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In this paper, we will present a brief review of the recently developed non-equilibrium heating and

time dependent tunneling model to study the dynamic processes in using an ultrafast laser to

induce electron emission from a metallic tip ranging from the multiphoton to the optical tunneling

regime. Due to the short time scale of the ultrafast laser pulse, the lattice is found to be in a non-

equilibrium condition and a single temperature model is no longer valid. The ultrafast laser heating

enhances the electron emission through both the multiphoton and optical tunneling processes rather

than over-barrier emission due to thermal heating. The paper is focused on the methodology of

how these two effects (non-equilibrium heating and time-dependent tunneling) are combined in a

self-consistent model. The model shows a smooth transition of the emitted charge as a function of

laser field, ranging from the multiphoton emission regime at low laser field to the optical

tunneling regime at high laser field. The paper will conclude with some discussion of future work.
VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4803086]

INTRODUCTION

For a metal with a work function Um, N photons must be

absorbed by an electron to be emitted from the surface by

overcoming the surface barrier with an energy

N � h� > Um, where h is the Planck constant and � is the

frequency of light. This emission process, known as multi-

photon emission, can be considered as the generalized

Einstein photoelectric effect. The first quantitative model to

calculate electron photoemission by multiphoton absorption

was the Fowler-Dubridge (FD) law1–3 in the 1930s.

Another mechanism for electron emission is by quantum

mechanical tunneling through the barrier, which is known as

field emission and is described by the Fowler-Nordheim

(FN) law proposed in 1928 (Ref. 4) when a sufficiently high

DC electric field is applied to suppress the barrier so that the

tunneling process can become important.

The third mechanism for electron emission is thermionic

emission in which the temperature of a cathode increases

due to heating, and it is described by the Richardson-Laue-

Dushman (RLD) law5 proposed in 1921. Since these

pioneering works, there have been many extensions and

improvements to all the three emission models described

above. A good overview can be found in a recent review by

Jensen.6 In particular, all three emission mechanisms can be

combined in a generalized model.7

In 1965, Keldysh8 presented a model to study the ioniza-

tion of atoms to release bounded electrons. Based on the pro-

posed Keldysh parameter c ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2emUm

p
=eF, where x and

F are, respectively, the frequency and field strength of laser

light, and Um is the ionization potential, the emission

mechanism can be identified. In the regime of multiphoton

emission defined by c� 1 (small F), the ionization process

is dominated by the absorption of 1 or more photons from

the laser field. In the other limit of c� 1 (large F), the elec-

trons are released by tunneling through the barrier under the

influence of the laser field, which is known as optical field

emission or the optical tunneling regime.

Recently, there has been an interest in using ultrafast

laser-induced electron emission from a DC-biased sharp me-

tallic tip9–17 to create ultrafast electron bunches for many

applications. While the emission mechanism is well known

in both c� 1 and c� 1 regimes, most current experiments

are conducted in the transition regime between c ¼ 1 and 10,

in which the emission mechanism is hard to pin down.

Pioneering experimental works by two research groups have

claimed different emission mechanisms, such as optical field

emission at c ¼ 3 to 9 for tungsten9 and multiphoton emis-

sion at c ¼ 4 for gold.10 Another group has reported multi-

photon absorption followed by over-barrier emission (c ¼ 3

to 4).11 Subsequent works include further investigation in the

strong field regime with the discovery of new physics, such

as strong field photoemission,12,13 above threshold photoem-

ission,14 attosecond control of electron emission from sharp

metal tips,15 quiver motion,16 and using hafnium carbide

tips.17

In most studies, there is one important aspect of the

laser-metal interaction that has been ignored, which is the

heating of the metal by the ultrafast laser. At the ultrafast

time scale, the traditional heating model used for long pulse

laser-metal interaction is no longer valid as the pulse length

of the ultrafast laser is shorter than the electron-phonon

relaxation time in metals. In 2008, we developed a non-

equilibrium heating model by solving microscopic kinetic

equations to include electron-electron and electron-phonon

collisions.18 From the calculated time-dependent
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non-equilibrium electron distribution, we calculate the emitted

