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Roundoff Noise Analysis of Signals Represented
Using Signed Power-of-Two Terms

Ya Jun Yu, Member, IEEE, and Yong Ching Lim, Fellow, IEEE

Abstract—It is a well-known fact that the multiplication of a
number by an integer power-of-two is a very simple process in bi-
nary arithmetic. Hence, digital filters whose coefficient values are
integer power-of-two are essentially multiplierless. The design of
digital filters with power-of-two coefficient values require time-
consuming optimization process and may not always be possible
in some applications such as in adaptive filtering. Since hardware
circuitry for real-time conversion of a binary integer into a sum
of a limited number of signed power-of-two (SPT) terms is avail-
able, if the signal is expressed in SPT terms, i.e., in digit code, the
filter is also multiplierless even though the coefficient values are
not SPT. When each signal data is rounded to a limited number
of SPT terms, a roundoff noise representing the roundoff error is
introduced. In the SPT space, the quantization step size is nonuni-
form and so the roundoff noise characteristic is different from that
produced when the quantization step size is uniform. This paper
presents an analysis for the roundoff noise of signal represented
using a limited number of SPT terms. The result is useful for de-
termining the number of SPT terms required to represent a signal
subject to a given roundoff noise.

Index Terms—Gaussian model, probability density function,
roundoff error, signed power-of-two (SPT), statistical analysis.

I. INTRODUCTION

THE implementation of digital filters with digital devices
having finite wordlength unavoidably introduces quantiza-

tion errors. There are three main sources of quantization error
that can arise: input quantization [1], [2], coefficient quantiza-
tion [3]–[6], and quantization in arithmetic operations [7]. Ex-
tensive studies on the statistics of finite wordlength roundoff er-
rors have been widely reported in the literature, from statistical
models [2], [8], to effects on various filter structures, such as
direct form FIR filters [3], cascade FIR filters [9], [10], and re-
cursive FIR filters [11].

There has been increasing interests on the representation of
signals and digital filter coefficient values as a limited number of
signed power-of-two (SPT) terms [12]–[18], during the past two
decades, for the fact that multiplications involving SPT num-
bers in binary arithmetic can be replaced by add/subtract-shift
operations.

It is well known that when a number is represented as a sum of
SPT terms, the number of nonzero digits is less than or equal to
that when it is represented in two’s complement. For canonic
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SPT representation, no two consecutive nonzero digits exist.
Therefore, an -bit number can be represented using no more
than SPT terms. Often, fewer terms are needed, and
it has been shown in [19] that the expected number of SPT
terms in an -bit canonic SPT number tends asymptotically to

as increases. Digital filters whose coeffi-
cient values are integer power-of-two [12]–[18], [20]–[23] are
essentially multiplierless. However, the design of digital filters
with SPT coefficient values require time-consuming optimiza-
tion process and may not always be possible in some applica-
tions such as in adaptive filtering. Since hardware circuitry for
real time conversion of a binary integer into a limited number
of SPT is available [24], if the signal is expressed in SPT terms,
i.e., in digit code, the filter is also multiplierless even though the
coefficient values are not SPT.

When each signal data is rounded to a limited number of SPT
terms, a roundoff noise representing the roundoff error is intro-
duced. In the SPT space, the quantization step size is nonuni-
form [12] and so the roundoff noise characteristic is different
from that produced when the quantization step size is uniform.
Whereas the finite wordlength roundoff error is most frequently
statistically modeled as an additive, uniformly distributed white
noise [2], the understanding on the statistics of SPT roundoff
error, so far, is very limited. Some statistical analysis on the SPT
number had been reported in [12] and [25]. Lim et al. [12] in-
vestigated the relationships between SPT terms and the number
they represent. These relationships lead to a statistical measure
on the number of SPT terms required to represent an integer.
Yao [25] derived the distribution of the SPT terms, i.e., the prob-
ability of allocating an SPT term to a particular digit. However,
there is no report on the statistical distribution of SPT quantiza-
tion error for the rounding procedure.

