5.3). The movement directions of the cells following the shape of the

landscape could reflect the irreversible transitions of cell states during the

di↵erentiation in the embryonic development.

Most of the data contain one diverging event splitting cells into two lin-

eages, except for Synthetic data 3 which contains two bifurcations resulting

in four lineages. The cells at early developmental stages (dark red dots) are

located in the regions of the landscape with high energy, while the derived

lineages (white or light red dots) rest in valleys.
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Figure 5.2: Accuracies of pseudotime recovery on 5 synthetic datasets us-
ing di↵erent pseudotime recovery methods. Pearson correlation coe�cient
between the predicted and observed times is used to evaluate the result.

Single-cell data on early embryonic development

The single-cell dataset “GUO2010” of mouse preimplantation development

contains the expression profiles of 438 cells with 48 genes per cell covering

the developmental stage from the 1-cell to 64-cell stages [131]. Two distinct

cell lineages, i.e., trophectoderm (TE) and inner cell mass (ICM), emerge

from the 16-cell to 32-cell stages. During the transitions from the 32-cell to

64-cell stages, another two cell lineages, i.e., primitive endoderm (PE) and

epiblast (EPI), are split from ICM. We applied the HopLand algorithm to

this dataset and recovered the pseudotimes of the cells.

Analyzing the expression profiles of individual genes, we found that the

expression of marker genes follows a mixture of Gaussian distributions. The

mean values in di↵erent components indicate di↵erential expression in sep-

arate lineages. We inferred the moments of the Gaussian distributions from

the data. The cells from the 1-cell stage were used to generate the training

data as the initial states for the simulation of Hopfield network to calibrate

the model. Then we learned a dynamical model to capture the kinetics of

the cell di↵erentiation process of early mouse embryonic development.

After projecting the high-dimensional data to a 2D latent space using
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(a) (b)

(c) (d)

(e)

Figure 5.3: The contour plots of the constructed Waddington’s epigenetic
landscape using the five synthetic datasets (a-e). The contour lines represent
heights in the landscape. The dark areas indicate low energy, and the light
regions have high energy. The cells from early stages to late stages are
colored from dark red to white.

GP-LVM, we calculated the energy values according to Eq. 5.8 which are

used for the z-axis of the landscape (Fig. 5.4a). In the contour plot of the

landscape (Fig. 5.4b), two bifurcations are shown corresponding to the cell

fate decisions made at the 16-cell to 32-cell stages (cyan dots to light blue
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(a) (b)

Figure 5.4: (a) The Waddington’s epigenetic landscape recovered using Ho-
pLand. (b) The contour plot of the constructed Waddington’s epigenetic
landscape. The dots are colored according to the developmental stages of
the represented cells.

dots) and the 32-cell to 64-cell stages (light blue dots to dark blue dots).

Then, we mapped the expression values of marker genes into the landscape

to trace the di↵erentiation process (Fig. 5.5). The expression profiles of the

cells in di↵erent branches are separated using the marker genes for di↵erent

cell lineages (e.g., ICM, TE, PE, EPI). The result shows that cells belonging

to the same stage are located together in the landscape, and they follow the

developmental orders. In the landscape, the change of the network energy

shows a decreasing trend along the di↵erentiation process which confirms

our premise that cell di↵erentiation is a process with decreasing energy.

Using the topography of Waddington’s epigenetic landscape as a correc-

tion, we extracted the pseudotime information. The cells were connected

in a minimum spanning tree (or a forest of multiple trees) which contains

the estimated pseudotimes revealing the transitions of cell states (Fig. 5.6).

We identified a small group of cells (in dark red) isolated from others. It

contains cells from the 1-cell stage due to the sparsity of data during the

early mouse embryonic development.

We also compared HopLand to other methods. The accuracies of pseudo-

time recovery measured by the correlation coe�cient between the predicted

and observed pseudotimes are shown in Figure 5.7.
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(a) (b)

(c) (d)

Figure 5.5: Mapping gene expression values to Waddington’s epigenetic land-
scape using (a) Fgf4, (b) Gata4, (c) Cdx2 and (d) Sox2. The value decreases
from dark red to white.

The weight matrix in the CHN inferred from the dataset of “GUO2010”

(Figure S5) contains information about the interactions between genes which

can help us find the key regulatory relations and reveal the dynamics of gene

expression during cell di↵erentiation. The top 10 significant interactions in

the learned weight matrix of the mouse pre-implantation data are listed in

Table 5.7. Seven of the top 10 gene pairs are confirmed. Some of them have

direct interactions, e.g., transcriptional regulation. Although we have not

yet found evidence for the rest of interactions, some genes from these inter-

actions, e.g., DPPA1, HAND1, are known to be involved in mouse embry-

onic development. For example, HAND1 is a transcription factor expressed

in extra-embryonic mesoderm and trophoblast. DPPA1 is developmental
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Figure 5.6: The minimum spanning tree constructed from Waddington’s
epigenetic landscape. The dots are colored according to the developmental
stages of the cells in the dataset of “GUO2010”.

