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Entanglement witness via symmetric two-body correlations
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We construct an entanglement witness for many-qubit systems, based on symmetric two-body correlations
with two measurement settings. This witness is able to detect the entanglement of some Dicke states for any
number of particles and such detection exhibits some robustness against white noise and thermal noise under
the Lipkin-Meshkov-Glick Hamiltonian. In addition, it detects the entanglement of spin-squeezed states, with a
detection strength that approaches the maximal value for sufficiently large numbers of particles. As spin-squeezed
states can be experimentally generated, the properties of the witness with respect to these states may be amenable
to experimental investigation. We show that while the witness is unable to detect Greenberger-Horne-Zeilinger
(GHZ) states, it is instead able to detect superpositions of Dicke states with GHZ states.
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I. INTRODUCTION

Quantum entanglement has been a useful resource for a
number of interesting applications such as quantum cryp-
tography [1], quantum teleportation [2], and even quantum
error correction [3]. In order to study the role of quantum
entanglement in many of these applications, a variety of
measures has been introduced to detect or quantify entangle-
ment, including concurrence, the Peres-Horodecki criterion,
negativity, localizable entanglement, geometric measures, and
entanglement witnesses [4–8]. In recent years, the study of
quantum entanglement has been extended to the description
and understanding of quantum many-body systems in con-
densed matter physics. Some techniques for investigating
multipartite entanglement in such systems include the use
of concurrence in symmetric states [9] or spin-squeezing
inequalities [10–14].

In a recent work, Tura et al. [15] derived a class of Bell
inequalities [16] for multipartite systems based on symmetric
one- and two-body correlations. Such considerations are useful
since one- and two-body correlators are more easily accessible
experimentally as compared to higher-order correlations.
These Bell inequalities serve therefore as an important tool
to demonstrate that some entangled states exhibit behavior
that cannot be described by local realistic models. However,
it is known that not all entangled states are able to violate
Bell inequalities directly [17], and the precise details of
the relationship between entanglement and Bell inequality
violation are still being characterized [18]. In this work we use
symmetric two-body correlations to provide an entanglement
witness and characterize some of its properties. In particular,
it is able to detect the entanglement of some states that can
be experimentally generated, including symmetric states such
as spin-squeezed states and Dicke states [14,19–24]. This
casts some light on the relationship between spin-squeezing
inequalities and the Bell inequalities proposed by Tura et al.
[15].

This paper is organized as follows. In Sec. II we intro-
duce the multipartite entanglement witness with two-body

correlations. In Sec. III we study the relation between the
entanglement witness and the classical polytopes and discuss
differences between the cases of odd and even numbers of
qubits. In Sec. IV we show that the ground states of the
Lipkin-Meshkov-Glick (LMG) Hamiltonian are detected by
the entanglement witness and discuss the detection of thermal
states associated with the LMG Hamiltonian. In Sec. V we
consider the states that are most strongly detected by the
entanglement witness and show that spin-squeezed states
come close to fulfilling this property. In Sec. VI we consider
detection of superpositions of Dicke states with Greenberger-
Horne-Zeilinger (GHZ) states using the witness. Finally, we
summarize our result in Sec. VII with some brief remarks.

II. MULTIPARTITE ENTANGLEMENT WITNESS

An entanglement witness refers to an operator W that has
non-negative expectation value Tr(Wρsep) � 0 for all separable
states ρsep and negative expectation value Tr(Wσ ) < 0 for at
least one state σ . Any state that has a negative expectation
value with respect to W must therefore be entangled. An
entanglement witness is referred to as optimal if there exists a
separable state ρsep such that Tr(Wρsep) = 0.