The purpose of this paper is to present an analysis for the
roundoff noise of signal represented using a limited number
SPT terms. The result is useful for determining the number of
SPT terms required to represent a signal to within an acceptable
roundoff noise level. Section II reviews some properties of SPT
numbers; these properties will be used in the subsequent deriva-
tions. An implementation for an adaptive filter when input sig-
nals are SPT numbers is described in Section III. In Section IV,
an SPT roundoff error model is established for a given dis-
tributed input. Mathematical expressions on the error’s prob-
ability density function are established subject to a given pre-
cision, and the statistical properties of the roundoff error are
studied. Based on this SPT roundoff error model, in Section V,
an estimation of the roundoff error for Gaussian distributed in-
puts is approximated. An example illustrating the application of
our result is presented in Section VI, where the signal is a clip
from the song ”Memory” sung by Barbara Streisand.

1053-587X/$25.00 © 2007 IEEE
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II. SPT NUMBERS

A number can be represented to a precision by an
– -digit canonic SPT number with SPT terms as

(1)

where . is a positive integer but
may be zero, a positive integer, or a negative integers. Further-
more, for any and , it satisfies the constraints that
if and that . The canonic representation
requirement imposes the further constraint [i.e.,
in (1)] on the representation; this will exclude the representation
of some numbers that can be represented without the canonic
representation requirement under the same wordlength. For ex-
ample, with and in (1), one cannot represent say
12 in the canonic form but it is possible in the noncanonic form.
To represent 12 in a canonic form, it is necessary to increase

to 5 which is a drawback compared to the case with
that allows noncanonic forms. However, because of the unique
representation of the canonic SPT number which is very attrac-
tive for monitoring and ensuring the minimum representation
of the number, many researches imposed the canonic condition
on the SPT numbers for easy analysis and derivation [12], [22],
[25]–[27], although there may exist other minimum representa-
tions. For the same reasons, in this paper, the canonic condition
is implied in the discussions.

For the particular condition in (1) where , is an
-digit integer. In this paper, this particular case for quantizing

a number to an SPT number where is considered first.
The case where will be deduced from the case where

.
Let denote the set of all integers and denote the set of

all positive integers. Let , . Since ,
it is obvious that an -digit canonic SPT number has at most

SPT terms (or nonzero digits), where is the
largest integer smaller than or equal to . Assume further that

. Let be a subset of such that any
is a sum of exactly canonic SPT terms and the

largest power-of-two term is less than or equal to , where
is given by (1) in which is equal to 0.
It is known that the number of elements of the set ,

represented as , is [12]

(2)

where denotes the factorial of .
Let be a subset of such that

, i.e., any is a sum of not more
than canonic SPT terms and the largest power-of-two term is
less than or equal to . It is noted that does not
include zero.

Let be the number of elements of the set
. It is straightforward to show that

(3)

Fig. 1. Adaptive filter.

Therefore, the number of elements of is
. Denote as ,

we have

(4)

is also the largest number which can be represented by a
canonic SPT integer where the largest power-of-two term is less
than or equal to .

Let

(5)

is the largest infinite precision number represented by
SPT terms with the largest power-of-two term being less than
or equal to .

Furthermore, let be the union of ,
and the element 0, i.e., is the integer set

that can be represented by -bit SPT integer with not more
than SPT terms, including both the positive and negative
numbers as well as the zero element. Obviously, the number of
elements in is .

III. EXAMPLE OF APPLICATION

The computation of each output sample at time for the
filter shown in Fig. 1 requires multiplications.

(6)

where

(7)

and

(8)

In binary arithmetic, the multiplication process is essentially
multiplierless if either the elements of or are SPT
numbers. For fix filters, either the elements of or
may be made SPT since it is possible to optimize in
the SPT space using sophisticated optimization techniques
[12]–[18], [20]–[23] during the design process. For adaptive
filters, it is impractical to optimize in the SPT space.
Thus, in the implementation of adaptive filters, it is necessary
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Fig. 2. Implementation structure for the filter shown in Fig. 1, when the input
signals are represented as SPT numbers.

to convert the elements of to SPT numbers if a multi-
plierless implementation is desired. This can be achieved by
preceding the filter with a low complexity SPT converter [24],
[28] converting into SPT numbers. When the elements
of are in SPT format, the computation of the vector
inner product can be achieved in a multiplierless
fashion using the structure as shown in Fig. 2.

