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A Pole Sharing Technique for Linear Phase 
Switched-Capacitor Filter Banks1 

JOSEPH S. CHANG AND Y. C. TONG 

Abstract -A switched-capacitor pole sharing technique for implement- 
ing bandpass filter banks is proposed. Using this technique, hardware 
reduction is achieved in two ways. First, the efficient nonminimum 
phase Lerner filter approximation is employed to minimize the number 
of poles required to satisfy a given filter specification in frequency and 
time domains; this approximation is more efficient than the common 
minimum phase filter approximations used in many reported filter bank 
designs. Second, the number of poles is reduced by pole sharing where 
an n-pole pair per channel bandpass filter bank is realized with only 
( n  - 2) additional pole pairs per channel after the first channel, hence a 
saving of two pole pairs per channel. In the case of a four-pole pair 
(eighth order) per channel 25 channel filter bank example discussed in 
this paper, the number of poles saved is nearly 50%. The proposed 
hardware reduction methodology is micropower compatible, and is 
achieved without placing extra demands on the speed of operational 
amplifiers employed and without resorting to complicated clocking 
strategies; only a biphasic clock is used. Phase reversal for vocoder 
applications is easily achieved without incurring any additional hard- 
ware or compromising desirable features of the filter bank realization. 
Single parameter and statistical multiparameter sensitivity analyses are 
derived. The multiparameter sensitivity for the filter realized as a 
summation (parallel) of biquadratic sections is compared against the 
cascade structure. 

A uniformly and nonuniformly spaced filter bank were simulated with 
SWITCAP and part of the uniformly spaced filter bank was constructed 
on a breadboard. The near linear phase in the passband and sharp 
attenuation in the stopband responses obtained agreed with filter speci- 
fications. 

I. INTRODUCTION 
WITCHED-capacitor (SC) filters comprising opera- S tional amplifiers (op amps), capacitors, and switches 

have been widely used in the electronics industry in 
recent years. Its popularity is a consequence of its ease 
and precise implementation in monolithic form using cur- 
rent MOS large-scale integration processes. In particular, 
its transfer function is accurately realized as its transfer 
function coefficients are completely specified by the crys- 
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tal-controlled clock frequency and precise (typically 0.1%) 
capacitors ratios. However, as the need for complex on- 
chip systems grow, chip area and power consumption 
remain major obstacles. An example of such a system is a 
filter bank for speech recognition [11-[41, vocoders [51, 
spectrum analyzers, etc., where a large number of high 
order filters are used. 

Techniques to alleviate the chip area and power dissi- 
pation problems in a filter bank include the use of mi- 
cropower op amps, micropower compatible feedback net- 
works in filter topologies [7], time-division-multiplexing 
[3], [5],  and use the efficient filter approximations [61, [81, 
[9] in terms of the number of poles required to satisfy a 
given filter specification in frequency and time domains. 
Although time-division-multiplexing has been effectively 
employed to reduce total hardware as it permits sharing 
of op amps and capacitors between channels, its applica- 
tion suffers from several drawbacks. In an SC time-divi- 
sion-multiplexing scheme, op amps service different sub- 
circuits in successive time slots (clock phase in local clock 
periods) in a periodic manner. Because of the reduced 
duration of these time slots compared to unmultiplexed 
circuits, higher speed op amps are required. Furthermore, 
a complex clocking circuitry is required to generate the 
many different clock signals. These costs would in turn 
compromise power dissipation and chip area, thus some- 
what defeating the objectives in the first place. 

This paper discusses a pole sharing technique using the 
non-minimum phase Lerner filter approximation for im- 
plementing a bandpass filter bank. This technique permits 
sharing of biquadratic filter sections, hence hardware 
savings, without placing additional speed requirements on 
the op amps employed and without resorting to compli- 
cated clocking strategies; only a biphasic clock is used. A 
pole shared RLC implementation was reported in the 
mid-sixties [lo]. In this paper, the implementation is mod- 
ernized to SC and several novel designs, including phase 
inversion without incurring additional hardware, switch 
and capacitor sharing, to further enhance the advantages 
offered by the pole sharing methodology are presented. 
The hardware savings achieved is significant, for example, 
nearly 50% reduction in the number of pale pairs for a 
four-pole pair (eighth order) per channel filter bank when 
compared to a conventional direct (unmultiplexed) imple- 
mentation. 

0098-4094/90/1200-1465$01.00 01990 IEEE 
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The modernized pole sharing methodology has several 
features worthy of mention. First, the efficient nonmini- 
mum phase Lerner filter approximation is employed; more 
efficient, in terms of the number of poles required to 
satisfy a given filter specification, than popular minimum 
phase approximations. Furthermore, use of the Lerner 
filter approximation results in bandpass filters that pos- 
sess an arithmetically symmetrical magnitude response, a 
desirable frequency response [9], [ l l] .  This is unlike usual 
bandpass filter designs derived from lowpass prototypes 
via impedance transformation [8], [ l l ]  where the magni- 
tude response is geometrically symmetrical. Second, by 
pole sharing, the number of poles necessary for the syn- 
thesis of a bank of contiguous bandpass filters is reduced 
and consequently, a more economical and simplified de- 
sign procedure. Thus the savings is simultaneously 
achieved in two ways. 