We consider a system of N qubits with a choice of two
possible measurements on each particle

M
(i)
0 = σ (i)

z , M
(i)
1 = sin θ σ (i)

x + cos θ σ (i)
z . (1)

Following the work by Tura et al. [15], we construct an
entanglement witness based on terms that are symmetric under
all permutations of the particles. In particular, we define the
symmetric two-body correlations S00, S01, and S11, where

Sab =
N∑

i,j = 1
i �= j

M (i)
a M

(j )
b . (2)

The expectation values of these symmetric two-body correla-
tions go to zero for the maximally mixed state I/2N .
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These symmetric two-body correlations can then be used
to construct an entanglement witness. We do so by showing
(Appendix A) that for all separable states, the expectation
values satisfy the inequality

α

2
〈S00〉 + β〈S01〉 + γ

2
〈S11〉 � F (α,β,γ,θ ),

F (α,β,γ,θ ) = max{−Nλz,(N
2 − N )λx},

(3)

where

λz = 1
2

[
Azz + Axx −

√
(Azz − Axx)2 + A2

zx

]
,

λx = 1
2

[
Azz + Axx +

√
(Azz − Axx)2 + A2

zx

]
, (4)

with

Azz = α

2
+ β cos θ + γ

2
cos2 θ,

Azx = β sin θ + γ

2
sin 2θ,

Axx = γ

2
sin2 θ.

(5)

By defining the operator

A(θ ) = I −
α
2S00 − βS01 − γ

2 S11

F (α,β,γ,θ )
, (6)

we obtain an entanglement witness. The expectation value
of this operator for all separable states is positive. For the
even-N case, the inequality in Eq. (3) is tight, meaning that
it is saturated by at least one separable state (Appendix A).
Therefore, the entanglement witness A(θ ) is optimal in the
even-N case and there exists a separable state such that
〈A(θ )〉 = 0. On the other hand, when N is odd, the inequality
is not tight and thus A(θ ) is not an optimal entanglement
witness for odd N . As the value of N increases, however, the
entanglement witness becomes increasingly close to optimal
for odd N .

Any scalar multiple of A(θ ) is also an entanglement witness,
though the normalization in Eq. (6) is chosen such that
〈A(θ )〉 = 1 for the maximally mixed state. This choice of
normalization allows us to directly determine the robustness
of entanglement detection against white noise, in that if
some entangled state σ has a negative expectation value
〈A(θ )〉 = −Q, then adding white noise to the state in the form

σnoise = (1 − P )σ + P
I

2N
(7)

causes the value of 〈A(θ )〉 to become non-negative when
P � Q/(Q + 1). Therefore, the larger the magnitude Q of
the negative expectation value, the greater the fraction P of
white noise that can be added before the state’s remaining en-
tanglement (if any) is no longer detected by the entanglement
witness.

III. GEOMETRIC INTERPRETATION

This entanglement witness can be interpreted geometri-
cally by considering the symmetric two-body correlations
{〈S00〉,〈S01〉,〈S11〉} for any given state to correspond to a

point in a three-dimensional coordinate space, which may be
referred to as a correlation space. For any specific choice of
{α,β,γ }, the inequality in Eq. (3) then specifies a half space
such that all separable states lie within that half space. The
intersection of all such half spaces forms a convex region in
which all separable states are contained. If the entanglement
witness is optimal, this region is precisely the region where
all separable states lie, while if the witness is nonoptimal, the
latter is strictly contained in the former.

This allows for a geometric interpretation of entanglement
detection by A(θ ). Given some quantum state, we can compute
or experimentally obtain the values {〈S00〉,〈S01〉,〈S11〉} and
plot its position in correlation space, determining whether
it lies within the region defined by A(θ ). If it lies outside
the region, it must be entangled, while if it lies inside the
region, the result is inconclusive. Plotting the region defined
by A(θ ) encounters no scaling difficulties as N increases, since
evaluating F (α,β,γ,θ ) does not become more computationally
intensive for larger values of N .

A Bell inequality is an inequality that must be satisfied
by any physical theory obeying the assumptions of locality
and realism. Several examples of Bell inequalities based on
symmetric one- and two-body correlations with two measure-
ment settings were described and studied by Tura et al. [15].
Excluding the one-body correlations, these inequalities take
the same form as Eq. (3), with various bounds on the right-hand
side of the inequality. Similarly, each Bell inequality specifies
a half space in the correlation space, with the intersection of
all such half spaces forming a convex region within which all
local realistic models must lie. It has been shown that the region
defined in correlation space by all the Bell inequalities for a
given system is a polytope [18]; in other words, it is a convex
set with only a finite number of extremal points. This polytope
is variously known as the local polytope or classical polytope.
Entangled states that lie outside the classical polytope are those
that violate some Bell inequality.

