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Abstract – In cognitive radio networks, it is challenging for
secondary users (SUs) to estimate and control their interference
at the receivers of primary users (PUs), due to incomplete or
erroneous channel information between SUs and PUs. Thus,
SUs need to estimate the worst-case aggregate interference at
PU receivers to ensure guaranteed protection for PUs from
excessive interference. As it is rare that all SU-PU channels
experience the worst-case conditions simultaneously, we propose a practical model (namely, the worst-case selective robust
model) for SUs to estimate their aggregate interference power.
This model employs an adjustable parameter to control the
number of SU-PU channels that are in the worst-case conditions.
For an individual SU-PU channel, the estimation of worst-case
channel gain is subject to a distribution uncertainty. Given this
robust model, we study SUs’ power control problem in a noncooperative game where each SU selfishly maximizes its own
throughput performance subject to coupled interference constraints at PU receivers. We study the existence and uniqueness
of Nash equilibrium and propose an iterative algorithm for SUs
to achieve the equilibrium in a distributed manner. Numerical
results show that our algorithm provides guaranteed protection
for PUs and fair throughput performance for SUs, provided with
uncertain SU-PU channel information.
Index Terms – Cognitive radio, power control, game theory,
distribution uncertainty, robust optimization.
I. I NTRODUCTION
Power control in an underlay cognitive radio networks [1]
relies on channel information between primary users (PUs) and
secondary users (SUs). To harmoniously co-use PUs’ licensed
spectrum bands, SUs need to precisely estimate their channels
to PU receivers such that their aggregate interference at PU
receivers will not exceed a certain level. However, it is difficult
for SUs to precisely predict their interference at PU receivers
due to estimation errors in channel gain from SUs to PUs
without PUs’ reliable feedback [2]. The channel information is
ambiguous as the channel exhibits time-varying effects induced
by the change of physical channel conditions [3]. For example,
a line-of-sight path between transceivers may exist for some
time and disappear when the path is blocked temporarily.
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These imperfectness in channel estimation will inevitably cause
interference violation at PU side, therefore channel uncertainty
has to be taken into consideration in SUs’ power control.
Recently, a growing number of works are devoted to help SUs
achieve interference awareness without frequent information
exchange with PUs. Some works assume a prior knowledge
of PUs’ locations or spatial distribution through querying a
geo-location database [4], based on which SUs can estimate
the interference at PU receivers based on a signal propagation
model (e.g, [5], [6]). For example, the TV receivers may
be densely distributed in a few separated communities, and
their location information are regularly maintained at the TV
base station via a geo-location database. SUs will be able
to access these information if SUs are allowed to exchange
information with the primary TV base station. Nevertheless,
the interference estimation based on a signal propagation model
cannot accurately characterize the channel fluctuations in real
time. Another method is to estimate the reciprocal channel by
overhearing feedback from PU receivers [2]. However, it may
be unreliable as PU receivers may send back ACK packets
sporadically after receiving a bulk of data streaming. Relying on
out-of-date channel information will easily lead to estimation
errors of channel gain and violations of PUs’ interference
constraints.
Since accurate channel information is not attainable, recent
research proceeds in an alternate way by characterizing the
channel uncertainty quantitatively. An understanding of channel
uncertainty can provide a guidance in designing proactive
strategies to avoid excessive interference at PU receivers. In a
stochastic approach [7]–[9], the SU-PU channel gain is assumed
to be composed of a deterministic component and an uncertain
fluctuation component that follows a known distribution (i.e.,
complex normal distribution). However, exact distribution information is often unavailable as the channel is time-varying
and requires a large amount of data samples for distribution
estimation. The worst-case robust approach [10]–[12] reasonably restricts the uncertain channel gain to be bounded in a
convex set (e.g., the norm-based or Euclidean ellipsoid-shaped
set), which does not require any prior knowledge of channel
gain’s distribution. In fact, we are able to obtain some, though
not complete, information about the uncertain channel gain,
which can be used to alleviate the conservatism of the worstcase robust approach. Therefore, a new robust approach (e.g.,
[13]–[15]) is recently proposed to exploit partial distribution
information of the uncertain channel gain. It assumes that
the distribution is partially known and similar to its historical
measurements. The similarity is measured in terms of moment
statistics [13], [15] or a probabilistic distance [14].
Considering channel uncertainty, SUs’ robust power control
has been proposed to improve the protection for PUs and
formulated in either a chance constrained non-convex problem

(e.g., [7]–[9]) or a maxmin problem with a semi-definite reformulation (e.g., [11]–[13], [15]–[17]), depending on different
channel uncertainty models. However, most of the existing
works consider a centralized formulation that requires global
knowledge of interference information at every PU receiver,
suffering from serious problems in terms of scalability and
signalling overheads. To facilitate distributed implementation
in practice, the authors in [18] and [19] apply a dual decomposition method to solve the robust power control problem in
a distributed way. Another well-applied decentralized method
relies on non-cooperative game theory, in which individual users
willingly achieve a stable state, namely, Nash equilibrium, by
asynchronously updating their transmit power in individual’s local utility maximization problem. In view of imperfect channel
information, robust game theory has been recently applied to
SUs’ power control in [20]–[22] where the authors model the
uncertain channel gain of individual link in a convex and closed
elliptical uncertainty set. The authors in [20] partition every
PUs interference tolerance into per-SU budgets and restrict
each SU’s interference less than a fixed budget. This method
imposes more stringent interference constraints on SUs’ power
control, thus SUs’ performance is compromised. While in [21]
and [22], the authors relax the per-SU interference constraints
and require that every PU receiver is robustly protected against
the aggregate interference from all transmitting SUs, allowing
more flexibility in SUs’ power control and possibly improving
SUs’ performance.
Moreover, most of the aforementioned works focus on the
uncertainty modeling of individual SU-PU channel, which however cannot be applied directly to define a worst-case aggregate
interference constraint at PU receiver. In one aspect, the aggregate interference constraint is coupled with all SUs’ transmit
power. Some existing works (e.g., [17] and [20]) transform
this global constraint to more conservative constraints, upper
bounding individual SUs’ worst-case interference such that their
total interference is less than PUs’ interference tolerance. This
transformation is sufficient to ensure PUs’ robust protection,
but may sacrifice SUs’ performance. In another aspect, it rarely
happens in practice that all SU-PU channels fall in the worstcase conditions simultaneously. Thus, the estimation of worstcase aggregate interference at PU receivers is not simply the
summation of worst-case interference introduced by individual
SUs (e.g., [21] and [22]), as it may result in overprotection for
PUs and few spectrum access opportunity for SUs. Furthermore,
the worst-case robust channel model requires the understanding
of channels’ correlation structure to properly define the size
of the uncertainty set, which is time varying and challenging
to estimate in practice. For spatially distributed ad hoc SUs,
their channel gains are generally independent random variables.
Thus, the ellipsoid-shaped uncertainty set will be not applicable.
Our work in this paper is divided into two aspects: practically
modeling the uncertainty of individual SU-PU channel gain
as well as the aggregate interference at PU receivers, and
presenting a distributed solution for SUs’ robust power control
based on the proposed uncertainty model. Compared with the
existing works, our contributions are as follows:
•

