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Abstract- Based on recent research investigations, the narrow 
bandwidth of vibration based linear energy harvester can be 

magnified into wide bandwidth using nonlinear effect on bending 
stiffness of the cantilevered energy harvesters. In this paper, we 
simulate the analytical models to explain the nonlinear behavior of 

broadband piezo-magneto-elastic energy harvester in bistable and 
monostable configurations. By varying distance between the two 
magnets in order to acquire attractive as well as repulsive magnetic 

forces for the investigation of the tuned resonant frequency, total 
stiffness of cantilever along with electrical response. Sustainable 
large electrical response is observed for wide frequency range 

achieving broadband frequency energy harvester. 

Keywords: Bistable, Cantilever, Monostable Energy Harvester, 
Piezoelectric, Piezo-Magneto-Elastic. 

I. INTRODUCTION 

The basic techniques of extracting electrical energy from 

mechanical vibrations include electrostatic, electromagnetic, 

and piezoelectric [1]. Among all, cantilevered piezoelectric with 

tip mass energy harvester is widely used and extensively 

investigated for low frequency vibration applications over last 

decade [2]. The linear piezoelectric harvester (LPH) gives 

electrical response only at very close to resonant frequency [3]. 

However, the source of mechanical vibration normally provides 

different vibration frequencies which can change over the time. 

Hence, the LPH is typically not for practical applications. Few 

researchers succeed for wide bandwidth energy harvesters, like 

a distributed parameter model of piezo-magneto-elastic (PME) 

was analyzed using attractive forces between two magnets and 

lowered the resonant frequency only at monostable 

configuration [4]. Here, PME cantilevered energy harvester has 

the tip mass as a magnet and another magnet is fixed at top of 

the tip magnetic mass. Euler-Bernoulli beam theory along with 

Galerkin procedure are used to develop an analytical model of 

distributed parameter (DP) for the one degree of freedom 

(1DOF) cantilever with tip mass PME system. The obtained 

Results are compared with an approximated DP, a lumped 

model and experimental results. The comparative study shows 

that resonant frequency is reduced as compared to linear model 

in attractive magnetic force and the bandwidth is also improved 

[5-7].  

The cantilever with magnetic tip mass of assorted 

piezoelectric (PZT) layer PME model [8] is developed using 

magnetic field interaction through stationary coil which is 

mounted on the top of tip mass. The reported results shows high 

output power densities are achieved from the PZT layer (8.3106 

cm3) and Coil (3.261cm3) for the wide bandwidth at a particular 

acceleration of 35 g and center frequency of 20 Hz. An 

analytical model of nonlinear 1DOF energy harvester was 

developed through lumped parameter model and the magnetic 

spring effects were generated by operating permanent magnets 

and array of coils together [9].  When the model is operated with 

center frequency of 8 Hz at an acceleration of 0.27 g with 

resistive load of 27Ω an output power of 0.53 µW is harvested 

for bandwidth of 3 Hz.  

 Podder et al. presented the analytical and numerical model of 

a non-linear 1DOF clamped-guided spiral cantilever system for 

harvesting the power under repulsive magnetic force and also 

presented the electrical power, stiffness of cantilever effects due 

to magnetic force. The research results in increase of resonant 

frequency of system is increased by minimizing the distance 

between two magnets. The experimental study achieved the 

harvested power of 8.45 µW, bandwidth of 7.49 Hz under 

distance of 5 mm along with acceleration of 0.125g and these 

results are validated using experimental setup [10]. Non-linear 

electrodynamic energy harvester was designed to extract the 

power from electrical transmission lines. However, the resonant 

frequency of the 1 DOF cantilever beam tuned through the 

intermediate proof mass as a rotational magnet or coil. It 

obtained the output power of 13.5 mW, power density of 

0.5624mW/cm3, and 2.6 Hz bandwidth for the center frequency 

of 50 Hz and it is validated with experimental results [11]. 

However, these nonlinear models are designed for only the 

monostable configuration of the nonlinear magnetic field. 

In this research, the tuned effective stiffness and resonant 

frequency are calculated as a function of distance between two 

magnets in bistable and monostable configurations using 

attractive and repulsive magnetic force. The frequency 

responses of the harvester are obtained for various electrical 
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Fig.1 Cantilevered piezo-magneto-elastic energy harvester with fixed 
magnet.  
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loads with respect to the distance between two magnets in 

monostable and bistable configurations. 

II. MODEL DEVELOPMENT 

A 1DOF analytical model is developed to analysis the 

nonlinear effects of piezomagnetoelastic cantilever energy 

harvester as a function of magnetic interaction. In this model, 

the solutions are obtained for the magnetic field in terms of 

magnetic dipole interaction, nonlinear mechanical potential  

 

energy (PE), effective stiffness of cantilever and the 

electromechanical coupled equations. However, the resonant 

frequency of the cantilever system can be shifted due to the 

effect of nonlinear magnetic force on the stiffness of cantilever 

and the potential energy.  

