This document is downloaded from DR-NTU, Nanyang Technological
University Library, Singapore.

Title

Author(s)

Citation

Modeling tendon-sheath mechanism with flexible
configurations for robot control

Wang, Zheng; Sun, Zhenglong; Phee, Soo Jay
Wang, Z., Sun, Z., & Phee, S. J. (2013). Modeling tendon
-sheath mechanism with flexible configurations for robot
control. Robotica, 31(7), 1131-1142.

Date

2013

URL

http://hdl.handle.net/10220/18669

Rights

© 2013 Cambridge University Press. This paper was
published in Robotica and is made available as an
electronic reprint (preprint) with permission of Cambridge
University Press. The paper can be found at the following
official DOI:
[http://dx.doi.org/10.1017/S0263574713000386]. One
print or electronic copy may be made for personal use
only. Systematic or multiple reproduction, distribution to
multiple locations via electronic or other means,
duplication of any material in this paper for a fee or for
commercial purposes, or modification of the content of
the paper is prohibited and is subject to penalties under
law.

Robotica (2013) volume 31, pp. 1131–1142. © Cambridge University Press 2013
doi:10.1017/S0263574713000386

Modeling tendon-sheath mechanism with flexible configurations
for robot control
Zheng Wang†, Zhenglong Sun‡∗ and Soo Jay Phee‡
†Wyss Institute for Biologically Inspired Engineering, Harvard University, Cambridge, MA, USA
‡School of Mechanical and Aerospace Engineering, Nanyang Technological University, Singapore
(Accepted April 11, 2013. First published online: May 14, 2013)

SUMMARY
Surgical and search/rescue robots often work in environments
with very strict spatial constraints. The tendon-sheath
mechanism is a promising candidate for driving such
systems, allowing power sources and actuation motors
placed outside to transmit force and energy to the robot at
the distal end through the constrained environment. Having
both compactness and high force capability makes it very
attractive for manipulation devices. On the other hand,
the friction attenuation of tendon tension is nonlinear and
configuration-dependent due to tendon/sheath interactions
throughout the transmission path. This is a major obstacle for
the tendon-sheath mechanism to be widely adopted. Here, we
focus on the friction analysis for flexible and time-varying
tendon-sheath configurations: the most challenging but yet
commonly encountered case for real-world applications.
Existing results on fixed-path configurations are reviewed,
revisited, and extended to flexible and time-varying cases.
The effect of tendon length to friction attenuation is modeled.
While focusing on tension transmission, tendon elongation
is also discussed with the length effect applied. In the end,
two-dimensional results are extended to three-dimensional
tendon-sheath configurations. All propositions and theorems
are validated on a dedicated experimental platform.
KEYWORDS: Control of robotic systems; Force control;
Surgical robots; Haptic interfaces; Teleoperation.

1. Introduction
Robots are often designed to work in highly spaceconstrained environments difficult or inaccessible for human
beings. For instance, the gaps of a rescue site,1 the
interconnected pipes of a sewer system,2 or the winding
tunnels of a human body.3, 4 An ideal solution to the
spatial constraint would be self-contained miniature wireless
robots. However, with the restricted size and energy
supply,5 the functionalities of such miniature robots are
primitive. To enable efficacious physical intervention with
the environment, the relatively high mechanical power
required to drive the robot needs to be supplied from outside,
where size is not a constraining factor. This, however,
requires transmitting mechanical power from the outside
actuator to the distal robot manipulator through a long and
* Corresponding author. E-mail: sunz0006@e.ntu.edu.sg
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thin neck (such named to differentiate from the robotic arms
on the distal end of the robot) that can pass along the complex
environment.
Several mechanisms are found viable for such applications.
Cable-pulley mechanism is the simplest in redirecting force
transmission, but a predefined route is required for pulley
installation.6 Continuum/hyper-redundant mechanism is able
to bend to bypass obstacles and transmit the mechanical
power to the distal end.7, 8 However, the actuation of distal
segments often influences the shape of proximal segments,
resulting in low payload if passing through a long and
winding route.9 Another promising solution is the tendonsheath mechanism. Originated from human anatomy, the
tendon-sheath mechanism transmits power by pulling a
tendon surrounded by an outside supporting sheath, where
the tendon is used to pull and control the motion of a joint,
the sheath is used as a cover to encase and protect the tendon,
while guiding the pulling direction. The relative motion
between tendon and sheath allows tension to be transmitted
from the proximal end to the distal end, even through a route
with arbitrary curvatures. The tendon-sheath system (TSS in
short) will be the focus throughout this paper.
Prone to friction loss is a main disadvantage for the TSS.
Since the sheath encircles the tendon throughout the length of
the TSS, friction between the two is configuration-dependent,
hence is nonlinear and affected by the characteristics of
the TSS. In common applications such as rescue/surgical
robotics, placing sensors at the distal end is often not possible
due to strict space limitations.10 It is only possible to place
the position and force sensors at the proximal end near
the actuation before the transmission mechanism. Therefore,
without sensory feedback at the distal end, in the applications
that adopting TSS as actuation, the control performance
would be solely depending on an open-loop controller. Since
the driving source and the robot are at two different ends
of the TSS, by proposing a generic transmission model of
the flexible TSS, we could determine the friction loss on the
transmission route, hence calculate the force at the distal end
by measuring the force at the proximal end.
The TSS as a mechanism has been well studied. Lee
and Tsai11 discussed the kinematic structures of tendondriven robotic arms in order to identify and enumerate
them. Kobayashi et al.12 discussed the controllability of
the TSS with redundant tendon. Focusing on the power
transmission, Kaneko et al.13 introduced a tendon-sheath
model to formulate the force and elongation transmission
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Fig. 1. (Colour online) A small segment of a tendon-sheath system.

