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Abstract 

 

The thickness of the bedload layer is a crucial parameter for evaluating sediment 

transport rates in open channel flow, but it is often determined empirically. Based on the 

concept of the hydrodynamic diffusion related to particle–particle interactions, an 

analytical model is proposed in this study for computing the thickness of the bedload layer. 

The coefficient of diffusion is assumed to be associated with the momentum transfer 

induced by the random particle motion and thus can be derived from the shear-induced 

particle stress. The analytical result shows that the ratio of the bedload thickness to the 

particle diameter depends on the dimensionless particle diameter and dimensionless bed 

shear stress. Differences are also examined between the present study and a few empirical 

formulas that are derived from experimental results for limited bed conditions. 

 

Keywords: Bedload layer; Hydrodynamic diffusion; Sediment transport; Bed shear stress; 
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1. Introduction 

 

The transport of sediment particles in open channel flows is usually divided into 

bedload and suspended load. This categorization is found to be convenient for conducting 

relevant studies on sediment transport because the underlying mechanism of bedload 

transport is different from that of suspended load. It is generally believed that turbulence 

eddies have significant effects on the motion of suspended particles. Turbulence also 

plays an important role in the incipient motion of bed sediment particles. However, once 

moving, the particles of bedload would experience continuous contacts with the bed in the 

mode of rolling, sliding or saltation. This implies that hydrodynamic interactions among the 

particles would have a commanding influence on bedload transport. 

 

Moreover, for particles moving typically in the mode of saltation, their trajectories 

follow the ballistic path [1]. Therefore, the thickness of the bedload layer may be defined 

as the saltation height of particles, which is of the order of the particle size. This thickness 

is usually required to formulate the bedload transport rate analytically. Einstein [2] simply 

took the thickness to be two particle diameters, independent of flow conditions. His 

assumption is acceptable only on qualitative grounds, in comparison with several 

mailto:cnscheng@ntu.edu.sg


subsequent studies, which show either experimentally or numerically that the thickness is 

closely related to characteristics of flow and particles. 

 

Experimental observations of the trajectories of bed particles using photographic 

techniques have been performed by several researchers [1,3–7]. On the other hand, a few 

attempts have also been made to numerically simulate motion of the bed particles by 

considering various forces exerted on a saltating particle (e.g., [7,8]). These studies have 

resulted in several formulations for relating the thickness of the bedload layer to 

parameters associated with flow and particles. For example, Lee and Hsu [4] obtained the 

following correlation equation from their measurements of the average particle saltation 

height, δ: 

 

 
 

where      
             is the Shields number or dimensionless shear stress; 

       
            the dimensionless critical shear stress;   , the shear velocity;     

the critical shear velocity for the threshold condition of initial particle motion; D the 

particle diameter; s the specific gravity of particles; and g the gravitational acceleration. 

Hu and Hui's experimental results suggested that the relative thickness, δ/D, was related to 

the specific gravity of particles, the dimensionless bed shear stress, and the condition of 

the bed surface [6]. Their empirical relationships include 

 

     
 

for smooth beds, and 

 

   
 

for rough beds. 

 

Similar correlations can also be obtained based on numerically generated 

trajectories for the bedload particles. For example, van Rijn's simulation led to the 

following expression [8]: 

 

 
  

where                          is the dimensionless particle diameter, ρ the density 

of fluid, and μ the dynamic viscosity of fluid. The format of correlation used by Lee et al. 



[7] is the same as Eq. (4) but with the different coefficient and exponents. It reads 

 

 
 

 
 

It can be seen that obvious discrepancies exist among the above equations. This is 

not surprising due to two main reasons. First, the bed conditions for the different 

experimental observations are inconsistent. For example, the boundaries employed by Hu 

and Hui [6] were either smooth or rough but movable, while those used in [4,7] comprised 

of particles fixed on flat channel bottoms. The different bed conditions may have different 

effects on the particle saltation. 

 

The second reason is that different forces were involved in the numerical 

simulations conducted by different investigators (e.g., [7,8]). Due to complex flow 

conditions near the bed, it is not clear so far what kinds of forces should be considered for 

the simulation and how the force-related coefficients such as the drag coefficient can be 

evaluated precisely. 

