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We propose using the effective spin-orbit coupling of light in Bragg-modulated cylindrical waveguides
for the efficient separation of spin-up and spin-down photons emitted by a single photon emitter. Because
of the spin and directional dependence of photonic stop bands in the waveguides, spin-up (-down) photon
propagation in the negative (positive) direction along the waveguide axis is blocked while the same photon
freely propagates in the opposite direction. Frequency shifts of photonic band structures induced by the
spin-orbit coupling are verified by finite-difference time-domain numerical simulations.
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Introduction.—The development of nanophotonic devices
brings an emergent research field of chiral quantum optics
(CQO) [1] in microscopic waveguides. When light is
confined strongly in the transverse direction, its electromag-
netic field oscillates along both transverse and longitudinal
directions, resulting in a rotating electric field oriented
perpendicular to its propagation direction and forming
the transverse spin [2–4]. The transverse spin is locked to
the momentum, because its component flips sign with the
inversion of the propagation direction. When an emitter is
embedded inside the waveguide, the light absorption and
emission depend on the local distribution of the momentum-
locked transverse spin, resulting in the CQO [5,6].
The transverse spin is an exemplification of a more

general concept of spin-orbit coupling (SOC) of light,
which arises due to the vectorial nature of the light field
encountering wavelength-scale structures [7]. Besides the
transverse spin, the SOC of light results in phenomena such
as the spin-Hall effect of light [8–14] and spin-to-orbital
angular momentum conversion [15–17]. Currently, many
CQO designs rely heavily on chiral atom coupling
[6,18,19], making them hard to implement in integrated
optical circuits [20]. To circumvent this constraint, here we
realize a CQO design serving as a fully optical single-
photon spin splitter by exploiting the SOC of light in
cylindrical waveguides [21–23] without introducing any
light-matter interaction. To achieve this, we need to
combine effects from the SOC of light and the band gap
structure of a photonic crystal.
When light is passing through a periodically modulated

dielectric structure, the electric field tends to concentrate

around the high refractive index regions [24], and a finite
amount of energy would be required to change the electric
field to the reverse distribution. Therefore, for a certain
range of frequency there will be no propagating mode,
i.e., the appearance of a photonic band gap [24]. Recent
developments in fabrication have allowed embedding an
ultralong Bragg modulation (up to 1 m) in a waveguide
[25]. Hence, a question will arise as to how the photonic
band gap structure under the influence of transverse
confinement is modified by the SOC of light. In this
Letter, we will try to answer this question by analyzing the
SOC in the presence of a weak Bragg modulation in a
cylindrical waveguide. We present a systematic method in
dealing with transversely confined periodic structures by
making clear the distinction between the Floquet exponent
(i.e., the Bloch wave vector) [26,27] and the variable
separation constant [28], clarifying some misunderstand-
ings found in the literature [29,30]. The SOC will lead to
splitting of the propagation constants between σþ and σ−
components in the helicity basis [21–23]. As a result, the
photonic band gap will split accordingly and lead to spin-
locked propagation modes protected by the photonic band
gap structure, forming the foundation of our design of a
single-photon spin splitter.
We will first introduce a general scheme for the

dispersion calculation of Bragg mirrors under the influence
of transverse confinements and, after that, the effect of SOC
correction on the dispersion and band gap structures.
Floquet theory and dispersion relation.—Let us consider

an infinite cylindrical waveguide with weak Bragg grating
along the z direction [Figs. 1(a) and 1(b)]. In experiments,
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a fiber Bragg grating can be fabricated by using two-
beam interferometry [31,32], where the resulting dielectric
constant modulation is sinusoidal. Additionally, it has been
found in a recent measurement of a nanowire distributed
Bragg reflector that the position of its stop band depends
more sensitively on the periodicity than the depth or width
of the grating [33]. Therefore, by considering only the
dominant spatial frequency component of a Bragg grating,
its relative permittivity can be approximated as