Third, all feedback networks employed to realize the 
Lerner filter topology can easily be designed to be com- 
patible with micropower by using uncoupled amplifier 
and coupled-in-cascade amplifier structures [7] only. In 
this paper, the term “micropower compatible” means that 
only these amplifier structures are employed. Fourth, with 
this pole sharing technique, the magnitude response of 
adjacent channels of a bandpass filter bank can easily be 
designed to overlap at the -3-dB point, a very desirable 
feature that yields an overall flat composite spectrum. In 
addition, design of the Lerner filter to approximate the 
specified magnitude and phase ripple responses by adjust- 
ing the transfer function parameters can easily be incor- 
porated in a filter synthesis algorithm. Finally, in vocoder 
applications [6], it is desirable to invert the phase of some 
channels of a filter bank for improved performance. This 
phase inversion can be accomplished without incurring 
any additional hardware or compromising any features of 
the filter bank realization, in particular micropower com- 
patibility and parasitic insensitivity (or parasitic compen- 
sated). The pole sharing methodology is also applicable to 
active RC realizations, continuous-time MOSFET-C fil- 
ters, and digital filter implementations. 

In this paper, subcircuits comprising biquadratic sec- 
tions and summer/sample-and-hold circuits for the real- 
ization of the Lerner filter are presented. These subcir- 
cuits differ markedly from a recent SC Lerner filter 
realization [ 131. In particular, micropower compatibility 
and parasitic insensitivity (or compensated) are strictly 
observed here. Designs to realize the full Lerner transfer 
function for general bandpass Lerner filter implementa- 
tions, instead of its simplified function for speech analysis 
bandpass filter banks, are also presented in this paper. 
Single parameter and statistical multiparameter sensitivi- 
ties are derived. 

This paper is arranged in the following manner. Section 
I1 discusses the Lerner approximation for SC filters. De- 
sign considerations for appropriate biquadratic sections, 
summer/sample-and-hold circuits and the Lerner filter 
realization are discussed in Section 111. Section IV pre- 
sents the pole sharing technique and two filter bank 

ON 5 = jy 

MAGNITUDE OF RESPONSE S-PLANE POLE PATTERN 

Fig. 1. Pole residue pattern and magnitude response of the Lerner 
function in the s-plane. 

design examples are given in Section V. Sensitivity analy- 
ses are derived in Section VI. Single ended output op 
amps will only be employed in this paper to illustrate the 
pole sharing technique; extension to include differential 
output op amps is straightforward. 

11. LERNER FILTER APPROXIMATION 
Filtering in frequency and time domains is well docu- 

mented in literature [8], [ l l ] .  In many applications, a 
sharp attenuation and flat group delay are specified. 
Spectrum analyzers based on a filter bank configuration 
for automatic speech recognition and vocoders are some 
applications. In many speech analysis filter banks, mini- 
mum phase filter approximations [ 1]-[6], [ 111 with a linear 
phase characteristic are used to satisfy the time-domain 
requirements. These approximations are, however, ineffi- 
cient in terms of the number of poles required to satisfy 
the attenuation specifications. 

The Lerner filter function is a nonminimum phase 
approximation. Nonminimum phase approximations are 
more efficient than the popular minimum phase functions 
and hence reduced circuit complexity because the attenu- 
ation and phase responses of the minimum phase func- 
tions are restricted by a Hilbert transform pair for stabil- 
ity reasons [8], [9], [ l l ] .  The Lerner filter approximation is 
expressed as a summation of weighted poles in (1): 

+- rn (1) r3 +-+ . . .  
( s  - P 3 )  (s - P , )  

where r, is the residue of H ( s )  at the pole p,,. 
The infinite Lerner function is given in (2) where it is 

noted that the pole separation along the j w  axis is 2a and 
the real part - b. The residues of the poles are of equal 
weight b but alternate in sign. Fig. 1 depicts the pole 
residue pattern and magnitude response on s = j w .  Ap- 
proximated expressions for the magnitude and phase of 



CHANG AND TONG: LINEAR PHASE SC FILTER BANKS 

H ( s )  are given in (3). 

1467 

I H (  j w )  I = ( , r b c / u ) [ l  +c2cos( , rw/a)  + . e . ]  (3a) 

4 =  - [ , rw/2u+c2s in( , rw/u)+  e . . ]  ( 3b) 

( 3c) = e - ~ b / 2 ~  

Thus H ( j w )  approximates a constant magnitude with a periodic ripple whose relative amplitude is c2, and 
approximates a time delay of ~ / 2 a  seconds to within a maximum periodic error of c2 .  

In a Lerner bandpass filter, the band edge is defined (by the designer) to be halfway between the frequencies of two 
consecutive poles of (2). Poles that are above and below the band edges are dropped and corrector poles added at the 
band edges to smooth the transition from passband to stopband. The bandpass Lerner function is now truncated and 
rearranged to (4) in order to utilize biquadratic sections as its "workhorse." The poles within the band edges are 
termed in-band poles and the attenuation at the corrector poles at the band edges is - 6  dB. 

