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 Quantitative prediction of position and orientation for an 
octahedral nanoparticle at liquid/liquid interfaces 

Wenxiong Shi,a Yih Hong Lee,b Xing Yi Lingb† Shuzhou Lia† 

Shape-controlled polyhedral particles and their assembled structures have important applications in plasmonics and 

biosensing, but the interfacial configurations that will critically determine their resultant assembled structures are not well-

understood. Hence, a reliable theory is desirable to predict the position and orientation of a polyhedron at the vicinity of a 

liquid/liquid interface. Here we demonstrate that the free energy change theory can quantitatively predict the position and 

orientation of an isolated octahedral nanoparticle at a liquid/liquid interface, whose vertices and facets can play crucial roles 

in biosensing. We focus on two limiting orientations of an octahedral nanoparticle, vertex up and facet up. Our proposed 

theory indicates that the surface wettability (hydrophilic/hydrophobic ratio) of the nanoparticle determines its most stable 

position and the preferred orientation at a water/oil interface. The surface wettability of an octahedron is adjusted from 

extremely hydrophobic to extremely hydrophilic by changing the charge amount on the Ag surface in molecular dynamics 

(MD) simulations. The MD simulations results are in excellent agreement with our theoretical prediction for an Ag octahedral 

nanoparticle at a hexane/water interface. Our proposed theory bridges the gap between molecular-level simulations and 

equilibrium configurations of polyhedral nanoparticles in experiments, where insights from nanoparticles intrinsic 

wettability details can be used to predict macroscopic superlattice formation experimentally. This work advances our ability 

to precisely predict the final structures of the polyhedral nanoparticle assemblies at a liquid/liquid interface.

Introduction 

The ability to predict the equilibrium assembled structure in the 

self-assembly of shape-controlled nanoparticle has been widely 

studied.1-10 Large-area two-dimensional (2D) superlattices, 

which have unique nanoscale light-matter interactions, are 

emerging platforms with applications in all-absorptive surfaces, 

super resolution imaging, and smart transformation optical 

devices.11-14 Interfacial assembly at a liquid/liquid interface is a 

powerful tool to obtain various 2D superlattices with distinct 

structure-dependent properties, which has been applied to 

nanoparticles with various shapes.15-25 Common shape-

controlled nanoparticles include polyhedron and the solids of 

revolution, where the latter is obtained by rotating a plane 

curve around an axis and includes sphere, ellipsoids, nanorods, 

and nanodiscs, etc.26-29 The equilibrium position of solids of 

revolution at a liquid/liquid interface can be successfully 

obtained using free energy change theory.30-44 However, it 

remains challenging for polyhedral nanoparticles to use their 

fundamental properties to predict their stable 2D superlattice 

structures at liquid/liquid interfaces, because of the complex 

nanoparticle-nanoparticle and nanoparticle-liquid interfacial 

interactions.45, 46 The positions and orientations of polyhedral 

nanoparticles at the interface play key roles in determining their 

resultant 2D superlattices.47-50 When the interaction between 

nanoparticles is weak, the position and orientation of 

nanoparticles at the liquid-liquid interface are determined by 

the fundamental properties such as geometry and 

hydrophilic/hydrophobic ratio.50, 51 Since the polyhedral 

nanoparticles’ facets and vertices in assembled superlattices 

with special structure can play crucial roles in polyhedral 

nanoparticle assembly at an interface,52, 53 a reliable theory is 

needed to predict the positions and orientations of polyhedral 

nanoparticles at an interface. 

Compared to solids of revolution, a polyhedral nanoparticle 

exhibits distinct anisotropic properties along different 

crystallographic directions.54 The large curvatures along its tips 

and edges cause deep subwavelength confinement of 

electromagnetic fields.23-25, 55 The polyhedral nanoparticle also 

has various orientations, which in turn affect the nanoscale 

light-matter interactions. It has been demonstrated that 

systematically tuning the surface wettability of a silver 

octahedron leads to different orientations of the octahedron, 

either facet up or vertex up. These orientation changes finally 

lead to a continuous superlattice structural evolution, from 

hexagonal close packing to open square structures.47 Moreover, 

the interfacial behaviors of Ag nanocubes have been 

manipulated by controlling the hydrophilic/hydrophobic ratio 

conferred by capping agents, and three unique crystals have 

been obtained, including square close-packed, linear, and 
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hexagonal lattices.56 Therefore, to rationally design supercrystal 

structures from the interactions between solvents and surface 

capping agents of a polyhedron, the quantitative relation 

between these interactions and the configuration of a 

polyhedron need to be illustrated. It is imperative to derive a 

reliable method to predict the position and orientation of a 

polyhedron at a liquid/liquid interface, which is the basis for 

predicting the equilibrium structure of superlattices.  