 

In addition to the above empirical relationships, it seems that no analytical results 

are available in the literature for determining the thickness of the bedload layer. This paper 



attempts to present a framework for an analysis that can be performed using a diffusive 

model. This study was partially motivated by recent studies on the hydrodynamic diffusion 

conducted largely in chemical engineering, which indicate that the hydrodynamic particle–

particle interaction can effectively be described as a diffusive process [9]. 

 

Depending on flow conditions and properties of particles, different diffusion 

mechanisms can be identified associated with transport of particles in fluids. For colloidal 

particles, the diffusion caused by the thermal effect is significant, leading to the Brownian 

motion of small particles. If the ambient turbulence is intensive, the diffusive 

characteristics of particles are largely associated with turbulent eddies. For certain 

conditions, the turbulent diffusion can be considered solely dependent on the momentum 

transfer of fluid. It is with this assumption that the well-known Rouse equation is derived 

for computing the concentration profile of suspended particles in open channel flows. The 

hydrodynamic diffusion refers to the phenomenon that a particle executes a random walk 

solely because of the particle–particle interaction. It is not due to the thermal effect and can 

take place even at very small particle Reynolds numbers, implying that it is not caused 

either by the fluid inertia. This phenomenon has been confirmed experimentally [9–11]. It 

is also noted that the concept of the hydrodynamic diffusion has successfully been applied 

to several two-phase flow problems, such as, variations in the effective viscosity of 

sheared suspensions and resuspension of particles caused by viscous shear stresses [11,12]. 

Among the three diffusion processes, the hydrodynamic diffusion may be the most 

essential for the bedload transport. First, this is because the bed particles are usually non-

colloidal, implying that the thermal effect is negligible. The second reason is that even 

though the bedload transport is definitely affected by turbulence, such effects are expected 

to be insignificant in comparison to the hydrodynamic particle–particle interactions, in 

particular, for high sediment transport rates. Interesting evidence in this respect may date 

back to Francis [1], who demonstrated that the particle saltation could even occur in the 

absence of turbulence, i.e., in laminar flow. 

 

In this study, as a first approximation, the turbulence effect on bedload transport is 

neglected. A diffusive model is therefore proposed for describing the particle flux 

perpendicular to the flow direction, which enables evaluation of the thickness of the 

bedload layer. The preliminary results obtained are presented in comparison with the 

previous empirical correlations. 

 

 

2. Theory 

 

Consider a bedload layer as sketched in Fig. 1. The initial elevation of the bed 

surface is z0. For a certain flow condition, an equilibrium interface at the elevation, zc, can 

be identified between the bedload of which the particles are moving and the stationary 

particles beneath the bedload. The thickness of the bedload layer, δ, is therefore equal to 

the distance from the top of the bedload to the interface, i.e., (zb - zc). If the bed particles 

move typically in the mode of saltation, then the bedload thickness can be easily measured 

as the saltation height. 

 



The bed particles, once saltating, will fall down to the bed because of the 

gravitational effect. The downward flux of the particles, Fs, can be related to the settling 

velocity, wm, and the local concentration of the particles, c: 

 

 
 

where the subscript m indicates the settling velocity occurring in the particle–fluid mixture. 

This settling velocity can be further expressed in terms of the settling velocity, w0, under a 

very dilute condition, 

 

   
 

where wr is the relative settling velocity depending on the concentration as well as the 

properties of the particle. Usually, it takes the following form: 

 

 
 

where n can be empirically related to the dimensionless particle diameter, D, , or the 

settling Reynolds number [13]. Instead, a generalized approach for evaluating wr is used in 

this study, as detailed in the subsequent section. 

 

Besides the gravity-driven particle flux, the upward hydrodynamic diffusive flux is 

 

       

 

where E is the diffusion coefficient. It is this diffusive flux that causes the bed dilatation in 

the vertical direction, as sketched in Fig. 1. At equilibrium, the net flux of the particle is 

zero. Equating Eq. (6) and Eq. (9) yields 

 

          
 

Note that the particle concentration for bedload is zero above z = zb, and approaches 

the maximum value, cm, for the condition of the densely packed particles below z = zc. 

