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Abstract

Multi-robot system has wide applications in both civil and military fields, due to

its high efficiency for task completion and robustness with respect to robot fail-

ures. Formation keeping, which is one of the fundamental tasks for multi-robot

control, has been extensively investigated in the past decade, resulting in a large

variety of methodologies. However, most of the existing approaches are subject to

certain limitations when implemented for addressing real formation control prob-

lems, mainly due to practical constraints introduced, such as sensor limitations,

obstacle and inter-robot collision avoidance in unknown environments, connectivity

maintenance, unavailability of global pose measurements and so forth. This thesis

deals with formation control problem for real robot applications by taking practical

constraints into account.

First of all, the virtual-structure based formation tracking problem is studied, where

obstacle and inter-robot collision avoidance as well as connectivity maintenance are

explicitly considered. To address this problem, a multi-region control scheme is

proposed, where three regions, including safe region, dangerous region and transi-

tion region, are defined. In different regions, priority is given to different control

objectives. In safe region where trajectory tracking holds the priority, the proposed

control scheme guarantees the bounded reference tracking for each robot. In danger-

ous region where avoidance control is the main objective, a new bounded potential

function is designed to formulate multiple constraints. By introducing a series of

transition functions, smooth switching between trajectory tracking and avoidance
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control is achieved in transition region. It has been proven that each robot can

track its reference trajectory while satisfying the constraints simultaneously with a

bounded controller, implying that the proposed control scheme satisfies input con-

straints by properly tuning parameters.

Secondly, the vision-based leader-follower formation tracking problem is investi-

gated, while sensor limitations, obstacle and inter-robot collision avoidance and

leader-loss situations are considered and tackled in the proposed algorithm. For

leader tracking, a class of bounded barrier functions are employed to formulate

distance and bearing angle constraints introduced by sensor limitations and leader-

follower collision avoidance requirement. To ensure robot safety in unknown envi-

ronments, a multi-region obstacle avoidance algorithm is proposed which prioritizes

different control objectives in different regions. The leader-loss situation has also

been studied, which may be caused by illumination variation, motion blurring or

visual occlusion by obstacles. To deal with this case, a fault-tolerant strategy is

designed to immediately drive the follower to the place where the leader was lost.

The proposed control scheme is primarily designed for a communication-free envi-

ronment where only local pose measurements are available. Furthermore, it has

taken control input constraints explicitly into account.

Finally, motion capabilities of rigid and flexible formations are analyzed. In ad-

dition, the flexible leader-follower formation tracking problem is addressed. To il-

lustrate the superiority of flexible formation against traditional rigid formation in

terms of motion capability, a mathematically rigorous analysis is presented from the

motion planning perspective on the basis of the definition of formation flexibility.

Unlike the previous studies on flexible formation control, this work is under a more

challenging assumption that global position and orientation measurements are not

available. To obtain the relative pose relationships amongst robots, a stereo camera

is mounted on each follower. In consideration of the fact that visual observations are

noise-corrupted and intermittently available, a particle filter based relative pose esti-

mation approach is employed to estimate the position and orientation of the leader
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in the local reference frame of the follower using the polluted and discontinuous

information. Also, to form a flexible formation, the leader historical trajectory is re-

constructed with respect to the current local frame attached on the follower, based

on which a reference point is generated. In addition, the situation where robots

work in unknown obstacle environments is considered. To ensure robot safety in

such environments, a multi-objective control law is proposed to balance reference

tracking and collision avoidance in different situations.

In summary, this thesis provides three feasible formation control strategies for multi-

robot systems from the viewpoint of practical applications. All of the proposed

approaches are well supported by both numerical simulations and real robot exper-

iments.
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Symbols and Acronyms

Symbols

AT Transpose of matrix A

0n n× 1 vector with all zero elements

R Set of real numbers
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‖·‖ 2-norm

∇ Gradient operator
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AMCL Adaptive Monte Carlo localization

APF Artificial Potential Field

AUV Autonomous Underwater Vehicle
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DWA Dynamic Window Approach
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IMU Inertial Measurement Unit
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LOS Line of Sight

MPC Model Predictive Control
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PDF Probability Distribution Function
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ROS Robotic Operating System
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UGV Unmanned Ground Vehicle
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Chapter 1

Introduction

This chapter presents the introduction of this thesis. First, the background and

motivation for conducting the research is stated. Then, major contributions are

highlighted. Finally, the outline of the thesis is introduced.

1.1 Background and Motivation

Multi-robot system has wide applications in both civilian and military fields, such

as coordinated target tracking, sensitive area surveillance and unknown environ-

ment exploration, which has attracted numerous researchers from robotics and con-

trol communities devoting to coordination algorithm design for such systems in

order to execute various tasks. Up to now, there are already some survey pa-

pers that have summarized the existing research results in this area [1–7]. Some

major research problems are consensus [3, 4, 8–13], formation control [14–21], flock-

ing [22–24], region/shape control [25–29], task assignment [30–33] and cooperative

localization [34–36], to name a few. Among the above-mentioned research hotspots

in this area, formation control, which is to form a certain geometric pattern with or

without a group reference [1], is one of the brightest topics which has been investi-
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2 1.1. BACKGROUND AND MOTIVATION

gated extensively in the past decade (see [2] for an in-depth survey). As a result,

a large variety of formation control approaches have emerged which can be catego-

rized into the following mainstream classes: leader-follower approaches [16, 37–39],

virtual-structure approaches [14, 20, 28], behavior-based approaches [15, 19] and so

forth. However, most of the existing approaches may suffer from certain limitations

when being put into practical applications mainly due to additional constraints in-

troduced. These practical constraints include but not limited to the following items.

1. Collision avoidance in unknown environments. Safety is considered the fore-

most issue for any control problems. For multi-robot formation applications,

the obstacle and inter-robot collision avoidance which is closely related to sys-

tem safety should hold the highest priority among all the control objectives,

meaning that the formation objective could be ignored when conflicting with

collision avoidance. Important as this issue is, most of the existing formation

control approaches have not fully taken into account the obstacle avoidance

problem. Although there have been some attempts in the literature, they are

under the assumption that the obstacle information is known prior to con-

troller design, which is unrealistic in applications where robots work in an

unknown environment.

2. No global pose measurements. Up to now, most of the existing literatures on

formation control are based on global position and orientation feedback. Gen-

erally, in real robot operations, global pose can be obtained by GPS devices,

SLAM algorithms, IMU or WSN. To get accurate enough global pose mea-

surements, expensive devices and complicated algorithms should be utilized.

Besides, in a communication-free environment, global pose feedback would be

useless since robot cannot obtain the global poses of its neighbors.

3. Sensor limitations. For leader-follower formation implementation, stereo cam-

era is generally employed for the follower to detect the leader. However, stereo

cameras are subject to limited depth range and FOV, which result in the maxi-
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1.1. BACKGROUND AND MOTIVATION 3

mum and minimum distance requirements between the follower and the leader

as well as the bearing angle constraints of the leader with respect to the fol-

lower. Even though it is considered critical, few researchers have paid attention

to this issue as stated in [38].

4. Control input constraints. Currently, most of off-the-shelf mobile robot plat-

forms only provide the velocity input interface with specific input constraints,

which also add complexity to the control problem.

5. Communication-free environment. In many applications, due to military secu-

rity, environmental constraints or energy saving, there are no communication

links among robots. Thus, only relative pose measurements among robots ob-

tained by the on-board sensors are available. In addition, robot does not have

the motion information of its neighbors, which is actually an external per-

turbation in the coordination dynamics. In such situation, controller design

becomes significantly more challenging.

6. Leader-loss situation. To date, there are already many research outcomes try-

ing to solve the visibility maintenance problem for multi-robot systems. How-

ever, maintaining visibility between the leader and the follower in unknown

obstacle environments is of great difficulty since occlusion of LOS visibility

by obstacles is inevitable. Besides, cameras may suffer from temporary faults

in operation raised from change of lighting condition, motion blurring, etc.

Thus, from the practical point of view, the leader-loss situation should be

taken into consideration and fault-tolerant strategies able to recover visibility

again should be designed.

7. Flexible formation structure. Classical leader-follower formation control prob-

lem is to drive the follower to maintain a fixed relative position relationship

with its leader. However, in an obstacle environment, a fixed formation struc-

ture seems rather conservative and clumsy. Actually, except in the ornamental

applications, it is unnecessary to require the follower to keep a fixed distance
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and bearing angle with the leader. The formation can also work well as long

as the distance and bearing angle are within specific ranges.

1.2 Contributions

This thesis investigates the formation control problem for multiple nonholonomic

mobile robots in unknown obstacle environments. First of all, rigid formation track-

ing control in unknown obstacle environments is studied under the virtual-structure

framework. Secondly, vision-based leader-follower formation tracking control prob-

lem is solved, where rigid formation configuration and unknown obstacle environ-

ments are also considered. Thirdly, motion capabilities of rigid and flexible forma-

tions are analyzed, then a vision-based flexible leader-follower formation tracking

control strategy is proposed in unknown obstacle environments without global pose

measurements. All of the proposed approaches are well supported by both numerical

simulations and real robot experiments.

The main contributions of this thesis are highlighted as follows.

1. A virtual-structure formation tracking control approach for multiple nonholo-

nomic mobile robots in unknown obstacle environments (chapter 3)

First, a multi-region control scheme is proposed to address the virtual-structure

formation tracking control problem while obstacle avoidance, inter-robot colli-

sion avoidance and connectivity maintenance are guaranteed as well. Secondly,

a new bounded potential function is introduced to formulate multiple con-

straints including obstacle avoidance, inter-robot collision avoidance and con-

nectivity maintenance. Boundedness of the potential function can guarantee

boundedness of the controller. Thirdly, it has been proven that the proposed

controller is bounded and the bounds in different regions are derived. Thus,

the proposed control strategy satisfies input constraints by properly setting
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parameters.

2. A vision-based leader-follower formation tracking control approach for multiple

nonholonomic mobile robots in unknown obstacle environments (chapter 4)

First, a leader-tracking control law is proposed, where sensor limitations and

leader-follower collision avoidance are modeled as distance and bearing angle

constraints, then a bounded barrier function is introduced to formulated these

constraints. Secondly, a multi-region obstacle avoidance algorithm is designed

which priorities different objectives in different regions, such that robot safety

can be guaranteed. Thirdly, the leader-loss situation is pointed out for the first

time, while a fault-tolerant solution is provided when the visibility is broken.

3. Comparative analysis on motion capabilities of rigid and flexible formations

(chapter 5)

First, a new definition called formation flexibility is introduced for the first

time as a quantifying metric for formation motion capability analysis, while

the criteria for comparison on motion capabilities of different formations is

also provided. Then the motion capabilities of perfect rigid, semi-perfect rigid

and flexible formations are analyzed, while the ranges of the corresponding

formation flexibilities are calculated. Finally, the motion capabilities of per-

fect rigid, semi-perfect rigid and flexible formations are compared using the

introduced criteria.

4. A vision-based flexible leader-follower formation tracking control approach for

multiple nonholonomic mobile robots in unknown obstacle environments (chap-

ter 5)

First, to account for the nonlinearities and non-Gaussian noise in the process

and observation models, a particle filter based relative pose estimation ap-

proach is proposed to estimate the local position and orientation of the leader

with respect to the follower. Then a leader trajectory reconstruction algorithm

is designed to transform the leader historical trajectory to the current local
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reference frame attached on the follower, based on which a reference generator

is employed to select the reference point for the follower to track. Finally, a

multi-objective control scheme is proposed to achieve and coordinate reference

tracking, obstacle avoidance and inter-robot collision avoidance.

1.3 Organization of the Thesis

The remainder of this thesis is organized as follows.

Chapter 2 reviews the existing approaches in the literature on formation control,

collision avoidance and connectivity/visibility maintenance.

Chapter 3 addresses the virtual-structure formation tracking control problem for

multiple nonholonomic mobile robots in unknown obstacle environments. A new

bounded potential function is introduced to formulate multiple constraints including

obstacle avoidance, inter-robot collision avoidance and connectivity maintenance.

Then, a multi-region control scheme is proposed to coordinate different control ob-

jectives in different regions. Numerical simulation and real robot experiment have

been conducted to validate the efficacy of the proposed method.

Chapter 4 investigates the leader-follower formation tracking control problem for

multiple nonholonomic mobile robots in unknown obstacle environments. A class

of bounded barrier functions are proposed to formulate distance and bearing angle

constraints introduced by sensor limitations and leader-follower collision avoidance

requirement. A multi-region obstacle avoidance algorithm is designed to ensure

robot safety in unknown environments. The leader-loss situation is pointed out while

the corresponding analysis and a fault-tolerant solution are provided. Simulation

and real robot experimental results are provided to illustrate the efficacy of the

proposed strategy.

Chapter 5 studies the flexible leader-follower formation tracking control problem for
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a group of nonholonomic mobile robots without global pose measurements. The

motion capabilities of rigid and flexible formations are analyzed mathematically. A

vision-based flexible leader-follower formation tracking control approach is proposed

under the assumption that global pose measurements are not available. Simulation

and real robot experiments have been performed to demonstrate the effectiveness of

the proposed algorithm.

Chapter 6 summarizes this thesis and provides recommendations for the future work.
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Chapter 2

Literature Review

Multi-robot formation control has been studied extensively in the past decade.

However, when considered in obstacle environments, the problem becomes much

more challenging as extra requirements, like collision avoidance, connectivity main-

tenance, visibility preservation, etc., are introduced. In this chapter, an in-depth

survey of the existing techniques on related topics, including formation control, col-

lision avoidance and connectivity/visibility maintenance, is presented.

2.1 Formation Control

As many practical applications, such as satellite formation flying, cooperative plane-

tary exploration, agricultural automation, etc., require multi-robot system to main-

tain a specific geometric shape while executing the assigned task, formation control

design has become a major research field in the past decade. Formation control,

which is defined as coordination of a group of robots to form a certain geometric

pattern, can be classified into two categories according to whether a group reference

exists, formation stabilization and formation tracking [1]. Formation stabilization

aims at forming a desired geometric shape in the absence of a group reference, while
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formation tracking refers to controller design for a group of robots to maintain a

desired geometric pattern while following a predesignated group reference simulta-

neously. Specifically, to drive a group of robots to their corresponding destinations

which forms a desired geometric shape, called formation navigation in some liter-

ature [40], is a special case of formation tracking with the group reference to be a

static point. Compared with formation stabilization, formation tracking is prefer-

able due to a huger demand in practical applications. Additionally, because of the

introduction of a group reference, formation tracking is much more challenging than

formation stabilization especially when a cluttered environment is considered.

2.1.1 Formation Configuration

In terms of the formation configuration pattern to be formed by the robots, a for-

mation can be divided into two categories, rigid formation and flexible formation.

The configuration of rigid formation is fixed during operation, while that of flexible

formation will change with the formation reference path. Until now, almost all of the

existing literature dealing with formation control falls into the class of rigid forma-

tion due to its simplicity and convenience of formulation. Besides, rigid formation

is indeed advantageous in some applications such as cooperative transportation of

objects, robot formation parade and so forth. However, in many other applications

where geometric shape of the formation is not strictly required, rigid formation may

suffer from certain limitations especially when motion constraints of the robots are

taken into consideration. In addition, considering motion planning of a rigid forma-

tion in obstacle environments, the whole robot group should be treated as a single

large robot, which may suffer from collisions or a reduced mobility, especially when

passing through a narrow door with a smaller size than the formation.

Reference [41] points out that to maintain a perfect square using four differentially

driven mobile robots, the only possible motion is in a straight line. Then, a compro-

mised approach is proposed that is to maintain the formation in curvilinear coordi-
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nates rather than in rectilinear coordinate system such that the formation shape can

be altered when the formation is turning, which is the embryo of flexible formation.

After that, some interesting results along this idea have been published [42–44]. Ref-

erence [42] proposes an adaptive and predictive formation control scheme to achieve

highly accurate relative positioning of the formation whose desired shape is defined

with respect to the formation reference path, in terms of curvilinear distances be-

tween robots along the reference path and lateral deviations with respect to this

trajectory. Reference [43] investigates the flexible leader-follower formation track-

ing control problem for nonholonomic mobile robots. The method proposed in [43]

consists of two parts, curvilinear-based real-time formation reference generator and

single-robot trajectory tracking controller. Reference [44] analyzes the maneuver-

ability of the flexible formation by taking the motion constraints of the robots into

account.

Although there are already a few research results on flexible formation control,

several problems still remain unsolved. First of all, despite the fact that reference [41]

points out the limitation of rigid formation that a perfect square cannot be formed

by four moving unicyle-type mobile robots unless the required motion is along a

straight line, there are no quantitative analysis on the motion capability of rigid

and flexible formation. Consequently, the advantage on the maneuverability of

the flexible formation against that of the rigid formation is still not very clear.

Secondly, all of the existing approaches which address the flexible formation control

problem like [42] and [43] assume that a GPS receiver is installed on each robot

and the reference trajectory of the leader is previously learned or received online by

the followers. However, in many practical applications, especially those in indoor

environments, it is not easy to obtain global position and orientation measurements

of multiple robots with respect to a common coordinate system. Therefore, the

study of flexible formation control under such situations is of great significance.
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2.1.2 Formation Control Approach

Up to now, formation control has been applied to various real applications, such as

UGVs [42, 45], UAVs [46, 47], USVs [38, 48, 49], AUVs [50], spacecrafts [20, 51] and

so on. According to the strategy utilized for implementation, existing formation

control approaches consist of three main classes, leader-follower approaches, virtual-

structure approaches and behavior-based approaches, which are detailed as follows.

1. Leader-follower approaches. This kind of approaches is inspired by animal be-

haviors like fish schooling and birds flocking in nature. In these approaches,

some robots are assigned as leaders while the others are designated as follow-

ers which maintain desired geometric configuration with respect to the leaders.

Reference [16] uses the terms l − ψ and l − l control to reflect whether the

control laws are based on tracking the position and orientation of the robot

relative to a leader robot, or the position relative to two leader robots, re-

spectively. The proposed l − ψ and l − l controllers guarantee the correct

formation, while the modified l− l controller can be used to change the shape

of the formation in the presence of obstacles. Based on [16], reference [17]

defines the concept of a transition matrix, which governs the addition and

deletion of edges in the control graph and hence the change in the communi-

cation protocol. Upon this, an exhaustive list of all possible transitions that

can occur within the robots in the formation is presented. Reference [52]

presents a receding horizon leader-follower control framework to solve the for-

mation problem of multiple nonholonomic mobile robots. In particular, a

receding horizon scheme is incorporated into the leader-follower controller to

yield a fast convergence rate of the formation tracking errors. Reference [38]

considers finite-time leader-follower formation control problem for a class of

underactuated autonomous surface vessels with LOS range and angle con-

straints. A novel control structure is proposed that can guarantee the con-

vergence into arbitrarily small neighborhoods around zero in finite time for
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the tracking errors while the constraint requirements on the LOS range and

angle will not be violated. In [53], formation tracking problem of nonholo-

nomic mobile robots without direct position measurements is addressed. An

observer is designed to estimate the local position of the follower robots us-

ing the feedback information from a perspective camera, the odometry and

AHRS sensors. The closed loop stability of the combined observer-controller

system is analyzed by Lyapunov theory. Reference [39] proposes a control

method for leader-follower navigation in obstacle environments without data

transmission between robots, which takes connectivity maintenance, collision

avoidance and input constraints into consideration. A merit of this paper is

that the communication topology is changing depending on the environments

such that some links are deactivated in order to pass through narrow spaces,

while active links are increased in free spaces to keep the group as cohesive as

possible.

2. Virtual-structure approaches. This kind of approaches is first proposed in [14]

where a virtual structure is defined as a collection of elements which maintain

a rigid geometric relationship to each other, based on which a general control

strategy is developed to force an ensemble of robots to behave as if they are

particles embedded in a rigid structure. In [18], the concept of virtual leader is

introduced for the virtual-structure formation, whose responsibility is to direct,

herd and/or manipulate the group behavior. In [20], a decentralized forma-

tion scheme for spacecraft formation flying is presented based on the virtual

structure approach, where decentralized formation control strategies are pre-

sented for each spacecraft to synchronize the coordination vector instantiation

and track its desired states. Reference [45] presents a constructive method

to design cooperative controllers that force a group of unicycle-type mobile

robots with limited sensing ranges to perform desired formation tracking and

guarantee no collisions between the robots. The proposed method is based

on the virtual structure approach and artificial potential function. In [54],
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formation control strategies are proposed for networked multi-vehicle systems

in order to achieve virtual-structure consensus, virtual-structure flocking and

virtual-structure flocking with collision avoidance.