2 b ( s + b ) ( - l ) k  
H ( s ) = [  2 in-band poles 

k Z x l  S 2  +2bS + { 2 a ( k  + b2 

low frequency corrector poles 
b ( s + b ) (  - l y l  +I s2 +2bs +{(2n, - l ) u j 2 +  b2 

high-frequency corrector poles 
b ( s  + b ) (  - l)*h+l 

$- [ s2 + 2bs + { (2n, + 1) U }  + b2 

where 

x , ~  - x ,  + 3 number of pole pairs, 
u[2(x, + a)-  11 imaginary part of lowest frequency corrector pole, 
n ,  = ( x ,  + a )  
nh = ( X h  + a).  

(4) 

Also, a is a fraction and x l , x h  integers. For an SC implementation, the Laplace to z-plane transformation chosen is 
the matched z transformation [131. In this fashion, poles at equal intervals (except the corrector poles) along the j w  
axis in the s-plane map to poles at equal intervals or angles in the r-domain as depicted in the pole plot in Fig. 2 for a 
five-pole pair bandpass Lerner filter. The z-domain truncated Lerner function is given in (6): 

where T is the sampling frequency-'. 
For a fixed number of poles, increasing the ratio b / a  yields a slower cutoff filter, but a better approximation to 

linear phase in the passband and consequently, a less ringing impulse response. Adjustment of this parameter can be 
easily incorporated in a computer program to meet design specifications. 
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Fig. 2. Pole pattern of a truncated Lerner function in the z-plane for a five-pole pair bandpass filter. 

It is possible to simplify the numerator of the biquadratic terms in (6) by placing a common first-order term at the 
outside of the square brackets as in (7). In typical speech analysis bandpass filter banks, the first-order term is ignored 
as it has negligible influence on the frequency response. This is further considered in the next section. 

lowest frequency corrector poles 1 + [ 1 -2z-1e-bTcos{(2nl - 1 ) a T )  + e-zbTz-2 
(b /2) (  1 - z - I ) (  - 1)"'- 

highest frequency corrector poles 
(b /2) (1-  z - l ) (  - l ) " h f l  

A recommended design methodology for bandpass Lerner 
filters (and filter banks) is as follows. 

i) For a specified relative in-band magnitude ripple c2  
(eq. 31, determine ratio ( b / a ) ;  

ii) For a specified in-band time delay ripple c2  seconds 
(eq. 31, determine ratio ( b / a ) ;  

iii) Subsequently, choose the larger ( b  / a )  ratio to 
satisfy both magnitude and delay ripple specifications; 

iv) For an initial estimate of the number of pole pairs, 
p ( p = 4  minimum), and given the bandwidth between 
band edges As dB, evaluate 

y = 2 p - 4  
and 

Hence determine b from step iii); 
v) For the given lowest frequency bandedge wbl, the 

imaginary part of the lowest frequency corrector pole = 
wbl .  From (5b), evaluate (x, + a )  using 

Hence determine x, as the integer and a as the fraction 
of the mixed number (x, + a);  

a =  A l j d B / y .  

( x ,  + a )  = 1/2( wbl / a  + 1). 
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vi) Finally, determine x h ,  nI ,  and n,,, respectively, from 
(5a), (5c), and (5d). All the coefficients of (7 )  can now be 
computed; 

vii) Evaluate H ( z )  by substituting z = ejwT and if de- 
sign specifications are not satisfied, one or more of the 
following may be considered: (a) Modify the b / a  ratio; 
(b) Increase the number of pole pairs, and repeat steps iv 
to vii; (c) Adjust the Lerner approximation (e.g., see 
Section V and [9]) which leads to a slightly modified form 
of the Lerner transfer function; and 

viii) Design the biquadratic sections and summer/sam- 
ple-and-hold circuit (Section 111). 

111. DESIGN CONSIDERATIONS 
The block schematic diagram for the realization of a 

Lerner filter is depicted in Fig. 3(a). Consider first, the 
case where the first-order common term (eq. 7 )  is ig- 
nored. A circuit diagram of a Lerner filter is given in Fig. 
3(b) (ignore the first-order circuit on the extreme right- 
hand side as indicated at the bottom of Fig. 3(b)). The 
realization involves a number of biquadratic sections con- 
nected in parallel whose outputs are sampled (and 
summed) by a summer/sample-and-hold circuit as re- 
quired in the square brackets of (7). The clock signal used 
is the biphasic clock comprising non-overlapping even and 
odd phases, also depicted in Fig. 3. 

A well designed biphasic biquadratic section should 
uossess the following characteristics: 

(a) parasitic insensitivity or compensated; 
(b) stable by having its overall feedback loop “broken” 

in both phases, hence avoiding an active-C filter 
configuration at all times; 

(c) easily gain scale outputs for maximum dynamic 
range; 

(d) easily cascadable by providing a sample-and-hold 
output by designing the output op amp in a manner 
such that it samples the input only during one 
phase [14]; 

(e) possess low capacitor ratio spread; 
(f) insensitive to component changes; 
(8) compatible with micropower designs by limiting all 

feedback networks to uncoupled amplifier and cou- 
pled-in-cascade amplifier configurations. 

Although criterion (d) is desirable primarily for cascading 
biquadratic filter sections in a high-order cascade synthe- 
sis, it is necessary here for two other reasons. First, the 
summer/sample-and-hold circuit is designed to sample 
(sample-and-hold) outputs of different biquadratic sec- 
tions during the even and odd clock phases of the same 
clock period. This is shown in Fig. 3(b) where the C’ 
capacitor of the summer/sample-and-hold circuit samples 
the output of two biquadratic sections and the sign inver- 
sion is performed as required in (7). This C’ capacitor is 
shared by two biquads. Second, criterion (d) is required as 
a prerequisite to satisfy the micropower criterion (8) be- 
cause the output op amp of the biquadratic section is not 
permitted to sample an input when its output is sampled 

by the op amp of the summer/sample-and-hold circuit. 
This is the case of the odd phase in Fig. 3(b). 

