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The temporal coupled-mode theory (TCMT) for a ring–bus–ring Mach–Zehnder interferometer device is
developed by taking energy conservation into account. The intercavity interaction in the device is facilitated via a tricoupler, which makes the decay of modes quantitatively different from that in other existing
resonator schemes. The TCMT is related to the transfer matrix formalism with energy conservation and
the Q factor, and it predicts results in good agreement with the experimental results. The mode analysis
from the TCMT is quite illustrative because it can mimic the transparency as an electromagnetically
induced transparency expression. The analysis of the tricoupler is applicable for analyzing the transparent resonance in two other similar configurations. © 2012 Optical Society of America
OCIS codes: 130.3120, 140.4780, 130.4815, 230.4555.

1. Introduction

Temporal coupled-mode theory (TCMT) is a promising
approach to revealing the work mechanisms of resonators because it gives analysis to the time-dependent
behavior between the incident/transmitted waves
and resonant modes using time differential equations
[1]. The dynamic equation has been tremendously
successful in modeling a wide variety of passive and
active optical resonant devices [2–6]. In these
structures, the resonators are typically loaded with
one or several incoming/outgoing ports to allow
frequency-selective power transfer between the ports.
In the case when only a single mode is presented in the
lossless cavities, mode coupling between the bus and
cavities can be described by a unitary S matrix, which
is derived from the standard TCMT [7]. However,
when more than one resonant mode is presented, it
is possible that the optical modes inside the resonators
can only be described using a nonorthogonal basis
function [8]. The presence of such nonorthogonality introduces interesting effects on the transmission beha1559-128X/12/040504-05$15.00/0
© 2012 Optical Society of America
504

APPLIED OPTICS / Vol. 51, No. 4 / 1 February 2012

viors of multimode cavities. For example, an induced
transparency in the transmission spectrum resembling an atomic electromagnetically induced transparency (EIT) can be achieved in a structure with a
middle waveguide sandwiched by two side-coupled
photonic crystal (PhC) cavities [8]. This induced transparency can be used for all-optical dynamical storage
of light in the solid-state [3,4] and high-performance
modulator [9]. However, in the above examples, most
devices are based on the 2 × 2 coupler, but few are
based on the 3 × 3 coupler (tricoupler) [10]. In our previous work [11,12], the transfer matrix formalism
(TMF) was developed to investigate a ring–bus–ring
Mach–Zehnder interferometer (RBR-MZI) (see Fig. 1),
where the resonant modes interact with each other at
the tricoupler, demonstrating the capability of generating EIT-like transparent spectra in such a device.
In this paper, we further our investigation by applying TCMT to illustrate the transparency property
of the RBR-MZI device intuitively and show a good
agreement is reached between the two theoretical
analyses (TMF and TCMT) and experimental observations. The upper MZI arm in Fig. 1 depicts the
schematic of a RBR resonator in this device, which
consists of two rings, R1 and R2, with single modes
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Fig. 1. (Color online) Schematic of the RBR-MZI. The insets present the two characteristics of mode coupling in the RBR. The
dashed box indicates the tricoupler.

u1 and u2 , respectively, indirectly coupled through a
middle bus between each other. Because of the presence of a tricoupler at the coupling region, the mode
decay in the RBR is quantitatively different compared with other traditional resonators based on a
2 × 2 coupler. The RBR has two main differences:
there are two resonant modes (u1 and u2 ) that decay
to the middle bus simultaneously (see upper inset)
and the ring-bus coupling can induce an indirect coupling between the two outer rings through the tricoupler (see lower inset). We start by using the coupling
of mode analysis to highlight the essential physics of
the RBR and then present the EIT-like spectrum
through integration of the RBR with MZI. As will
be shown later, the TCMT is extraordinarily intuitive
because it models the accurate positions where the
transparency does occur. Finally, the TCMT is verified by its relationship with TMF and the experimental results.
2. Theoretical Analysis