Here, we demonstrate the free energy change theory to solve 

the interfacial position and orientation of a polyhedral 

nanoparticle at a liquid/liquid interface. We use a regular 

octahedron as our model study due to its unique geometry. It 

has six vertices and eight planar facets, which can be assembled 

into distinct superlattices. We derive the quantitative 

dependence of interfacial free energy on different positions and 

orientations under a full range of wettability (from extremely 

hydrophobic to extremely hydrophilic) for an octahedron at the 

liquid/liquid interfaces. Our method can predict the most stable 

position and preferred orientation in the two limiting 

orientations of an octahedron when surface interactions are 

dominant. Molecular dynamics (MD) simulations are also 

performed for a silver octahedron at the hexane/water 

interfaces to verify our proposed theory. We tune the surface 

wettability (hydrophilic/hydrophobic ratio) of Ag octahedron by 

manipulating the amount of point charges on the surface Ag 

atoms while keeping the whole octahedron at charge neutral. 

The most stable position and preferred orientation from MD 

simulations are in good agreement with our extended free 

energy change theory. Our theory bridges the gap between 

molecular-level interaction simulations and nanoparticle 

configuration experiments, where insights from nanoparticle 

surface wettability can be used to predict macroscopic 

superlattice formation experimentally. Our findings is a step 

forward in predicting the equilibrium structures of polyhedral 

nanoparticle superlattice at a liquid/liquid interface. 

Results and discussion  

Configuration of an Octahedron at an oil/water Interface  

The configuration of an octahedron at an oil/water interface 

can be described by its orientation and its position, which may 

determine the equilibrium structure of 2D superlattice. Many 

orientations can exist for an octahedron at an oil/water 

interface. We focus on the two extreme cases, vertex up and 

facet up orientation, which are mostly observed in 

experiments.47 In Figure 1, the oil/water interface is set as the 

xy plane (not shown) and the unit vector z� is pointing up along 

z direction. The octahedron has the edge length of a. For the 

vertex up orientation in the left side of Figure 1, the total height 

is the distance between the two opposite vertices along the z 

direction. ��  is the half height of octahedral nanoparticle with 

vertex up orientation, and �� = √2�/2 . For the facet up 

orientation in the right side of Figure 1, the total height is the 

distance between the top facet and the bottom facet along the 

z direction, where both facets are parallel to the interface. ��  

is the half height of octahedral nanoparticle with facet up 

orientation, and �� = √6�/6. The position of an octahedron is 

characterized by the vector from its center of mass to the 

oil/water interface, which is denoted as ℎz�  for both 

orientations, where ℎ is negative (positive) when the most part 

of octahedron is in oil (water) phase. The height ratio �  is 

defined as � = ℎ�/��  and � = ℎ�/��  for vertex up and facet 

up orientations, where the ranges of possible values for � are 

−1 ≤ � ≤ 1 and −1/√3 ≤ � ≤ 1/√3, respectively (Supporting 

Section S3). 

Free Energy Changes of an Octahedron at an oil/water Interface  

According to Pieranski’s free energy change theory,28 the free 

energy change of a nanoparticle at an interface with height ℎ, 

����(ℎ), can be rewritten with the free energy (�(ℎ)) references 

to the free energy of the nanoparticle immersed in oil phases 

(��) for a spherical particle: 

����(ℎ) = �(ℎ) − �� = ���� − ������� − ������ + �� (1) 

where ��� , ��� , ���  and τ are the particle/water, particle/oil, 

oil/water surface tensions, and the three-phase line tension, 

respectively. ��� , ��� , and �  are the particle/water interface 

area, oil/water interface area occupied by the nanoparticle, and 

the length of three-phase line, respectively. For a given system, 

the values of all surface tensions and the line tension are 

independent of the configuration of the octahedron while only 

��� , ��� , and �  are functions of the configuration of the 

octahedron. Equation (1) has been applied to predict the 

equilibrium height of a sphere, as shown in Supporting Section 

S1, and to investigate nanoparticles of different shapes, such as 

pillars, ellipsoids, and even Janus type nanoparticles.39, 40, 57, 58 

Furthermore, the contribution of the line tension is ignored 

since it is one order of magnitude lower than surface tension.29 

When the line tension is ignored, the free energy change in 

equation (1) becomes   

 ����(ℎ) = �(ℎ) − �� = ���� − ������� − ������   (2) 

Divided by ����  on both sides to get the unit less formula, the 

equation (2) becomes 

� =  ����(ℎ)/(����) = ����/� − ���/�,  

where � = (��� − ���)/��� .  (3) 

� is the ����(ℎ) normalized by octahedron surface area A and 

oil/water surface tension ��� . �  is the surface tension ratio, 

and has the opposite sign compared to cosine contact angle, 

where cos � = (��� − ���)/��� . This means R is positive 

(negative) when the most part of octahedron is in oil (water) 

phase, which means the surface of octahedron is hydrophobic 

(hydrophilic). In this formula, the surface tensions are 

determined by the interactions between the octahedron and 

solvents. Moreover, the particle/water contact surface 

area ��� , and oil/water cross contact surface area ���  depend 

on the positions and orientations of the octahedron on the 

oil/water interface with two limiting orientations. Therefore, 

the formulas are derived to calculate the ��� , and ���  for these 

two limiting orientations, which are shown below.  
(a) Vertex up orientation: 