Integrating (10) from z = zc to z = zb for the bedload layer yields 

 

        



 

Therefore, the elevation difference, (zb - zc), i.e., the thickness of the bedload layer δ can be 

expressed as  

 

           
 

From Eq. (12), it follows that the thickness can be analytically evaluated provided that 

detailed information on the diffusivity E and the relative settling velocity wr is available. 

 

2.1 Hydrodynamic diffusivity, E 

 

The previous studies show that the hydrodynamic diffusivity E in shear flows is 

generally proportional to the bulk velocity gradient and the square of the particle diameter 

[10]: 

               

           
 

where dum/dy is the velocity gradient of the bulk flow; um the velocity of the mixture; and 

  . the dimensionless diffusivity depending on the particle concentration. The   -value 

deduced from experimental measurements generally increases with increasing particle 

concentration. However, a general formulation of such a relationship is not yet available. 

 

Alternatively, the diffusivity is assumed in this study to be equivalent to that 

associated with the momentum transfer induced by the random particle motion. Such an 

assumption was used previously to investigate concentration profiles of suspended 

sediment [13]. For example, for deriving the Rouse equation, the diffusion coefficient is 

expressed in terms of the shear stress distribution according to the linear law and the 

velocity gradient according to the log-law. Similarly, the diffusivity herein can be related 

to the particle-related shear stress,   , and the velocity gradient of the bulk flow, dum/dy: 

 

            

where    is the density of particles. 

 
The particle shear stress, in general, may comprise three components contributed by 

the presence of particles, random motion of particles, and inter-particle collision, 

respectively [14]. When particles are simply present in a fluid, even without relative 

motion among them, the rheological property of the fluid is modified. On the other hand, 

the random motion and collision effect lead to 'turbulent' component of the particle shear 

stress. If this 'turbulent' component is predominant, the particle shear stress can be derived 

as 



 

          
 
where G is the average gap among neighbouring particles and α = coefficient. Mih [15] 

reported that α = 0.0122–0.056, generally varying with the coefficient of restitution. The 

latter can be measured as the ratio of the incident speed to the rebound speed for a vertical 

bounce of a sphere off an immovable boundary. Eq. (15) was first derived by Bagnold [16], 

who found that α = 0.0128 for spheres made of wax and lead stearate. Other similar 

formulations can also be found in [15,17]. 

 

Substituting Eq. (15) into Eq. (14) yields 

 

           
 

Comparing Eq. (13) to Eq. (16) leads to 

 

             
 

The average gap among neighbouring particles can be determined using the 

following approach. Consider a certain amount of particles dispersed randomly in a fluid, 

which yields a volumetric concentration, c. On average, it is assumed that a single particle 

can be enclosed in a finite volume, V, so that the ratio of the particle volume,      , to V 

is equal to the concentration, i.e. 

 

          
 

With Eq. (18), if the volume V is spherical, then its diameter is found to be Dc
-1/3

, which can be 

considered as the average distance between the centres of two neighbouring particles. 

Therefore, the average gap G is equal to 

 

             
 

It is noted that Eq. (19) is different from that derived previously by Bagnold [16] for the linear 

concentration, the latter being sensitive to the particle packing configuration or the maximum 

particle concentration. Substituting Eq. (19) into Eq. (17) leads to 

 



            
 

With G given by Eq. (19) and the experimental data from [15], one can find that the α-value 

varies from 0.06 to 0.19. 

 

Furthermore, note that 

 

             
 

where  b is the bed shear stress;    =     is the effective viscosity of the mixture; and    the 

relative viscosity. Substituting Eq. (21) into Eq. (16), after manipulation, yields 

 

            
 

2.2 Relative viscosity,    

 

Many empirical formulas are available in the literature for computing the relative viscosity. 

Their predictions differ in particular for high concentrations. Cheng and Law [18] found that these 

formulas could be represented well by the following exponential function: 

 

            
where β is a constant. By comparing Eq. (23) with several empirical relationships, it is found that 

b varies from 1.0 to 3.9. 