Figure 1(a) shows plots of the region defined by A(θ ) in
comparison to the classical polytope in the N = 4 case, for
several values of θ . In this as well as subsequent figures, the
plotted regions are approximate representations in that only
a finite number of tangent planes to the region were found
and used to generate the plot. Here N = 4 is an even value
of N and thus the entanglement witness is optimal for the
plots shown in Fig. 1(a), with the depicted region specifying
precisely the set of points corresponding to separable states.
While no separable states can lie outside this region, there exist
entangled states that lie within this region. Such entangled
states cannot be detected by the entanglement witness A(θ )
and a few examples of such states will be described later. It
can be seen that the region defined by A(θ ) lies entirely within
the classical polytope, consistent with the fact that all separable
states do not violate any Bell inequalities.

In contrast, Fig. 1(b) shows an odd-N case, specifically
N = 3. The nonoptimality of the witness A(θ ) can be seen
from the fact that the blue region protrudes slightly from the
classical polytope. Since the region where the separable states
lie is supposed be contained within the classical polytope,
this reflects the fact that the bound is nonoptimal for this
case, with the set of separable states being strictly contained
within the blue region. For larger odd values of N , the extent
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(a) N = 4, various values of θ

S00 �2

S01

S11 �2

(b) N = 3, θ = π/3

FIG. 1. Plots of the region in correlation space defined by the entanglement witness A(θ ) for (a) N = 4 and θ = π/3, π/2, and 2π/3 and
(b) N = 3 and θ = π/3. The blue region is an approximate depiction of the region defined by A(θ ), while the yellow region shows the classical
polytope. To reduce clutter, numerical values have been suppressed on the axes and instead ticks have been placed at unit intervals. Since
the value of N is even in (a), A(θ ) is an optimal entanglement witness for this case and thus the blue region lies entirely within the classical
polytope as expected. In contrast, (b) shows an odd value of N for which the entanglement witness is nonoptimal and the blue region exceeds
the boundaries of the classical polytope.

to which the region defined by A(θ ) exceeds the classical
polytope decreases as the entanglement witness becomes more
optimal.

IV. DICKE STATES AND THERMAL STATES OF THE LMG
HAMILTONIAN

An important class of entangled states that A(θ ) can detect
would be some of the Dicke states

|Dk
N 〉 = s(|N − k,k〉), (8)

where |i,j 〉 denotes a pure product vector of i qubits in the
|0〉 state and j qubits in the |1〉 state, while the function s

denotes symmetrization over all particles along with appro-
priate normalization. Specifically, Dicke states of the form
|D�N/2�

N 〉 can have their entanglement detected by A(θ ), and
by extension the |D�N/2�

N 〉 states can be detected as well, since
they only differ from |D�N/2�

N 〉 by local unitary rotations. Such
Dicke states can arise as the ground states of the isotropic
Lipkin-Meshkov-Glick (LMG) Hamiltonian [25]

HLMG = − λ

N

N∑
i,j = 1
i < j

(
σ (i)

x σ (j )
x + σ (i)

y σ (j )
y

) + h

N∑
i=1

σ (i)
z , (9)

which has |D�N/2�
N 〉 as its ground state [26] when the parameters

satisfy λ/N � h > 0. Some entanglement properties of the
LMG Hamiltonian have been previously studied in terms of
measures such as entanglement entropy [27] and negativity
[28]. Other techniques for the generation of Dicke states
have also been proposed for systems such as Bose-Einstein
condensates [21] and atomic populations [22], via heterodyne
measurements.

The expectation value of A(θ ) with respect to the Dicke
states can be computed as a closed-form expression (Appendix
B). Figure 2 shows the most negative values of 〈A(θ )〉 for the

|D�N/2�
N 〉 Dicke states as N increases, minimized over α, β, γ ,

and θ . From the graph, it can be seen that for even values of N ,
the magnitude of the negative expectation value appears to be
decreasing, while the opposite trend appears to hold for odd N .
This latter likely reflects the fact that the entanglement witness
is not optimal for odd N , but becomes increasingly optimal as
N increases. The graph also suggests that the values for odd
and even N converge towards 〈A(θ )〉 ≈ −0.5 as N increases, a
proposal that is supported by numerical calculations of 〈A(θ )〉
for larger values of N than those shown in the figure. In terms
of Eq. (7), this allows A(θ ) to tolerate a white noise fraction
of P = 1/3 before it no longer detects the entanglement of
|D�N/2�

N 〉. It may hence be suitable for use with large numbers
of particles, since its entanglement detection is reasonably
robust against white noise for all N .