For the RBR configuration loaded on the upper MZI
arm in Fig. 1, the dynamic equations connecting the
incoming wave (sin ), outgoing wave (sout ), and the resonance mode u (u1 and u2 ) in each individual ring
can be modeled as [7]
du∕dt  iΩ − Γi − Γu  iH T sin ; sout  sin  iHu; (1)
where Ω and Γi are 2 × 2 Hermitian matrices in
which the diagonal elements represent the resonance frequencies and intrinsic loss, respectively. Γ
is a Hermitian matrix describing the decay rates
of two resonant modes to the middle bus and H is
a matrix with elements of the ring–bus coupling
coefficients. The expressions of u, Ω, Γi , and H are
given by
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where the parameters with subscripts 1,2 correspond
to the associated R1 and R2, respectively. The formula
of the decay rate matrix Γ is obtained in the following
way: the overall RBR system is energy conserving. We
consider that the external incident wave is absent and
there are finite amplitudes in the resonators at the
initial time (t  0). At t > 0, the resonant modes decay
exponentially into the output port in terms of energy.
Because of energy conservation in the overall RBR,
power in the transmitted wave originates entirely
from the decaying of the traveling modes, we have
du u∕dt  −2u Γu  −sout  sout  −u H  Hu. Thus,
Γ can be expressed in terms of H as Γ  H  H∕2. In
the expression of Γ, the diagonal elements η1;2 2 ∕2
are the decay rates of the corresponding resonant
mode u1;2 to the middle bus. The nonzero elements
η1 η2 ∕2 are the indirect coupling between the two outer
rings induced by the direct ring–bus coupling. Therefore, the two resonant modes form a nonorthogonal
basis, because ΓΩ ≠ ΩΓ [8].
The parameters of TCMT in Eq. (2) are related to
those of TMF by considering energy conservation and
Q factor. For the former one, we assume that at the
time of t, the resonators support traveling waves
u1;2 t with an amplitude of U 1;2 t. Then ju1;2 tj2 represents the total energy stored in the rings and
jU 1;2 tj2  vg L1;2 −1 ju1;2 tj2 stands for the entire
power flowing through any cross section of the ring
waveguides [2]. Considering that the power leaving
the rings per round is equal to the change rate of
energy in time domain, we have jSout j2  t1 2 jU 1 t
j2  t2 2 jU 2 tj2  η1 2 ju1 tj2  η2 2 ju2 tj2 , where t1;2
represents the cross-coupling coefficients between
of the two rings and the bus in the TMF. Between
t1;2 and r0 , there exists a relation of r0 2  t1 2  t1 2 
1 [11], if the loss-free coupling is assumed. Thus, the
coupling coefficients in spatial and temporal formulations are related as η1;2 2  t1;2 2 vg L1;2 −1. On the
other hand, through solving the linewidth, i.e., the
full width at half maximum (FWHM) of resonance
in frequency (ωFWHM  2∕τi1;2  t0 2 ), the total Q
factor (Qt ) can be calculated with the relation of the
intrinsic loss and the coupling coefficient
(η1;2 2  2∕τi1;i2 ) as Qt −1  ωFWHM ∕ω1;2  Qi −1  Qe −1
 λFWHM ∕λ1;2 . Qi  τi1;2 ω1;2 ∕2 is the intrinsic
quality factor accounting for the ring absorption
and Qe  L1;2 ω1;2 ∕t0 2 vg  is the external quality
factor that is responsible for the ring-bus coupling.
The notation λFWHM is the FWHM and λ1;2 is the resonance wavelength of R1,2.
Solving Eq. (1) with Eq. (2) and the time dependence sin ∼ expiωt, we can arrive at the transmission of RBR (tRBR ). The transmission of a balanced
MZI enhanced with RBR is then modeled by
tMZI  itRBR  1∕2,

iiΔω1  τi1 −1 iΔω2  τi2 −1 
;
 η1 2 ∕2iΔω2  τi2 −1  η2 2 ∕2 − η1 2 η2 2 ∕4
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where Δω1;2  ω − ω1;2 . The general transmission
shape of Eq. (3) is plotted in Fig. 2 for two different
conditions. We can see the RBR-MZI exhibit an
EIT-like transmission feature that a narrow
transparency peak occurs in the center of a broader
transmission background, which is known as
coupled-resonator-induced transparency (CRIT) [13].
The occurrence of the CRIT spectrum can be mathematically explained in the following procedure. For
simplicity, we consider symmetric coupling (η1  η2 )
and an identical intrinsic loss in the two rings
(1∕τi1  1∕τi2 ). In the case of η1 2 ∕2 ≫ jω1 − ω2 j ≫
1∕τi1 , there are two minima and a maximum at
the positions ω  ω1;2 and ω  ω1  ω2 ∕2 in the
transmission spectrum, respectively,
T min ≡ jtMZI j2 ≈
T max ≈

4τi1 −2
;
η1 4

ω2 − ω1 ∕24
:
η1 τi1 −1 − ω2 − ω1 2 ∕42
2

(4)

For the case when the widths Δω1;2 are much less
than the free spectral range of the cavity, i.e.,
Δω1;2 ≪ 2πvg ∕L1;2 , where L1;2 and vg are the perimeters of the two rings and the group velocity of
the traveling mode, the transmission power of Eq. (4)
at the ideal condition (1∕τi1;2 ∼ 0) can be rewritten as
T MZI  1 −