εrðr; zÞ ¼ 1þHða − rÞ½ε1 − ε2 cosð2βzÞ�; ð1Þ

where HðrÞ is the Heaviside step function, a is the
waveguide radius, β represents the spatial frequency of
the Bragg grating, ε1 and ε2 are two positive constants with
ε2 < 1, and r, ϕ, and z are cylindrical coordinate variables.
In what follows, we shall calculate eigenmodes of the

waveguide for εrðr; zÞ. By setting the time dependence of
the electric field E ¼ ðEr; Eϕ; EzÞ as e−iωt, E satisfies a
vector Helmholtz equation [34]. In cylindrical coordinates,
the vector Laplacian operator can be separated into trans-
verse and longitudinal components (see Supplemental
Material [35]); and, specifically, the z component of the
electric field Ez fulfills the equation

∇2Ez þ
ω2

c2
εrðr; zÞEz ¼ 0; ð2Þ

where c is the speed of light and the relative permeability
μr ¼ 1 is assumed. Separating the coordinate variable

dependency as Ezðr;ϕ; zÞ ¼ RðrÞΘðϕÞZðzÞ, for r < a,
we have

r2

R
d2R
dr2

þ r
R
dR
dr

þ 1

Θ
d2Θ
dϕ2

þ r2

Z
d2Z
dz2

þ r2
ω2

c2
½1þ ε1 − ε2 cosð2βzÞ� ¼ 0: ð3Þ

The solution for ΘðϕÞ satisfies ð1=ΘÞ½ðd2ΘÞ=ðdϕ2Þ� ¼
−m2, with m the quantum number of the angular momen-
tum operator l̂z ¼ −i∂ϕ [22]. The ZðzÞ function satisfies

1

Z
d2Z
dz2

−
ω2

c2
ε2 cosð2βzÞ ¼ −k2z : ð4Þ

kz is a variable separation constant that does not depend
on any coordinate variables. Equation (4) is the Mathieu
equation [47], which has a general solution

ZðzÞ ¼ A1Cðζa; ζq; βzÞ þ A2Sðζa; ζq; βzÞ; ð5Þ

where Cðζa; ζq; βzÞ and Sðζa; ζq; βzÞ are the Mathieu
cosine and sine functions, respectively, ζa ≡ k2z=β2, ζq ≡
ε2ω

2=ð2c2β2Þ, and A1;2 are constants.
Now we are ready to obtain the general solution of Ez.

By inserting Eq. (4) into Eq. (3), the RðrÞ function satisfies
the Bessel equation and can be written as RðrÞ ∼ JmðγrÞ,
where Jm is the Bessel function of the first kind and
γ2 ¼ ω2ð1þ ε1Þ=c2 − k2z , for r < a. A similar procedure
can be done for r > a, with RðrÞ ∼ Kmðγ̃rÞ, and Km is the
modified Bessel function of the second kind and
γ̃2 ¼ k2z − ω2=c2.
Having known the expression of Ez, we can insert it into

the Maxwell equations to calculate the transverse compo-
nent Er and Eϕ [34]. Since the amplitude of the Bragg
modulation ε2 is assumed to be weak, as a zeroth-order
approximation ε2 → 0, i.e., a homogeneous waveguide,
Eq. (4) reduces to ð1=ZÞ½ðd2ZÞ=ðdz2Þ� ¼ −k2z whose sol-
ution is ZðzÞ ¼ e�ikzz, giving the usual homogeneous
waveguide result. In this case, we obtain the well-known
HE-EH mode kz ∼ ω dispersion relation [34,48]:

�
J0mðγaÞ
γaJmðγaÞ

þ K0
mðγ̃aÞ

γ̃aKmðγ̃aÞ
��

n21J
0
mðγaÞ

γaJmðγaÞ
þ n22K

0
mðγ̃aÞ

γ̃aKmðγ̃aÞ
�

¼ m2k2zc2

ω2

�
1

γ2a2
þ 1

γ̃2a2

�
2

; ð6Þ

where n1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ε1

p
and n2 ¼ 1 are the refractive indices

inside and outside the waveguide, respectively.
In the homogeneous case, kz bears two roles simulta-

neously: first, as a variable separation constant and, second,
as the Floquet exponent. Once the Bragg modulation is
introduced, the degeneracy of those two roles breaks down