characteristics. Palli and Melchiorri,14 Tian and Wang,15
and Chen et al.16 adopted different dynamic friction
models into the tendon-sheath transmission model. Agrawal
et al.17 discussed transmission characteristics of the TSS in a
closed-loop configuration. Existing works focus on power
transmission of the TSS with fixed radius configurations
in a plane. However, the new challenge is the flexibility
requirement posed by the complex environment: in order to
maneuver among a narrow space, the robot with its TSS neck
must be able to change configuration from time to time. In
case of the robotic devices operated by a human operator,
previous studies measuring human haptic behaviors18−20
suggest that the human haptic operation is not deterministic,
hence it is not applicable to predefine the operation routes
and assume the transmission path to be fixed during haptic
operations by human operators. This calls for flexible TSS
of time-varying configurations. There have been pioneering
research works along this direction, Low et al.21 and Phee
et al.22 analyzed the TSS with random curvature combinations, and proposed a remedy to characterize the model
coefficients once the configuration changed.
In this paper, we will discuss in depth the friction problem
of the TSS under flexible time-varying conditions, in twodimensional (2D) planes as well as three-dimensional (3D)
spaces. We will prove theoretically for a concise formula
for 2D, and also prove that it is not applicable to 3D, while
proposing 3D solutions. We also argue that length has a
penalty effect on tension transmission and give estimations.
Elongation is discussed toward the end. All propositions are
validated by experimental results.

2. Transmission Characteristics of TSS
2.1. Problem definition and terminology
Consider a small segment of tendon and sheath in a 2D
plane. The related variables, constants, and their directions
are shown in Fig. 1. Here, T and δ are the tension and the
elongation of the tendon, respectively. ρ is a property of
the tendon defined by the inverse of Young’s modulus E
multiplied by the cross-sectional area A, taken as constant
for a given tendon. ζ is the direction index, where in case
of sliding ζ = sgnξ̇ , ξ being the displacement of the entire
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tendon in the sliding case. σ is the compression force of the
sheath. ν is the normal force applied to the tendon by the
sheath, resulting in the friction force f , with the friction
coefficient μ. r and κ are the radius and the curvature
of the current tendon segment, respectively, with dϕ the
curve angle, and dl the length of the tendon segment. Given
the infinitesimal segment, the tendon and the sheath are
considered to have the same length dl.
From Fig. 1, the basic relations of the variables can be
written as follows:
r = 1/κ, dl = rdϕ, f = νμ, ν ∼
= T dϕ, dT = −f ζ. (1)
Hence, the change of tendon tension on the segment in
study, caused by tendon-sheath friction, can be derived from
the basic equations in Eq. (1) as:
μ
dT
= − T ζ.
dl
r

(2)

Till now, the discussions are about the infinitesimal
segment of the TSS. From Eq. (2), it follows naturally that,
by integrating the tension changes over the entire length of
the tendon, we can obtain the tension transmission at the
distal end of the tendon
 L
μζ
TL = −
T (l) dl + Tin + T0 ,
(3)
0 r(l)
where L is the total length of the tendon, Tin is the tension
applied to the beginning of the tendon, TL is the tension
transmitted to the end of the tendon, and T0 is pretension.
Note here, both T and r are functions of l.
The actual function of r(l) is required to calculate the
transmission function (3) analytically. When the TSS is
flexible, r(l) would be either not known priorly, or not
measurable at all. A remedy has been proposed previously by
Phee et al..22 Phee et al. proposed an approach to precalibrate
the function to access the coefficients of the transmission
function. They argued that for their application, the changes
to the configuration, and hence r(l), would be negligible
after calibration. This approach applies ideally for the TSS
with unknown but fixed-path configurations, for instance, the
robot neck gets fixed once reached the targeted area, while
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only the distal end robotic arms operate. But for generic
and possibly time-varying configurations, it is not feasible to
calibrate the transmission function adaptively. Therefore, a
new approach is needed to address this problem.
Several assumptions regarding the TSS and their working
conditions are listed below, prior to detailed discussion,
followed by necessary remarks.

Although Eq. (4) is short and concise, it is only applicable
for TSS with constant and time-invariant radii. For our
discussion, the consideration differs in two major aspects: (1)
with the sheath always encircling the tendon, length of the
overall TSS may affect transmission characteristics, even in
straight lines; and (2) relaxation of the fixed/constant radius
requirement. We shall address both issues in the remainder
of this section.

Assumption 1. The loss of tension on the tendon is solely
caused by friction between the tendon and the sheath.
Assumption 2. The external load change is sufficiently slow,
such that any tension change can be sufficiently transmitted
along the tendon, and the tendon slides inside the sheath in
one direction.
Assumption 3. Both the tendon and the sheath are uniform,
such that ρ and μ are constant.
Assumption 4. The elongation of the tendon can only be
positive. The sheath does not change in length.
Assumptions 1 and 2 are generally accepted. They have
already been considered in Eqs. (1) and (2). It can be derived
from Assumption 2 that ζ is constant. Assumption 3 is about
the uniformity of the tendon and the sheath. Assumption 4
suggests that δ ≥ 0, since the tendon will get loose instead
of being compressed.
2.2. Transmission in 2D configuration with constant radius
Existing works generally consider applications with
configurations in 2D planes with constant radii.13−16 This is
a valid assumption for certain applications like robotic hand
actuation:23 the TSS either encircles a supporting mechanism
around a turning point with a constant radius, or follows a
straight line between two turning points. Between turning
points, friction is generally ignored in existing studies.
Here, the results of tension transmission and elongation of
the TSS in 2D with constant radius are listed first.
If the curve radius is constant, denoted by R to separate
from the general radius r, it becomes independent of the
tendon length l. Therefore, it can be taken out from the
integral of Eq. (3), resulting in the simple form of tension
transmission

Tl =

Tin e−
T0 ,

μlζ
R

, if l < L1 ,
if l ≥ L1 .

