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Abstract 

This paper describes the analysis of phase distortion in phase-shifted fringe 
projection method. A phase distortion occurs when the phase shifting technique is 
applied to extract the phase values from projected fringe patterns in surface contouring. 
The phase distortion will induce measurement errors especially in the measurement of 
micro-components. The cause of such phase distortion is investigated and the influence 
of phase distortion on the measurement of micro-components is discussed. To 
eliminate the phase distortion, a continuous wavelet transform (CWT) is employed to 
extract phase values from object surface modulated fringe patterns. Principle of the 
proposed CWT phase extraction method is described and experiments are conducted to 
verify the proposed method. It is shown that by the use of CWT phase extraction 
method phase distortion induced in conventional phase-shifting technique can be 
completely eliminated. 

Keywords: Phase distortion; Fringe projection; Phase shifting; Continuous wavelet 
transform (CWT) 

 

1. Introduction 

Optical techniques are widely used to determine three-dimensional (3D) profile in 
many engineering fields [1–5]. Generally they are non-contact and non-destructive and 
are desirable for vibration analysis, quality control and contour mapping. Several 
optical methods have been developed for surface contouring. In recent years, phase-
shifted fringe projection method has become a predominant method of surface 
contouring, and has been extended to measurement of micro-components such as 
MEMS components [6–8]. 

In phase-shifted fringe projection technique [9–12] several, normally four, 
sinusoidal fringe patterns with prescribed phase steps are projected onto the surface of 
an object. The phase distribution of an object surface is modulated by a projected 
fringe pattern and normally appears as fringe distortion. The phase distribution can 



               

be demodulated by a phase-shifting algorithm. In most practical applications, due to 
the non-linearity of the diffraction of a projection grating (traditional film grating or 
liquid crystal display grating) and that of the reflectivity of an object surface, the fringe 
patterns captured by a CCD camera are not of sinusoidal type when a sinusoidal fringe 
pattern is projected on the object surface. In these cases, phase distortion will occur 
when the phase value is calculated from the projected fringe patterns by normal 
phase-shifting algorithm. This phase distortion will cause errors in surface contouring. 

In this paper, the analysis of phase distortion in phase-shifted fringe projection 
method is described. A novel phase extraction method based on continuous wavelet 
transform (CWT) is employed to retrieve accurate phase values. The principle of the 
proposed method is demonstrated by simulation of phase demodulation of one-
dimensional (1D) signal using CWT. Experiments are conducted on a relatively large 
as well as a micro-scale object. In each of the experiment, phase values are 
computed by both conventional phase shifting and CWT phase extraction methods. It is 
shown that the CWT phase extraction method is able to eliminate phase distortion 
completely. 

 

2. Principle of the methods 

2.1. Surface contouring by phase-shifted fringe projection 

Phase-shifting technique has been widely used in interferometry, moiré, and 
fringe projection for 3D surface contouring. In phase-shifted fringe projection technique, 
four phase shifted sinusoidal fringe patterns are projected onto an object surface with phase 
shift of 0, π/2, π and 3π/2 within one fringe period. The following equations are used to represent 
successive intensity distributions with phase shift between each frame [12]: 

       (1) 

( 2 ) 

                ( 3 ) 

                                                                                                                       ( 4 ) 

where a(x, y) is the average intensity (background), b(x, y) is the intensity modulation, and 
φ(x, y) is the phase to be determined. By solving the above four equations simultaneously, the 
phase φ(x, y) at each point (x, y) in the image can be obtained by 

 

                                                                             (5) 

The phase (x, y) obtained by Eq. (5) results in a principal value of phase (x, y) between –
π and +π regardless of the actual value of the phase. Phase unwrapping is carried 
out in order to remove phase ambiguities by adding or subtracting a 2π value at 
individual pixel until the phase difference between adjacent pixels is less than π. 



 

Fig. 1 shows a schematic optical arrangement of the fringe projection system. 
Points P and E are the center of the exit pupils for the projection and imaging optics, 
respectively. If the distance between the sensor and the reference plane is large compared 
to the pitch of projected fringes and under normal viewing conditions, the phase (φ) and 
height (h) relationship is readily derived using the well-known method of triangulation. 
Thus, 

 

        ( 6 ) 

where AC is the intersection of the imaging axis with the reference plane; L is the 
distance between the sensor and the reference plane; d is the distance between the 
sensor and the projector; f0 is the spatial frequency of projected fringes in the reference 
plane and k = L/(2πf0d) is the coefficients, which is related to the configuration of the 
optical measurement system; φCD is the phase, which contains the surface information. 
Once the value of 𝜙(x, y) is known, the surface profile can be calculated using Eq. (6). 