Firstly, for individual SU-PU channel, we model the fluctuation of channel gain in a distribution uncertainty set,
rather than a Euclidean ellipsoid-shaped uncertainty. Based
on historical channel measurements, we approximate the

channel gain distribution in a closed-form, which is treated
as a reference distribution. We allow the actual channel
gain distribution to differ from its reference distribution,
and characterize the difference by a probabilistic distance
measure. As we focus on the stochastic property of channel
gain fluctuation, the proposed distribution uncertainty will
be resilient to very large instantaneous channel gain fluctuations that are rarely observed in channel measurements.
• Secondly, we propose a novel worst-case selective robust
model to characterize SUs’ worst-case aggregate interference at PU receivers. Considering the fact that all SU-PU
channels rarely become worst simultaneously, our model
will select a subset of Γ channels to be in the worstcase conditions, while the leftover channels are in normal
conditions. However, we do not rely on a specific selection
of channels. Instead, it can be in any combinations, i.e.,
any Γ out of the total N channels. For different selections
of SU-PU channels, we always upper bound the aggregate interference power at a PU receiver by a prescribed
threshold. The size Γ of the subset is adjustable according
to PUs’ robust requirements.
• Thirdly, considering SUs’ selfishness, we study the robust
power control problem in a non-cooperative game model to facilitate practical implementation. We characterize
the conditions for the existence and uniqueness of Nash
Equilibrium by examining the strictly diagonal convexity
of SUs’ cost functions. At last, we design an iterative
algorithm for SUs to distributively converge to the unique
Nash Equilibrium. Simulation results show that the distributed algorithm achieves fair throughput performance
among SUs in terms of the Jain’s fairness index [23].
Compared with centralized power control, SUs’ average
transmit power is slightly increased in the power control
game due to SUs’ uncoordinated competition.
The rest of this paper is organized as follows. In Section
II, we introduce the system model, performance matrices, and
distribution uncertainty for SU-PU channel gain. In Section III,
we introduce the worst-case selective robust model to estimate
the aggregate interference power at PU receivers that relies on
the worst-case estimation of channel gains in SU-PU channels.
The robust power control problem is formulated in Section
IV and we present a game theoretic modeling to facilitate
distributed implementation. Finally, we evaluate our algorithm
in Section V and draw the conclusions in Section VI.
II. S YSTEM M ODEL
We consider a down-link cellular system consisting of K
PUs spatially distributed under the coverage area of a primary
base station (PBS) as shown in Fig. 1. There are N ad hoc
SUs sharing the same spectrum band with the primary network
without introducing intolerant interference to PUs. In an ad
hoc secondary network, we assume that each SU transceiver
pair is co-located compared with its distance to other SU
transceiver pairs. This implies that an SU transmitter will have
significantly stronger transmission efficiency to its dedicated
receiver than other SU receivers. The sets of PUs and SUs
are denoted by K = {1, 2, . . . , K} and N = {1, 2, . . . , N },
respectively. We consider a practical scenario where there is no
direct information exchanged between SUs and PUs, but there
exists a common control channel [24] for SUs to communicate.

is the interference from other SUs. We define the utility of SU
n as its transmission rate
PrNn (p) = log (1 + γn ). Then we are to
maximize the sum rate n=1 rn (p), subject to a power budget
constraint 0 ≤ pn ≤ p̄n for every SU n ∈ N and an interference
constraint
N
X
pn gnk ≤ φ̄k ,
(2)
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for every PU k ∈ K. Here p = [p1 , p2 , . . . , pN ] denotes
vector of SUs’ transmit power, p̄n is the maximum transmit
power of SU n, and φ̄k is the maximum interference power
tolerable by PU k. From the expression of SINR (1) and the
interference constraint (2), we see that, accurate information
about SU-SU channel gain hnm is desirable to coordinate SUs’
transmissions (e.g., avoid power races), and SUs also require
accurate information about SU-PU channel gain gnm to ensure
reliable protection for PUs. The estimation of hmn can be
highly accurate as it is assisted by the information exchange
between SUs through the common control channel. However,
the estimation of gnk is very difficult as the PU receivers are
not obliged to feedback channel information to SU transmitters.

hNN

SU1

SU N
Fig. 1: System model.
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Fig. 2: SUs’ channel access in time slotted structure.

A. Channel Access Structure
SUs’ channel access is performed in a time slotted structure
with three phases as shown in Fig. 2. Normally, the channel
conditions change in a larger time scale, so we assume that
the time slot is short such that the channel conditions do not
change during a time slot. In the first phase TI , the SU senses
the channel and estimates the channel gain from SU transmitter
to PU receivers, through overhearing the feedback packets in the
reciprocal channel sent from PU receivers to PU transmitters.
However, the estimation of channel gain may be unreliable
due to limited observations of feedback packets. In the second
phase TII , SUs exchange their sensing information through the
common control channel. This information exchange enables
individual SU to estimate the aggregate interference power
at PU receivers. Given PUs’ interference constraints, each
SU performs power adjustment independently to maximize its
throughput performance, meanwhile avoid excessive interference to PUs. In the third phase TIII , SUs transmit with the
power obtained in phase TII .
B. Performance Metric
Let gnk denote the channel gain from SU transmitter n to PU
receiver k, and hmn the channel gain from SU transmitter m to
the SU receiver n. They are obtained in the first phase through
channel sensing and estimation. After information exchange
in the second phase, each SU will estimate the
PNaggregate
interference power at PU receiver k ∈ K as φk = n=1 pn gnk
given SU’s transmit power pn . The signal to interference and
noise ratio (SINR) at SU n ∈ N is given by
γn =

σn2 + πn +

pn hnn
PN

m=1,m6=n

pm hmn

,

(1)

where σn2 is the noise level received by SUPn, πn denotes the
N
interference from primary base station, and m=1,m6=n pm hmn

