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Abstract—The stabilizer method for constructing a class of
asymmetric quantum codes (AQC), called additive AQC, has been
established by Aly et al. In this paper, we present a new charac-
terization of AQC, which generalizes a result of the symmetric
case known previously. As an application of the characterization,
we establish a relationship of AQC with classical error-correcting
codes and show a few examples of good AQC with specific param-
eters. By using this relationship, we obtain an asymptotic bound
on AQCs from algebraic geometry codes.

Index Terms—Algebraic geometry codes, asymptotic bounds,
classical codes, mappings, quantum codes.

1. INTRODUCTION

FTER the works of Shor [13] and Steane [14], [15]

in 1995-1996, the theory of quantum error-correcting
codes has developed rapidly. In 1998, Calderbank et al. [4]
presented systematic methods to construct binary quantum
codes, called stabilizer codes or additive codes, from classical
error-correcting codes. At the same time, the stabilizer method
has been generalized to nonbinary quantum codes and new
methods have been found to construct nonadditive quantum
codes. Recently, a number of new types of quantum codes, such
as convolutional quantum codes, subsystem quantum codes,
and asymmetric quantum codes (AQC), have been studied and
the stabilizer method has been extended to these variations of
quantum codes. In particular, there has been intensive activity
in the area of AQCs [1], [2], [6], [10], [12].

This paper concentrates on the AQCs which deal with the
case where dephasing errors (Z-errors) happen more frequently
than qubit-flipping errors (X -errors) [14], [15]. Such codes are
used in fault tolerant operations of a quantum computer carrying
controlled and measured quantum information over asymmetric
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channels [6]. Our aim in the paper is to extend the characteriza-
tion of nonadditive symmetric quantum codes given in [7] and
[8] to the asymmetric case and to show several examples of good
AQCs.

The paper is organized as follows. We introduce the basic no-
tations and definitions of symmetric and AQCs in Section II. In
Section III, we present the characterization of AQCs (Theorem
3.1) and establish a relationship between classical error-cor-
recting codes and AQCs (Theorem 3.2). Finally, in Section IV,
an asymptotic bound on AQCs is derived from algebraic geom-
etry codes based on the relationship between classical codes and
asymmetric codes given in Section III.

II. SYMMETRIC AND ASYMMETRIC QUANTUM CODES

Let I, be the finite field with ¢ = p™, where p is a prime
number and /. > 1 is an integer. Let C be the complex number
field. We fix an orthonormal basis of C¢

{Jv) v e Fy}
with respect to the Hermitian inner product. For a positive in-
teger n, let V,, = (C?)®" = C?" be the nth tensor of C?. Then,
V., has the following orthonormal basis

{le) = lerca---cn) = |e1) @ |e2) “® |en) e

®..
:(617...7Cn)e":3}~ (III)

For two quantum states |u) and |v) in V;, with
uy = Y~ a(d)le), o)=Y Be)e) (ale), Ble) € T)
cEFY ceF?
the Hermitian inner product of |u) and |v) is
(ulo) = Y~ ale)Be) € €
ceFr

where «(c) is the complex conjugate of «(c). We say |u) and
|v) are orthogonal if (u|v) = 0.

A quantum error acting on V,, is a unitary linear operator on
V,, and has the following form:

The action of e on the basis (II.1) of V,, is
ele) = X(a1)Z(b1)]e1)
® X(a2)Z(ba)|c2) ® -+ ® X(an)Z(bn)|cn)
where

X(ai)le:) =la; + i), Z(bi)|e;) = wTbeeo)

Ci>
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withw = e »
mapping

€ CandT : F, — F, being the trace

T(a):a+ozp+oz”2 doota?”

Therefore

for acF, (¢g=p™).