As defined before, the half-height in vertex up orientation �� =

√2�/2, where a is the edge length of an octahedron. With the 

total surface area � = 2√3�� and the height ratio � = ℎ�/��, 



Journal Name  ARTICLE 

This journal is © The Royal Society of Chemistry 20xx J. Name., 2013, 00, 1-3 | 3  

Please do not adjust margins 

Please do not adjust margins 

the particle/water interface area ���  can be calculated from 

equation (4) for an octahedron with vertex up orientation.  

��� = �
� ×

(��|�|)�

�
   − 1 ≤ � ≤ 0

� − � ×
(��|�|)�

�
  0 < � ≤ 1

      (4) 

The oil/water interface area occupied by the octahedron ���  

can be calculated from equation (5): 

��� = �� × (1 − |�|)�  (5) 

Since the express of ���  depends on the sign of �, we discuss 

equation (3) in two regions: −1 ≤ � ≤ 0 and  0 < � ≤ 1, which 

means the octahedron is immersed into oil phase and water 

phase, respectively.  

� = �
�

�

�
−

�

�√�
�(�� + 2� + 1) − 1 ≤ � ≤ 0,   �

− �
�

�√�
+

�

�
�(�� − 2� + 1) 0 < � ≤ 1,   �

  (6) 

The minimum value of � depends on the location of the axis of 

symmetry � and the orientation of the parabola. ��, �� and ��, 

�� are the coefficients for the equation (6)a and b, respectively, 

as shown in Supporting Section S3. Based on the location of � 

and the orientation of the parabola, we can divide the region 

−1~1 to five regions, which are (1) −1 ≤ � < −√3/3, (2) � =

−√3/3 , (3) −√3/3 < � < √3/3 , (4) � = √3/3  , and (5) √3/

3 < � ≤ 1, as shown in Figure 2a and Table 1.  

(1) In the case of −1 ≤ � < −√3/3.  

As discussed in Supporting Section S3c, when � = 1, � reaches 

its minimum value of �, the octahedron is more hydrophilic and 

prefers to stay in water. �  is plotted as the function of � in 

Figure 2b curve 1, where R = − 0.7. 

(2) In the case of � = −√3/3 . 

Similarly, � reaches its minimum value of � in the region of 0 <

� ≤ 1 , which means that the octahedron prefers to stay in 

water with any position. � is plotted as a function of � in Figure 

2b curve 2, where R=−√3/3. As discussed in Supporting Section 

S3, the relationship between R and � is that R is a constant with 

� = √3/3 = (��� − ���)/���. � is canceled in the analysis and 

the R does not depend on �, arising from the planar surface of 

the octahedron. Based on the contact angle definition and 

mathematical calculation, the four facets of an octahedron in 

water have identical contact angles in the region of 0 < � ≤ 1, 

which is √3/3 . Therefore, the octahedron prefers to stay in 

water with any position when R =−√3/3. 

 (3) In the case of −√3/3 < � < √3/3.  

When � = 0 , �  reaches its minimum value of (3R − √3)/6 , 

half octahedron stays in water and half octahedron stays in oil. 

The � has its maximum value of 0 at � = −1, when R is negative, 

while it has its maximum value of R at � = 1 when R is positive. 

� is plotted  in Figure 2b curve 3, where R = − 0.2. 

(4) In the case of � = √3/3.  

In the region of −1 ≤ � ≤ 0, � reaches its minimum value of 0, 

which means that octahedron prefers to stay in oil with any 

position. � is plotted  in Figure 2b curve 4, where R = √3/3. 

(5) In the case of √3/3 < � ≤ 1.  

When � = −1, � reaches its minimum value of 0, which means 

that octahedron is more hydrophobic and prefers to stay in oil. 

� is plotted  in Figure 2b curve 5, where R = 0.7. 
 (b) Facet up orientation:  

 In a facet up orientation, the total height is the distance 

between the top facet and the bottom facet along the z 

direction, where both surfaces are parallel to the interface. 

Therefore, the half-height �� = √6�/6, and � = ℎ�/�� . With 

�� = √2�/2, the � and � is different by a factor √3, which is 

� = √3�. 

Because −1 ≤ � ≤ 1 , the range of height ratio is − √3/3 ≤

� ≤ √3/3. 

As shown in supporting Figure S1 and Figure S2 in Supporting 

Section S2, we can get the particle/water contact surface 

area ��� , and oil/water cross contact surface area ���  for the 

facet up orientation. 