 

2.3 Relative settling velocity,    

 

For the particle–fluid mixture, the settling Reynolds number can be defined as 

   

                
 

where                     )ρ  is the density of the mixture, and   =      – 1 = q 

— 1. If the particle concentration is vanishingly small, Rm reduces to R0 (= ρw0D/μ). With Rm 

and R0, the relative settling velocity wr can be expressed as 

 

             



 

Generally, the settling Reynolds number R0 is a function of the dimensionless particle diameter, 

D*. For natural sediment particles, this function can be formulated as [19]: 

 

            
 

As an approximation, Eq. (26) can be further applied to the particle–fluid mixture, yielding 

 

          
 

where D*m is associated with the properties of the mixture, 

 

          
 

Eq. (28) can be further rewritten in the following form so that D*m can be related to D*: 

 

           
 

With Eqs. (26), (27) and (29), Eq. (25) can be rewritten as 

 

              
 

From Eqs. (23) and (30), it follows that the relative settling velocity varies with the 

concentration, specific gravity, and dimensionless particle diameter. 

 

2.4 Relative thickness of bedload layer 

 

Substituting Eq. (22) into Eq. (12), one can express the relative thickness as 

 



             
 

where   ,  , and wr can be evaluated using Eqs. (20), (23) and (30), respectively. An example 

of the relationships among δ/D,   , and    is plotted in Fig. 2, which is computed using Eq. (31) 

for α = 0.02, β = 2.5, Δ = 1.65 and cm = 0.6. Here, β is taken as its average [18], while the 

values of Δ and cm are assumed only for the case of natural quartz sediments. The value of   is 

taken by comparing Eq. (31) to Eq. (1), as detailed in the next section. 

 

Furthermore, effects of the parameters, α, β, Δ and cm, on the computation are 

illustrated through Figs. 3– 6. In Fig. 3, α varies with a range of 0.005 to 0.5, which covers the 

value obtained from Mih's data [15] and that inferred from the subsequent comparisons, while 

the other three parameters are constant, i.e., β = 2.5, Δ = 1.65 and cm = 0.6. The β-effect is 

shown in Fig. 4 for α = 0.02, Δ = 1.65 and cm =  0.6; the Δ-effect in Fig. 5 for α = 0.02, β = 2.5 

and cm = 0.6; and the cm-effect in Fig. 6 for α = 0.02, β = 2:5, and Δ = 1.65. From Figs. 3–6, it 

follows that given the constant dimensionless particle diameter, the α-effect on the saltation 

height is more significant while the Δ-effect can be neglected. In computing the relationships 

included in Figs. 3–6,    is taken to be 50, which is of the same order of those found from the 

previous experimental studies. However, similar differences can also be observed for other    

values. 

 

3. Comparisons with previous studies 

 

To the writer's knowledge, very limited experimental data of the thickness of the 

bedload layer are available in the literature to fully verify the present study. This may be 

because the photographic technique used for tracing the particle movement applies only to very 

low rates of sediment transport, which imply few particles saltating over a flat bed. In 

particular, the flat bed comprised of fixed particles, which is suitable for conducting 

measurements but not realistic, is often adopted in some experiments (e.g., [4,7]). On the other 

hand, with increasing bed shear stress, the bedload layer can vary considerably because the 

mobile sediment bed may develop from the flat bed into bedforms such as ripples and dunes. 

 

In the following, a preliminary comparison is first made between the present study and 

the previous empirical relationships, i.e., Eqs. (1)–(5). Then, the analytical result is further 

discussed when comparing to experimental results for the case of sheet flows, in which the bed 

shear stress is high and particles move in a concentrated near-bed layer without bedforms. 

 

When comparing the computed thickness using Eq. (31) with those obtained from Eqs. 

(1)–(5), it is found that various combinations of α- and cm-values can be used in computing the 

thickness of the bedload layer. For example, Lee and Hsu's formula, Eq. (1), is in reasonable 

agreement with the present result for α = 0.02 and cm = 0.6, as shown in Fig. 7. For consistence, 

the same α- and cm-values are also used for comparisons with the other formulas. In computing 

the thickness with Eq. (31), two different   -values, 34 and 62, are used, following the range 

of the experimental data [4]. The critical shear stress that is included in Eqs. (1), (4) and (5) is 

computed using the following expression: 



 

            
 

which is given for fitting the Shields diagram [20]. 