X(aL)Z(bz)|cZ) = wT(b’c’)

a; + C,L'}

and

ele) =wTNay + ;) ®
_wT(b-c)|a + C>

|az + c2) ® -+ @ |an + cn)

where b-c= 3" | bic; € F, is the usual inner product in F}'.
It can be checked that for e = X(a)Z(b) and €/ =
X(a)Z(V') (a,b,a', b € F})

! !
eel — wT(a,-b —a -b)ele

hence the set

E,={*X(a)Z(W)0<A<p-1, abeF;}

forms a (nonabelian) group, called the error group on V,,.

Definition 2.1: For a quantum error

e =w*X(a)Z(b)
€E, (a=(a1,...,

we define the quantum weight wg(e), X-weight wx (e) and
Z-weight wz(e) by

we(e) =#{ill <i<n, (a;,b;) # (0,0)}
x(e) =#{ill <i<n, q; # 0}
wz(e) =#{i]l <i<mn, b; #0}.

Namely, wg(e) is the number of quantum digits where the ac-
tion of e is nontrivial by X (a;)Z(b;) # I (identity); wx (e)
(wz(e), respectively) is the number of quantum digits where the
X -action (Z-action, respectively) of e is nontrivial. It is easy to
see that
max{wx (e),wz(e)} < wg(e) < min{wx(e) +wz(e),n}.

Definition 2.2: A g-ary quantum code of length = is a sub-
space @ of V,, with dimension K > 1. A quantum code ()
of dimension K > 2 is said to detect d — 1 quantum digits
of errors for d > 1 if for every orthogonal pair |u), |v) in Q
with (u|v) = 0 and every e € E,, with wg(e) < d — 1, |u)
and e|v) are orthogonal, i.e., (u|e|v) = 0. In this case, we call
@ a symmetric quantum code with parameters ((n, K, d))q or
[[n,k,d]]g, where k = log, K. Such a quantum code is called
pure if (ulelv) = 0 for any |u) and |v) in Q and any e € E,
with 1 < wg(e) < d — 1. A quantum code @ with K = 11is
always pure.

Let d, and d. be positive integers. A quantum code Q) in
V,, with dimension K > 2 is called AQC with parameters
((n,K,d./dy))q or [[n, k,d./ds]lg (K = logK) if Q detects
d, — 1 quantum digits of X -errors and, at the same time, d, — 1
quantum digits of Z-errors. Namely, if (u|v) = 0 for |u), [v) €
@, then (uleJv) = 0 for any e € E, such that wx(e) <
d, — 1 and wz(e) < d. — 1. Such an AQC Q is called pure
if (ulelv) = 0 for any |u),|v) € Q and e € FE,, such that
wx(e) <dy—1, wz(e) <d,—1landwg(e) > 1. An AQC
@ with K = 1 is assumed to be pure.

Remark 2.3: An AQC with parameters ((n, K,d/d)), is a
symmetric quantum code with parameters ((n, K, d)),, but the
converse is not true since for ¢ € F,, withwx(e) < d — 1 and
wz(e) < d— 1, the weight wg(e) may be bigger than d — 1.

The stabilizer method has been extended to AQCs and gives
the following result (Theorem 2.4) on the construction of AQCs
from classical error-correcting codes. Recall that a classical
linear code C' with parameters [n, k, d], is a linear subspace of
F, with dimension k(> 1) over F, and 1 < d < d(C) is the
minimum distance of C' defined by

d(C) =min{dg(c,c) 1 ¢, € C, ¢ # '}
=min{wg(c): 0#£ ce C}

where dg (¢, ¢') = wg (c—¢') (note that wy (¢) is the Hamming
weight of ¢). The dual code C* of C is defined by

:{vE[FZ:v-c:O, foreacthC}.