When the elements of are in SPT format, the arithmetic
complexity (which in turn influences power consumption, clock
speed, and silicon area requirement) of the filter depends on the
number of SPT terms and the wordlength of . In order to
reduce the arithmetic complexity to the minimum, it is necessary
to reduce the number of SPT terms and wordlength for .
Nevertheless, reducing the SPT terms and wordlength will result
in an increase in the roundoff noise for . This paper presents
an analysis for the roundoff noise introduced into when

is rounded to a limited number of SPT terms subject to a
given wordlength.

IV. STATISTICS OF THE SPT ROUNDOFF ERROR

An SPT roundoff quantizer (to quantize a real number to a
sum of SPT terms, with a precision of ) is a device having
a staircase-type input–output relation, as shown in Fig. 3, with
acountable number of quantization levels. At each instant, the
output of the quantizer can be determined precisely in terms of
its input. However, if the input is random, the statistical behavior
of the output, rather than this point-by-point response, is of in-
terest. Hence, a statistical model is sought to represent the quan-
tization error.

We consider the input to the quantizer as a random variable
, and assume that is uniformly distributed in

, where denotes all the infinite precision
numbers in the range bounded by and inclusive, as shown in
Fig. 4. Denoted as , the probability density
function of the random variable is given by

otherwise.
(9)

Fig. 3. Input–output characteristic of an SPT roundoff quantizer with K = 1,
� = 2 .

Fig. 4. PDF for a uniformly distributed random number x, x 2 fxj�M �
x � M ;x 2 Rg.

The reason for making the above assumption is that the error
incurred in a number to be quantized to SPT form is related
to the magnitude of the number. Larger magnitude number may
have larger error for a given . Therefore, the distribution of

affects the distribution of the rounding error.
At each sampling instant , the quantized output , the

quantization error , and the input are related by

for all (10)

where

the set of real numbers

(11)

For notational convenience, we drop the index and represent
the quantization-error model (10) as

(12)

Let be the integer nearest to .

A. Error Probability Density Function

Lemma 1: Given a random value with PDF of
, and given , the PDF of the

roundoff error caused by quantizing to the nearest element in
is .

The proof for Lemma 1 is shown in Appendix A.
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1) Property 1: For , the error PDF of rounding a
random value With PDF of to the nearest
element in , denoted as , is as follows:

for

for

otherwise.

(13)

Proof: For , according to (4) and (5), it
is obvious that . For any value

, we have . Ac-
cording to Lemma 1, the rounding error is uniformly distributed
in with the unity PDF. Furthermore, the probability
that is .
The probability that and

are both , and
the rounding errors are distributed uniformly in and

, respectively, with PDF equal to 3. Therefore

for

for

for

otherwise

for

for

otherwise.

2) Property 2: For , the error PDF for rounding a
random value with PDF of to the nearest
member in , denoted as , is as follows:

for

for

otherwise.

(14)

The proof for property 2 is similar to that for property 1.

Lemma 2: Given a random value with PDF of
, and given , ac-

cording to (1), can be written as .
Given the least significant SPT term of is ,
where and or

, the error caused by rounding to the nearest member
in is uniformly distributed with unity PDF in

.
The proof for Lemma 2 is shown in Appendix B.
Lemma 3: For , the error PDF for rounding a

random value With PDF of to an element
in , denoted as , is as follows:

for

for

for

otherwise.

(15)

The proof for Lemma 3 is shown in Appendix C.
Lemma 4: For , the error PDF for rounding

a random value with PDF of to an ele-
ment in , denoted as , is given in (16), shown
at the bottom of the page. The proof for Lemma 4 is shown in
Appendix D.

3) Property 3: The error PDF for rounding a random value
with PDF of to an element in when

is given by (17), shown at the bottom of the next page.

Proof: According to property 2, it is noted that (17) is true
for . According to Lemma 3, (15) is true when

. Furthermore, according to (3), when ,
. Since

, therefore

(18)

Substituting (18) into (15), we have

(19)

for

for

for

for when

otherwise.

