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Two-dimensional electromagnetic cloaking devices with infinite optic constants at the inner boundary are in-
vestigated. Numerical simulations of this class of ideal cloak, performed with the transmission line modeling
method, confirm the fundamental importance of such extreme values in the efficiency of the cloak in some situ-
ations. This is illustrated by using the concept of the anticloak, which was shown to be capable of defeating the
non-ideal cloak. We numerically show that the presence of a layer with extreme constitutive parameters ren-
ders the anticloak unable to produce its effect. Furthermore, we propose a simple theoretical model that leads
to the same conclusion if the cloak is slightly dissipative. © 2009 Optical Society of America
OCIS codes: 230.3205, 050.1755, 160.3918.
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. INTRODUCTION
nvisibility cloaking has recently been under intense
tudy since the pioneering work proposed by Pendry et al.
1]. Experimental realization [2] as well as many theoret-
cal developments [3–10] backed up by numerical model-
ng [11–14] have allowed significant progress on this
opic.

An issue of great concern to physicists is whether the
loaking effect can be achieved under any condition. In
his sense, it has been shown that the ideal two-
imensional cloak is very sensitive to the slightest pertur-
ation [5]. Still, for the cylindrical case it has been estab-
ished that extending the inner boundary of the cloaking
hell toward the concealed region appears to allow further
enetration of the field [6]. Nonetheless, the effectiveness
f the cloaking was not questioned in [6] since the power
annot go into the cloak. It should be emphasized that
5,6] clearly stressed the fundamental role of the extreme
nner layer for which the azimuth permittivity or perme-
bility (depending on the electromagnetic polarization un-
er consideration) are infinite while the other electromag-
etic parameters are zero. Furthermore, it has been more
ecently proven that a certain kind of anisotropic material
ocated beyond the inner boundary of the cloak can cancel
ut the cloaking effect [15,16]. The permittivity, �, and
ermeability, �, of such an anticloak are derived using a
oordinate transformation whose slope is negative com-
ared to the original one; the electromagnetic space asso-
iated with the cloak is then reconstructed by the anti-
loak, rendering the object inside the anticloak visible
15]. It is interesting to note that there are two sets of so-
utions to Maxwell’s equations in this case. One dictates
0740-3224/09/091831-6/$15.00 © 2
hat the field cannot penetrate into the cloak irrespective
f what is inside [5,6], while the other shows that the field
an penetrate into the cloaked region by virtue of the an-
icloak [15]. However, it is arduous to verify this extreme
ase for which both the cloak and the anticloak exist and
nteract with each other. The analytic calculations in [5,6]
id not consider the possibility of including such an aniso-
ropic anticloak, while [15] used a nonzero perturbation
arameter that approaches the ideal case without rigor-
usly reaching it. Therefore, the ideal situation requires
urther analysis, as mentioned in [15], but dealing with
xtreme parameters is challenging from both the analyti-
al and computational point of view. Mathematically,
hen the perturbation parameter goes to zero, the trans-

ormation becomes a singular mapping, and the Jacobian
atrix does not exist at the interface between the cloak

nd the anticloak. For this reason, cloaking modeling usu-
lly assumes upper and lower limits of constitutive pa-
ameters, while the required � or � span the entire range
rom zero to infinity.

In the present work, the singular behavior of the anti-
loak is studied using the transmission line modeling
TLM) method [17,18]. First, an innovative extension of
LM is developed, allowing the resolution of problems in-
olving infinite values for � or �. Second, we find that
hen the perturbation parameter is nonzero, the anti-

loak can cancel the cloaking effect outside. However,
hen it is zero, the presence of an extreme layer between

he cloak and the anticloak ensures that the cloaking ef-
ect is still achieved, irrespective of the core composition.
hird, an analytical model is developed to explain this
ehavior.
009 Optical Society of America
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. CYLINDRICAL CLOAK AND ANTICLOAK
o be effective, the dielectric and magnetic constants of
he anisotropic cloak must take specific values [1,11]. Let
he inner and outer radius be represented by R1 and R2,
espectively. The simple following transformation,

r = �r� − R2�
R2 − R1

R2 − c
+ R2, � = ��, z = z�, �1�

hat can compress the space from 0�r��R2 to the annu-
ar region a�r�R2, yields

�r = �r =
r − a

r
,

�� = �� =
r

r − a
,

�z = �z = � R2 − c

R2 − R1
�2r − a

r
, �2�

here c is the perturbation parameter and a=R2�R1
c� / �R2−c�. The parameter c marks the degree of imper-