2η1 2 2η1 2 Δ
ω2
;
2η1 2 2 Δ
ω2  4Δ
ω2 − ω2 − ω1 2 ∕42
(5)

where Δ
ω  ω − ω1  ω2 ∕2. We recall the EIT absorption expression (T abs ) in an atomic system [14]
as T abs  Ω1 2 ΓΔ2 ∕Δ2 Γ2  4Δ2 − Ω2 2 ∕42 , where
Ω1 and Ω2 are the respective Rabi frequencies of
the probe field and the pump field. Γ is the decay rate
and Δ is the detuning of the probe field from the
atomic resonance. It can be seen that the fraction
in Eq. (5) mimics the behavior of the EIT equation
if we regard ω2 − ω1 ∼ Ω2 , Δ
ω ∼ Δ, and 2η1 2 ∼ Ω1 .
From this analogy, we can see that no drive power
is needed to generate transparency in the ring resonator system. The function of the powerful drive
laser (Ω1 ) used to create EIT in atomic vapor is reaω CRIT

TMZI
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Fig. 2. (Color online) Transmissions of an RBR-MZI system. The
transparent window occurs at ω  ω1  ω2 ∕2 between ω1 and ω2 .
For the solid curve ω2 − ω1  1.2 GHz and for the dashed curve
ω2 − ω1  2.4 GHz, where Qi ∕Qe ≈ 50 is applied.
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lized by the interaction between the two rings (2η1 2 ).
It is worth noting that the bandwidth of the transparent resonance (Π) is arbitrarily narrow in the lowloss case:
Π≈

ω2 − ω1 2  4τi1 −2
:
2η1 2  ω2 − ω1 

(6)

We can observe that the transparency becomes
sharper with the increasing coupling strength η1 .
This can be explained by the presence of nonorthogonal modes in the RBR structure, which renders a
strong interaction between two rings. The transparency bandwidth can also be tuned by the separation
of two resonance frequencies jω2 − ω1 j. The arbitrary
transparency at ω  ω1  ω2 ∕2 with a tunable
bandwidth Π has several important potential applications. For instance, active tuning, e.g., switching,
should be a promising application for the narrow
CRIT resonance. Low-power switching can be realized in all-pass ring resonators, as shown in Fig. 2,
where the transparency is shifted from the dashed
curve to the solid curve. Using the perturbation
theory calculation, a slight variation in the group index (ng ) of the larger ring (Δng ∼ 0.001) can obtain
100% switching of the transparent frequency due
to the Vernier effect of the two ring resonators [11].
In practice, fast switching speed and low-power consumption (or high extinction ratio) are the two important requirements in active optical devices. The
CRIT used for switching with a high extinction ratio
has been proposed in Ref. [9], but the switching speed
of this CRIT has not yet been investigated. In fact, a
trade-off exists between these two requirements.
Taking the resonance of 1R1B as an example, in order to get low-power consuming modulation, a highQ resonance is desirable. However, the higher Q
leads to a longer effective cavity lifetime and lower
optical losses, suggesting that more time must be taken by the resonator to maintain the same modulation depth [15]. This trade-off between the speed and
power consumption can be broken by the high-Q
transparency in the RBR-MZI with low ring finesse
(or low cavity lifetime). The advantage of CRIT in
RBR-MZI is that both requirements can be satisfied
at a strong coupling condition, in contrast to a push–
pull relation of the two requirements in conventional
CRIT schemes or single-cavity resonators. Therefore,
an active device with fast switching speed and lowpower consumption can be realized using the CRIT
in RBR-MZI.
We have introduced that the CRIT property can
also be created in the similar configuration with two
detuned PhC cavities [8] and two aperture-sidecoupled FP cavities instead of rings [16]. However,
in general, the RBR gives two separate resonances
when the two resonances do not coincide with each
other [11]. We believe that the mode analysis of
the tricoupler in RBR-MZI is also helpful for analyzing the occurrence of induced transparency in the
two similar devices. We take the transmission

where all parameters have the same meanings as
those in Eq. (2). Compared to Eq. (3), Eq. (7) has
the remarkable similar expression except the modified decay rate terms (η1;2 2 ∕2). This difference comes
from the different working mechanisms of the two
kinds of resonators, i.e., standing wave in a PhC cavity and traveling wave in a ring resonator. Therefore,
in a PhC cavity, the resonant modes decay in both
forward and backward directions, resulting in
doubled decay rates between the middle waveguide
and the two cavities. The CRIT spectrum described
by Eq. (7) can also be explained by the bidirectional
transmissions in PhC cavities. When the two resonance modes in the PhC cavities decay equally to
the two output ports, the PhC system possesses nonorthogonal resonant modes, which results in the alloptical induced transparency analog of EIT in atomic
systems [8].
3. Experimental Results

