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A BARRIER-BASED SMOOTHING PROXIMAL POINT
ALGORITHM FOR NCPS OVER CLOSED CONVEX CONES∗
CHEK BENG CHUA† AND ZHEN LI‡
Abstract. We present a new barrier-based method of constructing smoothing approximations
for the Euclidean projector onto closed convex cones. These smoothing approximations are used in a
smoothing proximal point algorithm to solve monotone nonlinear complementarity problems (NCPs)
over a convex cone via the normal map equation. The smoothing approximations allow for the
solution of the smoothed normal map equations with Newton’s method and do not require additional
analytical properties of the Euclidean projector. The use of proximal terms in the algorithm adds
stability to the solution of the smoothed normal map equation and avoids numerical issues due to
ill-conditioning at iterates near the boundary of the cones. We prove a suﬃcient condition on the
barrier used that guarantees the convergence of the algorithm to a solution of the NCP. The suﬃcient
condition is satisﬁed by all logarithmically homogeneous barriers. Preliminary numerical tests on
semideﬁnite programming problems show that our algorithm is comparable with the Newton-CG
augmented Lagrangian algorithm proposed in [X. Y. Zhao, D. Sun, and K.-C. Toh, SIAM J. Optim.,
20 (2010), pp. 1737–1765].
Key words. nonlinear complementarity problem, smoothing approximation, proximal point
algorithm, normal map equation
AMS subject classifications. 90C33, 90C55, 65K05
DOI. 10.1137/12087565X

1. Introduction. We consider the nonlinear complementarity problem. Given
a continuous nonlinear map F : E → E on a ﬁnite dimensional Euclidean space E
with inner product ·, · and a closed convex cone K ⊂ E with nonempty interior, ﬁnd
x ∈ E that satisﬁes
x ∈ K,

F (x) ∈ K  ,

and

x, F (x) = 0,

where K  denotes the dual cone of K.
We denote this problem by NCPK (F ). When F is aﬃne, we call the problem a
linear complementarity problem.
In general, the KKT conditions for constrained nonlinear programs can be formulated as nonlinear complementarity problems [16]. Nonlinear complementarity
problems also provide a general setting for various equilibrium problems, such as the
computation of equilibria in ﬁnite games [41], the solution of spatial price equilibrium
problems [42], and problems in option pricing [28]. Recently there has been much
research in studying symmetric cone complementarity problems; see, e.g., [21], [22],
[23], [34], [36], [45], [56], and [57].
While some solution methods, such as interior-point methods, solve the NCP
directly (see, e.g., [31], [55], [59], [62], [64], and [65]), many other methods solve
equivalent nonsmooth equation reformulations of the problem. For instance, [32] uses
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a Hadamard product reformulation, [18] and [39] consider various C-functions in their
reformulations, [4], [10], [26], and [29] use a class of path-following algorithms known
as noninterior continuation methods, and [17], [30], [38], [60], and [63] employ merit
functions in solving reformulations of nonlinear complementarity problems.
The most general nonsmooth equation reformulations for the nonlinear linear
complementarity problem are the normal map equation [43] and the natural map
equation [14].
In this exposition, we consider the normal map equation
(1)

F (ProjK (z)) + z − ProjK (z) = 0,

where ProjK denotes the Euclidean projection onto K, i.e.,
ProjK : z ∈ E → arg min{z − x},
x∈K

where · denotes the norm induced by ·, ·. Every solution z of the normal map
equation gives a solution x = ProjK (z) of NCPK (F ); see, e.g., [16, section 1.5.2].
The normal map equation is typically solved with nonsmooth Newton’s methods
(see, e.g., [20] and [24]), semismooth Newton’s methods (see, e.g., [13] and [17]), and
smoothing Newton’s methods (see, e.g., [6], [7], [8], [9], [11], [12], [19], [25], [27], [33],
[44], [46], [47], and [48]). Existing nonsmooth and semismooth Newton’s methods
depend on the Bouligand-diﬀerentiability or the semismoothness of the nonsmooth
reformulations and are thus restricted to cones whose Euclidean projector possess the
same analytic properties. On the other hand, solution methods that employ smoothing
techniques avoid this constraint. However, a prerequisite for employing smoothing
techniques is the knowledge of a smoothing approximation of the Euclidean projector
with computable derivatives.
For semideﬁnite programming, it was observed by Wang, Sun, and Toh [61] that
the addition of a log-determinant term to the objective function serves as a smoothing of the Euclidean projector. This connection between logarithmic barriers and
smoothing approximations is the foundation of noninterior continuation methods for
linear and semideﬁnite complementarity problems [4, 10, 26, 29]. In this paper, we
generalize this idea and present a novel barrier-based method to construct smoothing
approximations p(·, μ), μ ≥ 0, of the Euclidean projector ProjK (see section 3 for its
deﬁnition) of an arbitrary closed convex cone K, whose derivatives depend on those
of the barrier used. This smoothing approximation allows us to write the normal map
equation as the following auxiliary equation:
  

0
F (p(z, μ+ )) + z − p(z, μ+ )
=
,
(2)
μ
0
where μ+ denotes the positive part max{0, μ}. The ﬁrst component of this system is
called the smoothed normal map equation.
For stability, we choose to employ the proximal point algorithm when solving the
auxiliary equation, (2). With appropriate control on the parameter ck (which will
be brieﬂy described), we are able to avoid numerical issues due to ill-conditioning at
primal and dual iterates near the boundary of their respective cones. The proximal
point method was introduced by Martinet [40] and generalized by Rockafellar [51]
to maps over Hilbert spaces. The algorithm can be used to solve problems such
as the minimization of lower semicontinous proper convex functions and minimax
problems [52]. It has resulted in many new algorithms in recent papers on several
classes of optimization problems; see, e.g., [35], [61], and [67].
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Brieﬂy, the proximal point algorithm ﬁnds a zero of a set-valued map T : H ⇒ H
on a Hilbert space H with a sequence of approximate zeros xk of the map
x → T (x) + c−1
k (x − xk−1 ),
where {ck } is a sequence of positive real numbers. When T has a zero, Rockafellar [51,
Theorem 1] proved that the sequence of approximate zeros converges to a zero of T
under the assumptions that T is maximal monotone and {c−1
k } is bounded. When
{c−1
}
is
further
bounded
away
from
0,
we
note
that
the
above
map is strongly monok
tone with modulus at least inf{c−1
},
thus
providing
stability
to
the algorithm. As the
k
proximal point algorithm can only be used to ﬁnd zeros of maximal monotone maps,
this approach can solve only the auxiliary equation of a limited class of nonlinear
complementarity problems: it can only be applied directly when the normal map
F nor : z ∈ E → F (ProjK (z)) + z − ProjK (z)
is maximal monotone. In [66], Zhao and Li showed that when F is co-coercive with
some constant α > 0, that is,
F (x) − F (y), x − y ≥ αF (x) − F (y)2 ∀x, y ∈ E,
the normal map is monotone and subsequently maximal monotone when F is further continuous. We remark that being co-coercive is strictly stronger than being
monotone.
In order to solve a more general class of nonlinear complementarity problem, we
generalize the proximal point algorithm by using a nonlinear map R : H → H in the
proximal term to get
z → T (z) + c−1
k (R(z) − R(zk−1 )).
With a simple change of variable z → R−1 (z), the convergence of the proximal point
algorithm translates to a similar conclusion for this variant: the sequence {R(zk )}
converges to a zero of T R−1 under the assumptions that T R−1 is maximal monotone
and {c−1
k } is bounded.
The idea of replacing the proximal term with nonlinear terms is not new. For
example, Bregman functions [2], [15], [58] and logarithmic-quadratic terms [1] were
studied. The main diﬀerence between these approaches and our approach is the
assumption on T : while we require T R−1 to be maximal monotone, these other
approaches require T to be maximal monotone. We remark that unless R(·) − R(0) is
a multiple of the identity map, these two assumptions are incomparable,1 i.e., neither
maximal monotonicity assumption implies the other.
1 If R(·) − R(0) is not a multiple of the identity map, then there exists z ∈ E with w − w , z <
z
0
wz − w0 z for some (z, wz ), (0, w0 ) ∈ G(R). Therefore, for the maximal monotone map
wz −w0 
T : x → x + αv, xv, where α ≥ 0 is arbitrary and v = wz − w0 −
z, we have
z
(z, T wz ), (0, T w0 ) ∈ G(T R) and z − 0, T wz − T w0  = z, wz − w0  + αv, wz − w0 z, v is negative
−w0 
for all α suﬃciently large, since v, wz − w0  = wz − w0 − wzz
z, wz − w0  = wz − w0 2 −
w −w 