(4)

Here, the term L1 , as introduced by Kaneko et al.,13 stands
for the maximum length along the tendon until where the
input tension can be transmitted. If L1 < L, then the input
tension cannot be efficiently transmitted to the end of the
tendon, such that Tl = T0 for all L1 < l < L.
Similarly to tendon tension, the elongation δ of the tendon
under input tension Tin is as follows:
⎧

ρR
μζ l
⎪
⎪
Tin ζ 1 − e− R − ρT0 l,
if l < L1 ,
⎨
μ
δl =

μζ L1
ρR
⎪
⎪
⎩
Tin ζ 1 − e− R − ρT0 L1 , if l ≥ L1 .
μ
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2.3. The TSS length effect
In existing studies, a generally accepted assumption is that
friction is only caused by bending. Recall Eq. (1), the friction
force f is a sole function of the normal force ν. Hence,
tension loss would only happen at corners; no tension loss
for straight lines of any length. Different from cable/pulley
systems, for the TSS the sheath encircles the tendon even at
straight lines. Depending on the relative diameters of the two,
surface contact could result in tension changes throughout
the entire length of the TSS. Coincide with the common
sense that the longer the transmission, the more significant
the transmission loss, we observed length-related differences
in our pilot experiments. Hence, a proposition is formulated
below, which is further verified by validation experiments
presented later in Section 3.3.
Proposition 1 (Length penalty). The length of the TSS has
an effect on tension transmission that can be approximated
by a linear relationship between length and tension loss as
follows:
dT̃ = −α · dl.

(6)

Here, α is a parameter representing the per-unit-length
tension change due to the nonbending interaction between
tendon and sheath. The minus sign is introduced to make α
a positive value. For the scope of this study, we assume that
α is constant for a given pair of tendon and sheath, such that
the length penalty of each pair is linear and can be calibrated
priorly. Later validation results will support this in Section 3.
2.4. Tension transmission model for flexible TSS in 2D
A length-dependent term was introduced to the friction
force in Proposition 1 to address the effect of length to
tension transmission. In this section, we will discuss tension
transmission for flexible TSS.
The main argumentation of the new model is that, since
for flexible TSS the radius of each segment of the tendon
is a time-varying term that is difficult, if not impossible,
to measure, radius should be removed from the expression
of tendon transformation. Instead, an easier-to-measure
quantity should be used to replace radius, which would make
real-time tendon tension calculation possible for flexible
TSS.
Combining Eqs. (1) and (6),

(5)
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μ
dT = (−f + dT̃ )ζ = − T ζ dl − αζ dl,
r
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hence Eq. (3) is rewritten due to the new dT as


L

TL = −
0

μζ
T (l) dl −
r(l)



L

αζ dl + Tin + T0 ,

(8)

0

and consider Eq. (1), dl = r · dϕ, hence

T =−

μ ζ T (ϕ) dϕ − αLζ + Tin + T0 .

(9)

0

Here, the curve angle is calculated as the sum of all the
convexing curve angles along the TSS


ϕL

=
0

n

|dϕ| =

|

i |,

(10)

i=1

where n denotes the number of convex segments throughout
the length, i is the curve angle of each convex segment.
In the integral form, ϕL denotes the curve angle at length L.
In other words, is the integration of the absolute value of
each infinitesimal curve angle.
The accumulated curve angle
is simply the algebraic
angle difference between the start and the end of the
TSS, if the entire configuration remains convex; but if the
configuration is nonconvex, then is the sum of the absolute
value of the curve angle of each convex segment (see more
discussion on in Section 3).
From Eq. (9), μ and ζ are both independent of ϕ. The
curvature/radius term has been removed from the expression
by changing the integral variable. Then, the integral over ϕ
can be calculated as

Tϕ =

Tin e−μϕ̄ζ − αLζ, if ϕ <

0,

if ϕ ≥

0,

T0 ,

(11)

where 0 , similar with L1 in Eq. (5), is a function of input
tension Tin determined as follows:
0

= min{ϕ | T (ϕ) = T0 }.

(12)

Equations (11) and (12) describe the tension transmission
of the TSS without putting constraints on the curvature/
radius. From Eq. (11), the variable to determine the tension
transmission is solely the accumulated curve angle of the
entire tendon length.
An interesting remark following Eq. (11) is: as long as the
accumulated curve angle does not change, reconfiguration
of the TSS does not affect tension transmission. This
is particularly important for flexible TSS applications:
since only the accumulated curve angle but not the
exact configuration is required to be the same, it allows
for changing the configuration while maintaining the
accumulated curve angle, and tension transmission would
not be affected, hence the TSS can be truly flexible.
Demonstration experiments are carried out to assess this
property in Section 3.

http://journals.cambridge.org

2.5. An elongation model for flexible TSS in 2D
The elongation of TSS is the extended length of the tendon
resulting from the applied tension. It is important to obtain
accurate information of tendon elongation to achieve fine
position control. However, elongation is a highly nonlinear
time-varying function of the input tension. Similar to the
discussion on tension transmission, the existing models in
tendon elongation are also based on the assumption of
constant radius/curvature throughout the TSS. Here, the
discussion is extended to the effect of length and flexible
TSS regarding elongation.
Recall the basic relations in Eq. (1) and the discussion on
elongation in constant radius case in Eq. (5). With pretension
T0 , we have

Downloaded: 17 Jan 2014

dδ(ϕ)
= rρ(T (ϕ) − T0 ) = rρTin e−μϕζ − rραlζ − rρT0 .
dϕ
(13)
Integrate on both sides of Eq. (13), with δ(0)=0, ρ, Tin ,
and T0 constant, we get