Nine biquadratic sections employing single ended out- 
put op amps presented in [14] that meet the above-men- 
tioned criteria and satisfy the second-order transfer func- 
tions in (7) are given in Fig. 4(a)-(i). Note that only six or 
less capacitor switch networks are used in these struc- 
tures. A capacitor switch network is a capacitor and its 
associated switches. The appropriate choice of which of 
the nine biquadratic sections to use depends on perfor- 
mance criteria such as total capacitance, capacitance 
spread, dynamic range, sensitivity, power dissipation, etc. 
No general rules are available as the performance crite- 
rion depends on pole Q, gain constant, sampling rate, etc. 
One of the nine biquads, “PTF,” will be used to illustrate 
the pole sharing technique in Section IV. Its signal-flow- 
graph [15] and transfer function are depicted in Fig. 4(a). 

If the pole and zero of the first-order common term in 
(7) are close to the band edge of the Lerner filter, it may 
be necessary to realize the Lerner filter using the original 
configuration of the summation of biquadratic terms in 
(7). Suitable biquadratic sections that meet criteria (a)-(g) 
include the nine in Fig. 4 with minor changes to the 
capacitor switch networks in the feedforward path. Other 
suitable biquadratic sections include the “AUL”, “AUV”, 
“AAUV”, “AUVV”, “PTV”, “PTTV”, “PTVV”, “PVV”, 
“PFF”, and “UVV” biquadratic sections given in [14]. 
Caution should be exercised in the selection of the feed- 
forward capacitor switch networks to meet criteria (d) and 
(g) above. The above-mentioned biquadratic section struc- 
tures for realizing the biquadratic terms in (6) require one 
additional capacitor switch network when compared to 
those in (7). This is because of the e-aT term in the 
numerator of the biquadratic transfer function in (6). An 
alternative method to account for the first-order term is 
to realize both the first-order common term and bi- 
quadratic terms in (7) individually and cascading them. 
The first-order common term circuit realization is de- 
picted in Fig. 5(d) which may be used in conjunction with 
the summer/sample-and-hold circuit depicted in Fig. 5(b) 
or (c). The Lerner filter implementation using this method 
is shown in Fig. 3(b) which also satisfies the micropower 
and parasitic insensitivity criteria. It is reiterated here 
that for typical speech analysis filtler banks, only the 
summation of the biquadratic terms in (7) need be real- 
ized and henceforth, this is the case considered. 

The residues of the corrector and in-band poles corre- 
spond to the values of the C’ and 2C‘ capacitors respec- 
tively as depicted in Fig. 3(b). Biquadratic sections 1 and 
4 are corrector pole pairs, two and three in-band pole 
pairs. 

Phase inversion desirable for some filter channels in 
vocoder applications [6] is accomplished by simply swap- 
ping the even and odd clock phases of the pair of input 
switches of the C’ and 2C‘ capacitor switch networks of 
the summer/sample-and-hold circuit. No additional hard- 
ware is incurred for this phase inversion, unlike the case 
of active RC or continuous-time MOSFET-C implemen- 
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tations employing single ended output op amps where an 
extra inverting amplifier is required. Furthermore, all 
desirable features of the Lerner filter are retained here. 

The summation operation of (6) and (7) is realized by 
means of a summer/sample-and-hold circuit. Three sum- 
mer/sample-and-hold circuits are given in Fig. 5(a)-(c), 

and their appropriate use depends on the output inter- 
face requirements of the Lerner filter. If the circuit of 
Fig. 5(a) is used, the output of the filter is available only 
during the odd phase. Thus this circuit is strictly a sum- 
mer circuit as its output is not held for a complete clock 
period. The circuit in Fig. 5(b) provides a sample-and-hold 
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(a) PTF BIQUAD, SIGNAL-FLOW-GRAPH and TRANSFER FUNCTION 

(b) AUFF BIQUAD 

(c) AAUF BIQUAD 

-+ 
(d) UFF BIQUAD 

(e) AUF BIQUAD 

+ 
(h) PTFF BIQUAD 

.b 

(i) PTTF BIQUAD 
Fig. 4. (a) Circuit diagram, signal flow graph, and transfer function of the PTF biquadratic section. (b)-(i) Circuit diagram 

of other suitable biquadratic sections. 
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(d) 

first-order term in (6). 
Fig. 5.  (a)-(c) Circuit diagram of summer/sample-and-hold circuits. (d) First-order circuit to account for common 

output at the cost of an additional op amp. This circuit 
may be more useful, for example, if the Lerner filter is 
interfaced to an A/D converter. The sample-and-hold 
output would alleviate the speed requirements of the 
following A/D. Employing circuit 5(c), as in this article, 
provides a sample-and-hold output without the cost of an 
additional op amp. It, however, uses an inverting parasitic 
compensated toggle switch [ 161 and hence the small cost 
of additional capacitors and careful layout at two nodes. 
These summer/sample-and-hold circuits are designed 
such that when they are used in conjunction with any of 
the biquadratic sections Ffepicted in Fig. 4 for realizing a 
Lerner filter, the micropower compatibility and parasitic 
insensitivity criteria are observed. The summer/sample- 
and-hold circuits shown in Fig. 5(a)-(c) have inputs con- 
nected to the preceding biquadratic sections in a Lerner 
filter realization as indicated. 