Figure 5.7: Accuracies of pseudotime recovery on the qPCR dataset
“GUO2010” using di↵erent pseudotime recovery methods. Pearson correla-
tion coe�cient between the predicted and observed times is used to evaluate
the result.

pluripotency associated.

To further validate the results, we used GeneGo MetaCore, an integrated

“knowledge-based” platform for pathway analysis of OMICs data and gene

lists, to verify the interactions. 14 out of the top 20 (70%) gene pairs in Ho-

pLand’s results can be checked by searching GeneGo MetaCore (Figure 5.8),

including some well-known critical interactions involved in embryonic devel-

opment (Table S1,S2,S3), e.g., the interactions between ESRRB and FGF4.

From the weight matrix, we also ranked genes by the sum of weights of

incident edges and identified a few essential regulators, e.g. FGF4, OCT4,
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Table 5.7: Top 10 key interactions identified from the weight matrix ranked
by the absolute value of the weight in CHN.

Rank Gene 1 Gene 2 References (PMID)

1 GATA4 LCP1 18555785,22083510,16153702,14990861
2 GATA4 GATA4 15987774
3 ATP12A DPPA1 -
4 ESRRB ESRRB 16767105,19136965
5 AQP3 DPPA1 -
6 AQP3 LCP1 18700969,19884255
7 HNF4A LCP1 21852396,15159395
8 GRHL1 HAND1 -
9 ESRRB FGF4 26206133
10 KLF4 KLF4 18264089,18358816,19030024,18555785

GATA4 and ESRRB, which have been experimentally tested to be essential

for early embryonic development [142], [131], [143], [144], [145]. These key

factors play important roles in the regulation of embryonic development, cell

proliferation, and cell di↵erentiation.

We also compared the HopLand algorithm with other methods on the

monoallelic mouse and human pre-implantation embryo RNA-Seq data, “DENG2014”

and “YAN2013”.

The single-cell RNA-seq dataset “DENG2014” comprises transcriptome

profiles of 317 cells from zygote to blastocyst and two mature cell types

including 11 stages. The constructed landscape is shown in Figure 5.9.

Splitting occurs in both 8-cell and 16-cell stages. The two developed cell

types, fibroblast and adult liver, are separated from the early embryonic

developmental lineages. The blastocyst cells (colored in green, cyan and

light blue) are clustered together with lower energy than cells of the early

lineages. Early blastocyst cells (colored in green) and middle blastocyst cells

(colored in cyan) are mixed but separated from the late-stage cells (colored

in light blue) indicating closer developmental relations. The mature cells

(colored in dark blue) located in a valley have low energy values.

The result of comparing the accuracies of di↵erent methods in estimating

pseudotimes are shown in Figure S6. HopLand is not as good as most other
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Figure 5.8: The core network found by searching GeneGo MetaCore for
interactions overlapping with HopLand’s top 20 interactions and genes. The
red and green lines represent inhibition and activation respectively. The
volcano icon indicates transcription factors. The orange bullet represents
enzyme. The blue curve represents a binding protein. The green anchor
represents receptor ligand. The purple X represents channel.

methods for this dataset, partly due to the shortage of time information from

the early blastocyst stage to the late blastocyst stage. In addition, due to

the lack of specific temporal details between the late blastocyst samples and

mature cells, HopLand cannot accurately recover the trajectories from the

pre-implantation development to the adult cells. Nevertheless, HopLand can

successfully reconstruct the progress from zygote to blastocyst (Figure 5.9)

achieving a correlation coe�cient of 0.91 with real data.

The landscape of “YAN2013” is shown in Figure 5.10(a). From oocyte

to morula, it follows a single lineage. We identified three lineages in the

late stage of the blastocyst, i.e., TE, PE and EPI (Figure 5.10(b)-(c)). The

development path from a late blastocyst (EPI) to ESC is established. How-

ever, a separate group of cells showing a profile of the TE lineage is identified

in the late blastocyst stage which is consistent with the clustering result in

[146]. It may result from the first bifurcation during the 16-cell stage.
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Figure 5.9: The contour plot of the landscape constructed from the dataset
of “DENG2014”. The cells are connected in a minimum spanning tree.

Single-cell data without temporal information

For datasets without continuous temporal data, the algorithm HopLand

mainly serves as a clustering method omitting the learning process. The

dataset “ES MEF”, “LPS” and “HSMM” contain distinct groups of cells

rather than continuous time series expression data. HopLand was applied

to analyze the samples.

Another learning scheme, Hebbian learning, is adopted for the construc-

tion of Hopfield network. The Hebbian learning rule is commonly used to

calculate changes in connection strengths in a neural network, in which a

change in the strength of a connection is a function of the pre- and postsy-

naptic neural activities [147].

Two clusters are identified in the dataset “ES MEF”, “LPS” and four

clusters in “HSMM” (Figure S7). The two types of cells in “ES MEF” were

well separated, and an incline of network energy was revealed from ESCs to

MEF cells. However, the rug landscape surfaces of the other two outputs

may be due to the insu�cient analysis, e.g., the problematic selection of

di↵erentially expressed genes and inappropriate filtering of the sequencing

data.