δ(ϕ) = ρTin
0

ϕ

re−μζ ϕ dϕ − ραζ

lϕ2
2

− ρT0 lϕ ,

(14)

where ϕ and lϕ are the matching curve angle and curve length
from the starting of the tendon to the current point of study.
Unfortunately, unlike tension transmission, because of the
term r in Eq. (14), which is a time-varying function of ϕ,
the integral cannot be solved analytically unless the exact
function of r(ϕ) is known. Hence, besides adding the length
penalty effect, changing the integration variable from length
l to curve angle ϕ does not make as significant a change
in elongation as in tension transmission: configuration of the
TSS still affects elongation calculation. Application-oriented
remedies could be developed to minimize or eliminate the
effect, such as by Phee et al.’s work,22 but they are beyond
the scope of this paper and are hence not included here.
Combining the discussions on tension transmission and
elongation, we now propose a theorem for the model of
flexible TSS.
Theorem 1 (2D). For a TSS in 2D with terms as defined in
Eq. (1) and input tension of Tin , the tension and elongation
at each point along the TSS are given by Eqs. (11) and (14),
respectively.
Theorem 1 relaxes the constant radius constraint for 2D
TSS, founding a basis for flexible TSS analysis. It also takes
into account the length penalty effect proposed earlier, which
would help addressing the length-related tension losses when
they cannot be neglected. For tension transmission, Theorem
1 allows for total flexibility, as long as the TSS is kept
convex and the accumulated curve angle is maintained;
for elongation, Theorem 1 shows that flexibility will affect
elongation, hence other measures must be considered for
precise position control.
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Fig. 2. (Colour online) A small segment of a tendon-sheath system in 3D.

2.6. Tension transmission model for flexible TSS in 3D
So far the discussion has been limited to 2D configurations,
similar with most of the literature. However, for real-world
applications, it is inevitable to configure the TSS in 3D space.
To the best knowledge of the authors, no studies have been
published on 3D TSS analysis.
For a curve in 3D space, the very first challenge is that the
curvature as defined in 2D is no longer sufficient in describing
the configuration of the curve. Therefore, we need to go back
to the modeling of an infinitesimal segment of the TSS to
start the discussion in 3D.
An illustration of an infinitesimal 3D TSS segment is
shown in Fig. 2. In addition to the terminologies in Fig. 1,
here we introduce the torsion τ and the following relations
for 3D flexible TSS:
dθ = τ · dl.

(15)

The definition of curvature and torsion follows the
convention of the Frenet–Serret system. Since the normal and
binormal vectors are always orthogonal, the normal forces of
both directions are also orthogonal to each other. Moreover,
the resulting friction forces are both along the tangential
vector. Therefore, we can calculate the algebraic summation
of the friction force f is as follows:
f = μν ∼
= μ (T dϕ)2 + (T dθ)2 .

(16)

Therefore, considering Eqs. (15) and (1):
dT ∼
= −T μζ (dϕ)2 + (dθ)2 = −T μζ κ 2 + τ 2 dl. (17)
Note here, κ and τ are constants for constant radius TSS,
and are functions of l for flexible TSS. Take integrations on
both sides of Eq. (17), we get the tension transmission for
flexible TSS in 3D

T˜ =

˜
Tin e−μζ − αlζ, if ˜ <

T0 ,

http://journals.cambridge.org

else,

0,

(18)
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where
˜ =

ϕi2 + θi2 ,

(19)

i

i being each segment of the TSS where κ and τ are constant,
0 as defined in Eq. (12).
In the case of κ and τ both being constant along the TSS,
Eq. (19) shrinks to
˜ =

ϕ2 + θ 2.

(20)

An important remark on Eq. (20) is that it only applies
when both curvature κ and torsion τ are constant. While
being a rather strong condition on the configuration, this
is the only condition under which θ and ϕ can be
calculated analytically without the need of segmentation and
summation. For general configurations of TSS, even when
one of the two variables ϕ and θ is constant, we cannot obtain
a concise formula for Tϕ,θ like for 2D in Eq. (11).
The discussions on 3D TSS are summarized in
Theorem 2.
Theorem 2 (3D). For a TSS in 3D with terms as defined in
Eqs. (1) and (15) and an input tension of Tin , the tension at
each point along the TSS is given by Eqs. (18) and (19) for
general conditions, while Eq. (19) shrinks to Eq. (20) when
both κ and τ are constant.
Theorem 2 suggests that moving from 2D to 3D, the
flexibility of changing the configuration of TSS while
maintaining the accumulated curve angle, and hence the
tension transmission rate, is lost. In 3D TSS, once there is
any change in curvature or torsion, the only formula applies
would be Eq. (18) with the segmentation and summation.
More discussions and validation results will be given in
Section 3.

3. Experimental Validation Results
To validate the proposed models, experiments were
conducted on a dedicated platform. In this section, after
introducing the experimental platform, three experiments
will be discussed. We start with the angle effect: tension
transmission was measured for a same TSS under different
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Fig. 3. (Colour online) The experimental platform with a TSS configuration in 2D. On the left is the illustration; on the right is a photo of
the real experimental platform.

configurations while maintaining the accumulated curve
angle to validate Eq. (11) of Theorem 1. Then, we move
on to the length effect: tension transmission of a series of
TSS with different lengths but the same bending curve angle
was measured to validate Eq. (6) of Proposition 1, as well
as its effects on Theorem 1. Finally, the tension transmission
of a TSS with configuration in 3D was measured to validate
Theorem 2.

inner diameter of 0.6 mm as sheath, both were commercial
products for medical applications made by Asahi Intecc,
Japan. Encoders were used to record the input and output
tendon displacements.
No pretension was applied in the following experiments.
Therefore, we always have T0 = 0, hence