FIG. 2. Minimum values of 〈A(θ )〉 with respect to the |D�N/2�
N 〉

Dicke states for N = 3 − 100. For even N , the magnitude of the
values decreases as N increases, while for odd N the magnitude
is increasing. This may reflect the increasing optimality of the
entanglement witness A(θ ) for large odd N . The values appear to
converge towards −0.5 as N becomes sufficiently large.
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Regarding the values of {α,β,γ,θ} that minimize 〈A(θ )〉
for |D�N/2�

N 〉 states with large N , there appear to be multiple
combinations of coefficients {α,β,γ } that can yield 〈A(θ )〉 ≈
−0.5, even after accounting for the fact that A(θ ) remains
unchanged if {α,β,γ } are all multiplied by a positive constant.
For any specific combination of {α,β,γ }, the range of values of
θ for which 〈A(θ )〉 remains negative decreases approximately
with 1/

√
N . For instance, the choice of coefficients α = 1,

β = 1.13, and γ = −1.14 allows 〈A(θ )〉 to be negative in
the range 0 < θ < 0.196 when N = 100, but only 0 < θ <

0.0611 when N = 1000. This allows for some tolerance in
misalignment of θ as long as N is not too large.

We also investigate the effect of thermal noise with respect
to the LMG Hamiltonian, by considering the expectation value
of A(θ ) for the thermal state

ρT = e−HLMG/kBT

Tr(e−HLMG/kBT )
. (10)

At T = 0, this is the ground state |D�N/2�
N 〉. As T goes to

infinity, it approaches the maximally mixed state and thus
becomes separable.

Figure 3(a) shows the most negative value of 〈A(θ )〉 as
a function of T for the thermal state ρT with N = 4 and
h = 0.01λ. It can be seen from the graph that the minimum
value of 〈A(θ )〉 is indeed negative at T = 0, consistent with
the previously mentioned results for the |D�N/2�

N 〉 state. It
becomes positive at a critical temperature of approximately
Tcrit = 0.541λ/kB , which can be taken as a measure of its
robustness against such thermal noise.

Figure 3(b) shows the coordinates in correlation space
of the thermal state ρT with N = 4. The value θ =
cos−1[�N/2�/(�N/2� + 1)] was chosen to maximize the Bell
inequality violation by |D�N/2�

N 〉, as shown by Tura et al. [15].
The ground state lies outside both the classical polytope and
the region defined by A(θ ), reflecting the fact that it violates
a Bell inequality and can have its entanglement detected by
A(θ ). As the temperature increases, the thermal state moves
towards the origin, entering the classical polytope followed

by the region defined by A(θ ) at the critical temperature Tc.
While it lies within the former but not the latter, it is entangled
and its entanglement can be detected by A(θ ), but it does not
violate any Bell inequalities based on symmetric two-body
correlations.

Apart from the |Dk
N 〉 states with k = �N/2� or �N/2�,

the entanglement witness A(θ ) is also able to detect the
entanglement of Dicke states with other values of k sufficiently
close to N/2. The smallest value of N for which this
occurs is N = 18, where the states |D8

18〉 and |D10
18〉 have a

minimum expectation value 〈A(θ )〉 = −0.301. This result can
be improved upon by generalizing the measurement settings in
Eq. (1) to allow both measurements to be in arbitrary directions
(Appendix C), in which case the smallest value of N for which
this occurs is N = 8, where |D3

8〉 and |D5
8〉 yield a minimum

expectation value 〈A(θ )〉 = −0.0714. With this generalized
version, the |D7

18〉 and |D11
18〉 states are detected as well. These

trends are similar to those for the spin-squeezing inequalities
described in [13], which are maximally violated by |DN/2

N 〉
states, though the inequalities in that case are also able to
detect any entangled Dicke state.