3. Behavior-based approaches. This kind of approaches is implemented by defin-

ing several motor schemas according to the task executed by the robots, each

of which represents a behavior response to the current sensory feedback. The

overall control action for each robot is a weighted combination of the control

for each behavior. Reference [15] defines several new reactive behaviors that

implement formations in multi-robot teams. Then the defined formation be-

haviors are integrated with other navigational behaviors to enable a robotic

team to reach navigational goals, avoid hazards and simultaneously remain in

formation. Reference [19] proposes a behavior-based approach to address the

problem of transitioning a group of robots through a sequence of formation

patterns. This paper also provides a rigorous analysis of formation keeping and

convergence, which is a contribution to the behavior-based literature. In [55],

a null-space-based behavioral control scheme is presented to realized forma-

tion control of multi-robot systems, besides, experimental results are provided

to validate the proposed method. Reference [29] presents a multilevel-based

topology design and a new shape-control approach for the convergence of robot

swarms to a desired region. A potential function based controller with a shape

regulation control force is developed to drive all the robots to form the desired

shape without collisions. The proposed controller is actually a combination of

different forces aiming at driving the robot to a desired region and level, to

avoid inter-robot collisions and to avoid obstacles, respectively.

The three major formation control approaches have been introduced thoroughly

above. Nevertheless, different approaches have different strengths and shortcomings.

Leader-follower approaches are simple and easy to be scaled, making it preferable

compared with other approaches. However, from the principle of leader-follower

design, there is no feedback of the follower to the leader, which weakens the co-
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ordination of the whole formation. Furthermore, the performance of the forma-

tion depends largely on the leader, which is also a single point of failure such that

breaking down of the leader would cause failure of the entire formation. In virtual-

structure approaches, the relative positions with respect to each other are predesig-

nated for robots such that the formation is rigid, which is easy to be implemented

and preferred in some applications like satellite formation flying, robot show, etc.

Notwithstanding, such configuration seriously restricts the motion capability of the

formation. In particular, when working in obstacle environments, avoidance behav-

iors of such formation would be rather clumsy. Behavior based approaches have

obvious physical meanings and are easy to implement, but most of the existing ap-

proaches lack rigorous mathematical analysis. As a result, it is difficult to guarantee

that the formation can converge to the desired configuration eventually.

2.2 Collision Avoidance

During autonomous operations, safety is the foremost issue that should be taken

into consideration. For multi-robot applications, especially those in obstacle en-

vironments, collision avoidance with obstacles and among robots is an important

research topic, which has attracted attentions from researchers for many years. In-

terested readers can refer to [56] for an in-depth survey. According to the amount of

environmental information which is available for the robot, existing collision avoid-

ance approaches can be classified into two categories, global motion planning ap-

proaches and reactive approaches. The global motion planning approaches are un-

der the assumption that accurate information of the whole environment is available,

while the reactive ones only have access to the current sensory feedback of the local

environment around the robot.

In practice, to implement a global motion planning algorithm, a map of the workspace

must be built beforehand, based on which, techniques such as A* [57], D* [58],
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PRM [59], RRT [60], PRM* [61], RRT* [61], etc. are employed to generate a feasi-

ble path for the robot to follow. Even though motion planning methods can provide

a complete trajectory from the starting point to the destination with guaranteed

collision avoidance, computational efficiency is a significant problem for such ap-

proaches. To build a map of the environment, necessary sensors like stereo cameras

or laser range finders should be installed on the robot, based on which SLAM tech-

niques are applied. As mapping algorithms generally take quite a lot of time, it

is difficult to realize real time motion planning on robots with limited processing

power. However, in uncertain environments which require timely replanning opera-

tions to guarantee robot safety, motion planning approaches maybe not qualified. In

this case, reactive approaches which acts directly at the control level is preferred in

order to achieve real-time collision avoidance. In the following, reactive approaches

are introduced in detail.

Reactive approaches make use of the local information of the environment collected

by the on-board sensors to compute the motion commands at every sampling time

interval, which can also be treated as a reactive feedback controller, as it maps the

current observation into the current control. Up to now, reactive collision avoidance

has been an attractive research topic due to its simplicity and practicality in real

robot implementations. As a result, many techniques have been proposed, which

are introduced briefly as follows.

1. APF approaches. In these approaches, a potential function is defined to for-

mulate collision constraints, which attracts the robot to a target and repulse

it away from obstacles. This kind of methods are computational efficient with

satisfactory performance, making it the most popular approach among the ex-

isting results. The main drawback of APF approaches is that they are easy to

fall into local minima when attractive forces and repulsive forces are canceled

with each other such that the robot get stuck at some places. In [62], a coop-

erative control law is presented for multiagent systems to guarantee collision

avoidance using value functions that resemble barrier functions in static opti-
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mization theory. Reference [63] proposes a switching control method that can

ensure bounded trajectory tracking and collision avoidance for multi-vehicle

systems, but the control input might go to infinity when avoiding collisions,

which is unreasonable in practice. Reference [27] proposes a novel collision

and obstacle avoidance strategy using multi-layer region control concept and

combines potential functions with simple PD controller to avoid potential col-

lisions. Reference [64] deals with combined trajectory tracking and collision

avoidance problem under input saturation constraints, but they could only

solve collision avoidance problem between a single vehicle and one static ob-

stacle or the cooperative collision avoidance problem between two vehicles.

Recently, another kind of APF, navigation function, has caught attentions of

researchers for its capability to deal with multiple constraints and bounded-

ness of its gradient which is critical for systems with actuation limitations.

Actually, navigation function provides a way to combine goal and constraint

potential functions together. References [65] and [66] deal with decentralized

navigation and formation stabilization problem while avoiding inter-vehicle

collisions, respectively. References [67], [40] and [68] design controllers to

achieve desired objectives while avoiding obstacles and maintaining connec-

tivity at the same time. In [69], a formation stabilization control law is pro-

posed where constraints including workspace boundary avoidance, obstacle

avoidance, inter-vehicle avoidance and connectivity maintenance are incor-

porated into the constraint function of a decentralized navigation function.

Reference [70] considers the situation where agents may not have global envi-

ronmental information and they may have to avoid collisions with unexpected

spatial constraints. By introducing a Dirac delta function to deal with multi-

ple spatial constraints, a control law is proposed to solve the task of formation

tracking and obstacle avoidance in a bounded environment. Loosely speaking,

vector field approach, which is to control the robot to align with and flow

along the desired force field, can also be categorized as a special case of APF

approaches. Some typical examples of the vector field method are [71–74].
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2. Boundary following approaches [56]. This kind of approaches is primarily de-

signed for static unknown obstacle avoidance, whose basic idea is following the

boundary of the obstacle temporarily in order to bypass it and continue the

main control objective. In detail, the robot pursues the main control objective

initially until a potential collision with an obstacle is detected. The boundary

following objective is thereupon activated, while the main objective is ignored

temporarily. Once the leaving condition is satisfied, the main objective holds

the highest priority again. In [75], a sliding mode control law is proposed which

drives a Dubins-like mobile robot to move along a path with a predesignated

distance from the boundary of an object. Reference [76] proposes an integrated

guidance-control strategy for a unicycle-type wheeled mobile robot such that

it can patrol the border of a region in a close range with a constant linear

velocity. Then the proposed strategy are applied to the safe guidance problem

of a ground vehicle towards a target while bypassing the enroute obstacles

with a predefined safety margin. The problem of navigating a Dubins-car like

robot to a target through a maze-like environment is discussed in [77], where

a bio-inspired control law is proposed with mathematically rigorous analysis.

It can be found that the above discussed results are along the same idea. Ad-

ditionally, there are also some other attempts to deal with obstacle avoidance

problems using boundary following behaviors. In [78], the DVZ principle is

proposed to deal with obstacle avoidance problems, where a safety zone is

defined around the vehicle in which the presence of an obstacle induces an

intrusion of information that tries to drive the vehicle reaction. The bound-

ary following behavior is achieved by maintaining a constant contact with the

obstacle, thus to bypass it. Reference [79] presents a safe maneuvering zone

based control scheme such that a unicycle-type robot can follow the desired

path asymptotically, when possible, and contour the unpredicted obstacles.

3. Predictive approaches. This kind of approaches makes use of the kinematic

model of the robot to predict its motion in the near future, based on which
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an optimal control command is generated for the current time instant. An

attractive property of this kind of method is that it is not near-sighted as it

plans ahead for a given amount of time when obstacles are approaching. There

are two famous examples in this category, DWA and MPC-based approaches.

DWA is first proposed in [80], which searches for next velocity and steering

commands in the two-dimensional space of circular trajectories after removing

the commands that would lead to collisions. Then the dynamic window is in-

troduced to further restrict admissible commands to those that can be reached

within a sampling time interval by taking the acceleration constraints into ac-

count. Finally, an optimal trajectory is selected to maximize the designed

objective function. In [81], a convergent DWA is proposed, which combining

the traditional DWA and navigation function proposed in [82] together in a

MPC and CLF framework. Reference [83] extends the original DWA, which

is primarily designed for first-order nonholonomic mobile robots, to AUV ap-

plications with second-order nonholonomic constraints. Recently, MPC-based

approaches have become more and more popular in collision avoidance prob-

lems, as they seem to show great potential in providing efficient navigation.

In [84], a nonlinear MPC-based approach is proposed for the one-step trajec-

tory generation of a helicopter, then a gradient-descent method is designed

to provide online solutions of the optimization problem. Reference [85] de-

signs nonlinear MPC laws for controlling multiple USVs in arbitrary forma-

tions with obstacle avoidance taken into consideration. In [86], control input

saturation and collision avoidance constraints are incorporated as inequality

constraints using KKT conditions in the nonlinear model predictive control

framework, based on which control inputs for formation flight are computed.

Coordinated standoff tracking by a pair of unmanned aerial vehicles is stud-

ied in [87], where inequality constraints are considered for collision avoidance

between unmanned aerial vehicles and control input saturations using penalty

functions in the model-predictive control framework. Reference [28] addresses

the distributed optimal formation trajectory generation problem for multiple

Nanyang Technological University Singapore



20 2.3. CONNECTIVITY AND VISIBILITY MAINTENANCE

nonholonomic vehicles, where several objectives are taken into account includ-

ing formation achievement, inter-group collision avoidance, obstacle avoidance

and dynamic formation. By employing a local-minima-free navigation function

as the objective function to measure the cost-to-goal over the robot trajectory,

reference [88] proposes a MPC-based algorithm for convergent navigation of a

differential drive mobile robot. To complement, a widely used method deal-

ing with moving obstacle avoidance, velocity obstacle approaches, can also be

classified as a kind of predictive approach, which is to generate robot velocities

outside of the velocity obstacles, the set of robot velocities that would result

in a collision with a given obstacle that moves at a given velocity at some

future time. It should be noted that velocity obstacle approaches are among

the state-of-art collision avoidance methods at this stage [89]. Some attempts

along this idea to solve collision avoidance problems are [90–93].

Main approaches for collision avoidance have been briefly introduced and categorized

above. Nevertheless, there are still some other approaches, such as the vector field

histogram [94], optimal avoidance [95] and so on, that do not fit into the above three

categories. Due to space limitation, these results will not be illustrated detailedly

in this thesis.

2.3 Connectivity and Visibility Maintenance

Connectivity of the communication network is a critical requirement for multi-robot

systems to share information and reach consensus. Existing approaches proposed

to preserve connectivity for multi-robot systems can be divided into two categories,

local approaches and global approaches.

1. Local approaches. Local connectivity maintenance is to design a controller

such that if a communication link exists at the initial time instant, it will
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exist for all the time. Examples of local connectivity maintenance can be

found in [40, 67–69, 96–98]. Reference [96] addresses the connectedness issue

in multi-agent coordination by adding appropriate weights to the edges in

the graph, which are along the gradient of a potential function. In [97], a

distributed control law that guarantees connectivity maintenance in a network

of multiple mobile agents is proposed using decentralized navigation function.

Connectivity maintenance problem has also been studied in applications of

consensus [67], rendezvous [68], formation stabilization [40, 69] and formation

tracking [98]. In the study of [98], a multi-objective problem for multi-vehicle

formations is addressed which takes trajectory tracking, inter-vehicle collision

avoidance and connectivity maintenance into account simultaneously in an

obstacle-free environment. However, it is a centralized method and cannot

be scaled to formations with a large number of robots. Besides, it uses an

unbounded potential function to deal with collision avoidance problem which

may result in an infinitely large control input.

2. Global approaches. Obviously, preserving each communication link is quite

conservative, which seriously limits the capability and flexibility of a multi-

robot system. As a matter of fact, in order to ensure the information ex-

change among all robots, global connectivity of the communication graph is

enough. In particular, some links might be broken while some others could

be established as long as the overall connectivity of the graph is maintained.

Reference [99] proposes a decentralized estimation procedure that allows each

agent to track the algebraic connectivity of a time-varying graph, based on

which a decentralized gradient controller for each agent is designed to main-

tain global connectivity during motion. Reference [100] presents a completely

decentralized control strategy for global connectivity maintenance of the com-

munication graph with mathematical analysis. The proposed strategy is ac-

tually a gradient-based control law which exploits decentralized estimation of

the algebraic connectivity. Reference [101] introduces a control algorithm to
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ensure connectivity maintenance for multi-robot systems in the presence of a

bounded additional control term which drives the robots along the negative

gradient of an appropriately defined function of the algebraic connectivity.

Reference [102] proposes a continuous feedback control method to preserve

network connectivity based on maximization of the algebraic connectivity us-

ing only local information. The proposed control law allows the connectivity

to decrease and can be used in conjunction with artificial potential-based for-

mation controllers.

Similar to connectivity maintenance, visibility maintenance is another attrac-

tive research topic in recent years. Unlike connectivity maintenance that pre-

serves connectivity to guarantee reliable wireless communications, visibility

maintenance is under the assumption that a stereo camera is mounted each

robot to detect its neighbors nearby. In general, visibility maintenance is often

required in leader-follower robot formations, due to the fact that stereo cam-

eras are generally subject to limited depth range and FOV, resulting in the

maximum and minimum distance requirements between the follower and the

leader as well as the bearing angle constraints of the leader with respect to the

follower. Violation of such constraints will lead to loss of detection. Moreover,

in unknown obstacle environments, maintaining visibility is of much greater

difficulty since occlusion of LOS visibility by obstacles is inevitable. Besides,

camera detection may temporarily malfunction in operation, attributed to

change of lighting condition, motion blurring, etc. Even though it is con-

sidered critical, few researchers have paid attention to this issue. Sensory

limitations are taken into account in [103], however, they are merely used to

determine the neighbors of a vehicle. In [38], time-varying tan-type barrier

Lyapunov functions are introduced to characterize the LOS range and angle

constraints. However, the LOS range and angle are defined with respect to

the global coordinate frame and cannot be used to describe stereo camera

limitations. Reference [104] proposes a generalized tan-type barrier Lyapunov

function to formulate the detection range and FOV limitations of the sensor.
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However, the value of the barrier function employed approaches infinity when

the constraints are close to being violated, resulting in unbounded control in-

puts. In addition, there are also a few literature on LOS/visibility maintenance

for leader-follower formations like [73, 105–107]. However, they are under the

assumption that the visual detection is reliable. Besides, they either do not

consider the presence of obstacles or assume that the environment information

is known a priori.
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Chapter 3

Virtual-Structure Based

Formation Tracking Control of

Multi-Robot Systems in Obstacle

Environments

This chapter addresses the virtual-structure formation tracking control problem for

a group of nonholonomic mobile robots while avoiding collisions in unknown obsta-

cle environments and preserving connectivity amongst robots. To solve this multi-

objective control problem, a multi-region control scheme is proposed by prioritizing

different control objectives in different regions. The proposed control scheme defines

three regions, safe region, dangerous region and transition region. In safe region

where formation tracking holds the highest priority, the proposed control scheme

can achieve globally asymptotic convergence to a narrow boundary layer around

the individual reference trajectory, while in dangerous region where priority is given

to avoidance control, collision and connectivity constraints are formulated by a new

bounded potential function, based on which a bounded controller is derived. In tran-

sition region, a series of transition functions are introduced to smooth the switching
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between trajectory tracking and avoidance control. Also, the boundedness of the

proposed controller is analyzed. Finally, simulation and real robot experiment have

been performed to validate the efficacy of the proposed method.

The contributions of this chapter are twofolds. On the one hand, this chapter consid-

ers a challenging but practical constraint that robots work in an unknown obstacle

environment, while most of the existing approaches assume that map information

of the environment is available. On the other hand, a series of transition regions

and the corresponding transition functions are introduced to smooth the switching

between formation trajectory and avoidance control.

3.1 Problem Formulation

This chapter considers the formation tracking control problem with guaranteed col-

lision avoidance and connectivity maintenance in the presence of obstacles for n

differential-drive mobile robots. It is assumed that each robot is equipped with

a laser range finder and wireless communication devices. Besides, communication

links among robots follow a homogeneous protocol model, in which two robots can

communicate if they are within a specified maximum communication range and

cannot communicate if they are outside of that range. Therefore, considering the

limited sensing and communication capability, each robot can detect the obstacles

within a distance Rs and two robots can communicate with each other if they are

within a distance R. For simplicity and without loss of generality, assume that all

robots have equal communication and actuation capabilities.

In the sequel, robot formation and communication graph will be modeled. Then

the constraints of obstacle collision avoidance, inter-robot collision avoidance and

connectivity will be discussed.

Nanyang Technological University Singapore



3.1. PROBLEM FORMULATION 27

Robot i

gy

gx
gO

lO

lxly

ip

i

iv
i

Figure 3.1: Diagram of multi-robot formation tracking

3.1.1 Modeling of Robot Formation

Consider n differential-drive robots in a workspace W ∈ R2. The kinematic model

of the ith robot is given as follows.

ẋi = vi cos θi

ẏi = vi sin θi

θ̇i = ωi

, (3.1)

where i ∈ {1, 2, · · · , n}, pi = [xi, yi]
T is the position of the robot, θi is the heading

angle, vi and ωi are the linear velocity and angular velocity, respectively. In addition,

to facilitate control design, the following definition is introduced

ṗi = ui. (3.2)

Let pdi ∈ R2 be the individual reference trajectory for robot i. The following part

illustrates how to derive the individual reference trajectory pdi for robot i, given the
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formation reference trajectory, xd = [xd, yd, θd]T , which is also the trajectory of the

virtual leader of the formation. If robot i has the information of xd and the predes-

ignated formation configuration, it can compute pdi via coordinate transformation.

In the following, the procedure of how to get pdi from xd is presented.

Definition 3.1. (Coordinate Systems). As is shown in fig. 3.1, {g} = {~xg, ~yg} is the

global coordinate system, which is attached on the ground and {l} = {~xl, ~yl} is called

local coordinate system, which is attached on the virtual leader of the formation and

moves as time evolves. The direction of ~xl is coincident with the tangent unit vector

of the reference trajectory xd.

As the formation configuration is given, robot i knows its local reference coordi-

nate with respect to {l}, pil. Consequently, pdi can be obtained from xd using the

following formula.

p̄di = T p̄il,

where p̄di and p̄il are the corresponding homogeneous coordinates, and have the

following expressions, p̄di = [pdTi , 1]T and p̄il = [pTil , 1]T . Besides,

T =

R(θd)pl

0 1

 ,
where

R(θd) =

cos θd− sin θd

sin θd cos θd


and pl = [xd, yd]T .

In this way, given reference trajectory xd of the formation, robot i can compute its

individual reference trajectory pdi using the algorithm stated above.

Remark 3.1. In this chapter, it is assumed that each robot has the information of

the reference trajectory xd. However, in practice, xd maybe not available to all the

robots, thus a consensus estimator is needed. For more details about the consensus
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estimator, authors can refer to [10, 11, 108–110]. Then the estimation of xd can be

utilized to replace xd in control design. In this chapter, for simplicity, it is assumed

that each robot has the knowledge of xd.

3.1.2 Modeling of Communication Graph

Consider the communication graph of a n-robot system, which can be modeled by an

undirected graph G = {V , E}, where V = {1, 2, · · · , n} and E = {(i, j) ∈ V×V|dij ≤

R} represent, respectively, the robot set and the link set, where dij = ‖pi − pj‖.

The set of neighbors of robot i is defined as N (i) = {j|(i, j) ∈ E}. In G, link (i, j)

implies that the distance between robot i and robot j is smaller than R and can

communicate with each other.

3.1.3 Obstacle Avoidance

To formulate obstacle avoidance, a model is designed to describe the obstacle en-

countering process. Inspired by the virtual obstacle concept utilized in [22, 40], a

nearest-distance based method is employed in this chapter to characterize the cur-

rent encountered obstacle, that is, the information of the obstacle point with the

nearest distance to the robot is used to construct the virtual obstacle, as shown

in fig. 3.2. In fig. 3.2, obstacle ς is represented by an arbitrary shape with a bold

chain line. The virtual obstacle υ(ς) is represented by a circle with a bold solid line

centered at po, the point with the nearest distance from the robot i to the boundary

of ς, where radius ro is the safe distance between robot and obstacle. The FOV of

robot i is represented by a sector ApiB using a bold dotted line with radius Rs.