In dipole-dipole magnetic interaction, the PE of rectangular 

magnets can be obtained for the 1DOF system by [4-5]. 

Um(y)=
μ0m1m2

2π(d-y)3
                                        (1) 

Where, the magnetic dipoles are m1, and m2, the permeability 

of air is μ0, the initial distance between the two magnets is d, 

and the displacement of the tip mass at y direction is y. Now, the 

mechanical PE of the cantilever can be obtained using the linear 

stiffness along with nonlinear with respect to magnetic field as 

followed  

𝑈(𝑦) =  
1

2
𝑘𝑦2 +

3𝜇0𝑚1𝑚2

4𝜋(𝑑 − 𝑦)4
                              (2) 

Where, the 𝑘 is stiffness coefficient of cantilever beam. Fig 2 

represents the total mechanical PE of 1DOF cantilever system, 

the effective stiffness, and the tuned resonant frequency. Here, 

the magnitude of dipoles are same polarity (𝑚1 = 𝑚2) for the 

repulsive force and opposite polarity (𝑚1 = −𝑚2 ) for the 

attractive force. The bistable regions are colored in both 

magnetic forces.  

Fig. 2 (a) represents the resonant frequency and effective 

stiffness of cantilever of PME harvester, which are calculated 

with respect to the initial distance between the two magnets 

using attractive magnetic force. As compared to the linear 

harvester natural frequency of 29.9Hz, the nonlinear PME 

natural frequency can deeply shift into 10.5Hz in monostable 

configuration at a distance of 8 mm. In bistable region, the 

magnets should be minimum spaced at 6.4mm for intrawell 

natural frequency of 32.5Hz. Hence, the cantilever system can 

be in bistable configurations when distance between the two 

magnets is less than 8.2mm. In monostable case, the total curve 

can be analyzed into three different regions. It increases sharply 

for small changes in initial distance on the first region. In 2nd 

region, the change of natural frequency is less than the 1st region 

for the initial distance of 12-21 mm. The rate of change in 

natural frequency can be neglected in the 3rd region due to no 

more force between the two magnets. Hence, the distance 

between the two magnets can be kept in the 1st region for the 

broadband low frequency monostable PME energy harvesters. 

Fig. 2(b) represents the resonant frequency and effective 

stiffness of cantilever of PME harvester, which are calculated 

with respect to the initial distance between the two magnets 

using repulsive magnetic force. In bistable configuration, the 

stiffness and resonant frequency are increased as compared to 

linear harvester as well as in attractive force. The slope of 2nd 

region is less than attractive force due to less change in 

mechanical PE as shown in Fig 2(d). However, the repulsive 

force can give more stiffness in bistable and results that it can 

be used for the higher vibration frequency applications. 

Fig 2(c) and 2(d) shows the changes of  mechanical PE for the 

cantilever PME harvester, which are calculated with respect to 

the initial distance between the two magnets using attractive and 

repulsive magnetic force as a function of displacement for the 

cantilever in y-direction. It is resulted that the attractive force 

can give more variations as compared to repulsive force of PE 

for the lower initial distance in bistable configurations. It reflects 

into the stiffness and resonant frequency of the harvester in 

bistable as shown in Fig 2(a).  

At higher initial distance, the magnetic effect on PE can be 

neglected in both magnetic forces. In repulsive force PE, by 

increasing the initial distance, the PEs are also decreasing 

downwards to the linear behavior as shown in Fig 2(d) and it is 

reversed in attractive force as showed in Fig 2(c). It is concluded 

that the repulsive force can be more stable and produce the more 

PE in bistable configurations as compared into attractive force. 

The analytical model can be developed using reduced order 

model, which include the Galerkin approach for the static and 

dynamic displacements of the cantilever beam under magnetic 

force and Euler-Lagrange rule for the electro-mechanical modal 

 
Fig. 2. Tuned resonant frequency and stiffness of 1DOF structure of piezo-

magneto-elastic energy harvester as a function of spacing between two magnets 

in (a). Attractive force (b). Repulsive force. Total mechanical potential energy 
of the cantilever for the various initial distance between two magnets as a 

function of dynamic displacement in y-direction   (c). Attractive force (d). 

Repulsive force. 