V. MAXIMAL ENTANGLEMENT DETECTION AND
SPIN-SQUEEZED STATES

The Dicke states themselves are not the states that yield
the lowest possible value of 〈A(θ )〉. However, it can be shown
that the minimum value of 〈A(θ )〉 is always achieved by a
symmetric state and the Dicke states form a basis for the
symmetric subspace. The matrix elements of A(θ ) with respect
to this subspace can be explicitly derived (Appendix B) and
thus the lowest possible value of 〈A(θ )〉 can be found as
the minimum eigenvalue of this matrix, with the state that
achieves this value being a symmetric eigenstate of A(θ ).
Numerical data suggest that as N increases, the minimum
value of 〈A(θ )〉 decreases asymptotically towards a limiting
value of 〈A(θ )〉 = −1. This corresponds to A(θ ) being able
to tolerate a white noise fraction of P = 1/2 before failing to
detect the entanglement of this eigenstate. We note that since

1 2 3 4 5
T � �kB�

�0.5

0.5

1.0
A� �

(a) (b)

S00 �2

S01

S11 �2

FIG. 3. Behaviour of the thermal state ρT for N = 4 with respect to A(θ ). (a) The minimum value of 〈A(θ )〉 as a function of T for the
thermal state ρT . It can be seen that the minimum value of 〈A(θ )〉 is initially negative at T = 0, becoming positive at a critical temperature of
approximately Tcrit = 0.541λ/kB . (b) The coordinates in correlation space of the thermal state ρT . Numerical values have been suppressed on
the axes, and instead ticks have been placed at unit intervals. The region defined by A(θ ) with θ = cos−1(�N/2�/(�N/2� + 1)) is shown in
blue, while the classical polytope is shown in yellow. The red dot denotes the point corresponding to the thermal state ρT at T = 0, while the
blue line leading towards the origin shows the locus of points corresponding to ρT as T increases.
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this eigenstate is symmetric, it is entangled if and only if it is
genuinely multipartite entangled [29]. Similar results hold for
the entanglement witness generalized to measurements along
arbitrary directions (Appendix C).

We have found that this maximal detection can be ap-
proached by spin-squeezed states [30]

|SN (χ )〉 = 1√
2N

N∑
k=0

√(
N

k

)
e−iχ(k−N/2)2 |Dk

N 〉. (11)

When χ = 0, this is simply the state with all spins aligned
along the x direction. Spin-squeezed states are of significance
because for appropriate values of χ , the variance of the spin
component along one axis can be reduced, at the expense
of increasing the variance of the spin component along an
orthogonal axis. They have also given rise to spin-squeezing
inequalities for witnessing entanglement [10–14]. A number of
methods have been studied for the generation of spin-squeezed
states [19,20,22].

While A(θ ) as defined in Eq. (6) does not detect the
entanglement of spin-squeezed states of the form in Eq. (11),
the generalized version for arbitrary measurement directions
(Appendix C) detects such entanglement strongly, particularly
for large values of N . The minimum expectation value is
−0.430 for N = 3 and reaches −0.940 when N = 1000.
This appears to be approaching the aforementioned bound
of −1, suggesting that spin-squeezed states come close to
being maximally detected by this entanglement witness. This
may facilitate experimental investigations of this entanglement
witness, given that various schemes have been developed to
generate spin-squeezed states. We note, however, that the
value of χ for which the expectation value is minimized
decreases asymptotically towards zero as N increases, but the
spin-squeezed state with precisely χ = 0 is always separable.
This suggests that the range of values of χ for which |SN (χ )〉
is detected becomes narrower as N increases.

VI. DETECTION OF SUPERPOSITION STATES

There exist some classes of entangled states that cannot be
detected by A(θ ), such as the Greenberger-Horne-Zeilinger
states

|GHZN 〉 = 1√
2

(∣∣D0
N

〉 + ∣∣DN
N

〉)
(12)

for any N � 3. More generally, the entanglement of an
N -particle GHZ state cannot be detected using any k-
body correlations with k < N , because the set of states
obtained by tracing out any nonzero number of particles
from the GHZ state is indistinguishable from the set of
states obtained by tracing out particles from the separable
state ρ = (|D0

N 〉〈D0
N | + |DN

N 〉〈DN
N |)/2. For similar reasons,

another example of entanglement that cannot be detected using
two-body correlations would be the four-particle Smolin state
[31]

ρS = 1

4

4∑
μ=1

∣∣�(1,2)
μ

〉〈
�(1,2)

μ

∣∣ ⊗ ∣∣�(3,4)
μ

〉〈
�(3,4)

μ

∣∣, (13)

where |�(i,j )
μ 〉 with μ = 1,2,3,4 refer to the four Bell states

with respect to particles i and j . The values of 〈S00〉, 〈S01〉,
and 〈S11〉 are in fact zero for the Smolin state and thus it lies
at the origin of the correlation space, which is always within
the region defined by A(θ ).