91



Chapter 5

(a)

(b) (c)

Figure 5.10: (a) The constructed landscape of the dataset “YAN2013”. (b)
The contour plot of the landscape with labeled lineages. (c) Unsupervised
hierarchical clustering of 30 samples from the late blastocyst (including 3
lineages: EPI, PE, TE) and heatmaps of 8 selected di↵erentially expressed
genes [146].

5.5 Summary

In this chapter, we proposed a novel method, named HopLand, to recover

the pseudotime from single-cell data using CHN based modeling of Wadding-

ton’s epigenetic landscape. The order of cells is determined by the geodesic

distances in the landscape. Waddington’s epigenetic landscape constructed

from the neural network model serves as a stage on which the progression of

cell fate decision is simulated. In addition, our method models the dynamics

of gene regulation using the framework of CHN which generates simulation

results consistent with the observed data. The constructed model has al-

92



Chapter 5

lowed us to make novel experimentally testable hypotheses about transcrip-

tional mechanisms that control the cell fate conversions.

Applied to the prediction of pseudotimes in real single-cell gene ex-

pression data from di↵erent types of biological experiments and compared

against other methods, HopLand outperformed most of the other methods

in most cases. Our method could also be used to identify key regulators

and interactions which is helpful for the understanding of underlying mech-

anisms.

The simulation and analysis results have shown that HopLand has some

advantages, whereas the other methods fail in certain circumstances. First,

our approach does not rely on any prior knowledge of essential marker genes.

Secondly, the non-linear dimensionality reduction method used in HopLand

generates a non-linear mapping between the landscape and the phenotype

space respecting the non-linear structures of biological systems. Thirdly,

we construct the landscape based on biological interactions between genes

that allows simulating real biological processes. Fourthly, using the geodesic

distances in the landscape to refine the estimation of distances between cells

is biologically plausible.

However, in the application of HopLand as a pseudotime estimation al-

gorithm using dynamical systems modeling, it still needs to address several

issues. First, the mathematical modeling approach makes use of tempo-

ral information, e.g., the physical time points within the single-cell data,

which is not required by some other methods. Nevertheless, our method

tries to recover the underlying regulatory mechanisms from the data using

the extracted information. The physical time points provide the consecu-

tive updates during the process which is useful for the modeling, but for

a dataset without temporal details, HopLand can skip the training process

and directly predict the pseudotimes based on a landscape constructed us-

ing initial settings of parameters. Secondly, HopLand is computationally

costly compared with other methods. The parameter learning process is

time-consuming partially due to the repeated numerical solution of ODEs.
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Moreover, our method was implemented in MATLAB which is not suitable

for intensive computation. In the future, we will implement our approach in

C/C++ to speed it up. Thirdly, our algorithm was proposed under the

premise that the single-cell transcriptional data cover the critical stages

along a biological process. If that is not the case, however, the predicted

model might give misleading results. Fourthly, HopLand makes use of GP-

LVM to extract a 2D latent space from a high-dimensional space which may

su↵er from the high technical noise in the single-cell data. Although the

recovery of pseudotime relies on not only the reduced components but also

a third value, i.e., network energy, which can alleviate the influence of the

noise, we still recommend users to preprocess their data using some noise

reduction techniques, e.g., PAGODA [148], scLVM [149].

The result of HopLand on the qPCR dataset is better than those on

the scRNA-seq data. It is probably because the protocols of qPCR make

data less prone to the dropout e↵ect [150]. Among the 5 RNA-seq datasets,

HopLand has unstable performances, which may be partly caused by the

di↵erent scRNA-seq protocols used in generating the data [151]. In the

future, We will try to analyze HopLand in di↵erent sequencing datasets and

make it satisfy specific needs of di↵erent types of sequencing technologies.
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Conclusion

The past few decades witnessed much of the development and advances of

mathematical modeling of Waddington’s epigenetic landscape. It has been

applied in computational cell biology leading to the design of powerful com-

putational algorithms and tools to reveal the complexity in the regulation

of cell fate determination.

Through the modeling of integrated genomic regulatory elements that

contribute to the cell fate transitions, a quasi-potential landscape is con-

structed based on physical theories to explore the system dynamics. How-

ever, most of the computational models based on theoretical mechanisms

are limited by the lack of biological knowledge and constraint to fine-crafted

networks. The rapid advancement of the next generation sequencing tech-

niques provides the opportunity to discover molecular regulations through

data analysis and system-level modeling of stem cell functions.

Although di↵erent methods have been proposed to realize the famous

Waddington’s epigenetic landscape metaphor in a principled way, the visu-

alization of the 3D model remains to be solved when the gene regulatory

network underlying the landscape contains more than two genes.