In fact, the channel gain gnm is a composite effect of smallscale fading and large-scale path loss, and is time-varying as
demonstrated in [3]. A classical modeling of its uncertainty
is to assume limited error distance between the actual SU-PU
0
channel gain gnk and its sample estimate gnk
(i.e., nominal
0
channel gain), i.e., |gnk − gnk
| ≤ εnk where εnk is the upper
bound of estimation error. However, the wireless channel is
highly dynamic and the instantaneous channel gain gnk would
0
be deviating largely from its sample estimate gnk
. In this
case, it will require a large error distance εnk to restrict its
fluctuating range. Nevertheless, a large error distance will make
this model rather conservative. In this work, we consider a new
method to estimate the uncertain channel gain, which is robust
against outlier sample points in channel measurements. Through
channel sensing and estimation, each SU collects a sequence
of channel samples and estimates a closed-form probability
distribution function of the channel gain by goodness-of-fit test.
Considering estimation errors, we only treat this estimate as
a reference distribution of the channel gain, while its actual
distribution may be different from the reference distribution.
Let fnk (x) represent the actual distribution of gnk through
long term observations or precise estimation, while reference
0
distribution fnk
(x) is a closed-form approximation based on
theoretic assumptions and simplifications. The distance DKL
0
from fnk (x) to its reference fnk
(x) is defined by the Kullback
0
Leibler
(KL)
divergence
[25],
i.e.,
DKL fnk (x), fnk
(x) =


0
(x) . Then, we can define the distriEfnk ln fnk (x) − ln fnk
bution uncertainty set of gnk as follows


0
Znk = fnk (x) | DKL fnk , fnk
≤ Dnk .
(3)
Distance limit Dnk imposes an upper bound to the distance
0
between fnk
(x) and fnk (x). When these two distributions are
similar to each other, the distance measure DKL is close to zero.
0
In practice, we can set fnk
(x) as a log-normal distribution [8]
and update it online according to the detection of new channel
information. In each channel measurement, SUs estimate a
0
closed-form channel gain distribution fˆnk
(x) and calculate its

KL divergence

with respect to the reference distribution. If
0
0
DKL fˆnk
, fnk
exceeds the distance limit Dnk , the channel
conditions may have significantly changed. In this case, SUs
0
0
need to replace fnk
(x) by the new estimation fˆnk
(x).
III. W ORST- CASE AGGREGATE I NTERFERENCE P OWER
To provide guaranteed protection for PUs from SUs’ interference, we require the worst-case aggregate interference power
at PU k ∈ K to be less than φ̄k . Then we simply revise
the
constraint (2) as its worst-case counterpart
PN interference
w
w
p
g
≤
φ̄
n
k where gnk denotes the worst-case estimation
nk
n=1
of channel gain gnk . For SU-PU interference channel, worstcase means the largest estimation of gnk , which will be studied
later in this Section. This new interference constraint provides
the highest protection for PU receivers as all SU-PU channels
are assumed to experience the worst-case conditions. From a
practical viewpoint, it is very conservative since hardly all
channels become worst at the same time. There may be an
arguably common observation that the fading effect could be
correlated in different channels. For example, when PU moves
from outdoors to indoors, all SU-PU channels become non-lineof-sight and have similar fading patterns. In this case, we think
that the overall spectrum environment has been significantly
changed and SUs have to re-build the distribution uncertainty
model (i.e., update the reference distributions for each SU-PU
channel).

k ∈ K, the estimation of aggregate interference power covers
a subset S of SU-PU channels with the worst-case channel
w
gain gnk
, while the leftover channels are in nominal conditions.
For different selection S ⊂ N , we always upper bound the
aggregate interference power by a prescribed threshold φ̄k . Note
that Γ is not necessarily an integer, the cardinality of set S is
bounded by bΓc and there are bΓc channels in their worstcase conditions. Besides, there is one additional channel from
SU l ∈ N to PU k experiencing “partially” the worst-case
condition, i.e., its channel gain equals to the worst-case channel
w
gain glk
scaled by the factional part Γ − bΓc. Therefore, we
have three terms in LHS of (4). The first term is the aggregate
interference from SUs with the worst-case channel conditions
and the third term is due to the SUs with nominal channel
conditions. The second term denotes the interference from SU l
with “partially” the worst-case channel gain. The combinatorial
selection of set S makes the interference constraint not easy to
handle. To bypass it, we have the following proposition.
Proposition 1: Introduce auxiliary variable µnk ≥ 0 and let
w
w
0
∆gnk
= gnk
− gnk
, then (4) is equivalent to the following
inequalities for all k ∈ K and n ∈ N :
N
X

n=1


0
µnk + pn gnk
≤ φ̄k


 

w
0
pn Γ∆gnk
+ gnk
+ 1 − Γ µnk
N
X

+

m=1,m6=n

A. Worst-case Selective Robust Model
Our worst-case selective robust model considers a tradeoff
between conservative protection for PUs and SUs’ performance
improvement by introducing a level of robustness Γ to control
the protection for PUs. This parameter allows us to select
a subset of SU-PU channels in the worst-case conditions to
estimate the aggregate interference power at PU receivers.
However, we do not rely on a specific selection of channels.
Instead, we restrict a total number of Γ channels in their
worst-case conditions. But the selection of channels can be
in any combinations (e.g., any Γ out of the total N SU-PU
channels). Interference violation may happen when the actual
number of channels in the worst-case conditions is greater
than the assumed Γ (i.e., mismatch happens in this case). By
setting different value of Γ, we can control the probability of
interference violation, thus control the level of robustness in
PUs’ protection. If PUs are sensitive to interference violations,
we set a larger Γ to provide enhanced protection for PUs.
Otherwise, a smaller Γ is admitted if PUs are tolerable to higher
interference. Note that, Γ = N corresponds to the most robust
case where all the SU-PU channels are assumed to be in the
worst-case conditions, while Γ = 0 corresponds to the least
robust case where all the SU-PU channel gains are taking their
nominal values.
Let S ⊂ N denote the set of selected SU-PU channels, the
robust PU protection requires that, for each PU receiver k ∈ K,
we have
X
X
w
w
0
pn gnk
+ pl glk
(Γ − bΓc) +
pn gnk
≤ φ̄k (4)
n∈S,n6=l

n∈N \S,n6=l

hold for any subset S ⊂ N and |S| = bΓc. Here N \S denotes
the set of channels in set N , not in set S. For each PU receiver

(5a)




0
µmk + pm gmk
≤ φ̄k . (5b)

Proof: We associate each channel with a variable ωnk ∈
[0, 1] to indicate whether it is selected (ωnk = 1), partially
selected (0 < ωnk < 1)1 , or not selected (ωnk = 0) in set
S. Therefore, each selection of set S in (4) will correspond to
a different indicator vector ω k = [ω1k , ω2k , . . . , ωN k ]. Then,
constraint (4) is equivalent to the following inequality:
N
X
n=1


0
w
w
pn gnk
+ ωnk
∆gnk
≤ φ̄k ,

∀k ∈ K,

(6)

w
w
w
where ω w
k = [ω1k , ω2k , . . . , ωN k ] is the solution to the maximization problem as follows:

max
ωk

s.t.