3.1. Experimental setup
In order to apply and measure tension to TSS with high level
of accuracy and repeatability, a motorized TSS platform was
developed. Figure 3 shows the experimental platform. The
input side of the tendon is connected to a DC servomotor.
The output side of the tendon is attached to a spring and
a rotary encoder: the spring ensures that the entire tendon
slides inside the sheath (therefore constant ζ ); the rotary
encoder measures the actual displacement for the output end
of the tendon for calculation of elongation. The tendon passes
through a flexible wound wire coil used as the sheath. Both
ends of the sheath are fixed to the base plates on the same
platform, through two washer-type load cells. Thus, during
force transmission, the sheath is stopped at the ends against
the load cells while the tendon passes through the holes in
the middle of the load cells. Hence, the tension in the tendon
equals the compression force in the sheath, and is therefore
measured by the load cells at both ends. The input and output
tendon directions are made parallel to each other, and the
distance in between the mounting points is adjustable. A
corkboard is used on the platform underneath the sheath,
allowing the TSS configuration to be easily restrained by
inserting pins on the board.
With the aforementioned platform, the accumulated curve
angle could be adjusted by introducing curves or loops along
the sheath. Since the beginning and end segment of the TSS
are parallel to each other, any convex shape of the TSS in
between would have the over curve angle of π. Additionally,
each additional full-circle loop to the configuration increases
the curve angle by 2π. For instance, the configuration in
Fig. 3 has a accumulated curve angle of π + 1 · 2π = 3π.
In the experiments, we used Teflon-coated stainless steel
7×7 wire rope of 0.5 mm in diameter as tendon and
round wire coil with an outer diameter of 0.9 mm and an

Without pretension, any change of the input tension can
reach the output side. However, the actual transmission rate
is still governed by transmission laws to be validated.
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0

= min{ϕ | T (ϕ) = 0} = 0.

(21)

3.2. The angle effect
In Theorem 1, the curve diameter of the TSS was replaced by
the curve angle, as in Eq. (11). We claimed that by making
this change, Theorem 1 can be applied to flexible TSS, such
that as long as the curve angle remains the same, tension
transmission is independent of TSS configuration. To validate
this claim, we designed an experiment as follows: a TSS
of 1 m in length was mounted to the platform introduced
in Section 3.1; the tension transmission rate was measured
when the distance between the two ends of the TSS was
set to d = 63.6 cm; the measurement was repeated with
the configuration of the TSS changed to d = 50 cm and
d = 70 cm. In all experiments, only the two ends of the
sheath were fixed to the platform, the remaining sheath could
move on the platform freely, which resulted in natural convex
bending of the TSS, as shown in Fig. 4. For the d = 50 cm
case, the TSS was constrained from both sides to stop it from
extending wider than d, which would violate the convexity
assumption.
With a TSS length of 1 m, the TSS forms a half circle when
d = 63.6 cm, resulting in a curve angle ϕ = π. Under such
configuration, the tension transmission can be calculated
using Eq. (4), since the radius of TSS is constant.
For the other two configurations, as d increases and
decreases, the TSS no longer forms a perfect half circle.
However, due to the mounting mechanism of the platform,
the beginning and ending of the TSS were always parallel and
perpendicular to the edge of the platform. With the shape of
the TSS always convex, the overall curve angle remains π. It
is no longer practical to measure TSS radius for calculation at
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d = 50 cm
d = 63.6 cm
d = 70 cm

R 2 = 0.989

Tout

T in

Fig. 4. (Colour online) TSS configurations with d set to 50 cm,
63.6 cm, and 70 cm.

Overall curve angle radian

Output force (N)

Fig. 6. Experimental results with TSS length of 1m, ϕ set to π/2, π,
2π, 3π, and 5π. With TSS length unchanged, tension transmission
ratio is an exponential function of the curve angle, with a coefficient
of μ = 0.124.

63.6 cm
70 cm
50 cm

Input force (N)

Fig. 5. (Colour online) Experimental results with d set to 50 cm,
63.6 cm, and 70 cm, with the length 1m. While curve path changes,
by having the same total curve angle, the transmission ratio remains
the same.

each point, therefore Eq. (4) does not apply. However, as long
as we know the accumulated curve angle, Theorem 1 applies.
Moreover, since the curve angle is not changed, all three
experiments should result in the same tension transmission
rate.
In the experiment, the motor pulled the tendon at a slow
rate of 0.5 mm/s. As the input tension Tin increased from 0
to 8 N, the output tension Tout was recorded. The results of
three different TSS configurations are shown in Fig. 5.
In Fig. 5, the three configurations produced almost
identical output tension profiles regardless of the differences
in curve diameter. The test was repeated with very similar
results except sensor noise variations, hence only one trial of
each configuration was shown in the figure.
Next, we verify if Eq. (11) of Theorem 1 catches
the essence of tension transmission: the transmission rate
Tout /Tin was measured for a same TSS with 1m in length but
with curve angles of π/2, π, 2π, 3π, and 5π, respectively.
The measurement was repeated for three times for each
curve angle. We pinned the TSS to the board such that the
accumulated curve angle was kept to the desired value of
each configuration. However, since the sheath was not fixed
to the platform, each time the motor applied tension to the
TSS, the sheath would change configuration slightly due to
tendon/sheath interactions, hence the actual configuration for
each trial would differ slightly even with the same desired
accumulated curve angle.