w −w 

z
z
0
0
z, wz − w0  > 0 and z, v = z, wz − w0 −
z = z, wz − w0  − wz − w0 z <
z
z
0. Thus T R is not monotone while T is maximal monotone. Similarly, there is a maximal monotone
map T  with T  R−1 not monotone; this gives a nonmonotone T  R−1 with (T  R−1 )R = T  maximal
monotone.
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For the purpose of solving the auxiliary equation, we use the nonlinear map
R : (z, μ) → (p(z, μ+ ), μ+ ) in the proximal term to ﬁnd zero of the auxiliary function
T : (z, μ) → (F (p(z, μ+ )) + z − p(z, μ+ ), μ).
Under suitable conditions (see Proposition 4.2) on the barrier used to construct the
smoothing approximation, we show that the maximal monotonicity of the composition
T R−1 is implied by the monotonicity of F .2 Thus our approach only requires the
monotonicity of F and not that of the normal map F nor .
We further modify the proximal point algorithm slightly (see Algorithm 4.1) to
allow for diﬀerent values of ck between the two components of the auxiliary function
(or equivalently, between two components of the nonlinear proximal term R). Subsequently we adapt the proof of Rockafellar [51, Theorem 1] to show that the algorithm
generates a sequence of iterates {(zk , μk )} with {p(zk , μk )} converging to a solution
of NCPK (F ) under the assumption of monotonicity of F ; see Theorem 2.3.
In the setting of symmetric cone complementarity problems, where K is a symmetric cone, we show when a subclass of smoothing functions proposed by Chen
and Mangasarian [7] for the nonnegative real line R+ (namely, those generated by
symmetric density functions with inﬁnite support) is extended to smoothing approximations for symmetric cones; these Chen–Mangasarian-type smoothing approximations are special cases of our barrier-based smoothing approximations.3 This subclass
of smoothing approximations was successfully used in many smoothing methods for
solving both linear and nonlinear complementarity problems and more generally variational inequalities; see, e.g., [3], [5], [6], [12], and [48]. In particular, [6] and [12]
employ the Chen–Mangasarian smoothing functions to solve the nonlinear complementarity problems via the normal map equation.
The paper is organized as follows. In section 2, we brieﬂy introduce the proximal point algorithm and relevant results on maximal monotone operators, and a
variant of the proximal point algorithm used in this paper. This is followed with a
newly proposed barrier-based method of constructing smoothing approximations of
Euclidean projectors over closed convex cones in section 3. In section 4, we combine
the smoothing technique and our variant of the proximal point algorithm to solve
nonlinear complementarity problems over closed convex cones. We further prove the
convergence of the algorithm under the assumption that F is monotone and a suﬃcient
condition on the barrier used in the construction of the smoothing approximation. In
section 5, we demonstrate that the class of Chen–Mangasarian smoothing approximations ﬁts into the framework of our barrier-based smoothing approximations. In
section 6, we report the results of preliminary numerical comparisons between an implementation of our algorithm and the Newton-CG augmented Lagrangian (SDPNAL)
method proposed by Zhao, Sun, and Toh [67], by applying them to several classes of
semideﬁnite programming problems (SDPs) in SDPLIB. Since SDPNAL is also based
on the proximal point algorithm, we ﬁnd the comparison appropriate.
2. Proximal point algorithm. The proximal point algorithm [51] is an iterative algorithm for ﬁnding a zero of a maximal monotone set-valued map T : H ⇒ H
over a Hilbert space H. Each iteration of the proximal point algorithm ﬁnds an approximate value of a proximal mapping associated with T . When the approximates
2 When F is continuous with domain K, one can easily check that the monotonicity of F is also
a necessary condition for the maximal monotonicity of the composition T R−1 .
3 In the special case of K = R , our smoothing approximation coincides with this subclass.
+
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are suﬃciently good (see [51, Theorem 1]), it can be proved that they converge to a
zero of the maximal monotone operator T . In this section, we give basic deﬁnitions
and results on the proximal point algorithm that are necessary for this paper. Interested readers are referred to Rockafellar’s classic papers [51] and [52] for a more
comprehensive introduction.
Definition 2.1. A set-valued map T : H ⇒ H over a Hilbert space H with inner
product ·, ·H is said to be a monotone operator if
∀(z, w), (z  , w ) ∈ G(T ), z − z  , w − w H ≥ 0,
where G(T ) := {(z, w) ∈ H2 : w ∈ T (z)} denotes the graph of T . A monotone
operator is maximal monotone if its graph is not contained in the graph of another
monotone operator. Equivalently, a monotone operator is maximal monotone if


2


inf
z − z , w − w H ≥ 0 =⇒ (z, w) ∈ G(T ) .
∀(z, w) ∈ H ,


(z ,w )∈G(T )

Observe that (maximal) monotonicity is preserved by positive scalings, i.e., T is
(maximal) monotone if and only if cT is (maximal) monotone, where c > 0.
In 1962, Minty gave the following characterization of maximal monotonicity, upon
which Rockafellar built the proximal point algorithm.
Theorem 2.1 (Minty’s characterization of maximal monotonicity; see [43]). For
each c > 0, a monotone operator T : H ⇒ H is maximal monotone if and only if the
range of cT + I is H, or equivalently, dom((cT + I)−1 ) = H, where dom((cT + I)−1 )
denotes the domain {x ∈ H : (cT + I)−1 (x) = ∅} of (cT + I)−1 .
The set-valued map (cT +I)−1 is called the proximal mapping associated with cT .
It plays a key role in the proof of the convergence of the proximal point algorithm.
When cT is monotone, cT + I is strongly monotone with modulus 1, i.e., for all
(x, z), (x , z  ) ∈ G(cT + I),
z − z  , x − x H ≥ x − x 2H ,
where ·H is the norm induced by ·, ·H . This leads to the nonexpansiveness of
proximal mappings of monotone operators. Hence proximal mappings of monotone
operators are single-valued.
Theorem 2.2 (Theorem 12.12 of [53]). If T : H ⇒ H is a monotone operator,
then the proximal mapping P = (cT + I)−1 is monotone and nonexpansive, i.e., for
all (x, z), (x , z  ) ∈ G(P ), z − z  H ≤ x − x H .
We now introduce a slight variant of the proximal point algorithm to ﬁnd a zero of
a set-valued map T : H ⇒ H on a Hilbert space H, and demonstrate its convergence.
Algorithm 2.1 (proximal point algorithm, a variant). Choose a map R : H → H
and a sequence of bijective linear maps {Ck : H → H}∞
k=0 . Pick x0 ∈ H. For
k = 0, 1, . . . , ﬁnd an approximate zero xk+1 of the set-valued map
(3)

ϕk : x ∈ H → T (x) + Ck−1 (R(x) − R(xk ))

until 0 ∈ T (xk ).
Remark 2.1. In Rockafellar’s proximal point algorithm, R is the identity map
and the Ck ’s are positive multiples of the identity map.
The following convergence theorem is the analogue to that of Rockafellar’s proximal point algorithm, and its proof follows that of [51, Theorem 1]. For the sake of
completeness, we give the proof in Appendix A.
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Theorem 2.3. If T : H ⇒ H has at least one zero, Ck T R−1 in Algorithm 2.1 is
a maximal monotone operator for each k, {Ck−1 } is bounded, and the inﬁnite sequence
{xk } generated satisﬁes
(4)

∞


Ck ϕk (xk+1 )H < ∞,

k=0

then the sequence {R(xk )} converges weakly to a zero of T R−1 .
3. Smoothing approximation. A smoothing approximation of the Euclidean
projector ProjK is a continuously diﬀerentiable map p : E × R++ → E, parameterized
by μ ∈ R++ , such that p converges pointwise to ProjK as μ → 0+ , i.e.,
∀z ∈ E,

lim p(z, μ) = ProjK (z).

