This document is downloaded from DR‑NTU (https://dr.ntu.edu.sg)
Nanyang Technological University, Singapore.

Förster‑type nonradiative energy transfer for
assemblies of arrayed nanostructures :
confinement dimension vs stacking dimension
Hernández‑Martínez, Pedro Ludwig; Govorov, Alexander O.; Demir, Hilmi Volkan
2014
Hernández‑Martínez, P. L., Govorov, A. O., & Demir, H. V. (2014). Förster‑type nonradiative
energy transfer for assemblies of arrayed nanostructures : confinement dimension vs
stacking dimension. The journal of physical chemistry C, 118(9), 4951‑4958.

https://hdl.handle.net/10356/99320
https://doi.org/10.1021/jp409833b

© 2014 American Chemical Society. This is the author created version of a work that has
been peer reviewed and accepted for publication by The Journal of Physical Chemistry C,
American Chemical Society. It incorporates referee’s comments but changes resulting
from the publishing process, such as copyediting, structural formatting, may not be
reflected in this document. The published version is available at:
[http://dx.doi.org/10.1021/jp409833b].

Downloaded on 09 Jan 2023 03:09:10 SGT

Förster-Type Nonradiative Energy Transfer for
Assemblies of Arrayed Nanostructures: Confinement
Dimension vs Stacking Dimension
Pedro Ludwig Hernández-Martínez†,‡, Alexander O. Govorov§, and Hilmi Volkan Demir*,†,‡
†

LUMINOUS! Center of Excellence for Semiconductor Lighting and Display, School of
Electrical and Electronics Engineering,
Physics and Applied Physics Division, School of Physical and Mathematical Sciences,
Nanyang Technological University, Singapore 639798, Singapore
‡

Department of Physics, Department of Electrical and Electronics Engineering,

UNAM - National Nanotechnology Research Center and Institute of Materials Science
and Nanotechnology, Bilkent University, Ankara 06800, Turkey
§

Department of Physics and Astronomy, Ohio University, Athens, Ohio 45701, United State

1

ABSTRACT

Förster-type nonradiative energy transfer (NRET) provides us with the ability to transfer
excitation energy between proximal nanostructures with high efficiency under certain conditions.
Nevertheless, the well-known Förster theory was developed for the case of a single donor (e.g., a
molecule, a dye) together with single acceptor. There is no complete understanding for the cases
when the donors and the acceptors are assembled in nanostructure arrays, though there are
special cases previously studied. Thus, a comprehensive theory that models Förster-type NRET
for assembled nanostructure arrays is required. Here, we report a theoretical framework of
generalized theory for the Förster-type NRET with mixed dimensionality in arrays. These
include combinations of arrayed nanostructures made of nanoparticles (NPs) and nanowires
(NWs) assemblies in one-dimension (1D), two-dimension (2D), and three-dimension (3D)
completing the framework for the transfer rates in all possible combinations of different
confinement geometries and assembly architectures, we obtain a unified picture of NRET in
assembled nanostructures arrays. We find that the generic NRET distance dependence is
modified by arraying the nanostructures. For an acceptor NP the rate distance dependence
changes from γ ∝ d −6 to γ ∝ d −5 when they are arranged in a 1D stack, and to γ ∝ d −4 when in
a 2D array, and to γ ∝ d −3 when in a 3D array. Likewise, an acceptor NW changes its distance
dependence from γ ∝ d −5 to γ ∝ d −4 when they are arranged in a 1D array and to γ ∝ d −3 when
in a 2D array. These finding shows that the numbers of dimensions across which nanostructures
are stacked is equally critical as the confinement dimension of the nanostructure in determining
the NRET kinetics.
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I. INTRODUCTION