(16)
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Therefore, (15) can be written as

for

for

for

otherwise.
(20)

Hence, (17) is true for .
For , (17) is proved by mathematical induction as

follows. Assume that the error PDF for rounding to an element
in is given by (17). For some particular value of ,
where the PDF of is . According to Lemma
4 and the fact that , we obtain (21), shown
at the bottom of the page. Hence, if (17) is true for , it is also
true for . Since (17) is true for , it is true for
all integer .

Therefore, the error probability density function for
can be written as (17). And, thus, property 3 is proved.

So far, we have obtained the error PDF for rounding a random
value with PDF of to an SPT integer (i.e.,
the smallest power-of-two term is ) with not more than
SPT terms. An example of the error PDF for rounding an infinite
precision number to an element in is shown in Fig. 5.

If the smallest power-of-two term is instead of , where
the largest power-of-two term remains at ,the word length
of the resulting SPT number becomes – ; the error PDF of
this quantization process is a scaled version of ,
where the value of the error PDF is scaled by and the
error range is scaled by . Therefore, when ,
the error PDF for quantizing a number to an SPT number with

SPT terms, and with the largest and smallest power-of-two
terms and , respectively, denoted as , is

Fig. 5. Error PDF for rounding a number to an L digit SPT integer with not
more thanK SPT terms, where L = 8 and K = 2.

given by (22), shown at the bottom of the next page. We short
hand the above random distribution of the SPT roundoff error
as .

B. Mean and Variance

1) Property 4: The mean of the error caused by rounding
a random value with PDF of to an SPT
number with SPT terms, and with the largest and smallest
power-of-two terms and , respectively, is equal to
0. The variance of the error is given by (23), shown
at the bottom of the next page.

This property can be proved in a straight forward manner.
Several values of for ranges from 4 to 2 and
ranges from 2 to 6, corresponding to are listed

in Table I, where each row of values corresponds to the range
. It can be seen from Table I that the vari-

ance decreases with increasing for a given and decreases
with decreasing for a given . Therefore, to achieve approxi-
mately the same variance, say , when rounding a number to
an SPT value, larger requires larger , i.e., more SPT terms.
When , five SPT terms are required, whereas for ,

for

for

for when

otherwise.

(17)

for

for

for when

otherwise.

(21)
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Fig. 6. � (e) plot for L = 5. (a) K = 2. (b) K = 3. Note that
the error variance decreases with decreasing Q for agiven number range
[�2 =3; 2 =3] and a given K .

three SPT terms are required. Interestingly, increasing the value
of from 1 to 4 corresponds to an increase in 5 digits in the
SPT number but it is only necessary to increase the nonzero digit
by 2 digits (i.e.,increasing from 3 SPT terms to 5 SPT terms) in-
order to maintain the same roundoff noise power.

If the largest power-of two term is fixed, i.e., if is fixed,
the error variance for representing a random number in SPT
form decreases with decreasing for a given . In Fig. 6(a),
the largest power-of-two term is fixed at , thus, the
number representable is in , and . When

TABLE I
VALUES OF � FOR Q = �10

decreases from 0 to 3, i.e., the smallest power-of-two term
decreases from 2 to 2 , the error variance drops quickly from
0.431 to 0.393. However, for , the decrease in the variance is
almost not noticeable and the variance approaches a constant
asymptotically as decreases. Increasing may reduce the
variance further, as shown in Fig. 6(b) for . However,
the variance in Fig. 6(b) approaches asymptotically a smaller
constant as decreases.

V. QUANTIZATION OF GAUSSIAN SIGNALS

Gaussian processes are an important class of input models to
the quantizer in many practical applications. We study the sta-
tistical properties of the quantization error for Gaussian inputs
in this section.

A. Approximation of Gaussian Distribution

Consider the input to be a Gaussian random variable with
zero mean and standard deviation , denoted as . Let
the PDF of the input be

(24)

for

for

for when

otherwise.

(22)

for

for

for .