 ��� =
�

�
� +

�

�
� ×

�� �

�
  (7) 

 ��� =
�

�
� × ((

�� �

�
)� − 3(

�� �

�
)�)  (8) 

For the free energy change, the main equation for facet up 

orientation is 

� =
�

��
�

�
+

��

�
� +

����

��
,−1 ≤ � ≤ 1, (9) 

To compare the results in vertex up orientation, we substitute 

 � = √3� into the equation (9), which becomes  

� =
�

��
�� +

�√��

�
� +

����

��
  , −√3/3 ≤  � ≤ √3/3   (10) 

where the region of R is −1 ≤ � ≤ 1. 

From − 1 ≤ � ≤ 1  and � = −√3� , the range of the axis of 

symmetry � could be −√3 ≤ � ≤ √3. However, the range of � 

is only −√3/3 ≤  � ≤ √3/3  for facet up orientation. We will 

discuss the dependence of �  on �  in three regions:−1 ≤ � <

−1/3 , −1/3 ≤ � ≤ 1/3 , and 1/3 < � ≤ 1 , where � > √3/3 , 

−√3/3 ≤ � ≤ −√3/3, and � < −√3/3, as shown in Figure 3a 

and Table 2.  

(1) In the case of −1 ≤ � < −1/3, � is monotonic decreasing 

with � in the whole range since the axis of symmetry � is larger 

or equals to √3/3. Therefore, � reaches its minimum value of 

(7� − 1)/8  when � = √3/3  and the octahedron prefers to 

stay in water, which is illustrated in Figure 3b curve 1 with R = − 

0.5. 

(2) In the case of −1/3 ≤ � ≤ 1/3, the axis of symmetry � falls 

into the allowed range of �  and the parabola opens upward. 

Therefore, �  reaches its minimum value of (−9�� + 8� −

3)/16  when � = −√3� , which means that the position of 

octahedron changes with R, which is illustrated in Figure 3b 

curve 2 with R = − 0.2.  

(3) In the case of 1 < � ≤ √3/3, � is monotonic increasing with 

� in the whole range since the axis of symmetry � is smaller or 

equal to −√3/3 . Therefore, �  reaches its minimum value of 

(� − 1)/8  when � = −√3/3  and the octahedron prefers to 

stay in oil, which is illustrated in Figure 3b curve 3 with R = 0.5. 
(c) The most stable region for octahedron with the facet up and 

vertex orientation. 

For vertex up orientation, the minimum value of �  are R, (3R −

√3)/6, and 0 for the regions −1 ≤ � < −√3/3, −√3/3 < � <

√3/3 , and −√3/3 < � ≤ 1 , respectively. The cases of � =

(��� − ���)/��� = ±√3/3  are special points, where the 

octahedron can stay in water or oil phase with vertex up at any 

positions. However, surface tension ���  and ���  should have a 
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specific value compared to ��� , which is difficult to achieve in 

experiment, so that the two special points would not be 

discussed further. For facet up orientation, the minimum value 

of �  are (7� − 1)/8 , (−9�� + 8� − 3)/16 , and (� − 1)/8 

for the regions: −1 ≤ � < −1/3, −1/3 ≤ � ≤ 1/3, and 1/3 <

� ≤ 1, respectively. All these results are summarized in Table 3 

and plotted in Figure 4. The free energy change minimum �  are 

shown and compared in Figure 4 for both orientations. When 

−1 ≤ � < (3 − 4√3)/9  or (4√3 − 3)/9 < � ≤ 1 , the 

minimum of free energy change in facet up orientation is 

smaller than that in vertex up orientation, thus the octahedron 

favors facet up orientation. When (3 − 4√3)/9 ≤ � ≤ (4√3 −

3)/9 , the minimum of free energy change in facet up 

orientation is larger than that in vertex up orientation, thus the 

octahedron favors vertex up orientation. 

Position and Orientation of an Octahedral Nanoparticle System in 

MD Simulation. 

The quantitative dependence of interfacial free energy on 

different positions and orientations under a full range of wettability 

for an octahedron at liquid/liquid interfaces are derived for two 

limiting orientations, vertex up and facet up. The orientations and 

positions of an octahedron at the oil/water interface under different 

wettability can be obtained from MD simulations. We build a model 

system which is comparable to the experimental condition, enabling 

us to derive molecular-level insights on the interfacial behaviors. To 

verify our extended free energy change theory for an octahedral 

nanoparticle at a liquid/liquid interface, MD simulations are 

performed using an octahedral silver nanoparticle on a 

hexane/water interface. In our MD simulations, the Ag octahedron is 

built using 344 Ag atoms inside as the core and 326 surface Ag atoms 

outside as the surface layer. The surface wettability of Ag octahedron 

is adjusted by changing the charge amount (q) on the surface Ag 

atoms, where the unit is elementary charge (e) as depicted in 

Supporting Section S4 and shown in Figure S4. The positive or 

negative partial charge are randomly introduced on 326 outside Ag 

atoms, and the total net charge is zero for Ag octahedron.59, 60 

Therefore, the Ag octahedron is still an electrically neutral particle, 

and does not carry any extra charge for the simulation system. The 

size of octahedron is about 3 nm in our MD simulations, where the 

gravity force can be ignored.49 The Ag octahedron is put into the 

vicinity of hexane/water interface, and the position and orientation 

are evolved as the function of time for various q. Five typical 

equilibrium position and orientation of the silver octahedron are 

shown in Figure 5a for q = 0.1 e, 0.13 e, 0.18 e, 0.45 e and 0.49 e, 

respectively. Surface wettability increases with q increases, which 

can be quantified by surface tension ratio R, as discussed in below. 