 TABLE I 
PHYSICAL DIMENSIONS AND MATERIAL PROPERTIES  

                                          Cantilever Beam                PZT-5A  

Length (L) (mm)  68                28 

Beam width (b) (mm) 10 7  

Thickness (𝑡𝑠, 𝑡𝑝) (mm) (each) 0.6 0.3  

Density of Mass (𝜌𝑠 , 𝜌𝑝 ) ( kg/m3) 2700 5440  

Elastic Modulus (𝐸𝑠, 𝐸𝑝) (GPa) 68.9 30.336  

Piezoelectric Constant (e31) (C/m2) - -19.76  

Permittivity Constant (e33) (nF) - 13.28  

 
Weight of tip mass(Mt)(g)  9  

Magnetic dipole moment 

(m1,m2)(Am2) 

  

0.284 

 

 

 

 

 



equations. Here, the boundary conditions can be represented in 

three categories [13-14].   

For the fixed end (𝑥 = 0): 𝜙1(0) = 0 , 𝜙1
′(0) = 0, for the 𝑥 =

𝐿𝑝 ∶  𝜙1(𝐿𝑝) = 𝜙2(𝐿𝑝) , 𝜙1
′(𝐿𝑝) = 𝜙2

′(𝐿𝑝) ; 𝐸𝐼1𝜙1
′′(𝐿𝑝) =

𝐸𝐼2𝜙2
′′(𝐿𝑝), 𝐸𝐼1𝜙1

′′′(𝐿𝑝)  =  𝐸𝐼2𝜙2
′′′(𝐿𝑝)  and at tip mass side 

(𝑥 = 𝐿𝑠):𝐸𝐼𝑠𝜙2
′′(𝐿𝑠 ) − 𝜔

2𝑀𝑡𝐿𝑐𝜙2(𝐿𝑠 ) − 𝜔
2(𝐼𝑡 +

𝑀𝑡𝐿𝑐
2)𝜙2

′(𝐿𝑠 ) = 0 ; 𝐸𝐼2𝜙2
′′′(𝐿𝑠) + 𝜔

2𝑀𝑡(𝜙2(𝐿2 ) + 𝐿𝑐𝜙2
′(𝐿𝑠 )) +

12𝜇0𝑚1𝑚2

4𝜋(𝑑−𝑦)5
= 0. 

The mode shape and linear natural frequency can be obtained 

using the undamped conditions along with Galerkin procedure 

of base relative displacement [4] 

𝑣(𝑥, 𝑡) =  ∑𝜙𝑟𝑗(𝑥)𝜂𝑟(𝑡)                                              (3)

∞

𝑟=1

 

Here, the mass normalized eigenfunctions (𝜙𝑟𝑗(𝑥)) and the 

modal coordinate (𝜂𝑟(𝑡)) are in rth vibration mode of jth segment. 

The equations of modal and electrical responses are as follows: 

2

r(t) 2 (t) (t) (t) (t) f (t)
(4)

(t) v(t) (t) 0

r r mag

r

w w v F

Cv R I

    



     


   

 

Where, the damping ratio (ξ), the undamped natural 

fundamental resonant frequency (wr), forward coupling term (χ), 

the internal capacitance (C) of piezoelectric layer, the electrical 

load resistance (R), the voltage (v(t)) across the electrical load 

(R), magnetic force (Fmag), and the backward coupling term (Kr) 

are defined and valued as per [4].  

𝑓𝑟(𝑡) =
𝑑2𝑢(𝑥,𝑡)

𝑑𝑡2
[𝑛1 ∫ 𝜙1(X)𝑑𝑥 + 𝑛2 ∫ 𝜙2(X)𝑑𝑥

𝐿𝑠
𝐿𝑝

+𝑀𝑡𝜙2(𝐿𝑠  )
𝐿𝑝
0

]  

𝐼𝑟 = 𝑒31𝑡𝑝𝑐𝑏 [𝜙
′
1𝑟
(𝑥)|

𝑥= L𝑝
−𝜙′

1𝑟
(𝑥)|

𝑥= O
]    

𝐶 =   Ɛ33  
𝑏𝐿𝑝

𝑡𝑝
            

      }
 
 

 
 

      

(5) 

Where, 𝑢(𝑥, 𝑡) is the translational base excitation of cantilever 

system, 𝑛1 and 𝑛2 are unit mass length Ф1(X) and Ф2(X) are the 

mode shapes of the Al- beam and PZT layer respectively. Mt is 

the mass of the tip mass, the e31 and e33 are the piezoelectric 

constant and permittivity constant of layer. The dynamics of the 

non-linear harvesting system and the harvested average power 

can be calculated in monostable and bistable systems using 

MATLAB simulations. 

III. RESULTS AND DISCUSSION 

The nonlinear piezoelectric transducer is composed of a 

partially covered piezoelectric layer at top of aluminum 

cantilever beam with a permanent magnet as tip mass (Mt). 