current density by using the WKBJ method to obtain the tun-

neling coefficient. It is found that this model is able to explain

prior experimental findings9,11 rather well without assuming

optical field emission (see Figs. 4 and 5 in Ref. 18). Our

model was also later confirmed by an independent experimen-

tal measurement of the electron energy distribution.19

As mentioned before, the recent experiments were con-

ducted in the regime of c ¼ 1 to 10, where both multipho-

ton and optical tunneling cannot be ignored. In particular,

an experiment by Ropers’ group in 2010 (Ref. 12) has

shown a smooth transition from the multiphoton to the opti-

cal tunneling regime by using a 30 fs laser at 830 nm im-

pinging on a gold tip, and it was roughly estimated that the

transition is at about c ¼ 2 with a local laser field of 9 to

10 V/nm. To explain this transition, we have recently con-

structed a time-dependent quantum tunneling model20 with

the assumption that the electrons are emitted from the

Fermi energy level (single energy model without heating).

From our model, we are able to determine a critical

Keldysh parameter which characterizes the onset of the

optical tunneling regime and is only dependent on the work

function of the material. In the multiphoton regime, we also

found that the number of photons required may be reduced

at ultrashort laser pulselengths due to the uncertainty prin-

ciple. For example, it was predicted that 3-photon electron

emission will be reduced to 2-photon if the pulse length is

reduced from 20 fs to 8 fs. The phase dependence of the

laser is found to be important only in the optical tunneling

regime. All these findings can be found in Figs. 1 to 5

in Ref. 20.

It is clear that a combination of non-equilibrium heat-

ing and time-dependent tunneling is required in order to

have a better model for the description of ultrafast laser

induced electron emission. Recently, we have constructed

such a time-dependent and non-equilibrium model, which

also includes the effect of the laser field gradient.21 Using

this model, we are able to discover new phenomena that

were absent from prior models and provide better agree-

ment with experiments. The new findings include resonant

emission of electrons at certain energies when the barrier

height is equal to a multiple of photon energy. In the multi-

photon regime, the generalized Einstein photoelectric effect

is no longer valid, and electrons are emitted mostly from

slightly below the Fermi energy level. The model also gives

better agreement with experiment. These results can be

found in Ref. 21.

In this paper, we will provide a complete description of

the methodology used in our recently developed model

including both the time-dependent dynamic laser-heating

and tunneling processes. This model can be considered as a

generalized model of ultrafast laser induced electron emis-

sion as it has included all 3 emission processes (thermal,

photoemission, and tunneling). Note that our model has

ignored space charge effects in both the quantum re-

gime22,23 and the ultrafast pulse limit,24 which may be im-

portant due to recent results.25,26 The extension of our

model to include self-consistent space charge effects is cur-

rently in progress.

In Sec. II, we will present the description of our model.

Lastly, we will conclude the paper with some remarks and

proposals for future work.

DESCRIPTION OF THE MODEL

The system consists of a laser shining on a metallic tip

with the electric field of the laser aligned perpendicular to

the metal surface. The electric field of the laser at the surface

of the metal is described by

Flaser ¼ F0 exp �2 ln 2
ðt� t0Þ2

s2

 !
cosðxðt� t0Þ þ /Þ; (1)

with wavelength k, pulsewidth s, peak envelope field F0, and

phase angle /. t0 is the middle (or peak) of the laser pulse.

The tip radius is r0 and it is biased with a DC field FDC. It

should be noted that the field decays spatially because of the

radius of curvature of the tip which will be described

later. Note that Flaser in Eq. (1) is the field at the surface of

the metal (at x¼ 0), and F0 has included an arbitrary field

enhancement.

In this paper, the default values of parameters are

k¼ 800nm; s¼ 20fs, F0¼3V/nm, /¼ 0, FDC¼0.2V/nm,

t0¼40 fs, and r0¼20nm. Unless specified, the metal is tung-

sten with work function Um ¼ 4:4eV and the Fermi level

EF¼5.78eV with respect to the metal potential energy.

The model consists of two parts. First, time-dependent

kinetic equations are used to determine the effect of non-

equilibrium heating on the electron energy distribution inside

the metal. This distribution is used to determine the time de-

pendent electron energy in different transmission channels,

which will act as an input to the second part of the model:

the time-dependent quantum model in order to calculate the

emitted current density across different channels. The prod-

uct of current and electron density is then integrated to give

the total current as a function of time.