FIG. 1. Illustrations of dielectric constant modulations in
cylindrical waveguides. (a) A cylindrical waveguide with a
homogeneous dielectric constant along the z direction. (b) A
cylindrical waveguide with weak Bragg grating along the z
direction. The SOC effect results in spin-and-direction-locked
propagation for two polarization components s� in laboratory
coordinates. (c) A single photon emitter is sandwiched between
two Bragg gratings, serving as the fully optical single-photon
spin splitter. (d) Dispersion relation for the TE or TM mode when
the radius a of configuration (b) becomes infinite, retrieving the
dispersion of a 1D photonic crystal slab. Parameters: ε1 ¼ 1.12,
ε2 ¼ 0.5, β ¼ 4.2 μm−1, and ωB ¼ cβ ¼ 1.261 × 103 THz.
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so that kz is no longer a good quantum number representing
correctly the momentum of the light field. Hence, the
kz ∼ ω relation is not the proper dispersion relation for
ε2 > 0. In order to calculate the correct dispersion relation,
we need to apply the Floquet theory explicitly.
According to Floquet’s theorem, the solutions of the

Mathieu equation Eq. (5) can be written in the form [47]

ZðzÞ ¼ eik̃βzfðβzÞ and k̃ ¼ k̃ðkz;ωÞ; ð7Þ
where k̃ is the Mathieu characteristic exponent and fðβzÞ is
a periodic function with the period π [27]. In the form of
Eq. (7), we can see that the correct momentum quantum
number is k̃ rather than kz, and the k̃ ∼ ω relation is the true
dispersion relation for the Bragg modulation.
Therefore, we need to eliminate the intermediate param-

eter kz in order to obtain the k̃ ∼ ω dispersion. As an
example, let us consider the case a → ∞ where the system
reduces to a 1D photonic crystal (with planar slabs). For the
TE or TM mode, the kz ∼ ω relation is given by kz ¼
ω

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ε1

p
=c [24], which is a linear relation and does not

contain any discontinuity. Meanwhile, by using Eq. (7), kz
can be inversely expressed as kz ¼ gðk̃;ωÞ, where gðk̃;ωÞ
is an analytic function defined by series expansions [49].
By matching two expressions of kz, we have

ω
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ε1

p
c

¼ gðk̃;ωÞ: ð8Þ

This is an implicit expression of the desirable k̃ ∼ ω
dispersion relation. Figure 1(d) shows the numerically
calculated dispersion curve by using Eq. (8). This semi-
analytical result matches nicely the existing results
obtained from full numerical calculations in the photonic
crystal literature [24].
Now we consider Bragg modulations inside a waveguide

with a finite radius a. For a given waveguide mode with
orbital angular momentum m and a given order of the
solution, e.g., LP21 [23,50], to obtain its k̃ ∼ ω dispersion
relation, the calculation procedure would be similar: First
we calculate its kz ∼ ω relation by using Eq. (6) [48,50] and
then eliminate the kz dependency by using Eq. (8). Besides
the existence of a cutoff frequency for certain modes [34],
the resulting dispersion curve will possess the band gap
structure introduced by the Bragg modulation. Note that the
transversely confined periodic structure can support bound
states in the continuum [51]; however, since those modes
lie above the light line, they are outside the scope of our
consideration.
SOC corrections.—Next, we consider the effect of the

SOC on the band gap. Here we consider only fiber modes
with paraxial light where its spin and the intrinsic orbital
angular momentum are separable [23,52]. In this case, the
angular momentum is parallel to the propagation direction
and is represented by the operator l̂z ¼ −i∂ϕ whose eigen-
value ism. Recent experiments [23] have demonstrated that,

for a homogeneous cylindrical waveguide, the transverse
confinement will result in a SOC correction term for the
transverse electric fieldEt, leading to a splitting of the values
of propagation constants between two spin components
being parallel and antiparallel against the orbital angular
momentum [22]. The effective Hamiltonian can be written
as [22,23] �

∇2
t þ

ω2εrðrÞ
c2

�
Et þ ĤSOEt ¼ k2zEt; ð9Þ

where ∇2
t is the transverse Laplacian, ĤSO is the effective

SOC perturbation [22],

ĤSO ¼ δðr − aÞΔ
4kza2

�
1

a
∂r −

a
r
ŝzl̂z

�
; ð10Þ

where Δ ¼ ðε1 þ 1Þ − 1 is the dielectric jump on the wave-
guide boundary and ŝz and l̂z are the spin and orbital angular
momentum operators, respectively. They are both defined
against the z axis of the laboratory frame.
One can see that Eq. (9) be seen as Et satisfying a vector

