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Elements from extensions of I, are employed to construct a class of linear codes over
F, with good parameters through symmetric polynomials over I,

I. INTRODUCTION

Constructions of generalized Reed-Solomon codes over F, (see [3, Chap.
10]) only employ elements of F: hence their lengths are at most ¢. In order to
make use of elements of F ., we modified the constructions of generalized
Reed-Solomon codes in [4]. It turns out that the modified constructions
yield many good codes and many improvements on Brouwer’s table [1] are
achieved. In this paper we develop the 1dea of constructing linear codes using
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elements from any finite extension of F,. It seems more natural to describe
our constructions through elementary symmetric polynomials. Our results
show that codes from our constructions have good parameters and the length
of codes constructed in this way could be arbitrarily large.

This paper is arranged as follows. In Section 2 we discuss some basic results
on certain linear spaces and present our constructions of linear codes. We list
examples of good codes [rom our constructions in Section 3.

2. CONSTRUCTION OF CODES

Let ¢ be a prime power and let s be a positive integer. Consider the
polynomial in F, [ X, Y ] given by

s—1

[T(Y - X)=Y' -6,V '+ 0,V 2 oo 4 (=10 o Y +(— 1)a,.
i=0
(1)

It is clear that ¢; 1s a polynomialin F [ X]forall | <i < s. Infact, o; 1s the ith
. - - 2 5—1
clementary symmetric polynomial in the s symbols X, X4 X% ... X1

Lemma 2.1, Forany xeF and 1 <i<s. we have o, (x)e F,.

Proof. From (1) it is obvious that
6i(2) = o) = - = o (a0 )

It follows therefore that a;(x) = 7;(2)?, which is equivalent to a;(x) e F,. ®

q*
Lemma 2.2, Let fe F,[X] and let fe ¥ Then f(f) =0 if and only if
f(P)Y=0forall0<i<s— 1.

Proof. Since the coefficients of fare in F, it follows that f(BYYy = (f(p)"
forall 0 <i <s— 1. The lemma follows immediately from this equality. m

Let (jy. ja. ---.J,) be an s-tuple of non-negative integers. We define the
polynomial ¢; ;. ; € F,[X] as follows:

e = o o5--ah e F,[X].

Jufz - Js *

Asdeg(o)=q" '+ ¢ %+ --- + ¢, we have

2 .

degle;;,.;))= > (@ " +¢ >+ - +¢ -
i=1

LemMma 2.3, The q° polynomials ¢;; ..;. 0 <]i.js ....Js < q— L. are lin-
early independent over F,,.
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Proof. It suffices to show that, for any two different s-tuples (ji. j3. ... . Jy)
and (ky. ks ..., k) with 0<jujo....jo<q—1 and 0 <k ks, ... kg
< q — 1, the polynomials ¢; ; .., and ¢, , .., have different degrees.

We suppose that for some 0 <j.js .... s <gqg—1 and 0 <k, ks, ...,
ks <q— 1, we have

deg(e;,j,...;) = degleg, i, ...x)-
In other words,
> @+ g =3 @+ e Tk
i=1 i=1

or equivalently,

<

Y (@ '+ -+ — k) =0.

i=1
It follows that j, — k, = 0 mod ¢, hence j, = k,. This implies

s—1

Y@+ T — k) =0,

i=1

from which it follows that j,_ ; — k,_ ; =0 modg, and hence j, ; =k, ;.
Continuing the same argument, we obtain j;=k; forall Il <i<s. m

For 1 <m<gq. let V,,, be the F,-vector space spanned by the set
e ey Ji<m— 1, j; = 0}. Clearly, for 1 <m < qand s > 1,
dimg, Vi = |{€j,....0._ Ji<m—1, j; = 0}|
= §s P e o Z:zl.ff <m-—1, j; =0}
» m+.-_c—I}

LemMma 24, We have dimg, Vi, = ("

Proof. Let n(s, m) denote the dimension of V. Then n(s, m) is equal to
the coefficient of X"~ ! in the formal power series

Gx):=(l+x+ x>+ )"l =(1—x) !

over the reals. By evaluating this coefficient as a Taylor coefficient, we get

Gim— “{0:! m 45— 1
ns,. m=——= 5 [ |
(m—1)! §

Form>2ands>2letl= ({145, ....L._DeZ ' withO< /¢, </, ,
< -8 <m—1and let

A(s.m. 1)
= WUdz oosdid: Lo fi=m =1, ji 2 0, jy < 4oy s + oo
S8y _giviis e, HE i}
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For example, when s=2, =/ for0 </ <m— 1,50 A2, m, )=, + 1.
When s =3 and 1= (/,.75). we have A3, m, ) =1 (/, + 1) (£, +2) —
Sy — ) — 45+ 1)
For2<m<gqgandl=({y. ¢ ....0,_ e " withO0</,_,</{,_,<
- <y <m— 1, let V ., be the F -vector space spanned by the set