http://journals.cambridge.org

Downloaded: 17 Jan 2014

According to Eq. (11), the tension transmission rate should
follow an exponential relationship with the curve angle ϕ.
It could be observed in Fig. 6: a very good exponential
relationship (R 2 = 0.989) between the tension transmission
rate and the curve angle. The slight changes in configuration
for each trial resulted in minor differences in the three data
points, since the TSS was not completely pinned to the board.
However, the overall trend for the repeated results validates
Eq. (11) overwhelmingly.
There is an interesting and important side product from the
results in Fig. 6. The friction coefficient μ can be estimated
from the measured data according to Eq. (11), as μ = 0.124.
We will compare between different TSS setups in later
experiments to see how far can the value obtained from one
experiment be generalized.
3.3. The length effect
In Proposition 1 and Eq. (6), we proposed that length has an
effect on tension transmission, which was then recalled in
the main contributions of Theorems 1 and 2. In this section,
we design an experiment to validate this claim, and propose
a method to estimate the length effect coefficient α as in
Theorems 1 and 2.
The TSS with different lengths was tested for tension
transmission. All TSS had a half-circle segment of length
0.3 m in the middle, then completed with two straight lines
of equal length that were mounted to the platform. Seven
different lengths were tested: 0.3 m, 0.5 m, 0.8 m, 1.1 m,
1.4 m, 1.7 m, and 2 m, respectively. For 0.3 m, the TSS
consisted of the half circle only, while for the other lengths the
straight line segments increased in length. The configuration
setup could be referred to the illustration as shown in Fig. 3.
The 2 m configuration had the longest straight-line segments
of L1 = L2 = 0.85 m.
After collecting a series of Tin and Tout measurements for
the TSS of various lengths, there are two ways to obtain α:
(1) if the friction coefficient μ is known, Eq. (11) can be used
to calculate α; and (2) since the measurements of Tin and Tout
are vectors taken over time, it is possible to estimate both μ
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Force error (N)

−0.1

overall length of TSS, with an average error ē defined as
0

0.5

1

1.5
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2.5
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−0.2
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j
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−0.5
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Fig. 7. Results of length effect test with ē plotted against overall
length L of TSS. Each dot represents one test trial. A notable
correlation can be observed between length and ē from the repeated
test results.

and α in a least-square sense. Since we did not know if μ
estimated from one pair of tendon/sheath can be generalized
to another pair and a different piece of tendon/sheath was
used in the length test than the angle test, we used method (2)
to estimate both coefficients in order to assess the variation
of μ between different TSS combinations.
From Eq. (11), we have

Tout = e−μϕζ α





Tin
−Lζ


≡ C · X,

(22)

then a one-step least-square estimation operation was applied
to time sequences of Tout and X to get an estimation Ĉ. With
ϕ = π and ζ = 1, we can get estimations μ̂ and α̂ of the
least-square sense. This procedure was carried out using the
0.3 m length TSS data. As a result, we get
α̂ = 0.188 N/m, μ̂ = 0.097.

(23)

The new estimated μ value differs significantly (21.7%)
from the one obtained from another TSS pair. However,
repeating the test five times using the TSS from a same
batch, the estimation results show little variation (standard
deviation 3.59%). The good repeatability suggests that μ for
the tendon/sheath pair for the 0.3 m TSS is different from
the one used in the angle test; but on the other hand, it can
be generalized to TSS of other lengths, as long as they were
taken from the same pair.
Now recall Eq. (4) for fixed radius TSS. As a result of
the configuration, each TSS with different length has the
same middle segment: a half circle with curve angle of π.
The overall length difference was introduced by the straight
segments only. Therefore, according to Eq. (4), the tension
transmission rate of all TSS with different lengths should be
the same. However, as shown in Fig. 7, the time-averaged
error ē between measured Tout and calculated Tout using Eq.
(4) with μ = 0.097, ϕ = π, and ζ = 1 increases with the
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j
j
Tout − Tin e−μϕζ
N

,

(24)

j

where Tout and Tin are the values of Tout and Tin at time
instance j , respectively.
Moreover, the results in Fig. 7 show a linear correlation
between ē and L. Recall Eq. (11) of Theorem 1. Following
Eq. (11), ej is a linear function of L, with sensor noise
corrupting Tout measurements. With α, L, and ζ being
constant values for each given TSS, we get
ē = −αLζ + w̄,

(25)

where w̄ is sensor noise. Equation (25) fits well with the
experimental results in Fig. 7. In fact, the α value can be
estimated for the obtained data as
ᾱ = 0.219N/m.

(26)

3.4. Elongation
In this experiment, the elongation model (14) proposed in
Theorem 1 is validated. The main difference of Eq. (14),
compared to existing results, is the length effect. Since it
did not allow flexible configuration for the TSS, here the
main focus was placed on the newly proposed length penalty
effect on elongation. In tension transmission experiments, we
observed that TSS length did have a measurable influence
to tension transmission following the propositions. In this
experiment, we validate if this can be extended to elongation
as well.
Prior to the experiment, a characterization test was carried
out first to measure the value of ρ, as introduced in Eq. (14),
for the tendon in use. In the characterization experiment, we
used a motor to apply tension to the tendon attached to it,
and measured the displacement on the tendon as the applied
tension increased. As a result, ρ = 3.16 × 10−4 /N and this
coefficient is considered to be the same for all tendons with
the same material and diameter.
The validation test was then carried out. We measured
elongation together with input and output tensions. The
curve angle was set to π. Five different TSS lengths were
tested: 0.3 m, 0.5 m, 0.8 m, 1.1 m, 1.4 m, 1.7 m, and 2 m,
respectively. With the coefficients estimated in the length
tests, the elongation values were calculated using Eq. (14)
and compared with the measured values.
Two calculations were made for the elongation: one with
length effect, the other without. However, for all different
lengths, there was no significant difference between the two
calculations. The results for the length of 2 m, the longest
possible value for the configuration on the experimental
platform, are shown in Fig. 8. According to Eq. (14), length
effect is larger when the length of TSS is larger; therefore,
length effect should be largest for the 2 m TSS in this
comparison. As shown in Fig. 8, while both calculation
results match with the measured value well, there is hardly
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Fig. 8. (Colour online) Results of elongation test with L = 2 m.
Calculated data fits measured data well. However, length has a
much smaller effect to elongation than to tension transmission.
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10

