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Two-dimensional electromagnetic cloaking devices with infinite optic constants at the inner boundary are in-
vestigated. Numerical simulations of this class of ideal cloak, performed with the transmission line modeling
method, confirm the fundamental importance of such extreme values in the efficiency of the cloak in some situ-
ations. This is illustrated by using the concept of the anticloak, which was shown to be capable of defeating the
non-ideal cloak. We numerically show that the presence of a layer with extreme constitutive parameters ren-
ders the anticloak unable to produce its effect. Furthermore, we propose a simple theoretical model that leads
to the same conclusion if the cloak is slightly dissipative. © 2009 Optical Society of America

OCIS codes: 230.3205, 050.1755, 160.3918.

1. INTRODUCTION

Invisibility cloaking has recently been under intense
study since the pioneering work proposed by Pendry et al.
[1]. Experimental realization [2] as well as many theoret-
ical developments [3—10] backed up by numerical model-
ing [11-14] have allowed significant progress on this
topic.

An issue of great concern to physicists is whether the
cloaking effect can be achieved under any condition. In
this sense, it has been shown that the ideal two-
dimensional cloak is very sensitive to the slightest pertur-
bation [5]. Still, for the cylindrical case it has been estab-
lished that extending the inner boundary of the cloaking
shell toward the concealed region appears to allow further
penetration of the field [6]. Nonetheless, the effectiveness
of the cloaking was not questioned in [6] since the power
cannot go into the cloak. It should be emphasized that
[5,6] clearly stressed the fundamental role of the extreme
inner layer for which the azimuth permittivity or perme-
ability (depending on the electromagnetic polarization un-
der consideration) are infinite while the other electromag-
netic parameters are zero. Furthermore, it has been more
recently proven that a certain kind of anisotropic material
located beyond the inner boundary of the cloak can cancel
out the cloaking effect [15,16]. The permittivity, ¢, and
permeability, u, of such an anticloak are derived using a
coordinate transformation whose slope is negative com-
pared to the original one; the electromagnetic space asso-
ciated with the cloak is then reconstructed by the anti-
cloak, rendering the object inside the anticloak visible
[15]. It is interesting to note that there are two sets of so-
lutions to Maxwell’s equations in this case. One dictates
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that the field cannot penetrate into the cloak irrespective
of what is inside [5,6], while the other shows that the field
can penetrate into the cloaked region by virtue of the an-
ticloak [15]. However, it is arduous to verify this extreme
case for which both the cloak and the anticloak exist and
interact with each other. The analytic calculations in [5,6]
did not consider the possibility of including such an aniso-
tropic anticloak, while [15] used a nonzero perturbation
parameter that approaches the ideal case without rigor-
ously reaching it. Therefore, the ideal situation requires
further analysis, as mentioned in [15], but dealing with
extreme parameters is challenging from both the analyti-
cal and computational point of view. Mathematically,
when the perturbation parameter goes to zero, the trans-
formation becomes a singular mapping, and the Jacobian
matrix does not exist at the interface between the cloak
and the anticloak. For this reason, cloaking modeling usu-
ally assumes upper and lower limits of constitutive pa-
rameters, while the required ¢ or u span the entire range
from zero to infinity.

In the present work, the singular behavior of the anti-
cloak is studied using the transmission line modeling
(TLM) method [17,18]. First, an innovative extension of
TLM is developed, allowing the resolution of problems in-
volving infinite values for ¢ or u. Second, we find that
when the perturbation parameter is nonzero, the anti-
cloak can cancel the cloaking effect outside. However,
when it is zero, the presence of an extreme layer between
the cloak and the anticloak ensures that the cloaking ef-
fect is still achieved, irrespective of the core composition.
Third, an analytical model is developed to explain this
behavior.

© 2009 Optical Society of America



1832 J. Opt. Soc. Am. B/Vol. 26, No. 9/September 2009

2. CYLINDRICAL CLOAK AND ANTICLOAK

To be effective, the dielectric and magnetic constants of
the anisotropic cloak must take specific values [1,11]. Let
the inner and outer radius be represented by R; and R,
respectively. The simple following transformation,

R,-R,
r=('-Ry)—

’

+R27 <P=(P,, z2=z, (1)

2—C

that can compress the space from 0<r’ <R, to the annu-
lar region a <r<R,, yields

r-a
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r
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where ¢ is the perturbation parameter and a=Rsy(R;
—c)/(Rg—c). The parameter ¢ marks the degree of imper-
fection of the cloak. In this manner, a zero value of ¢
makes ¢ or u ideal, which results in a perfect cloak.