Theorem 2.4 [1, Lemma 214], [2, Lemma 4]: Let C; be a
classical linear code with parameters [n, k;, d;], (i = 1,2) and
Ci C Cy (so that C5 C C; and ky + ky > n). Then, there
exists an AQC @ with parameters [[n, k1 + k2 — n,d./d.]],,
where

d, =max {wt(Cg\ClL), wt(C1\CzJ‘)}
d, =min {wt(Cg\Cll), wt(Cl\CzL)}

and for a subset S of Fp
wt(S) = min {wgy(v): 0 #£v € S}.
Moreover, such a quantum code

([n, k,d./d.]), is pure if dy = wit(Cs) =

with  parameters
wt(Cy\C{) and

Theorem 2.4 has been proved by the stabilizer method in
[1] and [2]. AQCs constructed by Theorem 2.4 are called
additive codes. A sequence of additive AQCs has been obtained
from classical cyclic codes in [1] and [2]. To see whether a
quantum code is good in terms of its parameters, we have
to introduce some bounds. For a pure AQC with parameters
((n,K,d,/d;)),, we have the Hamming bound

(0

=y

Ton()

(I1.2)

L45-2]

> (g-1)

=0

"> K



This is because for a pure code @, the spaces e(Q) with

d, — 1
<z -

d,—1
) < —
2

e € E,, 5

wx(e) wz(e)
are subspaces of V,, with dimension K and they are orthogonal
to each other. The code () is called perfect if the inequality (I1.2)
becomes equality.

On the other hand, from the Singleton bound of classical
codes we can get the following bound of any additive AQC with
parameters [[n, k, d./d;]], [2, Th. 19]:

n>k+d, +d, —2. (IL.3)
It seems that this Singleton bound (II.3) may be true for all
AQC:s. Asin the classical case, we say an additive AQC is a max-
imum distance separable (MDS) code if the equality in (IL.3)
holds.

Corollary 2.5: Let () be a pure additive AQC constructed by
classical codes C; and C5 in Theorem 2.4. Then:
i) @ is MDS if and only if both C'; and Cs are MDS;
ii) @ is perfect if and only if both C; and Cs are perfect.
Proof: Since Q) is pure, we know that {d.,d.} = {d1,d>}
and hence d, + d, = d; 4+ d2. The Hamming bound and the
Singleton bound for the classical codes C; and C are

L2t
n—ki > _ A n .
¢ M > Y (g-1) (A (IL4)
A=0
and
n>ki+d; —1 (IL5)

respectively. Therefore

QisMDS en=Fki+kys—n+d,+d,—2
=ki+ky—n+di+dy—2
on=ki+di —1=ko+dy—1[by JL5)]
& (' and Cy are MDS

and

Q is perfect g™~ (ki1tka—n)
L9 12—
— n n
| S (3))| Ta(})
A=0 A=0
Rl
e M=% (¢-1 (K) i=1,2
A=0
[by (IL.4)]
<1 and (s are perfect.
This completes the proof. O

For instance, by taking C5 a perfect code (for example, a
Hamming code or a Golay code) and C7 = F, we get a perfect
AQC with d, = 1. On the other hand, if both C; and C are
Reed-Solomon codes, we obtain MDS AQCs [1, Th. 220].

III. A CHARACTERIZATION OF ASYMMETRIC QUANTUM CODES

In this section, we extend the results of [7, Th. 2.2] and [8,
Th. 3.1] to the asymmetric case, and present the following char-
acterization of AQCs.

For a vector ¢ = (c1,...,c,) € F7 and a subset A of
{1,2,...,n}, we denote c4 = (¢;)ica-
Theorem 3.1:
i) There exists an AQC with parameters

((n,K,d./ds)), (K > 2) if and only if there
exist K nonzero mappings

v;:Fy = C, 1<i<K (II1.1)
satisfying the following conditions: for each d, 1 <
d < min{d,,d.} and partition of {1,2,...,n}
{1,2,...,n} =AUXUZUB
[Al=d—-1, | X|=d,—d (1I1.2)

|Z|=d. —d, |B|=n+d—dy,—d. + 1

A ¥
and each ¢4,y € Fl; l, cy € [FIqZ‘ and ax € [Fll“l, we
have the equality

> Bilca,ex,cz.cn)p;(cy ex — ax,cz,cp)
exerlXl

B
cperlPl

fori # 3

fori—j (M3

0,

- {I(CAvciMCZvaX)v
where I(ca, s, cz,ax) is an element of C which is in-
dependent of :.