Increasing q enhances the hydrophilicity of the octahedron surface, 

which favors stronger interaction with the polar solvent, water. As 

shown in Figure 5a, the octahedron breaches the hexane/water 

interface. The equilibrium position of silver octahedron moves from 

oil phase (0.1 e ~ 0.18 e) to water phase (0.18 e ~ 0.49 e), with 

accompanying orientation change, as the wettability increases. Its 

position and orientation is governed by the competition between the 

octahedron-water (NP-Water) and octahedron-hexane (NP-Hexane) 

interactions, which is defined as the hydrophilic/hydrophobic 

interaction energy. As q increases, the interaction energy between 

the octahedron and water also increase, as shown in Figure 5b. 

Water is a polar solvent, and has strong electrostatic interaction with 

octahedron with high q. Thus, a larger part of the octahedron 

immerses into water. Conversely, the interaction energy between 

the octahedron and hexane decreases, leading to octahedron 

moving away from hexane. Therefore, if the octahedron with desired 

wettability can be obtained by choosing proper ligands, targeted 

superlattices be fabricated by using these octahedra. 

The Calculation of Height Ratio � in MD Simulation. 

The analytical method only focus on two limiting orientations, 

vertex up and facet up. For MD simulation, due to the 

thermodynamic fluctuation and lack of constraint for the two 

orientations, it is reasonable for the octahedral nanoparticle to 

exhibit various tilt orientations, but most of these orientations 

are close to the two limiting orientations. Therefore, the height 

ratio �  in MD simulation can be obtained after treatment by 

� = ℎ�/��  and � = ℎ�/��  for vertex up and facet up 

orientations, respectively. ℎ� , ℎ� , ��  and ��  are obtained 

from positions of silver octahedron, position of center of silver 

octahedron and position of oil/water interface. The equilibrium 

positions of the silver octahedron are extracted from the 

density profiles of the three components (Ag, water, and 

hexane) along the vertical direction of the simulation box for 

octahedrons with different value of q, as shown in supporting 

Figure S7, where only water and hexane density in q = 0.1 e 

system are shown for clarity. In this figure, the interfacial 

positions of hexane/water for all the systems are moved to 

same position. To track the geometric center of Ag octahedron 

in a simulation trajectory, the geometric center of octahedron 

is averaged through 100 ps period. Because the octahedron 

shows a lot of tilt orientations in MD simulations, the total 

octahedron height is calculated as the distance from the 

starting point to the ending point of Ag density distribution 

profile in MD simulations. Therefore, the value of ��  is the half 

of the total octahedron height when the octahedron is close to 

a vertex up orientation. For facet up orientations, the half-

height equals the value of �� . Because the thickness of 

hexane/water interface is about 0.3-0.5 nm in our simulations, 

which is caused by the interface deformation and the large 

interface region, the value of ℎ�  or ℎ�  depends on the relative 

position of octahedron to the position of oil/water interface. 

When a vertex (a facet) of the octahedron in one phase just 

starts to contact or enter the other phase, as shown in 0.10 e in 

Figure 5a and Figure 5c (0.13 e in Figure 5a and Figure 5d), the 

position of interface is defined as the starting point of density 

curve of the other phase near the surface. When the 

octahedron has significant proportions in both liquid phases, as 

shown in Figure 5e, the position of interface is defined as the 

middle line of two solvent density curves near the surface, so 

the value of ℎ�  or ℎ�  in simulations is the distance between the 

geometric center of Ag octahedron and the interface, which is 

shown in supporting information. Therefore, we can get height 

ratio � = ℎ�/��. The value of � equals −0.890 for octahedron 

with q = 0.1 e, where most of octahedron is immersed into the 

oil phase as shown in Figure 5d. The values of � are listed in 

Table 4 for an octahedron with other amount of charges. 
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The Calculation of Surface Tension Ratio R in MD Simulation. 

The surface tensions between Ag slabs and solvents can be 

obtained using MD simulations, as shown in Figure.S5 in 

supporting information S5. The interfacial tensions  is 

defined as the difference of the normal pressure (PN) and lateral 

pressure (PL) in the box: 

γ=< ( PN-PL )LZ >/2 (11)  

where Lz is the box size along the normal direction and 

PL=(Pxx+Pyy)/2, where Pxx and Pyy are pressure along the xx and 

yy directions. The factor (1/2) outside the bracket takes into 

account the fact that there are two interfaces in the system.61-

63 The surface tension between water and oil is also calculated 

with the same method. The value of R can be calculated from 

� = (��� − ���)/��� . 