ection of the cloak. In this manner, a zero value of c
akes � or � ideal, which results in a perfect cloak.
Let R0 be a third boundary inside the cloak in such a

ay that 0�R0�R1. In agreement with [15], the trans-
ormation

r = �r� − d�
R0 − R1

d − c
+ R0, � = ��, z = z�, �3�

eads to the anticloak parameters

�r = �r =
r − b

r
,

�� = �� =
r

r − b
,

�z = �z = � d − c

R0 − R1
�2r − b

r
, �4�

here d is a constant, and b= �R1d−R0c� / �d−c�. Chen et
l. have claimed that the parameters of Eq. (4) are ca-
able of destroying the effect of an invisibility cloak when
is nonzero [15]. Nevertheless, our work differs from

heirs in one important respect: we will consider the case
n which c is strictly equal to zero, i.e., ��� ,���=+� in the
loak and ��� ,���=−� in the anticloak at r=R1.

. TLM STUDY OF THE CLOAK/ANTICLOAK
NTERACTION
n the following, we will consider that the incoming plane
ave has a transverse electric (TE) polarization, i.e., with

he electric field, Ez, normal to the plane of propagation.
s it has been pointed out above, the achievement of ideal
loaking requires infinite values of �� at r=R1. The diffi-
ulty in assuming such an infinite value is often eluded by
runcating the inner layer, which leads to large but finite
alues of ��. Often, substituting the actual infinite values
y approximate finite ones is done without significant
onsequences. For instance, very accurate modeling of the
loaking effect can be reached if �� is chosen to be high
nough [5,11]. However, certain studies may require this
uantity to be actually infinite. It is the case of the anti-
loaking phenomenon for which no complete study can be
arried out without being able to exactly consider an infi-
ite ��. In this sense, TLM is well suited for the anticloak
odeling given that infinite values of �� are of no conse-

uence to the convergence of the method, as we show
ereinafter.
TLM is a time-domain method entirely based upon es-

ablishing a relation between the physical problem to be
olved and an analogous electric network. The space is
lled out with a large number of nodes that are formed by
ppropriately connecting transmission lines. For the pur-
ose of illustration, a two-dimensional TLM node for TE
odes is depicted in Fig. 1. In order to represent cylindri-

al structures such as the cloak of interest here, a cylin-
rical mesh rather than a Cartesian mesh is preferred.
his allows assumption of a cylindrical shape and thus
voids staircase approximations. The node in Fig. 1 is
ade up of four main lines (ports 1–4), that connect the

urrent node with the adjacent ones. The four connecting
ines all have the same characteristic impedance, Z0, and
haracteristic admittance, Y0=1/Z0. The incorporation of
tubs (only connected at the node center) to the node of-
ers an independent control on permittivity, permeability,
nd conductivity. A capacitive stub (port 5) with admit-
ance YzY0 confers extra capacitance to the node and then
llows a control on �z. Two inductive stubs (ports 6 and 7)

ig. 1. (Color online) Upper view of a two-dimensional node for
E modes in cylindrical coordinates. Four link lines (with admit-

ance Y0) are connected to the four adjacent nodes and allow the
ropagation of the pulses into the mesh. The four other stub lines
re connected at the node center without being connected to any
ther lines; the capacitive stub (with normalized admittance Yz)
s an open circuit; the two inductive stubs (with normalized im-
edance Zr and Z�) are short circuits; and the lossy stub (with
ormalized admittance G ) is infinite.
z
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ith impedance ZrZ0 and Z�Z0 allow a control on �r and
� by providing extra inductance to the node. Finally, an

nfinitely long stub (port 8) with admittance GzY0 ac-
ounts for the electric conductivity �z; note that any pulse
cattered into the infinite lossy stub does not have the
ossibility to return. The global node in Fig. 1 can be split
nto three subnodes, each one representing a component
f the Maxwell’s equations [19]. It is worth mentioning
hat two supplementary infinite stubs could be added to
he node to describe magnetic losses, but since no mag-
etic losses are present in the structure under consider-
tion, they will not be included to rule out an unnecessary
ncrease in the computational requirements. The mesh is
hen solved by evaluating the voltage pulses (numerical
quivalent of the electromagnetic wave in TLM) that
ropagate within it. When reaching the center of the
odes, the voltage pulses are scattered according to a
cattering matrix, S, we give hereinafter. Finally,
etamaterials are easily modeled by inverting the capaci-

ive and inductive stubs of the node [20,21]. While the
cattering matrix presented in [21] was expressed in Car-
esian coordinates, use of cylindrical coordinates in the
resent work leads to a new expression:

S = �
ar c br c g − ir 0

c a� c b� g 0 i�

br c ar c g ir 0

c b� c a� g 0 − i�

c c c c f 0 0

− er 0 er 0 0 hr 0

0 e� 0 − e� 0 0 h�

� . �5�

ote that the node is made up of a total of 8 lines that
hould lead to an 8�8 matrix. However, as no incident
oltages are coming from the lossy stubs, S can be re-
uced to a matrix of 7 columns by 8 rows. Moreover, the
ulses that are reflected from the node center to the lossy
tubs are usually not of valuable interest, and S can con-
equently be reduced to a 7�7 matrix. The elements of
he matrix depend on the normalized impedances and ad-
ittances of the stubs,

Zr =
2�r�0

Z0�t

r���z

�r
− 2,

Z� =
2���0

Z0�t

�r�z

r��
− 2,

Yz =
2�z�0

Y0�t

r���r

�z
− 4, �6�

ccording to

ak =
2

4 + Yz + Gz
−

2

2 + Zk
, f =

Yz − Gz − 4

Yz + Gz + 4
,

bk =
2

4 + Yz + Gz
−

Zk

2 + Zk
, g =

2Yz

4 + Yz + Gz
,

c =
2

4 + Yz + Gz
, hk =

2 − Zk

2 + Zk
,

ek =
2Zk

2 + Zk
, ik =

2

2 + Zk
, �7�

ith k= �r ,��. In Eq. (6), r is the radial coordinate; �r, ��,
nd �z, are the size of the nodes along each direction; and
t is the TLM time step. It is plain from Eq. (6) that ��

ending to infinity results in Z� becoming infinite as well.
onsideration of Eq. (7) indicates that a�, b�, e�, h�, and

� all remain finite for such an extreme value of the induc-
ive stub, which leads to the conclusion that optic con-
tants that rigorously tend to infinity are acceptable with
LM. In this manner, with regard to our actual concern,

he limit c being strictly zero can be reached.
Let us now consider a cylindrical cloaking structure

urrounded by free space and illuminated by a monochro-
atic TE electromagnetic plane wave whose frequency is
GHz. The cloaking shell has an inner radius R1=0.1 m,
hile the outer radius is R2=0.2 m. From 0 to R0
0.05 m, the space is occupied by a perfectly electric con-
ucting (PEC) cylinder. Then, from R0 to R2, different
ases are envisaged and the results are depicted in Fig. 2.

(a) From R0 to R1 there is free space, and from R1 to R2
e use the cloaking parameters of Eq. (2) with c
0.001 m and d=0.02 m. The computed electric field
apping is presented in Fig. 2(a). Although we are in a
onideal situation, mainly due to the lack of extreme val-
es at r=R1, the cloaking effect can be achieved.
(b) From R0 to R1 the anticloak parameters of Eq. (4)

re used, while Eq. (2) is used for the cloaking shell from
1 to R2. In both case, c and d are still equal to 0.001 and
.02, respectively. The result shown in Fig. 2(b) demon-
trates that the anticloak destroys the cloaking effect ob-
erved in Fig. 2(a).

(c) The modeling differs from the previous one in one
undamental point: c=0, i.e., the parameters of Eqs. (2)
nd (4) now take extreme values at r=R1. The electric
eld is depicted in Fig. 2(c). The main conclusion is that
he cloaking effect is no longer perturbed by the presence
f the anticloak inside. Furthermore, since losses in
etamaterials are unavoidable, we have incorporated a

ow level of electric losses to the cloak in order to make
he modeling more physically realistic. It turns out that
o significant deviation in the result is observed—the an-
icloak is still concealed by the cloak. Consequently, the
ossless media that was first considered can be treated as
he limit of the lossy case as the dissipation approaches
ero. This indicates that the uniqueness theorem [22],
tating that a field in a lossy region is unique, can be ex-
ended to the lossless media for which the theorem breaks
own in general.
(d) For the sake of completion, a simple PEC cylinder

ith radius equal to d is modeled. The corresponding elec-
ric field mapping is shown in Fig. 2(d). As it has been
ointed out in [15], the scattering is the same as in case
b).
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. ANALYTICAL MODEL
ne important difference between time-domain and