μ→0+

If the convergence is uniform, we say that p is a uniform smoothing approximation.
In this section, we demonstrate a general method of constructing smoothing approximations of Euclidean projectors of closed convex cones.
Consider a convex twice-diﬀerentiable barrier f : int(K) → R with positive definite Hessians ∇2 f (x). Being a barrier means that f (xk ) → ∞ for any sequence
{xk } ⊂ int(K) converging to a point on the boundary of K. Together with its convexity, we deduce that for any sequence {xk } ⊂ int(K) converging to a point on the
boundary of K,
∇f (xk )xk − x1  ≥ ∇f (xk ), xk − x1  ≥ f (xk ) − f (x1 ) → ∞,
whence ∇f (xk ) → ∞.
We now show that for each μ > 0, the map μ : x → x + μ∇f (x/μ) is a bijection
between int(K) and E and subsequently deduce suﬃcient conditions for the inverse
maps to produce a smoothing approximation (z, μ) ∈ E × R++ → −1
μ (z) of the
Euclidean projector ProjK .
We ﬁrst establish the maximal monotonicity of μ via Löhne’s characterization.
Theorem 3.1 (Löhne’s characterization of maximal monotonicity; see [37]). A
set-valued map T : H ⇒ H is maximal monotone if and only if the following are
satisﬁed:
(i) T is monotone.
(ii) T has a nearly convex domain (i.e., the closure cl(dom(T )) is convex).
(iii) The values of T are convex.
(iv) The recession cone of T (x) equals the normal cone to cl(dom(T )) at every
x ∈ dom(T ).
(v) The graph of T is closed.
Proposition 3.1. For each μ > 0 and each continuous monotone map F :
H → H with dom(F ) ⊇ K, the set-valued map x → F (x) + μ∇f (x/μ) is maximal
monotone.
Proof. We shall use Löhne’s characterization to check that the map Hμ : x →
F (x) + μ∇f (x/μ) is maximal monotone for each μ > 0. Indeed,
(i) Hμ is the sum of the monotone map F and the derivative map of the convex
map x → μ2 f (x/μ), whence monotone;
(ii) Hμ has the convex domain int(K);
(iii) when x ∈ dom(F ) ∩ dom(f ) = int(K), Hμ (x) = {F (x) + μ∇f (x/μ)} is a
singleton, but otherwise Hμ (x) is the empty set, whence the values of Hμ are
convex;
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(iv) the recession cone of Hμ at each x in its domain int(K) is the trivial subspace
{0}, which agrees with the normal cone to cl(int(K)) = K at x;
(v) the graph of Hμ is closed as F is continuous on K and x → ∇f (x/μ) is continuous on int(K) with ∇f (xk /μ) → ∞ for any sequence {xk } ⊂ int(K)
converging to a point on the boundary of K.
As a corollary to the maximal monotonicity of x → μ∇f (x/μ), we deduce the
bijectiveness of μ .
Proposition 3.2. For each μ > 0, the map μ is a bijection between int(K) and
E.
Proof. For each μ > 0, μ is strongly monotone, whence injective. From Proposition 3.1 with F ≡ 0 and Minty’s characterization, we deduce that μ is surjective.
Henceforth, for each μ > 0, we denote inverse map of μ by pμ and remark that
pμ is the proximal mapping associated with the monotone operator x → μ∇f (x/μ).
We further deﬁne
p : E × R++ → E : (z, μ) → pμ (z)
and remark that as Jμ (x) = I + ∇2 f (x/μ) is nonsingular for each x ∈ int(K), we
can deduce that the continuous diﬀerentiability of p follows from the implicit function
theorem.
Suﬃcient and necessary conditions for p to be a (uniform) smoothing approximation of the Euclidean projector ProjK are given in the following proposition, where
we adopt the notation

lim μk ∇f (yk /μk )
lim sup μ∇f (y/μ) :=
μ→0+ ,y→x

μk ↓0,yk →x

k→∞

= {d : ∃μk ↓ 0, ∃yk → x, μk ∇f (yk /μk ) → d}.
Proposition 3.3. For the following statements, we have (a) =⇒ (b) =⇒ (c)
=⇒ (d).
(a) The function p is a uniform smoothing approximation of the Euclidean projector ProjK .
(b) For every x ∈ E,
lim sup μ∇f (y/μ) ⊆ NK (x).

μ→0+ ,y→x

(c) The function p is a smoothing approximation of the Euclidean projector ProjK .
(d) For every x ∈ E,
NK (x) ⊆ lim sup μ∇f (y/μ).
μ→0+ ,y→x

Proof. (a) =⇒ (b). For arbitrary sequences μk ↓ 0 and int(K)  yk → x
with μk ∇f (yk /μk ) convergent, say to limit d, consider the sequence {zk := μk (yk ) =
yk + μk ∇f (yk /μk )}, which converges to x + d. By the continuity of p(·, μ) for μ > 0
and the hypothesis of uniform convergence of p(·, μ) to ProjK as μ → 0+ , we deduce
that p(zk , μk ) → ProjK (x + d). Hence
x = lim yk = lim p(zk , μk ) = ProjK (x + d)
k→∞

k→∞

shows that d ∈ NK (x).
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(b) =⇒ (c). Fix an z ∈ E and an arbitrary e ∈ int(K) and consider the bounded
sequence {μk (μk e) = μk e + μk ∇f (e)} with μk → 0. The proximal mapping pμk is
nonexpansive, hence
p(z, μk ) ≤ pμk (z) − pμk (μk (μk e)) + μk e ≤ z − μk (μk e) + μk e.
This shows that {p(z, μk )} is bounded for any μk → 0. Therefore, it suﬃces to show
that convergent {p(z, μk )} with μk → 0 has limit ProjK (z). Indeed, if p(z, μk ) → x,
then, with xμk denoting p(z, μk ) so that z = xμk + μk ∇f (xμk /μk ), we have
z ∈ lim sup(xμk + μk ∇f (xμk /μk )) ⊆ x + NK (x)
k→∞

under the hypothesis (b), and consequently x = ProjK (z).
(c) =⇒ (d). For arbitrary x ∈ K and arbitrary d ∈ NK (x), consider the sequence
{μk := 1/k} and the sequence {yk := p(x + d, μk )}. Then
(c)

μk ∇f (yk /μk ) = x + d − yk → x + d − ProjK (x + d) = d
shows that d ∈ lim supμ→0+ ,y→x μ∇f (y/μ).
When p is a smoothing approximation of ProjK , we call p the smoothing approximation derived from the barrier f . The above suﬃcient condition for p to be a
smoothing approximation is satisﬁed by ϑ-logarithmically homogeneous barriers, i.e.,
barriers f satisfying
(5)

∀x ∈ int(K), ∀t ∈ R++ , f (tx) = f (x) − ϑ log t.

Corollary 3.1. If f is a ϑ-logarithmically homogeneous barrier, then p is a
smoothing approximation of the Euclidean projector ProjK .
Proof. We prove the corollary by establishing statement (b) of Proposition 3.3.
If f is a ϑ-logarithmically homogeneous barrier, then for any x ∈ int(K),
(6)

x, −∇f (x) = lim

t→0+

f (x) − f (x + tx)
ϑ log(1 + t)
= lim
= ϑ,
+
t
t
t→0

and, in addition, for any h ∈ int(K), the convexity of f results in
(7)

∇f (x), h ≤ lim

t→∞

f (x + th) − f (x)
f (x/t + h) − ϑ log t − f (x)
= lim
= 0.
t→∞
t
t

Thus, for any x ∈ K, for any sequences μk → 0 and yk → x with {dk := −μk ∇f (yk /μk )}
convergent, say with limit d, we have
(7)

d = lim −μk ∇f (yk /μk ) ∈ K  ,
k→∞

and
(6)

0 ≤ x, d = lim yk , −μk ∇f (yk /μk ) = lim μ2k ϑ = 0,
k→∞

k→∞

whence d ∈ NK (x).
Example 3.1. A 1-logarithmically homogeneous barrier for the positive real line
R++ is
f : x → − log xi .
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The smoothing approximation derived from this barrier is

z + z 2 + 4μ2
p : (z, μ) →
,
2
which is precisely the Chen–Harker–Kanzow–Smale (CHKS) map (see Example 5.2).
Example 3.2. An n-logarithmically homogeneous barrier for the positive deﬁnite
cone Sn++ is
f : X → − log det X.
Its gradient map is ∇f : X → −X −1 and the smoothing approximation derived from
this barrier

Z + Z 2 + 4μ2 I
p : (Z, μ) →
,
2
√
where I is the n-by-n identity matrix and X denotes the unique Y ∈ Sn++ satisfying
Y 2 = X ∈ Sn++ , is an extension of the CHKS map.
Example 3.3. An r-logarithmically homogeneous barrier for a symmetric cone Ω
of rank r is
f : x → − log det x,
where det is the determinant function in a Euclidean Jordan algebra J whose cone
of squares coincides with K = cl(Ω). Its gradient map is ∇f : x → −x−1 and the
smoothing approximation derived from this barrier

z + z 2 + 4μ2 e
,
p : (z, μ) →
2
√
where e is the unit of J and x denotes the unique y ∈ Ω satisfying y 2 = x ∈ Ω, is
another extension of the CHKS map.
4. Smoothing proximal point algorithm. When p is a smoothing approximation of the Euclidean projector ProjK , the normal map equation, (1), can be
approximated by the smoothed normal map equation
(8)

F (p(z, μ)) + z − p(z, μ) = 0,

so that for any positive sequence {μk } converging to 0 and any sequence of solutions
{(zk , μk )} of the smoothed normal map equation, we have that all limit points of {zk }
solve the normal map equation. For convenience, we denote the smoothed normal
map by
(9)

Fμnor : z ∈ E → F (p(z, μ)) + z − p(z, μ).