Only when the value of q is small, our charged Ag octahedron 

model can have reliable free energy change at an oil/water 

interface. When the value of q is large, where more than a half 

 of the octahedron is immersed into water phase, the water 

molecules near the Ag surface are polarized by electric fields 

and stick on the Ag surface due to the strong water-Ag 

electrostatic attraction,64-66 as shown in supporting Figure S6. 

This artificial cage effect blocks the access of oil molecules to 

the Ag surface. Since the interfacial behavior in −1 ≤ � < 0 is 

the mirroring behavior as in the region of 0 ≤ � ≤ 1, we only 

discuss the region of 0 ≤ � ≤ 1 in the following discussion.40 

The Equilibrium Orientation from MD Simulations and Analytical 

Method. 

The orientation of octahedron at hexane/water interface with 

different wettabliity can be easily extracted from MD simulation. The 

free energy change of the Ag octahedron adsorbed at an oil/water 

interfacial system can be calculated from the surface tension and 

interfacial area, which is shown in Equation (3). The free energy 

change is normalized by A ��� , which equals 348.7 kBT in our 

simulation systems, where the octahedron length is about 3 nm. 

Based on the reference energy A���, the increase length size by 1 

order of magnitude would enhance the surface area change by 2 

order of magnitude, and then enhance the free energy change by 2 

order of magnitude. As shown in Figure 6, the free energy changes 

for two standard orientations, vertex up and facet up, were plotted 

as the function of the height ratio in oil phase. For q = 0.18 e where 

R has a value of 0.135 ± 0.043 , the free energy change curves 

calculated from equation 5, 6 and equation 10 are plotted in Figure 

6(a1) for the vertex up orientation and the facet up orientation, 

respectively. The three snapshots from MD simulations are shown in 

Figure 6(a2-a4). The octahedron shows vertex up orientations in MD 

simulations as predicted by free energy change theory, even though 

all vertex up orientations are tilted. The free energy change 

difference for the two orientations is about 34.87 kBT, which is higher 

than the thermodynamic fluctuation, several kBT. For the octahedral 

Ag nanoparticle with about 300 nm length in experiment, the free 

energy change difference for the two orientations is about 3.5 × 10� 

kBT. The huge free energy difference would be the driving force to 

form lower energy structure superlattices. For q = 0.13 e where R has 

a value of 0.547 ± 0.021, the free energy change curves calculated 

from equations 5, 6 and 10 are plotted in Figure 6(b1) for the vertex 

up orientation and the facet up orientation, respectively. From our 

extended free energy change theory, the octahedron should have 

facet up orientation at equilibrium configuration. The three 

snapshots from MD simulations are shown in Figure 6(b2-b4). It’s 

obvious that the octahedron is in facet up orientation, which is in 

excellent agreement with our theoretical prediction. For the 

octahedron with q = 0.1 e where R has a value of 0.810 ± 0.037, the 

octahedron is more hydrophobic and should have facet up 

orientation from the energy analysis, which is shown in Figure 4. The 

free energy change curve calculated from equations 5 and 6 is 

plotted for the vertex up and facet up orientation in Figure 6(c1). In 

the value of R = 0.810 ± 0.037, the difference between the energy 

change curve for two orientations is very small. Moreover, the three 

snapshots from MD simulations illustrated that the octahedron is in 

vertex up orientation, which is immersed in oil phase with a tip into 

the water phase, as shown in Figure 6(c2-c4). This mismatch is caused 

by the neglect of the contribution of the line tension in our free 

energy difference theory. The length of three-phase line L for vertex 

up and facet up orientations are about 0 nm, and 9 nm, respectively, 

as shown in supporting Figure S3. The line tension, which obstruct 

the particle cross the water/oil interface, would apply the negative 

effect for the facet up orientation, which has long length of three-

phase line. Therefore, for the regions of R with small energy 

difference for two orientations, the orientation can be affected by 

line tension and favors over the vertex up orientation. The interfacial 

evolution in water phase should be the mirroring behavior in oil 

phase.40  

The Equilibrium Position from MD and Analytical Method. 

The position of octahedron at hexane/water interface with 

different wettabliity can be easily extracted by MD simulation.  

After the octahedron reaches its equilibrium position, the value 

of height ratio �  is extracted and is averaged through 100ps. 