N
X
n=1
N
X
n=1



0
w
pn gnk
+ ωnk ∆gnk
ωnk ≤ Γ and 0 ≤ ωnk ≤ 1,

(7a)
∀n ∈ N . (7b)

It is clear that, for such a linear program, the optimal solution
ωw
k will have bΓc entries at 1 and one entry at Γ − bΓc, while
all other entries are zeros. Introducing non-negative Lagrange
multipliers λk , znk , and µnk associated with three inequalities
in (7b), respectively, the Lagrange function is given by
Λ1 =

N
X


0
µnk + pn gnk
+ λk Γ

n=1

+

N
X
n=1



w
ωnk pn ∆gnk
− λk − µnk + znk .

1 For an SU-PU channel corresponding to the second term in LHS of (4), we
call it partially selected in set S.

To solve the dual problem minλk ,µnk ,znk maxωnk Λ1 , we require
w
pn ∆gnk
− λk − µnk + znk = 0 for n ∈ N in the unconstrained
w
primal problem maxωnk Λ1 , which implies pn ∆gnk
− λk −
µnk = −znk ≤ 0. Therefore, we get the equivalent dual
problem as follows:
min

λk ,µnk

s.t.

N
X

0
pn gnk

+ λk Γ +

n=1

N
X

µnk

w
pn ∆gnk
− λk − µnk ≤ 0,

λk ≥ 0,

(8a)

n=1

µnk ≥ 0,

∀n ∈ N

∀n ∈ N .

(8b)
(8c)

By strong duality, the objective in (8a) achieves the same
objective
Substituting
(8a) into (6), we have

PNvalue with (7a).
0
λk Γ+ n=1 µnk + pn gnk
≤ φ̄k . Eliminating λk in (8b)-(8c),
we readily obtain the equivalence in (5a)-(5b).
B. Estimating Worst-case Channel Gain
Inequalities (5a) and (5b) define linear constraints of SUs’
transmit power pn and µnk , which will be easy to handle.
To proceed, we require the knowledge of worst-case g w
n =
0
0
0
w
w
w
]
, gn2
, . . . , gnK
] and nominal g 0n = [gn1
[gn1
, gn2
, . . . , gnK
channel gains to different PU receiver k ∈ K. This can be
obtained distributively at each SU by overhearing the channels
from PU transmitters to SU receivers. Note that, the nominal
0
is simply the time average of all channel
channel gain gnk
samples in a sensing period, while the worst-case channel gain
w
gnk
means the largest value of Efnk [gnk ] when fnk (x) is subject
to the distribution uncertainty set Znk defined in (3). Thus, the
w
worst-case channel gain gnk
can be obtained by solving the
following problem,
max
fnk

s.t.

Efnk [x]


0
Efnk log fnk (x) − log fnk
(x) ≤ Dnk

(9a)
(9b)

Note that g is arbitrary, this implies ν > 0 and x−ν log fnk (x)+
0
ν log fnk
(x) − τ − ν = 0. Therefore, the worst-case channel
exp( x )
w
0
gain distribution is given as fnk
(x) = fnk
(x) exp 1+ν τ . Then,
( ν)

by the normalization
requirement
(9c),
we
have
exp
1 + τν =

R 0
x
Σ(ν)
fnk (x)
 ,
 exp ν dx. Therefore, we can set τ =
w
ν log Σ(ν) − 1 and the worst-case distribution fnk
(x, ν) is
merely parameterized by ν, which should satisfy one of the
Karush-Kuhn-Tucker (KKT) conditions as follows:

w
0
DKL fnk
, fnk
| ν − Dnk = 0.
(10)
Now, we need to find a positive solution ν ∗ for (10). Though
a direct solution is not possible, Lemma 1 in [26] ensures
w
0
that the parameterized distance DKL fnk
, fnk
|ν is monotonically decreasing with respect to ν, which implies a bisection
method to search for ν ∗ ∈ [νmin , νmax ]. The complexity of
bisection method
 mainly depends on the number of iterations
min
.
log νmax −ν

IV. D ISTRIBUTED S OLUTION VIA G AME M ODELING
Based on the relaxed interference constraints (5a)-(5b) and
the estimations of channel gain (g 0n , g w
n ), SUs’ robust power
control problem is to maximize their sum throughput as follows:
max
p,µ

N
X


log 1 +

n=1

σn2 + πn +

pn hnn
PN

m=1,m6=n


pm hmn

(11a)

s.t. (5a) and (5b)
µnk ≥ 0,

∀n ∈ N , k ∈ K

0 ≤ pn ≤ p̄n ,

∀n ∈ N .

(11b)
(11c)

This formulation gives a flexible way to control the protection
for PUs by tuning the level of robustness Γ. However, it is nonconvex and NP-hard as proved in [27] due to the non-concavity
Constraint (9b) requires that the distribution of gnk has a limited
of the objective function (11a). Determination of its exact
0
distance to its reference distribution fnk
(x). Constraint (9c)
solution relies on either exhaustive or more intelligent search in
is a normalization requirement that enforces fnk (x) to be a
the feasible space (e.g., polyblock approximation or branch and
valid probability distribution function. Note that objective (9a)
bound techniques [28]), which are computationally prohibitive
and constraint (9c) are linear (thus convex) in terms of the
and typically slow even with small problem size. Therefore, it is
uncertain distribution fnk (x). The constraint on KL divergence
preferable to design efficient suboptimal algorithms. Moreover,
(9b) can also be verified as convex. Specifically, let θ ∈ [0, 1]
problem (11a)-(11c) requires coordinations of the secondary
(θ)
(1)
(2)
and fnk (x) = θfnk (x) + (1 − θ)fnk (x), we have
network to maximize the overall throughput performance, which
"
!#
(1)
(2)
however may sacrifice individual SU’s satisfaction.