Moreover, using the convention p0 ≡ p(·, 0) ≡ ProjK , the smoothed normal map Fμnor
becomes the normal map F nor when μ = 0. For subsequent use, we deﬁne pμ (z) to
be the empty set when μ < 0.
Therefore, we consider the application of the proximal point algorithm (Algorithm 2.1) to ﬁnd a zero of the auxiliary function
(z), μ).
T : (z, μ) ∈ E × R → (Fμnor
+
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For convergence, we start from (z0 , μ0 ) ∈ E × R++ and pick linear maps Ck of the
form (z, μ) → (ck z, γk−1 μ) for some positive real numbers ck and γk and the nonlinear
map R : (z, μ) → (p(z, μ+ ), μ+ ). With these choices, the algorithm simpliﬁes to the
following.
Algorithm 4.1 (smoothing proximal point algorithm). Choose positive se∞
quences {ck }∞
k=0 , {γk }k=0 . Pick z0 ∈ E and μ0 > 0. For k = 0, 1, . . . , set
μk+1 =

γk
μk ,
1 + γk

and ﬁnd an approximate zero zk+1 of the single-valued map
ϕk : z ∈ E → F (p(z, μk+1 )) + z − p(z, μk+1 ) + c−1
k (p(z, μk+1 ) − p(zk , μk )).
To establish the convergence of the algorithm using Theorem 2.3, we would require
the maximal monotonicity of

−1
(ck (F (x) + p−1
if μ > 0,
μ (x) − x), γk μ)
−1
(x, μ) → Ck T R (x, μ) =
−1
{ck (F (x) + ProjK (x) − x)} × R− if μ = 0
for each k. For convenience, we deﬁne the set-valued maps
⎧
⎪
⎨x + μ∇f (x/μ) if x ∈ int(K) and μ > 0,
−1
 : E × R ⇒ E : (x, μ) → pμ (x) = Proj−1
if x ∈ K and μ = 0,
K (x)
⎪
⎩
∅
otherwise,
and
H : E × R ⇒ E : (x, μ) → F (x) + (x, μ) − x
⎧
⎪
⎨F (x) + μ∇f (x/μ)
= F (x) + Proj−1
K (x) − x
⎪
⎩
∅

if x ∈ int(K) and μ > 0,
if x ∈ K and μ = 0,
otherwise.

Proposition 4.1. If F : E → E is continuous and monotone with dom(F ) ⊇ K,
then for each μ ≥ 0, the set-valued map x → H(x, μ) is maximal monotone.
Proof. When μ > 0, we have proved in Proposition 3.1 that the map H(·, μ)
is maximal monotone under the hypotheses of the proposition. In the case μ = 0,
Proj−1
K (x) − x = {z − x : ProjK (z) = x} is the normal cone of K at x, and it is known
that the normal cone map (also called the normality map) is monotone [49], [50].
Hence, H(·, 0) is the sum of two monotone operators, whence monotone, under hypotheses of the proposition. From here on, we can follow the proof of Proposition 3.1
to establish the maximal monotonicity of H(·, 0) via Löhne’s characterization. Alternatively, we can use Minty’s characterization since the monotonicity of F leads to the
strong monotonicity of F + I, which in turn implies the global unique solvability of
NCPK (F + I), i.e., x → H(x, 0) + x is a bijection between K and E (see, e.g., [16,
Proposition 2.3.3]).
Proposition 4.2. If F : E → E is continuous and monotone with dom(F ) ⊇ K,
p is the smoothing approximation of the Euclidean projector ProjK derived from the
barrier f , and
(10)

cγ

sup
x∈int(K)

∇f (x) − ∇2 f (x)x, (∇2 f (x))−1 ∇f (x) − x ≤ 4ω
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for some ω, c, γ > 0, then the set-valued map S deﬁned by

(cH(x, μ), γ −1 μ) if μ > 0,
(11)
(x, μ) ∈ Hω →
{cH(x, 0)} × R− if μ = 0
is maximal monotone, where Hω is the Hilbert space E × R with inner product ·, ·ω :
((x, μ), (x , μ )) → x, x  + ωμμ .
Proof. When F is continuous and monotone, the map H(·, μ) is maximal monotone for each μ ≥ 0 by Proposition 4.1. Thus, by Minty’s characterization, the map
H(·, μ) + c−1 I is surjective onto E for each μ ≥ 0 and each c > 0. Hence, when c > 0
and γ > 0,
(S + I)−1 (z, ν) =

 
H ·,

γ
ν+
1+γ



+ c−1 I

−1

(c−1 z) ×



γ
ν+
1+γ


=∅

for each (z, ν) ∈ Hω . Hence S + I is surjective onto Hω . Therefore, by Minty’s
characterization, S is maximal monotone if and only if it is monotone. It remains to
prove monotonicity.
We ﬁrst consider the restriction of S to E × R++ ⊂ Hω . This restriction of S is
the sum of the monotone map (x, μ) ∈ Hω → (cF (x), 0) and the map


μ
(x, μ) ∈ Hω → c((x, μ) − x),
.
γ
It suﬃces to show that the latter is monotone on int(K) × R++ , or equivalently, that


μ
(x, μ) ∈ H1 → c((x, μ) − x), ω
γ
is monotone on int(K) × R++ . Since this map is single-valued and diﬀerentiable on
int(K) × R++ , its monotonicity is equivalent to the symmetric part of its Jacobian

(12)



c(Jx (x, μ) − I) 12 cJμ (x, μ)
1
ω
T
2 cJμ (x, μ)
γ

c∇2 f (x )
= 1

2
  T
2 c(∇f (x ) − ∇ f (x )x )

1

2 c(∇f (x )


− ∇2 f (x )x )
ω
γ

being positive semideﬁnite on int(K) × R++ , where x denotes x/μ. The Schur
complement of ωγ in the symmetric part of the Jacobian (12) is
ω
c
−
∇f (x ) − ∇2 f (x )x , (∇2 f (x ))−1 (∇f (x ) − ∇2 f (x )x )
γ
4
c
ω
∇f (x ) − ∇2 f (x )x , (∇2 f (x ))−1 ∇f (x ) − x .
= −
γ
4
Thus the symmetric part of the Jacobian (12) is positive semideﬁnite under the hypotheses of the proposition.
We now consider S on the whole space Hω . We ﬁrst establish that that for each
x ∈ K and each x̃ ∈ cH(x, 0), there is a sequence E × R++  (xk , μk ) → (x, 0) such
that cH(xk , μk ) → x̃. Indeed, by statement (d) of Proposition 3.3, for the direction
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c−1 x̃ − F (x) ∈ NK (x), we can ﬁnd a sequence {(xk , μk )} ⊂ int(K) × R++ such that
(xk , μk ) → (x, 0) and μk ∇f (xk /μk ) → c−1 x̃ − F (x); hence, under the continuity of F ,
cH(xk , μk ) = c(F (xk ) + μk ∇f (xk /μk )) → c(F (x) + c−1 x̃ − F (x)) = x̃.
Next, for each (x, μ), (x , μ ) ∈ dom(S), each (z, ν) ∈ S(x, μ), and each (z  , ν  ) ∈
S(x , μ ), by taking sequences {(xk , μk )}, {(xk , μk )} ⊂ int(K) × R++ satisfying
(xk , μk ) → (x, μ),
S(xk , μk ) → (z, ν+ ),

(xk , μk ) → (x , μ ),

and S(xk , μk ) → (z  , ν+
),

we can deduce from the monotonicity of S over int(K) × R++ that
0 ≤ lim (xk , μk ) − (xk , μk ), S(xk , μk ) − S(xk , μk )ω
k→∞


= (x, μ) − (x , μ ), (z, ν+ ) − (z  , ν+
)

ω


= (x, μ) − (x , μ ), (z, ν) − (z  , ν  )ω + ω(μ − μ )(ν+ − ν − ν+
+ ν  ).


Since μ, μ , ν+ − ν, ν+
− ν  ≥ 0 with ν+ − ν > 0 (resp., ν+
− ν  > 0) only when μ = 0

(resp., μ = 0), it follows that


(μ − μ )(ν+ − ν − ν+
+ ν  ) = −μ(ν+
− ν  ) − μ (ν+ − ν) ≤ 0.

Thus (x, μ) − (x , μ ), (z, ν) − (z  , ν  )ω ≥ 0, showing that S is monotone on Hω .
Remark 4.1. The inequality in the proposition is satisﬁed by a ϑ-logarithmically
homogeneous barrier whenever cγϑ ≤ ω. Indeed, if f is a ϑ-logarithmically homogeneous barrier, then diﬀerentiating the deﬁnition (5) of logarithmic homogeneity in
x followed by in t results in ∇2 f (x)x = −∇f (x) at t = 1, which, together with
x, −∇f (x) = ϑ as derived in the proof of Corollary 3.1, shows that
∇f (x) − ∇2 f (x)x, (∇2 f (x))−1 ∇f (x) − x = 4ϑ
for any x ∈ int(K).
As a corollary of this proposition, we deduce the Lipschitz continuity of p(z, ·) for
each z ∈ E.
Corollary 4.1. If
sup
x∈int(K)

∇f (x) − ∇2 f (x)x, (∇2 f (x))−1 ∇f (x) − x < ∞,

then for any z ∈ E, the function μ ∈ R++ → p(z, μ) is Lipschitz continuous. In this
case, the Lipschitz constant is bounded by the above supremum, and p(·, μ) converges
uniformly as μ → 0+ .
Proof. We take F ≡ 0, c = γ = 1, and
ω=