The height ratio �  and surface tension ratio R from MD 

simulations are also shown in Figure 7. Our previous extended 

free energy change results are summarized in Table 3: the 

octahedron favors half in water and half in oil with � = 0 when 

0 ≤ � ≤ (4√3 − 3)/9; it stays on the oil/water interface with 

one facet contacting with water with ℎ� ≈ −√3/3  when 

(4√3 − 3)/9 < � ≤ 1 ; it immerses in oil with � = −1  when 

� = 0.810. These results are plotted in the Figure 7, where the 

green, red, blue lines represent ℎ� = 0 , and ℎ� = −√3/3 , 

respectively. The MD results show good agreement with 

analytical results even though only two limiting orientations are 

considered in our analysis. In the range of (3 − 4√3)/9 ≤ � ≤

(4√3 − 3)/9, the value of ℎ�  is around 0. We extend the range 

of R from 0 ≤ � ≤ (4√3 − 3)/9  to (3 − 4√3)/9 ≤ � ≤

(4√3 − 3)/9, because the octahedron with R in this range  has 

same equilibrium position and vertex orientation. In the range 

of (4√3 − 3)/9 < � ≤ 1 , the value of ℎ�  fluctuates around 

−√3/3. For the points of R close to 1, the orientation can be 

affected by line tension and favors over the vertex up 

orientation with ℎ� = −1 . The magnitude of fluctuations is 

relative large for � from MD simulations. It may be due to the 

fact that the octahedron has a lot of tilt orientations, especially 

when it has one vertex pointing up. It is very rare for an 
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octahedron to have the straight vertical up orientation in MD 

simulations. The tilt orientations affect the free energy change 

and introduce the fluctuation of height ratio �. Therefore, the 

agreement between MD simulation results and extended free 

energy change theory could be improved if the tilt orientations 

and line tension were considered in the extended free energy 

change theory. Moreover, since our octahedron length is about 

3 nm, the difference of two limiting orientation is about 34.87 

kBT, which is about is one order of magnitude higher than the 

thermodynamic fluctuation. As the size of octahedron increases, 

such as the experimental Ag octahedron with around hundreds 

of nanometers, the huge free energy difference would precisely 

predict the position and orientation of the octahedron. Using 

our extended free energy change theory, once the ligands were 

chosen, the nanoparticles’ wettability was settled, then, the 

orientation and its position of the octahedron at an oil/water 

interface can be determined, which would determine the 

equilibrium structure of 2D superlattices, especially when 

surface interactions are dominant. Once the position and 

orientation are settled, the nanoparticles can be guided to 

assemble into desired structures. Moreover, based on our 

desired superlattices’ structure, which is vertex up or facet up, 

the proper wettability can be settled, and then, the suitable 

ligands can be chosen as the building block to self-assemble into 

our desired superlattices. 

Conclusions 

We demonstrate the free energy change theory to an isolated 

octahedral nanoparticle at a liquid/liquid interface. Our results 

demonstrate the relationship between the surface tension and 

interfacial geometry, which can determine interfacial 

properties, such as position and orientation. Therefore, the 

equilibrium configuration of an octahedron can be predicted by 

our simple free energy change theory. The position and 

orientation of an octahedron at oil/water interfaces are 

determined by the surface tensions, ��� , ��� , and ��� . With the 

decreasing of the particle-water surface tension ��� , the 

preferred orientation of an octahedron changes from vertex up 

(caused by line tension) to facet up, and then vertex up, with 

the position change accordingly. In our MD simulations, the 

surface wettability of Ag octahedral nanoparticle is modified by 

the charge amount on surface Ag atoms while the whole 

octahedron is kept at charge neutral. Increasing the wettability 

of Ag octahedron surface leads to the translocation from oil 

phase into water phase with various orientation. The position 

and orientation of octahedral nanoparticle in the vicinity of 

interface play a key role in the process of self-assembly, 

especially for the polyhedral nanoparticles. The stable 

configurations in molecular dynamics simulations are in 

excellent agreement with the results from our theoretical 

prediction. This theory may move a step forward to precisely 

predict the equilibrium structures of the polyhedral 

nanoparticle assemblies at a liquid/liquid interface.  
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Figure 1. Sketch of an octahedral nanoparticle in the vicinity of an oil/water interface. The vertex up 

orientation is on the left side and the facet up orientation is on the right side. The octahedron has edge length 

of a. The unit vector z�  is pointing up along the z direction. The vector from the center of mass of 

nanoparticle to the interface is denoted by hz�. The ��  and ��  are the half heights of octahedral silver 

nanoparticle in vertex up and facet up orientations, respectively. 
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Figure 2. Sketch of the normalized free energy change � for vertex up orientation as a function of height 

ratio � = ℎ�/��. (a) The illustration of five regions based on the sign of ��, and ��. (b) In the five regions, 

the � curves depend on � and R. The curve 1, 2, 3, 4, and 5 are calculated when � = −0.7, −√3/3, −0.2, 

√3/3 , and 0.7, which are in the region of −1 ≤ � < −√3/3, � = −√3/3, −√3/3 < � < √3/3 , � =

√3/3 and √3/3 < � ≤ 1, respectively. 
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Figure 3. Sketch of the normalized free energy change � for facet up orientation as a function of relative 

height ratio � = ℎ�/��. (a) The illustration of three regions based on the position of symmetric axis �. (b) 

In the three regions, the �  curves depend on � and R. The curve 1, 2 and 3 are calculated when � =

−0.5, −0.2, and 0.5, which are in the region of −1 ≤ � < −1/3, −1/3 ≤ � ≤ 1/3, and 1/3 < � ≤ 1, 

respectively. 
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Figure 4. Dependence of the minimum of free energy change � on R for vertex up and facet up orientations. 