θfnk (x) + (1 − θ)fnk (x)
(θ)
0
DKL fnk , fnk
= Ef (θ) log
In fact, SUs are rational and selfish, aiming to maximize
0
0
nk
θfnk (x) + (1 − θ)fnk (x)
their
own throughput. In the following, we present an iterative


(1)
(2)
0
0
solution via a game theoretic modeling, which is distributed
≤ θDKL fnk , fnk
+ (1 − θ)DKL fnk , fnk
in nature and easy to implement. To compare SUs’ throughput
according to the log-sum inequality [25].
fairness in the centralized method for (11a)-(11c) and the proThe convexity of problem (9a)-(9c) implies that we can
posed game theoretic method, we introduce the Jain’s fairness
achieve the same optimum objective by solving its dual probindex [23] as follows:
lem. Introducing Lagrange multipliers ν ≥ 0 and τ to con!2 ,
!
straints (9b) and (9c),
N
N
X
X
 respectively, we obtain0 its Lagrange


function Λ2 = Efnk x − ν log fnk (x) − log fnk (x) − τ +
F(r) =
rn
N
rn2 .
νDnk + τ . The Gateaux derivative [26] of Λ2 with respect to
n=1
n=1
fnk in the direction of an arbitrary function g is given by
1
It ranges from N in the worst case (i.e., most unfair) to 1 in
1
the
best case (i.e., most fair). The maximum is achieved when
∇fnk Λ2 = lim [Λ2 (fnk + tg) − Λ2 (fnk )]
t→0 t
all
SUs
have the same throughput and the minimum N1 implies


0
= Eg x − ν log fnk (x) + ν log fnk
(x) − τ − ν .
that only one SU is actively transmitting.
Efnk [1] = 1.

(9c)

A. Non-cooperative Game Modeling
We define the power control
game as a tuple Cg =

N , {Pn }n∈N , Ω, {Jn }n∈N . From the optimization problem
in (11a)-(11c), we find that, for each SU n ∈ N , its strategy
includes the transmit power pn and µn = [µn1 , µn2 , . . . , µnK ].
Let Pn denote the orthogonal set of xn = [pn , µn ]T defined
in (11b)-(11c). From the proof of Proposition 1, the decision
w
variable µn can be viewed as a price if gnk
is not selected in
set S to estimate PU’s aggregate interference power. Besides,
SUs’ strategies are coupled in (5a)-(5b). Let ϕ(x) ≤ 0 denote
the constraints in (5a) and (5b) for brevity and the coupled set as
Ω = {x
T| ϕ(x) ≤ 0}, then the strategy space of SU n is given
by Pn Ω. Driven by self interest, each SU n ∈ N intends to
minimize a convex cost function Jn (xn , x−n ) = −rn (pn , p−n )
where x−n = [x1 , . . . , xn−1 , xn+1 , . . . , xN ] denotes other
SUs’ strategy profile.
Definition 1: T
Given SUs’ strategy profile x, a new strategy
x+
(x
)
∈
P
Ω is a better response than the current strate−n
n
n
∗
gy xn of SU n if Jn (x+
n , x−n ) ≤ Jn (xn , x−n ), and xn (x−n )
∗
is the best response
of SU n if Jn (xn , x−n ) ≤ Jn (xn , x−n ) for
T
any xn ∈ Pn Ω. The strategy profile x∗ is a Nash Equilibrium
if every SU takes its best response.
From the definition of Nash Equilibrium, every SU n will
achieve its optimum in a constrained optimization problem, given other SUs’ strategy profile x−n and the network information
(g 0n g w
n ). The local optimization problem at individual SU is
given as follows:
min

Jn (xn , x−n )

(12a)

s.t.

ϕ(xn , x−n ) ≤ 0

(12b)

xn

An xn ≤ bn ,
(12c)
h
T iT
−1 1 0
and bn =
where coefficients An =
0 0 −1


0 p̄n 0T
are properly defined according to (11b) and
(11c). Here 0 denotes zero vector and 1 is an identity matrix
of proper size. Note that, SU’s cost function Jn (xn , x−n ) is
additive inverse of the transmission rate rn . Since SUs’ transmit
power p is coupled in rn , the cost function is not necessarily a
convex function of p. However, in the distributed game model
with fixed x−n , the cost function Jn (xn , x−n ) is only a function
of pn . By the definition of rn in Section II.B, we can verify that
Jn (xn , x−n ) is convex in terms of pn . By the KKT optimality
conditions, there exist non-negative multipliers sn and q n such
that
∇xn Jn (x) + ATn sn + ∇xn ϕ(x)T q n = 0.
(13)
The existence of Nash Equilibrium x∗ that satisfies (13) for
all T
n ∈ N can be guaranteed by [29] as the strategy space
Pn Ω defines a convex set. However, the uniqueness of Nash
Equilibrium is generally not guaranteed and largely depending
on the properties of Jn (xn , x−n ). In the following, we relate
the uniqueness of Nash Equilibrium to the study of diagonal
convexity of SUs’ objective functions.
B. Uniqueness of Nash Equilibrium
Definition 2: Let J (x) = [J1 (x), . . . , JN (x)]T and
T
Dx J (x) = [∇x1 J1 (x), . . . , ∇xN JN (x)] . J (x) is strictly
diagonal convex if

T 

x(1) − x(2)
Dx J (x(1) ) − Dx J (x(2) ) > 0,
(14)

for any x(1) and x(2) in the feasible set of J (x).
Lemma 1: If J (x) is strictly diagonal convex, game Cg has
unique Nash Equilibrium, at which a common multiplier q =
q 1 = . . . = q N exists such that (13) holds for all n ∈ N .
This Lemma is directly drawn from Theorem 4 in [29]. In
the following, we first identify the condition to achieve strictly
diagonal convexity, and then design an iterative algorithm to
achieve the unique Nash Equilibrium.
PN
Proposition 2: Suppose we have hnn > m=1,m6=n hmn for
any SUs n ∈ N , the game Cg has unique Nash Equilibrium.
Proof: By Lemma 1, the proof needs to show that J (x)
is strictly diagonal convex. We first simplify the condition
(14) to shed some light on its implication. Let ∆Dx J =
T

x(1) − x(2)
Dx J (x(1) ) − Dx J (x(2) ) for brevity. We
have ∇xn Jn (x) = [∂Jn (p)/∂pn , 0, . . . , 0]T and
N 
X