1
sup
∇f (x) − ∇2 f (x)x, (∇2 f (x))−1 ∇f (x) − x
4 x∈int(K)

in Proposition 4.2. In the proof of Proposition 4.2, the monotonicity of S on E ×
R++ is established without the hypothesis that {p(·, μk )} converges pointwise to the
Euclidean projector ProjK when μk → 0. Thus, for any z ∈ E, any μ, μ > 0, we have
(x, μ) − (x , μ ), (z − x, μ) − (z − x , μ )ω ≥ 0,
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where x = p(z, μ) and x = p(z, μ ), so that (z − x, μ) = S(x, μ) and (z − x , μ) =
S(x , μ ). This reduces to
−x − x 2 + ω(μ − μ )2 ≥ 0,
√
or equivalently, p(z, μ) − p(z, μ ) ≤ ω|μ − μ |.
As a corollary of the convergence of the proximal point algorithm, we have the
convergence of Algorithm 4.1.
Corollary 4.2. If F : E → E is continuous and monotone and NCPK (F ) has
at least one solution, the barrier f satisﬁes
sup
x∈int(K)

∇f (x) − ∇2 f (x)x, (∇2 f (x))−1 ∇f (x) − x < ∞,

p is the smoothing approximation of the Euclidean projector ProjK derived from f , in
Algorithm 4.1, the sequences {c−1
k }, {γk }, and {ck γk } are bounded, and the inﬁnite
sequence {(zk , μk )} generated satisﬁes
∞


ck ϕk (zk+1 ) < ∞,

k=0

then the sequence {xk := p(zk , μk )} converges to a solution of NCPK (F ).
Proof. Deﬁne the set-valued map
T : (z, μ) ∈ E × R → (Fμnor
(z), μ),
+
whose zeros (z, 0) give solutions ProjK (z) of NCPK (F ), and denote the linear map
(x, μ) → (ck x, γk−1 μ) by Ck , so that the map ϕk in Algorithm 4.1, together with
μ → μ + γk (μ − μk ), is precisely the same map in Algorithm 2.1 when we associate
x ≡ (z, μ) and take R : (z, μ) → (p(z, μ+ ), μ+ ). Pick any ω satisfying the inequality
in Proposition 4.2 with (c, γ) = (ck , γk ) for every k, so that Ck T R−1 = Ck (H(x, μ), μ)
is maximal monotone on the Hilbert space Hω = E × R with inner product ·, ·ω :
((x, μ), (y, ν)) → x, y + ωμν. This is possible under the assumptions that
sup
x∈int(K)

∇f (x) − ∇2 f (x)x, (∇2 f (x))−1 ∇f (x) − x < ∞

and {ck γk } is bounded. Algorithm 4.1 is then a realization of Algorithm 2.1, where
μk+1 is computed exactly. Finally, the hypotheses of Theorem 2.3 are satisﬁed under
the hypotheses of this proposition.
5. Symmetric cone complementarity problem. In [7], Chen and Mangasarian proposed uniform smoothing approximations p of the positive part z+ = max{0, z},
which can be deﬁned by twice integrating probability density functions d as follows:

(13)

p : (z, μ) ∈ R × R++ →

z

−∞



t

−∞

1
d
μ

 
 z  μt
x
d(x) dx dt
dx dt =
μ
−∞ −∞
 μz  t
d(x) dx dt.
=μ
−∞

−∞

From its deﬁnition, it is immediate that p is positively homogeneous of degree one.
When the density function satisﬁes the conditions
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(A1) d(t) is an even and piecewise continuous map with ﬁnite number of pieces,
and
∞
(A2) −∞ |t|d(t) dt < ∞,
it can be easily shown that
 
 z
 μz
 μz
t
1
(z − t)d
(14) p(z, μ) =
d(t) dt − μ
td(t) dt ∀z, ∀μ > 0.
dt = z
μ
−∞ μ
−∞
−∞
Moreover, the following properties of p(z, μ) hold under the above assumptions and
the following assumption.
(A3) d(t) has inﬁnite support.
Proposition 5.1. If d satisﬁes assumptions (A1), (A2), and (A3), then p(z, μ)
has the following properties:
1. For each μ > 0, z → p(z, μ) is convex, strictly increasing and continuously
diﬀerentiable, 0 < p(z, μ) − z+ ≤ Dμ for all z, where D is a constant depending only on d, and limz→−∞ p(z, μ) = 0.
 z/μ
∂
∂
p(z, μ) = −∞ d(t) dt < 1, and ∂z
p(−z, μ) = 1 −
2. For each μ > 0, 0 < ∂z
∂
p(z,
μ).
∂z
3. For each μ > 0 and each b > 0, p(z, μ) = b has a unique solution.
Proof. See the proof of Proposition 1 of [6].
Here are some examples of probability density functions satisfying assumptions (A1)–(A3) and their associated approximations of the plus map.
Example 5.1. Neural network smoothing map [7].
z

pNN (z, μ) = z + μ log(1 + e− μ ),
where d(t) = e−t /(1 + e−t )2 .
Example 5.2 (CHKS map [4], [29], [54]).

pCHKS (z, μ) = (z + z 2 + 4μ2 )/2,
3

where d(t) = 2/(t2 + 4) 2 .
For each μ > 0, the preceding proposition implies that z → p(z, μ) is a bijection between R and R++ . Moreover, by the inverse function theorem, its inverse
∂
map μ : R++ → R is continuously diﬀerentiable with μ (x) = ( ∂z
p(μ (x), μ))−1
∂
since ∂z p(z, μ) = 0 for all z. Furthermore, μ is strictly increasing and satisﬁes
limx→0 μ (x) = −∞, and  : (x, μ) → μ (x) is positively homogeneous of degree one.
Deﬁne the function
 x
f : R++ → R : x →
1 (t) − t dt,
1

so that for (x, μ) ∈ int(K) × R++ ,
(x, μ) = μ(x/μ, 1) = μ1 (x/μ) = x + μf  (x/μ).
Then f is a twice-diﬀerentiable barrier for R++ with second derivative  (t) − 1 =
∂
p((x), 1))−1 − 1 > 0. Hence p is the smoothing approximation derived from the
( ∂z
barrier f .
We now turn our attention to the setting where K is the symmetric cone associated with a Euclidean Jordan algebra J of rank r. The Euclidean projector is the
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Löwner operator
ProjK : z ∈ J →

r


λi (z)+ ci ,

i=1

r
where i=1 λi (z)ci = z is a spectral decomposition; see, e.g., [56]. The smoothing
approximation p then extends to the smoothing approximation
pJ : (z, μ) ∈ J × R++ →

r


p(λi (z), μ)ci

i=1

of ProjK . By deﬁning the barrier
fJ : z ∈ int(K) →

r


f (λi (z)),

i=1

we see that pJ is the smoothing approximation derived from the barrier fJ . Thus,
when the smoothing proximal point algorithm (SPPA), Algorithm 4.1, is applied to
solve NCPK (F ) for nonlinear monotone maps F : J → J, we may deduce convergence
when
sup
x∈int(K)

∇fJ (x) − ∇2 fJ (x)x, (∇2 fJ (x))−1 ∇fJ (x) − x < ∞.

We now check that this inequality holds under the following additional assumption.
(A4) limx→∞ x3 d(x) < ∞ exists.
Remark 5.1. Both the neural network smoothing map and the CHKS map satisfy
the above assumption; see, e.g., [6].
Proposition 5.2. Under assumptions (A1), (A2), (A3), and (A4),
sup
x∈int(K)

∇fJ (x) − ∇2 fJ (x)x, (∇2 fJ (x))−1 ∇fJ (x) − x < ∞.

Proof. The map (x, μ) ∈ int(K) × R++ → (x + μ∇fJ (x/μ), μ) is the inverse map
of (z, μ) ∈ J × R++ → (pJ (z, μ), μ). Thus its Jacobian is


I + ∇2 fJ (x/μ) ∇fJ (x/μ) − μ1 ∇2 fJ (x/μ)x
0
1

−1
Jz pJ (z, μ) Jμ pJ (z, μ)
=
0
1


−1
(Jz pJ (z, μ))
−(Jz pJ (z, μ))−1 Jμ pJ (z, μ)
=
,
0
1
where z = x + μ∇fJ (x/μ). Since
Jμ pJ (z, 1) =

r

∂
p(λi (z), 1)ci
∂μ
i=1

and
Jz pJ (z, 1) : v ∈ J →

r

i=1

[λi (z), λi (z)]p(·,1) vi ci +



[λi (z), λj (z)]p(·,1) vij ,

1≤i<j≤r
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r
where i=1 λi (z)ci = z is a spectral decomposition,
Peirce decomposition, and [α, β]p(·,1) denotes the ﬁrst

∂
p(α, 1)
if
[α, β]p(·,1) = ∂z
p(α,1)−p(β,1)
if
α−β

r


+ 1≤i<j≤r vij is a
divided diﬀerence
i=1 vi ci

α = β,
α = β,

this means
∇fJ (x) − ∇2 fJ (x)x = −(Jz pJ (z, 1))−1 Jμ pJ (z, 1) = −

∂
∂μ p(λi (z), 1)
ci
∂
p(λi (z), 1)
i=1 ∂z

r


and
(∇2 fJ (x))−1 ∇fJ (x) − x(∇2 fJ (x))−1 (∇fJ (x) − ∇2 fJ (x)x)
= −((Jz pJ (z, 1))−1 − I)−1 (Jz pJ (z, 1))−1 Jμ pJ (z, 1)
= −(I − Jz pJ (z, 1))−1 Jμ pJ (z, 1)
=−

r

i=1

1

∂
∂μ p(λi (z), 1)
ci .
∂
− ∂z
p(λi (z), 1)

Thus it suﬃces to show that
sup
z∈R

∂
( ∂μ
p(z, 1))2

(1 −

∂
∂
∂z p(z, 1)) ∂z p(z, 1)

< ∞.