Intuitively, Rs > ro. When obstacle ς is located outside the FOV of robot i, it is as-

sumed that a virtual obstacle υ(ς) is located on the boundary of the FOV of robot i.

To facilitate controller design, the obstacle collision region, ΩO
i ⊆ R2, is defined for

robot i and virtual obstacle υ(ς) as ΩO
i , {pi|ro ≤ dio ≤ ro + δo}, where δo is a buffer
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Figure 3.2: Diagram for obstacle avoidance

distance and dio = ‖pi − po‖, such that any robot i inside this region is considered

as a potential collision with obstacle υ(ς). In addition, a critical region, ΨO
i ⊆ R2,

and a transition region, ΛO
i ⊆ R2, are also defined as ΨO

i , {pi|ro ≤ dio ≤ ro + ξ}

and ΛO
i , {pi|ro + δo−µo ≤ dio ≤ ro + δo}, where ξ is a small positive constant and

µo is a transition distance.

Based on the definitions given above, a potential function Go(pi) and a transition

function Wo(pi) for obstacle avoidance are designed as follows.

Go(pi) =



0 dio < ro

− 1
δ2o

(dio − ro)2

+ 2
δo

(dio − ro)
ro ≤ dio < ro + δo

1 dio ≥ ro + δo

. (3.3)

Wo(pi) =



0 dio < ro + δo − µo
− 1
µ2o

(dio − ro − δo + µo)
2

+ 2
µo

(dio − ro − δo + µo)
ro + δo − µo ≤ dio < ro + δo

1 dio ≥ ro + δo

. (3.4)
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Figure 3.3: Diagram for collision avoidance and connectivity maintenance

3.1.4 Inter-Robot Collision Avoidance

Inter-robot collision avoidance can be described in a way similar to obstacle avoid-

ance. Consequently, the inter-robot collision region between robot i and k, which

is depicted in fig. 3.3, is defined as ΩN
ik , {pi|rn ≤ dik ≤ rn + δn}, where rn

is the safe distance amongst robots, δn is a buffer distance and dik = ‖pi − pk‖,

k ∈ N (i). In addition, a critical region and a transition region are also defined as

ΨN
ik , {pi|rn ≤ dik ≤ rn + ξ} and ΛN

ik , {pi|rn + δn−µn ≤ dik ≤ rn + δn}, where µn

is a transition distance.

Thereupon, a potential function Gn(pi) and a transition function Wn(pi) for inter-

robot collision avoidance can be expressed as

Gn(pi) =
∏

k∈N (i)

nik, (3.5)
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where

nik =



0 dik < rn

− 1
δ2n

(dik − rn)2

+ 2
δn

(dik − rn)
rn ≤ dik ≤ rn + δn

1 dik > rn + δn

.

Wn(pi) =
∏

k∈N (i)

wnik, (3.6)

where

wnik =



0 dik < rn + δn − µn
− 1
µ2n

(dik − rn − δn + µn)2

+ 2
µn

(dik − rn − δn + µn)
rn + δn − µn ≤ dik ≤ rn + δn

1 dik > rn + δn

.

It can be observed that the functions above are similar to those of obstacle avoidance.

3.1.5 Connectivity Maintenance

Another control objective is to preserve the connectivity of the communication graph

for all the time. Define N f (i) ⊆ N (i), which determines the desired neighbor set for

robot i which can guarantee the connectivity of the communication graph. Similarly,

the escape region between robot i and robot j is defined as ΩC
ij , {pi|R− δc ≤ dij ≤

R}, where δc is a buffer distance and dij = ‖pi − pj‖, j ∈ N f (i). Links with the

length belonging to the escape region have a risk of being broken. In addition, a

critical region and a transition region between robot i and robot j are defined as

ΨC
ij , {pi|R− ξ ≤ dij ≤ R} and ΛC

ij , {pi|R− δc ≤ dij ≤ R− δc + µc}, where µc is

a transition distance. The above defined regions are also depicted in fig. 3.3.

Thus, a potential function and a transition function of connectivity maintenance
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can be designed as follows.

Gc(pi) =
∏

j∈N f (i)

cij, (3.7)

where

cij =



1 dij < R− δc
− 1
δ2c

(dij + 2δc −R)2

+ 2
δc

(dij + 2δc −R)
R− δc ≤ dij ≤ R

0 dij > R

.

Wc(pi) =
∏

j∈N f (i)

wcij, (3.8)

where

wcij =



1 dij < R− δc
− 1
µ2c

(dij + δc + µc −R)2

+ 2
µc

(dij + δc + µc −R)
R− δc ≤ dij ≤ R− δc + µc

0 dij > R− δc + µc

.

3.1.6 Control Objectives

To facilitate further discussions, the following definitions of robot i are given. First,

the concept of feasible workspace is defined, which is a subset of pi satisfying con-

straints including obstacle avoidance, inter-robot collision avoidance and connectiv-

ity preservation.

Definition 3.2. (Feasible Workspace). The feasible workspace of robot i, Wfi, can

be defined as

Wfi = {pi|G(pi) = Go(pi)Gn(pi)Gc(pi) > 0}. (3.9)

From the above constraints and definitions, it can be concluded that robot i can

avoid collisions with obstacles and neighboring robots with guaranteed connectivity

when located in its feasible workspace Wfi.
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Before proceeding further, some definitions are given as follows. ΘO
i , {pi|dio ≥

ro + δo}, ΘN
ik , {pi|dik ≥ rn + δn} and ΘC

ij , {pi|dij ≤ R − δc}, where k ∈ N (i),

j ∈ N f (i), ΘO
i is the obstacle collision-free region for robot i, ΘN

ik is the inter-

robot collision-free region between robot i and robot k, and ΘC
ij is the connectivity

region between robot i and robot j. In this way, inter-robot collision-free region

and connectivity region for robot i can be given as ΘN
i =

⋃
k∈N (i)

ΘN
ik and ΘC

i =⋃
j∈N f (i)

ΘC
ij, respectively. In addition, inter-robot collision region and escape region

for robot i can be given as ΩN
i =

⋃
k∈N (i)

ΩN
ik and ΩC

i =
⋃

j∈N f (i)

ΩC
ij, respectively.

The critical regions introduced by inter-robot collision avoidance and connectivity

preservation for robot i can also be defined as ΨN
i =

⋃
k∈N (i)

ΨN
ik and ΨC

i =
⋃

j∈N f (i)

ΨC
ij,

respectively. The transition regions introduced by inter-robot collision avoidance

and connectivity maintenance for robot i are defined as ΛN
i =

⋃
k∈N (i)

ΛN
ik and ΛC

i =⋃
j∈N f (i)

ΛC
ij, respectively. Thereupon, critical region, safe region and dangerous region

for robot i can be defined as follows.

Definition 3.3. (Critical Region, Safe Region, Transition Region and Dangerous

Region). Critical region for robot i can be defined as Ψi , {pi|pi ∈ ΨO
i ∪ΨN

i ∪ΨC
i }.

Safe region for robot i can be defined as Γi , {pi|pi ∈ ΘO
i ∩ ΘN

i ∩ ΘC
i }. Transition

region for robot i can be defined as Λi , {pi|pi ∈ ΛO
i ∪ΛN

i ∪ΛC
i }. Dangerous region

for robot i can be defined as Ξi , {pi|pi ∈ ΩO
i ∪ ΩN

i ∪ ΩC
i , pi /∈ Λi}.

Based on the definitions given above, the control problem can be formulated as

follows.

Problem 3.1. (Multi-Objective Control). Consider reference trajectory described by

the vector xd = [xd, yd, θd]T , where [xd, yd]T ∈ R2 and θd ∈ R represent the reference

position and heading angle, respectively. Set the desired position of robot i in the

formation configuration as pil, i ∈ {1, 2, · · · , n}. Multi-objective control problem

can be divided into two sub-problems as follows.

1. (Trajectory Tracking). Design a bounded control law such that the tracking
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error of robot i, p̃i = pdi − pi, is bounded in safe region Γi.

2. (Avoidance Control). Assume that the initial position of robot i is located in its

feasible workspace, i.e., pi(0) ∈ Fi, ∀i ∈ {1, 2, · · · , n}. The proposed control

law can guarantee that pi ∈ Fi, ∀i ∈ {1, 2, · · · , n}, for all the time.

Remark 3.2. Avoidance control defined above refers to avoidance of constraints

violation. In detail, it implies avoidance of obstacles, avoidance of collisions amongst

neighboring robots and avoidance of losing connectivity.

3.2 Main Results

In this section, a multi-region control scheme is presented to address the multi-

objective control problem. Inspired by the idea of the work in [68, 69], a new

bounded potential function ϕi ∈ [0, 1] is proposed for avoidance control, which

can be expressed as

ϕi =
γ

(γα +G(pi))
1
α

, (3.10)

where γ and α are positive parameters. As the proposed potential function eq. (3.10)

is bounded, the gradient of ϕi with respect to pi,
∂ϕi
∂pi

, is bounded as well.

To deal with the multi-objective control problem, the proposed control law consists

of two parts, trajectory tracking and avoidance control. The trajectory tracking part

is to drive robot i to track its individual reference trajectory, while the avoidance

control part is to avoid collisions and loss of connectivity. Mathematically, the

control law can be given as

vi = [cos θi, sin θi]ui,

ωi = [− sin θi, cos θi]ui.
(3.11)

where ui = uti + uai , uti and uai are the tracking control part and the avoidance
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control part, respectively. In detail,

uti = ˆ̇pdi + g(p̃i), (3.12)

uai = −(1−W (pi))u
t
i − ki

∂ϕi
∂pi

, (3.13)

where ˆ̇pdi is the estimate of ṗdi as ˆ̇pdi (t) =
pdi (t+Ts)−pdi (t)

Ts
, W (pi) = Wo(pi)Wn(pi)Wc(pi),

g(p̃i) =

 κp̃i ‖p̃i‖ ≤ ζ
κ

ζ p̃i
‖p̃i‖ otherwise

, κ, ζ > 0 are designed parameters.

The following theorem proves that the control laws eqs. (3.11) to (3.13) can guaran-

tee bounded tracking of the individual reference trajectory for robot i in safe region,

while collision avoidance is guaranteed and connectivity is maintained if the initial

position for each robot is located in its own feasible workspace.

Theorem 3.1. Consider robot i, ∀i ∈ {1, 2, · · · , n}, described as eq. (3.1) and its

individual reference trajectory pdi . Assume that the initial position of robot i is

located in its own feasible workspace, i.e., pi(0) ∈ Wfi. When the multi-objective

control law eqs. (3.11) to (3.13) is applied, robot i can track its individual reference

trajectory with bounded tracking error inside Γi, while collision avoidance can be

guaranteed and connectivity can be maintained all the time, i.e., pi(t) ∈Wfi, ∀t > 0.

In addition, tracking error can be reduced by increasing gain parameter κ.

Proof. First, consider trajectory tracking part. Give the following Lyapunov-like

function

V =
1

2
p̃Ti p̃i. (3.14)

By taking the derivative of V with respect to time, it can be obtained that

V̇ =
1

2
p̃Ti (ṗdi − ui). (3.15)

In safe region Γi, according to the definitions of constraint functions eqs. (3.3)
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to (3.8) and eqs. (3.10) to (3.13), G(pi) = 1 and ϕi = γ

(γα+1)
1
α

. Thus eq. (3.15)

can be simplified as

V̇ =
1

2
p̃Ti (ṗdi − uti)

=
1

2
p̃Ti (ṗdi − ˆ̇pdi − g(p̃i))

=
1

2
p̃Ti (˜̇pdi − g(p̃i))

,

where ˜̇pdi = ṗdi − ˆ̇pdi is the estimation error. As g(p̃i) is a piecewise continuous

function, the stability of the system can be discussed in a piecewise manner.

When ‖p̃i‖ ≤ ζ
κ
,

V̇ =
1

2
p̃Ti (˜̇pdi − κp̃i)

≤ −κ
2
‖p̃i‖2 +

1

2
‖p̃i‖‖˜̇pdi ‖

= −1

2
‖p̃i‖(κ‖p̃i‖ − ‖˜̇pdi ‖)

.

Hence, V̇ < 0 whenever ‖p̃i‖ > ‖˜̇pdi ‖
κ

. Therefore, the parameter ζ should be defined

such that ζ > ‖˜̇pdi ‖.

When ‖p̃i‖ > ζ
κ
,

V̇ =
1

2
p̃Ti (˜̇pdi − ζ

p̃i
‖p̃i‖

)

≤ −ζ
2
‖p̃i‖+

1

2
‖p̃i‖‖˜̇pdi ‖

= −1

2
‖p̃i‖(ζ − ‖˜̇pdi ‖)

.

As mentioned above, ζ > ‖˜̇pdi ‖, V̇ < 0 holds. It is obvious that the Lyapunov-like

function eq. (3.14) is a piecewise continuous function with respect to p̃i, therefore,

inside safe region Γi, robot i can track its individual reference trajectory with a

bounded error
‖˜̇pdi ‖
κ

, which can be reduced by increasing gain parameter κ.

Next, avoidance control is discussed. Inside the dangerous region Ξi, according to

eqs. (3.3) to (3.8) and eqs. (3.10) to (3.13) , the control law can be rewritten as

ui = −ki
∂ϕi
∂pi

.
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According to eq. (3.10), the partial derivative of ϕi with respect to pi can be ex-

pressed as
∂ϕi
∂pi

= − γ∇G(pi)

α(γα +G(pi))
1
α

+1
,

where ∇G(pi) = G(pi)(
∇Go(pi)
Go(pi)

+
∑

k∈N (i)

∇nik
nik

+
∑

j∈N f (i)

∇cij
cij

). Thus the control law can

be simplified as

ui = βiG(pi)(
∇Go(pi)

Go(pi)
+
∑
k∈N (i)

∇nik
nik

+
∑

j∈N f (i)

∇cij
cij

), (3.16)

where βi = kiγ

α(γα+G(pi))
1
α+1

. From eq. (3.16), it can be found that the control law

contains three parts, obstacle avoidance, inter-robot collision avoidance and connec-

tivity maintenance, respectively.

Considering the critical region defined in definition 3.3, it consists of sub-regions of

four types relating to the following four cases.

Case 1: Robot i almost hits obstacle υ(ς). Mathematically, pi ∈ ΨO
i .

Case 2: Robot i almost hits robot k, k ∈ N (i). Mathematically, pi ∈ ΨN
ik.

Case 3: Robot i almost locates outside the communication range of robot j, j ∈

N f (i). Mathematically, pi ∈ ΨC
ij.

Case 4: Robot i almost locates outside the communication range of more than

one robot or hits more than one objects including obstacles and neighboring robots.

Mathematically, robot i locates inside a region which is an interaction region formed

by at least two regions among the following regions, ΨO
i , ΨN

ik and ΨC
ij, ∀j ∈ N f (i)

and k ∈ N (i). In this work, for simplicity and without loss of generally, consider

only the simple case where robot i almost locates outside the communication range

of robot j and hits obstacle simultaneously. The result in this case is easy to be

extended to a more general case.

Next, it will be shown that robot i will stay inside its feasible workspace Wfi using

Nanyang Technological University Singapore



3.2. MAIN RESULTS 39

the proposed controller.

In case 1, lim
ξ→0

Go(pi) = 0, nik > 0 for ∀k ∈ N (i) and cij > 0 for ∀j ∈ N f (i). Thus,

ui ∼= βiGn(pi)Gc(pi)∇Go(pi), where ∇Go(pi) can be given as

∇Go(pi) =

 0 dio < ro or dio > ro + δo

−2(dio−δo−ro)
δ2odio

(pi − po) ro ≤ dio ≤ ro + δo
. (3.17)

Since βi, Gn(pi) and Gc(pi) are all positive, it can be found that the controller is

along the direction of pi−po when robot i is about to hit an obstacle, which implies

that robot i is forced to move away from the obstacle in order to avoid collision.

Therefore, robot i will never reach ΨO
i .

In case 2, there is only one robot k ∈ N (i) such that lim
ξ→0

nik = 0 and nil > 0

for ∀l ∈ N (i), l 6= k. In addition, cij > 0 for ∀j ∈ N (i) and Go(pi) > 0. Thus

ui ∼= βin̄ikGo(pi)Gc(pi)∇nik, where n̄ik =
∏

l∈N (i),l 6=k
nik and ∇nik can be computed

as

∇nik =

 0 dik < rn or dik > rn + δn

−2(dik−δn−rn)
δ2ndik

(pi − pk) rn ≤ dik ≤ rn + δn
. (3.18)

Similarly, it can be derived that the controller is along the direction of pi−pk when

robot k is about to hit robot k, which implies that robot i is forced to move away

from robot k in order to avoid collision. Hence, robot i never reach ΨN
ik.

In case 3, there is only one robot j ∈ N f (i) such that lim
ξ→0

cij = 0 and cil > 0

for ∀l ∈ N f (i), l 6= j. Besides, nik > 0 for ∀k ∈ N (i) and Go(pi) > 0. Thus

ui ∼= βic̄ijGo(pi)Gn(pi)∇cij, where c̄ij =
∏

l∈N f (i),l 6=j
cil and ∇cij is presented as

∇cij =

 0 dij < R− δc or dij > R

−2(dij+δc−R)

δ2cdij
(pi − pj) R− δc ≤ dij ≤ R

. (3.19)

It can also be found that the controller is along the direction of pj − pi when robot

i is about to lose connection with robot j, which implies that robot i is forced to
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move close to robot j in order to maintain connectivity. Thus robot i never reach

ΨC
ij.

In case 4, there is only one robot j ∈ N f (i) such that lim
ξ→0

cij = 0 and lim
ξ→0

Go(pi) = 0.

Thus, G(pi) ∼= 0 and∇G(pi) ∼= 0. According to eq. (3.16), pi is a critical point of ϕi,

i.e., ∇ϕi ∼= 0, and ϕi achieves its maximum value at the critical point, i.e., ϕi ∼= 1.

Since ϕi is maximized at pi, no open set of initial conditions can be attracted to

pi along its negative gradient. Therefore, case 4 never happens under the proposed

controller.

In addition, according to Theorem 2 in [111], it can be concluded that control law

eqs. (3.11) to (3.13) designed for eq. (3.1) is convergent with the same attraction

region as eq. (3.2).

Based on the discussions above, the proposed control law can guarantee that in safe

region Γi, robot i can track its individual reference trajectory with bounded error

while collisions are avoided and connectivity is maintained for all the time.

This completes the proof.

Remark 3.3. In the proposed multi-region control scheme, the control objectives in

different regions are different according to their priorities. In safe region, trajectory

tracking has the highest priority. From the proposed controller eqs. (3.11) to (3.13),

it can be found that only the trajectory tracking part works in safe region. Therefore,

robots would track their individual reference trajectories with bounded error. In dan-

gerous region, priority is given to collision avoidance and connectivity maintenance,

while trajectory tracking objective is temporarily ignored. In the proposed controller,

by introducing an attenuation term −(1−W (pi))u
t
i, the trajectory tracking part is

neutralized in dangerous region, thus control effort only focuses on collision avoid-

ance and connectivity maintenance. In transition region, the control law is actually

a behavior based controller, in which the control input is a weighted combination of

all the control objectives.
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In the following, boundedness of the proposed controller is discussed. When robot

i locates in the safe region Γi, the controller can be rewritten as follows.

ui = ˆ̇pdi + g(p̃i).

Thus, the bound of the control law can be give as

‖ui‖ = ‖ˆ̇pdi + g(p̃i)‖

≤ ‖ˆ̇pdi ‖+ ‖g(p̃i)‖

≤ ‖ˆ̇pdi ‖+ ζ

.

When robot i locates in the dangerous region Ξi, the controller can be given as

eq. (3.16). The bound of the controller can be derived as follows. According to

theorem 3.1 and definition 3.2, G(pi) > 0, ∀t > 0. Combined with eqs. (3.3)

to (3.8), the following inequality can be obtained.

‖ui‖ ≤
ki
αγα

∥∥∥∥∥∥G(pi)(
∇Go(pi)

Go(pi)
+
∑
k∈N (i)

∇nik
nik

+
∑

j∈N f (i)

∇cij
cij

)

∥∥∥∥∥∥
≤ ki
αγα

(‖∇Go(pi)‖+
∑
k∈N (i)

‖∇nik‖+
∑

j∈N f (i)

‖∇cij‖)
.

From eqs. (3.17) to (3.19), it can be obtained that in dangerous region Ξi, ‖∇Go(pi)‖ ≤
2
δo

, ‖∇nik‖ ≤ 2
δn

and ‖∇cij‖ ≤ 2
δc

. Consequently,

‖ui‖ ≤
ki
αγα

(
2

δo
+
∑
k∈N (i)

2

δn
+

∑
j∈N f (i)

2

δc
)

≤ 2ki
αγα

(
1

δo
+
|N (i)|
δn

+

∣∣N f (i)
∣∣

δc
)

.