Modern nanotechnology allows for the fabrication of superstructures composed of nanoparticles
and nanowires as building blocks.1-9 Each element of the nanostructure contributes to the overall
structure with their distinctive properties resulting from quantum confinement and interactions
between them which enhances optical properties for the structure. The Förster-type nonradiative
energy transfer (NRET) is an important mechanism for strong coupling between elements (the
donor and the acceptor) based on the Coulomb (dipole-dipole) interaction.10,11 NRET can be an
efficient mechanism to couple optically excited nanostructures.12-15 The energy transfer between
the elements that results from the Coulombic interaction can be seen by the exciton flow from
the donor (D) to the acceptor (A) (D→A).16-20 Excitons play an important role in optical devices.
They can be used for storage reservoir of light energy. This makes semiconductor nanoparticles
and nanowires attractive for solar cell applications,21,22 lasers,23,24 photodetectors,25,26 and
LEDs27 as well as device interconnects.28-31 Thus, understanding NRET in these nanostructures is
crucial for high efficiency light generation and harvesting.
In this article, we present the theoretical framework of generalized Förster-type NRET
between one-dimensional (1D) or two-dimensional (2D) assemblies of nanostructures made of
nanoparticles (NPs) and nanowires (NWs). The change on NRET mechanism with respect to the
donor vs the acceptor is investigated, paying particular attention to the functional distance
dependence of the transfer rate. In this work, we considered the combinations of X→1D
assembly of NPs, X→2D assembly of NPs, X→3D assembly of NPs, X→1D assembly of NWs,
and X→2D assembly of NWs where X is a NP, NW, or quantum well (QW) because of their
practical applications as stated earlier. Furthermore, we obtained a complete set of analytical
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expressions in the long distance approximation for all above-mentioned cases; and then, derived
generic expressions for the dimensionality involved giving a complete picture and unified
understanding of NRET for nanostructure assemblies.

II. THEORETICAL FORMALISM FOR FÖRSTER-TYPE NONRADIATIVE ENERGY
TRANSFER

In this section, we study the energy transfer process from a single nanostructure (NP, NW, or
QW) to assemblies of NPs and NWs. More specifically, we investigate the following cases: (1)
NP→1D NP assembly (linear chain); (2) NP→2D NP assembly (NPs layer or plane); (3)
NP→3D NP assembly ; (4) NP→1D NW assembly (plane); (5) NP→2D NW assembly; (6)
NW→1D NP assembly; (7) NW→2D NP assembly; (8) NW→3D NP assembly; (9) NW→1D
NW assembly; (10) NW→2D NW assembly; (11) QW→1D NP assembly; (12) QW→2D NP
assembly; (13) QW→3D NP assembly; (14) QW→1D NW assembly; and (15) QW→2D NW
assembly. For all cases, an analytical expression for the long distance approximation is given. In
addition, at the beginning of this section, the macroscopic approach to the problem of dipoledipole energy transfer is outlined.
The Fermi’s Golden rule gives the probability for an exciton to be transferred from a donor to
an acceptor (eq. (1)).

=
γ trans

2
∑ f exc ;0exc Vˆint iexc ;0exc
 f

2



δ ( ωexc − ω f ) 


(1)
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where iexc ; 0exc is the initial state with an exciton in the donor and zero exciton in the acceptor;
f exc ; 0exc

is the final state with an exciton in the acceptor and zero exciton in the donor; Vˆint is

the exciton Coulomb interaction operator; and ωexc is the energy of the exciton. As described
elsewhere,19, 32, 33 this expression can be simplified into

γ trans
=


 ε (ω ) 
2 
∗
Im  ∫dV  A
 Ein ( r ) ⋅ Ein ( r ) 
 
 4π 


(2)

where the integration is taken over the acceptor volume, ε A (ω ) is the acceptor’s dielectric
function, and Ein ( r ) is the effective electric field created by an exciton at the donor side. Here,
the electric field is given by E ( r ) = −∇Φ ( r ) and the electric potential Φ ( r ) is
 ed exc
Φα ( r ) =

 ε eff
 D

 ( r − r0 ) ⋅ αˆ

 r −r 3
0


(3)

where ed exc is the exciton dipole moment and ε eff D is the donor’s effective dielectric constant,
which depends on the geometry and the exciton dipole direction, α = x, y, z . Table S1 provides a
summary for the donor dielectric constant as calculated for a single donor in ref 34 in the
Supporting Information.

At room temperature, the average NRET rate is calculated as

γ trans =

γ x ,trans + γ y ,trans + γ z ,trans

(4)
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where γ α ,trans is the energy transfer rate for the α-exciton

(α = x , y , z ) .

In the following

subsection, the results obtained in ref 34 are used to derive expression for the assembly cases.