By diﬀerentiating the last expression of p(z, μ) in (14) with respect to μ, we deduce
that
 μz
∂
p(z, μ) =
td(t) dt.
∂μ
−∞
Moreover, noting that
∂
∂μ p(·, μ)

lim

z→∞

 z/μ
−z/μ

td(t) dt = 0 under assumption (A1), we conclude that

is even. Under assumption (A4), we have
∂
( ∂μ
p(z, 1))2

(1 −

∂
∂
∂z p(z, 1)) ∂z p(z, 1)

∂
( ∂μ
p(z, 1))2

= lim

z→∞ ∂ p(−z, 1) ∂ p(z, 1)
∂z
∂z

2
z

td(t) dt
z
d(t) dt −∞ d(t) dt
−∞

= lim  −z
z→∞

−∞

z
2zd(z) −∞ td(t) dt
1
× lim
= lim  z
z→∞
−d(−z)
d(t) dt z→∞
−∞
z
td(t) dt
= lim 2z 3 d(z) < ∞.
= −2 lim −∞
z→∞
z→∞
1/z
(

∂

p(z,1))2

is even and continuous in
This establishes the proposition since (1− ∂ ∂μ
∂
∂z p(z,1)) ∂z p(z,1)
z.
Corollary 5.1. If F : J → J is monotone, NCPK (F ) has at least one solution,
the density function d satisﬁes assumptions (A1), (A2), (A3), and (A4), in Algo-
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rithm 4.1, we use the smoothing approximation deﬁned by (13), the sequences {c−1
k },
{γk }, and {ck γk } are bounded, and the inﬁnite sequence {(zk , μk )} generated satisﬁes
∞


ck ϕk (zk+1 ) < ∞,

k=0

then the sequence {xk := p(zk , μk )} converges to a solution of NCPK (F ).
6. Numerical experiments. In this section, we report results of preliminary
numerical experiments on SDPs from SDPLIB.4 We compare our SPPA with the
SDPNAL proposed by Zhao, Sun, and Toh [67].
6.1. Problem description. Let Sn denote the vector space of
n-by-n real symmetric matrices, equipped with the trace inner product X, Y  := ni,j=1 Xij Yij , and
let Sn+ denote the cone of positive semideﬁnite matrices, which is self-dual under the
trace inner product. We use the notation X  0 to mean X ∈ Sn+ . The primal
semideﬁnite program is
min{C, X : A(X) = b, X  0},
n

where A : S → R

m

is linear, b ∈ Rm , and C ∈ Sn . Its dual problem is
max{bT y : A∗ (y) + S = C, S  0},

where A∗ denotes the adjoint operator of A. When strong duality holds, all primal
and dual optimal solutions X ∗ and (y ∗ , S ∗ ) satisfy
X ∗  0,

S ∗  0,

A(X ∗ ) = b,

A∗ (y ∗ ) + S ∗ = C,

X ∗ , S ∗  = 0.

These conditions are, of course, suﬃcient for optimality in general. These conditions
are equivalent to the complementarity problem NCPK (F ), where K is the closed
convex cone Sn+ × Rm and F is the aﬃne operator
(X, y) ∈ Sn × Rm → (−A∗ (y) + C, A(X) − b).
6.2. Numerical algorithm. In our numerical experiments, we use SPPA to
solve the above complementarity problem, in which we employ the CHKS smoothing
approximation (5.2) for the cone Sn+ and the identity map as the smoothing approximation of the space Rm , i.e., we use the smoothing approximation
p : (Z, y, μ) → (pZ (Z, μ), y),

where pZ (Z, μ) = (Z + Z 2 + 4μ2 I)/2 is the smoothing approximation derived from
the log-determinant barrier of Sn+ . We remark that its Jacobian is
T

T

JpZ (Z, μ) : VZ → Q(Θ ◦ (Q VZ Q))Q =
n

n


Θij (qiT VW qj )qi qjT ,

i,j=1

T
where Z = QΛQT =
i=1 λi qi qi is a diagonalization, ◦ is the Hadamard (i.e.,
entrywise) product, and Θ is the matrix of ﬁrst divided diﬀerences, i.e.,


λi + λj
1

1+ 
∈ (0, 1).
Θij := [λi , λj ]pCHKS (·,μ) =
2
λ2i + 4μ2 + λ2j + 4μ2
4 See

http://euler.nmt.edu/˜brian/sdplib/sdplib.html.
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At each iteration, when estimating the zero of
(Z, y) + c−1
ϕk : (Z, y) → Fμnor
k (p(Z, y, μk+1 ) − p(Zk , yk , μk ))
k+1


∗
−A (y) + C + Z − pZ (Z, μk+1 ) + c−1
(pZ (Z, μk+1 ) − pZ (Zk , μk ))
k
=
A(pZ (Z, μk+1 )) − b + c−1
k (y − yk )
we ﬁrst employ a change of variable
√
√
W = pZ (Z, μk+1 )/ ck + ck (Z − pZ (Z, μk+1 ))

−1
√
√
pZ (Z, μk+1 )
= pZ (Z, μk+1 )/ ck − ck μk+1
μk+1

√ −1
√
pZ (Z, μk+1 )/ ck
= pZ (Z, μk+1 )/ ck − μk+1
μk+1
√
√
so that pZ (W, μk+1 ) = pZ (Z, μk+1 )/ ck and W −pZ (W, μk+1 ) = ck (Z−pZ (Z, μk+1 )).
This reduces the equation ϕk (Z, y) = 0 to

  
√
pZ (Zk , μk )
−A∗ (y) + C + W/ ck − c−1
0
k
√
=
,
0
ck A(pZ (W, μk+1 )) − b + c−1
(y
−
y
)
k
k
from which we further reduce to the Schur-complement equation
√
√
ck A(pZ ( ck A∗ (y) − Ck , μk+1 )) − b + c−1
k (y − yk ) = 0
√
√
by substituting W = ck A∗ (y) − Ck with Ck = ck (C − c−1
k pZ (Zk , μk )) from the
ﬁrst component into the second component. Since pZ (·, μ) is the gradient map of the
convex function


Z 2 + Z Z 2 + 4μ2
+ μ2 log(Z + Z 2 + 4μ2 ),
qμ : Z →
4
solving the Schur-complement equation is equivalent to minimizing the strongly convex function
(15)

√
1
y − yk 2 .
θk : y → Aqμk+1 ( ck A∗ (y) − Ck ) − bT y +
2ck

We use Newton’s method with line search for strong Wolfe conditions to minimize
this strongly convex function. The Newton step is inexactly computed with the preconditioned conjugate gradient (PCG) function pcg of MATLAB to predetermined
relative and absolute accuracies.
The details of the algorithm are presented below.
Algorithm 6.1 (numerical SPPA).
Initialization.
• Choose positive sequences {ck }, {γk },and {εk } such that {1/ck }, {γk }, and
∞
{ck γk } are bounded from above, and k=0 εk < ∞.
• Set accuracy parameters εinfeas > 0, ηrel > 0, and ηabs > 0, and line search
parameters σ1 , σ2 ∈ (0, 1).
• Choose initial values μ0 ∈ R++ and (Z0 , y0 ) ∈ Sn × Rm , and set iteration
counter k = 0.
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Main iteration. Repeat the following steps until


AXk − b A∗ yk + Sk − C
max
,
≤ εinfeas ,
1 + b
1 + C
where Xk := ProjSn+ (Zk ) and Sk := ProjSn+ (Zk ) − Zk = ProjSn+ (−Zk ).

γk
Step 1. Set μk+1 = 1+γ
μk and (Z̃, ỹ) = (Zk , yk ).
k
Step 2. Subiteration. Repeat the following steps until ϕk (Z̃, ỹ) ≤ c−1
k εk .
(a) Determine a search direction vy that satisﬁes

∇2 θk (ỹ)vy + ∇θk (ỹ) ≤ min{ηabs , ηrel ∇θk (ỹ)},
where θk is deﬁned in (15).
(b) Find α ∈ [0, 1] such that the following strong Wolfe conditions hold:
θk (ỹ + αvy ) ≤ θk (ỹ) + σ1 α∇θk (ỹ)T vy ;
|θk (ỹ + αvy )T vy | ≤ σ2 |θk (ỹ)T vy |.
(c) Update ỹ ← ỹ + αvy .
√
√
Step 3. Compute W̃ = ck A∗ (ỹ) − ck (C − c−1
k pZ (Zk , μk )) and
Z̃ =

√
√
ck pZ (W̃ , μk+1 ) + (W̃ − pZ (W̃ , μk+1 )) ck .