This chapter first summarizes the research work presented in this thesis

for mathematical modeling of Waddington’s epigenetic landscape applied in

the study of stem cell fate determination. Then, we will introduce possible

directions for future research.
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6.1 Summary of the thesis

In this thesis, two computational methodologies, i.e., the knowledge-based

modeling method and the data-driven modeling approach, to realize the

metaphor of Waddington’s epigenetic landscape are formulated and imple-

mented to facilitate the study of stem cell fate transitions.

The knowledge-based modeling and simulation method is packaged into

the software tool “NetLand” for more accessible user experience which serves

as a useful tool for understanding the dynamics of stem cells. It was success-

fully applied to analyzing the bottlenecks in the reprogramming process and

identifying the epigenetic barriers which have been shown to cause the low

success rate of iPSC reprogramming. Detailed analysis of a few case studies

further confirmed the great potential of this method in the study of cell fate

transitions, as well as the design of innovations in cell fate engineering and

regenerative medicine.

However, the knowledge-based modeling and simulation method relies

on intricate knowledge of regulatory subsystems and molecular kinetics. In

addition, the complexity of the in silico simulation of such a system increases

exponentially corresponding to the increasing network size. To address these

issues, a data-driven approach named “HopLand” was introduced to model

and visualize the Waddington’s epigenetic landscape from single-cell gene

expression data using machine learning techniques.

The analysis and construction of large-scale attractor networks with high

resolutions have greatly benefited from leveraging the next generation se-

quencing techniques. This data-driven method of HopLand achieved satis-

factory results in estimating the pseudotimes of individual cells in the se-

quencing data, demonstrating its potential to provide fundamental insights

into cell fate regulation.

The mathematical modeling methods proposed in this thesis, i.e., knowledge-

based and data-driven approaches, provide rationalized means for quanti-

tatively modeling and visualizing the Waddington’s epigenetic landscape,
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thereby enabling the utilization of the constructed landscape to explain and

predict the dynamical behaviors of cell fate decisions.

6.2 Future work

Although a lot of e↵ort has been put into the research work presented in

this thesis, the quantitative modeling methods for Waddington’s epigenetic

landscape and its application in cell fate conversion studies still have much

room for further improvement. This section briefly introduces a few possible

directions for future work on this topic.

Automatic construction of biological networks

In the current design, the knowledge-based methods implemented in Net-

Land rely on the input of a constructed gene regulatory network. However,

the construction process requires extensive e↵orts and technical proficiency

to search and integrate the information from diverse resources, it is highly

desirable to extend the NetLand software with functionalities to support

automatic and customizable biological network construction.

The interactions (edges) representing regulatory relationships among the

genes (nodes) are thought to have either a physical interaction through their

gene products, e.g., proteins, or to be that one of the genes alters or a↵ects

the activity of other genes of interest. High-throughput methodologies, such

as RNA-seq, or Chip-seq, have been widely used to identify these two general

categories of interactions: physical protein-protein interactions and genetic

interactions.

Almost all of the interactions that have been discovered through wet-

lab experiments are collected in public databases for free sharing. There

are also computational approaches that are used to predict protein-protein

interactions. These methods utilize genomic data to establish structural or

evolutionary links among protein pairs or to predict novel interactions by

analyzing known interactions. Utilizing these publicly available resources,
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we can build an interaction network. A tentative list of steps that future

users of NetLand may follow is given here:

1. Identify the essential genes involved in the biological process. Users

can upload the set of target nodes or extract them from public datasets.

2. Obtain a list of interactions from publicly available interaction databases

and literature. Querying task is automatically provoked in the saved

resources.

3. Remove redundant items and curate inconsistent records.

4. Determine the model parameters as described in Section 3.1.3.

In many cases, when the network topology is identified, the required

parameters can be obtained with some e↵ort, e.g. through qualitative sim-

ulation or statistical inference from empirical data. However, the inference

of parameters in biological networks remains a big challenge.

Another challenge for the automatic construction of biological networks

is the establishment of context-specific networks with not only customized

parameters but also topological rewiring. There is still a long way before

we can construct a master model to explain di↵erent biological processes

under di↵erent conditions with simple calibration. As a result, a reposi-

tory of context-specific networks and regulatory factors would benefit the

construction of the genetic circuits.

Extended formulation coverage of NetLand

Currently, the kinetics of the regulatory relations (associated with the edges)

are formulated with Hill equations (Eq. 3.1). These equations have been

widely used for modeling multiple biological networks (Table 2.2). However,

many di↵erent approaches have been developed to model and simulate gene

regulatory networks [152]. In addition, while it is expected to apply this soft-

ware to some other types of biochemical reaction networks, e.g., metabolic
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networks, the formulation module needs to be adapted according to specific

kinetic laws for biochemical reactions.

Although a growing number of modeling and analysis techniques have

been employed to study di↵erent types of biological systems [153], [154],

a deeper understanding of the kinetics and molecular interactions is still

needed to produce better software tools and more realistic simulations of

complex biological processes. After integrating the available computational

modeling methods and tools, the execution of a computer program can pro-

vide an in silico numerical evaluation of hypotheses, thereby accelerating

knowledge discovery in molecular and cell biology.