6

A. NANOPARTICLE, NANOWIRE, OR QUANTUM WELL → 1D NANOPARTICLE
ASSEMBLY ENERGY TRANSFER RATES

The NRET rate analytical equations, in the long distance approximation, when the donor is a
NP, a NW, or a QW and the acceptor is a 1D NP assembly (linear chain) (Figure 1) are derived.
Under the assumption that the donor size is smaller than the separation distance between the D-A
pair and using the long distance approximation, the energy transfer rate γ α ,i from the donor and
the i-th NP in the 1D NP assembly (chain) is given by

γ α ,i

2  ed
= bα  exc
  ε eff D

2

2

 3
3ε 0
1
Im ε NPA (ω )
 RNPA

ε NPA (ω ) + 2ε 0
r 2 + yi2


(

)

(5)
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where bα = 13 , 13 , 34 for α = x, y, z , respectively; ed exc is the exciton dipole moment; ε eff D is the
effective dielectric constant for the exciton in the donor given in Table S1 (see Supporting
Information); ε 0 is the medium dielectric constant; RNPA and ε NPA are the acceptor NP radius
and dielectric function, respectively; and r is the distance between the donor and linear NP
chain (Figure 1). The total transfer from the donor to all acceptor NP in the chain is

2  ed exc
γα ∑
γ α ,i
bα 
=
=
  ε eff D
i

2

2

 3
3ε 0
1
Im ε NPA (ω ) ∑
 RNPA

ε NPA (ω ) + 2ε 0
i
r 2 + yi2


(

)

3

(6)

if the separation between NP is small and a linear density of particle λNP is defined, then eq. (6)
can be written as

2  ed
γ α = bα  exc
  ε eff D

2

2

∞
 3
3ε 0
λNP
Im ε NPA (ω ) ∫
 RNPA

2
2
ε NPA (ω ) + 2ε 0
−∞ r + y


(

)

3

dy

(7)

After integration, the expression boils down to
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2  ed
γ α = bα  exc
  ε eff D

2

2

3
  3π RNPA
 λNP
3ε 0
5
cD )
Im ε NPA (ω )
 
(

5
  8  d
ε NPA (ω ) + 2ε 0


(8)

where d is the distance between the donor and linear NP chain and cD is a constant, which
depends on the donor geometry; cD = 1, cos (θ 0 ) for NP and QW, respectively, and

(1 + tan

2

θ 0 sin 2 α )

−1/2

for a NW. θ 0 is the angle between r and d as show in Figure 1b,c. α is

the angle between NW axis and the NP array axis (Figure 1b). Note that the energy transfer rate
distance dependency changes from γ ∝ d −6 to γ ∝ d −5 . Furthermore, the NRET rate eq. (8)
strongly depends on the angle or angles when the donor is a QW or NW, respectively.
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Figure 1: Schematic for the energy transfer of (a) NP→1D NP assembly, (b) NW→1D NP
assembly, and (c) QW→1D NP assembly. Orange arrows show the energy transfer direction.
Yellow circles represent an exciton in the α-direction. d is the separation distance. θ 0 is the
azimuthal angle between d and r. α is the angle between NW axis and the NP array axis.

B. NANOPARTICLE, NANOWIRE, OR QUANTUM WELL → 2D NANOPARTICLE
ASSEMBLY ENERGY TRANSFER RATES

We present a simplified expression for NRET rate in the long distance approximation when the
donor is a NP, a NW, or a QW and the acceptor is a 2D NP assembly (plane) (Figure 2). Under
the same assumptions as the previous case, the energy transfer from a donor NP to the i,j-th
acceptor NP in a 2D assembly can be written as

γ α ,i , j

2  ed
= bα  exc
  ε eff D

2

2

 3
3ε 0
1
Im ε NPA (ω )
 RNPA

ε NPA (ω ) + 2ε 0
d 2 + ρi2, j


(

)

(9)
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Thus, the total transfer rate is given by

2  ed exc
bα 
γα ∑
γ α ,i , j
=
=
  ε eff D
i, j

2

2

 3
3ε 0
1
Im ε NPA (ω ) ∑
 RNPA

2
2
ε NPA (ω ) + 2ε 0
i, j d + ρ

i, j

(

)

3

(10)

Assuming the separation between acceptor NP is small and a surface density of particle σ NP , eq.
(10) reduces to

