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Abstract Persistently active volcanoes are characterized by frequent eruptions, in which volatiles
dissolved in magma play an important role in controlling the explosivity. Inverting techniques on geodetic
data sets have been used to retrieve information about key controlling parameters of these eruptions.
However, up to date, several data sets are combined to obtain reliable estimates of the physical parameters
using a physical model, hindering the possibility to provide forecasting tools for time and magnitude of
eruptions at volcanoes with limited monitoring network. In this work, we propose an approach to extract
valuable information out of limited data sets through inverting techniques dealing with limited number of
sensors, but high frequency of events. Our method exploits time series of tilt signals recorded by a single
station to estimate, by mean of the Bayesian statistics and a physics‐basedmodel, the range of the controlling
parameters. The method was developed and tested on a synthetic volcanic system before being applied on
data from Semeru volcano (Indonesia). Finally, we tested the possibility to forecast explosion magnitude
and timing using data recorded by a single tilt station. Results show that data from a limited network
or even a single tilt station is sufficient to estimate the controlling parameters. The information obtained is
shown to be useful for estimating the time and magnitude of future events, which can enhance the
monitoring systems of those volcanoes characterized by frequent, potentially dangerous events.

1. Introduction

Inversion techniques are commonly used in geosciences to infer parameters of volcanic systems and to fore-
cast time and intensity of eruptions (Bonaccorso, 2006; Carlà et al., 2016; Chouet et al., 2003). Probabilistic
inverse procedures such as Bayesian inversion have been applied to infer properties of the volcanic conduit
and the controlling parameters of the eruption from several data sets such as GPS, InSAR, seismic, tilt, or
their combination (Anderson & Poland, 2016; Anderson & Segall, 2013; Passarelli et al., 2010; Segall,
2013). The principle of the Bayesian inversion is based on the probability that a certain set of parameters will
minimize the error between the available observations and a theoretical model, which includes some physi-
cal property of the system. To achieve a good estimation of themodel parameters, this probabilistic inversion
requires prior information about the system, and observations from a developed network of monitoring sta-
tions, that are often limited or unavailable. When no prior information is available and observations are lim-
ited, the inversion results may be inadequate or even misleading (Anderson & Segall, 2013). Classic models
such as Mogi (1958) or Okada (1985) are widely adopted. They can provide a good first‐order parameter esti-
mation (Hreinsdóttir et al., 2014; Sturkell et al., 2003) but show limitations when estimating the time evolu-
tion of volume and depth of the source as they do not consider the physical and chemical processes leading to
pressure changes and consequent deformation of the elastic medium (Anderson & Segall, 2011). In order to
enhance the current techniques for estimating volcanic system properties and time of eruption in persis-
tently active volcanoes, there is the need of a method that can provide a reliable estimate while operating
with a minimal number of stations.

In this work, we demonstrate the possibility to use a single tilt station to get an estimate of volcano proper-
ties. Tilt observations recorded during the Strombolian activity of Semeru volcano, Indonesia, are chosen as
test data as they present a very short time displacement of the volcanic edifice regardless of the amplitude of
the event, as described by Nishimura et al. (2012). The authors report that, during a period of three weeks in
2010, thousands of gas burst events have been observed and recorded by a single tilt station located 500 m
from the active vent. While the amplitude of the tilt signal was found to be proportional to the associated
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seismic energy, the duration of the inflation, starting ~30 s before the
eruptions, remains fairly constant regardless of the amplitude, suggesting
the gas content as a major controlling parameter for the intensity of an
explosion without affecting the duration of the process. This kind of activ-
ity observed at many volcanoes (e.g., Stromboli, Sakurajima,
Suwanosejima, and Fuego) is considered to be associated to a gas motion
and accumulation into the volcanic conduit, which induces pressure per-
turbations in the magma column that results in the deformation of the
surrounding rocks and the surface (Genco & Ripepe, 2010; Nishi et al.,
2007; Nishimura et al., 2012).

A common characteristic of this type of activity is the high frequency of
explosions observed with a recurrence time in the order of minutes.
Strombolian activity can be divided in several subtypes according to the
characteristics of the ejected material and the magnitude of the explo-

sions. It includes gas dominated or “puffing” activity, rapid explosions, and normal explosions, and shows
variable ejection parameters and relative abundance of gas, ash, and bombs (Gaudin et al., 2017; Leduc
et al., 2015). Volcanoes that exhibit this type of activity have an unpredictable nature that may constitute
a hazard for the numerous tourists and scientists that visit them in high number. About 40% of fatal inci-
dents in 5‐km radius of the vent are caused by ballistics. For instance, at Stromboli volcano, in 2001 one fatal-
ity was registered due to ballistics ejected from a stronger than normal explosion; in 2000 at Semeru volcano,
two fatalities and several injuries were caused by impacts from ballistic clasts, andmore recently, at the sum-
mit of Ontake, Japan in 2014, ballistics caused 57 victims (Brown et al., 2017).

The development of a system able to infer exceptional explosive events could provide enough time to
issue an alert. A recent study (Kato et al., 2015) showed that tilt and seismic observations would have
been capable to capture precursors as early as 10 min prior Ontake 2014 phreatic eruption, providing
enough time to raise the alarm. An early warning system for short‐term explosion forecast, based on
real‐time tilt detection, has been proposed (D'Auria et al., 2006), showing that alert level can be triggered
45 s before the blast using eight stations. However, many volcanoes have a limited monitoring network,
and new approaches are necessary to extract valuable information out of limited data sets. To this end,
we provide initial evidence on the feasibility of using the estimate of the controlling parameters, obtained
by mean of the Bayesian statistics and a physics‐based model, to infer the explosion magnitude
and timing.

The work is structured as follows: (1) model development to link several parameters of the volcanic system to
the surface displacement, (2) parameter estimation constraining the variability of those parameters that are
not evolving in a short time, and (3) parameter exploitation in a routine to forecast the time and magnitude
of future events.