However, we have found that A(θ ) is able to detect
the superposition state cos �|D2

N 〉 + sin �|GHZN 〉 over a
significant range of values of �, despite the fact that it cannot
detect the GHZ states or |D2

N 〉 states by themselves for N > 5.
The minimum value of 〈A(θ )〉 with respect to this state appears
to approach −0.235 for large values of N , corresponding to
a reasonable degree of robustness against white noise. The
range of values of � for which 〈A(θ )〉 remains negative
approaches π/2 < � < 2.04 when N is large, with the most
negative value occurring at approximately � = 1.80. Since
� = π/2 corresponds to the GHZ state itself, this indicates
that superposing the GHZ state with a small |D2

N 〉 component
suffices to allow A(θ ) to detect its entanglement. In terms
of the correlation space, this arises because for any N , the
GHZ state lies on the boundary of the region defined by A(θ ),
and superposing it with the |D2

N 〉 state causes it to trace out
a curve that leaves the region defined by A(θ ), allowing its
entanglement to be detected.

VII. CONCLUSION

To conclude, we have developed an entanglement witness
based on symmetric two-body correlations, which are more
experimentally accessible as compared to higher-order corre-
lations. The entanglement witness admits a geometric inter-
pretation that encounters no scaling difficulties as the number
of particles increases and is able to detect the entanglement of
some Dicke states with an expectation value that approaches
a constant value of 〈A(θ )〉 ≈ −0.5 for large N . Such Dicke
states can be realized as ground states of the LMG Hamiltonian
or via other techniques [21,22] and we have shown that the
entanglement detection is robust against some thermal noise.
This may allow for experimental investigation of these results.
The entangled states that are most strongly detected have an
expectation value that approaches 〈A(θ )〉 ≈ −1 for large N ,
corresponding to a reasonable degree of robustness against
white noise. Spin-squeezed states are able to approach this
maximal detection, which may provide another avenue for
experimental implementation [19,20,22]. The entanglement
witness is also able to detect states other than Dicke states; in
particular, we showed that the witness could detect states that
are in a superposition of Dicke states with GHZ states, even
though the latter states are not detectable with the witness.
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APPENDIX A: CONSTRUCTION OF ENTANGLEMENT WITNESS

To prove Eq. (3), we begin by noting that it suffices to find the maximum of α
2 〈S00〉 + β〈S01〉 + γ

2 〈S11〉 for all pure separable
states, rather than having to consider mixed separable states as well. This is because any separable mixed state ρsep can be written
as a convex combination of product states

ρsep =
k∑

i=1

piρ
(1)
i ⊗ ρ

(2)
i ⊗ · · · ⊗ ρ

(N)
i for pi > 0,

M∑
i=1

pi = 1, (A1)

such that all the individual qubit states ρ
(j )
i are pure. It can then be seen that if the inequality in Eq. (3) is satisfied for all pure

separable states, then any mixed separable state ρsep also satisfies the inequality.
For a pure separable state ρ(1) ⊗ ρ(2) ⊗ · · · ⊗ ρ(N), the state ρ(i) of each qubit is characterized by a Bloch vector n̂i of norm 1,

ρ(i) = I + n̂i · �σ
2

, (A2)

where �σ is the Pauli vector (σx,σy,σz). Using the fact that 〈�σ 〉ρ(i) = n̂i , the expectation values of the symmetric two-body
correlations can be expressed in terms of the Bloch vector components n̂i = (xi,yi,zi):

〈S00〉 =
N∑

i,j = 1
i �= j

zizj , (A3)

〈S01〉 =
N∑

i,j = 1
i �= j

(sin θ zixj + cos θ zizj ), (A4)