ii) There exists a pure AQC with parameters
((n,K,d./d:))y (K > 1) if and only if there
exist K nonzero mappings ¢; (1 < i < K) as shown in
(III.1) such that:

ii.a) ¢; (1 < 4 < K) are linearly independent, namely,
the rank of the K x ¢" matrix (¢i(c)); <i< . cer 18
K;

ii.b) for each d,1 < d < min{d,, d.}, a partition (IIL.2)
and cq,a4 € [FIqAI, cy € [FlIZ| and ax € [quX‘

Z Pi(cascx,cz,cp)pj(cataa,cxtax,cz,cp)

cx EFLX‘
0,
=9 (vis95)
g1

cB GFLB ‘
where (;, @;) stands for .. @i(c)e;(c).
Proof: We follow the argument in the proof of [7, Th. 2.2]
and the following two simple facts on the Fourier transform. For
a mapping ¢ : F;' — C and its Fourier transform

¢:F;—C, oy = Z o(z)wT@Y),

for (CLA, aX) 75 (07 0)

for (ax,ax) = (0,0) D

mEFg
Fact I): & = 0 if and only if ¢ = 0.
Fact (Il):  ®(a) = 0 forall 0 # a € Fy if and only if ¢

is a constant.
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i) Let Q be a K -dimensional subspace of V,, = C¢" with an
orthonormal basis

|vi) = Z vi(c)le), 1<i<K, pi(c) €C
ceFy
then
- : () = loilosy = 40 i A
(o) = X w@eite) = toboih = { 1 07
ceFy
For two vectors in )
K K
:Zai|vi)7 :Zaﬂvz a,a’ € C
i=1 i=1

we have

(ulu'y =

For each e = X (a)Z(b) (a,b € F) with wx(e) < d, — 1 and
wz(e) < d, —1,let
A:{Z|1SZSTL, (l,?é()b,#()}
X ={ill <i<n, a#0)\A
Z={ill<i<n b#00\A
={1,2,....n}\(AUX UZ).

Then, |A| < min{d, —1,d, — 1}, so that we can find a partition
(IIL.2) such that e can be expressed by

€ = X(aAaXOZOB)Z(bAOXbZOB). (IHS)

The action of e on |u') is

K
elu') = Za;»
DY
“j

CA,CX,CZ,CB

wlCaeatbzez)|c ) 4ay ex + ax,cz,cp)

/ z :
a/.
J
1 CA,CX,CZ,CB

J:
(b —an)+by-
x wTba-(caman)tbzcz) o, e ez, cp).

@jlca,ex,cz,cB)

@jlca —aa,cx —ax,cz,cB)

By Definition 2.2, @ is an AQC with parameters
((n,K,d./d;)), if and only if, under the condition
YR @al(= (ulu')) = 0, we have

0 = (ulefu’)
K
T(—ba-a — —
=T (Tbasas) E o E Pi(ca,cx,cz,cB)
i,7=1 CA,CX,CZ,CB
T(ba-c bz-c
X j(ca — aa,cx —ax,cz, cp)w? (baeatbzez),

Since b4 and by are any vectors, from Fact (I) we know that
the above equality is equivalent to

K
_ [— /

E OéiOle Pilca,cx,cz,cp)pj(cy,cx —ax,cz,cp)=0

1,5=1

CX,CB

for any c4, ¢4, ax, and c¢z. Consider the matrix

M = (mij) < j<x

with

mij = Y Bilca,cx,cz,c)pi(cy, cx — ax,cz,cp).