Helmholtz equation with eigenvalues kz, while ĤSO is
added as a perturbation. The perturbation against the
eigenvalue can be conveniently calculated in the helicity
basis êσ ¼½ðêxþ iêyÞ=

ffiffiffi
2

p �δσ;þþ½ðêx− iêyÞ=
ffiffiffi
2

p �δσ;− [22],
where σ ¼ � represents the right- and left-handedness of a
photon’s helicity and êx;y are the basis vectors of the
Cartesian coordinate system. Redefining m (assuming
m > 1) as the angular momentum quantum number in
the helicity basis, then up to the first order, perturbations to
kz can be obtained by calculating the expectation value of
ĤSO by using the unperturbed waveguide modes, resulting
in the expression [Eq. (19b) in Ref. [22]]

δkσz ¼
πΔ

2kza3

Z
δðr − aÞEσ

�
r
∂
∂r − σm

�
Eσdr: ð11Þ

The corrected eigenvalues kσz ¼ k0z þ δkσz (where k0z is the
unperturbed eigenvalue) signify a splitting between the σþ
and σ− components, which has been observed in experi-
ments as the rotation of the spatial intensity pattern given
by the interference of two beams with opposite orbital
angular momentum [22,23]. Figure 2(a) shows the depend-
ence of the SOC correction δkσz on ω for the LP21 mode
away from the cutoff frequency, where the absolute value
of δkσz is about 0.1% of the original eigenvalue k0z .
Now we combine the SOC correction Eq. (11) with

the Bragg modulation. The splitting in kz gives rise to the
splitting of the Floquet characteristic exponent k̃. If the
zeroth-order k0z ∼ ω relation of the LP21 mode is denoted
as k0z ¼ h21ðωÞ, then, according to Eq. (7), the shifted
dispersion is given by

h21ðωÞ þ δkσzðk0z ; mÞ ¼ gðk̃;ωÞ: ð12Þ
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Therefore, the photonic band gap will be shifted corre-
spondingly. Figures 2(b) and 2(c) show the calculated split
band gap structure. Represented by the gray area, the gap
shift is about 3 × 10−3ω=ωB, which is about 0.04 THz. In
full numerical simulations, the eigenmodes of the corre-
sponding orbital angular momentum and spin states can be
constructed by superposing the degenerate HE31 mode and
EH11 mode, and the observed splitting on the band gap
edge is about 0.16 THz (see Supplemental Material [35]).
Whereas the semianalytical calculation underestimates
the SOC splitting value, the simulations are based on
solving the SOC-corrected Hamiltonian exactly by the
spectral method, which can be compared with experimental
measurements.
The split band gap between helicity σþ and σ− leads to a

single propagation channel within a certain range of fre-
quency. For example, as is illustrated in Fig. 1(b), when a
Laguerre-Gauss beam couples to the waveguide and gen-
erates the targeted waveguide mode [23], in the shaded
frequency area in Fig. 2(c), only σþ can propagate, while σ−
will be reflected. When we transfer back to the laboratory
basis and observe the spin (denoted by s�), since the spin
flips upon reflection by the gap, the final result is the spin-
direction-locked propagation [Fig. 1(b)] similar to that of
CQO configurations. But it does not require any atom
coupling to achieve a chiral response. Furthermore, our
proposed scheme can serve as an alternative independent
verification of the SOC effect of light instead of relying on
the interference technique adopted by Ref. [23].
To achieve the single-photon spin splitter, a single-

photon emitter or coupler [53–56] can be placed in the
middle of the waveguide [Fig. 1(c)]. It has been reported in
a previous experiment [55] that a single-photon emitter
comprising excitons that are spatially localized by defects
can achieve a very narrow linewidth (≈130 μeV), which
can provide access to the split frequency gap windows in