If the parameters are chosen as δo = δn = δc = δ, the bound of the controller is

given as

‖ui‖ ≤
2ki
αδγα

(1 + |N (i)|+
∣∣N f (i)

∣∣).
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When robot i locates in the transition region Λi, the controller is actually a weighted

combination of trajectory tracking and avoidance. The bound of the controller can

be derived as follows.

‖ui‖ = ‖W (pi)u
t
i − ki

∂ϕi
∂pi
‖

≤ ‖uti‖+ ‖ki
∂ϕi
∂pi
‖

≤ ‖ˆ̇pdi (t)‖+ ζ +
ki
αγα

∥∥∥∥∥∥G(pi)(
∇Go(pi)

Go(pi)
+
∑
k∈N (i)

∇nik
nik

+
∑

j∈N f (i)

∇cij
cij

)

∥∥∥∥∥∥
≤ ‖ˆ̇pdi (t)‖+ ζ +

ki
αγα

(‖∇Go(pi)‖+
∑
k∈N (i)

‖∇nik‖+
∑

j∈N f (i)

‖∇cij‖)

.

From eqs. (3.17) to (3.19), it can be obtained that in transition region Λi, ‖∇Go(pi)‖ ≤
2µo
δ2o

, ‖∇nik‖ ≤ 2µn
δ2n

and ‖∇cij‖ ≤ 2µc
δ2c

. Therefore,

‖ui‖ ≤ ‖ˆ̇pdi ‖+ ζ +
ki
αγα

(
2µo
δ2
o

+
∑
k∈N (i)

2µn
δ2
n

+
∑

j∈N f (i)

2µc
δ2
c

)

≤ ‖ˆ̇pdi ‖+ ζ +
2ki
αγα

(
µo
δ2
o

+
|N (i)|µn

δ2
n

+

∣∣N f (i)
∣∣µc

δ2
c

)

.

If the parameters are chosen as δo = δn = δc = δ and µo = µn = µc = µ, the bound

of the controller can be given as

‖ui‖ ≤ ‖ˆ̇pdi ‖+ ζ +
2kiµ

αδ2γα
(1 + |N (i)|+

∣∣N f (i)
∣∣).

Thus, the boundedness of the controller has been proven and the bound has been

derived. Therefore, it can be concluded that by properly tuning parameters, the

proposed control scheme can satisfy control input constraints.
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Figure 3.4: Formation configuration in the simulation

3.3 Simulation and Experimental Results

3.3.1 Simulation Results

Consider five robots and four obstacles with circular or rectangular shapes in the

simulation. The desired configuration of the robots forms an arrow shape as shown

in fig. 3.4. The parameters in the simulation are presented in table 3.1. Assume

that the virtual leader of the formation also satisfies the kinematic model eq. (3.1)

with its linear velocity and angular velocity assigned as vl = 0.5 + 0.1 sin(0.1t) and

ωl = 0.01 cos(0.1t) respectively.

The simulation results using the proposed method are given in fig. 3.5. Figure 3.5(a)

depicts the map of the environment and the paths of the five robots using the

proposed controller. The black disks and boxes represent the obstacles. The dashed

curves are the individual reference paths for the robots. The initial positions of

the robots are given in table 3.1. The solid bold curves are the real paths of the

robots. From this figure, it can be observed that all the robots avoided the obstacles

successfully. Figure 3.5(b) shows the trajectory tracking errors of the robots. For

comparison, a new simulation has also been conducted. The only difference is that
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Table 3.1: Simulation parameters for virtual-structure formation tracking

Parameter Value

Total time duration 60s
Sampling time interval 33.3ms

p1l [2, 0]m
p2l [1, 1]m
p3l [1,−1]m
p4l [0, 2]m
p5l [0,−2]m

p1(0) [0, 0]m
p2(0) [−1, 0]m
p3(0) [1, 0]m
p4(0) [−2, 0]m
p5(0) [2, 0]m
Rs 3m
R 3m
ro 0.5m
rn 0.5m
δo 0.3m
δn 0.3m
δc 0.3m
µo 0.2m
µn 0.2m
µc 0.2m
γ 1
α 1
ki 0.5
κ 5
ζ 0.5
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all the obstacles were removed. The trajectory tracking errors of the robots in the

comparative simulation are shown in fig. 3.6(b). Combining with fig. 3.5(a), it can

be found that robots tracked the corresponding individual reference trajectories with

bounded error in safe region. The increases of the tracking errors were caused by

obstacle avoidance reactions. Figure 3.5(c) describes the distances from each robot

to the nearest obstacles, which indicates that robot did not collide with obstacles.

Figure 3.5(d) shows the distances among all the robots, from which it can be found

that all the distances are larger than the predesignated safe distance for collision

avoidance, which implies that inter-robot collisions did not occur. Figure 3.5(e)

illustrates the connectivity maintenance performance, where the second smallest

eigenvalue of the Laplacian matrix in the communication graph is utilized as the

connectivity indicator. From fig. 3.5(e), it can be observed that the connectivity

indicator is always larger than zero, which indicates that the communication graph

of the robot group remained connected during operation. Figure 3.5(f) depicts the

control input ui for each robot, while the linear velocity and angular velocity for

each robot are shown in fig. 3.5(g).

To show the effect of the transition regions introduced in the proposed method,

a comparative simulation has also been performed, where the transition regions

were removed. The corresponding results are shown in fig. 3.7, where fig. 3.7(a)

depicts the robot paths, fig. 3.7(b) shows ui, while fig. 3.7(c) depicts vi and ωi

for each robot. From these results, it can be easily found that even though the

formation tracking objective can be achieved with guaranteed safety, the control

inputs chattered severely, making such controller not suitable for real applications.

The comparison results indicate the efficacy of the transition regions introduced in

the proposed method.
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Figure 3.5: Simulation results of virtual-structure formation tracking with transition
regions
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Figure 3.6: Simulation results of virtual-structure formation tracking without ob-
stacles
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Figure 3.7: Simulation results of virtual-structure formation tracking without tran-
sition regions
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Figure 3.8: Experimental setup for virtual-structure formation tracking

3.3.2 Experimental Results

To demonstrate the efficacy of the proposed control scheme, an experiment has been

performed in Robotics I Laboratory, NTU, Singapore. The proposed algorithm was

tested by a multi-robot system composed of three Pioneer 3-AT mobile robot plat-

forms which is shown in fig. 3.8. The leading robot moved autonomously in the

workspace acting as the virtual leader, while the proposed control scheme was im-

plemented on the other two robots. The leading robot was equipped with a Dell

Precision M2800 Mobile Workstation, while each of the other two robots was both

equipped with a ZOTAC ZBOX-VR7N70 mobile PC. Each of the three robots was

equipped with a Hokuyo-UTM-30LX Scanning Laser Rangefinder. The algorithm

was programmed using C++ language under ROS, Kinetic release. In the experi-

ment, a map was generated in advance and each robot used the AMCL package for

localization. It should be noted that the map information was only used for provid-

ing global pose feedback in the experiment. The parameters in the experiment is

presented in table 3.2.

In the experiment, the leading robot which played the role of the virtual leader

moved from one room to another room through a narrow door, while the other

two robots tried to form a desired formation with guaranteed collision avoidance
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Table 3.2: Experimental parameters for virtual-structure formation tracking

Parameter Value

Sampling time interval 20ms
p1l [−1.0,−0.5]m
p2l [−2.0, 0.5]m
R 3m
Rs 3m
ro 0.4m
rn 0.4m
δo 0.3m
δn 0.3m
δc 0.3m
µo 0.2m
µn 0.2m
µc 0.2m
γ 1
α 1
ki 0.5
κ 0.8
ζ 0.5

and connectivity maintenance simultaneously. The map of the environment and

the paths of the three robots are depicted in fig. 3.9(a). Figure 3.9(b) shows the

trajectory tracking performance of the two robots, from which and combined with

fig. 3.9(a) it can be observed that when there are no obstacles nearby, both robots can

track their individual reference trajectories with bounded error, and when potential

collisions with obstacles occurred, trajectory tracking was ignored by them, resulting

in the increasing of tracking error. Figure 3.9(c) depicts the distances of both

robots to their corresponding nearest obstacles, respectively, from which it can be

observed that both curves are above 0.4m, the safe distance, indicating that obstacle

avoidance was achieved. It should be noted that there are some discontinuous points

in fig. 3.9(c), which were caused by the malfunction of the laser rangefinder at these

time instants. The faulty detection points were removed in this figure. Besides, the

jumps in fig. 3.9(c) were caused by detection of the thin frames on the robots, which

can be observed in fig. 3.8. Inter-robot distances are shown in fig. 3.9(d), from which

it can be observed that all of the distances are larger than the safe distance and
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Figure 3.9: Experimental results of virtual-structure formation tracking

smaller than the communication range. Therefore, inter-robot collision avoidance

and connectivity maintenance were both guaranteed.

3.4 Conclusions

This chapter addresses the virtual-structure formation tracking control problem for

a group of nonholonomic mobile robots, while obstacle and inter-robot collision

avoidance as well as connectivity maintenance are guaranteed. To deal with such a

multi-objective control problem for multi-robot systems with conflict control objec-

tives, a multi-region control scheme is proposed where priority is given to different

objectives in different regions. In addition, a series of transition functions are intro-
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duced to smooth the switching between trajectory tracking and avoidance control

in transition region. A new bounded potential function is introduced to formu-

late multiple constraints including obstacle avoidance, inter-robot collision avoid-

ance and connectivity preservation, based on which a bounded controller is derived.

The boundedness of the proposed controller is analyzed and the bounds in differ-

ent regions are derived. Further simulation and real robot experiment have been

performed to demonstrate the effectiveness of the proposed method.

Nanyang Technological University Singapore



53

Chapter 4

Vision-Based Leader-Follower

Formation Tracking Control of

Multi-Robot Systems in Obstacle

Environments

In this chapter, a practical leader-follower formation tracking control scheme is pro-

posed for multiple nonholonomic mobile robots moving in unknown obstacle envi-

ronments. Sensor limitations, including the depth range and FOV constraints, are

formulated by a class of bounded barrier functions, which are then incorporated

into the control law. Collision avoidance between the leader and the follower is

also described as a minimum range constraint and solved simultaneously. For the

safety consideration of the robots in unknown environments, a multi-region obsta-

cle avoidance algorithm is proposed where different control objectives are given the

uppermost priority in different regions. This chapter also considers the leader-loss

case in which the visibility is broken due to obstacles, change of lighting condition

or motion blurring. To tackle this situation, a fault-tolerant strategy is designed

such that the follower will move to the place where the leader was lost as soon as
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possible. The proposed approach uses only local state measurements obtained by

stereo camera mounted on the follower in a communication-free environment, and

takes into account control input constraints explicitly. Finally, simulation and real

robot experimental results are presented to validate the efficacy of the proposed

method.

The contributions of this chapter are in three aspects. First of all, a leader-tracking

control law is proposed which takes sensor constraints explicitly into account. How-

ever, few researchers have paid attention to sensor limitations when designing leader-

follower formation control algorithms. Secondly, a multi-region obstacle avoidance

algorithm is designed to guarantee robot safety in unknown environments. Thirdly,

the leader-loss situation is pointed out, while the corresponding analysis and a fault-

tolerant solution are provided.

4.1 Problem Formulation

This chapter considers a typical application where two differential-drive wheeled

mobile robots move in a 2D workspace with unknown obstacles, using vision-based

leader-follower techniques. It is assumed that one of the robots, defined as the

leader, moves autonomously in the workspace without communication between the

robots, while the other one acts as the follower tracking the leader and performing

obstacle and inter-robot collision avoidance subject to sensor limitations and control

input constraints. The problem can be easily generalized to a snakelike multi-robot

formation with N > 2 members.

This section consists of three parts. The mathematical model of the leader-follower

pair is presented first, while the second part models the system constraints. Finally,

the leader-loss situation is analyzed.
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4.1.1 Modeling of Leader-Follower Pair

The kinematic model of the robot is given as follows.

ẋi = vi cos θi,

ẏi = vi sin θi,

θ̇i = ωi,

(4.1)

where i ∈ {l, f}, pi = [xi, yi]
T ∈ R2 and θi are the position and heading angle of

robot i with respect to the global coordinate frame {g} = {~xg, ~yg}, respectively,

while vi and ωi are the linear velocity and angular velocity of robot i, respectively,

in its corresponding body-fixed local frame {i} = {~xi, ~yi}.

It is assumed that the follower is equipped with a stereo camera which can detect

the relative position including distance and bearing angle of the leader with respect

to {f}. The relative position relationship between the leader and the follower is

depicted in fig. 4.1. To facilitate further analyses, polar coordinates are used to

describe the relative position relationship.

The distance ρ between the leader and the follower as well as the bearing angle α

of the leader with respect to {f} are defined as

ρ = ‖pl − pf‖,

α = arctan 2(ỹl, x̃l),
(4.2)

where arctan 2(y, x) is the arctangent function with two arguments returning the

appropriate quadrant of the angle of point (x, y) as a numeric value in the range

(−π, π]. Moreover, (x̃l, ỹl) is the Cartesian coordinates of the leader with respect to

{f}, i.e., x̃l
ỹl

 =

 cos θf sin θf

− sin θf cos θf

xl − xf
yl − yf

 .
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Figure 4.1: Diagram of the leader-follower pair with obstacles

As is assumed above, ρ and α can be measured by the stereo camera. Following

some straightforward calculations, the dynamics of ρ and α can be given as

ρ̇ = −vf cosα + vl cos(θl − θf − α),

α̇ = −ωf +
vf
ρ

sinα +
vl
ρ

sin(θl − θf − α).
(4.3)

According to the physical meanings of ρ and α, ρ ∈ (0,+∞) and α ∈ (−π, π].

4.1.2 Modeling of System Constraints

Considering the limited depth range and FOV of the stereo camera which are de-

scribed in fig. 4.2, to avoid loss of detection, ρ must be smaller than the maximum

detection range dmax and larger than the minimum detection range dmin, besides,

α should be restricted in a specific range [αmin, αmax]. Furthermore, to guarantee

collision-free between the leader and the follower, ρ should be larger than the safe
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Figure 4.2: Diagram of the leader-loss example

distance dsafe. Therefore, the constraints on ρ and α can be given as follows.

ρ ∈ [ρmin, ρmax], α ∈ [αmin, αmax], (4.4)

where ρmin = max{dmin, dsafe} and ρmax = dmax. From the discussions above, it can

be found that ρmin, ρmax, αmin, αmax are constant parameters determined by sensor

limitations and safety requirement.

For the purpose of obstacle avoidance, the local position of the obstacle measured

in {f} is also defined. Similarly, the distance between the obstacle and the follower

is defined as ρo and the bearing angle of the obstacle measured in {f} is defined as

αo. It is assumed that a sufficient condition for obstacle avoidance is given as

ρo ≥ ρo,safe, (4.5)

where ρo = ‖pf − po‖, ∀po ∈ O, O is a set of all the points on obstacles in the

workspace, ρo,safe is the safe distance which should be determined by taking into

account the robot size. In this brief, the robot can get ρo using a stereo camera or
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a laser range finder. The relative position relationship between the robots and the

obstacles is also shown in fig. 4.1.

Finally, for real robots, the linear velocity and angular velocity are bounded due to

electromechanical limitations. Therefore, the leader and the follower are subject to

the following control input constraints.

|vl| ≤ v̄l, |ωl| ≤ ω̄l, |vf | ≤ v̄f , |ωf | ≤ ω̄f , (4.6)

where v̄l and ω̄l are the bounds of vl and ωl, respectively, while v̄f and ω̄f are the

bounds of vf and ωf , respectively.

4.1.3 Modeling of Leader-Loss Situation

As previously stated in the introduction, the obstacle avoidance behavior may break

the distance and bearing angle constraints, resulting in loss of detection of the leader,

while environment interference and motion blurring could also cause the leader-loss

consequence. Therefore, visibility of the leader cannot be constantly maintained

in practical applications. A leader-loss example is presented in fig. 4.2, where the

leader is occluded by the obstacle. This subsection will formulate the leader-loss

problem.

Before going on, picture a scenario where a policeman is pursuing a thief in a

cluttered environment. The thief suddenly turns at a corner and disappears in front

of the policeman. An intuitive reaction of the policeman is to reach the spot where

the thief was last seen, as quickly as possible, in the hope of continuing the pursuit.

Inspired by such a human nature reaction, a fault-tolerant strategy to the leader-

loss situation should consist of two steps. The first step is to find the shortest path

for the follower from the current state to the goal state, which is actually the last

detected leader state. The second step is to control the follower to move along the

planned path to the goal state as fast as possible.
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To design the fault-tolerant strategy, it should be noted that this chapter is under

the assumption that global state feedback is not available, that is, the global states

of the leader and the follower at tl, which is the time instant when the leader was

lost, cannot be obtained. To design the algorithm, a temporary coordinate frame

{t} = {~xt, ~yt} is defined which is coincident with the local frame {f} at time tl, i.e.,

{t} = {f}|t=tl . As the movement range for the leader-loss reaction is relatively small,

the accuracy of the odometry mounted on the follower should be within tolerance.

Consequently, the odometry measurements can be utilized in the algorithm design

as the state feedback with respect to {t}.

From the analyses stated above, the objective of the fault-tolerant strategy is to

plan the shortest path tpv(l) from the starting state (tpf (tl),
tθf (tl)) to the goal state

(tpl(tl),
tθl(tl)), where l is the arc length parameter, (tpf (tl),

tθf (tl)) and (tpl(tl),
tθl(tl))

are the states of the follower and the leader measured at tl with respect to {t} re-

spectively, and design a control law such that the follower can reach the goal state

along the planned path as fast as possible.

Based on the discussions above, the leader-follower tracking control problem con-

cerned in this chapter can be formulated as follows.

Problem 4.1. (Leader-follower tracking control). Consider a leader-follower pair

described by eq. (4.1) moving in an unknown obstacle environment. Assume that the

leader moves autonomously in the workspace, the robots cannot communicate with

each other and only local state measurements are available. Design a control scheme

for the follower such that

1. (Leader tracking). When there are no obstacles nearby, ρ and α converge to

the neighborhoods of the desired values ρd and αd, respectively, while ensuring

that the constraints eqs. (4.4) and (4.6) will not be violated during operation.

2. (Obstacle avoidance). The condition eq. (4.5) and the constraint eq. (4.6) will

always be satisfied.
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3. (Leader-loss reaction). When the leader cannot be detected, the follower will

move from the starting state (tpf (tl),
tθf (tl)) to the goal state (tpl(tl),

tθl(tl))

along the planned path tpv(l) while eqs. (4.5) and (4.6) will always be guaran-

teed.

To facilitate the discussion of the main results, the following lemmas are stated.

Lemma 4.1. For any α, β ∈ R, the following inequality always holds,∣∣∣∣sinα− sin β

α− β

∣∣∣∣ ≤ 1.

Proof. According to the sum-to-product trigonometric identities, it can be obtained

that
sinα− sin β

α− β
= sin(

α− β
2

) cos(
α + β

2
)/
α− β

2
.

Before determining the upper bound of sinα−sinβ
α−β , the upper bound of function f(x) =

sinx
x

should be derived. The derivative of f(x) with respect to x is f ′(x) = g(x)
x2

,

where g(x) = x cosx− sinx. As the derivative of g(x) with respect to x is g′(x) =

−x sinx ≤ 0, it is obvious that g(x) ≤ g(0) = 0, ∀x ≥ 0. Consequently, f ′(x) ≤ 0,

∀x ≥ 0, which implies that f(x) ≤ f(0) = 1, ∀x ≥ 0. As f(x) is an even function

and f(x) > 0, f(x) ∈ (0, 1]. Therefore, it can be concluded that∣∣∣∣sinα− sin β

α− β

∣∣∣∣ ≤ ∣∣∣∣sin(
α− β

2
)/
α− β

2

∣∣∣∣ ∣∣∣∣cos(
α + β

2
)

∣∣∣∣ ≤ 1.

Lemma 4.2. For any x ∈ R, the following inequality always holds,

∣∣tanh(x)[1− tanh2(x)]
∣∣ ≤ 2

√
3

9
.

Proof. Let f(x) = tanh(x)[1 − tanh2(x)]. Taking the differentiation of f(x) with

respect to x yields f ′(x) = [1 − tanh2(x)][1 − 3tanh2(x)]. As tanh(x) ∈ (−1, 1),
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it can be concluded that when tanh2(x) ≥ 1
3
, f ′(x) ≤ 0, and when tanh2(x) < 1

3
,

f ′(x) > 0. As f(x)→ 0 when x→ ±∞, |f(x)| ≤ 2
√

3
9

.

4.2 Main Results

This section presents the main results. First, the leader tracking problem with

distance and bearing angle constraints is studied, then a control law is proposed.

Next, a multi-region obstacle avoidance algorithm is presented. Finally, the leader-

loss situation is discussed and a fault-tolerant strategy is designed.