Step 4. Set (Zk+1 , yk+1 ) = (Z̃, ỹ) and update k ← k + 1.
In our numerical tests, we
• set an upper bound of 40 subiterations per main iteration, and an upper
bound of 400 total subiterations;
• set an upper bound of 200 iterations, a relative accuracy of ηrel = 10−2 , and
an absolute accuracy of ηabs = 10−3 in every call to the pcg function;
• use the sequences {γk = 0.5} and {εk = c0 k −1.5 };
• adaptively update ck to min{2ck−1 , 108 } if ϕk (Zk , yk ) < c−1
k−1 , but keep
ck = ck−1 otherwise, where we take c−1 = 1;
• set the accuracy parameter εinfeas = 10−6 ;
• use the line search parameters σ1 = 10−4 and σ2 = 0.1; and
• start from the initial values μ0 = 1 and (X0 , y0 ) = (0, 0).
Remark 6.1. The adaptive choice of ck is to follow the decrease of ϕk (Zk , yk ).
Remark 6.2. When computing ∇2 θk (ỹ)vy in each PCG step, we need to evaluate
JpZ (W̃ , μk+1 )VW = Q(Θ ◦ (QT VW Q))QT
n
n


=
Θij (qiT VW qj )qi qjT = VW −
(1 − Θij )(qiT VW qj )qi qjT ,
i,j=1

i,j=1

n
√
where VW = ck A∗ (vy ) − Ck and W̃ = QΛQT = i=1 λi qi qiT is a diagonalization.
We follow the technique in [67] to reduce computational cost by dropping the (i, j)th
term when Θij ≈ 0. Alternatively, we can use the second sum and drop those (i, j)th
terms with Θij ≈ 1, if this gives more computational savings.
6.3. Tests results. We tested the SPPA and SDPNAL on the SDP relaxations
of graph partition problems and max-cut problems, and the computation of Lovász

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Downloaded 08/15/13 to 155.69.4.4. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

764

CHEK BENG CHUA AND ZHEN LI

Table 6.1
Graph partitioning problems. For gpp250-1, SDPNAL stops after 26 iterations as it detects
a lack of progress in the relative primal infeasibility. For gpp500-1, SDPNAL stops as the dual
infeasibility is less than 8 × 10−7 .
Name of
problem
gpp100
gpp124-1
gpp124-2
gpp124-3
gpp124-4
gpp250-1
gpp250-2
gpp250-3
gpp250-4
gpp500-1
gpp500-2
gpp500-3
gpp500-4
equalG11
equalG51

Iter
m|n
M|Sub
101|100
16|44
125|124
17|58
125|124
14|44
125|124
14|40
125|124
16|43
251|250
15|49
251|250
14|45
251|250
14|44
251|250
13|40
501|500
15|56
501|500
13|47
501|500
13|45
501|500
12|41
801|801
21|66
1001|1001 20|65

SPPA
Relative infeas.
Primal
Dual
8.7e−07 9.7e−10
8.0e−07 4.3e−09
9.4e−07 2.5e−07
4.3e−07 3.0e−07
8.9e−07 6.8e−10
2.2e−07 9.6e−07
2.8e−07 3.6e−07
2.2e−07 1.4e−07
8.7e−07 8.3e−07
1.2e−08 1.6e−07
6.1e−07 4.2e−07
1.1e−07 2.4e−08
6.0e−07 1.0e−07
7.7e−07 7.5e−07
5.7e−07 4.5e−07

Relative
gap
4.0e−07
8.0e−07
5.1e−07
3.8e−07
3.5e−07
1.8e−06
4.3e−07
1.3e−07
5.8e−07
1.4e−07
1.5e−07
3.7e−09
1.2e−08
5.6e−06
2.9e−06

Time
(m:s)
2.0
3.4
1.8
1.7
2.1
10.0
7.4
6.9
5.6
57.9
41.0
35.4
31.4
2:35.2
3:51.7

Iter
M|Sub
25|94
25|237
22|100
25|85
25|90
26|299
24|159
25|84
24|84
22|394
22|234
21|98
19|73
29|103
26|149

SDPNAL
Relative infeas. Relative
Primal
Dual
gap
1.3e−07 6.0e−07 −2.1e−06
3.6e−07 5.8e−07 −1.3e−05
5.6e−07 4.5e−07 −2.8e−06
7.3e−07 1.0e−06 −2.2e−06
8.0e−07 5.1e−07 −1.9e−06
6.8e−07 4.0e−07 −1.5e−05
5.3e−07 7.7e−07 −4.3e−06
5.2e−07 5.9e−07 −1.9e−06
4.7e−07 4.9e−07 −1.7e−06
2.0e−06 1.1e−06 −3.6e−05
2.0e−07 7.8e−07 −7.0e−06
1.7e−07 7.2e−07 −2.7e−06
1.1e−07 7.5e−07 −2.2e−06
2.1e−07 6.5e−07 −1.0e−04
9.4e−07 7.5e−07 −2.1e−05

Time
(m:s)
5.2
10.2
4.0
3.5
3.9
33.4
15.3
8.2
7.9
3:41.7
1:43.9
42.2
29.8
2:18.8
5:09.7

theta functions via SDP formulation. The problem instances are drawn from SDPLIB.5
We execute the MATLAB implementations of the algorithms in MATLAB version
7.13.0.564 on a machine with Intel Q6600 CPU at 2.40 GHz, with 3G B of RAM, and
running Windows 7 Enterprise (64-bit). The code for SDPNAL is obtained from the
authors’ website.6
It should be noted that preprocessing in the implementation of SDPNAL scales
the inputs A, b, and C and generates initial primal-dual iterates. For a fairer comparison, we run our code on the same scaled inputs produced by the preprocessing in
the SDPNAL code.
The results of the numerical tests are shown in Tables 6.1, 6.2, and 6.3, respectively. The column “m|n” gives the number of equality constraints and the order of the
matrices involved. The column “M|Sub” gives the number of main and subiterations.
The two columns under “Relative infeas.” give, respectively, the values
AXk − b
1 + b

and

A∗ yk + Sk − C
1 + C

in the ﬁnal iteration, and the column “Relative gap” gives the value
|C, Xk  − bT yk |
1 + |C, Xk | + |bT yk |
in the ﬁnal iteration. It can be observed from the tables that the SPPA is comparable
with SDPNAL.
7. Conclusion. A new barrier-based method of constructing smoothing approximations of Euclidean projectors onto closed convex cones is introduced. With these
smoothing approximations, we propose a SPPA to solve monotone nonlinear complementarity problems over closed convex cones via their normal map equations.
The combination of smoothing approximations and proximal terms allow for the
stable application of inexact global Newton’s methods. We demonstrate a suﬃcient
5 See
6 See

http://euler.nmt.edu/˜brian/sdplib/sdplib.html.
http://www.math.nus.edu.sg/˜mattohkc/SDPNAL.html.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

BARRIER-BASED SMOOTHING PPA FOR NCPs

765

Downloaded 08/15/13 to 155.69.4.4. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

Table 6.2
Max-cut problems.
Name of
problem
mcp100
mcp124-1
mcp124-2
mcp124-3
mcp124-4
mcp250-1
mcp250-2
mcp250-3
mcp250-4
mcp500-1
mcp500-2
mcp500-3
mcp500-4
maxG11
maxG51
maxG32

Iter
m|n
M|Sub
100|100
13|33
124|124
15|42
124|124
13|34
124|124
12|31
124|124
12|30
250|250
15|45
250|250
14|37
250|250
14|41
250|250
13|40
500|500
16|50
500|500
15|46
500|500
14|43
500|500
14|41
800|800
20|62
1000|1000 16|51
2000|2000 21|67

SPPA
Relative infeas.
Primal
Dual
1.1e−07 1.6e−07
4.1e−08 8.4e−07
3.1e−07 2.6e−07
7.1e−07 6.8e−07
1.9e−07 1.7e−07
2.7e−08 7.9e−07
4.0e−07 3.3e−07
1.3e−07 6.2e−08
2.3e−08 8.5e−07
2.0e−08 6.1e−07
4.4e−08 3.9e−07
3.3e−08 6.1e−07
4.6e−07 2.4e−07
7.9e−07 9.6e−07
1.1e−08 1.7e−07
2.0e−08 6.7e−07

Relative Time
gap
(m:s)
6.6e−08
1.4
3.1e−07
2.4
1.1e−07
1.8
2.4e−07
1.6
5.5e−08
1.6
6.1e−07
8.9
2.0e−07
6.4
2.8e−08
6.3
3.5e−07
6.3
7.4e−07
57.1
3.9e−07
42.8
4.3e−07
30.8
1.7e−07
29.8
2.6e−06 3:50.4
1.2e−07 3:36.1
2.2e−06 37:51.8