2.2. Continuous wavelet transform phase extraction 

Wavelet analysis has become an effective tool in many research areas since the 
last decade. An interesting historical account by Daubechies [13] and Mallat [14] 
shows that different domains of physics and engineering have developed methods that 
can be brought in a larger perspective based on wavelets. The same situation applies in 
optical metrology [15–20]. 

In surface contouring, when a projected 1D fringe pattern is captured by a 
CCD camera, the intensity variation on each pixel can be expressed as 

( 7 ) 

where I0(x) is the intensity bias of the fringe pattern, γ(x) is the fringe modulation, f0 is the 
spatial frequency of the projected fringe pattern, and φ(x) is a phase value containing 
the surface shape information to be determined. Its complex continuous wavelet 
transform is given by 

 

( 8 ) 

 

where h(x) is the mother wavelet function, and  is a set of 
basis functions, called daughter wavelet and obtained from the mother wavelet h(x) by 
compression or dilation scaling parameter a and spatial translation using shift parameter b. 
hab

* denotes the complex conjugate of hab, H(w) is the Fourier transform of h(x), and Î(w) is 
the Fourier transform of I(x). 

To analyze phase-related properties of a real function, a complex CWT is more 
suitable than a real CWT or a discrete wavelet transform (DWT). The most commonly 



               

used mother wavelet for such an application is the complex Morlet wavelet which is the 
product of a real Gaussian window by a complex oscillating exponential function: 

(9) 

where g(x) = exp(-x2/2), c is the “mother” frequency or central frequency, the 
only parameter that has to be selected. The popularity of a complex Morlet wavelet as an 
analyzing tool is due to the fact that it is described by an analytic function, and so is its 
Fourier transform. The Fourier transform of h(x) is given by 

 

(10) 

Provided that the background intensity I0(x) and fringe modulation γ(x) are slowly varying 
functions compared to the phase value φ(x), when an integral is processed in position x = b, 
then I0(x) = I0(b), γ(x) = γ(b). Neglecting higher order terms, Taylor expansion of φ(x) near x = b 
can be expressed as 

(11) 

Substituting Eq. (11) into Eq. (7), we obtain, 

(12) 

where m = 2πf0. The Fourier transform of Eq. (12) is given by 

 

      (13) 

 

From Eqs. (8), (9) and (13), we obtain the wavelet transform of I(x): 

 

( 14 ) 

 

Let d | WI (a, b) | / da = 0, Eq. (14) yields: 

 

( 15 ) 

 The phase value can be retrieved by the arctangent of the ratio of the imaginary 
and real parts of the wavelet transform on the ridge. 

(16) 



 

 

where Re and Im denote, respectively, the real and imaginary parts of the wavelet 
transform, arb denotes the value of a at instant b on the ridge. However, Ф(amax, b) 
obtained from Eq. (16) is within [-π, π) and phase unwrapping cannot be avoided if a 
continuous phase value is needed. After carrying out phase unwrapping, the phase value 
containing object shape information can be obtained from the CWT coefficients [16]. 

 

3. Experimental work 

Simulated 1D signal (y = cos 32x2) is processed by a complex Morlet wavelet. Fig. 
2(a) shows the modulus of CWT coefficient. The phase map of the signal after being 
processed by CWT in multi-scales is shown in Fig. 2(b). To demodulate the true phase of a 
signal, it is necessary to find a daughter wavelet which has a similar frequency near to 
that of the signal on each pixel. This means that points with maximum modulus value 
should be located on each pixel in Fig. 2(a). The maximum modulus value is 
determined by computing the maximum correlation coefficients of the original 
signal and daughter wavelets. The maximum modulus values are marked as a dotted 
line in Fig. 2(a). The corresponding phase value along this dotted line is shown in 
Fig. 2(b). Hence, the phase distribution of the object under examination can be extracted 
by Eq. (16) as shown in Fig. 3(a) and phase unwrapping is then applied to obtain the 
continuous phase value as shown in Fig. 3(b). The theoretical phase values are compared 
with simulated results as shown in Fig. 3(b). It can be seen that the simulated results agree 
well with that of the theoretical. 