4.2.1 Leader Tracking

In this subsection, a control scheme is proposed to solve the leader tracking problem

under sensor limitations while collision avoidance between the leader and the follower

is also guaranteed. To facilitate the discussion about the system constraints, the

following bounded barrier functions are introduced to describe the constraints of ρ

and α.

Bρ(ρ) =

βρ
(ρ−ρd)2

(ρmax−ρd)2
, ρd < ρ ≤ ρmax

βρ
(ρ−ρd)2

(ρd−ρmin)2
, ρmin ≤ ρ ≤ ρd

, (4.7)

Bα(α) =

βα
(α−αd)2

(αmax−αd)2
, αd < α ≤ αmax

βα
(α−αd)2

(αd−αmin)2
, αmin ≤ α ≤ αd

, (4.8)

where βρ and βα are design parameters whose values are equal to Bρ(ρmax), Bρ(ρmin)

and Bα(αmax), Bα(αmin) respectively. It can be found that Bρ(ρ) has the minimum

value 0 at ρd and increases monotonically to the maximum value βρ when ρ ap-

proaches ρmin or ρmax. Similar results also hold for Bα(α).

In the sequel, the barrier functions eqs. (4.7) and (4.8) will be employed to develop a

control law that can drive the follower to track the leader under distance and bearing
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angle constraints. In this chapter, it is assumed that v̄l is known to the follower.

This assumption is reasonable, because vl must be smaller than vf , otherwise, the

follower cannot catch up with the leader. Based on the discussions above, the

following control law is proposed for the follower.

vf =
1

cosα
[kρ∇Bρ + v̄l tanh(

v̄l∇Bρ

δρ
)],

ωf =
vf
ρ

sinα +
v̄l
ρ

tanh(
v̄l∇Bα

ρδα
) + kα∇Bα,

(4.9)

where kρ, kα, δρ and δα are positive constant parameters, ∇Bρ and ∇Bα are the

gradients of Bρ and Bα with respect to ρ and α, respectively. In addition, kρ, kα, δρ

and δα satisfy the following conditions.

kρ ≤
v̄fξρ − v̄l
Gρ

,

kα ≤
ω̄fρmin − v̄l − v̄fξα

Gαρmin

,

ρd −
(ρmin − ρd)2

2βρ

√
kpδρ
kρ

> ρmin,

ρd +
(ρmax − ρd)2

2βρ

√
kpδρ
kρ

< ρmax,

αd −
(αmin − αd)2

2βα

√
kpδα
kα

> αmin,

αd +
(αmax − αd)2

2βα

√
kpδα
kα

< αmax,

(4.10)

where ξρ = min{cosαmin, cosαmax}, Gρ = max{ 2βρ
ρmax−ρd

, 2βρ
ρd−ρmin

}, ξα = min{sinαmin,

sinαmax} and Gα = max{ 2βα
αmax−αd

, 2βα
αd−αmin

}.

The above discussions lead to the following theorem which proves that the proposed

control law can drive the follower to maintain a flexible distance and bearing angle

with the leader while the distance and bearing angle constraints are not violated

during operation. In the meantime, the control input constraints are satisfied as

well.
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Theorem 4.1. Consider a leader-follower robot pair modeled by eq. (4.1). As-

sume that the leader moves autonomously with vL bounded by v̄L and the constraints

eq. (4.4) is satisfied at the initial time. Using the proposed control law eq. (4.9)

where the parameters are chosen according to eq. (4.10), the following results can be

achieved.

1. ρ will converge to {ρ|ρd− (ρmin−ρd)2

2βρ

√
kpδρ
kρ

< ρ < ρd + (ρmax−ρd)2

2βρ

√
kpδρ
kρ
} asymp-

totically while α will asymptotically converge to {α|αd− (αmin−αd)2

2βα

√
kpδα
kα

< α <

αd + (αmax−αd)2

2βα

√
kpδα
kα
}.

2. The constraints eq. (4.4) will not be violated during operation.

3. The constraints eq. (4.6) will always be satisfied.

Proof. First, consider Lyapunov function candidate Vρ = Bρ. Then, from eqs. (4.3)

and (4.9), it can be obtained that

ρ̇ = −kρ∇Bρ − v̄l tanh(
v̄l∇Bρ

δρ
) + vl cos(θl − θf − α).

According to the above equations, it can be derived that

V̇ρ = −kρ(∇Bρ)
2 − v̄l∇Bρ tanh(

v̄l∇Bρ

δρ
) + vl∇Bρ cos(θl − θf − α)

≤ −kρ(∇Bρ)
2 − v̄l∇Bρ tanh(

v̄l∇Bρ

δρ
) + v̄l |∇Bρ|

.

Based on Lemma 1 of [104], it can be obtained that

V̇ρ ≤ −kρ(∇Bρ)
2 + kpδρ.

Thus, when (∇Bρ)
2 > kpδρ

kρ
, V̇ρ < 0. Therefore, ρ will converge into {ρ|(∇Bρ)

2 >

kpδρ
kρ
}, i.e. {ρ|ρd − (ρmin−ρd)2

2βρ

√
kpδρ
kρ

< ρ < ρd + (ρmax−ρd)2

2βρ

√
kpδρ
kρ
}, asymptotically.

Based on condition eq. (4.10), the above set does not violate the distance constraint

eq. (4.4).
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Meanwhile, consider Lyapunov function candidate Vα = Bα. It can be derived from

eqs. (4.3) and (4.9) that

α̇ = −kα∇Bα −
v̄l
ρ

tanh(
v̄l∇Bα

ρδα
) +

vl
ρ

sin(θl − θf − α).

Differentiating Vα with respect to time yields

V̇α = −kα(∇Bα)2 − v̄l∇Bα

ρ
tanh(

v̄l∇Bα

ρδα
) +

vl∇Bα

ρ
sin(θl − θf − α)

≤ −kα(∇Bα)2 − v̄l∇Bα

ρ
tanh(

v̄l∇Bα

ρδα
) +

v̄l |∇Bα|
ρ

.

According to Lemma 1 of [104], it is easy to obtain

V̇α ≤ −kα(∇Bα)2 + kpδα,

which implies that when (∇Bα)2 > kpδα
kα

, V̇α < 0. Consequently, α will converge

into {α|(∇Bα)2 > kpδα
kα
}, i.e. {α|αd− (αmin−αd)2

2βα

√
kpδα
kα

< α < αd + (αmax−αd)2

2βα

√
kpδα
kα
},

asymptotically. It can be easily verified that the above set also satisfies the bearing

angle constraints eq. (4.4).

Thus item 1 has been proven.

Next, the distance and bearing angle constraints will be analyzed. For the distance

constraints, when ρ→ ρ−max, Ḃρ < 0. As Ḃρ = ρ̇∇Bρ and ∇Bρ > 0 when ρ→ ρ−max,

ρ̇ < 0. And when ρ → ρ+
min, Ḃρ < 0. As ∇Bρ < 0 when ρ → ρ+

min, ρ̇ > 0. This

means that when ρ approaches the upper or the lower bound, the control law will

drive the follower such that ρ decreases to avoid exceeding the bound. Similarly, it

can also be concluded that when α is about to violate the constraints, the control

law will react to keep α within the given range.

Finally, the control input constraints will be analyzed. From eq. (4.9), it is obvious

that

|vf | ≤
1

ξρ
kρ |∇Bρ|+

1

ξρ
v̄l.
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From eq. (4.7), it can be easily obtained that |∇Bρ| ≤ Gρ. Thus, combined with

eq. (4.10), |vf | ≤ v̄f is satisfied. Similarly, from eq. (4.9),

|ωf | ≤
v̄f
ρmin

ξα +
v̄l
ρmin

+ kα |∇Bα| .

From eq. (4.8), it can be found that |∇Bα| ≤ Gα. Thus, according to eq. (4.10),

|ωf | ≤ ω̄f can also be guaranteed.

This completes the proof.

4.2.2 Unknown Obstacle Avoidance

The previous subsection addresses the leader tracking problem in an obstacle-free

environment. However, in many practical applications, the obstacle information

is out-of-date or even unavailable to the robots because of obstacles not detected

beforehand, and/or new random obstacles in the operation. Therefore, an algorithm

for unknown obstacle avoidance should be designed to guarantee the safety of the

robots.

Before going on, the relative position relationship between the follower and the

obstacle is analyzed and depicted in fig. 4.3. In our algorithm, the follower only

considers the nearest obstacle around it and a set of regions are defined according

to the relative position of the nearest obstacle with respect to {f}, which are front

transition region RTF , back transition region RTB, front safe region RSF and lastly

back safe region RSB. Mathematically, these four regions are defined as

RTF
∆
= {p′|ρo,safe < ρ′ ≤ ρo,sen, |α′| ≤

π

2
},

RTB
∆
= {p′|ρo,safe < ρ′ ≤ ρo,sen, |α′| >

π

2
},

RSF
∆
= {p′|ρ′ ≤ ρo,safe, |α′| ≤

π

2
},

RSB
∆
= {p′|ρ′ ≤ ρo,safe, |α′| >

π

2
},
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Follower

Obstacle

TB

SB

SF

o

,seno

,safeo

o

TF

Figure 4.3: Diagram of obstacle avoidance

where p′ = [x′, y′]T , ρ′ = ‖p′ − pf‖, α′ = arctan 2(ỹ′, x̃′),

x̃′
ỹ′

 =

 cos θf sin θf

− sin θf cos θf

x′ − xf
y′ − yf

 ,
ρo,sen and ρo,safe are the sensitive and safe range for obstacle avoidance, respectively.

Figure 4.3 illustrates an example where the nearest obstacle is detected in RTF .

To avoid any potential collision with an obstacle ahead, the instinctive reaction of

a human driver is to steer the car away from the obstacle. Inspired by this, our

algorithm adopts a steering strategy on the basis of the relative position of the

detected obstacles. To facilitate the derivation of the obstacle avoidance algorithm,

a bounded barrier function is introduced as follows to describe the obstacle bearing

angle constraint.

Bαo =

βαo
(αo−αod)2

αod2
, 0 < αo ≤ αod

βαo
(αo+αod)2

αod2
,−αod ≤ α ≤ 0

,

where αo is the bearing angle of the nearest obstacle with respect to {f}, βαo is a

designed parameter and αod represents the critical bearing angle. The introduction
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of Bαo is to help design an avoidance control law that will drive the follower to move

away from the obstacle. Essentially, the controller should try to steer the follower

such that |αo| is larger than αod. Generally, αod = π
2

because under this condition,

the follower will move away from the obstacle with a positive vF . In experiments,

however, αod should be assigned a value larger than π
2
, due to friction and mechanical

disturbances.

Based on the definitions given above, a multi-region obstacle avoidance algorithm is

proposed in algorithm 4.1. In this algorithm, the control input is composed of two

parts, namely the leader tracking part and the obstacle avoidance part, where vf,t

and vf,a are the leader tracking and obstacle avoidance linear velocities respectively,

while ωf,t and ωf,a are the leader tracking and obstacle avoidance angular velocities

respectively. These control input parts are designed as follows.

vf,t =
1

cosα
[kρ∇Bρ + v̄l tanh(

v̄l∇Bρ

δρ
)],

ωf,t =
vf
ρ

sinα +
v̄l
ρ

tanh(
v̄l∇Bα

ρδα
) + kα∇Bα,

vf,a = vavoid,

ωf,a = kαo∇Bαo ,

where vavoid is a positive constant, kαo is a positive design parameter and ∇Bαo

is the gradient of Bαo with respect to αo. Besides, the control parameters satisfy

|vavoid| ≤ v̄f , kαo ≤
ω̄f
Gαo

, where Gαo = 2βαo
αod

.

It can be concluded from the algorithm that when ρo is larger than ρo,sen, which

means that the obstacle does not threaten the safety of the follower, the leader

tracking objective is given the top priority and obstacle avoidance is not activated.

When in RTF , the obstacle locates in front of the follower with ρo smaller than ρo,sen

but larger than ρo,safe. In this region, vf remains identical to vf,t, while ωf is the

combination of ωf,t and ωf,a. Such a reaction helps the follower try to achieve the

leader tracking and obstacle avoidance objectives simultaneously. While in RTB,

the obstacle locates behind the follower. Under this situation, the follower need not
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Algorithm 4.1 Multi-region obstacle avoidance algorithm

Input:
ρo, αo.

Output:
vf , ωf .

1: switch (Region where the obstacle is located)
2: case RTF :
3: vf = vf,t, ωf = min{ωf,t + ωf,a, ω̄f}.
4: case RTB:
5: vf = vf,t, ωf = ωf,t.
6: case RSF :
7: vf = 0, ωf = ωf,a.
8: case RSB:
9: vf = vf,a, ωf = 0.
10: default:
11: vf = vf,t, ωf = ωf,t.
12: end switch

consider the obstacle avoidance objective. In RSF , ρo is smaller than ρo,safe. In this

region, the follower stops and rotates so that the obstacle transfers to RSB, where

the follower maintains its heading angle and moves away. From the analyses given

above, it can be found that using the proposed algorithm, ρo is kept greater than or

equal to ρo,safe such that obstacle avoidance can be guaranteed. In addition, it can

be easily verified that the control input constraints are satisfied as well.

4.2.3 Leader-Loss Reaction

This subsection will study the leader-loss situation and design a fault-tolerant strat-

egy to tackle this problem. The basic flow of the proposed strategy is presented in

algorithm 4.2.

The first step of the proposed fault-tolerant strategy is to solve a shortest path plan

problem. According to [112], the shortest path with a constraint on a maximum

curvature takes the form of CSC, where C denotes a circular arc with minimum

turning radius and S denotes a straight-line segment. As the minimum turning
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Algorithm 4.2 Fault-tolerant strategy for leader-loss situation

Input:
(tpl(tl),

tθl(tl)), (tpf (tl),
tθf (tl)), ρo, αo.

Output:
vf , ωf .

1: Plan the shortest path tpv(l) from (tpf (tl),
tθf (tl)) to (tpl(tl),

tθl(tl));
2: Design the path following control part vf,p and ωf,p to drive the follower moving

along tpv(l);
3: Design the control law vf and ωf using algorithm 4.1.

radius of the robot considered in this chapter is zero, the shortest path between

(tpf (tl),
tθf (tl)) and (tpl(tl),

tθl(tl)) is merely a straight line connecting tpf (tl) and

tpl(tl).

Next, the control law for driving the follower to move along the planned path to

the goal point should be designed, while the obstacle avoidance and control input

constraints should also be guaranteed. Similar to the control scheme proposed in

section 4.2.2, the overall control input is also composed of two parts, which are path

following part and obstacle avoidance part. The obstacle avoidance part is the same

as that in section 4.2.2. In the sequel, we mainly focus on the path following part.

The path following control method adopted in this chapter is based on the control

law proposed in [113]. Similarly, a virtual target is introduced which moves along the

path depicted in fig. 4.2. To facilitate further discussions, the following definitions

are given. tpf = [txf ,
tyf ]

T and tθf are the position and heading angle of the follower

in {t}, respectively, while tpv = [txv,
tyv]

T and tθv are the position and heading angle

of the virtual target in {t}, respectively. vpf = [vxf ,
vyf ]

T and vθf are the position

and heading angle of the follower in {v}, respectively, where {v} = {~xv, ~yv} is

the coordinate frame attached on the virtual target as shown in fig. 4.2. Similar
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with [113], the path following error dynamics can be derived as follows.

vẋf = −l̇ + vf,p cos vθf ,

vẏf = vf,p sin vθf ,

vθ̇f = ωf,p,

where vθf = tθf − tθv.

To drive the follower moving along the path, let the rate of progression of the virtual

target along the planned path be governed by

l̇ = vf,p cos tθf + k1
vxf , (4.11)

where k1 is a positive constant parameter. Then, the path following control law is

designed as follows.

vf,p =vfollow,

ωf,p =δ̇ − γ tanh(vyf )[1− tanh2(vyf )]vf,p
sin vθf − sin δ

vθf − δ

− k2 tanh(vθf − δ)

, (4.12)

where k2 and γ are positive constant parameters, vfollow is a positive constant, which

means that the follower moves at a constant speed along the path, and δ is the

expected transient maneuver, which is given as δ = −θδ tanh(βδ
vyf ), where θδ and

βδ are positive design parameters. In addition, the parameters of eq. (4.12) should

satisfy the following conditions.

vfollow ≤ v̄f ,

k2 + θδβδvf,p +
2
√

3

9
γvf,p ≤ ω̄f .

(4.13)

It can be proven that based on the proposed path following control law eqs. (4.11)

and (4.12), vpf and vθf will converge to zero asymptotically. A formal statement of
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this result is presented in the following theorem.

Theorem 4.2. Consider a robot modeled by eq. (4.1) and a desired path tpv(l)

parameterized by l. The control law eqs. (4.11) and (4.12) ensure that vxf , vyf and

vθf are bounded, while vpf and vθf converge to zero asymptotically. In addition,

control input constraints eq. (4.6) are satisfied.

Proof. Consider the following Lyapunov function candidate.

V =
1

2
vx2

f +
1

2
tanh2(vyf ) +

1

2γ
vθ2
f . (4.14)

Differentiating eq. (4.14) with respect to time and combining with eqs. (4.11) and (4.12)

yields

V̇ =− k1
vx2

f + tanh(vyf )[1− tanh2(vyf )]vf,p sin δ

− k2

γ
(vθf − δ) tanh(vθf − δ)

.

According to the definition of δ and the fact that sin(·) and tanh(·) are both odd,

tanh(vyf ) sin δ ≤ 0. Besides, as vf,p > 0 and tanh(x) ∈ (−1, 1), it can be obtained

that tanh(vyf )[1 − tanh2(vyf )]vf,p sin δ ≤ 0. Therefore, V̇ ≤ 0. From eq. (4.14), it

can be concluded that vxf ,
vyf and vθf are all bounded. It can also be obtained

that E = {vpf , vθf |V̇ = 0} = {vpf = 0, vθf = 0}, which is an invariant set. Thus,

the maximum invariant set in E is itself. According to the LaSalle’s invariance

principle [114], vpf and vθf will asymptotically converge to zero.

Next, the input constraints are discussed. According to lemmas 4.1 and 4.2, it can

be derived that

|ωf,p| ≤
∣∣∣δ̇∣∣∣+ k2 +

2
√

3

9
γvf,p.

As δ̇ = −θδ[1− tanh2(βδ
vyf )]βδ

vẏf ,
∣∣∣δ̇∣∣∣ ≤ θδβδvf,p. Therefore,

|ωf,p| ≤ θδβδvf,p + k2 +
2
√

3

9
γvf,p.

According to the parameter selection condition eq. (4.13), control input constraints
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Follower 1Follower 2 Leader

Figure 4.4: Formation configuration in the simulation

are satisfied.

Thus, the proof completes.

4.3 Simulation and Experimental Results

In this section, a numerical example is designed to illustrate the performance of our

proposed leader-follower tracking control scheme. Then further real robot experi-

ment has been performed to validate the effectiveness of the proposed method.

4.3.1 Simulation Results

The proposed method was validated by a numerical simulation in MATLAB. In

the simulation, a snakelike leader-follower formation consisting of three robots was

considered (depicted in fig. 4.4), where the first robot acted as the leader of the whole

formation. In particular, the leader robot was the leader of follower 1, which played

the leader role for follower 2 at the same time. The testing parameters is given

in table 4.1. In the simulation, the leader robot moved autonomously in a maze-

like environment including five walls and three small rectangular obstacles, which

is shown in fig. 4.5(a). In addition, to illustrate the effectiveness of the proposed

leader loss reaction strategy, it was manually set in the simulation that the stereo

camera malfunction during 30s ∼ 32s and 120s ∼ 122s for follower 1, while follower

2 cannot detect its leader during 50s ∼ 52s and 100s ∼ 103s.
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Table 4.1: Simulation parameters for leader-follower formation tracking

Parameter Value

Total time duration 160s
Sampling time interval 33.3ms

pl(0) [0, 1]Tm
θl(0) π

2
rad

pf1(0) [−1,−1]Tm
θf1(0) π

2
rad

pf2(0) [−1,−3]Tm
θf2(0) π

2
rad

ρmin 1m
ρmax 3m
αmin −35◦

αmax 35◦

ρo,safe 0.5m
v̄l 0.5m/s
ω̄l 0.5rad/s
v̄f 1m/s
ω̄f 2.5rad/s

ρd of follower 1 1.5m
αd of follower 1 0◦

ρd of follower 2 1.5m
αd of follower 2 0◦

βρ 10
βα 1
kρ 0.007
δρ 0.1
kα 0.7
δα 0.1
ρo,sen 0.8m
βαo 6
kαo 1
αod 99◦

vavoid 0.3m/s
k1 1
k2 1
γ 1

vfollow 0.3m
θδ

π
3

βδ 1
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Figure 4.5(a) depicts the paths of the three robots and the map of the environment,

from which it can be observed roughly that the two followers tracked their cor-

responding leader successfully, while obstacle avoidance was achieved at the same

time. Figures 4.5(b) and 4.5(c) show the leader detection results, ρ and α, by

follower 1 and 2 respectively. For comparison, a new simulation has also been con-

ducted, whose results are depicted in fig. 4.6. The differences are that all the walls

and obstacles were removed and the emulated camera malfunction was not imposed.