E�cient optimization algorithm in HopLand

HopLand is computationally costly partially due to the parameter learning

process. The optimization algorithm used in HopLand is gradient descent

(GD) in which a set of parameters are updated iteratively to minimize an

error function. Thus, if the number of training samples is big, then using GD

may take too long because, in every iteration, it runs through the complete

training set. To achieve scalability in the future, using stochastic gradient

descent (SGD) would be a better choice, because it uses only a subset of

training sample to do the update for a parameter in a particular iteration.

Moreover, the optimization method in HopLand can be parallelized on a

multicore HPC (High-performance Computing) Cluster to achieve significant

acceleration compared to the single threaded CPU implementation [155].

Furthermore, HopLand was implemented in MATLAB which is not suit-

able for intensive computation. To speed up HopLand in C/C++ would also

be a practically useful future work.

Data-specific optimization in HopLand

The application of the data-driven approach of HopLand in the pseudotime

recovery has been validated in Chapter 5 with satisfactory results. However,

99



Appendix

HopLand achieved unstable performances on di↵erent types of sequencing

datasets, e.g., the results of qPCR datasets are better than those of scRNA-

seq, which may be partly caused by the di↵erent protocols used in generating

the data [151]. Thus customizing HopLand for di↵erent sequencing datasets

and making it satisfy specific needs of di↵erent types of sequencing tech-

nologies could also be a future direction of this work.

Another important challenge of optimization in HopLand is data pre-

processing. The analysis of single-cell sequencing data is challenging due to

the high variability in gene expression between individual cells. Moreover,

the dimensionality reduction method GP-LVM used in HopLand may su↵er

from the high technical noise in the single-cell data. Therefore, it is of great

importance to choose the proper method to pre-process the data.
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Figure S1: The modified reactions after removing self-loops.
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Algorithm 6 Functions

1: function generateRandomInitialStates(startPoints)
2: number of simulated initial states numSeq = 1000,
3: Fluctuation intensity ↵ = 0.01;
4: stdV alue = std(startPoints);
5: � = 0.001;
6: for i = 1 to numSeq do
7: randomly select one sample sampleSeq from startPoints;
8: randomly select a list of genes sampleGene;
9: randomNoise = � ⇤ rand(1, N);
10: perturbation = sampleGene ⇤ ↵ ⇤ stdV alue;
11: randomInits(i) = sampleSeq + randomNoise+ perturbation;
12: end for
13: return randomInits

14: end function

15: function fitMixtureGaussian(D)
16: for all gene in D do
17: gmmModels(gene) = gmdistribution.fit(D(gene));
18: end for
19: return gmmModels

20: end function

21: function generateTrajectory(D, cellStates)
22: for all gene in D do
23: for all state in cellStates do
24: � = 1./std(D(gene, state));
25: end for
26: end for
27: return �

28: end function

29: function initializeParam(D)
30: Let ✓ = {�i, Ii, Ci,Wij, i, j = 1, 2, ..., N}, N is the number of genes;
31: Set �i = 1, Ii = 0, Ci = 1, Wij = corr(D);
32: return ✓

33: end function
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(a) (b)

(c)

Figure S2: The probabilistic landscapes of the modified two-gene network
when (a) mapping to two marker genes and (b) a 2D latent space. (c) The
table of attractors.

Figure S3: The table of attractor(s).
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(a)

(b) (c)

(d)

Figure S4: (a) The topology structure of the model with 6 genes and 23
interactions. The probabilistic landscapes of the network when (b) mapping
to two marker genes (Nanog and Gata6) and (c) a 2D latent space. (d) The
two attractors.
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Figure S5: The weight matrix contains N ⇥N interactions of CHN learned
from the mouse embryonic early development dataset. N is the number of
genes.

Figure S6: Accuracies of pseudotime recovery on the qPCR dataset
“DENG2014” using di↵erent pseudotime recovery methods. Pearson correla-
tion coe�cient between the predicted and observed times is used to evaluate
the result.

105



Appendix

(a)

(b)

(c)

Figure S7: The contour plot of the landscape constructed from the dataset
(a) “ES MEF”, (b) “LPS” and (c) “HSSM”.
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Table S1: The detailed references for verifying interactions in HopLand’s
result using GeneGo (Part 1)

Description PMID

Fgf and Esrrb integrate epigenetic and
transcriptional networks that regulate self-
renewal of trophoblast stem cells

26206133

KLF2 binds to gene ERR2 promoter and ac-
tivates ERR2 expression.

18264089;20959618

HNF4-alpha can bind to gene Fibronectin
promoter.

19761587;21384409;25786776

NANOG directly activates Oct-3/4 tran-
scription.

16153702;16518401;16790525

ID2 promoter has a putative GATA-3-
binding site.

15608294

SOX2 binds to Fibronectin promoter. 27411517;18358816;19884255
Oct-3/4 decreases Hand1 expression 16325584;20014010;17183653
Probably, HAND1 is one of the Nanog ge-
nomic targets in murine ES cells. NANOG
inhibits expression of HAND1.