Iter
M|Sub
22|48
23|65
21|51
21|52
21|45
25|69
23|63
24|57
24|58
27|77
24|66
24|58
23|55
30|105
23|70
31|110

SDPNAL
Relative infeas. Relative Time
Primal
Dual
gap
(m:s)
1.2e−07 4.9e−07 −4.1e−07
1.4
7.7e−07 5.5e−07 −3.7e−07
2.3
1.0e−07 7.4e−07 −4.5e−07
1.8
7.1e−07 7.1e−07 −3.8e−07
1.7
8.4e−07 6.8e−07 −7.1e−07
1.7
8.1e−07 7.9e−07 −9.6e−07
5.3
1.7e−07 5.3e−07 −5.6e−07
4.4
2.6e−07 6.7e−07 −5.7e−07
4.4
2.7e−07 6.7e−07 −7.2e−07
4.3
1.1e−07 6.2e−07 −1.2e−06
28.5
2.9e−07 7.0e−07 −1.3e−06
19.0
1.6e−07 9.4e−07 −1.4e−06
16.3
2.8e−07 7.4e−07 −1.3e−06
15.8
2.5e−07 8.0e−07 −3.9e−06 2:13.2
3.1e−07 8.7e−07 −2.6e−06 1:29.9
2.2e−07 5.3e−07 −3.8e−06 19:45.0

Table 6.3
Lovász theta function. Both algorithms have diﬃculties solving thetaG51 to the desired accuracy. SDPNAL stops as the dual infeasibility is less than 8 × 10−7 ; SPPA reaches its maximal
number of total iterations.
Name of
problem
theta1
theta2
theta3
theta4
theta5
theta6
thetaG11
thetaG51

Iter
m|n
M|Sub
104|50
14|43
498|100
17|77
1106|150 17|66
1949|200 17|84
3028|250 17|74
4375|300 18|101
2401|801 33|193
6910|1001 58|400

SPPA
Relative infeas.
Primal
Dual
1.7e−07 6.4e−09
4.7e−07 4.0e−09
9.1e−07 4.3e−09
7.9e−07 8.9e−09
9.8e−07 1.1e−08
3.2e−07 3.5e−09
7.1e−08 3.9e−14
8.5e−02 1.2e−04

Relative Time
gap
(m:s)
1.0e−07
1.4
6.3e−08
9.2
2.1e−07
10.6
4.4e−07
24.3
2.4e−07
38.9
1.2e−07 1:25.5
1.5e−08 11:23.7
9.9e−01 90:41.8

Iter
M|Sub
9|24
22|26
21|23
20|24
20|23
21|29
31|162
36|493

SDPNAL
Relative infeas. Relative Time
Primal
Dual
gap
(m:s)
3.0e−07 2.7e−07 6.8e−08
0.5
1.5e−07 6.4e−07 −1.9e−07
1.3
5.7e−08 5.6e−07 −6.7e−08
1.9
1.1e−07 9.0e−07 −2.0e−07
2.4
5.1e−08 4.8e−07 −1.1e−07
3.4
3.7e−08 5.0e−07 −1.1e−07
4.6
2.5e−07 1.9e−12 1.0e−07 3:32.8
3.3e−03 7.0e−07 1.9e−03 51:36.6

condition for the convergence of the algorithm when the nonlinear complementarity
problem has a solution. This suﬃcient condition is a condition on the barrier used in
the construction of the smoothing approximation and is satisﬁed by all logarithmically
homogeneous barriers. Thus our method and its convergence analysis applies to all
monotone nonlinear complementarity problems over closed convex cones.
Preliminary numerical tests show that in practice, our method is comparable with
the Newton-CG augmented Lagrangian algorithm when it comes to solving semideﬁnite programs.
Appendix A. Proof of Theorem 2.3. For simplicity of notation, we drop the
subscripts in ·, ·H and ·H .
Proposition A.1 (Proposition 1 of [51]). If T : H ⇒ H is a maximal monotone
operator and P = (I + T )−1 is the proximal mapping for T , then for Q = I − P and
all x, x ∈ E,
1. Q(x) ∈ T (P (x)),
2. P (x) − P (x ), Q(x) − Q(x ) ≥ 0,
3. P (x) − P (x )2 + Q(x) − Q(x )2 ≤ x − x 2 .
Proposition A.2 (cf. Proposition 3 of [51]). For any maximal monotone operator T : H ⇒ H, any bijective linear map C : H → H, and any map R : H → H, if
CT R−1 is maximal monotone and P = (I + CT R−1 )−1 is the proximal mapping for
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R(x ) − P (R(x)) ≤ min{Cw : w ∈ T (x ) + C −1 (R(x ) − R(x))}.
Proof. For any w ∈ T (x ) + C −1 (R(x ) − R(x)), we have Cw + R(x) ∈ (I +
CT R−1 )(R(x )), and hence R(x ) = P (Cw + R(x)). Therefore
R(x ) − P (R(x)) = P (Cw + R(x)) − P (R(x)) ≤ Cw
by Theorem 2.2.
Proof of Theorem 2.3. Pick an arbitrary zero x∗ of T . For each k, let Pk denote
the proximal mapping (I + Ck T R−1)−1 for Ck T R−1 , and let Qk denote I − Pk . The
image R(x∗ ) is a ﬁxed point of Pk for each k.
Denoting by εk each term Ck T (xk+1 ) + R(xk+1 ) − R(xk ) in (4), we deduce
from Theorem 2.2 that for each k,
R(xk+1 ) − R(x∗ )
≤ R(xk+1 ) − Pk (R(xk )) + Pk (R(xk )) − R(x∗ )
= Pk (Ck T (xk+1 ) + R(xk+1 )) − Pk (R(xk )) + Pk (R(xk )) − Pk (R(x∗ ))
≤ Ck T (xk+1 ) + R(xk+1 ) − R(xk ) + R(xk ) − R(x∗ )
= εk + R(xk ) − R(x∗ );
and subsequently for each l < k, R(xk+1 ) − R(x∗ ) − R(xl ) − R(x∗ ) ≤
This proves that
lim R(xk ) − R(x∗ ) =

k→∞

k

i=l εi .

inf R(xk ) − R(x∗ ),

k=0,1,...

and thus {R(xk )} is bounded and has a weak limit point. It remains to show that
every weak limit point of {R(xk )} is a zero of T and that the sequence has at most
one weak limit point.
Pick an arbitrary weak limit point z∞ of this sequence. Since, by Proposition A.2,
0 ≤ R(xk+1 ) − Pk (R(xk )) ≤ εk → 0, we have limk→∞ R(xk+1 ) − Pk (R(xk )) = 0,
whence z∞ is a weak limit point of {Pk (R(xk ))}. By Proposition A.1, C1 Ck−1 Qk (R(xk ))
∈ C1 T R−1 (Pk (R(xk ))) for each k. Hence by the monotonicity of C1 T R−1 , we deduce
that for any (z, z̃) ∈ G(C1 T R−1 ) and any k,
z − Pk (R(xk )), z̃ − C1 Ck−1 Qk (R(xk )) ≥ 0.

(16)

Since for each k, R(x∗ ) is a ﬁxed point of Pk and hence a zero of Qk , we deduce from
Proposition A.1 that
Pk (R(xk )) − R(x∗ )2 + Qk (R(xk ))2
= Pk (R(xk )) − Pk (R(x∗ ))2 + Qk (R(xk )) − Qk (R(x∗ ))2
≤ R(xk ) − R(x∗ )2 ;
and subsequently
R(xk+1 ) − R(x∗ )2 + Qk (R(xk ))2 − R(xk ) − R(x∗ )2
≤ R(xk+1 ) − R(x∗ )2 − Pk (R(xk )) − R(x∗ )2
= R(xk+1 ) − Pk (R(xk )), R(xk+1 ) − R(x∗ ) + Pk (R(xk )) − R(x∗ )
≤ R(xk+1 ) − Pk (R(xk )) (R(xk+1 ) − R(x∗ ) + Pk (R(xk )) − Pk (R(x∗ )))
≤ R(xk+1 ) − Pk (R(xk )) (R(xk+1 ) − R(x∗ ) + R(xk ) − R(x∗ ))
≤ εk (R(xk+1 ) − R(x∗ ) + R(xk ) − R(x∗ )) .
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In the limit, we see that Qk (R(xk )) → 0 strongly, whence Ck−1 Qk (R(xk )) → 0 strongly
as {Ck−1 } is assumed to be bounded. Thus, taking limit on a suitable subsequence
of (16) gives z − z∞ , z̃ ≥ 0. Since (z, z̃) ∈ G(C1 T R−1 ) is arbitrary, the maximal
monotonicity of C1 T R−1 implies that 0 ∈ C1 T R−1 (z∞ ). Hence, z∞ is a zero of T R−1 .
Finally, using the same argument as in the proof of Theorem 1 of [51], we conclude
that {R(xk )} has a unique weak limit point.
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