(23)
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This Gaussian input could be approximated as a weighted
superposition of several uniform distributions as

(25)

where is a weighted uniform distribution with
PDF defined as

otherwise.
(26)

Therefore, the Gaussian PDF is approximated as a piece-wise
constant function given by (27), shown at the bottom of the page,
where

(28)

and

(29)

(30)

(31)

Equation (28) is obtained from (5) by supposing that the max-
imum absolute value of the random variable is , and is the
integer nearest to . In (29)–(31), is the cumulative distri-
bution function of Gaussian distribution given by [29]

(32)

where is the error function given by

(33)

For example, an input with can be approximated
as a piece-wise constant function as given in (27) and as shown
in Fig. 7, where , , and

. Our results show that, as far as round off
error analysis is concerned, approximating the Gaussian PDF

Fig. 7. Gaussian input N (0; 0:3 ) is approximated by a piecewise constant
distribution.

function by the piecewise constant model of (27) produces in-
significant difference. In order to facilitate theoretical analysis
of roundoff noise, in this paper, the PDF of a signal will be ap-
proximated by a suitable piecewise constant model.

B. Approximation of Gaussian Input Quantization Error
Distribution

In this paper, when rounding the input with dis-
tribution, the error analysis is done by approximating it to the
error analysis of rounding an input with distribution given in
(27). Therefore, the distribution of quantization error (by quan-
tizing the Gaussian input to SPT number with not
more than SPT terms and with the smallest power-of-two
term not smaller than ), shorthanded as , can be
approximated as the weighted superposition of error distribu-
tions corresponding to each of the weighted piecewise constant
input distribution, i.e.,

(34)

With the above approximation, the error PDF is approximated
as

(35)

where, is given by (28), is given by (29)–(31), and
is given by (22). Correspondingly, the variance of the quantiza-
tion error is approximated as

(36)

for

for

for

otherwise

(27)
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Fig. 8. Distribution of quantization error due to rounding a Gaussian input
N (0; 0:3 ) to SPT numbers with K = 2 and Q = �12. The solid plots cor-
respond to the piece-wise constant approximated result whereas the histogram
plots correspond to the actual measured distribution.

TABLE II
ACTUAL QUANTIZATION ERROR VARIANCES OF 8 SETS OF

RANDOM SEQUENCES WITH N (0; 0:3 ) AND THEIR

PIECE-WISE CONSTANT ESTIMATIONS

where, is given by (23). The mean value of the
Gaussian quantization error remains zero because of the sym-
metry of the distribution.

C. Examples

The first example illustrates the estimation of the quantiza-
tion error by rounding with to SPT numbers with

(i.e., two SPT terms) and (i.e., the smallest
SPT term is 2 ). The estimation error distribution approxi-
mated by (34), as well as the histogram of the quantization errors
of a sequence of random numbers with are plotted
in Fig. 8. The estimated error variance computed by (36) is
1.1876 10 , and the actual error variance for the random se-
quence is 1.2644 . The error variance together with those
of other seven sets of random sequences are listed in Table II.
The relative estimation error in Table II is defined as

Estimated value Average value
Average value

(37)

The second example illustrates the estimation of the quanti-
zation errors by rounding Gaussian inputs with
to SPT numbers with various and . The estimated error vari-
ances and average actual variances over eight trials are listed in
Table III.

It can be seen from Table III that the estimations of the SPT
quantization error variances are close to the actual ones,es-
pecially when the number of power-of-two term ( value) is
small. The estimation deviates a little further from the actual
one when increases. However, as can be seen from Fig. 9,

TABLE III
ESTIMATED AND ACTUAL QUANTIZATION ERROR VARIANCES FOR

RANDOM SEQUENCES WITH N (0;0:2 );N (0;0:5 ) AND

N (0;0:8 ), FOR VARIOUS K AND Q VALUES

Fig. 9. Relative estimation errors of quantization error variances for rounding
a Gaussian input N (0;1 ), for Q ranging from �10 to �16 and K ranging
from 1 to 10.

the relative estimation error is less than 15% for all cases. In
Fig. 9, the relative estimation errors drift from positive values
to negative values, and eventually regress to the vicinity of
zero when increases. This is because when is larger than
half of the wordlength, the SPT roundoff is the same as the
uniformly distributed fix-point roundoff.

VI. EXAMPLE WHERE THE SIGNAL IS A PIECE OF MUSIC

The PDFs of many signals that exist in real life are not strictly
Gaussian but are modeled as Gaussian for the purpose of the-
oretical analysis. Following the same argument, our analysis
and approximation technique can also be used to estimate the
roundoff error power and signal-to-noise ratio (SNR) of real life
signals that are not strictly Gaussian. Our technique can thus be
used to determine the number of SPT terms required to repre-
sent a real life signal so that the roundoff noise is acceptable.