In the first part of the model, time-dependent kinetic

equations are used to determine the distribution function of

the electron gas f(k) and the phonon gas g(q), where k and q
are the electron and phonon wavevectors. Here, we will not

repeat the formulation which has been published before.18

Using the time-dependent kinetic equations, we calculate the

time-varying electron energy distribution function under the

excitation of the ultrafast laser pulse given by Eq. (1).

In Fig. 1(a), the electron energy distribution function

f ðEeÞ after laser excitation is plotted at different times

(within and after the 20 fs, 800 nm laser pulse) as a function

of the electron energy Ee ¼ �h2k2=2m. Before the excitation,

the electron energies are described by a Fermi-Dirac distri-

bution function at 300 K at t¼ 0. The laser excitation or

heating creates a strong nonequilibrium distribution, charac-

terized by a steplike profile with an increase in Ee equal to

the photon energy of 1.553 eV (800 nm). For example, the

first, second, and third steps correspond to 1, 2, and 3 photon

absorption, respectively. From the figure, we see that the ex-

citation (or heating) of the laser pulse is maximized at

around the peak of the laser pulse at t ¼ t0 ¼ 40 fs. The step-

like characteristic is dominant from t¼ 20 to 60 fs. After the
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peak (t¼ 40 to 60 fs), the electrons start cooling down by

losing energy to the lattice and the step-like behavior starts

smoothing out due to the e-e and e-p collisions. After t¼ 60 fs,

the distribution reaches a new quasi-equilibrium state with a

new Fermi-Dirac distribution at a higher temperature

>300 K.

In order to determine the emitted current, the electron

density is required to be calculated as a function of energy in

the x direction Ex, i.e., perpendicular to the metal tip. The

distribution as a function of Ex is found by integrating over

phase space given by the formula

NðEx; tÞdEx ¼
ðme=2Þ3=2dEx

p2�h3
ffiffiffiffiffi
Ex

p
ð1

Ex

f ðEeÞdEe: (2)

Fig. 1(b) shows the corresponding time-dependent NðEx; tÞ.
Compared to Fig. 1(a), Fig. 1(b) also shows similar behavior

with peak deviation at t¼ t0¼ 40 fs, and the step-like

behavior is dominant from t¼ 20 to 60 fs.

Next, the non-equilibrium electron energy in different

transmission channels is determined based on the change of

different electron density levels. The initial energy E0 of

each channel can be used to represent different transmission

channels. The electron density in a channel represented by

E0 is defined as NðE0Þ. Hence, its energy at a future time can

be represented as ExðE0; tÞ ¼ N�1½NðE0Þ�, where NðE0Þ has

been calculated as shown in Fig. 1(b). The evolution of the

energies of different transmission channels (or different E0)

with various parameters is shown in Fig. 2. Results shown in

Fig. 2(a) have assumed default parameters. From the figure,

we see that the energy increases in steps equal to the photon

energy before the peak of the laser pulse as t ¼ t0 ¼ 40 fs

(indicated by the vertical dashed lines) and the step-like

behaviour is smoothed gently after t¼ 40 fs due to cooling.

When s is reduced to 8 fs [see Fig. 2(b)], the same

behavior repeats, except that the heating and cooling take

place over a shorter time scale as expected. When the wave-

length is reduced to 550 nm [see Fig. 2(c)], the steps in the

graph become larger because of the increase in photon

energy (smaller wavelength of 550 nm < 800 nm). When F0

is increased to 30 V/nm [see Fig. 2(d)], the increase in

FIG. 1. Evolution of (a) electron energy distribution function f and (b) elec-

tron density function NðExÞ with default parameters. Vertical dashed lines

represent the Fermi level EF¼ 5.78 eV.

FIG. 2. Evolution of electron energy in different transmission channels with

varying laser parameters. Vertical dashed lines represent t0¼ 40 fs and hori-

zontal dashed lines represent the fermi level EF¼ 5.78 eV.
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electron energy becomes much larger. However, it should be

noted that the increase in tunneling current is much more sig-

nificant than the heating effect at high fields.21 Note that tun-

neling effects and over barrier emission are not reflected in

Figs. 1 and 2 as they are implemented in the time-dependent

quantum simulation which is the second part of the model

(see below).