2  ed
γ α = bα  exc
  ε eff D

2

2

∞
 3
3ε 0
2πσ NP
Im ε NPA (ω ) ∫
 RNPA

2
2
ε NPA (ω ) + 2ε 0
0 d +ρ


(

)

3

ρd ρ

(11)

The final equation for the transfer rate is
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2  ed
γ α = bα  exc
  ε eff D

2

2

3
  π RNPA
 σ NP
3ε 0
Im ε NPA (ω )
 

4
  2  d ε NPA (ω ) + 2ε 0


(12)

For this case, the energy transfer rate distance dependency changes from γ ∝ d −6 to γ ∝ d −4 .
This result is consistent with a previous study in refs 35-37.

Figure 2: Schematic for the energy transfer of (a) NP→2D NP assembly, (b) NW→2D NP
assembly, and (c) QW→2D NP assembly. Orange arrows denote the energy transfer direction.
Yellow circles represent an exciton in the α-direction. d is the separation distance. θ 0 is the
azimuthal angle between d and r.
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C. NANOPARTICLE, NANOWIRE, OR QUANTUM WELL → 3D NANOPARTICLE
ASSEMBLY ENERGY TRANSFER RATES

The NRET rate expression in the long distance approximation when the donor is a NP, a NW,
or a QW and the acceptor is a 3D NP assembly is obtained (Figure 3). In the same spirit to the
previous cases, the energy transfer from a donor NP to the i,j,k-th acceptor NP in a 3D assembly
is

γ α ,i , j , k

2  ed
= bα  exc
  ε eff D

2

2

 3
3ε 0
1
Im ε NPA (ω )
 RNPA

2
ε NPA (ω ) + 2ε 0
2
2

xijk
+ yijk
+ ( zijk + d )

(

)

3

(13)

Thus, the total transfer rate is given by

2  ed exc
bα 
=
γα ∑
=
γ α ,i , j , k
  ε eff D
i , j ,k

2

2

 3
3ε 0
1
Im ε NPA (ω ) ∑
 RNPA

2
ε NPA (ω ) + 2ε 0
2
2
i , j ,k

xijk
+ yijk
+ ( zijk + d )

(

)

3

(14)
Assuming the separation between acceptor NP is small and a volume density of particle ρ NP , eq.
(10) reduces to

2  ed
γ α = bα  exc
  ε eff D

2

2

∞ ∞ ∞
 3
3ε 0
ρ NP
Im ε NPA (ω ) ∫ ∫ ∫
 RNPA

2
2
2
ε NPA (ω ) + 2ε 0
0 −∞ −∞ x + y + ( z + d )


(

)

3

dxdydz

(15)

The final equation for the transfer rate is
2  ed
γ α = bα  exc
  ε eff D

2

2

3
  π RNPA
 ρ NP
3ε 0
Im ε NPA (ω )
 

3
  6  d ε NPA (ω ) + 2ε 0


(16)

For this case, the NRET rate distance dependency changes from γ ∝ d −6 to γ ∝ d −3 similar to
the bulk case.
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Figure 3: Schematic for the energy transfer of (a) NP→3D NP assembly, (b) NW→3D NP
assembly, and (c) QW→3D NP assembly. Orange arrows denote the energy transfer direction.
Yellow circles represent an exciton in the α-direction. d is the separation distance. θ 0 is the
azimuthal angle between d and r.

D. NANOPARTICLE, NANOWIRE, OR QUANTUM WELL → 1D NANOWIRE
ASSEMBLY ENERGY TRANSFER RATES
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We derive simplified expressions for NRET rate in the long distance approximation when the
donor is a NP, a NW, or a QW and the acceptor is a 1D NW assembly (Figure 4). In the same
way as in the cases above, we consider the energy transfer rate between the donor and the 1D
assembly of NWs. In this case, the transfer rate to the i-th NW is
2  ed exc
=
γ α ,i

  ε eff D

2
  3π  2 
2ε 0
   RNWA  aα + bα
  32 
ε NWA (ω ) + ε 0




2


1
 Im ε NWA (ω )

d 2 + yi2


(

)

(17)