CX,CB

Our statement now becomes that for any ., o/ € CX, @-a/ T

0 implies that aM o’ T =0 1Itis easy to see that under the
assumption K > 2, this statement is equivalent to M = fIf,
where I is the identity matrix and f = f(ca,dy,cz,ax) €
C. Namely

fori#£j

0,
Mij = {f:f(cA,c’ch,aX) (independent of ), fori=j

which is the condition (IIL.3).

i) Let [v;) = > cpn ilc)]c) (1 < i < K) be a basis of
Q. Then, the condition qii.a) is satisfied. By Definition 2.2, @
is a pure AQC with parameters ((n, K, d./d..)), if and only if
(vilelv;) = 0(1 < i,j < K) for each e # I in the form
(II1.5). By arguments similar to those in 1), this requirement can
be transformed into

>

CA,CX,CZ,CB

pjlca —aa,cx —ax,cz,cp)w

Pi(ca,cx,cz,cB)

T(ba-catbzcz) _ (I11.6)

for each (CLA7 ax, bA, bz) 75 (0, 07 07 0) If (CLA7 al\—) ;é (07 0),
then (IIL.6) is true for any b4 and bz. Then, we get the first
equality of (IIL.4). If (a4,ax) = (0,0), then (III.6) becomes

>

CA,CX,CZ,CB

@j(cA7QX7CZacB

Pi(ca,cx,cz,cp)
)wT(bA'CA+bZ'CZ) =0
for any (ba,bz) # (0,0). By Fact (II), this means

Z Pilca,cx,cz,cp)pi(cascx,cz,cp) = L.

€X,CB

Note that I;; is independent of ¢4 and cz. Then

(pi, i) = Z pi(c)p;(c) = Z I; = Lg%
cGIFg ca,cy
Therefore, I;; = (“"; i) This completes the proof. 0

Now, we give an application of Theorem 3.1.

Theorem 3.2: Let d,, and d. be positive integers. Let C' be
a classical linear code in F}'. Assume that d*+ = d(C") is the



minimum distance of the dual code C+ of C. Foraset V =
{vi 1 <@ < K} of K distinct vectors in 7, define

dy =min{wg(vi —vj+c¢):1<i#j< K,ceC}.

If - > d. and d, > d, then there exists an AQC @ with
parameters ((n, K, d,/dy)),-

Proof: For each i (1 < i < K), we define a mapping
;i : Fy — Cby

pi(u) = {?

We have to show that the condition (II.3) is true for the map-
pings ¢; (1 < i < K).
For each partition (II1.2), we have

ifugv, +C
otherwise.

Pi(ca,cx,cz,cp)pj(ca+aa,cx +ax,cz,cg) #0
<:>(CA7CX7CZ7CB) € v; + c

and
(ca+aa,cx +ax,cz,cp) €v; +C
<:>(aA7aX7OZ7OB) cEv; —v; + C
and
(CA,Cx,Cz,CB) cuv;+C. (IIL.7)
Since wy(asax) < |A| 4+ |X| = d, — 1, we know that

(a4,ax,0%,0g) € v; —v; + C implies that 4 = j. There-
fore

> Bileasex, ez, cp)pj(ca + aa,ex +ax,cz,cp) =0
CX,CB
ifi # 7.
For 7 = 7, from (IIL.7), we get

(I11.8)

Z Pi(ca,cx,cz,cp)pj(ca +aa,cx +ax,cz, cp)

cx,CB
= Z 1.

CX,CB
(aa,ax,0z,08)EC
(ca.cx,cz,cp)€Ev;i+C

(I11.9)

It is a well-known fact that, under the assumption dt > d.,
there exist exactly qf_ll vectors (ca,cx,cz,cp) € v; + C for

any fixed (cacz) € ":;i:—l. Then, from (IIL.9), we get

Z @i(ca,cx,cz,ep)ei(ca+aa,ex +ax,cz,cp) =

CX,CB
0,
= €]
qd: -1

which is independent of 7. By Theorem 3.1, we have an AQC @)
with parameters ((n, K, d./d;))q- O

if (aA,ax,Oz,OB) ¢ C

if(aA7aX7OZ7OB) eC (L.10)

Though the following corollary can be derived from Theorem
2.4, we are able to apply Theorem 3.2 to obtain it as well.