19567677;21062744;18700969

HAND1 promoter has a putative GATA-3-
binding site.

15608294

SOX2 decreases HAND1 mRNA expression. 17506876;16767105;17515932
Oct-3/4 probably regulates transcription of
C14orf92.

18555785;22083510

SAHH was identificated as Oct-3/4 target
gene by ChIP-on-Chip assay.

16751344;19884255;23376973

Esrrb positively regulates expression of the
Oct4 target gene Nanog by binding to its pro-
moter.

18662995;18957414;19740934

ERR2 binds to Oct-3/4 and modulates its
transcriptional activity.

18662995;18957414;19740934

Esrrb positively regulates the expression of
reprogramming genes Klf4 and Sox2.

23019124;19740934

ERR2 activates transcription of KLF5 . 23169531
In mouse ES cells gene ERR2 was identi-
fied as the downstream target of Oct3/4 by
chromatin-immunoprecipitation assays.

20362541;23508100;24905168

KLF2 binds to gene ERR2 promoter and ac-
tivates ERR2 expression.

18264089;20959618

KLF5 binds to gene ERR2 promoter and ac-
tivates ERR2 expression.

18264089;20959618

NANOG physically interacts with ERR2. 19884255;18957414;18454139
SOX2 can bind to gene ESRRB promoter. 19740934;24120664;22334693
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Table S2: The detailed references for verifying interactions in HopLand’s
result using GeneGo (Part 2)

Description PMID

Using chromatin immunoprecipitation was
found that Med12 and Nanog co-occupied
Nanog target promoter BMP4 in embryonic
stem cells.

19036726;19884255;19567677

Oct-3/4 downregulates BMP4 expression 16518401;23041284;17506876
SOX2 decreases BMP4 mRNA expression. 17506876;18238855
BMP-4 gene was identified as a direct down-
stream target for GATA-4 and GATA-6
which can activate BMP-4 transcription.

12606287;19491195;26395571

NANOG can bind to gene GATA-4 promoter
and suppress GATA-4 expression.

16456133;16391521;15983365

Oct-3/4-directly downregulates GATA-4 ex-
pression.

14990861;16153702;17567999

qRT-PCR revealed that the levels of mR-
NAs encoding FOXA1, FOXA2, FOXA3,
HNF1B, HNF1A, GATA4, GATA6 and
HHEX, all of which have crucial roles dur-
ing early stages of hepatic development, were
reduced in HNF4A-depleted cells.

20054869;21852396

KLF2 regulates transcription of GATA-4 . 23457456
Interaction of the Id 1-3 Proteins with Gata4
and Nkx2.5 was demonstrated. The Id pro-
teins inhibited the synergistic transactivation
of reporter constructs by Gata4 and Nkx2.5
in consequence of inhibiting the sequence-
specific binding of Gata4 and Nkx2.5 to DNA
and the binding of Gata4 to Nkx2.5.

16556596

GATA-4 can bind to gene ID2 promoter and
activates ID2 expression.

17559079;21330551

GATA-4 inhibits transcription of NANOG . 23132827
GATA-4 binds to gene FGF4 promoter and
activates FGF4 expression.

15942670;15183731

BMP-4 gene was identified as a direct down-
stream target for GATA-4 and GATA-6
which can activate BMP-4 transcription.

12606287;19491195;26395571

GATA-4 physically interacts with HNF4-
alpha and increases its activity.

15159395;25053715;18426912

KLF5 5’ upstream region has a putative
NANOG-binding site.

20875146;19544440;16153702

KLF5 5’ upstream region has a putative Oct-
3/4-binding site.

17925037;17183653;16153702

ERR2 activates transcription of KLF5 . 23169531
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Table S3: The detailed references for verifying interactions in HopLand’s
result using GeneGo (Part 3)

Description PMID

KLF5 binds to gene NANOG promoter and
activates NANOG expression.

24770696;18264089;20875146

KLF5 activates transcription of HNF4-alpha
.

25053715;24770696

KLF5 binds to gene ERR2 promoter and ac-
tivates ERR2 expression.

18264089;20959618

putative homologs were found interacting
(Actb and Lcp1)

24758171

KLF2 binds to gene ERR2 promoter and ac-
tivates ERR2 expression.

18264089;20959618

KLF4 binding to gene KLF2 promoter was
identified on a global scale in mouse Embry-
onic Stem cells and validated by quantitative
ChIP-PCR.

18358816;19796622;23667633

Esrrb positively regulates the expression of
reprogramming genes Klf4 and Sox2.

23019124;19740934;19136965
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Table S4: Logical rules in the Boolean model.