Let R( be a third boundary inside the cloak in such a
way that 0<Ry<R;. In agreement with [15], the trans-
formation
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leads to the anticloak parameters
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where d is a constant, and b=(R;d-Rc)/(d-c). Chen et
al. have claimed that the parameters of Eq. (4) are ca-
pable of destroying the effect of an invisibility cloak when
¢ is nonzero [15]. Nevertheless, our work differs from
theirs in one important respect: we will consider the case
in which c is strictly equal to zero, i.e., (g4, u,) =+ in the
cloak and (e, u,)=—% in the anticloak at r=R;.

3. TLM STUDY OF THE CLOAK/ANTICLOAK
INTERACTION

In the following, we will consider that the incoming plane
wave has a transverse electric (TE) polarization, i.e., with
the electric field, E,, normal to the plane of propagation.
As it has been pointed out above, the achievement of ideal
cloaking requires infinite values of u, at r=R;. The diffi-
culty in assuming such an infinite value is often eluded by
truncating the inner layer, which leads to large but finite
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values of u,. Often, substituting the actual infinite values
by approximate finite ones is done without significant
consequences. For instance, very accurate modeling of the
cloaking effect can be reached if u, is chosen to be high
enough [5,11]. However, certain studies may require this
quantity to be actually infinite. It is the case of the anti-
cloaking phenomenon for which no complete study can be
carried out without being able to exactly consider an infi-
nite u,. In this sense, TLM is well suited for the anticloak
modeling given that infinite values of u, are of no conse-
quence to the convergence of the method, as we show
hereinafter.

TLM is a time-domain method entirely based upon es-
tablishing a relation between the physical problem to be
solved and an analogous electric network. The space is
filled out with a large number of nodes that are formed by
appropriately connecting transmission lines. For the pur-
pose of illustration, a two-dimensional TLM node for TE
modes is depicted in Fig. 1. In order to represent cylindri-
cal structures such as the cloak of interest here, a cylin-
drical mesh rather than a Cartesian mesh is preferred.
This allows assumption of a cylindrical shape and thus
avoids staircase approximations. The node in Fig. 1 is
made up of four main lines (ports 1-4), that connect the
current node with the adjacent ones. The four connecting
lines all have the same characteristic impedance, Z,, and
characteristic admittance, Y,=1/Z,. The incorporation of
stubs (only connected at the node center) to the node of-
fers an independent control on permittivity, permeability,
and conductivity. A capacitive stub (port 5) with admit-
tance Y,Y confers extra capacitance to the node and then
allows a control on ¢,. Two inductive stubs (ports 6 and 7)

v,
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Fig. 1. (Color online) Upper view of a two-dimensional node for
TE modes in cylindrical coordinates. Four link lines (with admit-
tance Y) are connected to the four adjacent nodes and allow the
propagation of the pulses into the mesh. The four other stub lines
are connected at the node center without being connected to any
other lines; the capacitive stub (with normalized admittance Y,)
is an open circuit; the two inductive stubs (with normalized im-
pedance Z, and Z,) are short circuits; and the lossy stub (with
normalized admittance G,) is infinite.
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with impedance Z,Z, and Z,Z allow a control on u, and
M, by providing extra inductance to the node. Finally, an
infinitely long stub (port 8) with admittance G,Y, ac-
counts for the electric conductivity o,; note that any pulse
scattered into the infinite lossy stub does not have the
possibility to return. The global node in Fig. 1 can be split
into three subnodes, each one representing a component
of the Maxwell’s equations [19]. It is worth mentioning
that two supplementary infinite stubs could be added to
the node to describe magnetic losses, but since no mag-
netic losses are present in the structure under consider-
ation, they will not be included to rule out an unnecessary
increase in the computational requirements. The mesh is
then solved by evaluating the voltage pulses (numerical
equivalent of the electromagnetic wave in TLM) that
propagate within it. When reaching the center of the
nodes, the voltage pulses are scattered according to a
scattering matrix, S, we give hereinafter. Finally,
metamaterials are easily modeled by inverting the capaci-
tive and inductive stubs of the node [20,21]. While the
scattering matrix presented in [21] was expressed in Car-
tesian coordinates, use of cylindrical coordinates in the
present work leads to a new expression:

[ a. ¢ b, ¢ g -i, 0 |
c a, ¢ b, g 0 i
b, ¢ a ¢ g i O
S=|c¢ b, ¢c a, g 0 =-i,|. (5)
c ¢ ¢ ¢ f 0 O
-e. 0 e, 0 O A, O
0 e 0 —-e, 0 0 £,

Note that the node is made up of a total of 8 lines that
should lead to an 8 X8 matrix. However, as no incident
voltages are coming from the lossy stubs, S can be re-
duced to a matrix of 7 columns by 8 rows. Moreover, the
pulses that are reflected from the node center to the lossy
stubs are usually not of valuable interest, and S can con-
sequently be reduced to a 7 X7 matrix. The elements of
the matrix depend on the normalized impedances and ad-
mittances of the stubs,
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with 2={r, ¢}. In Eq. (6), r is the radial coordinate; Ar, A,
and Az, are the size of the nodes along each direction; and
At is the TLM time step. It is plain from Eq. (6) that u,
tending to infinity results in Z, becoming infinite as well.
Consideration of Eq. (7) indicates that a, b, e, h,, and
i, all remain finite for such an extreme value of the induc-
tive stub, which leads to the conclusion that optic con-
stants that rigorously tend to infinity are acceptable with
TLM. In this manner, with regard to our actual concern,
the limit ¢ being strictly zero can be reached.

Let us now consider a cylindrical cloaking structure
surrounded by free space and illuminated by a monochro-
matic TE electromagnetic plane wave whose frequency is
2 GHz. The cloaking shell has an inner radius R{=0.1 m,
while the outer radius is R9=0.2m. From O to R,
=0.05 m, the space is occupied by a perfectly electric con-
ducting (PEC) cylinder. Then, from R, to R,, different
cases are envisaged and the results are depicted in Fig. 2.

(a) From R to R there is free space, and from R to Ry
we use the cloaking parameters of Eq. (2) with ¢
=0.001 m and d=0.02 m. The computed electric field
mapping is presented in Fig. 2(a). Although we are in a
nonideal situation, mainly due to the lack of extreme val-
ues at r=R;, the cloaking effect can be achieved.

(b) From R, to R; the anticloak parameters of Eq. (4)
are used, while Eq. (2) is used for the cloaking shell from
Rq to Rs. In both case, ¢ and d are still equal to 0.001 and
0.02, respectively. The result shown in Fig. 2(b) demon-
strates that the anticloak destroys the cloaking effect ob-
served in Fig. 2(a).

(c) The modeling differs from the previous one in one
fundamental point: ¢=0, i.e., the parameters of Eqs. (2)
and (4) now take extreme values at r=R;. The electric
field is depicted in Fig. 2(c). The main conclusion is that
the cloaking effect is no longer perturbed by the presence
of the anticloak inside. Furthermore, since losses in
metamaterials are unavoidable, we have incorporated a
low level of electric losses to the cloak in order to make
the modeling more physically realistic. It turns out that
no significant deviation in the result is observed—the an-
ticloak is still concealed by the cloak. Consequently, the
lossless media that was first considered can be treated as
the limit of the lossy case as the dissipation approaches
zero. This indicates that the uniqueness theorem [22],
stating that a field in a lossy region is unique, can be ex-
tended to the lossless media for which the theorem breaks
down in general.

(d) For the sake of completion, a simple PEC cylinder
with radius equal to d is modeled. The corresponding elec-
tric field mapping is shown in Fig. 2(d). As it has been
pointed out in [15], the scattering is the same as in case

(b).
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Fig. 2. (Color online) Electric field mapping for four configurations. (a) Non-ideal (¢=0.001) cloaking structure with free space in the

extended layer; (b) non-ideal (¢=0.001) cloaking structure with anticloak in the extended layer; (c) ideal (¢=0) cloaking structure with
anticloak in the extended layer; (d) PEC cylinder with radius d. Five regions are apparent: (1) PEC cylinder; (2) extended layer; (3)

cloaking shell; (4) free space; (5) scattered field region.