requency-domain methods is that a time-domain method
lways gives a unique solution, while a frequency-domain
ethod may have multiple solutions for a lossless case,

iven that the uniqueness theorem does not hold in gen-
ral for a purely lossless case [22]. In order to justify
niqueness in a nondissipative media, infinitesimal losses
re traditionally assumed. This treatment is realistic be-
ause losses are always unavoidable. In order to explain
he physics behind the nonpenetration of electromagnetic
aves through the interface between an ideal cloak and
n ideal anticloak, we adopt a model similar to that of [6].
s depicted in Fig. 3, a plane wave is normally incident
nto a double-layer medium composed of two regions, re-
ion 1 and region 2. The permittivity of the material in
egion 1 is �1, while its permeability is �1. The material of
ermittivity �2 and permeability �2, in region 2 is ob-
ained by the coordinate transformation x=−x�, which
eads to � =−� and � =−� . From the transformation

ig. 2. (Color online) Electric field mapping for four configurat
xtended layer; (b) non-ideal �c=0.001� cloaking structure with a
nticloak in the extended layer; (d) PEC cylinder with radius d
loaking shell; (4) free space; (5) scattered field region.
2 1 2 1
heory point of view, region 2 is able to perfectly recon-
truct the electromagnetic space in region 1 so that region
is cancelled by region 2 as if nothing were there. This

roperty can be verified by straightforward calculations
15]. However, the materials at both sides of the cloak/
nticloak interface have extreme values that may alter
he effect of the cancellation. In agreement with the value
f permittivity and permeability at the inner boundary of
he cloak, we let �1→+0 and �1→+� while their product

) Non-ideal �c=0.001� cloaking structure with free space in the
k in the extended layer; (c) ideal �c=0� cloaking structure with
regions are apparent: (1) PEC cylinder; (2) extended layer; (3)

ig. 3. Simple model illustrating why a normally incident wave
annot penetrate a slightly dispersive ideal cloak/anticloak
ouble-layered slab.
ions. (a
nticloa
. Five
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emains constant, such that �1�1=�0�0. Consequently,
2→−0 and �2→−� while �2�2=�0�0. In order to repre-
ent the losses, a constant imaginary part is incorporated
o the constitutive parameters: the permittivity and per-
eability in region 1 are now �1+ i	 and �1+ i	, respec-

ively; those in region 2 are −�1+ i	 and −�1+ i	, respec-
ively. Assuming that �1→+0 and �1→+�, the
ransmission coefficient is calculated behind the double-
ayer slab in Fig. 3. It is found that the transmission co-
fficient in this case is zero, indicating that the typical
osses that are intrinsic to any material ensure that the
lectromagnetic wave cannot penetrate through the cloak/
nticloak interface.
If the cloak is nondissipative and if c=0, the analysis

resented in [5,15] cannot be carried out due to the sin-
ularity of the Hankel function at this point. Accordingly,
he condition of conservation of the E and H fields’s tan-
ential components at r=R1 is degenerated, which leads
o the conclusion that more than one solution is analyti-
ally possible. However, the lossless medium can be con-
ider as the limit of the lossy medium as 	→0. This state-
ent is strengthened by the numerical results obtained

bove showing that a slight dissipation in the cloak ma-
erial is of no consequence to the E field mapping depicted
n Fig. 2(c). Thus, the uniqueness theorem holds and en-
ures that only one analytical solution is compatible with
he physical limitation of loss. Though mathematically
ossible, the other ones do not represent the physical so-
ution. In this sense, our numerical simulations clearly in-
icate that no field can penetrate the lossless cloak/
nticloak boundary if �� is infinite.

. CONCLUSION
e have extended and employed TLM to model a cylin-

rical cloak whose optic constants at the inner boundary
ake extreme values. The importance of assuming such
xtreme values in some conditions is illustrated by filling
ut the inner region of the cloak by an anisotropic mate-
ial capable of destroying the cloaking effect. As shown by
hen et al. in their pioneering work, we have verified that

he anticloak is effective for an almost perfect cloak. How-
ver, the ideal situation for which the optics constants
ake extreme values required further analysis. We have
roven that TLM can efficiently model dielectric or mag-
etic constants tending to infinity, allowing the simula-
ion of the ideal situation. The numerical results clearly
how that the anticloak cannot defeat the cloaking phe-
omenon in the presence of an extreme layer, even if
light electric losses are incorporated into the material.
ith a simple analytical model, we have explained the re-

ult for a lossy medium: the lossless case following from
he uniqueness theorem.
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