 

In Fig. 8, Eq. (31) is presented as δ/D against    for comparing with the formulas, Eqs. 

(2) and (3), obtained by Hu and Hui [6] for smooth and rough beds, respectively. In the 

computation, the specific gravity is assumed to be 2.65 for the case of quartz sediment, and the 

dimensionless particle diameter varies from 15 to 90, being the span given in the Hu and Hui's 

experiments. Fig. 8 shows that the empirical formulas are close to the present study for    = 15 

but the considerable difference exists for    = 90.  

 

Van Rijn's work [8] indicates that both dimensionless parameters,    and (  
     

    ), 
have significant effects on the relative thickness of the bedload layer. This relationship is 

reproduced, according to Eq. (4), in Fig. 9, which is also superimposed with the corresponding 

curves computed with Eq. (31). Fig. 9 shows that for    = 10 and 100, the relationships, Eqs. 

(4) and (31), generally agree with each other. However, being distinct from the van Rijn's 

formulation, the relative thickness computed using the present approach is dependent only on 

the dimensionless particle diameter if the bed shear stress is very close to its critical value for 

the incipient sediment motion, i.e.,         . The similar phenomenon can also be observed 

in Fig. 10, which shows the comparison of the curves computed with Eq. (31) and the 

empirical relationship, Eq. (5), proposed by Lee et al. [7]. 

 

On the right-hand side of Eq. (31), it can be seen that the integration is dependent on the 

concentration distribution within the bedload layer, and the ratio   
 /    is only related to the 

properties of particle and fluid, implying that the relative bedload thickness is proportional to 

the dimensionless bed shear stress, i.e., δ/D ~    . This is different from the empirical 

relationships, Eqs. (1)–(5), which indicate that the bedload thickness increases slightly slower 

with increasing bed shear stress, i.e., δ/D ~   
            

 if    >>    . On the other hand, it is 

noted that for high shear stresses, bedforms disappear and the bed particles move largely in the 

sheet modes. For this extreme condition, the empirical relationships, Eqs. (1)–(5), may not 

apply because they are derived based on the experiments for the low transport stage. However, 

the linear relationship, δ/D ~   , seems to be applicable, as reported in [21,22]. Such a 

relationship was first derived by Wilson [21] based on the consideration of dynamic friction, 

which yields δ/D ~     . This simple relationship is also found comparable to the experimental 

data provided by Sumer et al. [22], who investigated the sheet-flow layer for steady conditions 

using four kinds of sediment. In the Sumer et al.'s experiment (sediment 3), D = 6.5, cm = 0.3, 

and Δ = 0.13. With these values, the computation using Eq. (31) indicates that δ/D is equal to 

     for α = 0.098. Obviously, further investigations should be made to fully verify the present 

analysis including the determination of the relevant parameters such as α and β that are closely 

related to the characteristics of sediment particles. 

 

 

 

 



4. Conclusion 

 

Applying the concept of the hydrodynamic diffusion, which is caused by particle–

particle interactions, to bedload transport leads to an analytical model that enables the 

evaluation of the thickness of the bedload layer. The derived result indicates that the bedload 

thickness is related to the dimensionless particle diameter and dimensionless bed shear stress. 

The computed bedload thickness is generally comparable to the previous empirical formulas 

provided that the α-coefficient for determining the dimensionless diffusivity is calibrated. 

 

Being limited to the assumption made, this study may be more applicable to the case of 

high concentrated bedload transport or sheet flows. However, relevant experimental data are 

still lacking, which means that detailed comparisons for such cases cannot be made at present.  

 

Further research needs to be done to fully verify and improve the analysis presented 

herein. In particular, it is essential to know how the α-coefficient can be evaluated precisely. It 

is noted that the coefficient generally varies with the coefficient of restitution of particles. 

However, it is not clear that what range of values should be used, for example, for typical 

sediment particles. On the other hand, the present study can be further improved by 

considering effects of the near-bed turbulence on the bed particle motion. It would also be 

compelling to understand how significant the turbulence effect on the thickness of bedload 

layer could be when compared to the hydrodynamic particle–particle interaction. 
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