The forwardmodel is used to link the deformation associated to the rise of a slug (defined as a “large bubble”
or “gas pocket” which has reached the size of the conduit), to its controlling physical parameters. The para-
meters include the varying mass of gas involved (M), and the physical parameters defining the volcanic sys-
tem: density (ρ) and viscosity (μ) of the magma, shear modulus (G) of the host rock, radius of the conduit (rc),
and the depth of themagma free surface (c). Themodel used incorporates both the conduit model, developed
by Bonaccorso and Davis (1999) and further improved by Kawaguchi and Nishimura (2015), and the model
of slug ascent process in an open conduit based on the one proposed by James et al. (2009, 2008) which con-
sider the slug dynamic described by Llewellin et al. (2011) (Table 1).

This model is used in conjunction with Bayesian inversion technique to estimate the controlling parameters
of the deformation recorded by a single tilt station. To evaluate the improvement of the estimate of the para-
meters, after multiple events recorded, we applied a joint Bayesian inversion (JBI) to six synthetic tilt signals
of three different amplitude and with two different levels of noise with features similar to the ones of the tilt
data recorded during Strombolian events at Semeru volcano (Nishimura et al., 2012). The synthetic data
were generated by our model assuming reasonable values for the parameters. These parameters comprise
both fixed parameters, associated to the volcanic system which do not change between events (ρ, μ, G, rc,
c) and the mass of gas free to change between events (M).

Table 1
Parameters in the System of Equations

Parameter Description Symbol Value or Range Unit

Magma densitya ρ 2000 to 3000 kg/m3

Magma viscositya μ 102 to 105 Pa/s
Shear modulusa G 109 to 1012 Pa
Poisson's ratio ν 0.25 ‐

Gravity g 9.81 m/s2

Atmospheric pressure Patm 105 Pa
Radial distance tilt station R 500 m
Conduit radiusa rc 5 to 50 m
Gas massa M 103 to 107 kg
Magma levela c 50 to 500 m

aThe parameters we want to estimate in this work.
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The outcome of the JBI consist in the fixed parameters and three separate
gas masses which best fit the three synthetic signals with the same noise
level at once. We demonstrated that, by analyzing events of different
amplitude, the inversion technique can improve the estimation of the
model parameters even in presence of a high noise level. Further, we
applied the methodology to three events of different scale at Semeru
(reported by Nishimura et al., 2012), for which we obtain reasonable
values for all parameters.

Finally, we used the fixed parameters estimated by the JBI as prior infor-
mation for the inversion technique of new signals to test the possibility to
perform eruption forecasting using tilt data recorded by a single station.
We replicated a real‐time scenario where a tilt station is acquiring data
from which the last 5 min are continuously compared to the signal gener-
ated by the model using known prior information and a variable gas mass.
The best fitting signal was then used to forecast the time andmagnitude of
the explosion. A preliminary analysis of the accuracy and precision of the
estimates in presence of noise was preformed considering eight signals in
each of three levels of noise. Results support our hypothesis that the pro-

posed methodology, which has the advantage of working on observation recorded by a single station, can be
a useful tool for parameter estimation and eruption forecasting of Strombolian eruptions complementing
volcano monitoring and alert system.

2. Materials and Methods
2.1. Tilt Observations

In open vent systems, geophysical signals such as tilt, recorded at a short distance from the vent, are well
known to provide key information about the dynamic of the shallow portion of the conduit. Due to the high
frequency of explosive events, this information can be used to forecast timing and intensity of future events.
The ground deformation that appears just before Strombolian activity has been reported at many volcanoes
using precise tilt observations with an angular accuracy down to the nanoradian (Genco & Ripepe, 2010;
Iguchi et al., 2008; Kamo & Ishihara, 1989; Lyons et al., 2012; Nishi et al., 2007; Nishimura et al., 2012;
Wiens et al., 2005). A common feature of these signals is the duration that appears to be short (order of min-
utes), and the amplitude of the signal (1–10 nrad). For instance, in Stromboli volcano, the explosive process
is accompanied by a consistent deformation of the ground (~100 nrad) starting about 200 s before eruptions,
associated with processes of gas recharge and discharge in the conduit.

In Semeru volcano, Indonesia, from 15 March to 2 April 2010, tilt signal related to 1,000 small gas bursts
were recorded by a single tilt station located at 500 m from the summit crater (Nishimura et al., 2012).
The signal shows that the inflation started about 30 s before each explosion with tilt amplitude of tens of
nanoradian (nrad). Nishimura et al. (2012) shows that the signal recorded can be categorized into groups
based on the amplitude. By stacking the tilt signal related with different eruptions, they first reduced the
effect of unknown long‐period noise and long‐term drift in the tilt signals; then, they set the onset time of
each eruption as the time at which the initial phase of the explosion earthquake is recorded at the summit
seismic station. Figure 1 shows the groups, extracted from Nishimura et al. (2012), which were considered
in this work: H, M, and L.

2.2. Forward Model

The model presented here relates pressure perturbations due to a slug rising within the conduit, to stresses
and strains in the host rock (Bonaccorso & Davis, 1999; Kawaguchi & Nishimura, 2015). We assume that the
rise of a gas slug in the stagnant magma causes a perturbation in the initial stress field and consequently dis-
placement of the ground surface. In order to compute the elastic Green's function, we need to use a numer-
ical method, which includes dynamics and physical properties of the system in order to predict the
surface deformation.

Figure 1. Stacked tilt records for gas burst eruptions recorded at Semeru
volcano (modified from Nishimura et al., 2012). Each gray line represents
stacked tilt records for events with different magnitudes of explosion: high
amplitude (H), medium amplitude (M), and low amplitude (L). Black lines
represent the tilt records averaged over 6 s.
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In this section, we first present the temporal evolution of the slug in relation with changes of pressure within
the conduit as it rises toward the surface (Del Bello et al., 2012; James et al., 2008, 2009; Llewellin et al.,
2011; Nogueira et al., 2006). Second, we explore in details how the pressure perturbation relates to the
surface deformation.
2.2.1. Slug Ascent Model
2.2.1.1. Initial Condition and Pressure in the Conduit
In the initial condition (time = t0) a cylindrical open conduit of radius rc and infinite length along z axis is
filled with stagnant magma. The conduit is further divided into different portions: c0, empty conduit; h0,
initially occupied by the magma; and L0 (which also corresponds to the initial length of the slug), occupied
by the slug (Figure 2a). We assume that, at t0, the slug has a length equal to the maximum diameter; it can
take, 2 rs, where rs refers to the steady state slug radius.