IV. POLE SHARING TECHNIQUE 
A direct result of the Lerner filter approximation ex- 

pression as a summation of weighted poles is the parallel 
interconnection of the biquadratic sections. The signals 

between the biquadratic sections are, therefore, decou- 
pled because the output of all biquadratic sections are not 
sampled by any other biquadratic sections. This is a 
desirable feature because the micropower compatibility 
criterion between the biquadratic sections are automati- 
cally satisfied. A further consequence of the parallel 
biquadratic section connection is that poles of two chan- 
nels of a filter bank may be shared if they are on the same 
location in the frequency plane [lo], [12]. This is the case 
for the poles of the extreme (band edge) pole pairs of two 
adjacent channels of a bandpass filter bank as depicted in 
Fig. 6 for channels M and ( M + l )  in the Laplace plane. 
Thus, with exception of the first filter channel, each n 
pole pair filter channel may be realized with only ( n  -2) 
pole pairs, a savings of two pole pairs per channel. 

To appreciate the significance of the savings achieved 
by the pole sharing methodology, consider a four-pole 
pair (eighth order) per channel, sixteen-channel bandpass 
filter bank depicted in Fig. 7 which employs the ‘PTF’ 
biquadratic section and summer/sample-and-hold circuit 
of Fig. 5(c). This is a typical spectrum analyzer design for 
speech recognition [11-[51. A total of 34 biquadratic sec- 
tions are employed compared against 64 (16 channels x 4 
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V. NUMERICAL EXAMPLES 
Two pole-shared bandpass filter bank examples, uni- 

formly and nonuniformly spaced center frequency filter 
banks, are designed in this section. First consider a uni- 
formly spaced filter bank for speech applications with the 
following specifications: 

i) four-pole pair per channel; 
ii) 25 channels, uniform spacing; 
iii) 120 Hz, -3  dB passbands for all channels: 

Channel (Ch) 1 :300-420 Hz, Ch 2:420-540 
Hz, * * * , Ch 25 : 3180-3300 Hz; 

iv) a :40  Hz, b:60,  b / a  = 1.5; 
v) Sampling frequency : 20 kHz. 

Using the filter design methodology in Section I1 resulted 
in magnitude responses of adjacent filter channels over- 
lapping at - 2.7 dB. To satisfy an overlap specification at 
-3 dB (specification iii), the in-band pole pair nearest 
the band edge and corrector pole pair at the band edge 
are moved towards each other by 2 Hz as tabulated in 
Table I for Ch 3-5. It can be seen from this table that 
two-pole pairs of adjacent channels are identically located 
and hence, they may be shared. By adopting the pole 
sharing technique, the number of biquadratic sections 
required is 52 compared to 100 using a direct (unshared) 
implementation. 

With the first-order common term ignored in (7), and 
matching the coefficients of (7) with that of the “PTF” 
biquadratic section transfer function in Fig. 4(a), and 
finally performing dynamic range and capacitor scaling, 
the capacitor values are determined. These are shown in 
Table I1 for Ch 3-5. 

Fig. 8 depicts the filter bank frequency response ob- 
tained by SWITCAP [19] computer simulations. A dis- 
crete realization comprising Ch 3-5 was constructed on a 
breadboard where capacitors used were within 2% of 
their designed values. Breadboard measured results 
agreed well with computer simulations. In particular, a 
good approximation to linear phase in the passband and 
sharp attenuation in the stopband were evident. In com- 
puter simulations, the magnitude overlap between adja- 
cent channels were precisely at -3 dB and within kO.1 
dB in breadboard measurements. 

In some speech applications, the bandpass filters are 
spaced nonuniformly [11-[51 whereby the passband band- 
width increases with increasing frequency. This spacing, 
often called “critical band spacing,” corresponds to the 
frequency resolution of the human ear. Consider the 
following nonuniformly spaced filter bank specification: 

i) four-pole pairs per channel; 
ii) 16 channels, nonuniformly spacing; 
iii) -3-dB bandwidths: Ch 1-9:120 Hz, Ch 10-16 

/ T 

I 

Fig. 6 .  Pole pattern depicting pole sharing in the s-plane for filter 
channels M and ( M  + 1). 

biquads) required in a direct Lerner filter implementa- 
tion. The biquadratic section savings achieved is thus 
nearly fifty percent in this case example. In addition, 
because the Lerner filter is an efficient approximation, in 
terms of the number of poles required to satisfy a given 
filter specification, the overall biquadratic section savings 
would exceed 50% compared to a more conventional 
high-order filter bank synthesis employing minimum phase 
filter approximations. Thus the considerable savings using 
the pole sharing Lerner filter methodology is achieved in 
two ways. 