Product Equations

Oct4 geneOct4&(Sig2|OS|OSN|Myc|Klf4)&!OC&!Gcnf&!Sox1&!Gata6
Sox2 geneSix2&(OS|OSN|Myc|Klf4)&!Sox1&!Gcnf&!Gata6
Nanog geneNanog&(OS|OSN|Myc|Klf4)&!OG&!Oct4&!Gcnf&!Cdx2&!Sox1&!Gata6
Cdx2 Cdx2&!(OC)&!Nanog&!Sox1&!Gata6
Gcnf Cdx2|Gata6—Gcnf
Pax6 (Sox2|Pax6)&!Oct4&!Nanog
Sox1 geneSox1&(Sig1|Sox2)&!Nanog&!Oct4&!Cdx2&!Gata6
Gata6 geneGata6&(Sig0|Oct4)&!Nanog&!Sox2&!Cdx2&!Sox1
Myc Klf4&!Sox1&!Gcnf&!Cdx2
Klf4 (Myc|Klf4)&!Gcnf&!Sox1&!Cdx2&!Gata6
OG Oct4&Gata6
OC Oct4&Cdx2
OS Oct4&Sox2
OSN Oct4&Sox2&Nanog
Prc2 (Oct4|Sox2|Klf4|Myc)&!Mbd3&!Nurd
Mbd3 Gata6&!Prc2&!Nurd
Nurd Sox1&!Prc2&!Mbd3
EA1 (Oct4|Sox2|Klf4|Myc)&!EA2&!EA3
EA2 Gata6&!EA1&!EA3
EA3 Sox1&!EA1&!EA2
Gene
Oct4

EA1&!Mbd3&!Nurd

Gene
Sox2

EA1&!Mbd3&!Nurd

Gene
Nanog

EA1&!Mbd3&!Nurd

Gene
Gata6

EA2&!Prc2&!Nurd

Gene
Sox1

EA3&!Prc2&!Mbd3
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Table S5: ODE equations of the dynamical model of Figure 3.1.

dOc4

dt
= geneOct4 ⇤ (kbase+ a ⇤ ( (Oct4 ⇤ Sox2)n1

k1n1 + (Oct4 ⇤ Sox2)n1+

Klf4n1

k1n1 +Klf4n1
+

(Oct4 ⇤ Sox2 ⇤Nanog)n1

k1n1 + (Oct4 ⇤ Sox2 ⇤Nanog)n1
+

Myc
n1

k1n1 +Mycn1
) ⇤ k2n2

k2n2 +Gata6n2

⇤ k2n2

k2n2 + Sox1n2
+ (

(k2n2

k2n2 + (Oct4 ⇤ Cdx2)n2
+

k2n2

k2n2 +Gcnfn2
) ⇤ b)� gamma ⇤Oct4

dSox2

dt
= geneSox2 ⇤ (kbase+ a ⇤ ( (Oct4 ⇤ Sox2)n1

k1n1 + (Oct4 ⇤ Sox2)n1+

(Oct4 ⇤ Sox2 ⇤Nanog)n1

k1n1 + (Oct4 ⇤ Sox2 ⇤Nanog)n1
+

Myc
n1

k1n1 +Mycn1
+

Klf4n1

k1n1 +Klf4n1
) ⇤ k2n2

k2n2 + Sox1n2
⇤ k2n2

k2n2 +Gata6n2
+

k2n3

k2n3 +Oct4n3
⇤ b)� gamma ⇤ Sox2

dNanog

dt
= geneNanog ⇤ (kbase+ a ⇤ ( (Oct4 ⇤ Sox2)n1

k1n1 + (Oct4 ⇤ Sox2)n1+

(Oct4 ⇤ Sox2 ⇤Nanog)n1

k1n1 + (Oct4 ⇤ Sox2 ⇤Nanog)n1
+

Myc
n1

k1n1 +Mycn1
+

Klf4n1

k1n1 +Klf4n1
) ⇤ k2n2

k2n2 + (Oct4 ⇤Gata6)n2
⇤ k2n2

k2n2 + Sox1n2
+

k2n2

k2n2 +Oct4n2
⇤ b)� gamma ⇤Nanog

dCdx2

dt
= kbase+ a10 ⇤

Cdx2n1

k1n1 + Cdx2n1
⇤ k2n3

k2n3 +Nanogn3
⇤

k2n3

k2n3 + (Oct4 ⇤ Cdx2)n3
⇤ b� gamma ⇤ Cdx2

dGcnf

dt
= kbase+ aa10 ⇤ (

Cdx2n1

k1n1 + Cdx2n1
+

Gata6n1

k1n1 +Gata6n1
+

Gcnf
n1

k1n1 +Gcnfn1
)� gamma ⇤Gcnf

dPax6

dt
= kbase+ aa10 ⇤ (

Sox2n1

k1n1 + Sox2n1
+

Pax6n1

k1n1 + Pax6n1
)⇤

k2n3

k2n3 +Oct4n3
⇤ k2n3

k2n3 +Nanogn3
⇤ b� gamma ⇤ Pax6
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dSox1