In this section, we shall choose a clip from the song
“Memory” sung by Barbara Streisand. The signal has a vari-
ance of 0.006894 and its distribution resemble that of Gaussian
with the same variance, as shown in Fig. 10.
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TABLE IV
ESTIMATED AND ACTUAL SNR FOR ROUNDING THE SIGNAL OF A PIECE OF MUSIC TO SPT NUMBER WITH VARIOUS K AND Q VALUES.

THE VALUES IN THE SQUARE BRACKETS ARE ESTIMATED SNR AND THE VALUES IN THE ROUND BRACKETS ARE THE CORRESPONDING ACTUAL SNR.
THE PAIRS OF Q AND K VALUES WHICH ARE OVERLY CONSERVATIVE ARE DARKENED

Fig. 10. Histogram of a piece of music and a Gaussian fit with an identical
variance.

Tabulated in Table IV are the estimated and actual SNR for
rounding the signals with various and values. In Table IV,
the values in square brackets are the estimated SNR and the
values in round brackets are the corresponding actual SNR. As
can be seen in Table IV, the errors between the estimated SNR
and the actual SNR are very small. It can also be seen in Table IV
that the SNR increases asymptotically with increasing and/or
with decreasing to certain values. The increase in SNR is
neglectable when increasing or decreasing beyond these
values.

In Table IV, darkened squares correspond to pairs of and
values that are overly conservative, i.e., can be increased

and can be decreased without deteriorating the SNR value
by more than 1dB. Consider for example that darkened square
where and ; the SNR value, as indicated in
Table IV is 58.05 dB. Reducing to 3 will cause the SNR
value to deteriorate to 57.83 dB; the difference is only 0.22 dB.
Consider another darkened square where and ;
the SNR is 64.08. Increasing to 10 will cause only a 0.39-dB
deterioration in SNR. Thus, ideally the pair of and selected
should correspond to an undarkened square in Table IV.

For example, to round signals with SNR 30, 50, 70, and
90 dB, the recommended pairs are , ,

, and , respectively.
The squares in Table IV are darkened based upon our tech-

nique. If the darkened squares are obtained using actual ex-
perimental data, the results are very close to that obtained in
Table IV. In this particular example, the only difference is the
square corresponding to and ; in Table IV, it is
a darkened square but if it is obtained based upon experimental
results, it is a white square.

VII. CONCLUSION

In this paper, the error distribution for quantizing infinite pre-
cision signals to SPT values for a given , , is deduced,
where is the number of SPT terms, and are the
largest and smallest power-of-two terms, respectively, given the
input signals are uniformly distribute in . The
roundoff errors for Gaussian distributed signals are obtained by
approximating the signals as a weighted superposition of several
uniformly distributed signals. Simulation results show that such
piece-wise constant model faithfully represents the Gaussian
model in roundoff error variance analysis producing a maximum
relative estimation error of less than 15%. This translates to

dB in error power. We illustrate, by
means of an example, that, although our technique is developed
based upon a Gaussian model, it produces sufficiently accurate
roundoff noise estimation for a real life signal which has close
resemblance to Gaussian but is not strictly Gaussian. Our tech-
nique is valuable for estimating the number of SPT terms and
wordlength required to meet a particular SNR.

APPENDIX A
PROOF OF LEMMA 1

Proof: For a random value with PDF of ,
since , if , the rounding error PDF is
unity in [2]. The probability of given
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that is . The probabilities of
or given that are ,

respectively. The rounding error PDF in each of and

is 2. Denote the error PDF as

, we have

for

for

for

otherwise.

for
otherwise.

(38)

APPENDIX B
PROOF OF LEMMA 2

Proof: According to the given conditions, is an -bit
integer with SPT terms; these SPT terms are
occurring at the most significant bits. Since in canonic
representations, there are no two nonzero adjacent bits, the
bits corresponding to the SPT terms must occur at every
other bit locations.