〈S11〉 =
N∑

i,j = 1
i �= j

(sin2 θ xixj + cos2 θ zizj + sin 2θ zixj ), (A5)

using the measurement settings given in Eq. (1).
In addition, we note that

N∑
i,j = 1
i �= j

zizj = N2z2 − Nz2, (A6)

where we introduce the notation f (z) = 1
N

∑N
i=1 f (zi) for any function f . Essentially, this is an average over the Bloch

components of the individual qubits. A similar result holds for x2 with x2, as well as z x with zx. Combining these results, we
find that

〈α
2
S00 + βS01 + γ

2
S11

〉
=

N∑
i,j = 1
i �= j

(Azzzizj + Azxzixj + Axxxixj )

= N2(Azzz
2 + Azxz x + Axxx

2) − N (Azzz2 + Azxzx + Axxx2), (A7)

where Azz, Azx , and Axx have been introduced as in Eq. (5).
We now make use of the fact that any quadratic form can be diagonalized with an orthogonal transformation. Specifically,

there exists a 2 × 2 orthogonal matrix M , depending only on Azz, Azx and Axx , such that for all z and x we have

Azzz
2 + Azxzx + Axxx

2 = λzz
′2 + λxx

′2, (A8)

where (z′ x ′)T = M−1(z x)T and λz and λx are defined as in Eq. (4). Here λz and λx are essentially the eigenvalues associated
with the quadratic form. By applying the change of coordinates (zi xi)T = M(z′

i x ′
i)

T to the individual Bloch vectors, it can hence
be shown that

Azzz2 + Azxzx + Axxx2 = λzz′2 + λxx ′2, (A9)

Azzz
2 + Azxz x + Axxx

2 = λzz′2 + λxx ′2. (A10)

012341-6



ENTANGLEMENT WITNESS VIA SYMMETRIC TWO-BODY . . . PHYSICAL REVIEW A 93, 012341 (2016)

We hence wish to maximize

N2(λzz′2 + λxx ′2) − N (λzz′2 + λxx ′2), (A11)

subject to the constraints z2
i + x2

i � 1. Because the transformation was orthogonal, we have z′2
i + x ′2

i = z2
i + x2

i and thus the

constraints can be equivalently stated as z′2
i + x ′2

i � 1. Noting that z′2 − z′2 is essentially the variance of the set {z′
i} and thus

z′2 − z′2 � 0 with equality if and only if all z′
i have the same value, we see that

(N2 − N )z′2 � N2z′2 − Nz′2 � −Nz′2. (A12)

The upper bound is achieved if and only if all z′
i have the same value, while the lower bound is achieved if and only if z′ = 0.

These bounds can be summarized as stating that for any λz we have

λz(N
2z′2 − Nz′2) � max{(N2 − N )λz, − Nλz}z′2. (A13)

A similar statement holds for the x ′ terms, leading to the final bound on Eq. (A11),〈α
2
S00 + βS01 + γ

2
S11

〉
= λz(N

2z′2 − Nz′2) + λx(N2x ′2 − Nx ′2)

� max{(N2 − N )λz, − Nλz}z′2 + max{(N2 − N )λx, − Nλx}x ′2

� max{(N2 − N )λz, − Nλz,(N
2 − N )λx, − Nλx}

= max{−Nλz,(N
2 − N )λx} since λz � λx . (A14)

The penultimate step is achieved by noting that Czz
′2
i + Cxx

′2
i � max{Cz,Cx} under the constraint z′2

i + x ′2
i � 1, which can be

proven via Lagrange multipliers or by viewing it as essentially finding the extremal points of an ellipse.
We have thus found that the function F (α,β,γ,θ ) = max{−Nλz,(N2 − N )λx} satisfies the condition in Eq. (3) and can hence

be used to construct an entanglement witness A(θ ) as in Eq. (6). When N is even, this bound is tight, as we now show by
explicitly constructing a separable state that saturates this inequality. For the case where the maximum of the quantities in Eq.
(A14) is (N2 − N )λx , the bound is achieved by the state with z′

i = 0 and x ′
i = 1 for all the qubits. This can then be converted

back into values for the original Bloch components zi and xi by inverting the orthogonal transformation (zi xi)T = M(z′
i x ′

i)
T .