Measurements of input and output tensions were repeated
for five times on the 3D TSS setup. The experimental results
are shown in Fig. 10. As a comparison, experimental results
of 2D configuration with L = 1 m and an accumulated curve
angle of π are also plotted.
Here, torsion clearly plays a part in tension transmission:
although the accumulated curve angle ϕ for both the 2D
and 3D cases is π, the tension transmission profiles are
significantly different with torsion in place in the 3D case
than in the 2D case. The difference is repeatable: repeated
results clustered well for both 2D and 3D configurations.
Now, the question turns into how to quantify the difference.
Following Theorem 2, the equivalent bending angle is given
as follows, since ϕ = θ:
4

ϕj2 + θj2 =

=

3.5. Tension transmission in 3D
In the end, we validate Theorem 2, where we need to
construct a TSS setup in 3D space. Recall Eqs. (18) and (20),
curvature and torsion angles follow geometrical summation
only when they are equal, although not necessarily constant,
at each point. We constructed a TSS setup as shown in Fig. 9.
The starting and ending points were in the horizontal plane;
curvature κ and torsion τ were equal at each point; no sharp
bends throughout the setup; four segments with ϕ = π/4 and
θ = π/4 each. The overall length of the 3D TSS was 1 m.

8

Fig. 10. (Colour online) Results of 3D TSS test.

Fig. 9. (Colour online) Configuration of 3D TSS setup.

any separation among themselves. It is noted that the same
configuration of 2 m TSS was also tested in the length effect
test, the effect of length on the tension was still notable: the
elongation in the TSS is much less sensitive to the length
effect than the tension.
Such difference should be caused by the multiplication
of ρ. Since ρ is a small value (to an order of 10−4 ), the
differences in elongation caused by the length effect were
insignificant after multiplied by ρ. Recall that the differences
in tension due to length effect as aforementioned were in
10−1 N, which could only cause differences in elongation
in a magnitude of 10−5 m, much smaller compared to the
elongation magnitude of 10−3 m.

6
Tin (N)

√
2π.

(27)

j =1

Equation (27) suggests that the tension transmission of
the 3D configuration should be equivalent
to that of a 2D
√
configuration with bending angle of 2π. To validate this,
simulation results of the 2D TSS
√ with length of 1 m and
accumulated curve angles of π, 2π, and 2π are calculated
based on the 2D data, and plotted in Fig. 10 in dashed lines.
It can be observed that: (1) measured tension transmission
profiles of = π match well with the simulated result of
= π; (2) the measured 3D tension transmission profiles
sit between the lines of = π and = 2π; and (3) the
measured
√profiles of 3D TSS are close to the simulated profile
of = 2π with minor deviations.
The results support our proposed Theorem 2: with
curvature and torsion applied at the same time (ϕ = π,
θ = π), the resulting tension transmission is equivalent to
the 2D configuration with curve angle of the geometry sum
of curvature and torsion angles in 3D. There is a noticeable
deviation between the measured tension transmission
profile
√
of 3D TSS and the simulated profile of = 2π. This could
result from flexible TSS and the minor changes in the TSS
configuration when tension was applied. More discussions
on this are given in Section 4.
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4. Discussion
The main contributions of this work are summarized in
Theorems 1 and 2: the friction model for flexible TSS, the
effect of TSS length, and the TSS model in 3D. In this section,
we will discuss in depth on the models and the validation
experimental results.