Corollary 3.3: Let C; be classical linear codes with param-
eters [n, ki, di], (i = 1,2) with Ci- C Cy. Then, there exists

an AQC @ with parameters [[n, k1 + k2 — n,d./d.]],, where
{dz7dz} = {dladZ}-
Proof: We take C' = C§ in Theorem 3.2. Since Ci- C Cs,

we have Cy = C{- @ C’, where C is a subspace of Cs and @ is
|Cs ] ko—(n—Fk1) — qk2+k17n_

the direct sum so that |C'| = e =4
1
Let C' = {v1,...,vg} where K = ¢*2*t%1—" Then
dt =:d(Ct)=d;
dy, = min{wg(v; —v; +c)|1<i#j< K, ceC}
cmin {wg(v+c)|0#£veC, ceCl} >dp. O

By using Corollary 3.3, we can get a sequence of asymmetric
MDS quantum codes for d,, = d. = 2 as shown in the following
result.

Corollary 3.4: Letn > 3.1f ¢ > 3, then there exists an asym-

metric MDS quantum code with parameters [[n,n — 2,2/2]],.
Proof: First, we prove the following claims.

For n > 3,q > 3, there exist nonzero elements a;,b; €
F, (1 <i<n)suchthataiby + -+ an_1bp_1 + anb, = 0.

In order to prove the claim, we take any nonzero elements
a;,b; € Fy (1 <i<n—1).Fromg > 3, wehave 8 € F, such
that 3 7é 0 and 3 7é atby +---+ ap—1bpn_1.

Then, we take nonzero elements a,, and b,, € F, such that
anby, = —B(# 0) and wehave a1b1+- - -+ ap_1bn—1+anb, =
B8—p=0.

Now we come back to the proof of this corollary.

For g > 3 and n > 3, by the claim, we have nonzero elements
a;,b; € Fy (1 < i < n)suchthata = (a1,...,a,),b =
(b1,...,by) are orthogonal vectors in F?. Let Ci- and C3- be
the 1-D subspaces of - spanned by a and b, respectively. The
parameters of C;- are [n,1,n], and the parameters of C; are
[n,n—1,2],(i=1,2).Froma-b=aib + -+ a,b, =0,
we have Ci- C Cs,. By Corollary 3.3, we get an AQC @ with
parameters [[n,k,2/2]], (1 = 1,2) withk = (n — 1) + (n —
1)-n=n-2.Sincek+d,+d.—2=n—-2424+2—-2=mn,
we know that Q) is an MDS code. O

Now we apply Theorem 3.2 to obtain Corollary 3.5.

Corollary 3.5: Let d > 2 be an integer and let n. > d.
i) If n—d is even, there exists a binary AQC with parameters
((n, K,2/d)), where

L(n=d)/(2d)]

>

1=0

K = A(n,d, (n —d)/2 — di)

and A(n,d,w) stands for the maximal cardinality of a
binary constant weight code of length 7, distance d, and
weight w.

ii) If n — d is odd, there exists a binary AQC with parameters
((n,K,2/d)), where

[(n—d=1)/(2d)]

>

=0

K = A(n,d,(n —d —1)/2 — di).