4. ANALYTICAL MODEL

One important difference between time-domain and
frequency-domain methods is that a time-domain method
always gives a unique solution, while a frequency-domain
method may have multiple solutions for a lossless case,
given that the uniqueness theorem does not hold in gen-
eral for a purely lossless case [22]. In order to justify
uniqueness in a nondissipative media, infinitesimal losses
are traditionally assumed. This treatment is realistic be-
cause losses are always unavoidable. In order to explain
the physics behind the nonpenetration of electromagnetic
waves through the interface between an ideal cloak and
an ideal anticloak, we adopt a model similar to that of [6].
As depicted in Fig. 3, a plane wave is normally incident
onto a double-layer medium composed of two regions, re-
gion 1 and region 2. The permittivity of the material in
region 1 is &7, while its permeability is u;. The material of
permittivity g9 and permeability uo, in region 2 is ob-
tained by the coordinate transformation x=-x', which
leads to eg=—e; and ug=-pu;. From the transformation

theory point of view, region 2 is able to perfectly recon-
struct the electromagnetic space in region 1 so that region
1 is cancelled by region 2 as if nothing were there. This
property can be verified by straightforward calculations
[15]. However, the materials at both sides of the cloak/
anticloak interface have extreme values that may alter
the effect of the cancellation. In agreement with the value
of permittivity and permeability at the inner boundary of
the cloak, we let £ —+0 and u; — +o while their product

ikz ikyz ik, z

e ae ce Teikz
—_—
Re—ikz b -ikyz de -ikyz
Ko & Hi1 &1 Ha & Ko &
z=0 z=d z=2d

Fig. 3. Simple model illustrating why a normally incident wave
cannot penetrate a slightly dispersive ideal cloak/anticloak
double-layered slab.
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remains constant, such that eyu;=¢gquy. Consequently,
g9——0 and py— — while gouo=ggug. In order to repre-
sent the losses, a constant imaginary part is incorporated
to the constitutive parameters: the permittivity and per-
meability in region 1 are now e;+i5 and u;+iJ, respec-
tively; those in region 2 are —g;+id and —u;+i6, respec-
tively. Assuming that e;—+0 and wu;—+%, the
transmission coefficient is calculated behind the double-
layer slab in Fig. 3. It is found that the transmission co-
efficient in this case is zero, indicating that the typical
losses that are intrinsic to any material ensure that the
electromagnetic wave cannot penetrate through the cloak/
anticloak interface.

If the cloak is nondissipative and if ¢=0, the analysis
presented in [5,15] cannot be carried out due to the sin-
gularity of the Hankel function at this point. Accordingly,
the condition of conservation of the E and H fields’s tan-
gential components at r=R; is degenerated, which leads
to the conclusion that more than one solution is analyti-
cally possible. However, the lossless medium can be con-
sider as the limit of the lossy medium as 6— 0. This state-
ment is strengthened by the numerical results obtained
above showing that a slight dissipation in the cloak ma-
terial is of no consequence to the E field mapping depicted
in Fig. 2(c). Thus, the uniqueness theorem holds and en-
sures that only one analytical solution is compatible with
the physical limitation of loss. Though mathematically
possible, the other ones do not represent the physical so-
lution. In this sense, our numerical simulations clearly in-
dicate that no field can penetrate the lossless cloak/
anticloak boundary if u,, is infinite.

5. CONCLUSION

We have extended and employed TLM to model a cylin-
drical cloak whose optic constants at the inner boundary
take extreme values. The importance of assuming such
extreme values in some conditions is illustrated by filling
out the inner region of the cloak by an anisotropic mate-
rial capable of destroying the cloaking effect. As shown by
Chen et al. in their pioneering work, we have verified that
the anticloak is effective for an almost perfect cloak. How-
ever, the ideal situation for which the optics constants
take extreme values required further analysis. We have
proven that TLM can efficiently model dielectric or mag-
netic constants tending to infinity, allowing the simula-
tion of the ideal situation. The numerical results clearly
show that the anticloak cannot defeat the cloaking phe-
nomenon in the presence of an extreme layer, even if
slight electric losses are incorporated into the material.
With a simple analytical model, we have explained the re-
sult for a lossy medium: the lossless case following from
the uniqueness theorem.
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