5
2

15
15 41
where aα = 0, 169 , 16
and bα = 1, 16
, 16 for α = x, y, z , respectively; ε eff D is the effective dielectric

constant for the exciton in the donor NP given in Table S1, Supporting Information; RNWA is the
acceptor NW radius; and d is the distance between the donor and NW assembly (Figure 4). The
total transfer from the donor to all acceptor NWs in the chain is
2  ed exc
=
=
γα ∑
γ α ,i

  ε eff D
i

2
  3π  2 
2ε 0
   RNW  aα + bα
  32 
ε NW (ω ) + ε 0




2


1
 Im ε NW (ω ) ∑
2

i
d + yi2


(

)

5
2

(18)

Under the assumption that the NWs are close to each other with a linear density λNW ,
2  ed exc
=
γα

  ε eff D

2
  3π  2 
2ε 0
   RNW  aα + bα

ε NW (ω ) + ε 0

  32 


2

∞

λNW
 Im ε NW (ω )
∫
2
2

−∞ d + y


(

)

5
2

dy

(19)

The final result is

γα

2  ed exc

  ε eff D

2

2
  π RNW
 
  8


  λNW
 4
 d


2ε 0

 aα + bα ε

NW ( ω ) + ε 0


2


 Im ε NW (ω )



(20)

It is observed that when the NWs are assembled with high density, the transfer rate distance
dependency changes from d −5 to d −4 . A similar result can be found in ref 38 for the case of NW
→ 1D NW array.
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Figure 4: Schematic for the energy transfer of (a) NP→1D NW assembly, (b) NW→1D NW
assembly, and (c) QW→1D NW assembly. Orange arrows show the energy transfer direction.
Yellow circles represent an exciton in the α-direction. d is the separation distance. θ 0 is the
azimuthal angle between d and r.

E. NANOPARTICLE, NANOWIRE, OR QUANTUM WELL → 2D NANOWIRE
ASSEMBLY ENERGY TRANSFER RATES

The NRET rate expression in the long distance approximation when the donor is a NP, a NW,
or a QW and the acceptor is a 2D NW assembly is derived (Figure 5). Similarly, we consider the
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energy transfer rate between the donor and the 2D assembly of NWs. In this case, the transfer
rate to the i,j-th NW is

γ α ,i , j

2  ed exc

  ε eff D

2
  3π  2 
2ε 0
RNWA  aα + bα
 


ε NWA (ω ) + ε 0

  32 


2


1
 Im ε NWA (ω )
2

yi2, j + ( d + zi , j )


(

)

5
2

(21)

The total transfer from the donor to all acceptor NWs in the array is
2  ed exc
=
=
γα ∑
γ α ,i , j

  ε eff D
i, j

2
  3π  2 
2ε 0
RNW  aα + bα
 

  32 
ε NW (ω ) + ε 0




2


1
 Im ε NW (ω ) ∑
2

i, j
yi2, j + ( d + zi , j )


(

)

5
2

(22)
Under the assumption that the NWs are close to each other with a surface density σ NW ,

γα

2  ed exc

  ε eff D

2
  3π  2 
2ε 0
   RNW  aα + bα
  32 
ε NW (ω ) + ε 0




2

∞ ∞

σ NW
 Im ε NW (ω )
∫
∫
2

0 −∞ y 2 + ( d + z )


(

)

5
2

dydz

(23)

The final result is

γα

2  ed exc

  ε eff D

2

  π R2   σ
  NW   NW
  24   d 3



2ε 0

 aα + bα ε

NW ( ω ) + ε 0


2


 Im ε NW (ω )



(24)

It worth mentioning that when the NWs are assembled with high density 2D array, the transfer
rate distance dependency changes from d −5 to d −3 . This result resembles the bulk case.
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Figure 5: Schematic for the energy transfer of (a) NP→2D NW assembly, (b) NW→2D NW
assembly, and (c) QW→2D NW assembly. Orange arrows show the energy transfer direction.
Yellow circles represent an exciton in the α-direction. d is the separation distance. θ 0 is the
azimuthal angle between d and r.