From previous studies, rs has been defined as a function of the magma film thickness λ developing around

the slug. Llewellin et al. (2011) show that λ is a function of the inverse viscosity Nf =
ρ
μ

ffiffiffiffiffiffiffiffi
gD3

p
, where D is the

diameter of the conduit.

The initial depth of the slug head is z2 = h0 + c0, which is function of the mass of gas within the slug (M) and
its initial volumeV0 ¼ πr2s L0 (Figure 2a). Considering a slug of water vapor under isothermal conditions (P0
V0 =MRw T, where P0 is the initial pressure of the slug, V0 is the initial gas volume,M is the mass of gas, T is
the temperature, and Rw is the specific gas constant for water vapor), by fixing an initial value of gas mass,
and conduit radius, we can find the value of h0 and consequently the initial depth z2 as follow:

h0 ¼ MRwT
ρgV0

(1)

The initial gas pressure of the slug P0 can be also expressed as the sum of the magma‐static pressure related
with the above column of magma with initial thickness h0 and the atmospheric pressure Patm:

P0 ¼ ρgh0 þ Patm; (2)

where ρ is the density of the magma. Assuming that at t0 the system is in equilibrium and there is no magma
flux from the bottom of the conduit, no shear stress is applied to the conduit wall.
2.2.1.2. Slug Length Development
At time = tn the slug is rising and expanding within the stagnant magma perturbing the initial pressure equi-
librium condition P0. Hence, following Kawaguchi and Nishimura (2015), we express the pressure with time
at the top of the slug Ps as

Figure 2. Model of ascending gas slug within stagnant magma in an open conduit. (a) Schematic of a slug ascending in an
open conduit at two different subsequent times (modified from James et al., 2008). Gray areas are occupied by the magma,
and white by the gas phase. (b) The ascent of a gas slug calculated by using the dynamic pressure model (solutions to
equation (11) proposed by James et al., 2008) and the depth at which the slug becomes unstable (hslim). The vertical
positions of the magma surface, slug head, and slug bottom are plotted.
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Ps ¼ P0
L0

L
; (3)

where L is the new slug length (Figure 2a). The ascent velocity of the slug, Us, has been derived from
Goldsmith and Mason (1962) to solve the Navier‐Stokes equation for laminar flow in a film around a
Taylor bubble. The relationship between the ascent velocity and the thickness of the falling film was then
extended by Brown (1965) to obtain

Us ¼ 2ρgλ3

3μ rc−λð Þ : (4)

As the slug ascends in the conduit with velocity Us, the pressure at the top of the slug decreases and as con-
sequence its volume increases. With initial distance between magma surface and top of the slug h0, conser-
vation of liquid volume at any given time yields, according to James et al. (2008), to

h0πr2c þ L0π r2c− r2s
� � ¼ hþ sð Þπr2c þ Lπ r2c− r2s

� �
; (5)

where s is the distance between the slug base and its initial position and h is the time‐dependent height of the
fluid above the slug. Simplification of the above equation by James et al. (2008) allows h to be expressed as

h ¼ h0−s− L−L0ð ÞA (6)

where A ¼ 1− rs
rc

� �2
. Considering a slug with a constant base velocity s can be defined at any time t, as the

productUst. The time‐dependent slug length and position are derived from the relation between slug expan-
sion and forces acting in the conduit. Following James et al. (2008, 2009), the acceleration of the liquid above
the slug can be defined in terms of the pressure, gravitational, and viscous forces acting on the liquid cylin-
der, given by

Fp ¼ −πrs2 Ps−Patmð Þ; (7)

Fg ¼ πrs2ρgh; (8)

Fv ¼ 8πμhv¯; (9)

where v represents the mean velocity in the region of the conduit above the slug assuming a Poiseuille flow.
Following James et al. (2008), and assuming that the volume flux of the liquid above the slug is equal to the
gas expansion, equation (9) can be rewritten as

Fv ¼ 8πμh
dL
dt

r2s
r2c

(10)

Equating the product of mass and acceleration of the center of mass of liquid column directly over the gas
slug, to the sum of forces gives

πr2sρh
d2 lc−Ust−L− 1

2 h
� �

dt2
¼ Fp þ Fg þ Fv; (11)

where lc represents the length of the conduit from the surface to the base of the slug (Figure 2a). Substituting
for the forces and using equation (6) to define h in terms of L, by expanding the differential we can define L as
follows:

d2L

dt2
¼ 2

ρ 2−Að Þ
P0L0

Lh
− ρg−

Patm
h

−
8μ
r2c

dL
dt

� �
(12)

By solving the second‐degree differential equation numerically inMatlab®, using an explicit Runge‐Kutta for-
mula, the positions of the slug and liquid surfaces is obtained (Figure 2b). The above parameters allow the
modeling of the slug dynamics from the initial conditions to the time there is an insufficient volume of
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liquid between the surface and the slug to maintain a static pressure balance between the gas in the slug and
to fill the liquid annulus surrounding it.