Proof: Let C be the 1-D subspace of F5 generated by
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Let C,, denote the constant weight code of length n, weight
w, minimum distance d, and size A(n, d, w).
Define a set V' as follows.
Case 1) n — d is even

ve U

0<i<(n—d)/(2d)

Cln—a)/2—di-

Case 2) n — d is odd:

ve U

0<i<(n—d—1)/(2d)

Cln—d—1)/2—di-

Let V = {v1,...,vk }. If we can prove that

dy =min{wg(v; —vj+c¢):1<i#j< K, ceC}
is at least d, then the desired result follows from Theorem 3.2.
We show this only for the case where n — d is even. The other
case can be proved by the same argument.
Itis sufficient to show that the Hamming weight w g (v; —v;+
c) is at least d for any v;,v; with1 < i # j < Kandc € C.
We discuss it case by case.
Case 1) ¢ = (1,...,1). Note that the Hamming weight of
every vector in V' is at most (n — d)/2. Thus, we
have

wa (v, — v + ¢)
> wy(c) —wy (v;) — wa(v;)
>n—(n—d)/2—(n—-d)/2=d.

Case 2) ¢ = (0,...,0). Both v; and v, belong to the same
code C,, for some w. Then, wy(v; — v; + ¢) =
wp (v; — vj) is bigger than or equal to the minimum
distance d of C,.

Case 3) ¢ = (0,...,0). v; and v; belong to two different
codes C(,—a)y/2—ds and C(,_g)/2—qt» respectively,
forsome 0 < s < t < (n —d)/(2d). Then, we have

wg(v; — v + ¢)

=wg(v; —v;) > wi(v;) — wa(vj)

=(n—d)/2—ds—((n—d)/2—dt)
=d(t—s)>d.
This finishes the proof. O

Remark 3.6:
i) In Corollary 3.5, let d = 2. Then, we have A(n,2,w) =
() and hence get a binary ((n, K, 2/2))-quantum code

w

with

2n—2
K= .
{2 2= 5

if n is even
(n1y2)s ifnisodd.

This result coincides with [7, Example 2.7].

ii) In Corollary 3.5, let d = 3. Then, we have
A(n,4,w) > (:J) /n (see [9]) and hence get a binary
((n, K,2/3))-quantum code with

if n is even

L[(n—4)/6] n
K= 2o ((n74)/273i) /n;
if n is odd.

ZL(n /el ((n—3;/2—3i)/”7

IV. ASYMPTOTICALLY GOOD ASYMMETRIC QUANTUM CODES
FroM AG CODES

For a given pair (0.,0.) of real numbers and a family
Q = {(n®, KO dP/d?)) e, of asymptotic quantum
codes with

Q 40

liminf o5 > 6, liminf T > 6
we define the asymptotic quantity
log, K )

Rg(6,,6.) = limsup

1— 00

n ()

where log, denotes the logarithm to the base g. One of the cen-
tral asymptotic problems for quantum codes is to find families Q
of asymptotic quantum codes such that for a fixed pair (8., 6. ),
the value Rg(0,,0.) is as large as possible.

In this section, we are mainly interested in the above asymp-
totic problem of AQCs. In particular, two asymptotic lower
bounds on AQCs are given by applying algebraic geometry
codes to Theorem 3.2 and Corollary 3.3, respectively.

Before proceeding to the asymptotic bounds from algebraic
geometry codes, we recall some background on classical alge-
braic geometry codes.

Let X /F, be an algebraic curve of genus g. We denote by
F,(X) the function field of X. An element of F,(X) is called
a function. We write vp for the normalized discrete valuation
corresponding to the point P of X' /F,,.

For a divisor GG, we form the vector space

L(G) = {x € Fy(X)\{0} : div(z) + G > 0} U {0}.

Then, £(G) is a finite-dimensional vector space over F,,and we
denote its dimension by ¢(G). By the Riemann-Roch theorem,
we have

UG) > deg(G)+1—¢g

and equality holds if deg(G) > 2g — 1.
Let P be a subset of X(F,) and label the points in P as fol-
lows:

P: {P17P27...7Pn}.
Choose a divisor G such that Supp(G)NP = . Then, vp,(f) >
Oforalll < ¢ <nandany f € L(G).

Consider the map
[ = (PP, F(Py),.