The values of R are (3 − 4√3)/9 and (4√3 − 3)/9 for two vertical lines from left to the right, respectively.  
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Figure 5. a) Positions and orientations of Ag octahedrons at the vicinity of the water/hexane interface. The 

point charges (positive or negative) are distributed on Ag octahedral surface randomly, where the amount 

of charge at each point (q) is 0.10 e, 0.13 e, 0.18 e, 0.45 e, and 0.49 e, respectively. b) The interaction 

energy between one Ag octahedral nanoparticle and hexane (NP-Hexane) and that between one Ag 

octahedron and water (NP-Water) with different q. c) The calculation of � and �� using density distribution 

of one Ag octahedron system with q = 0.10 e. The � depends on the relative position of octahedron to the 

position of oil/water interface. The position of interface is defined as the starting point of density curve of 
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the water phase near the surface. The value of ��  is the half of the total octahedron height when the 

octahedron is close to a vertex up orientation. d) The position of interface is defined as the starting point of 

density curve of the water phase near the surface for q = 0.13 e. The value of HF is the half of the total 

octahedron height when the octahedron is close to a facet up orientation. e) The position of interface is 

defined as middle line of two solvent density curves near the surface for q = 0.18 e. The value of �� is the 

half of the total octahedron height when the octahedron is close to a vertex up orientation. 
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Figure 6. Free energy change curve (a1, b1, and c1) and snapshots (a2-a4, b2-b4, c2-c4) of molecular 

dynamics simulations with different R at the vicinity of the hexane/water interface. The octahedral Ag 

nanoparticles with different value of q: (a1-a4) 0.18 e, (b1-b4) 0.13 e, and (c1-c4) 0.10 e. The time interval 

for snapshots is roughly 200 ps. The free energy change is normalized by A���, which equals 348.7 kBT. 
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Figure 7. The relationship between the equilibrium height ratio ℎ� (ℎ� equals the � with the lowest free 

energy) and surface tension ratio R for octahedral Ag nanoparticle. The green straight lines ℎ� = 0 in the 

regions of (3 − 4√3)/9 ≤ � ≤ (4√3 − 3)/9, and the red straight line with ℎ� = −√3/3 in the region of 

(4√3 − 3)/9 < � ≤ 1, are from free energy change theory prediction, respectively. 
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Table 1. The analytic solution for the minimum of free energy change � for vertex up orientation. 

 

 

Table 2. The analytic solution for the minimum of free energy change � for facet up orientation. 

 

 

 

  

Table 3. The analytic solution for the minimum of free energy change �  for vertex up and facet up 

orientations. 

  

Table 4. The preferred orientation from MD simulation for Ag Octahedron with different q. 

 

 

 Region a1 a2 −��/2�� −��/2�� The minimum of � The minimum position ℎ� 

1 −1 ≤ � < −√3/3 < 0 > 0 −1 1 � ℎ�
� = 1,  

2 � = −√3/3 < 0 = 0 −1 \ � / 

3 −√3/3 < � < √3/3 < 0 < 0 −1 1 (3� − √3)/6 ℎ�
� = 0 

4 � = √3/3 = 0 < 0 \ 1 0 / 

5 √3/3 < � ≤ 1 > 0 < 0 −1 1 0 ℎ�
� = −1  

 Region The minimum of � ℎ� 

1 −1 ≤ � < −1/3 (7� − 1)/8 √3/3 

2 −1/3 ≤ � ≤ 1/3 (−9�� + 8� − 3)/16 −√3� 

3 1/3 < � ≤ 1 (� − 1)/8 −√3/3 

 Region Vertex up Facet up Preferred Orientation ℎ� 

1 −1 ≤ � < (3 − 4√3)/9 � (7� − 1)/8 Facet up √3/3, in water 

2 (3 − 4√3)/9 ≤ � ≤ (4√3 − 3)/9 (3� − √3)/6 (−9�� + 8� − 3)/16 Vertex up 0, half oil, half water 

3 (4√3 − 3)/9 < � ≤ 1 0 (� − 1)/8 Facet up −√3/3, in oil 

q(e) cos � R Region MD: ℎ� MD: Orientation 

0.1 −0.810 ± 0.037 0.810 ± 0.037 (4√3 − 3)/9 < � ≤ 1 −0.891 Vertex up 

0.13 −0.547 ± 0.021 0.547 ± 0.021 (4√3 − 3)/9 < � ≤ 1 −0.660 Facet up 

0.18 −0.135 ± 0.043 0.135 ± 0.043 (3 − 4√3)/9 ≤ � ≤ (4√3 − 3)/9 −0.141 Vertex up 
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