Accordingly, James et al. (2009) derived a parameter, Pslim, from a static‐pressure model that allows to deter-
mine the stability of a slug, at any position, against a small perturbationΔL, in its length. Pslim corresponds to
the gas slug pressure immediately prior the failure of the static pressure model, after which the slug cannot
be described under the assumption of purely static condition, and hence, dynamic pressurization cannot be
disregarded. Pslim is obtained as

Pslim ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρgAP0L0

p
(13)

This static pressure limit can also be described in terms of the liquid height above the slug's head (Figure 2b)
at which the slug becomes unstable (James et al., 2009):

hslim ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
AP0L0

ρg

s
−
Patm

ρg
(14)

2.2.1.3. Normal Stress in the Conduit
As the slug rises in the conduit, it expands and lifts up the melt located above it. Consequently, the differen-
tial pressure from the initial condition increases in the conduit region above the slug. While in the region
beneath the gas slug, the magma pressure becomes smaller than the initial pressure due to the low‐density
region generated by the rising. The region occupied by the slug is therefore a transition zone between those
two regions. The magma pressure, shown in Figure 3, increases in the conduit with depth according to the
bulk density of the magma (Kawaguchi & Nishimura, 2015), consisting of melt and slug as follows:

• The regions above and below the slug (z1 < z < z2; z3 < z < z4) are characterized by large pressure gradient
that is determined from melt density:

dP
dz

¼ gρ (15)

• The region comprising the slug (z2 < z < z3) is characterized as a low‐density region so that the pressure
gradient is smaller:

dP
dz

¼ gρA (16)

This pressure difference affects the normal stress field acting in the conduit wall, resulting in the deforma-
tion of the wall surface and the consequent displacement of the ground surface.

Figure 3. Time‐dependent pressure gradient within the conduit (modified from Kawaguchi & Nishimura, 2015).
(a) Comparison between pressure gradient at time = t0 when the slug is deep, and time = tn when the slug is
approaching the surface. (b) Differential pressure highlighting the presence of two different pressure domains within
the conduit: in red an overpressured domain in the region from the magma surface to the center of mass of the slug and in
blue the underpressured domain in the region from the base of the conduit to the center of mass of the slug.
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2.2.1.4. Shear Stress in the Conduit
We can identify two regions within the conduit where the shear stress can be originated during the slug
ascent, as depicted in Figure 4: first, the downward flow of viscous magma film around the slug rising gen-
erates shear stress on the conduit wall, as reported in experimental studies by Nogueira et al. (2006); second,
as a consequence of the slug length expansion, which follow the conservation of liquid volume law, the
magma located at the surface migrates upward, resulting in a shear stress on the wall with an
opposite direction.

From Newton's law of viscosity, the shear stress can be expressed by the differential equation:

Τ ¼ −μ
dV
dr

; (17)

where μ is the magma viscosity and dV/dr is themagma velocity profile. Following Nogueira et al. (2006) and
Brown (1965), we can describe the velocity profile of the magma film surrounding the slug as (Figure 4a)

Vfilm ¼ ρg
μ

r2c− r2

4
−
r2s
2
ln

rc
r

� �� �
: (18)

By substituting and differentiating this equation, we obtain the shear stress gradient in the region around
the slug:

Ts ¼ − ρg
r2s
2rc

−
rc
2

	 

: (19)

Considering a laminar flow under Poiseuille law, the velocity profile in the region above the slug can be
expressed as (Figure 4b)

Vm ¼ 2v¯ 1−
r2

r2c

	 

: (20)

Considering the volume flux of the liquid above the slug is equal to the gas expansion, equation (20) can
be rewritten

Figure 4. Shear stress on the conduit wall relates to the slug rising in the conduit at time = tn. (a) Conduit regions where the
shear stress is acting, whereΤs represents the shear stress related to the slug rising in the stagnantmagma and Τm is the shear
stress related to the uplift of the magma surface due to the slug expansion. (b) Velocity profile in the conduit where Vm
represents magma velocity above the slug and Vfilm the magma velocity flowing between the slug and the conduit wall.
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Vm ¼ 2
dL
dt

r2s
r2c

	 

1−

r2

r2c

	 

: (21)

By substituting and differentiating this equation, the shear stress gradient in the region above the slug is

Tm ¼ μ2
dL
dt

2r
r2c

	 

: (22)

The sum of the shear stress components Tm and Ts causes a vertical deformation of the conduit wall that
results in a minor contribution of the surface displacement, as demonstrated by Kawaguchi and
Nishimura (2015): the shear stress displacement component was found to be several orders of magnitude
smaller than the normal stress component. In this work, however, we consider the shear stress effects
because this component appears to be not negligible as the station is closer to the vent.
2.2.2. Ground Displacement Model
2.2.2.1. Normal Stress Tilt Component
The vertical displacement at the horizontal ground surface is obtained applying an approach similar to the
analytical solution developed by Bonaccorso and Davis (1999) for the displacement field caused by magma
rising in an open conduit (Figure 5b):

Uσ tð Þ ¼ rc∫
z4
z1
b z; tð Þ z

R3 −
z
2

3z2

R5 −
2v
R3

	 
� �
dz; (23)

where b represents the deformation of the conduit wall across the conduit of radius rc,

b z; tð Þ ¼ ΔP zð Þ
G

rc; (24)

where R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ z2

p
and r is the horizontal radial distance between the vent and the hypothetical geodetic

station measuring the deformation. Parameter ν is the Poisson's ratio and G is the shear modulus of the elas-
tic medium. ΔP is the differential pressure with respect to the initial condition (see section 2.2.1.1 and
Figure 3b).

The tilt is calculated by differentiating the vertical component Uσ with respect to the radial distance r:

Tiltσ ¼ −
dUσ

dr
(25)

As the gas slug is rising within the stagnant magma, the pressure acting on the wall and the resulting defor-
mation of the conduit wall b is not constant. We can divide the conduit in three different domains depending

Figure 5. Model setting for surface displacement induced by an ascending gas slug in an open conduit filled with magma.
(a) The shear stress component of the ground deformation Uτ calculated using the Boussinesq solution. (b) The normal
stress component of the ground deformation Uσ observed at the surface is attributed to the conduit wall deformation b
induced by the pressure gradient ΔP.
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on the deformation trend (Figure 5b): a region located above the slug where the overpressure linked to the
slug pushing the magma upward induces a general positive deformation, a region located below the slug
where the underpressure causes a contraction of the conduit induces in a negative inward deformation,
and a third region corresponding with the portion of the conduit occupied by the slug considered as transi-
tion region between the two.
2.2.2.2. Shear Stress Tilt Component
To calculate the ground deformation attributable to the shear stress acting on the conduit wall, we apply the
Boussinesq's solution (Figure 5a). As suggested by Nishimura (2009), by assuming that the conduit radius is
small compared to the distance from the vent to the measuring station, we can approximate the shear stress
as a vertical point force. From Boussinesq (1885) we can then estimate the vertical stress contribution σz, act-
ing at a hypothetical point A located at depth (Figure 5a) due to the point force (F) applied at the point load o
located at the surface:

σz ¼ 3F
2π

z3

R5 ; (26)

where z represents the vertical distance between p and x and R represents the direct distance (see panel in
Figure 5a). From the generalized Hooke's law, which described the relation between stress and strain as
function of the elastic properties of the medium, we can express the vertical deformationUτ at the point x as

Uτ ¼ σz
1
2G

1−2v
1−v

	 

(27)

In our case, the problem is reversed, the force load is acting at depth, and the vertical stress is calculated at a
point located at the surface (Figure 5a). By substituting F with the shear stress T in equation (26), and com-
bining it with equation (27), we obtain

Uτ ¼ 3T
4πG

z3

R5

1−2v
1−v

	 

(28)

Simplifying the previous equation and integrating, for both slug and magma, over the vertical distance
we find

Uτ tð Þ ¼ ∫
z3
z2
ss z; tð Þ z3

R5

1−2v
1−v

	 
� �
dzþ ∫

z2
z1
sm z; tð Þ z3

R5

1−2v
1−v

	 
� �
dz; (29)

where

ss z; tð Þ ¼ 3Ts z; tð Þ
4πG

and sm z; tð Þ ¼ 3Tm z; tð Þ
4πG

(30)

The tilt is then calculated by differentiating the vertical component Uτ with respect to the radial distance r:

Tiltτ ¼ −
dUτ

dr
(31)

The total tilt is given by the sum of the two tilt components:

Tilt ¼ Tiltσ þ Tiltτ (32)

2.3. Statistical Inference

Inversion of monitoring data has been extensively used in geoscience as a method to estimate parameters
controlling the behavior of the observed natural system. Within the different techniques available, the
Bayesian inversion is frequently used to estimate model parameters (Anderson & Segall, 2013; Segall,
2013). In Bayesian statistics, the main principle is that the probability associated with a given set of model
parameters (m) is a function of how well these parameters are able to explain the observed data (d). This
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probability is weighted depending on uncertainties of both the model and the observations. Any additional a
priori information that may be available is used to constrain the range of values for each parameter. This
conditional probability is known as posterior distribution and is calculated using Bayes' theorem:

P mjdð Þ∝P djmð Þ·P mð Þ; (33)

where the likelihood function P(d|m) measures the fit between the model predictions and the observed data
and P(m) encodes prior information on the model parameters. If no prior information is available the Bayes'
theorem can be simplified as P(m|d) ∝ P(d|m). Here we define as d the data vector that includes the observa-
tions such as the tilt time series. The vector d is a function of themodel parametersm= [m1,m2… ,mn], plus
a Gaussian error such that d = Γ (m) + error, where the function Γ is the forward model described in
section 4. This simple equation states that the observed data can be predicted by Γ and may include diverse
time‐varying data sets (the data sets used in this work are described in section 2).

In this study, the set of key parameters include density (ρ) and viscosity (μ) of the magma, the conduit
radius (rc), the mass of gas (M), and initial level of magma (c) in the conduit, since they control the spatial
and temporal variation of the stress component within the conduit. Another important parameter control-
ling the deformation is the shear modulus of the host rock (G). Therefore, our set of model parameters is
express as

m ¼ G; ρ;μ; rc; c;M½ �: (34)

The best fitting model will correspond to the maximum of the probability density function (PDF). Each point
of the PDF is associated with a different set of model parameters m. To find the combination that gives the
best fit we use a sampling technique known as Markov chain Monte Carlo (MCMC). MCMC sampling
allows for an efficient characterization of posterior probability distributions by sampling the model space
according to a probability distribution that is the closest to the posterior distribution, such that sets of para-
meters consistent with both prior information and the fit‐to‐data are picked more often than incompatible,
or low‐probability, models (Mosegaard & Tarantola, 1995). The Metropolis‐Hastings rule (Hastings, 1970;
Metropolis et al., 1953) is perhaps the most important technique for controlling the random walk such that,
after a large number of iterations, the density of samples begins to approximate the posterior probability
distribution itself.

Following this approach, a set of candidate model parametersm* is generated from the current set of model
parametersmj (j indicates the step number) by perturbing each parameter ofmj by an amount snΔmn, where
sn is a random number generated from a uniform distribution on the interval [–1, 1] and Δmn is the random
walk step size for the nth parameter. The next set of model parametersmj + 1 is then chosen according to the
acceptance test as follow:

P m*jd� �
P mjjd
� � ≥w* (35)

where w* is a random number generated from a uniform distribution on the interval [0, 1]. Candidate
models that improve upon the probability of the current model are always accepted, while candidate
models with lower probability may or may not be accepted (allowing the inversion to escape from local
minima). The step size Δm plays an important role in the convergence toward final values of m and
can be optimized by calculating the percentage of models accepted. While there is no ideal theoretical
value, several studies suggest that less than 50% acceptance rate is appropriate (Gamerman & Lopes,
2006), but very small acceptance rates are not efficient so trial‐and‐error may be required. To further
reduce the risk to be stuck in a local maximum of probability we apply a technique known as “simulated
annealing” (Mosegaard & Tarantola, 1995). This technique consists on including a temperature parameter
during the MCMC that affect the acceptance test described in the previous equation by initially maximiz-
ing the acceptance rate to 100%. Following a sigmoid trend, the acceptance rate then decreases to 0% as
the solution converges. After the best fitting model has been found, we apply a refining MCMC cycle to
explore the model space in the area surrounding the best solution. As a result, we obtain the PDF for each
of the model parameters.
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3. Parameter Estimation

We have applied a Bayesian approach to predict the value of the controlling parameters related to a volcanic
system from a model linking conduit processes with tilt signals recorded at the surface. Assuming that no
prior information of the parameters is available, we consider P(m) = 1, meaning that initially all values,
within a given range, for each model parameters are equally possible and they follow a uniform distribution.