dt
= geneSox1 ⇤ (kbase+ aa10 ⇤

Sox2n1

k1n1 + Sox2n1
⇤ k2n3

k2n3 +Gata6n3
⇤

k2n3

k2n3 +Oct4n3
+

k2n3

k2n3 +Nanogn3
⇤ b� gamma ⇤ Sox1

dGata6

dt
= geneGata6 ⇤ (kbase+ aa10 ⇤

Oct4n1

(k1n1 +Oct4n1
⇤ k2n3

k2n3 + Sox1n3
⇤

k2n3

k2n3 + Sox2n3
+

k2n3

k2n3 +Nanogn3
⇤ b� gamma ⇤Gata6

dMyc

dt
= kbase+ a ⇤ Klf4n1

k1n1 +Klf4n1
⇤ k2n3

k2n3 + Sox1n3
⇤ k2n3

k2n3 +Gata6n3
⇤

k2n3

k2n3 + Cdx2n3
+

k2n3

k2n3 +Gcnfn3
⇤ b� gamma ⇤Myc

dKlf4

dt
= kbase+ a ⇤ Klf4n1

k1n1 +Klf4n1
⇤ k2n3

k2n3 + Sox1n3
⇤ k2n3

k2n3 + Cdx2n3
⇤

k2n3

k2n3 +Gata6n3
+

k2n3

k2n3 +Gcnfn3
⇤ b� gamma ⇤Klf4

dPrc2

dt
= kbase+ a1 ⇤

Oct4n4

k3n4 +Oct4n4
+ a1 ⇤

Sox2n4

k3n4 + Sox2n4
+

a1 ⇤
Myc

n4

k4n4 +Mycn4
+ a1 ⇤

Klf4n4

k4n4 +Klf4n4
+

a2 ⇤
k4n4

k4n4 +Mbd3n4
+ a2 ⇤

k4n4

k4n4 +Nurdn4
� gamma ⇤ Prc2

dMbd3

dt
= kbase+ a3 ⇤

Gata6n4

k3n4 +Gata6n4
+ a4 ⇤

k4n4

k4n4 + Prc2n4
+

a4 ⇤
k4n4

k4n4 +Nurdn4
� gamma ⇤Mbd3

dNurd

dt
= kbase+ a3 ⇤

Sox1n4

k3n4 + Sox1n4
+ a4 ⇤

k4n4

k4n4 + Prc2n4
+

a4 ⇤
k4n4

k4n4 +Mbd3n4
� gamma ⇤Nurd

dEA1

dt
= a5 ⇤

Oct4n4

k3n4 +Oct4n4
+ a5 ⇤

Sox2n4

k3n4 + Sox2n4
+ a5 ⇤

Myc
n4

k4n4 +Mycn4
+

a5 ⇤
Klf4n4

k4n4 +Klf4n4
+ a6 ⇤

k4n4

k4n4 + EA2n4
+

a6 ⇤
k4n4

k4n4 + EA3n4
� gamma ⇤ EA1
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dEA2

dt
= a7 ⇤

Gata6n4

k3n4 +Gata6n4
+ a7 ⇤

k4n4

k4n4 + EA1n4
+

a7 ⇤
k4n4

k4n4 + EA3n4
� gamma ⇤ EA2

dEA3

dt
= a7 ⇤

Sox1n4

k3n4 + Sox1n4
+ a7 ⇤

k4n4

k4n4 + EA1n4
+

a7 ⇤
k4n4

k4n4 + EA2n4
� gamma ⇤ EA3

geneOct4 = a8 ⇤
k3n4

k3n4 +Mbd3n4
+

k3n4

k3n4 +Nurdn4
+

EA1n4

k4n4 + EA1n4

geneSox2 = a8 ⇤
k3n4

k3n4 +Mbd3n4
+

k3n4

k3n4 +Nurdn4
+

EA1n4

k4n4 + EA1n4

geneNanog = a8 ⇤
k3n4

k3n4 +Mbd3n4
+

k3n4

k3n4 +Nurdn4
+

EA1n4

k4n4 + EA1n4

geneGata6 = a9 ⇤
k3n4

k3n4 + Prc2n4
+

k3n4

k3n4 +Nurdn4
+

EA2n4

k4n4 + EA2n4

geneSox1 = a9 ⇤
k3n4

k3n4 + Prc2n4
+

k3n4

k3n4 +Mbd3n4
+

EA3n4

k4n4 + EA3n4

Table S6: The inferred parameters of the network model.

Parameter Defination Value

kbase exogenous expression 0
gamma degradation rate 0.1
a maximum transcrip-

tional rates
0.1

b maximum transcrip-
tional rates

0.01

a1�5 maximum transcrip-
tional rates

0.4802,0.7065,0.6033,0.2405,0.8269

a6�10 maximum transcrip-
tional rates

0.0386,0.7158,0.3503,0.6858,0.7

n1 Hill coe�cient 1
n2 Hill coe�cient 5
n3 Hill coe�cient 7
n4 Hill coe�cient 2
k1 dissociation constant 0.1
k2 dissociation constant 0.4
k3 dissociation constant 0.0252
k4 dissociation constant 0.4086
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