The leader detection results, ρ and α, by follower 1 and 2 in the comparative simu-

lation are given in figs. 4.6(b) and 4.6(c), respectively. Combining with fig. 4.5(a),

it can be concluded that when there are no obstacles around, ρ and α both con-

verge to the predesignated set respectively, which demonstrates the efficacy of the

proposed leader tracking controller. In particular, there are several fluctuations of

ρ and α during operation, which were caused by obstacle avoidance reactions and

the manually designed detection interruptions. Figures 4.5(d) and 4.5(e) describe

the obstacle detection results by follower 1 and 2 respectively, from which it can be

observed that using the proposed multi-region obstacle avoidance algorithm, the dis-

tances from two followers to their corresponding nearest obstacles were both larger

than the prespecified safe distance. Therefore, the effectiveness of the proposed

obstacle avoidance can be validated. Then, we will review figs. 4.5(b) and 4.5(c).

As mentioned above, there are two leader detection interruptions during operation

for both two followers. It can also be observed from these two figures that dur-

ing these interruptions, leader cannot be detected, resulting in increasings of leader

tracking error in both ρ and α. However, once stereo cameras recover to work well,

the tracking errors can converge to the desired sets again, which implies that our

proposed fault-tolerant strategy is competent to handle the leader-loss situation.

Figures 4.5(f) and 4.5(g) show the control inputs, velocity and angular velocity, of

follower 1 and 2.
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Figure 4.5: Simulation results of leader-follower formation tracking
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Figure 4.6: Simulation results of leader-follower formation tracking without obstacles
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Figure 4.7: Experimental setup for leader-follower formation tracking

4.3.2 Experimental Results

The presented approach has been implemented on a multi-robot system consist-

ing of two Pioneer 3-AT mobile robot platforms as depicted in fig. 4.7. Leader

robot was equipped with a Dell Precision M2800 Mobile Workstation, while the

follower robot was equipped with a ZOTAC ZBOX-VR7N70 mobile PC and a ZED

stereo camera. Both two robots were equipped with a Hokuyo UTM-30LX Scanning

Laser Rangefinder. The algorithms were programmed using C++ language under

ROS, Kinetic release. In the experiment, leader robot moved autonomously in the

workspace and our proposed method was applied on the follower robot. The testing

parameters in the experiment are given in table 4.2.

In the experiment, the leader moved from a room with many unknown obstacles

to another room through a door autonomously. The follower tracked the leader

while performing obstacle avoidance simultaneously. Figure 4.8 depicts the map

of the environment and the paths of two robots, where the green one denotes the

leader path and the red one is the path of the follower. It should be noted that

the map is only used to help exhibit the experiment results vividly, which was
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Table 4.2: Experimental parameters for leader-follower formation tracking

Parameter Value

Sampling time interval 33.3ms
ρmin 1m
ρmax 3m
αmin −35◦

αmax 35◦

ρo,safe 0.5m
v̄l 0.3m/s
ω̄l 2rad/s
v̄f 0.7m/s
ω̄f 2rad/s
ρd 1.5m
αd 0◦

βρ 10
βα 1
kρ 0.0068
δρ 0.35
kα 0.39
δα 0.1
ρo,sen 0.9m
βαo 1
kαo 1
αod 120◦

vavoid 0.3m/s
k1 1
k2 1
γ 1

vfollow 0.3m
θδ

π
2

βδ 1
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generated by the leader using the SLAM technique, while the follower did not utilize

the map information for control. Figure 4.9(a) shows ρ during operation while

fig. 4.9(b) describes α. From these two figures and also fig. 4.8, it can be found

that when the robots arrived at the second room without obstacles nearby, ρ and α

both converged into the respective designed sets, which indicates that the proposed

leader tracking control law is capable of controlling the follower to track the leader

with a flexible formation structure. It can be revealed from figs. 4.9(a) and 4.9(b)

that the follower first detected the leader at about 38s and leader-loss situation

happened frequently from 50s to 70s, which may be caused by obstacle avoidance

behavior, illumination disturbance or motion blurring. Even though the leader

was lost frequently, the follower managed to re-detect it and recover tracking, which

demonstrates the effectiveness of the proposed fault-tolerant strategy. Figures 4.9(c)

and 4.9(d) describe ρo and αo respectively. These two figures show that between 47s

and 64s, there were obstacles located within ρo,sen and thus the obstacle avoidance

algorithm was activated. Based on these two figures, it can be concluded that the

follower succeeded in avoiding the obstacles. At about 51s, ρo was a little smaller

than 0.5m, which can be explained by inertia of the robot despite zero input velocity.

The obstacle avoidance can also be observed directly from fig. 4.8, in which the

follower successfully avoided densely distributed obstacles when moving from the

first room to the other. Figures 4.9(e) and 4.9(f) depict vf and ωf respectively.

From these two figures, it can be concluded that the control input constraints were

satisfied. Before 75s, the control inputs changed dramatically, which was caused by

the obstacle avoidance behavior and the leader-loss reaction. After that, the control

inputs were smooth.

4.4 Conclusions

This chapter studies the leader-follower tracking control problem for multiple non-

holonomic mobile robots, and a series of practical issues including sensor limitations,
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Figure 4.8: Map and robot paths in the experiment

obstacle and inter-robot collision avoidance, leader-loss situation, etc., have been ex-

plicitly taken into account. The proposed control scheme is under the assumption

that global pose measurements are not available and there are no communication

links among robots, which makes the proposed approach more applicable for prac-

tical applications than existing methods. In this chapter, sensor limitations and

leader-follower collision avoidance are modeled as distance and bearing angle con-

straints. To describe these constraints, a bounded barrier function is introduced

and incorporated in the leader tracking control law. To guarantee the safety of

the robots, a multi-region obstacle avoidance algorithm is designed which prioritizes

different objectives in different regions. It is proven that when there are no obsta-

cles nearby, the proposed approach can form a flexible formation structure while

distance and bearing angle constraints are not violated. In addition, the leader-loss

situation has first been considered. Then a fault-tolerant strategy is proposed when

the visibility is broken. Real robot experiment was conducted to demonstrate the

effectiveness of the proposed method.
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Figure 4.9: Experimental results of leader-follower formation tracking
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Chapter 5

Flexible Leader-Follower

Formation Analysis and Tracking

Control of Multi-Robot Systems

Using Relative Pose

Measurements

In this chapter, the flexible formation tracking control problem for multiple non-

holonomic mobile robots is studied, while the previous two chapters focus on rigid

formation. To facilitate the analysis on the motion capabilities of rigid and flexi-

ble formations, we introduce for the first time formation flexibility as a quantifying

metric. A mathematically rigorous analysis has been performed from the motion

planning perspective, resulting in the conclusion that flexible formation is superior

to rigid formation in terms of motion capability. Due to the lack of global pose

measurements, a stereo camera is installed on each follower to detect the relative

position and orientation relationship with the leader. In consideration of the noise

and intermittent interruption in visual observations, a particle filter based relative
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pose estimation approach is proposed to estimate the instantaneous position and

orientation of the leader in the local frame attached on each follower. To form a

flexible formation, a trajectory reconstruction method is employed to transform the

leader historical trajectory to the current local coordinate system of the follower,

then the reference point is generated for the follower to track. To guarantee robot

safety in unknown obstacle environments, a multi-objective control law is proposed

for the follower to achieve and coordinate reference tracking, obstacle avoidance and

inter-robot collision avoidance. Finally, simulation and real robot experiment are

performed to validate the effectiveness of the proposed method.

The contributions of this chapter are in three aspects. First of all, the proposed

algorithm works with relative pose measurements, while existing flexible formation

control related work is under the assumption that global pose measurements are

available. Secondly, the leader historical trajectory can be reconstructed in real

time. However, most of the existing approaches assume that leader trajectory is

determined in advance. Thirdly, the proposed method can guarantee robot safety

in unknown obstacle environments.

5.1 Mathematical Modeling

This chapter considers n nonholonomic mobile robots moving along a reference tra-

jectory while maintaining a desired formation configuration. To facilitate further

discussions, in this section, mathematical models of leader-follower pair, rigid for-

mation and flexible formation are presented, and then formation flexibility is defined

to characterize the motion capability of a formation.

Before proceeding further, global and local coordinate frames are defined. Global

frame, which can also be called the inertial frame, is represented as {g} = {~xg, ~yg}.

Local frame is attached on and moving with each robot. For example, the local

frame of robot i is represented as {i} = {~xi, ~yi} with ~xi pointing towards its motion
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direction.

Remark 5.1. The pre-superscript is used to describe the coordinate frame in which

the corresponding variable is expressed. For example, ipj represents the position of

robot j with respect to {i}. For a variable without pre-superscript, it means that this

variable is defined with respect to {g}.

5.1.1 Leader-Follower Pair

This chapter considers the differential-drive wheeled mobile robot, whose kinematic

model is given as follows.

ẋi = f(xi,u
w
i ,wi), (5.1)

where i ∈ {l, fj}, j ∈ {1, 2, · · · , n − 1}, xi = [xi, yi, θi]
T , uwi = [vli, v

r
i ]
T and wi =

[wli, w
r
i ]
T . The function f(·) is defined as f(xi,u

w
i ,wi) = Aiui, where ui = B(uwi +

wi), ui = [vi, ωi]
T ,

Ai =


cos θi 0

sin θi 0

0 1

 and B =

 1
2

1
2

−1
d

1
d

 .

The physical meanings of the variables listed above are illustrated as follows, pi =

[xi, yi]
T and θi are the position and orientation of robot i with respect to {g},

respectively, vi and ωi are the linear velocity and angular velocity of robot i in {i},

respectively, d is the distance along the axle between two wheel centers, vli and vri

are the linear velocities of the left and right wheels, respectively, wli and wri are the

mutually independent random variables representing additive process noise to left

and right wheels, respectively. It is assumed that robot l, which has the knowledge

of the desired trajectory needed to complete the task, acts as the leader of the whole

formation, while robot fj, j ∈ {1, 2, · · · , n − 1}, act as the followers. The class of

nonholonomic mobile robots considered in this chapter is shown in fig. 5.1, where

the notations given above are also depicted.
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It can be easily found that different from chapters 3 and 4, this chapter considers

a more detailed kinematic model with additive process noise to wheels in order to

facilitate accurate estimation of the leader local position and orientation.

Follower

jfv

jfO

jfx

jfy

jf

jfgx

gy

gO

jf

jf

lv

lO

lx

ly
l

Leader l

Figure 5.1: Diagram of leader-follower pair

Furthermore, the linear velocity and angular velocity of a robot should satisfy certain

constraints due to electromechanical limitations. In detail, robots are subject to the

following kinematic constraints.

vmin ≤ vi ≤ vmax, |ωi| ≤ ωmax, (5.2)

where vmin and vmax are the lower and upper bounds of vi, respectively, while ωmax is

the bound of ωi. For ground mobile robots, reverse movement is generally allowed.

Therefore, vmin < 0, vmax > 0 and ωmax > 0.

To obtain relative pose measurements of the leader with respect to the follower,

a RGBD camera is employed which can provide accurate range, bearing and ori-

entation observations. Thus, the measurement equation can be written as follows.
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yfj = h(fjxl, εfj), (5.3)

where yfj = [ρfj , αfj ,
fjθl]

T , εfj = [ερfj , εαfj ]
T , fjxl = R(θfj)(xl − xfj) and

R(θ) =


cos θ sin θ 0

− sin θ cos θ 0

0 0 1

 .

In addition, function h(·) is defined as ρfj =
∥∥fjpl∥∥+ ερfj , αfj = atan2(fjyl,

fjxl) +

εαfj and fjθl = θl − θfj . ρfj and αfj are the range and bearing measurements of the

leader with respect to {fj}, respectively, while ερfj and εαfj are the independent

random measurement noise.

Remark 5.2. In practice, any robot i can serve as the reference leader of some

other robots in a formation. To avoid ambiguity, the robot which has the knowledge

of the desired trajectory of the whole formation is called the global leader, while the

robot acting as the reference leader of some other robots is defined as the local leader.

In this chapter, for convenience and without loss of generality, we only consider the

case where there is only one global leader and no local leader in the formation.

5.1.2 Rigid Formation

In general, rigid formation falls into two categories, perfect rigid formation and semi-

perfect rigid formation, which are different in terms of the orientation requirement.

For perfect rigid formation, it is defined that not only the positions of the robots

form a desired geometric shape, but also the orientations keep consensus at the same

time. But for semi-perfect rigid formation, the orientation constraint is ignored.

As rigid formation is defined in the rectangular coordinate system which is plotted

in fig. 5.2, the local position of robot fj in {l} is assigned as lpfj = [prfj , qrfj ]
T . For

perfect rigid formation, lθfj = 0. Thus, the position of robot fj can be derived as
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Figure 5.2: Diagram of rigid formation

follows.

pfj = pl + gRl
lpfj , (5.4)

where

gRl =

cos θl− sin θl

sin θl cos θl


is the rotation transformation from {l} to {g}. For perfect rigid formation, the

orientation of robot fj is

θfj = θl. (5.5)

5.1.3 Flexible Formation

In this chapter, flexible formation is defined in curvilinear coordinates rather than in

rectangular coordinates as in rigid formation. A flexible formation containing three

robots is shown in fig. 5.3. The local position of robot fj with respect to {l} in

curvilinear coordinates is lpfj = [pffj , qffj ]
T , where pffj represents the longitudinal
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curvilinear separation and qffj represents the lateral curvilinear separation.
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Figure 5.3: Diagram of flexible formation

Next, the position and orientation of robot fj will be determined. First, define

the trajectory and control inputs of robot l with respect to time t as tl(t) =

[xl(t), yl(t), θl(t)]
T and ul(t) = [vl(t), ωl(t)]

T , respectively, where t ∈ [0, tf ]. The

curvature of the trajectory is denoted by cl(t). Then, the trajectory set of robot l

can be given as Γ = {tl(t)|t ∈ [0, tf ]}. Similarly, with a slight abuse of notation,

define the trajectory and control inputs of robot l with respect to arc length s as

tl(s) = [xl(s), yl(s), θl(s)]
T and ul(s) = [vl(s), ωl(s)]

T , respectively, where s ∈ [0, sf ].

The curvature of the trajectory defined on arc length is cl(s).

Define si as the curvilinear coordinate of robot i along Γ, where sl(t) =
∫ t

0
vl(τ)dτ .

Obviously, sfj = sl + pffj . Consequently, the position of robot fj can be obtained

as

pfj = pl(sfj) + gRl(θl(sfj))
lp′fj , (5.6)
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where lp′fj = [0, qffj ]
T . The orientation of robot fj is

θfj = θl(sfj). (5.7)

5.1.4 Formation Flexibility

In the above two subsections, rigid and flexible formations are modeled. However,

as mobile robots are subject to linear velocity and angular velocity limitations, the

motion of the leader should be further constrained in order to maintain the desired

formation. Therefore, the admissible motion of the leader is utilized to describe the

motion capability of a formation. Thus, the following definition is given.

Definition 5.1. (Formation flexibility): For a multi-robot formation F composed of

n mobile robots described by eqs. (5.1) and (5.2), assume that the leader moves at a

constant velocity vl, vl > 0, the curvature of the leader cl, with which the kinematic

constraint eq. (5.2) is satisfied for ∀i ∈ {l, fj}, j ∈ {1, 2, · · · , n − 1}, is defined as

the formation flexibility f of F.

To compare the motion capabilities of two formations, the ranges of their formation

flexibilities are compared. For example, consider two formations F1 and F2, whose

leaders move at the same constant velocity. The range of the formation flexibility

f1 of F1 is F1, while the range of the formation flexibility f2 of F2 is F2. If F1 ⊆ F2,

it means that F2 is more flexible than F1, and vice versa.

To facilitate the discussion of the main results, the following three lemmas are given.

Lemma 5.1. For a, b, α, β ∈ R with a and b not equal to zero simultaneously, if

tanα = a
b

and tan β = b
a
, the following equality always holds, α+β = π

2
+kπ, k ∈ N.

Proof. If ab 6= 0, it can be obtained that tanα = cot β = tan(π
2
− β). Thus,

α = π
2
− β + kπ, k ∈ N, that is, α + β = π

2
+ kπ. If ab = 0, as a and b are not
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equal to zero simultaneously, without loss of generality, assume that a = 0. Thus,

α = k1π and β = π
2

+ k2π, k1, k2 ∈ N. Therefore, α + β = π
2

+ kπ.

Lemma 5.2. Given constants a, b ∈ R,

g1(x) =
a+

√
a2 + b(x+ a2)

x+ a2

is a monotonically decreasing function in its domain and

g2(x) =
a−

√
a2 + b(x+ a2)

x+ a2

is a monotonically increasing function in its domain.

Proof. For g1(x), its derivative can be obtained as

g′1(x) = −
(a+

√
a2 + b(x+ a2))

2

2
√
a2 + b(x+ a2)(x+ a2)2

.

Obviously g′1(x) ≤ 0, therefore g1(x) is monotonically decreasing. Similarly, the

derivative of g2(x) is

g′2(x) =
(a−

√
a2 + b(x+ a2))

2

2
√
a2 + b(x+ a2)(x+ a2)2

≥ 0,

which implies that g2(x) is monotonically increasing.

Lemma 5.3. Consider a mobile robot i modeled by eq. (5.1) and assume that the

linear and angular velocities, vi and ωi, are imposed on the robot discretely with the

sampling time interval Ts. The pose variation over time interval [tk−1, tk), where

tk = kTs, is presented as follows

xi,k = xi,k−1 + ∆xi,k−1, (5.8)
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where

∆xi,k−1 = [∆xi,k−1,∆yi,k−1,∆θi,k−1]T ,

∆xi,k−1 =

 Tsvi,k−1 cos θi,k−1 ωi,k−1 = 0

vi,k−1

ωi,k−1
[sin θi,k − sin θi,k−1]ωi,k−1 6= 0

,

∆yi,k−1 =

 Tsvi,k−1 sin θi,k−1 ωi,k−1 = 0

vi,k−1

ωi,k−1
[cos θi,k−1 − cos θi,k−1]ωi,k−1 6= 0

,

∆θi,k−1 = Tsωi,k−1.

Proof. According to eq. (5.1), it can be derived that

θi,k = θi,k−1 +

∫ tk

tk−1

ωi(τ)dτ.

As ωi(τ) = ωi,k−1, ∀τ ∈ [tk−1, tk),

θi,k = θi,k−1 + Tsωi,k−1.

Furthermore, it can be easily obtained that

xi,k = xi,k−1 +

∫ tk

tk−1

vi(τ) cos(θi(τ))dτ. (5.9)

As vi(τ) = vi,k−1 and ωi(τ) = ωi,k−1, ∀τ ∈ [tk−1, tk), eq. (5.9) can be simplified as

xi,k = xi,k−1 + vi,k−1

∫ tk

tk−1

cos(θi,k−1 + ωi,k−1(τ − tk−1))dτ.

When ωi,k−1 = 0,

∫ tk

tk−1

cos(θi,k−1 + ωi,k−1(τ − tk−1))dτ = Ts cos θi,k−1,

and when ωi,k−1 6= 0,

∫ tk

tk−1

cos(θi,k−1 + ωi,k−1(τ − tk−1))dτ =
1

ωi,k−1

[sin θi,k − sin θi,k−1].
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Consequently, when ωi,k−1 = 0,

xi,k = xi,k−1 + Tsvi,k−1 cos θi,k−1,

and when ωi,k−1 6= 0,

xi,k = xi,k−1 +
vi,k−1

ωi,k−1

[sin θi,k − sin θi,k−1].

Similarly, it can also be derived that when ωi,k−1 = 0,

yi,k = yi,k−1 + Tsvi,k−1 sin θi,k−1,

and when ωi,k−1 6= 0,

yi,k = yi,k−1 +
vi,k−1

ωi,k−1

[cos θi,k−1 − cos θi,k−1].

Thus, the proof completes.

5.2 Comparative Analysis on Motion Capabilities

of Rigid and Flexible Formations

In this section, the motion capabilities of rigid and flexible formations will be ana-

lyzed using the formation flexibility concept.

5.2.1 Formation Flexibility of Rigid Formation

In this part, the motion capabilities of perfect and semi-perfect rigid formations are

analyzed, then the corresponding formation flexibilities fpr and fspr are calculated.