Another permanent magnet is fixed at top of tip magnet as shows 

in Fig. 1. The Aluminum material gives more displacement and 

less natural frequency as compared to other metals for the 

cantilevered harvesting system.  

The physical dimensions and material properties are used as 

same mentioned in [4].  However, the magnetic force (Fmag) 

introduces the nonlinear spring effect on the cantilever beam and 

results that the additional stiffness (Knon) is developed. Hence, the 

linear stiffness (KL) can be added or subtracted with additional 

stiffness in case of repulsive or attractive magnetic force 

respectively. Knon can be analytically calculated by first order 

partial derivative of the magnetic force with respect to initial 

distance (d) between the two magnets. 

Fig. 3 shows that the frequency response of average harvested 

power for various the electrical load resistance in repulsive 

magnet force and spaced at initial distance of 6.4mm in bistable 

configuration. It is shown that the power is obtained for the wide 

frequency range of 14.5Hz under both the external resistance 

values. The peak resonant frequency is shifted by the electrical 

load resistance. It is concluded that the bistable PME harvester, 

the average power of transducer is also function of load 

resistance as well as the spacing distance.  

Fig.4 presents that the frequency response of average power 

at 8.5 mm distance in repulsive magnetic force with various load 

resistances of 100 Ω and 38.37 kΩ. It is observed that the 

monostable configurations of PME harvester obtained less 

bandwidth and more power than bistable configuration due to 

the damping effect in cantilevered beam with magnetic tip mass 

as a function of nonlinear effects. Nonlinear behavior is 

approximately neglected when the spacing distance is greater 

than 20mm in repulsive magnetic force. Fig. 5 also shows that 

the frequency response curve of average harvested power at 

spacing distance of 20mm as a function of electrical load.  It 

seems that the harvested power is same as that of linear PEH as 

observed in [5].  

 
Fig. 3. Frequency response of average harvested power at magnet spacing of 

6.4 mm in repulsive force bistable configuration. 

 

 

 

 

 
Fig. 4. Frequency response of average harvested power at magnet spacing 

of 8.5 mm in repulsive force monostable configuration.  
 

 

 



Finally, it is concluded that the high level of deformation 

occurs in piezoelectric material of the harvester particularly in 

attractive force and the mechanical damping is also improved 

simultaneously. Hence, the resonant frequency of nonlinear 

transducer can be tuned into lower side of attractive force and it 

is validated analytically by obtaining the total mechanical 

potential energy downwards of less initial distance. However, 

the first harvested peak power can sharply decrease as compared 

to the repulsive magnetic force. Hence, the magnitude of second 

peak harvested power is more than repulse magnetic force 

transducer.  

    Table 2. compares the peak harvested power along with 

corresponding bandwidth as a function of initial distance 

between two magnets which are extracted from Fig. 3, 4 and 5. 

It shows that bistable configuration gives more bandwidth and 

less power as compared into monostable due to higher stiffness 

on the cantilever in bistable as shown in Fig 2(b). In monostable 

configuration, the harvested peak power is approximately 

increased by 10 µW due to less total potential energy for more 

displacement of cantilever as shown Fig. 2 (d).  

IV. CONCLUSION 

This paper reported the design and simulated analysis for 

nonlinear behavior of bistable and monostable configurations of 

broadband 1DOF PME energy harvester. In repulsive 

configuration, the designed model provides more band width 

and less power in bistable whereas monostable configuration 

resulting in more power and less bandwidth. However, the 

repulsive magnetic force based PME transducer is more suitable 

for a high vibration frequency towards a wide band width in 

bistable configuration. Harvesters that are used in broadband 

frequency applications should have less power and more 

bandwidth. Hence the proposed tunable PME energy harvester 

with bistable repulsive configuration is suitable for using in 

broadband applications. It is resulted that the designed non-

linear transducer can be used in order to replace the batteries of 

wireless sensor network (WSN), Body Sensor Networks (BSN) 

like: surveillance of buildings, sensor nodes and monitoring, 

communicating health related indicators etc. 
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Fig. 5. Frequency response of average harvested power at magnet spacing 
of 20 mm in repulsive force monostable configuration.  

 

 

TABLE II 
COMPARISON OF HARVESTED POWER AND BANDWIDTH OF VARIOUS 

CONFIGURATIONS  

 Configurations                           R= 38.4 KΩ                        R = 0.1 KΩ 
                                       Power(µW)     BW (Hz)           Power(µW)    BW (Hz)            

 

Bistable (d= 6.4mm)  131       11                         1.2            10.8 

Monostable (d = 8.5mm) 141 5                                               1.3             4.9 

Monostable (d = 20 mm) 142 2                                              2.4             1.8 

 

 