Two experiments are also conducted to verify the phase extraction method by 
CWT. Fig. 4 shows the experimental setup. This system consists of a micro-phase-shifting 
fringe projector and a long working distance microscope (LWDM). The system 
contains left and right arms and is specially designed for surface contouring and out-of-
plane displacement measurement of micro-electro-mechanical systems (MEMS) 
components. The left arm consists of a computer controlled liquid crystal display 
(LCD) screen with a LWDM. The right arm contains another LWDM connected to a 
high-resolution CCD camera. In the first experiment, a normal size semi-sphere object 
is mounted on a 3D translation stage (shown in Fig. 4). The phase-shifted fringe patterns 
are generated by a computer and subsequently loaded into the LCD projector which 
projects a very fine sinusoidal grating onto the surface of the object. The fringe patterns 
distorted by the object surface are then captured by a CCD camera for further processing. 
In the second experiment, the test object is a micro-silicon chip which is also mounted 
on the 3D translation stage. A series of out-of-plane displacements are obtained by 
adjusting the stage upwards in prescribed steps (0.5, 0.5, 0.5, 1.0, 2.0 and 5.0 μm). The 
fringe patterns corresponding to each prescribed step are then captured by a CCD 
camera and processed by a computer. 

 

4. Results and discussion 

Fig. 5 shows a flow chart of phase demodulation from a 2D fringe pattern using 



               

1D CWT. Since the projected fringes are in a single direction, the fringe pattern is 
scanned line by line to obtain a series of 1D signal. 1D CWT is applied to the signals 
to retrieve their phase distributions. The whole 2D fringe pattern phase map is 
obtained by combining line by line the 1D phase distributions. 

Fig. 6 shows the phase-shifted fringe patterns recorded in the first experiment. Fig. 
7(a) shows a wrapped phase map calculated by conventional phase shifting algorithm 
and a phase map generated by the proposed CWT phase extraction method is 
shown in Fig. 7(b). The corresponding unwrapped and carrier removed phase maps are 
subsequently obtained and respective 3D plots of the object are shown in Figs. 8(a) and 
(b). 

Four phase-shifted fringe patterns recorded in the second experiment are 
shown in Fig. 9. Fig. 10(a) shows a wrapped phase map computed by phase-shifting 
method and a phase map obtained by the CWT phase extraction method is shown in 
Fig. 10(b). The corresponding unwrapped and carrier removed phase maps are also 
computed and the respective 3D plots are shown in Figs. 11(a) and (b). 

It can be seen from the extracted phase maps that the phase difference caused by 
the surface profile (in the first experiment) and the out-of-plane displacements (in the 
second experiment) can be demonstrated clearly. But in conventional phase-shifting 
method, a periodic ripple appears in the final phase map as shown in Figs. 8(a) and 
11(a). In the first experiment, the ripple is not very severe compared to the surface 
profile of the object. However, in the second experiment, the ripple is of the same 
order as that of the out-of-plane displacements. Using the proposed CWT phase 
extraction method, the ripples in the phase maps are completely eliminated as shown 
in Figs. 8(b) and 11(b). 

The periodic ripples which appear in the phase maps in Figs. 8(a) and 11(a) are 
not caused by random errors. They are due to the inherent limitations of phase-
shifting algorithm. Theoretically, phase-shifted fringe as expressed by Eqs. (1)–(4) are 
supposed to be of sinusoidal type, and the phase computed by the phase-shifting 
algorithm represents the profile of the object. However, in fringe projection, due to 
the diffraction of a projection grating and the non-linear reflectivity of an object 
surface, the fringe patterns captured by a CCD camera are not sinusoidal and the 
frequency of the sinusoidal signal is altered. At a given point, the gray level changes 
non-sinusoidally when phase shifting is carried out for the same reasons mentioned above. 
Hence, the actual phase-shifted values deviate from that of the applied phase shifts and 
phase errors are introduced. Phase distortion (the periodic phase ripples) occurs when 
the phases are demodulated from altered frequency. The phase distortion thus appears 
as periodic ripples as shown in Figs. 8(a) and 11(a). 

The phase extraction method based on CWT would avoid the phase distortion 
problem mentioned above. In contrast with the conventional phase-shifting algorithm, a 
series of phase values in different CWT scales can be mapped to the frequencies of 
different sinusoidal signals. The final phase map is obtained by mapping a frequency 
which is nearest to the frequency of the original fringes in a given CWT scale. At each 
point, the phase value of the original fringe is matched with that of a sinusoidal signal, 
and no distortion occurs. This can be seen clearly from the Figs. 8(b) and 11(b) that 
ripples are completely eliminated. 



 

 

5. Conclusions 

A new method of phase extraction based on CWT has been proposed. The 
main feature of the proposed method is to extract accurate phase values from surface 
profile modulated fringe patterns through the ridge of wavelet coefficients. By 
comparison between wavelet transform and phase shifting, it is shown that wavelet 
transform provides better measurement results, especially in the measurement of a 
micro-scale component. Phase distortions in the form of periodic ripples in normal 
phase-shifting method are eliminated by the proposed CWT method. The wavelet 
transform method proposed in this paper has demonstrated the validity of the new 
phase extraction method. 
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