Figure 3(a) plots the fabricated RBR-MZI using
silicon-on-insulator technology. Two 3 dB multimode
interferometers with a width of 3.5 μm and a length
of 11.5 μm are used to connect MZI arms. The 5 μm
length tapers are used to connect input/output ports
with the MZI arms to reduce the insertion loss. The
first ring (R1) has a radius of 5 μm and a coupling
length of 6 μm. The perimeter of the second ring
(R2) is adjusted by the cavity size detuning γ, which
is defined as the ratio of the circumferences of R1 and
R2. Here in our design we set γ  1.05 and the same
coupling gap  150 nm in both sides. Figure 3(b)
shows the measurement result of the RBR-MZI
transmission, which are fitted using Eq. (3) and the
TMF [11]. In the curve fittings, γ  1.0468, the loss
factor a  0.995 (a  1 for lossless case), and the selfcoupling coefficient for the middle waveguide r0 
2r1;2 − 1  0.76 are used. r1;2 are the self-coupling
coefficients of the R1,2, which are deduced from
the fitting of add-drop resonators. Note that we still
assume r1  r2 for the RBR element because the radius difference (ΔR) between R1 and R2 is so small
that the difference between r1 and r2 can be ignored,
e.g., ΔR  91 nm. The MMI transmission factor
∼0.88 is deduced from the measurement of a single
multimode interference (MMI) device. In general,
predictions from the two theoretical methods agree
well with the measurement results. The asymmetry
in the resonance comes from the nonzero selfcoupling coefficient in the tricoupler [11] and the inevitable fabrication imbalance between the two MZI

(a)

(b)

1

(c)

0.8
0.6
0.4
0.2
0
1523
1526
1530
wavelength (λ)

TRBRMZI (dB)

s
iΔω1  τi1 −1 iΔω2  τi2 −1 

;
sin iΔω1  τi1 −1  η1 2 iΔω2  τi2 −1  η2 2  − η1 2 η2 2
(7)

arms. This unwanted effect is compensated by a
phase difference (0.35π) between the two MZI arms
in the theoretical fittings. Figure 3(c) shows three
measured transparent resonances with respect to
the normalized wavelength λ. As expected, the linewidth of the transparency can be detuned individually for the two resonators.
The experimental results in Fig. 3(b) are obviously
noisy compared to the simulated ones. One reason is
that the measured devices suffer from some environmental effects, e.g., the moisture and dust, because
the upper silicon cladding of the device has been removed. Another reason can be ascribed to the possible reflections between the grating couplers at both
ends and the resonance between the two MMI
couplers due to the high index contrast in the bare
silicon devices [12]. Moreover, we need to point out
that the TCMT is deduced from the coupled mode
theory with the weak-coupling condition and perfect
for very weak coupling, such as r1 > 0.99 [1]. The
slight difference between the two theoretical predictions comes in upon rather strong coupling, whereas
the coupling strength is estimated as r1  0.88 here.
This difference can be reduced from optimizing the
coupling conditions in the RBR component.
Furthermore, the experimental results tell us that
the CRIT in RBR-MZI is created using two rings with
the same intrinsic losses and self-coupling coefficients (r1  r2 ), which is different from the two
mutually coupled ring system [6,13], where the CRIT
requires the losses in the two rings and the selfcoupling coefficients to be different. A comparison
between EIT-like expression of the RBR-MZI and
that of the two mutually coupled ring configuration
[6] reveals two main differences between the two systems. The first difference is that the bandwidth of the
transparency is determined by the mutual coupling
constant in the mutual coupled resonators, while it is

TRBRMZI

response of the PhC structure for example. Considering the standing wave with modified Eq. (1) and
Eq. (2), e.g., Γ  H  H, the normalized forward transmission (s ∕sin ) in such a PhC cavity can be obtained
as

0
−5
−10
−15
−20
−25
1545

1550
1554
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Fig. 3. (Color online) (a) Image of a fabricated RBR-MZI.
(b) Measured (thick-faded curve), TMF (solid curve) and TCMT
(dashed curve) transmissions of balanced arm length RBR-MZI.
(c) CRIT with different linewidths.
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determined by the detuning of resonance frequencies
(or the separation of two resonances) in the RBR-MZI
system jω2 − ω1 j. The second difference is that the
CRIT only happens in the former system when the
two resonant frequencies are coincident, whereas the
later system requires the two rings to resonate at different frequencies.
4. Conclusion

A TCMT developed for the RBR configuration is
applied for analyzing the CRIT generated in an
RBR-MZI device. Mode analysis shows that the
transparent resonance can be tuned by the coupling
coefficients and frequency spacing. The TCMT calculation is consistent with that of TMF and the measurement results. The experiment results show
that a CRIT resonance can be generated without requiring different losses in the two rings. This transparency enables applications for high-performance
optical switching, where low power consumption
and fast switching speed can be achieved.
This work was financially supported by the
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Science Foundation of China (grant no. 61176085),
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