3.1. Synthetic Tilt Signal

We initially generated three synthetic tilt signals with different initial masses of gas, so that the final ampli-
tude mimics the different scale of the data recorded at Semeru volcano during Strombolian eruptions (see
section 2). To simulate similar observational conditions of Semeru volcano, all the synthetics were calculated
mimicking a station located 500 m from the vent, and a noise equal to 10% and 100% of the mean level is
added to the signal to reproduce the nonnegligible noises observed in real tilt records. This initial step is
necessary to optimize the inverse method proposed and quantify the uncertainties. Considering the short
time interval between explosions observed in Semeru (few minutes), we assume that parameters related
to the conduit properties (i.e., radius rc, magma level c, and shear modulus G) and parameters related to
the magma properties (i.e., viscosity μ, density ρ) do not significantly change between events. The gas mass
Mi is therefore considered to be the main controlling parameter for the differences observed in the tilt signals
(di):

di ¼ Γ G; p;mu; rc; c;Mið Þ þ random noise; i ¼ 1; 2; 3f g: (36)

The sets of parameters used to generate the three synthetic signals in each noise level are shown in Figure 6a.
The different initial masses of gas released at t0 result in different initial slug depths. Initial slug depth is
assumed when the length of the slug is equal to the diameter of the conduit, as discussed in section 3.1.1.1
(Figures 6b and6c). The length of the slugs increases with decreasing depth, and at a given reference depth
zn the three slugs will have different sizes that are proportional to the initial gas masses. Similarly, the tilt
amplitude of the signal at the time of the burst, t= 0 s, shown in Figure 6b, is proportional to the initial mass
of gas.

Figure 6. Synthetic tilt signal, for a station located 500m from the vent, related to the rise within the conduit of three slugs
with different gas mass. (a) Table of parameters used to generate the three signals without noise. Parameters are
constant across events except for the gas mass. (b) Plot of the synthetic signals. The reference time, t = 0 s, corresponds to
the slug reaching the depth at which it becomes unstable (hslim). The vertical dashed line corresponds to the time at
which the three slugs cross the same reference depth. (c) Graphic representation of the conduit geometry and slug size
related to the three signals; dashed line represents a given reference depth zn.
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3.1.1. Bayesian Inversion on Single Events
We apply the inversion technique independently to the three different synthetic signals to retrieve the best
set of independent parameters fitting each time series. In order to evaluate the stability of the parameter esti-
mation in presence of noise, the inversion was performed on two synthetics with noise equal to 10% and
100% of the mean value of the tilt signal. Figure 7 (white panel) shows the distribution, in the form of box
plots, for individual parameters obtained after the application of the Bayesian inversion for the different syn-
thetic signals. We define the error as

Error ¼ measured value − true valueð Þ
true value

×100: (37)

By comparing the results obtained by the inversion on the three synthetic signals independently, we can
notice that despite errors in the estimation of the fixed parameters, the technique correctly reports decreas-
ing values of gasmass as the amplitude of the signals decreases as shown in the bottom panel of Figure 7. The
left panel of Figure 7 shows the distribution of the estimates, where the different colors refer to the two sig-
nals with different noise levels. For a noise level equal to 10% of the mean value (yellow box plots), we
obtained an overall mean error in the estimation of all the model parameters of ±24% compared to the true
values for the high‐amplitude signal (H). The spread in the error is remarkably large; nonetheless, the true
values lie within the interquartile box for most of the variables. No important skewness distribution has been
observed and the variability for some parameters increases as the amplitude of the signal decreases. This
increase is particularly visible for the mass of gas and magma levels. Despite capturing relative variation
of mass, errors are still remarkable: the estimated best values for the masses are 20%, 70%, and 60% smaller
compared to the true value forH,M, and L, respectively. Moreover, estimated errors for the fixed parameters
show inconsistencies: for instance, the best value found for the magma viscosity has 1 order of magnitude of
variability between H andM with estimated values of about 6,000 and 600 Pa/s, respectively. Worse estima-
tions are observed for the synthetics in the 100% noise levels, represented by the red box plots in Figure 7. An
important variability in the best estimates can be observed especially for the low‐amplitude signal (L), for
which it is clearly visible that the error increases as the noise level increase. These observations highlight
the instability of the model when operating independently on the different signals. To reduce the variability
in the parameter estimation and inconsistencies, we applied the JBI as described in the next section.
3.1.2. Joint Bayesian Inversion
The JBI approach consists in the application of the inversion technique simultaneously on the three different
signals (d1, d2, d3) with three curves generated with the same set of fixed parameters and three independent
gas masses (m1,m2,m3). The quality of the inversion is based on the assumption that the total likelihood P(d|
m), which measures the fit between the data and the model prediction, is equivalent to the sum of the single
likelihood obtained from the fitting of the three different signals and the three curves generated with
the model:

P djmð Þ ¼ P d1jm1ð Þ þ P d2jm2ð Þ þ P d3jm3ð Þ: (38)

Error plots for the estimated parameters by the JBI are depicted in the gray panel of Figure 7. The error dis-
tributions obtained by the JBI result generally closer to the zero‐error line, in green, suggesting better accu-
racy compared to the independent inversion, and its distribution is drastically reduced. We can also observe
that the noise level does not affect the estimation of the parameters. For a 10% noise level, the mean overall
error, between best value and true value, results to be ±23% for the fixed parameters and is reduced to ±4%
when excluding the magma viscosity that exhibits a large spread in its estimation. The larger variability
observed on the density estimation suggests a lower sensitivity of the model to variation of this parameter.
The overall spread in the distribution is improved regardless of the amount of noise, suggesting higher con-
fidence in the parameter estimation due to the increased number of observations and a better stability of the
model when operating in JBI mode. This principle will be used as base for designing the forecasting tool
described in section 5.