Fig. 2. In experiments, detectors on each side of the
waveguide shall receive spin-locked signals. Compared
to macroscopic polarizing filters, the merit of our structure
is that it is based on the intrinsic SOC and can work in the
nanoscale which is a crucial prerequisite in the field of
integrated photonics. Also, our 1D structure can achieve
precise positioning of the emitters, which is quite difficult
for 2D photonic crystal waveguides [57,58].
Furthermore, the single-photon emitter can be placed

between two blocks of Bragg modulations with slightly
different spatial modulation frequency or amplitude, as
illustrated in Fig. 3(a). In this case, the band gaps for þk̃
and −k̃ will be different (calculated in the helicity basis).
Figure 3(c) shows an example calculation for the lower side
of a band gap, where curves with darker colors are for the
left block (toward −k̃) and curves with lighter colors are for
the right block (toward þk̃). In both blocks, σ� are split by
the SOC effect so that there are four shifted band gaps to
consider. A simplified illustration is shown in Fig. 3(b),
where the lower boundary of a band gap is shown by solid
or dashed lines, and the shaded areas are the corresponding
dielectric bands where light can propagate through [24].
Figure 3(a) shows the effect when light is emitted within

the frequency region I listed in Fig. 3(b). In this frequency
range, only σ− can propagate toward the −k̃ direction. Seen
in the laboratory basis, only the sþ can be detected on the
left side of the waveguide, while other polarization com-
ponents will be trapped within the effective microcavity
formed by two blocks of Bragg modulations. Similarly, in
frequency region II in Fig. 3(b), only sþ propagating
toward the positive z direction will be blocked, while
all other polarization components can propagate freely.
This asymmetric single-channel photon emission or block-
age design can be implemented in quantum computation,
spectroscopy, or metrology, where directional emission of

FIG. 3. (a) An illustration of a single photon emitter or coupler
embedded in the middle two Bragg modulation sections with
difference spatial frequency. (b) An illustration of the lower
boundary of the split band gap. The shaded areas are the
corresponding dielectric bands. (c) The calculated lower boundary
of a band gap for the LP21 mode. Parameters are the same in Fig. 2
withωB1 ¼ ωB, β1 ¼ β,ωB2 ¼ 0.99999ωB1, and β2 ¼ ωB2=c. No
magnification of splitting is included.

FIG. 2. (a) Frequency-dependent SOC corrections to kz for σ�
components. (b) SOC-corrected dispersion curves. (c) Enlarged
plot showing the shifted band gap between σþ and σ−. Parameters
are the same as in Fig. 1 with a ¼ 5 μm, ε2 ¼ 0.2, m ¼ 3 (in the
cylindrical basis), and Δ ¼ 1.12. Calculations are done in the
helicity basis. Splitting strength in (b) and (c) is magnified by a
factor of 100 for visualization purposes.
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photons is vital [59,60]. Figure 3 serves as a noise tolerance
estimation for the spatial frequency difference between
two Bragg modulated blocks in forming a 1D microcavity
pillar [61], within which a combined spin-selective trapping
effect will arise. Otherwise, the SOC-induced splitting of
those blocks can be treated as independent from each other.
In summary, we proposed a fully optical design for a

single-photon spin splitter based on the SOC of light
originating from the transverse confinement of a cylindrical
waveguide. The SOC leads to a splitting between the
propagation constant kz between the helicity σþ and σ−
components. When a Bragg modulation of the dielectric
constant is included, one needs to eliminate kz to obtain the
genuine k̃ ∼ ω dispersion relation, where k̃ is the Floquet
exponent. The SOC splitting in kz results in splitting in the
dispersion and the splitting of the photonic band gap
between two helicity components. When viewed in the
laboratory basis, the split band gap provides a spin-locked
propagation channel for two polarization states sþ or s−,
forming the single-photon spin splitter.
The calculation procedure can be used to investigate

a PT symmetric dielectric distribution ε2 cosð2βzÞ þ
iε2 sinð2βzÞ. In this case, the ZðzÞ function in Eq. (4)
allows analytic solutions; hence, its k̃ ∼ ω dispersion can be
calculated explicitly (see Supplemental Material [35]). By
studying its Floquet exponents, we might obtain insight
into the spectral singularities [62,63] and the resulting
unidirectional invisibility [64].
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