'illefl"'fa: Z;:l .v,.i' <m-— 2" ji = U:
[(}fl Iz: J, m — 1, jl}[}j\{{\—li
JsHiscr Sl YT <L)

We see easily that the following statements are true:
1. We have dimy, V= (" 52y 4 A(s, m., 1); and
2. the highest degree of a polynomial in V_, 1s

Ut

s—1
m—1)qg "+ > g "
i=1
In particular, if l=(m—1,m—1.....m— 1), then V_,,,= V, .-

For every s > 1, let I (s) denote the number of monic irreducible poly-
nomials in F,[X] of degree s. Then it is well known (see [2, Theorem 3.25])

that
I,(s)= Z 7 (—)
S b|s

where p 1s the Mobius function.

Let Sy, fs. .... B, € Fy be roots of the distinct monic irreducible poly-
nomials in F,[ X ] of degree s (one root for each such polynomial). Label also
the elements of F, as o, o5, ... . «,.

Fors>=20<t<q 1l<r<I,/s),2<m<q, and | as above, define the
F -linear code C,(s, t, r, m. 1) as

Colsotorym Ny = {(flor)., flo2) ooes f(0)e f(B1), f(B2) oo s f(B): fE Viima)-

THeOREM 2.5, [f s=22, 0<t<gq, 2<m<yq, I_ £y, ... z’,_,J e/ !
with 0 </, < - <&y <m—1, and I,(s)=r>~x(m— 1)g*! +z:;:
£~ — 1), then the code C (s, t, r, m, 1) has parameters [n, k, d], where

n=t+r,

2
k = (m e ) + A(s. m. ).
g

s—1
d=>r— : ((m — g '+ Y LT T = r).

S i=1



Proof. Let fe V1. f#0. Suppose that f has r; roots among

%y, ..., %) and r, roots among {f, ..., fi,}. Then

s—1
<t and ri+sra<deg(f)<m—Dg '+ Y Lig

i=1

This implies that, for ¢, = ( f(oy). ... . f(o). f(By). ... f(B)) € Cy (s, t,r.m. ), 1ts
Hamming weight wt (c¢,) satisfies

wt(cy)

>n—(ry +7r3)

1 s—1
>r+r——({m—l) Y Y gt 1+(s—l]r)

§ i=1
| ! :
=r—-— ({m — g '+ ) LigT T = r) > 0.
i=1
This in turn implies that the F -linear map
Vema = Cyls, t,r.m. 1)
fr= (o) oo flew), f(Ba). .o f(B)

is injective: hence
. . ) m4s—2
dimg, C (s, £, r, m, 1) = dimg, V= ( S ) + A(s. m. 1)

and

i=1

1 s—1 )
d=r —= ((m— D'+ Y g — r). ]

Remark. 1In the statement of Theorem 2.5, ifm < g — 1 and r = I (s). then
the conditionr ><L(m— 1) ¢~ ' + Z:;: /.q* "'~ 1 — t)is automatically satis-
fied. To see this, we distinguish between two cases.

First, let s be a prime. In this case, t + rs=1 + st uG) "=t +q¢ —gq

> q° — q. Hence,

1 s—1
;——({m—l P+ Y g l—r)

i=1

"-.o“l»—k

s—1
(rs—l—r—(m — > g 1)

i=1

(q —g—(g—2L= 1)
qg—1

"u“ln—k

V
S



When s is composite, we need to show that

g — 1
fs._z,u(),c,r‘::»q—'f’Jf :

bs qg— 1

1.e.,

S
q +( Yoo (E) q”) (g—1)+(g—2)>0.
bls,b#s :

It is easy to see that [) , ,_ u () ¢’ <q"* "' so

5 742 ™
G“r( 2 H (5) "i'h){q—li +@—=22@-¢"”")+¢2 " +(g—2)>0.

bls,b+#£s

Remark. The construction of the code C (s, t. r, m, I) in this section can be
extended by adding further coordinates f(y) for roots y of irreducible poly-
nomials in F, [X] whose degrees are nontrivial divisors of s. However, so far
our best examples stem from the case considered in Theorem 2.5.

3. EXAMPLES

A comparison of the codes obtained from the construction above and the
codes from Brouwer’s table [ 1] reveals that our construction yields a number
of good codes. Fors =3, =3,4,or5,and r = I,(3) = (¢ — ¢)/3. a number
of codes constructed with the method above have as good a lower bound on
the minimum distance as the ones listed in [1]. We list some of them in the
table below. The variables t, m, 7, />. n, k, and d are the same as in Theorem

2.5.

q t m £y {5 n k d

5 0 2 1 1 40 4 30
5 1 2 1 1 41 4 30
5 2 2 1 1 42 4 31
5 3 3 2 2 43 10 21
4 0 2 1 1 20 4 13
4 1 2 1 1 21 4 14
3 0 2 1 1 8 4 4
3 1 2 0 0 9 2 6




]
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