The overlap of the magnitude responses of adjacent 
filter channels depends on the b / a  ratio since the magni- 
tude and phase ripple responses are related to this ratio 
as expressed in (3). In the authors’ experience, a typical 
b / a  ratio between 1.5 and 2 would yield a good approxi- 
mation to linear phase in the filter passband and a magni- 
tude response overlap of approximately - 2.7 dB between 
adjacent channels. 

This magnitude overlap between channels suffices in 
most filter bank applications as the roll off beyond this 
point is sharp. A b / a  ratio below and above the values of 
1.5 and 2 usually yield an overlap less than -2.7 dB. 
However, if a precise -3-dB overlap (or other specified 
value), or a b / a  ratio below 1.5 or above 2 is desired, the 
location of the in-band pole pair nearest the band edge 
and corrector pole pair at the band edge may be slightly 
adjusted to yield the appropriate filter responses. This 
will cause the filter response to deviate slightly from the 
Lerner approximation near the band edges as in the 
numerical example below. 

iv) 

V> 

increasing by a factor of 1.24 
- 3-dB passbands: Ch 1 : 300-420 Hz, Ch 2 : 420-540 

b:  135, a ranges from 40 Hz (Ch 1)-146 Hz (Ch 161, 
b / a  ranges from 3.4 (Ch 1)-0.92 (Ch 16); 
Sampling frequency: 20 kHz. 

HZ , . . , Ch 16 2860-3300 Hz; 
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OUTPUT 

CHANNEL 1 

CHANNEL 2 

CHANNEL 3 

14 

15 

16 

BIQUADRATIC FILTERS 3 SUMMER/SAMPLE-AND-HOLD CIRCUITS 
Fig. 7. Functional schematic of a four-pole pair per channel, sixteen channel filter bank embodying the pole sharing 

methodology. 

TABLE I 
LOCATION OF ADJUSTED IN-BAND AND CORRECTOR POLE PAIRS 

OF UNIFORMLY SPACED FILTER BANK - - H l d F M C o r r c c M r  
3 522 HZ 558H2 642Hz 678 Hz 
4 642 H2 678H2 76282 798 Hz 
5 762 Hz 798Ha 88282 918 HZ 

The derivation of the coefficients of (7) for Ch 1-9 were 
derived using the design methodology in Section 11. How- 
ever, as the center frequencies of Ch 10-16 are spaced 
nonuniformly, their pole locations were not located ap- 
propriately to permit pole sharing. A modification to the 
Lerner approximation can, however, be made. The method 
used here was to design the in-band pole pairs of a filter 

bank channel according to the Lerner approximation and 
use the nearest in-band pole pairs of both adjacent chan- 
nels as its corrector pole pairs. In this manner, the correc- 
tor pole pairs of Ch 10-16 (and highest frequency correc- 
tor pole pair of Ch 9) were obtained. Other methods may 
be used, for example, the corrector and its nearest in-band 
pole pairs of one filter bank channel may be placed at the 
midpoint of the position obtained from the Lerner ap- 
proximation and that of the adjacent channel (which is 
also derived from the Lerner approximation). Such pole 
pair positions may serve as initial estimates and subse- 
quently adjusted in computer-aided designs. 

Fig. 9 depicts the frequency response of the nonuni- 
formly spaced bandpass filter bank using SWITCAP. A 
good approximation to linear phase and a fairly sharp 
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TABLE I1 
CAPACITOR (CAP) VALUES OF THE THREE UNIFORMLY SPACED FILTER 
BANK CHANNELS AFTER DYNAMIC RANGE AND CAPACITOR SCALING 

c2wltd2 
B l ! l u & ~ E a e p s a r L E m m m  

I 26.110 6.056 1.003 1.W 4.413 1.W 

2 26.110 5.711 1.003 1.W 4.707 l.W 
3 26.110 4.%9 1.003 1.W 5.402 1.W 
4 26 110 4.706 1.003 1.W J.7W l.W 

Surnrner/Smpk-and-HoId C : 1.101: C : 1.W 

cham&! 
~ c A n E ! c a i L R ! 2 l l L E w m m  

I +  26.110 4.969 1.003 1.W 5.402 1.000 

2+ 26.110 4.706 1.003 l.W 5.704 l.W 
3 26.178 4.183 1.006 1.030 6.386 l.W 
4 26.178 3.997 1.006 1.W 6.686 1.W 

SurnrnaBampk-wd-Hold C : 1 101; C : l.W 

sLuu!& 
E i a u a d c A n E ! E a e p s 5 l E m m -  

I +  26.178 4.183 1 . a  1.W 6.386 1.W 

2+ 26.178 3.997 1.006 1.W 6.686 l.W 

3 26.178 3.622 1.006 1.W 7.407 1.W 
4 26.178 3.484 1.006 1.ooO 7.707 1.W 

tions in parameter r k ,  the residue, was shown to be 

and sensitivity related to variations in the imaginary part 
of the pole location, w k ,  was shown to be 

1 a b2 

w k  H b  ( s + b ) 2 '  
s H = - - -  for k = 0 .  (9b) 

By using (31, these sensitivities for an infinite Lerner 
transfer function can be rewritten as 

1 a b 'cos9-  b o s h 9  b o c o s 9 + b 2 s i n 9  
b2 + o2 

- j  b2 + o2 

(loa) 