  ∂J (p(1) ) ∂J (p(2) ) 
n
n
−
.
∆Dx J =
−
∂p
∂pn
n
n=1
(15)
Let ϕn (t) = ∂Jn (pt )/∂pn and pt = tp(1) + (1 − t)p(2) ,
then ∂Jn (p(1) )/∂pn − ∂Jn (p(2) )/∂pn = ϕn (1) − ϕn (0) =
dϕn (t)/dt for some t ∈ [0, 1]. Note that dϕn (t)/dt =
PN ∂ 2 Jn (pt ) (1)
(2)
k=1 ∂pn ∂pk (pk − pk ), substituting it into (15), we have
p(1)
n

N X
N
X

p(2)
n

∂ 2 Jn (pt )
∆pm = ∆pT ∇p J ∆p,
∂p
∂p
n
m
n=1 m=1
(16)
(2)
(1)
where ∆pn = pn − pn and ∇p J denotes the Jacobian matrix
of Dx J with respect to p. Therefore, the strictly diagonal
convexity (14) implies a positive definite Jacobian matrix ∇p J .
The following proof needs to show the positive definiteness of
∇p J , which has diagonal and off-diagonal elements as follows:
∆Dx J =

∆pn

∂ 2 Jn (p)
∂p2n

=

∂ 2 Jn (p)
∂pn ∂pm

=

h2nn




π̄n +

PN

m=1

hmn pm

2

hnn hmn
2 ,
PN
π̄n + m=1 hmn pm

(17)

(18)

where π̄n = σn2 + πn denotes the background noise received by
SU n when all other SUs are not transmitting.PLooking at the
N
row elements of matrix ∇p J , when hnn > m=1,m6=n hmn
for n ∈ N , we have
PN
N
X
hnn m=1,m6=n hmn
∂ 2 Jn (p)
∂ 2 Jn (p)
>
=
,


2
PN
∂p2n
∂pn ∂pm
m=1,m6=n
π̄n + m=1 hmn pm
which implies that ∇p J is strictly diagonally dominant. Moreover, all elements in ∇p J are real values and the diagonal elements ∂ 2 Jn (p)/∂p2n are positive. Therefore, we have ∇p J  0
which guarantees the uniqueness of Nash Equilibrium.
Proposition 2 implies that Nash Equilibrium is unique if
each SU transmitter has larger channel gain (i.e., dominant
transmission efficiency) to its dedicated receiver than the sum
of channel gains from other SU transmitters. This requirement
is easily satisfied in an ad hoc secondary network where colocated SU transmitter has much shorter distance to its dedicated
receiver than the distances to other SU transmitters. However, in
some other cases with dense SU deployment, SUs incur strong

interference to each other and the dominant transmission efficiency is not guaranteed, then SUs may reduce their maximum
transmit power to ensure unique Nash Equilibrium, which we
will elaborate as follows.
Proposition 3: Define a square matrix Z, its diagonal and
h2
off-diagonal elements are given by znn =
PN nn
2
(π̄n + m=1 hmn p̄m )
and zmn = − hnnπ̄h2mn for m 6= n, respectively. If matrix Z is
n
positive semi-definite, i.e., Z  0, the game Cg has a unique
Nash Equilibrium.
Proof: The proof is straightforward by showing ∆Dx J >
0. By the construction of matrix Z, we have ∂ 2 Jn (p)/∂p2n ≥
znn and ∂ 2 Jn (p)/∂pn ∂pm < −zmn , then


N
N
2
t
2
t
X
X
∂
J
(p
)
∂
J
(p
)
n
n

∆p2n
−
|∆pn ∆pm |
∆Dx J ≥
2
∂p
∂p
∂p
n
m
n
n=1
m=1,m6=n


N
N
X
X
|∆pn |2 znn +
>
|∆pn ||∆pm |zmn 
n=1

m=1,m6=n

= |∆p|T Z|∆p| ≥ 0.
The last inequality holds when matrix Z is positive semidefinite.
Note that matrix Z involves SUs’ maximum transmit power
p̄n , as well as the channel gain hkn between SU transceivers and
the received background noise π̄n . Since hmn and π̄n are known
to SUs and can be considered as invariant. So Proposition
3 actually restricts SUs’ maximum transmit power to ensure
uniqueness of Nash Equilibrium. As an illustration, we consider
a two-user case. The maximum transmit power are denoted by
p̄1 and p̄2 , respectively. We find that a set of linear inequalities
as follows

q
 



h11
π̄1
−
1
h11 h21
p̄1
h
q 21
 ,
≤
h22
h12 h22
p̄2
π̄2
−
1
h12
gives a sufficient condition to ensure Z  0. Therefore, the
power control game Cg has unique Nash Equilibrium if we
set SUs’ maximum transmit power as a solution to the above
inequalities.

Algorithm 1 Distributed Power Control Game
Set t = 0 and fix an initial value for multiplier q t
Start from any SU n ∈ N , acquire x−n and (g 0n , g w
n)
Update stn = arg mins≥0 ||∆xtn (x, s, q t )||
= xtn + αt ∆xtn where ∆xtn is given in (19)
Update xt+1
n
SU n broadcasts ∆xtn and (g 0n , g w
n ) to its neighbors
6: If SU n collects all ∆xtn from its neighbors, then updates
q t = arg minq≥0 ||∆xt ||
7: Stop if Nash equilibrium is achieved, otherwise
8: Set t = t + 1 and go to step 2

1:
2:
3:
4:
5:

Phase II : Distributed Power Control

Robust Power Control Game

tm

tc
SUs' Competition

tu

ts
Information Sharing

Fig. 3: Implementation in a time slotted frame structure.

C. Distributed Algorithm Design
A non-cooperative game model is distributed in nature and
can achieve Nash Equilibrium through iterative best response
update, i.e., SUs take turns to update their best response
strategies as the solution to (12a)-(12b), assuming other SUs’
strategy profile is fixed. By the Lagrangian method, we expect
that a new strategy xt+1
is a better response if it is updated as
n
t
t
t
where
xt+1
=
x
+
α
∆x
n
n
n
∆xtn = −∇xn Jn (xtn , xt−n ) − ATn stn − ∇xn ϕ(x)T q t

is a least squares problem. The iterative process is formally
outline in Algorithm 1. The algorithm first keeps the common
multiplier q t unchanged while updates stn to minimize the norm
of ∆xtn . When the process runs over all SUs, there will be
an SU updating the common multiplier q t after collecting all
the information from other SUs. The update of q t is still to
minimize the norm of ∆xt . So we see the diminishing of
||∆xt || to zero as t approaches infinity. Since Nash Equilibrium
x∗ is unique, SUs’ strategy x will converge to x∗ . Compare
with NP-hardness of the maximization problem (11a)-(11c),
the complexity of Algorithm 1 is significantly reduced as each
SU in the iteration solves a local convex optimization problem
in polynomial time. The convergence to Nash equilibrium is
guaranteed and we practically observe finite number of iterations. Besides, the game modeling naturally bears a distributed
implementation, which is more preferable than a centralized
search method for problem (14a)-(14c).