For the case where the maximum is −Nλz, the bound is achieved by the state with z′
i = 1 and x ′

i = 0 for half the qubits and
z′
i = −1 and x ′

i = 0 for the remaining half, yielding z′2 = 1 and z′ = 0.
If N is odd, the conditions z′2 = 1 and z′ = 0 cannot be fulfilled simultaneously and thus the inequality cannot be saturated

for certain combinations of values for λz and λx . However, we note that for increasing values of odd N , the bound becomes
increasingly tight, because when N is large it is possible to approach z′2 ≈ 1 and z′ ≈ 0 even when N is odd. This entanglement
witness thus becomes closer to optimal for odd N when N is large.

APPENDIX B: MATRIX ELEMENTS OF A(θ ) IN SYMMETRIC SUBSPACE

The Dicke states form a basis for the symmetric subspace. By considering σx to act as a bit-flip operation, we can compute
the matrix elements of A(θ ) in this subspace. For any i �= j and k � k′, the only nonzero matrix elements are〈

Dk
N

∣∣σ (i)
z σ (j )

z

∣∣Dk′
N

〉 = N2−N−4kN+4k2

N2−N
for k − k′ = 0,〈

Dk
N

∣∣σ (i)
z σ (j )

x

∣∣Dk′
N

〉 = (N−2k+1)
√

k(N−k+1)
N2−N

for k − k′ = 1,

〈
Dk

N

∣∣σ (i)
x σ (j )

x

∣∣Dk′
N

〉 =
{√

k(k−1)(N−k+2)(N−k+1)
N2−N

for k − k′ = 2
2k(N−k)
N2−N

for k − k′ = 0.

(B1)

The matrix elements for k < k′ can also be directly seen from these formulas since the matrix is Hermitian. The matrix elements
of the symmetric two-body correlations {〈S00〉,〈S01〉,〈S11〉} in this subspace are then easily derived by noting that all (N2 − N )
terms in the summations in Eq. (2) have the same matrix elements in this subspace, since the above formulas apply for all i �= j .
It can be seen that the matrix representation of A(θ ) is pentadiagonal and has dimensions (N + 1) × (N + 1), which makes it
possible to evaluate its eigenvalues numerically. The expectation value of A(θ ) with respect to any Dicke state can be obtained
by taking the diagonal elements.

APPENDIX C: GENERALIZATION TO ARBITRARY MEASUREMENT DIRECTIONS

We consider measurement settings along arbitrary directions,

M
(i)
0 = sin θ0 cos φ0 σ (i)

x + sin θ0 sin φ0 σ (i)
y + cos θ0 σ (i)

z , M
(i)
1 = sin θ1 cos φ1 σ (i)

x + sin θ1 sin φ1 σ (i)
y + cos θ1 σ (i)

z . (C1)
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Following a similar argument as that used in Appendix A, we can then show that
α

2
〈S00〉 +β〈S01〉 + γ

2
〈S11〉 � max{(N2 − N )λi, − Nλi}i∈{x,y,z}, (C2)

with {λz,λy,λx} being the eigenvalues of a 3 × 3 symmetric matrix B, which can be computed as

B = α

2
mT

0 m0 + β

2

(
mT

0 m1 + mT
1 m0

) + γ

2
mT

1 m1, (C3)

introducing the row vectors

m0 = (sin θ0 cos φ0, sin θ0 sin φ0, cos θ0), m1 = (sin θ1 cos φ1, sin θ1 sin φ1, cos θ1). (C4)

The line of reasoning is essentially identical to that used in Appendix A, except that the quadratic form is in three variables
{x,y,z} rather than two. Computing {〈S00〉,〈S01〉,〈S11〉} with these measurement settings in the symmetric subspace can be
simplified using the matrix elements 〈Dk

N |σ (i)
x σ

(j )
y |Dk′

N 〉, 〈Dk
N |σ (i)

y σ
(j )
y |Dk′

N 〉, and 〈Dk
N |σ (i)

z σ
(j )
y |Dk′

N 〉, which can be evaluated by
means similar to those in Appendix B.
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and R. Blatt, Phys. Rev. A 74, 052319 (2006).
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