[ s p  - 
r b c  

b2( ( b2 - U ' )  cos q - 2 b o  sin 9} 

( b2 - 02)2+4b202 
So",=-- 

Surmns/smplc-ndHddC 1101.C lm 
B ~ s o a ( & q u d ) I  Lmbrtluap/G%nc=mkRWedge) b2((b2 - 0 2 ) s i n 9  +2bwsinq}  

- i  
( b 2  - B q t u b o c  acnm 2 Lm, In-Bnd WC pmr 

Biquadranc =non 3 H ~ g h  frcquury In Band pole P w  

Biquadrauc sefnon 4 High Frrqucncy C m m  b k  (Bad cdge) 

+ d e n o m  Po& Shored 

where 9 = w r / 2 a  and w is the difference between an 
oscillator test frequency and the nominal frequency of the 
pole. As the transfer function can be expressed as H =  
IHle-@, the single parameter magnitude and phase sensi- 
tivities are given by the real and imaginary parts of (lo), 
respectively. Of particular interest, for the ratio of b / a  = 
1.5 (see filter bank example in Section V), 

attenuation are evident. Ch 16 possessed the worst-case 
passband magnitude ripple of 0.5 dB (as evaluated in (3)) 
since its b / a  ratio is smallest (specification (iv) above). 
The magnitude overlap between adjacent channels is be- 
tween - 2 and - 3 dB and is satisfactory for most speech 
applications. 

VI. SENSITIVITY 
An important characteristic of a network function is the 

sensitivity of that function to parameter changes. In this 
section, single parameter sensitivity is derived in the s- 
plane and can easily be extended to the z-plane. The 
statistical multiparameter sensitivity is also derived and 
applicable to both s and z planes. 

First consider the single parameter sensitivity S," de- 
fined as 

A H / H  = S,"( A x / x )  (8) 
where the changes in transfer function A H  is related to 
the variations in parameter x .  The operator, s, is dropped 
for brevity, e.g., H ( s )  to H .  Consider the infinite Lerner 
function ( 2 )  rewritten as 

The nominal values of b, and r ,  are b, and ok equal to 
2ka. In [91, it was shown that typical sensitivity values can 
be estimated by setting k = 0 as w o  = 0 represents one of 
the nominal pole positions. Sensitivity related to varia- 

s y  = 2.2 

at the nominal pole frequency and these two sensitivities 
decrease to zero as a function of l /o and 1/02,  respec- 
tively. On this basis, it can be remarked that the errors of 
a given pole are primarily confined to the vicinity of that 
pole and their effect on the magnitude transfer function is 
approximately two times as great as the parameter varia- 
tion itself. 

The single parameter sensitivity is a measure of the 
change in filter characteristic to a single parameter varia- 
tion. It is important to identify the most sensitive parame- 
ter which has the largest sensitivity value. In a practical 
circuit, however, many parameters are varying simultane- 
ously and a more acceptable figure-of-merit sensitivity 
measure is the statistical multiparameter sensitivity [17]. 
This sensitivity analysis takes into account multiparameter 
variations, considers the correlation between different 
parameters, and gives good agreement with Monte Carlo 
analysis. The multiparameter sensitivity analyses for the 
summation (parallel) of biquadratic section configuration 
HL (Sections I1 and 111) and cascade structure H ,  are 
derived in Appendixes I and 11. The frequency dependent 
integrand sensitivities, S, and STc for these N bi- 
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Fig. 8. Magnitude and phase response of uniformly spaced filter bank employing the pole sharing methodology obtained 
from SWITCAP computer simulations and discrete breadboard realization. 

0 1K 2K 3K 4K 

FREQUENCY 

Fig. 9. Magnitude and phase response of nonuniformly spaced filter bank employing the pole sharing methodology 
obtained from SWITCAP computer simulations. 

quadratic section structures are, respectively, given by 
I N  

N 

’TC= ’TA 
k = l  

where T / ’ s  are biquadratic sections of H L ,  S,, and STk 
are the frequency-dependent integrand sensitivities of the 
biquadratic sections of H ,  and H,, respectively. The 
sensitivities of these two filter realization structures can 

now be compared. It is first observed that for the same 
transfer function, the denominators of H, and H, are 
identical. In addition, in the case of high Q(Q > 10) 
filters, the roots of the numerators of the H, and H,  
biquadratic sections are not close to those of the denomi- 
nators of H ,  (or H,) and the influence of the numerator 
parameter variations on the frequency response in the 
passband is small. The variations of the numerator pa- 
rameters can therefore be neglected [ 171 in the computa- 
tion Sq and S ,  and hence ST, and S, can be treated as 
equal (eq. (A6)). Thus by comparing (A51 and (B21, the 
statistical multiparameter sensitivity of high Q filters real- 
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SENSITIVITY 

o/oo (0 + ASdB)/w, 
(0 - A3dB)/oo 

FREQUENCY 

Fig. 10. Frequency-dependent integrand magnitude sensitivity ratio. S, / ST , ,< ,  comparing the summation of biquadratic 
section configuration H ,  and cascade"itructure H,. 

ized by the H, configuration is more sensitive than the 
H, structure at frequencies where 

or 

and in the case of multiparameter magnitude sensitivity, 
S,, and phase sensitivity, STo, 

or 

N c 
; = I  

or 

N c 
j =  1 

where Re denotes real and Im the imaginary parts, re- 
spectively. 