¢: L(G) — Fy, S (PR)).



Then, the image of ¢ forms a subspace of ' that was defined
as an algebraic geometry code by Goppa. The image of ¢ is
denoted by C,(G; P). If n is bigger than the degree of G, then
¢ is an embedding and the dimension k of C,(G; P) is equal to
£(@). The Riemann—Roch theorem makes it possible to estimate
the parameters of the code Cr(G; P).

Proposition 4.1 [17, Th. 3.1.1]: Let X /F, be an algebraic
curve of genus ¢ and let P be a set of n points on &X'. Choose a
divisor G with g < deg(G) < n and Supp(G) NP = (. Then,
CL(G;P) is an [n, k, d]-linear code over F, with

k> deg(G) —g+1, d > n —deg(Q).

Moreover, the dimension k is equal to deg(G) — g + 1 if
deg(G) > 2g — 1. Furthermore, the minimum distance
d(CE(G;P)) of its dual code is at least deg(G) — 2g + 2.

Proposition 4.2: If there is an algebraic curve X' /F, with at
least » + 1 rational points and genus g, then one has a g-ary
[[n,€ —m,d./d.]]-AQC withd, > m—2g+2andd, > n—~{
for any £, m satisfying 2g — 2 < m < £ < n.

Proof: Let Py, Py, ..., P, be n+ 1 distinct rational points
of X. Putting P = {P,...,P,}, Ci+ = Cr(mPy,P),Cy =
CrL(LPy,P) and applying Corollary 3.3, we obtain the desired
result. (]

Remark 4.3: If X /F, is the projective line, ie., g = 0,
then we get g-ary [[n,n —d. — d. + 2, d./d.]]-asymptotic
quantum MDS codes.

Let N(X') denote the number of F ,-rational points of a curve
X /E, of genus g(X). According to the Weil bound

N(X) < q+1+29(X)\/q

the following two definitions make sense.
For any prime power ¢ and any integer g > 0, put

Ny(g) := max N(&X)

where the maximum is extended over all curves X'/F, with
9(X) = g.
We also define the following asymptotic quantity:
N,
A(q) := limsup ﬂ
9

g—00

We know from [17] that A(q) = /q — 1 if g is a square.

Theorem 4.4: For a prime power ¢ and a pair (6, 6 ) of non-
negative real numbers satisfying 6,, + 6, < 1 — 2/A(q), there
exists a family Q of asymptotic quantum codes from algebraic
geometry codes such that

Ro(0z,0.) > 16, — 6. — av.1)

2

A(g)’
Proof: Let {X/F,} be a family of curves such that
g(X) — oo and limsupy(y) oo N(X)/9(X) = A(q).

Define three families of integers {n = N(X) — 1}y, {m =
[6-(N(X)=1)]+29—2}r,and {£ = n— 6. (N(X)—1)] } ».
Then,n/g(X) — A(q), (m—2g+2)/n — 6.,and (n—{)/n —
Oz

By Proposition 4.2, from each curve X in the family, we can
construct a g-ary [[n, {—m, d, /d,]]-AQC with d, > m—2g+2
and d, > n — {. Thus

lim inf d—z >0, lim inf % > 6,

1—oo N 1—o00 N
and
! —m 2
lim sup >1—6,—6,— ——
The proof is completed. O

By using the same techniques as in [7] and applying Theorem
3.2, we can improve the bound (IV.1) to the following.

Theorem 4.5: For a prime power ¢ and a pair (6., 6. ) of non-
negative real numbers satisfying 6. + 6, < 1 — 2/A(q), there
exists a family Q of asymptotic quantum codes from algebraic
geometry codes such that

2 1
Ro(6,,6.) > 18, — 6. — —— +log, (1 + —3> . (IV.2)
q

A(q)

We omit the proof of this theorem as one can use the same ar-
guments as in the proof of [7, Th. 3.8].
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