According to definition 5.1, each robot in the formation should satisfy the kinematic
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constraints eqs. (5.1) and (5.2). By taking the derivative on both sides of eq. (5.4),

it can be obtained that

ẋfj = −prfjωl sin θl + (vl − qrfjωl) cos θl,

ẏfj = prfjωl cos θl + (vl − qrfjωl) sin θl.
(5.10)

As each robot satisfies the nonholonomic constraint ẋi sin θi = ẏi cos θi, combining

with eq. (5.10), it can be derived that

prfjωl cos(θfj − θl) = (vl − qrfjωl) sin(θfj − θl). (5.11)

Consequently, the orientation of robot fj can be obtained as follows.

θfj = θl + arctan
prfjωl

vl − qrfjωl
. (5.12)

It should be noted that for eq. (5.12), prfjωl and vl − qrfjωl should not be equal to

zero simultaneously. When prfjωl = vl − qrfjωl = 0, it is defined that θfj = θl.

To form a perfect rigid formation, eq. (5.5) should be satisfied. From eq. (5.12),

it can be obtained that prfjωl = 0, meaning that prfj = 0 and/or ωl = 0, which

implies that to form a perfect rigid formation, the leader must move along a straight

line, otherwise, the rectangular longitudinal offset of the follower should be zero.

Therefore, for a generic perfect rigid formation where prfj is not necessarily equal

to zero, the formation flexibility fpr = 0, indicating that perfect rigid formation is

rather clumsy. As a concession, semi-perfect rigid formation, which does not have

the orientation requirement, will be analyzed in the following.

For each follower fj satisfying dynamics eq. (5.1), its velocity vfj can be expressed

as

vfj = ẋfj cos θfj + ẏfj sin θfj . (5.13)

By taking eq. (5.10) into eq. (5.13) and after some straightforward manipulations,
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it can be obtained that

vfj = vl

√
p2
rfj
c2
l + (1− qrfjcl)

2 sin(θfj − θl + ϕ), (5.14)

where ϕ = atan2(vl − qrfjωl, prfjωl). Furthermore, angular velocity ωfj can also be

derived from eq. (5.12) as

ωfj = ωl +
prfj(vlω̇l − v̇lωl)

p2
rfj
ω2
l + (vl − qrfjωl)

2 , (5.15)

when prfjωl and vl− qrfjωl are not equal to zero simultaneously, and ωfj = ωl when

prfjωl = vl − qrfjωl = 0.

The following theorem gives the range of the formation flexibility of semi-perfect

rigid formation, in which the kinematic constraint eq. (5.2) are not violated for any

robot.

Theorem 5.1. Consider a semi-perfect rigid formation Fspr containing n robots

where the leader l moves at a positive and constant velocity vl and angular velocity

ωl, both of which satisfy eq. (5.2). The velocity vfj and angular velocity ωfj of each

follower fj also satisfy eq. (5.2) if and only if the formation flexibility fspr of Fspr

satisfies

fspr ∈ Fspr = ∩
j=1,2,··· ,n−1

(Fspr,Aj ∪ Fspr,Bj ∪ Fspr,Cj) ∩ Fspr,Dj, (5.16)
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where

Fspr,Aj = {fspr ∈ R|cl1j ≤ fspr ≤ cl2j, qrfjfspr < 1},

Fspr,Bj =

{fspr ∈ R|c′l1j ≤ fspr ≤ c′l2j, qrfjfspr > 1}, q2
rfj
v2
l ≥ (p2

rfj
+ q2

rfj
)(v2

l − v2
min)

∅ otherwise
,

Fspr,Cj =


{fspr ∈ R|fspr = 1

qrfj
}, qrfj 6= 0, prfj = 0

{fspr ∈ R|fspr = 1
qrfj
}, qrfj 6= 0, prfj 6= 0,

∣∣∣prfjqrfj
vl

∣∣∣ ≤ vmax

∅ otherwise

,

Fspr,Dj = {fspr ∈ R||gfj(fspr)| ≤ ωmax},

cl1j =
vlqrfj −

√
v2
l q

2
rfj
− (p2

rfj
+ q2

rfj
)(v2

l − v2
max)

vl(p2
rfj

+ q2
rfj

)
,

cl2j =
vlqrfj +

√
v2
l q

2
rfj
− (p2

rfj
+ q2

rfj
)(v2

l − v2
max)

vl(p2
rfj

+ q2
rfj

)
,

c′l1j =
vlqrfj −

√
v2
l q

2
rfj
− (p2

rfj
+ q2

rfj
)(v2

l − v2
min)

vl(p2
rfj

+ q2
rfj

)
,

c′l2j =
vlqrfj +

√
v2
l q

2
rfj
− (p2

rfj
+ q2

rfj
)(v2

l − v2
min)

vl(p2
rfj

+ q2
rfj

)
,

gfj(fspr) = vlfspr +
prfj ḟspr

p2
rfj
f 2

spr + (1− qrfjfspr)
2 .

Proof. First of all, velocity vfj is analyzed in the following three cases.

Case 1. vl − qrfjωl > 0.

This case can be divided into four situations. 1) If prfj ≥ 0 and ωl ≥ 0, it can be

obtained from eqs. (5.12) and (5.14) that θfj − θl ∈ [0, π
2
) and ϕ ∈ (0, π

2
]. Thus,

θfj − θl + ϕ ∈ (0, π). 2) If prfj < 0 and ωl ≥ 0, it can be obtained from eqs. (5.12)

and (5.14) that θfj − θl ∈ (−π
2
, 0] and ϕ ∈ [π

2
, π). Thus, θfj − θl + ϕ ∈ (0, π).

3) If prfj ≥ 0 and ωl < 0, this situation is similar with 2). Hence, it can also be

obtained that θfj − θl + ϕ ∈ (0, π). 4) If prfj < 0 and ωl < 0, this situation is

similar with 1). Consequently, it can be obtained that θfj − θl + ϕ ∈ (0, π). From
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the discussions above and combined with lemma 5.1, θfj − θl + ϕ = π
2
. Therefore,

vfj = vl

√
p2
rfj
c2
l + (1− qrfjcl)

2. According to eq. (5.2), it can be derived that cl1j ≤

cl ≤ cl2j.

Case 2. vl − qrfjωl < 0.

This case can also be divided into four situations. 1) If prfj ≥ 0 and ωl ≥ 0, it can

be obtained from eqs. (5.12) and (5.14) that θfj − θl ∈ (−π
2
, 0] and ϕ ∈ [−π

2
, 0).

Thus, θfj − θl + ϕ ∈ (−π, 0). 2) If prfj < 0 and ωl ≥ 0, it can be obtained that

θfj − θl ∈ [0, π
2
) and ϕ ∈ (−π,−π

2
]. Thus, θfj − θl + ϕ ∈ (−π, 0). 3) If prfj ≥ 0

and ωl < 0, this situation is similar with 2). Thus, θfj − θl + ϕ ∈ (−π, 0). 4) If

prfj < 0 and ωl < 0, this situation is similar with 1). Hence, θfj − θl + ϕ ∈ (−π, 0).

According to the discussions above and lemma 5.1, θfj − θl + ϕ = −π
2
. Therefore,

vfj = −vl
√
p2
rfj
c2
l + (1− qrfjcl)

2. From eq. (5.2), it can be derived that c′l1j ≤ cl ≤

c′l2j, if q2
rfj
v2
l ≥ (p2

rfj
+ q2

rfj
)(v2

l − v2
min). However, if q2

rfj
v2
l < (p2

rfj
+ q2

rfj
)(v2

l − v2
min),

the motion constraint eq. (5.2) cannot be satisfied.

Case 3. vl − qrfjωl = 0.

This is a special case. As vl 6= 0, the condition implies that qrfj 6= 0 and ωl 6= 0.

When prfj = 0, vfj = 0 according to eq. (5.14), which satisfies eq. (5.2). When

prfjωl > 0, θfj − θl = π
2

according to eq. (5.12) and ϕ = 0 according to eq. (5.14).

In this case, θfj − θl + ϕ = π
2
. When prfjωl < 0, θfj − θl = −π

2
and ϕ = π. Thus,

θfj − θl + ϕ = π
2
. Based on the discussions above, vfj = vl|prfjcl|. As cl = 1

qrfj
, to

satisfy eq. (5.2),
∣∣∣prfjqrfj

vl

∣∣∣ ≤ vmax should hold.

Next, angular velocity ωfj will be analyzed. When prfjωl and vl − qrfjωl are not

equal to zero simultaneously, eq. (5.15) can be rewritten as

ωfj = vlcl +
prfj ċl

p2
rfj
c2
l + (1− qrfjcl)

2 .

To satisfy eq. (5.2),
∣∣gfj(fspr)

∣∣ ≤ ωmax. If prfjωl = vl − qrfjωl = 0, ωfj = ωl, which
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satisfies eq. (5.2).

Based on definition 5.1 and the discussions above, to guarantee that vfj and ωfj of

each follower fj satisfy eq. (5.2), fspr should satisfy the condition eq. (5.16). Besides,

the sufficiency of this condition is also obvious.

This completes the proof.

5.2.2 Formation Flexibility of Flexible Formation

The following theorem describes the formation flexibility of flexible formation.

Theorem 5.2. Consider a flexible formation Ff containing n robots where the leader

l moves at a positive and constant velocity vl and angular velocity ωl, both of which

satisfy eq. (5.2). The velocity vfj and angular velocity ωfj of each follower fj also

satisfy eq. (5.2) if and only if the formation flexibility ff of Ff satisfies

ff ∈ Ff =
⋂

j=1,2,··· ,n−1

{ff ∈ R|cl1j ≤ ff ≤ cl2j, |ff | ≤
ωmax

vl
}, (5.17)

where

cl1j =


vl−vmax

vlqffj
qffj ≥ 0

vl−vmin

vlqffj
qffj < 0

, cl2j =


vl−vmin

vlqffj
qffj ≥ 0

vl−vmax

vlqffj
qffj < 0

.

Proof. According to the analyses of Property 2 and 3 in [44] and definition 5.1,

eq. (5.17) can be easily derived.

5.2.3 Comparison on Formation Flexibilities of Rigid and

Flexible Formations

Based on the analysis presented above, the formation flexibilities of rigid and flexible

formations are compared in the following. Consider a perfect rigid formation Fpr,
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a semi-perfect rigid formation Fspr and a flexible formation Ff whose leaders both

move at the same positive and constant velocity vl. The formation flexibilities of

Fpr, Fspr and Ff are denoted by fpr, fspr and ff, respectively, while the ranges of fpr,

fspr and ff are Fpr, Fspr and Ff, respectively.

According to the discussions above, Fpr = 0, Fspr and Ff are given in eqs. (5.16)

and (5.17) respectively. Obviously, it can be found that perfect rigid formation

has the lowest motion capability among these three formations. From eqs. (5.16)

and (5.17), it can be found that the motion capability of semi-perfect rigid formation

depends on vl, prfj , qrfj , vmin, vmax and ωmax, while the motion capability of flexible

formation only depends on vl, qrfj , vmin and vmax. Besides, when prfj = 0 for all j,

it can be easily verified that Fspr = Ff. This is reasonable because a semi-perfect

rigid formation with prfj = 0 for all j is actually the same as a flexible formation

with pffj = 0 for all j. Furthermore, according to lemma 5.2, it can be easily proven

that Fspr ⊆ Ff. Therefore, flexible formation is more flexible than semi-perfect rigid

formation.

5.3 Vision-Based Flexible Formation Tracking Con-

trol

This section proposes a flexible formation tracking control scheme without global

pose measurements, which is described in fig. 5.4. The proposed control scheme

consists of four parts, vision-based pose estimation, leader trajectory reconstruction,

reference generator and multi-objective control law, which will be illustrated in the

following subsections.
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Figure 5.4: Diagram of the proposed flexible formation control scheme

5.3.1 Vision-Based Pose Estimation

To implement leader-follower formation maneuvering, relative pose of the leader is

of interest for estimation by the follower robot. In this work, a particle filter based

relative pose estimation approach is employed to estimate the local position and

orientation of the leader with respect to the follower, due to the nonlinearities and

non-Gaussian noise in the process and observation models.

In practice, control inputs are imposed on the robot discretely, while measurements

are also acquired periodically. Therefore, before going into further details, the

discrete-time system and measurement equations should be given as follows.

xi,k = fk−1(xi,k−1,u
w
i,k−1,wi,k−1),

yfj ,k = hk−1(fjxl,k, εfj ,k),
(5.18)

where fk−1(·) and hk−1(·) are the discretized functions. For fk−1(·), according to

lemma 5.3, fk−1(xi,k−1,u
w
i,k−1,wi,k−1) = xi,k−1 + ∆xi,k−1.

Assume that the PDF of the initial state fjxl,0, which is the initial position and

orientation of the leader l with respect to {fj}, is already known. The relative pose
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of the leader with respect to the follower can be estimated recursively by a particle

filter based algorithm, which is presented in algorithm 5.1.

Algorithm 5.1 Vision-based pose estimation algorithm

Input:
yfj ,k, PDFs of fjxl,0, wi,k and εfj ,k

Output:
fj x̂l,k

1: Generate a set of L particles {fjxm,+l,0 , qmk }|Lm=1 according to the PDF of fjxl,0;
2: for k = 1, 2, · · · do
3: Perform the time update step to obtain a set of a priori particles fjxm,−l,k using

eq. (5.19);
4: if yfj ,k exists then

5: Update the weight qmk of each particle fjxm,−l,k conditioned on yfj ,k;
6: else
7: {qmk }|Lm=1 ← {qmk−1}|Lm=1;
8: end if
9: Normalization: qmk =

qmk∑L
m=1 q

m
k

, ∀m ∈ {1, 2, · · · , L};

10: if N̂eff < Nthr then
11: Resampling: generate a set of a posteriori particles fjxm,+l,k based on

{qmk }|Lm=1;
12: qmk = 1

L
, ∀m ∈ {1, 2, · · · , L};

13: end if
14: Estimation: fj x̂l,k =

∑L
m=1 q

m
k
fjxm,+l,k ;

15: end for

To initialize, L initial particles are randomly generated on the basis of the PDF

of fjxl,0, which are approximated by a set of particles and associated weights,

{fjxm,+l,0 , qmk }|Lm=1. The proposed estimation algorithm consists of two stages, time

update stage and measurement update stage. The time update stage predicts the

relative pose of the leader in the local frame of the follower, which can be expressed

as follows. As the pose estimation algorithm is carried out in the follower, control

inputs of the leader, uwl,k−1, is assumed to be known by the follower in real time via

wireless communication.

fjxm,∼l,k = fk−1(fjxm,+l,k−1,u
w
l,k−1,wl,k−1),

fjxm,∼fj ,k
= fk−1(0,uwfj ,k−1,wfj ,k−1),

fjxm,−l,k = R(fjθm,∼fj ,k
)(fjxm,∼l,k −

fjxm,∼fj ,k
).

(5.19)
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where ∀m ∈ {1, 2, · · · , L} and

R(θ) =


cos θ sin θ 0

− sin θ cos θ 0

0 0 1

 .

In addition, wi,k−1 is randomly generated based on its PDF which is assumed to be

known. In the measurement update stage, the weight qmk is updated for each particle

fjxm,−l,k conditioned on the measurement yfj ,k, which can be obtained by evaluat-

ing the likelihood function p(yfj ,k|fjx
m,−
l,k ) according to the measurement equation

eq. (5.18) and the assumed known PDF of εfj ,k. Resampling is employed in the

algorithm when the effective particles quantity N̂eff = 1∑L
m=1 (qmk )2

is smaller than a

threshold Nthr to prevent weight degeneracy.

5.3.2 Leader Trajectory Reconstruction

To form a flexible formation, the follower should keep the historical trajectory in-

formation of the leader. Technically, define a sliding most-recent time window

Tw = kwTs, where kw is a positive integer. The follower fj keeps the trajectory

of the leader l from a historical time step k− kw + 1 to the current time step k. As

there does not exist a global coordinate frame, the stored historical trajectory of l

is with respect to {fj}. Mathematically, the stored historical leader trajectory at

time step k can be written as fj x̂l,k−kw+1:k. It should be noted that the historical

leader trajectory at time step k − 1, fj x̂l,k−kw:k−1, is with respect to {fj} at k − 1,

however, when being updated to fj x̂l,k−kw+1:k at k, it should be transformed to {fj}

at k as well. To perform the transformation, the pose variation of fj should first

be determined, then the coordinates of the historical trajectory of the leader are
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transformed, which can be illustrated as

fjx∼fj ,k = fk−1(0, ûwfj ,k−1,0),

fj x̂l,t = R(fjθ∼fj ,k)(
fj x̂l,t − fjx∼fj ,k),

(5.20)

for t = k−kw+1 to k, where ûwfj ,k−1 is the measurement of real uwfj ,k−1 by encoders.

Based on the discussions above, the leader trajectory reconstruction algorithm is

presented in algorithm 5.2.

Algorithm 5.2 Leader trajectory reconstruction algorithm

Input:
fj x̂l,k−kw:k−1, fj x̂l,k, û

w
fj ,k−1

Output:
fj x̂l,k−kw+1:k

1: Marginalization:
fj x̂l,k−kw+1:k−1 ← fj x̂l,k−kw:k−1\fj x̂l,k−kw ;

2: Coordinate Transformation: eq. (5.20);
3: Augmentation:

fj x̂l,k−kw+1:k ← fj x̂l,k−kw+1:k−1 ∪ fj x̂l,k;

5.3.3 Reference Generator

In this subsection, a reference generation algorithm is designed to find the reference

state for the follower fj from the historical trajectory of the leader, fj x̂l,k−kw+1:k,

obtained above. The proposed reference generator is presented in algorithm 5.3.

In terms of the obtained historical trajectory, given a sufficiently small sampling

time interval, the incremental trajectory between two points can be approximated

as a straight line. Thus, the trajectory length between fj x̂l,t+1 and fj x̂l,t, t ∈ {t ∈

N|k − kw + 1 ≤ t ≤ k − 1}, is given as ∆dt,t+1 =
∥∥fj p̂l,t − fj p̂l,t+1

∥∥.
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Algorithm 5.3 Reference generation algorithm

Input:
fj x̂l,k−kw+1:k, pffj , qffj ,

lvl,k
Output:

fjxr,k,
fjvr,k,

fjωr,k

1: Solve p according to arg min
p

∣∣∣∑k−1
t=p ∆dt,t+1 − pffj

∣∣∣;
2: Compute curvature fj ĉl,p =

fj θ̂l,t+1−fj θ̂l,t
∆dt,t+1

;

3: Compute reference pose:
fjpr,k = fj p̂l,p + gRl(

fj θ̂l,p)
lp′fj ,

fjθr,k = fj θ̂l,p;
4: Compute reference linear and angular velocities:

fjvr,k = lvl,k(1− qffj fj ĉl,p), fjωr,k = fjvr,k
fj ĉl,p;

5.3.4 Multi-Objective Control Scheme

As the reference states of the followers have been obtained, the followers should

track their own reference states such that the flexible formation can be formed. In

this chapter, a linear trajectory tracking control law is employed to produce the

control input uwfj ,k for the follower fj at time step k, which is given as follows.

uwfj ,k = B−1ufj ,k,ufj ,k = uFfj ,k +Ks,k
fjxr,k, (5.21)

where uFfj ,k = [fjvr,k cos fjθr,k,
fjωr,k]

T ,

Ks,k =

k1 0 0

0 k2sgn(fjvr,k) k3

 ,
k1 = k3 = 2ζ

√
fjω2

r,k + bfjv2
r,k, k2 = b

∣∣fjvr,k∣∣, ζ ∈ (0, 1) is a damping coefficient, and

b > 0 is a designed parameter. Interested readers can refer to [115] for details of

this controller.

Using controller eq. (5.21), a flexible formation can be formed. However, in cluttered

environments, the follower may collide with obstacles located on or close to the

reference trajectory. Thus, the follower should have obstacle avoidance capability.

Furthermore, obstacle avoidance reaction may lead the follower to collide with other
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robots nearby. Therefore, to guarantee safety of the formation, a multi-objective

control law should be designed for the follower such that when there are no potential

collisions, the reference trajectory can be tracked accurately, but when there are

obstacles or other robots nearby, obstacle and inter-robot collision avoidance should

be performed.

To deal with obstacle avoidance, the nearest obstacle point to the robot, po, is

considered. To facilitate avoidance control design, some regions are defined, which

are given as follows. ΦO
fj

∆
= {pfj |dfjo ≥ ro+δo}, ΩO

fj

∆
= {pfj |ro ≤ dfjo < ro+δo}, ΛO

fj

∆
=

{pfj |ro + δo − µo ≤ dfjo < ro + δo}, where dfjo =
∥∥pfj − po

∥∥, ro is the safe distance

between robot and obstacle, δo is a buffer distance, and µo is a transition distance.

Based on the regions defined above, the following two functions are designed.

Go(pfj) =



0 dfjo < ro

− 1
δ2o

(dfjo − ro)2

+ 2
δo

(dfjo − ro)
ro ≤ dfjo < ro + δo

1 dfjo ≥ ro + δo

,

Wo(pfj) =



0 dfjo < ro + δo − µo
− 1
µ2o

(dfjo − ro − δo + µo)
2

+ 2
µo

(dfjo − ro − δo + µo)
ro + δo − µo ≤ dfjo < ro + δo

1 dfjo ≥ ro + δo

, (5.22)

where Go(pfj) is the potential function and Wo(pfj) is the transition function.