As an example, consider the sensitivity of a high Q 
( Q  = 271, four-pole pair bandpass Lerner filter used to 
realize channel 25 of a uniformly spaced filter bank 
(Section VI. In this example, the assumption that the 
numerators of the biquadratic sections of H ,  and H ,  are 
far away from the roots of the denominator can be shown 

to be true. Fig. 10 depicts the frequency dependent inte- 
grand magnitude sensitivity ratio SqL / S T N c  against w / w , ;  
the range w / w o  corresponds approximately to the -3-dB 
passbands bandwidths (note that in determining this sen- 
sitivity ratio, S,, and S, need not be computed). The 
ratio of STCrL/STcrc  is 1 at the center frequency and 
increases to 1.8 at the -3-dB passband. Hence, the 
magnitude sensitivity of the summation of biquadratic 
section configuration H ,  is equal to the cascade structure 
H ,  at the center frequency and slightly worse off at the 
-3-dB passband edge. The sensitivity of H, is not ex- 
pected to be a problem in most designs because the 
frequency-dependent integrand sensitivities of their bi- 
quadratic sections, STJ in (111, are usually small as the 
transfer function of SC circuits is determined by a 
crystal-controlled oscillator and precise capacitor ratios. 

To compute S,; and S ,  of high Q filters in (11) and 
(12), the single parameter sensitivity S,W" (where w ,  is the 
center frequency), as shown in (A6), is required. In the 
derivation of the z-domain SC Lerner filter approxima- 
tion from the Laplace plane, the matched z transforma- 
tion was used. For this Laplace-to-z domain transfor- 
mation, the biquadratic section S,W" sensitivity has been 
reported elsewhere [18] (poles of impulse invariant trans- 
formation are identical to matched z ) .  

To summarize the sensitivity analysis, the single param- 
eter sensitivity analysis demonstrated that the errors of a 
given pole are primarily confined to the vicinity of that 
pole. Furthermore, the multiparameter analysis demon- 
strated that for a high Q filter, the multiparameter mag- 
nitude sensitivity for the summation of biquadratic section 
filter configuration is only slightly worse off than the 
cascade filter structure in the vicinity of the poles (within 
the passband). 
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VII. CONCLUSIONS 

A pole sharing technique for implementing bandpass 
filter banks using the efficient nonminimum phase Lerner 
approximation without placing additional speed require- 
ments on the operational amplifiers and without resorting 
to complicated clocking strategies has been discussed; 
only a biphasic clock was used. Substantial hardware 
saving has been achieved. The filter synthesis was shown 
to be micropower compatible, parasitic insensitive, and 
phase reversal was easily accommodated while retaining 
all desirable features. A uniformly and nonuniformly 
spaced filter bank for typical speech applications have 
been simulated with SWITCAP and three channels of the 
uniformly spaced filter bank have been constructed on a 
breadboard using discrete components. The results ob- 
tained agreed with design specifications, yielding a good 
approximation to linear phase in the passband and sharp 
attenuation in the stopband. Single parameter and statis- 
tical multiparameter sensitivity analyses have been de- 
rived. 

APPENDIX I 
The statistical multiparameter sensitivity [17] measure 

E /0z lAH,H12dw]  = [ * S , d w  I =j02d; fPd ,dw 0 1  (Al)  

where S, denotes the frequency dependent integrand 
sensitivity, t means transpose, E is the mathematical 
expectation, and w 1  to w 2  the frequency range of interest 
(usually passband). The covariance matrix P = E [ A x  A x f ]  
is of order k X k, * denotes complex conjugate, and 
boldface denotes a vector. A typical component of d ,  is 

is defined as 

[ 0 1  

x i  aH 
H a x i  

= - - = Sx'f 

where xi is a parameter of the filter transfer function H .  
For the filter HL realized as a summation (parallel) of 

N biquadratic sections T,, j = 1; * -, N, 
N 

HL= T, (A3) 
j =  1 

it can be shown that 

, -  
An assumption now taken is that the multiparameter 
variations within one biquadratic section are independent 
of the other biquadratic sections. This assumption is justi- 
fied in a practical circuit if the biquadratic sections do not 
share components and the biquadratic sections are widely 
apart in an integrated circuit. Hence, the biquadratic 
sections are uncorrelated, i.e., covariance matrix 

Thus 

I N  

where 

sTl = d;<dTl 

d k  = S;. 

In the case of a high Q<Q > 10) filter, the roots of the 
numerators of T, are not close to denominator of HL and 
the influence of the numerator parameter variations on 
the frequency response in the passband is small. It can 
then be shown that the frequency dependent integrand 
sensitivity for biquadratic section T, is 

1 m m  

where Dj is the denominator of biquadratic section T, 
and p, ,  is the ith row, j th  column of P, and there are m 
parameters in T,. 

APPENDIX I1 
Consider now the statistical multiparameter sensitivity 

of an N biquadratic section cascade configuration whose 
transfer function is given by 

& 

H c =  n T k  
k = l  

Assuming that the multiparameter variations within one 
biquadratic section are uncorrelated to other biquadratic 
sections as in Appendix I, it can be shown that 

N 

'TC= 'Tk 
k = l  

and for high Q <Q > 10) filters, 

N 

sTc 'Tk 
k = l  

where STk is frequency dependent integrand sensitivity of 
the biquadratic section Tk (in place of T,) given in (A6). 
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