3.2. Comparison of Synthetics With Natural System (Semeru)

We applied the JBI technique on stacked tilt records from events with different explosive magnitudes at
Semeru volcano recorded between 15 March and 2 April 2010 (Figure 1).
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Results of the JBI are shown in Figure 8, where a good fitting of the three different time series can be
observed. The results confirm that the mass/volume of gas is a major controlling parameter to explain differ-
ent magnitude of eruptions while other parameters remain constant across events. The estimated elastic

Figure 7. Box plots of the normalized errors for each parameter for inversion on synthetics with respectively 10% (yellow)
and 100% (red) of noise level. Within the white background are represented errors related to the independent inversion on
the synthetics H, M, and L signals. Within the gray background are represented errors obtained applying the JBI.
Green horizontal lines represent the true value which corresponds to zero error. Rectangles span the first to the third
quartile. Whiskers indicate the distribution range corresponding approximately to 2.7 times the standard deviation. Black
crosses represent outliers considered as extreme values that are 1.5 times the interquartile range away from the top or
bottom of the box, and diamonds represent the value obtained for the best inversion, where the color refers to the
noise level of 10% (yellow) and 100% (red).
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modulus of 31 GPa is in agreement with previous estimations found in literature which attest that the shear
modulus may vary greatly due to presence of fractured rocks from values <1 GPa to values >30 GPa for more
competent rocks (e.g., Dzurisin, 2006, p. 281). We estimated a magma viscosity of 104.9 Pa/s and density of
3,000 kg/m3 within the range of values commonly reported in the literature. Nishi et al. (2007) reported
that, at Semeru, the magma has basaltic andesite composition ranging from 56 to 57 wt% SiO2, and could
have a viscosity on the order of 105 Pa/s, which is similar to the result of the JBI. Despite the estimation
agrees with values in the literature, the JBI estimates have a large variability for this parameter. Figure 8
also shows that the JBI estimated an initial depth of the slug around 4,600, 1,500, and 900 m for H, M,
and L, respectively, and an initial magma level (c) depth of ~400 m. The best‐estimated conduit radius
was ~25 m, corresponding to a slug with an initial volume of 3.2 × 104 m3 and a gas mass of 106.2 kg for
the medium amplitude event M. To the best of our knowledge, the only gas mass estimate at Semeru is
from Smekens et al. (2014) with measurement done in 2013, three years after the recording of the tilts
from Nishimura et al. (2012) used in the current study. Smekens et al. (2014) measured the SO2 emissions
at Semeru during single events finding values between 200 and 1,460 kg. Accordingly, for an average
magmatic arc gas composition (H2O = 95.6 mol%, CO2 = 3 mol%; SO2 = 1.4 mol%, following values from
Aiuppa et al., 2017; Burton et al., 2000; Fischer, 2008) we estimated that at Semeru for single events the
expected total mass of gas should be between 103 and 104 kg. Those estimates are smaller than the one we
obtained, which could be due to differences in the eruption phases, highlighting uncertainties in the SO2

Figure 8. Best fitting model obtained by applying the JBI to tilt data recorded at Semeru volcano. Cross section of Semeru volcano with plots of the best estimation
for conduit dimension, slug initial depth and dimension, and initial magma level. Red triangle represents the location of the tilt station. Right panels show
three tilt signals extracted fromNishimura et al. (2012) in black, where gray lines represent the noise, and the best fitting model, in green, obtained applying the JBI.
Top panels show the box plots of the distribution for each of the estimated parameters.
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measurement. Subsequently, the slug starts rising the conduit and only when it reaches ~900 m of depth the
related pressure perturbation becomes significant enough to cause the increasing of the tilt signal (see zn in
Figures 6 and 8). As a consequence of the slug expansion, the magma level starts to rise until the slug reaches
the critical depth hlim at ~480 m (equation (13)) at which it bursts.

4. Forecasting Tool for Coming Events

We designed a tool to forecast the time and amplitude of explosions based on the mass of gas involved. First,
we considered that a series of events is acquired; we then employed the JBI to estimate the fixed parameters
(Figure 9a). At this stage, we assumed that the system is well known and values for the shear modulus (G),
viscosity (μ), density (ρ), conduit radius (rc), and magma level (c) are fixed. Based on these fixed parameters,
we generated an array of different tilt signals (called “model tilts”; see Figure 9b) exploring the whole range
of gas masses (M). The proposed forecasting procedure is based on the last 300 s of data available (called “test
tilt”; see Figure 9c) that are compared to the various model tilts. For each model tilt generated, we consider
all the possible time windows including 300 s of continuous signal, here called “candidate tilt” (Figure 9d).
All the candidate tilts are compared to the single test tilt in a search grid approach. Once all the segments
(candidate tilts) of all model tilts are compared to the test tilt, the best fitting candidate is chosen and the
corresponding model tilt is selected to determine the time of the eruption and the gas mass involved. At each
time iteration, the values of time and amplitude within 50% from the max probability are plotted to represent
the confidence interval (Figure 9e). The predicted time of the event is equal to the difference between the
time of the last data point of the best model tilt and the time of the last data point available of the test tilt.
This procedure is repeated continuously as new data are acquired by the system.

Figure 9. Schematic showing the procedure to forecast future events described in the text.
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To test this method, we run a simulation using synthetic data. A hypothetical volcanic system, modeled with
the properties shown in red in Figure 6a, is considered for this section. The workflow of the method is
described as follow: tilt data are recorded by a single station in real time, which initially consisted of a
300‐s Gaussian noise signal set at 10% of the mean value, simulating a quiet state. The total length of the
medium amplitude synthetic signal is 490 s. The last 300 s of the recorded data (test tilt) are fed every 19 s
(time step size) to a search grid technique to estimate the time of explosion and gas mass. The time step size
was chosen to be one tenth of the total length of the synthetic signal initially modeled, which is 190 s. At the

Figure 10. Forecasting of time and amplitude of a hypothetical event with corresponding mass of gas involved. From top
to bottom, the panels show three different time steps of our forecasting procedure. The dotted red lines represent a
hypothetical tilt signal that is acquired in real time and the gray box highlights the last know 300 s of the signal. At each
time iteration, the window defined as “test tilt” shifts as more data are coming in. Blue clouds represent the prediction of
time and amplitude for each time iteration with 50% from the max probability value. Red diamonds indicate the
real time and amplitude of the synthetic event used as a case study, and black diamonds indicate the best prediction. The
right panels show the marginal distributions of the time and mass of gas involved and joint distribution of the two
variables. In this case, the solution converges at the eighth iteration.
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beginning of the simulation (iteration #1), the test tilt window is capturing only the noise as shown in
Figure 10. The technique employs the model to create an array of 500 model tilts, with the prior
knowledge of the fixed parameters provided in the earlier stage by the JBI and one of the 500 possible
masses between 104 and 106 kg. Each of these curves, if shorter than the 300‐s time window considered, is
padded with zeros to ensure that the model tilt can be compared with the test tilt. Candidate tilt of 300 s
is obtained from a sliding 300‐s window of the model tilt. The number of candidate tilts tested depends
therefore on the length of the model tilt.

