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A new technique based on digital shearography for determining the transient curvature and twist of a con-
tinuously deforming object from a series of speckle patterns is presented. The intensity variation of each
pixel is analyzed along the time axis by using a complex Morlet wavelet transform. The absolute sign of the
phase variation is determined by introduction of a temporal carrier when the speckle patterns are captured
by a high-speed camera. A high-quality spatial distribution of the deflection derivative is extracted at any
instant without the need for temporal or spatial phase unwrapping. The continuous Haar wavelet transform
is subsequently processed as a differentiation operator to reconstruct the instantaneous curvature and twist
of a continuously deforming object. © 2005 Optical Society of America

OCIS codes: 100.7410, 120.5050, 120.6160, 110.6150.
The demand for higher quality and structural reli-
ability necessitates better techniques for nondestruc-
tive evaluation of stresses in a structure. Optical
methods such as holography and shearography1 are
of considerable interest because of their full-field and
noncontact features. Among them, shearography2–5

allows direct measurement of surface displacement
derivatives and is a practical method that has re-
ceived wide industrial acceptance for nondestructive
testing. However, the second derivatives of displace-
ment are generally of more interest, as they are di-
rectly related to stresses in a structure. Several
reports6–9 have described methods to obtain the cur-
vature and twist by using shearography. Some of
them were based on fringe counting, which suffers
from the low visibility of fringes; others utilized
phase shifting, which is not easily accomplished on a
continuously deforming object. In this investigation a
temporal wavelet transform10,11 is applied in digital
shearography to obtain a high-quality first-derivative
map; a continuous Haar wavelet transform is utilized
to extract the second derivative of the displacements.
Figure 1(a) shows a schematic layout of a digital
shearography setup. A modified Michelson shearing
interferometer3,12 is adopted as the shearing device.

Similar to a temporal Fourier transform,13 a tem-
poral wavelet transform is also unable to analyze the
part of the object where phase change is zero or to de-
termine the absolute sign of the phase change. How-
ever, that difficulty can be overcome by the addition
of a carrier frequency during the image-acquisition
process.13 In this study, a temporal carrier is intro-
duced by a shift in mirror M2 via a piezoelectric
transducer stage [see Fig. 1(a)]. The carrier fre-
quency is high enough to ensure that the phase
change at any point on the object is in one direction
only. When the shearing is in the y direction and with
near-normal illumination and viewing conditions, the

intensity variation of each pixel can be expressed as
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where I0xy
�t� is the intensity bias of the speckle pat-

tern, V is the visibility, �0xy
is a random phase, �C�t�

is the phase change due to the temporal carrier, and
wxy�t� is the out-of-plane deformation of the object. At
each pixel the temporal intensity variation is a
frequency-modulated signal and is analyzed by a con-
tinuous wavelet transform. The continuous wavelet
transform14–16 of a signal s�t� is defined as its inner
product with a family of wavelet functions �a,b�t�:
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−�
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where
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1


a
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a
�, b � R, a � 0. �3�

Here a is a scaling factor related to the frequency, b is
the time shift, and * denotes the complex conjugate.
In this application the complex Morlet wavelet is se-
lected as a mother wavelet:

��t� = exp�− t2/2�exp�i	0t�. �4�

Here 	0=2� is chosen to satisfy the admissibility
condition.14 The continuous wavelet transform ex-
pands a one-dimensional temporal intensity varia-
tion of certain pixels into a two-dimensional plane of
scaling factor a (which is related to the frequency)
and position b (which is the time axis). The trajectory

2
of the maximum Wxy�a ,b� on the a–b plane is
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called a ridge. The instantaneous frequency of signal
�xy� �b� is calculated as

�� �b� = 	0/arb, �5�

Fig. 1. (a) Schematic layout of a digital shearography
setup. (b) Typical shearography fringe pattern and area of
interest.

Fig. 2. Temporal intensity variations of (a) point R on the
reference block and of (b) point A and (c) point B on the
square plate.
xy
where arb denotes the value of a at instant b on the
ridge. The phase change 
�xy�t� can be calculated by
integration of the instantaneous frequency in Eq. (5),
and a phase unwrapping procedure is not needed in
the temporal and spatial domains. Subtracting the
phase change 
�C�t� that is due to the temporal car-
rier, the absolute phase change representing �wxy /�y
can be obtained on each pixel.

After phase retrieval by temporal wavelet analysis,
a continuous Haar wavelet transform17 is applied
spatially on the phase map at a certain instant to ob-
tain the transient curvature and twist. The Haar
function is the simplest wavelet, and a flexible differ-
entiation operator

��x� = � 1 x � �0,1/2�

− 1 x � �1/2,1�

0 x � others
� . �6�

The wavelet coefficient obtained is the derivative of
the signal. Different scaling factors a can be selected

Fig. 3. Plot of the modulus of the Morlet wavelet trans-
form at (a) point R, (b) point A, (c) point B.
Fig. 4. Spatial phase distribution at t=4 s.
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according to the extent of the noise. In this applica-
tion, the continuous Haar wavelet transform is ap-
plied line by line in the x or y direction on the phase
map.

The test specimen in this study is a square plate
with a blind hole, clamped at the edges by rows of
screws, loaded by compressed air and illuminated by
a 35 mW He–Ne laser. To retrieve the phase change
of the temporal carrier, a stationary reference block
with a diffuse surface is mounted beside the object,
and its image is captured along with the plate by a
high-speed camera with an array size of 512
�480 pixels. Figure 1(b) shows the typical shearog-
raphy fringes of the test specimen with the reference
block. The shearing distance �y is 3 mm, and 300
speckle patterns are processed pixel by pixel along
the time axis. Figure 2 shows the intensity variations
of a point R on the reference block and points of in-
terest A and B on the plate. Different frequencies are
observed at points A and B, as the phase changes at
these two points are of opposite signs. Figure 3 shows
the modulus of the Morlet wavelet transform on

Fig. 5. Reconstructed values of (a) �2w /�y2 and (b)
�2w /�x�y after a continuous Haar wavelet transform.
these points. The dashed curves show the ridge of the
wavelet transform where the maximum modulus is
found. The temporal phase change (with carrier) at
each point is obtained by integration, and its abso-
lute phase change is thus obtained by subtraction of
the carrier phase change. The combination of the
phase change at each point at a certain instant re-
sults in an instantaneous spatial phase distribution
that is proportional to the deflection derivative, in
this case �w /�y. Figure 4 shows a high-quality phase
map at an instant t=4 s. It is worth noting that a 3
�3 median filter is applied once on the phase map to
remove ill-behaved pixels. A continuous Haar wavelet
transform is then applied with a certain scaling fac-
tor a (in this application, a=20) line by line in the y
or x direction. The wavelet coefficients obtained rep-
resent the curvature �2w /�y2 and the twist �2w /�x�y.
Figure 5 shows three-dimensional plots of the curva-
ture and twist obtained at instant t=4 s.

This paper presents a novel method for retrieving
the transient curvature and twist of a continuously
deforming object by using a combination of digital
shearography and the continuous wavelet transform.
The proposed method is able to limit the influence of
various noise sources and significantly improve the
results in phase measurement. Because of the high
quality of the phase map obtained, it is possible to
perform a numerical differentiation process spatially.
In addition, a continuous Haar wavelet transform is
selected as a differentiation operator to eliminate the
noise effect. Thus a good-quality transient curvature
and twist can be obtained from a continuously de-
forming object.

Yu Fu’s e-mail address is mpefuy@nus.edu.sg.
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