(19)

and αt is the step size. Here we set q t the same for all SUs to
achieve the unique Nash Equilibrium as dictated in Proposition
1. The choice of sn and q firstly needs to satisfy the complementary slackness conditions. That is, sn,i = 0 if ain xn < bin
and sn,i ≥ 0 if ain xn ≥ bin , where ain and bin denote the i-th
row of An and bn , respectively. Similarly, qi = 0 if ϕi (x) < 0
and qi ≥ 0 if ϕi (x) ≥ 0, where ϕi (x) denotes the i-th coupled
constraint in (12b). Secondly, the choice of sn and q needs to
minimize the norm of ∆xt = [∆xt1 , ∆xt2 , . . . , ∆xtN ], which

The implementation of Algorithm 1 is scheduled in the
second phase of a time slot, where we have to coordinate SUs’
actions such that there is at most one SU updating its strategy
at any iteration. This coordination is even complicated when
SUs randomly join or leave the power control game. So it is
impractical to assign each SU a predefined sequence number
to update its strategy. Instead, we design a contention-based
mechanism in the common control channel to allocate time
slices for participating SUs to update their strategies. As shown
in Fig. 3, a time slice contains three functional parts. In the first
part tc , SUs compete for the time slice by initiating a random
back-off timer (i.e., multiples of the mini-slot tm shown in Fig.
3). When an SU’s back-off timer expires firstly and the channel
is still sensed free, the winning SU will notify other SUs by
broadcasting a Ready-to-Update (RTU) packet to reserve the
time slice for its strategy update. If collision happens in channel
competition, the conflicting SUs will reset their back-off timers
and delay their attempts to update strategies. In the second
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Fig. 4: Dynamics of Algorithm 1 with N = 3 SUs and K = 3 PUs.

part tu , the winning SU updates Lagrange multipliers (st , pt )
and its strategy xt+1
in Algorithm 1. In the third part ts , the
n
SU will broadcast a Complete-Strategy-Update (CSU) packet to
share its new strategy and sensed network information with its
neighboring SUs. Once receiving the CSU packet, SUs become
active again to compete for the next time slice. An SU newly
joining the game also needs to listen the CSU packets for some
periods. This will help the new SU synchronize information
with the existing secondary network.
V. N UMERICAL R ESULTS
In this section, we evaluate the proposed robust power
control algorithm through numerical experiments. We consider
a cognitive radio network with 3 SUs randomly distributed in
the coverage area of a primary base station providing down-link
data streaming to 3 PU receivers. The maximum transmit power
of SUs is set to 5 mW. Each PU has the same interference
threshold φ̄ = φ̄1 = . . . = φ̄K = −40 dBm. The mean
path loss is given as cd−e where d is the distance between
transceivers, c and e denote the propagation constant and
propagation exponent, respectively. Without loss of generality,
the primary and the secondary networks are assumed to have
the same signal propagation models. We set c = 2 and e = 3.5
the same for each link, and the channel gains between SUs
and PUs are log-normal random variables with zero mean and
a standard derivation of 5dB [14]. In practice, the log-normal
assumption may be not valid and we set the distance limit as
Dnk = 0.03 [30] to account for the distribution uncertainty.
A. An Example of the Distributed Algorithm
We first check the dynamics of SUs’ transmit power and
PUs’ interference. Each line in Fig. 4 represents the dynamics
of an SU’s transmit power or a PU’s interference power. We
set Γ = 1 and test the power control algorithm with two
different initial transmit power vectors (i.e., p01 = [1, 1, 1] mW
and p02 = [0, 0, 0] mW, respectively). Every two lines of the
same type in Fig. 4(a) correspond to the same SU transmitter
but having different initial transmit power. Clearly we can see
the convergence of SUs’ transmit power to fixed power levels.
Due to SUs’ competition and different channel conditions,
the convergent power levels vary at different SU transmitters.
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140
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Fig. 5: Dynamics of Algorithm 1 with N = 8 SUs and K = 8 PUs.

Correspondingly in Fig. 4(b), we depict the aggregate interference power at PU receivers when the SU-PU channel matrix
G = [gnk ]n,k (in dB) is given as follows

−50 −43 −45
G =  −45 −44 −45  .
−42 −41 −43


(20)