Table 1 summarizes the energy transfer rates in the long distance and dipole approximation for
all combinations and all possible arrayed architectures presented in this work. Table 1 also
illustrates the NRET rate generic distance dependence with equivalent cases in term of d
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dependence. In all cases, the acceptor geometry and array architecture gives the NRET rate
distance dependency, for example, when the acceptor is (1) an 1D NP assembly, γ ∝ d −5 (eq. (8)
); (2) an 2D NP assembly, γ ∝ d −4 (eq. (12)); and (3) a 1D NW assembly, γ ∝ d −4 (eq. (20)).
This suggests the NRET distance dependency is independent of the donor dimensionality (NP,
NW, QW); however, as shown in the above equations, the geometry of the donor only affects the
effective dielectric constant. These new results corroborate with the results obtained in ref 34.
Hence, we infer that the functional distance dependency of the NRET rate is ruled by the degree
of confinement of the acceptor nanostructure and its array dimensions; whereas the confinement
of the donor modifies the effective dielectric constant. Figure 6 illustrates the transfer rate, in the
long distance approximation, for two particular cases. The linear density of NP and NW was
taken as 108 NPs/m and 7 ×107 NWs/m, respectively. Figure 6a shows the transfer rates from a
NP, a NW, or a QW to a 1D NP array. In this, the transfer rates are in the range of ns −1 , which is
typical for CdTe NP. However, the difference is that the transfer rate follows d −5 distance
dependence compared to d −6 for a single NP. Similarly, Figure 6b shows the transfer rates from
a NP, a NW, or a QW to a 1D NW array. Here, the transfer rate follows d −4 distance dependence
compared to d −5 for a single NW. It is worth mentioning that the expression derived in this work
holds for the case of metal nanostructures as the acceptor. However, in this case, the transfer rate
will be larger compared to the semiconductor case because of the high absorption of the metallic
structures, especially in the regime of plasmonic resonance, λexciton ≈ λ plasmon . This behavior is
explicit on the imaginary part of the dielectric constants in all our expressions.

17

Figure 6: Energy transfer rate, in the long distance approximation, for a CdTe (a) 1D NP and (b)
1D NW array. Red, green, and blue lines correspond to a NP, a NW, and a QW as a donor,
respectively. The linear density of NP and NW was taken as 108 NPs/m and 7 ×107 NWs/m,
respectively.

To finish this work, we briefly list the limitations of our approach. (a) Equation (3), which
computes the induced electric fields inside a nanostructure, applies when simplified wave
functions for the exciton is used, i.e., we neglect the mixing between heavy- and light-hole states.
However, in general, the heavy- and light-holes are mixed in the valence band giving to the
exciton wave function a complex form. (b) Our model is based on the local dielectric constant
and becomes less effective for very small nanostructures because of the additional trap surface
states for exciton created at the surface. (c) The expressions obtained here are based on the long
distance approximation, i.e., when the separation distance between the donor and the acceptor is
much larger than the donor and the acceptor size.

In the case where the long distance

approximation failed, the transfer rate should follow the dipole-to-surface transfer rate.39
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Table 1: Nonradiative Energy Transfer Generic Distance Dependence
Generic
Distance
Dependence

γ∝

1
d6

γ∝

1
d5

γ∝

1
d4

γ∝

1
d3

NRET
Donor (D) → Acceptor (A)

d: distance between D and A, ≡ : equivalent.

Generic distance dependency for the NRET rates, with equivalent cases of arrayed
nanostructures in term of d dependence.

III. CONCLUSION

In this work, we present a complete picture and unified understanding of the nonradiative
energy transfer in assembled nanostructures arrays. The analytical expressions for the energy
transfer rate in the long distance approximation were obtained. Our findings show that while the
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acceptor quantum confinement dimension sets the generic NRET distance dependence and the
donor geometry dimension modifies the dielectric function, this generic distance dependence can
be remodified by arraying (stacking) the nanostructures. For example, the rate distance
dependence for an acceptor NP changes from γ ∝ d −6 to γ ∝ d −5 when the NP is arranged in a
1D stack, which is equivalent to the single NW case. Similarly, the NRET distance dependence
for an acceptor NW changes from γ ∝ d −5 to γ ∝ d −3 when they are arranged in a 2D array,
equivalent to the bulk case. Therefore, the functional distance dependency of the NRET rate is
determined by the quantum confinement as well as array stacking dimensionality of the acceptor.
The NRET results obtained in this work can be used to design and optimize new solid-state
devices for high efficiency light generation and harvesting. The formalism developed here is
convenient to estimate the NRET rates in experimental studies involving assembled
nanostructure arrays.
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