First, consider the case where is positive. We have
and

(39)

From (39), it can be shown that

(40)

and that

(41)

When , at least one of for
is not equal to , i.e., they have

different signs. An example of is shown in Fig. 11(a), where

Fig. 11. For �x = y(i)2 + y(K)2 , we have �x +
y(K)2 2 S(L;K).

and has a different sign from .
Thus, has SPT terms as shown
in Fig. 11(c), where two nonzero bits occur adjacently. From
Fig. 11(c)–(e), it is shown that this number (with
SPT terms), as shown in Fig. 11(c), can
be represented using SPT terms canonically, as shown in
Fig. 11(e), provided that there exists an integer and for
all where such that and

. In this example, equals to 2. Therefore,
under the given conditions, is an element
in , i.e.,

(42)

From (40) and (42), it is shown that

(43)

Moreover, it is obvious that
for any . That means any number in

is not in ,
where denotes all the infinite precision numbers in the
range bounded by and exclusive. Therefore, the result of
rounding to an element in is equal to .

for

for

for
otherwise

for
otherwise.

(44)
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Since is uniformly distributed in , so

that rounding to the element in nearest to it will lead
to an error distributed uniformly in ,
with PDF equal to . For a
negative number and , the same conclu-
sion can be obtained. The probability of
for the given is , where

if ; other-

wise, .

When occurring with probability of

, is uniformly distributed

in . Furthermore,

and for any . Therefore, the
error is uniformly distributed in , with
PDF equal to . Similarly,
when (occurring with probability of

), the rounding error is uni-
formly distributed in with PDF equal
to 2. Therefore, we arrive at (44), shown at the bottom of the
previous page.

APPENDIX C
PROOF OF LEMMA 3

Proof: First,
is considered. In this case, since , we have

and .
The probability for and

is and is denoted as

. According to Lemma 1, rounding for

to an element in leads to an error in
. Therefore

(45)

The probability for

and , denoted as ,

is . For and
, we have where .

According to Lemma 2, rounding for to an
element in nearest to it leads to an error distributed in

. Therefore, the error PDF for is

(46)

Finally, the probabilities for
and are

both ; rounding to an element in
leads to an error which is uniformly distributed

in with PDF equal to 3.
Therefore

for

for

(47)

Combining (45), (46), and (47), (15) is proved.

APPENDIX D
PROOF OF LEMMA 4

Proof: Assume that when , the error PDF for
rounding a number ,

to an element in is shown in (48), shown at the
bottom of the page. In (48), the error is pro-
duced when the integer part of has not more than SPT

for

for

for when

otherwise.

(48)
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terms, whereas the errors in the other ranges in (48) are pro-
duced when the integer part of has more than SPT terms.
From Lemma 3, it is shown that this assumption is true for

.
Since , the number is obtained

by shifting the binary point for by one bit to the right.
1) When the integer part of has more than SPT terms,

as shown in Fig. 12(a), it is obvious that the error caused
by rounding to an element in is
distributed in for , or
an error in . Therefore

for (49)

and

for (50)

where

(51)

and

(52)

are the error PDFs for in and
, respectively, when rounding

to an element in . From (49) and (50), we have

(53)

and

(54)

2) When the integer part of has not more than SPT terms,
rounding to an element in leads to an error

Fig. 12. Number x , x 2 fx j �M � x �M ;x 2 Rg is represented
in SPT form. (a) Integer part of x has more thanK SPT terms. (b) Integer part
of x has less than or equal to K SPT terms, where K = 2.

uniformly distributed in and occurring with
probability

(55)

Therefore, rounding to an element in leads
to an error in .

For all , some of the belong to ,
whereas the others belong to . For example,
the number , where is shown in Fig. 12(b), belongs to

. For

(56)

Therefore, the probability of , i.e,
can be represented exactly by an element in ,

is and is denoted as

, so that such will lead to errors

in . The error PDF for is thus
given by

(57)

where is
equal to 1 according to Lemma 1. Therefore, we have

(58)
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Rounding the remaining , where , will
lead to errors distributed in . We have

where is
equal to 1 according to Lemma 4. Therefore, we have

(59)

Combining (58), (59), (53), and (54), it can be seen that if the
assumption in (48) is true for for a particular value of

, (16) is true for . As the assumption in (48) is true
for where as stated in Lemma 3, thus it
is also true for . Hence, (4) is true for for all

.
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