From the obtained ExðE0; tÞ (as shown in Fig. 2), we

solve the time-dependent Schr€odinger equation (TDSE) for

each transmission channel at ExðE0; tÞ. In the TDSE, we

have the following surface potential barrier given by:

Uðx; tÞ ¼ Evac �
e2

16p�0ðxþ x0Þ
� e

�
FDCxþF0x

� exp �2 ln 2
ðt� t0Þ2

s2

 !
cosðxðt� t0Þ þ /Þ

#

� ð1=2Þ r0

x
1� 1

ðx=r0 þ 1Þ2

 !" #
; (3)

where Evac ¼ Um þ EF is the vacuum energy (¼ 10.18 eV for

tungsten) and the metal-vacuum interface is at x¼ 0. The

second term is the classical image charge term and we have

x0 ¼ e=½16p�0Evac� in order to implement the continuity of

the potential energy. The last term in the equation represents

the effect of the field gradient which causes the field to decay

as FðxÞ � F� ðr0=ðxþ r0ÞÞ3. In the derivation of the third

term, we have assumed that the beam waist is large as com-

pared to the barrier width and the tip has a large geometric

field enhancement.16 The integration of this term will

account for the contribution of the laser field to the potential

energy which is �
Ð x

0
F� ðr0=ðxþ r0ÞÞ3dx ¼ �x� Fðr0=2xÞ

½1� 1=ðx=r0 þ 1Þ2�. Note that this term is only important

for a very small tip with radius r0 < 40 nm [see Fig. 6 in

Ref. 21].

First, the initial wavefunction W0 for each transmission

channel is found by solving the time independent

Schr€odinger equation with FDC ¼ F0 ¼ 0. Based on the con-

tinuity of the wavefunction at x¼ 0 and the requirement that

the wavefunction must decay at infinity, we have

W0ðx < 0Þ ¼ C1 sinðkmxÞ þ C2 cosðkmxÞ
W0ðx > 0Þ ¼ C3Wa=2

ffiffi
b
p

;�1=2ð2
ffiffiffi
b
p
ðxþ x0ÞÞ;

(4)

where km ¼
ffiffiffiffiffiffiffiffiffiffiffi
2mE0

p
=�h; Wk;mðxÞ is the Whittaker W function,

a ¼ e2m=ð8�h2p�0Þ and b ¼ 2ðEvac � E0Þ=�h2.

The variation in Ex is implemented by changing the

potential energy inside the metal. The fact that this does

indeed cause the desired effect was numerically verified and

we found that an increase in the potential energy inside the

metal causes the same effect as decreasing the work function

by changing the initial wavefunction. Physically, it can be

seen that increasing the potential energy lowers the barrier

and effectively increases Ex.

The time-dependent current density J½ExðE0; t; tÞ� of

each channel is then calculated at x¼ 2 nm from the wave

function solved from the TDSE model. The contribution of

each energy level to the total current at a particular time,

also called the spectral current density, is defined as

NðExÞJðEx; tÞ and is plotted in Fig. 3. For a fair comparison,

the times plotted in Fig. 3 all correspond to laser peaks. It is

found that the current at t¼ 48 fs is found to be larger than

the current at t¼ 40 fs because of the finite time required by

the electron to tunnel through the barrier and to reach

x¼ 2 nm. The heating process also causes a delay in the

peak emission which is discussed later. The peaks move to

lower Ex after 40 fs as was shown in Fig. 2 as well due to

cooling.

Finally, we have also benchmarked our model by turning

off the laser field (FL¼ 0) and compared our results with the

classical FN law in the range of DC field from 2.5 to 4 V/nm,

which shows reasonable agreement.

DISCUSSION AND FUTURE WORK

In this section, we present the emission characteristics

as predicted by our model. We observe a number of signifi-

cant differences between our simulations and previous single

energy models which assume emission from the Fermi level

and ignore heating. These differences are discussed in

Figures 4 and 5. A further discussion is also provided in a

coming publication.21 Some earlier reported results have

been summarized in the introduction section.