To address inter-robot collision avoidance, the following regions are also defined.

ΦN
fj

∆
=

⋃
nj∈N(fj)

ΦN
fjnj

, ΩN
fj

∆
=

⋃
nj∈N(fj)

ΩN
fjnj

, ΛN
fj

∆
=

⋃
nj∈N(fj)

ΛN
fjnj

, where ΦN
fjnj

∆
=

{pfj |dfjnj ≥ rn+δn}, ΩN
fjnj

∆
= {pfj |rn ≤ dfjnj < rn+δn}, ΛN

fjnj

∆
= {pfj |rn+δn−µn ≤

dfjnj < rn + δn}. In addition, dfjnj =
∥∥pfj − pnj

∥∥
2
, nj ∈ N(fj), N(fj) is the set of

neighboring robots of fj, rn is the safe distance among robots, δn is a buffer distance,

and µn is a transition distance. Then, the potential function Gn(pfj) and transition
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function Wn(pfj) can be expressed as

Gn(pfj) =
∏

nj∈N(fj)

gnnj(pfj), Wn(pfj) =
∏

nj∈N(fj)

wnnj(pfj), (5.23)

where

gnnj(pfj) =



0 dfjnj < rn

− 1
δ2n

(dfjnj − rn)2

+ 2
δn

(dfjnj − rn)
rn ≤ dfjnj < rn + δn

1 dfjnj ≥ rn + δn

and

wnnj(pfj) =



0 dfjnj < rn + δn − µn
− 1
µ2n

(dfjnj − rn − δn + µn)2

+ 2
µn

(dfjnj − rn − δn + µn)
rn + δn − µn ≤ dfjnj < rn + δn

1 dfjnj ≥ rn + δn

.

From the discussions above, it can be deduced that to guarantee safety, the following

constraint must be satisfied.

G(pfj) = Go(pfj)Gn(pfj) > 0. (5.24)

Then several regions are defined in the following definition based on the regions

introduced above.

Definition 5.2. (Safe Region, Dangerous Region, Transition Region, Critical Re-

gion). Safe region of robot fj is defined as Φfj
∆
= {pfj |pfj ∈ ΦO

fj
∩ ΦN

fj
}. Transition

region of robot fj is defined as Λfj
∆
= {pfj |pfj ∈ ΛO

fj
∪ ΛN

fj
}. Dangerous region of

robot fj is defined as Ωfj
∆
= {pfj |pfj ∈ ΩO

fj
∪ ΩN

fj
,pfj /∈ Λfj}.

When robot fj is located in safe region Φfj , where there are no obstacles and neigh-

boring robots nearby, the reference tracking controller eq. (5.21) is imposed on the
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robot such that the desired flexible formation can be formed. However, when fj

is inside transition region Λfj and dangerous region Ωfj , where some obstacles or

neighboring robots are very close to it, the robot must be driven to avoid collisions

with them. To facilitate the avoidance controller design, the following potential

function is designed.

ϕfj =
γ

(γα +G(pfj))
1
α

, (5.25)

where γ and α are positive parameters. From eqs. (5.22) to (5.24), it can be found

that ϕfj ∈ [ γ

(γα+1)
1
α
, 1]. Based on eq. (5.25), a multi-objective controller is proposed

as follows.

ufj = R′(θfj)(u
t
fj

+ uafj), (5.26)

where

R′(θ) =

 cos θ sin θ

− sin θ cos θ

 ,
utfj = ṗdfj + ρ(pdfj − pfj) and uafj = −(1 − W (pfj))u

t
fj
− kfj∇ϕfj are the track-

ing part and avoidance part, respectively, pdfj is the reference position, W (pfj) =

Wo(pfj)Wn(pfj), ρ and kfj are positive parameters. The following theorem proves

that using the proposed controller eq. (5.26), collision avoidance can be guaranteed.

Theorem 5.3. Consider robot fj described as eq. (5.1) and the reference posi-

tion trajectory pdfj . Assume that the initial position of fj satisfies eq. (5.24), i.e.,

G(pfj(0)) > 0. When the controller eq. (5.26) is applied, collision avoidance can be

maintained for all the time, i.e., G(pfj(t)) > 0, ∀t > 0.

Proof. First of all, we will prove that for ṗfj = utfj + uafj , G(pfj(t)) > 0 for ∀t > 0.

Inside Ωfj , according to eqs. (5.22), (5.23) and (5.26), it can be found that the

tracking part utfj is neutralized such that

ṗfj = −kfj∇ϕfj . (5.27)
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Based on eq. (5.25), it can be derived that

∇ϕfj = −
γ∇G(pfj)

α(γα +G(pfj))
1
α

+1
, (5.28)

where ∇G(pfj) = G(pfj)(
∇Go(pfj )

Go(pfj )
+

∑
nj∈N(fj)

∇gnnj (pfj )

gnnj (pfj )
).

Consider the following Lyapunov function candidate

V = ϕfj −
γ

(γα + 1)
1
α

. (5.29)

By taking the derivative on both sides of eq. (5.29) with respect to time and com-

bining with eq. (5.27), it can be obtained that

V̇ = −kfj(∇ϕfj)T∇ϕfj ≤ 0. (5.30)

As G(pfj) > 0 implies that 0 ≤ V < 1− γ

(γα+1)
1
α

and the fact that V = 1− γ

(γα+1)
1
α

if and only if G(pfj) = 0, combining with eq. (5.30) and G(pfj(0)) > 0, it can be

derived that G(pfj(t)) > 0 for ∀t > 0.

According to Theorem 2 in [111], it can be concluded that inside Ωfj , control law

eq. (5.26) designed for model in eq. (5.1) is convergent with the same attraction

region as ṗfj = utfj + uafj . Therefore, using control law eq. (5.26), G(pfj(t)) > 0 for

∀t > 0.

It is obvious that the tracking part utfj is actually a simple PD tracking controller,

which controls the robot to track its reference position pdfj . From the proposed

controller eq. (5.26), it can be observed that utfj works in transition region Λfj

such that the overall control is the combination of reference tracking and collision

avoidance, which is beneficial in that even though potential collisions are tried to

be avoided, the proposed controller can drive the robot to the reference position

roughly as well. This special design is helpful to reduce the possibility of loss of
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leader detection while avoiding potential collisions.

As in this chapter global pose measurements do not exist, the proposed control law

eq. (5.26) should be modified such that all the variables are in the local frame {fj}.

In addition, for real robot implementations, the control law should be in discrete

time domain. Therefore, the control law can be modified as follows.

ufj ,k = utfj ,k + uafj ,k, (5.31)

where utfj ,k = fj ˆ̇pr,k + ρfjpr,k and uafj ,k = −(1−W (pfj ,k))u
t
fj ,k
− kfj∇ϕfj ,k. fj ˆ̇pr,k =

(fjpr,k − fjpr,k−1)/Ts is the estimation of fj ṗr,k.

In summary, the proposed multi-objective control scheme can be presented as fol-

lows. When the robot fj is located in safe region Φfj , eq. (5.21) is employed, and

when fj is located in transition region Λfj and dangerous region Ωfj , eq. (5.31) is

applied.

5.4 Simulation and Experimental Results

In this section, the proposed flexible leader-follower tracking control method is first

validated by a numerical example. Then real robot experimental results are pre-

sented to further demonstrate the efficacy of the proposed algorithm.

5.4.1 Simulation Results

To illustrate the effectiveness of the proposed method, a numerical simulation was

performed in MATLAB using one leader and two followers. In the simulation,

the leader followed a reference path, while two followers tracked the leader aiming

at keeping a flexible formation. The parameters of the simulation platform are

presented in table 5.1.
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Table 5.1: Simulation parameters for flexible leader-follower formation tracking

Parameter Value

Total time duration 160s
Sampling time interval 33.3ms

Vision detection max. range 5m
Vision detection min. range 1m

Camera horizontal FOV 100◦

Kinematic process noise in each wheel N (0, 0.052)m/s
Visual observation noise in range N (0, 0.052)m/s

Visual observation noise in bearing N (0, 0.3◦)m/s
Visual observation noise in heading N (0, 0.3◦)m/s

Particle quantity L 6000
Nthr 3000
lpf1 [1.5, 0.5]Tm
lpf2 [3.0,−0.5]Tm
ζ 0.9
b 1
ro 0.5m
rn 0.5m
δo 0.3m
δn 0.3m
µo 0.2m
µn 0.2m
γ 1
α 1
ρ 2
ka 0.8

pl(0) [0, 1]Tm
θl(0) π

2
rad

pf1(0) [−1,−1]Tm
θf1(0) π

2
rad

pf2(0) [1,−1]Tm
θf2(0) π

2
rad
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Figure 5.5: Simulation results of flexible leader-follower formation tracking
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Figure 5.6: Simulation results of flexible leader-follower formation tracking without
obstacles
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In the simulation, the leader followed a predesignated path in an obstacle environ-

ment. The followers tracked the leader in a flexible formation while performing

obstacle and inter-robot collision avoidance simultaneously. Figure 5.5(a) depicts

the map of the environment and the paths of the three robots. The black rectangles

and disks represent the walls and obstacles respectively. The initial positions and

orientations of the robots are given in table 5.1. From fig. 5.5(a), it can be observed

that when there were no obstacles nearby, the robots can form the desired flexible

formation successfully. When the formation were approaching the three round ob-

stacles and at each turning, the robots would react to avoid collisions with obstacles

and neighboring robots while still attempting to keep the desired formation. Fig-

ure 5.5(b) shows the formation error of follower f1 during operation, from which it

can be found that there are two major fluctuations, at 30s ∼ 40s and 120s ∼ 140s,

respectively. A comparative simulation has also been performed under the same

setting except that all the obstacles are removed, whose results are given in fig. 5.6.

Figure 5.6(b) depicts the formation error of follower f1 in this simulation. Comb-

ing figs. 5.5(b) and 5.6(b) with fig. 5.5(a), it can be inferred that these two major

fluctuations of f1 were caused by the first and the third round obstacles, respec-

tively. As the robot should react to avoid collisions with obstacles and neighboring

robots, the formation objective was temporarily less prioritized. After the avoid-

ance reaction, the robots continued to form the desired formation. Besides the two

major fluctuations, there are two slight fluctuations of f1 at around 50s and 110s,

respectively. From fig. 5.5(a), it can be deduced that these small fluctuations were

caused by the turning movement at the second and the fourth walls, as follower f1

was at the inner side at each of the two turns which was close to the walls. Similar

phenomena can be found on follower f2 during operation from figs. 5.5(c) and 5.6(c).

Figures 5.5(d) and 5.5(e) describe the collision avoidance performance of two follow-

ers. Figure 5.5(d) depicts the distances from the two followers to their corresponding

nearest obstacle point, respectively, while fig. 5.5(e) shows the inter-robot distances

among three robots. From these two figures, it can be found that the distances are

constantly kept larger than 0.5m, the designed safe distance, which demonstrates
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the efficacy of the proposed multi-objective control scheme.

5.4.2 Experimental Results

To validate the proposed method in a real environment, an experiment was carried

out at the Robotics I Laboratory, NTU, Singapore. The proposed algorithm was

implemented on a multi-robot system composed of two Pioneer 3-AT mobile robots

as shown in fig. 5.7. The leader was equipped with a Dell Precision M2800 Mobile

Workstation, while the follower was equipped with a ZOTAC ZBOX-VR7N70 mobile

PC and a ZED stereo camera. Both the robots were equipped with a Hokuyo

UTM-30LX Scanning Laser Rangefinder. The algorithm was programmed using

C++ language under ROS, Kinetic release. In the experiment, the leader moved

autonomously and the proposed approach was tested on the follower. The testing

parameters in the experiment are listed in table 5.2.

Figure 5.7: Experimental setup for flexible leader-follower formation tracking

In the experiment, the leader moved from a room to another one through a narrow

door autonomously, while the follower tracked the leader trying to form a flexible

formation with guaranteed collision avoidance at the same time. The map of the

environment and the paths of two robots are both described in fig. 5.8(a). Fig-

ure 5.8(b) depicts the formation error of the follower, from which it can be observed
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Table 5.2: Experimental parameters for flexible leader-follower formation tracking

Parameter Value

Sampling time interval 33.3ms
Vision detection max. range 6m
Vision detection min. range 0.5m

Camera horizontal FOV 100◦

Kinematic process noise in each wheel N (0, 0.062)m/s
Visual observation noise in range N (0, 0.052)m/s

Visual observation noise in bearing N (0, 0.5◦)m/s
Visual observation noise in heading N (0, 0.5◦)m/s

Particle quantity L 5000
Nthr 2500
lpf1 [1.6,−0.5]Tm
ζ 0.9
b 3
ro 0.4m
rn 0.5m
δo 0.3m
δn 0.3m
µo 0.2m
µn 0.2m
γ 1
α 1
ρ 1
ka 0.8
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Figure 5.8: Experimental results of flexible leader-follower formation tracking
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that although starting with a relatively large formation error, the follower achieved

a satisfactory formation accuracy before 20s. It can be revealed from fig. 5.8(b)

that the formation error experienced dramatic fluctuations between time points 30s

and 50s, during which the follower was avoiding nearby obstacles, as illustrated in

fig. 5.8(d). At around time point 50s, as revealed in figs. 5.8(b) and 5.8(c), the fol-

lower lost visual detection of the leader, which degraded the relative pose estimation

accuracy, and thus increased the formation error. It should be noted that despite

the detrimental effects brought by obstacle avoidance and visual measurement in-

terruption, the amplitude of the formation error was bounded by 0.2m at most of

the time, which is acceptable in practical applications. After the leader detection

was recovered, the formation error converged to the neighborhood of zero again.

Figure 5.8(d) depicts the distance from the follower to the nearest obstacle, mea-

sured by the onboard laser range finder. The distance is found always larger than

0.6m, which also indicates that both obstacle avoidance and inter robot collision

avoidance were guaranteed.

5.5 Conclusions

This chapter has addressed the flexible leader-follower formation control problem

of multiple nonholonomic mobile robots while global pose measurements are not

available. First of all, the motion capabilities of rigid and flexible formations have

been analyzed with the introduction of formation flexibility as an evaluation metric,

resulting in the conclusion that flexible formation is superior to traditional rigid

formation due to more flexible motions that its formation leader can perform. To

achieve relative localization between the leader and the follower, a particle filter

based relative pose estimation algorithm is employed aiming at estimating the po-

sition and orientation of the leader with respect to the local frame of the follower

using the noise corrupted and intermittently interrupted visual observations. By

using a trajectory reconstruction approach, the leader trajectory is transformed to
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the current local coordinate system of the follower, from which the reference point

is generated. To track the reference point, a multi-objective control law is proposed

which can work in unknown obstacle environments with guaranteed collision avoid-

ance. Simulation and real robot experiment were conducted to validate the efficacy

of the proposed method.
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Chapter 6

Conclusions and Future Work

This chapter summarizes the main results of this thesis and provides suggestions for

future research.

6.1 Conclusions

This thesis investigates the formation control problem for multiple nonholonomic

mobile robots by taking a series of practical constraints explicitly into consideration.

The obtained results are summarized as follows.

1. Chapter 3 studies virtual-structure based formation tracking control problem

for multiple nonholonomic mobile robots, while obstacle and inter-robot colli-

sion avoidance as well as connectivity maintenance are guaranteed at the same

time. A new bounded potential function is introduced to formulate multiple

constraints which is then incorporated into the proposed multi-region control

scheme. Three regions, including safe region, dangerous region and transition

region, are defined to facilitate controller design, which is used to prioritize

different control objectives in different situations. A series of transition func-
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tions are introduced to achieve smooth switching between trajectory tracking

and avoidance control. The proposed control strategy can be utilized for safe

virtual-structure formation tracking of multiple mobile robots in obstacle en-

vironments.

2. Chapter 4 investigates vision-based leader-follower formation tracking control

problem for multiple nonholonomic mobile robots, where sensor limitations,

collision avoidance and leader-loss situation, are explicitly taken into consider-

ation. Sensor limitations and leader-follower collision avoidance requirement

are modeled by distance and bearing angle constraints. A class of bounded bar-

rier functions are introduced to formulate these constraints. To ensure robot

safety in unknown obstacle environments, a multi-region obstacle avoidance

algorithm is designed to balance different objectives in different regions. The

leader-loss situation has been considered for the first time, and a fault-tolerant

solution is proposed to recover visibility once it is broken. The proposed algo-

rithm can achieve safe formation tracking for a snake-like multi-robot forma-

tion.

3. Chapter 5 addresses the flexible leader-follower formation tracking control

problem for multiple nonholonomic mobile robots using relative pose measure-

ments. A new evaluation metric, formation flexibility, has been introduced to

analyze the motion capabilities of rigid and flexible formations. To achieve

relative localization between the leader and the follower, a particle filter based

relative pose estimation algorithm is employed to estimate the local position

and heading angle of the leader with respect to the follower. A leader tra-

jectory reconstruction approach is designed to transform the leader historical

history to the current local frame of the follower, from which the reference

point is generated for the follower to track. To guarantee robot safety in ob-

stacle environments, a multi-objective control law is proposed for the follower

to achieve and coordinate reference tracking and collision avoidance. The

proposed strategy can be used in flexible leader-follower formation tracking
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applications in unknown obstacle environments where global pose feedback is

unavailable.

It should be noted that the proposed approaches in this thesis are all for the forma-

tion control problem of multiple differential-drive mobile robots. However, they are

easy to be extended to some other types of mobile robots with similar kinematics like

tricycle-type mobile robots and car-like mobile robots. These three types of robots

cover most of the commonly used ground mobile robots nowadays. For robots with

special mechanical design, the proposed algorithms may be modified according to

the specific kinematics.

6.2 Recommendations for Future Work

Although multi-robot formation control has been investigated in depth in the liter-

ature and this thesis, there are still several interesting research problems that are

worthy to be studied, which are outlined as follows.

1. Virtual-structure based formation control is significant in many practical ap-

plications such as sensitive area patrolling, multi-robot show and so forth,

which has also been investigated in chapter 3. However, in almost all of the

existing results, to realize virtual-structure formation control, it is assumed

that global pose measurements are available, where most of them are based

on GPS feedback and some others like the work in chapter 3 are based on

a pre-generated map. Obviously, this assumption is not realistic in many

applications which require robots to work in unknown and GPS-denied envi-

ronments. Additionally, applying the relative localization method commonly

used in leader-follower approaches to virtual-structure approaches seems to be

limited due to range and FOV limitations of the stereo camera. Therefore, to
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design a practical cooperative localization strategy for virtual-structure for-

mation implementations is a meaningful research topic for future research.

2. Vision-based leader-follower formation tracking control has been studied in

chapter 4 using polar coordinates, and the proposed approach can be eas-

ily generalized to a snake-like multi-robot formation with N > 2 members,

which is advantageous in obstacle environments. However, for general leader-

follower formations where multiple followers are included, collision avoidance

amongst followers is considered to be a more challenging issue, which cannot

be addressed properly with the proposed algorithm. Thus, this is another

interesting research problem.

3. The proposed algorithms in this thesis aim at maintaining a fixed forma-

tion configuration for all the time, while obstacle avoidance is achieved using

reactive collision avoidance approaches. However, even though reactive colli-

sion avoidance approaches are computationally efficient and easy to be imple-

mented, a local trajectory re-planning manipulation based on the local map

information should be beneficial in making the robot motion more smooth

and natural. Therefore, in the future, a hierarchical approach which combines

trajectory re-planning and reactive avoidance together can be investigated to

achieve better obstacle avoidance performance. Furthermore, in obstacle en-

vironments, it is unnecessary to preserve a fixed formation shape for all the

time. Formation reconfiguration problem can be well studied according to the

surroundings to obtain more flexible and safer maneuvers in cluttered envi-

ronments.

4. In many multi-robot formation applications, communication is necessary to co-

ordinate and balance conflicts among robots. However, communication links

may suffer from cyberattacks, time delay or packet drops in real implementa-

tions, which would cause performance degradation or even task failure of the

whole system. In this case, secure algorithms can be investigated to deal with

these issues, which as a result can make the system more robust and reliable.
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5. In this thesis, algorithms are designed based on the kinematic model of the

robot, which is common in practical applications as most of the off-the-shelf

mobile robot platforms nowadays only provide velocity input interface with

their low-level velocity controller inaccessible for the users. Such hierarchical

structure is widely accepted in real control applications and can achieve satis-

factory performance. However, for some other applications, like autonomous

driving cars, where indexes such as robot speed, heading rate, acceleration,

dexterity, etc. are critically required, dynamic model of the robot should be

specifically considered and involved in the algorithm design, which is another

meaningful but challenging research direction.
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