Figure 10 shows an example of forecast which is running on synthetic data: at iteration 1, the inversion on
the tilt (zero signal with 10% noise) cannot detect a best fitting model, and results in a large distribution of
possible gas masses with similar low values of likelihood. The best predicted values for the time and ampli-
tude of the event (blue area in Figure 10) are divided into two main groups: one favoring large masses of gas
and amplitude and a second group of values converging to zero for both time and amplitude. On one hand,
large masses of gas produce long deformation signals with an initial phase of low‐amplitude deformation
that could fit the noise level of the signal tested, and on the other hand, negligible masses of gas produce
short‐lived signals that are padded with zeros (to ensure consistency in the duration of signal compared)
and therefore produce a good fit to the noise level of the tested signal. As soon as data simulating a volcanic
activity enter the 300‐s window considered (e.g., iteration 5 in Figure 10), the number of models that can fit
the data decreases resulting in a more focus region of solutions localized at high values of amplitude and
forecasted time. At iteration 8, the distribution of the best fitting models drastically decreases: the iteration
stops and the best fitting curve (represented by the black lines in Figure 10), for which the PDF has a
Gaussian distribution with a standard deviation lower than a threshold set to be 1% of the total range of
variability in this example, is used to forecast the time and magnitude of the eruption. The time of the erup-
tion at iteration 8 is expected to be 58 s after the last sample of the test tilt, which is equal to the time

Figure 11. Effects of noise equal to (top) 50% and (bottom) 100% of the signal mean value on the time and amplitude esti-
mation of a hypothetical event. Color areas represent the prediction of time and amplitude for the corresponding iteration
with 50% from the max probability value. The right panels show the marginal distributions of the time and mass of gas
involved and joint distribution of the two variables.
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estimated by the best model tilt, resulting in an error between estimated and real eruption time equal to 0 s.
To test the stability of the solution we run the method on eight signals with the same noise level, which
resulted in very similar solutions; that is, the best model tilt was always detected 58 s before the eruption,
and the estimated time had an error in the range of −2 to 1 s (mean ± SD = −0.3 ± 1.0 s), where negative
errors indicate that the model estimate the eruption time before the real one.

While the estimate was very precise and accurate when using the synthetic data, the signal‐to‐noise level in
real tilt signals can be higher and act as a limiting factor for the method. Indeed, it has been observed that
several volcanic systems, such as Stromboli in Italy and Suwanosejima in Japan, display a nonnegligible
noise level in the tilt record (Genco & Ripepe, 2010; Nishimura et al., 2012). In order to test the effect of noise
on the model estimates, we run the method on new signals with a noise level equal to 50% and 100% of the
mean value (Figure 11). Again, the stability of the estimates was evaluated by testing the method on eight
signals in each noise level. Similarly to the 10% noise level, the best model tilt was detected during iteration
8 (58 s before the eruption) in six out of the eight tests run for the 50% noise level signals. In two instances,
the method required 10 iterations to detect the best model tilt, meaning that the alert could be issued only 20
s before the real eruption. However, such model tilt resulted in the most accurate prediction, with an error of
0 s, while the model tilts obtained in the other runs had an error in the range of−7 to 2 s (mean ± SD =−2.7
± 3.3 s). The performance of the method worsens for synthetic signals with a noise level of 100%. Indeed, the
number of iterations required to find the best model tilt was between 9 and 10, meaning that the alert could
be issued between 20 and 39 s before the real event. The models estimated times for the eruption with an
error between −5 and 8 s (mean ± SD = 1 ± 4.6 s). However, the limited alert time is also associated to
the size of the time step used for the tests, as a new test tilt was generated every 19 s. We run an additional
test on the signal containing the 100% noise level to replicate a possible real‐time scenario where the test tilt
is updated every second. Results show that the best model tilt could be detected 53 s before the event, which
estimates the eruption time with an error of −2 s.

5. Conclusion

In this work, we proposed a new approach to exploit tilt data recorded at a single station to provide an esti-
mate of volcanic systems parameters and to apply such knowledge to a forecasting tool designed to predict
time and magnitude of eruptions. The method first constraints range of values for parameters that are
believed to remain constant across events, such as density and viscosity of the magma, elastic modulus of
the host rock, and radius of the conduit. These estimates are refined with time as new events are recorded.
We tested the estimation of the fixed parameters done in the case of three different scales of explosions at
Semeru, Indonesia, and the results provided parameters comparable to those found in the literature.
Discrepancies in the estimation of some parameters can be related to simplifications in the model, such as
the implication of a perfect cylindrical conduit and the absence of a plug. The estimated fixed parameters
can be used by the forecasting tool to predict timing and amplitude of an upcoming event up to 58 s before
it occurs and with 1% error on amplitude estimation. The results show the potential of the automated tool for
real‐time application for complementing current monitoring techniques.

Data from new explosion enhance the knowledge on the volcanic system, therefore improving the capability
of the tool to forecast time and amplitude of upcoming events. If the forecasted amplitude is larger than a
defined threshold, automated alert system could be triggered to inform nearby populations. The example
given in this work lead to short time frame that could be of the same order of magnitude than the computa-
tion time needed to produce the forecast. Future work will aim at validating and determining the limitations
of the forecasting method on raw tilt data and at improving the computation time of the model so that it can
be efficient enough to be used in real‐time and on real‐case scenarios. Further, improvements of themodel to
account for variable geometry of the conduit and other potential short‐scale variation will be subject of
future study.
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