Figure 4 shows the total current JtotðtÞ ¼Ð
NðExÞJðEx; tÞdEx as a function of time with different pa-

rameter values. In the black dashed line, f ðEeÞ is held con-

stant at the Fermi-Dirac distribution in order to ignore the

effects of heating. Heating is found to cause an increase in

current as seen on comparing the solid and dashed black

lines. Unlike single energy models,20 the peak photocurrent

depends on the pulsewidth. Finally, when F0 is increased suf-

ficiently such that the emission enters the optical tunneling

regime (Fig. 4(b)), the relative importance of heating

decreases and the peaks can be found to occur earlier than in

Fig. 4(a).

The same effect can also be observed in Fig. 5 where we

plot the total photoemitted charge r (calculated by integrat-

ing Jtot over time) as a function of F0 for different models.

Although an increase in laser intensity increases electron

energy (as seen in Fig. 2(d)), the relative impact on tunneling

is much larger. At high fields, a significant number of elec-

trons at lower energies can tunnel through the energy

FIG. 3. Spectral current density NðExÞJðEx; tÞ at different instants with

default parameters.
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barrier21 and the relative impact of heating becomes smaller.

This can be seen by comparing the heating (black solid) and

no-heating (green dashed) lines in Fig. 5 which converge at

high F0. It should be noted that Fig. 5 is plotted on a logarith-

mic scale and the difference between the two lines is quite

significant. The smooth transition shown in the figure agrees

with experimental observations12 for which the single energy

model shows unphysical fluctuations at high F0 > 10 V=nm

(red dashed line).

In the figure, we also plot a case of higher Fermi energy

level (EF¼ 2� 5.78 eV¼ 11.56 eV) in symbols to see the

effect of the Fermi energy level. The comparison shows that

the higher Fermi energy case (symbols) has smaller r com-

pared to the lower Fermi energy case (solid). The difference

is about a factor of
ffiffiffi
2
p

lower, which is due to the 1=
ffiffiffiffiffi
Ex

p
fac-

tor in Eq. (2). The difference is, however, reduced at high

field F > 10 V=nm where optical field emission is more

dominant.

There are certain aspects of the model that can be

improved in the future that we will discuss briefly below.

Space charge effects have been ignored in the model and it

would be interesting to investigate whether the emission is in

the space charge limited regime at high laser fields.

Furthermore, in order to simplify the integrals in the kinetic

equations, the heating was assumed to be isotropic. These

assumptions tend to slightly overestimate the impact of heat-

ing. Another aspect is the lack of spatial dependence in the

heating model. The classical image charge term used in Eq.

(3) is similar to the one used in previous studies.9,20 A time

dependent image charge term could be introduced in future

work to further improve the accuracy of the model. The

model also ignores how the field enhancement factor may

behave at the ultrafast time scale.

It is important to note that the effect of nonequilibrium

excitation of the electron distribution in metals had been

reported in an earlier phenomenological theory of nonlinear

multiphoton electron emission.27 However, their treatment

was very different from our model, where they had adopted

a two-temperature like approach in solving the coupled ther-

mal equations. In our model, we have solved Boltzmann

equations to account for the energy transfer between elec-

trons and phonons and have ignored completely the thermal

conduction and diffusion on the consideration that these

effects occur at a much longer time scale. Similarly, the nor-

mal heating of the laser28 and absorption due to roughness29

are also not considered based on the same argument of the

time-scale difference. Finally, our model is essentially a 1D

model even though we have included an effective enhance-

ment of the electric field due to the field gradient near the tip

[see last term in Eq. (4)]. This simplified model will not be

able to account for some of the complicated and interesting

dynamics of electrons near the tip, which have been reported

recently, such as electron steering30 and electron rescatter-

ing.31 It would also be interesting to have a consistent model

that is able to show the transition from ultrafast time scale to

a longer time scale which may recover the traditional FD

law for ps laser multiphoton emission.1–3

In this paper, we have presented the details of our

model, which combines the effects of non-equilibrium heat-

ing and time dependent quantum tunneling that have been

studied in isolation in previous studies. Our model has shown

that both effects are significant in femtosecond laser induced

photoemission.18,20,21 The model will be useful for further

developments to include new effects discovered recently

such as strong field photoemission,12,13 above threshold pho-

toemission,14 attosecond control of electron emission from

sharp metal tips,15 quiver motion,16 electron steering30 and

electron rescattering.31
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FIG. 4. Plot of current density J as a function of time with different parame-

ter values: (a) default parameters (black solid line), default parameters with
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