Each element gnk in G denotes the channel gain from SU n to
PU k, therefore the above channel matrix implies that PU2 is
the most vulnerable node to SUs’ transmissions. Note that each
PU receiver is tolerable to a maximum interference power at
φ̄ = −40 dBm, which is denoted by the red dotted line in Fig.
4(b). We can observe that, when SUs’ transmit power achieves
the equilibrium point, no PU perceives excessive interference
higher than φ̄. In fact, there is one PU receiver (i.e., PU2 ) that
receives nearly the maximum interference. As the interference
constraint (4) requires every PU to be well protected against
the interference threshold φ̄, the interference constraint will be
active for the most vulnerable PU receiver (i.e., PU2 ) while
inactive for other PU receivers (i.e., PU1 and PU3 ). Similarly,
Figs. 5(a) and 5(b) plot the dynamics of SUs’ transmit power
and the interference at PU receiver for N = 8 SUs and K = 8
PUs, respectively, showing the convergence of Algorithm 1. For
ease of presentation, we do not distinguish individual SUs and
PUs in Fig. 5. Note that the number of iterations required to
achieve convergence does not increase significantly when the
number of SUs/PUs increases from 3 to 8.
In a practical case, there may be multiple SUs joining or
leaving the power control game randomly. To guarantee the
convergence of the algorithm, we require that the dynamics
of SUs’ behavior and the change of spectrum environment are
slower than the speed to achieve a Nash Equilibrium through
Algorithm 1. As shown in Fig. 6, we record the power trace of
4 SUs when they join and leave the game at different simulation
time (e.g., SU1 and SU2 are initially active in the power control
game. SU3 and SU4 join in the game at simulation time 200,
then SU1 and SU3 leave the service area at simulation time
400). The granularity of the simulation time is defined as the
time period required to calculate and update an SU’s strategy,
i.e., a time slice tc + tu + ts as illustrated in Fig. 3.
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Fig. 8: Throughput fairness index is higher in the distributed method.
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B. Compare with a Centralized Solution for (11a)-(11c)
Besides the transmit power pn , each user n also updates a
vector of dual variables µn = [µn1 , µn2 , . . . , µnK ]. We plot the
dynamics of µ1 for SU1 in Fig. 7. Note that the dual variable
µnk corresponding to one PU k will stabilize at the same level
for different SUs n ∈ N . However, the proof of Proposition 1
implies that the convergent point of this game-theoretic method
is not necessarily an optimal solution to the original problem
(11a)-(11c). Looking at the problem (7a)-(7b) and its dual (8a)(8c), we have µnk = 0 whenever ωnk < 1 by complementary
slackness, i.e., µnk (1 − ωnk ) = 0. Furthermore, it is easy to
check from the proof of Proposition 1 that, the optimal weight
∗
ωnk
is either 0 or 1 for some integer 0 ≤ Γ ≤ N . In our case,
we set Γ = 1 and K = 3, therefore we will only have one
positive weight ωnk and consequently two zero dual variables
µnk . However, this is obviously not the case in Fig. 7. That
means, the centralized problem (11a)-(11c) will have a higher
sum throughput than the proposed game-theoretic method.
In a decentralized network, we may be more concerned about
the fairness in allocating transmission opportunity among all
SUs. Note that problem (11a)-(11c) is non-convex, we find
its solution by exhaustive search in the numerical evaluation
and compare it with the solution obtained in Algorithm 1. In
Fig. 8, we plot SUs’ throughput fairness index in these two
methods, respectively. We run the simulation for 100 times
with randomly generated channel matrices H = [hmn ]m,n and
G = [gnk ]n,k . The randomness of channel matrices can be
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Fig. 9: Average transmit power is higher in the distributed method.

viewed as an emulation of different network topology, e.g., a
larger channel gain hmn implies a closer distance between SU
m and n. We observe that, the fairness index of the centralized
method equals to 1/3 in all the simulation runs which implies
only one SU actively transmitting at the optimum of problem
(11a)-(11c), while the average fairness index of the distributed
method is high up to 0.7 which means that SUs achieved a well
balanced throughput performance.
In Fig. 9, we show SUs’ average transmit power in the
100 simulation runs. The black (solid and dotted, respectively)
curves in Fig. 9 denote SUs’ average transmit power in the
centralized and distributed methods, respectively. While the red
(solid and dotted, respectively) curves are the moving average of
SUs’ average transmit power over different network topology.
From the red curves, we observe that SUs’ average transmit
power in the distributed method is slightly increased compared
to that in the centralized method. This increase can be viewed
as the cost incurred by SUs’ competition due to lack of a
centralized controller.
C. Level of Robustness
In the robust power control game, there is a controllable
parameter Γ to adjust the level of protection for PUs. It sets a
limit on the total number of worst-case SU-PU channels in the
estimation of PUs’ aggregate interference power. When Γ equals
to the number of SUs, the estimation of worst-case aggregate
interference is the sum of worst-case interference introduced
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Fig. 12: Average transmit power decreases with the increase of Dnk .

−39

observe that, in order to guarantee the same level of protection
for PU receivers, SUs have to lower the transmit power when
the channel bears larger uncertainty as Dnk increases.
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Fig. 11: Interference power at PU receivers.

by every active SU transmitter. It becomes a similar version
of the worst-case robust model in [21] and [22]. When Γ is
approaching zero, the robust power control problem (11a)-(11c)
is actually degenerated to the nominal power control problem,
0
in which the channel gain gnk
is deterministic and fixed. In
Fig. 10, we show SUs’ transmit power with different level
of robustness Γ. We observe that, with a larger Γ, the SUs
need to reduce their transmit power in average to maintain
the same level of protection for PUs. Therefore, our method
can potentially increase SUs’ performance compared with the
robust model in [21] and [22]. When transmit power changes
at different SU transmitters, the interference at PU receivers
also experiences a turnover as shown in Fig. 11. Initially,
PU2 receives the maximum interference power φ̄. But when
Γ > 1, PU3 becomes the most vulnerable node and receives the
maximum interference power.
To illustrate how the size of uncertainty set affects the
dynamics of SUs’ transmit power, we test the algorithm for
different values of distance limit Dnk . Larger distance limit
means that we have less confidence in channel estimation, i.e.,
the channel gain distribution may be very different from its
reference distribution in terms of KL divergence. A typical value
of Dnk is investigated in [14]. Without lose of generality, we
assume all SU-PU channels bearing the same level of channel
fluctuations, thus the distance limit Dnk is the same for all
n ∈ N and k ∈ K. By varying Dnk from 0.01 to 0.06, we
study its effect on SUs’ transmit power as shown in Fig. 12. We

In this paper, we study SUs’ power control problem with a
robust consideration for PUs’ protection. We propose a robust
model to deal with two kinds of practical difficulties. Firstly,
the channel gain from SUs to PUs is subject to estimation
errors and we characterize it in a distribution uncertainty model.
Secondly, the robust protection for PUs needs to strike a balance
between conservatism and performance. We introduce the level
of robustness to enable a more flexible control of the aggregate
interference power at PU receivers. To facilitate a distributed
implementation of the power control algorithm, we propose a
game-theoretic modeling with coupled interference constraints.
We show the existence and uniqueness of Nash Equilibrium
under mild conditions. We also design a distributed algorithm
that is proved to achieve the equilibrium, and shed some light on
the design of frame structure to implement the proposed power
control algorithm.
The proposed robust model and the game-theoretic approach
can be extended to the multi-antenna case, but there are some
interesting issues worth mentioning for the extension. We can
still use the worst-case selective robust model to estimate the
aggregate interference at PU receivers, but the selection of
channels now becomes the selection of SUs in multi-antenna
case. To estimate an SU’s worst-case interference, we can
employ an elliptical uncertainty set similar to [20]–[22] since
multiple antennas of the same SU are close-by and correlated.
Therefore, we can combine the worst-case selective robust
model (which accounts for SUs’ independence at different
spatial locations) and the elliptical uncertainty model (which
accounts for correlated antennas of the same SU) in multiantenna case.
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