4.1. Flexible TSS in 2D
The remedy we proposed to flexible TSS is to use the
accumulated curve angle as the integration variable instead
of tendon length and curve radius. The idea of using angle
instead of tendon length has been mentioned in previous
publications, for example, Chen et al.16 But limited by the
assumption of fixed radius configuration, instead of aiming
at flexible TSS, the angle involved in existing publications
was still a continuation of the fixed radius discussion: the arc
angle φ was used to substitute the ratio of arc length l and
the corresponding radius r as in Eq. (4).
Instead of direct variable substitution, we started the
analysis from an infinitesimal segment of TSS, and finally
proposed a concise and practical way of calculating the
tension transmission rate for flexible TSS in Eq. (11) of
Theorem 1. Based on the core idea that curve angle being
the essential factor for tension transmission, we removed the
radius of TSS R from the existing method. This enables the
TSS to be flexible: as long as the accumulated curve angle is
maintained, and the shape of TSS remains convex (ϕ does not
change sign) in a 2D plane, varying the shape of TSS does
not affect tension transmission. We also introduced the term
accumulated curve angle, as a result of solving the integration
in Eq. (3), exclusively for flexible TSS as defined in Eq. (10).
Validation experiment was carried out as described in Section
3.2, with results showing that changing configuration while
maintaining the accumulated curve angle does not change
the tension transmission rate.
This change extends the application of the friction model
from fixed radius scenarios such as robotic finger actuation
and pulley mechanisms to a much broader horizon: tendondriven mechanisms with complex shapes or even timevarying configurations. Provided that initial calibration is
carried out properly, slight changes in TSS configuration can
be ignored during operation, as long as they do not violate
the two assumptions made above (accumulated angle and
convexity).
For elongation, however, the story is different. As in
Eq. (14), elongation is a function of the curvature along
the tendon, hence affected by the actual TSS configuration.
Comparing with the discussion for tension transmission, we
can get the following:
Remark 1. Given a TSS of a certain length in a 2D
plane, fixed only at both ends, if the TSS configuration
changes while preserving (1) accumulated curve angle and
(2) convexity, then a same input tension results in a same
output tension but potentially a different tendon elongation.
Remark 1 restricts the flexibility of TSS to tension
transmission; once fine position control is concerned, TSS
configuration cannot be changed without affecting elongation
value.
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4.2. Length effect
In this paper, we included the effect of TSS length
into tension transmission and elongation expressions. This,
while addressing the common sense of length-related
attenuation of tension, aims at theoretically explaining
experimental observations; while meeting practical concerns
for applications with very long TSS (compared with its own
diameter). We proposed the length effect coefficient α to
model the length effect. It was proven in the experiment that
α is a characteristics of a particular tendon and sheath pair.
In view of comparing TSS of different diameters, a
tendon with a smaller diameter was used in a preliminary
experiment. In the results, the length effect was not
measurable with the utilized sensing devices. Although
we believe that given TSS long enough, the accumulated
tension attenuation due to length effect would be measurable,
it would fall beyond the constraint of our experimental
platform. As no presentable difference was observed, the
results of the preliminary experiment were not shown here.
We then switched to the current tendon with larger diameter
(sheath is kept the same) and as shown in the results, the
length effect became measurable within the practical range
of our platform. Despite that, the overall length effect to
tension transmission for the current tendon-sheath pair is still
small comparing to the bending angle effect. For L = 2 m,
the accumulated tension attenuation due to length effect was
merely 0.5 N, barely above the noise level of the load cell
in use. Here, we make the following two remarks on length
effect:
Remark 2. α is related to the tendon/sheath pair. The larger
the tendon diameter, the smaller the sheath diameter, the
larger value of α. Therefore, to minimize length effect, the
selection of driving tendon shall be as thin as possible while
the sheath having preferably a larger inner diameter.
Remark 3. α is different from μ. α has a unit of N/m
while μ being unit-less. Since in our experiment, there was
a diameter margin between tendon/sheath, the length effect
is not friction due to encirculation. Therefore, α is different
from μ.
For elongation, again, the story is different. As shown
in the validation experiment results, even with the thickest
available tendon that can fit to the sheath in use and the
longest possible TSS for the platform, the elongation length
effect was still not measurable. The value of ρ plays an
important roll here: it shrinks the length effect by an order of
10−2 to 10−4 depending on the tendon in use. By definition
of ρ as 1/EA, the stiffer the material, the larger the section
area, the smaller the ρ value, hence the smaller the length
effect on elongation.
Remark 4. To minimize the length effect to elongation,
three factors should be considered: (1) diameter margin
between tendon and sheath is preferably large; (2) tendon
diameter/section area is preferably large; and (3) tendon
material is preferably stiff with a high Young’s module E.
In application, the TSS diameter is usually limited by
the size of the working channel, hence the diameter of
neither the tendon nor the sheath could be large. Therefore, a
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material with high Young’s module would be preferable, and
a compromise must be made between the tendon diameter
and the margin left in between.
4.3. TSS in 3D
It is inevitable that flexible TSS gets placed in a 3D space.
However, the results of this paper suggest that there is a price
in doing so. With torsion coming into play, the freedom of
TSS flexibility in 2D is lost: the profile of torsion and curve
angles will now affect the overall tension transmission.
In the validation results, we only fixed the TSS at certain
turning points. When the input tension is applied, the TSS
will flex as the tension increases, resulting in a slight change
in configuration. As a result, there is a noticeable deviation
√
between measured 3D data and simulated data of = 2π.
Here, a remark is made on how to place a TSS in 3D
configuration to get maximum tension transmission.
Remark 5. For a TSS of 3D configuration, the highest tension
transmission rate can be achieved only when the curvature
and torsion are equal at all points.
Recall Eq. (18), we have
ϕi2 + θi2 ≥

¯ =
i

2ϕi θi ,

(28)

i

therefore, ¯ only reaches its minimum (where tension
transmission is at its maximum, see Theorem 2) when ϕi = θi
for all i. Remark 5 suggests that if a TSS is to be place in
3D space with known input and output angles, the optimal
configuration in terms of maximizing tension transmission
would be to keep curvature and torsion the same at all times.
Although the formula to calculate the tension transmission
rate in 3D configuration has been validated by experiment,
the formula itself becomes impractical: we need to know
each and every value of curve angle ϕ and torsion angle θ to
calculate output tension, which means fixing the entire TSS.
However, using segmentation of the TSS, we can still
divide each TSS into 2D segments and 3D ones. A remedy
is proposed here.
Remark 6. Free-flexing of TSS can only be allowed in 2D
planes. If a TSS needs to be placed in 3D configuration, it
should be divided into several segments: the ones with 3D
configurations should be fixed; only the ones in 2D planes
can change in configuration within the constraints introduced
in Remark 1.
Remark 6 provides a practical remedy for TSS that needs
to pass through 3D space. If, with specifically designed
supporting mechanisms, the flexible segments of the TSS
can be restricted within 2D planes and the 3D segments have
controllable/measurable curve diameters, the overall tension
transmission could be measured and even maintained when
the 2D segments are flexible.

5. Conclusions
We proposed three main contributions to tension
transmission and elongation for TSS analysis. First, the
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length penalty effect was studied and a linear simplified
model was proposed in Proposition 1 to approximate the
effect, such that the additional tendon tension loss follows a
linear relationship with the length of TSS. Guidelines in how
to minimize the length effect were given in the discussion
section. Then, we proposed a tension transmission model
for 2D TSS in Theorem 1, incorporating the length effect,
that allows for flexible TSS configurations. It is worth noting
that the proposed model is applicable for the TSS with fixed
radii as well. This model allows the configuration of TSS
to be changed within certain boundaries without affecting
the tension transmission rate. Elongation was also studied.
Although the flexibility in tension transmission cannot be
generalized to elongation, we discussed the sensitivity of
elongation to the length effect and gave guidelines to
minimize the effect. In the end, the discussion was extended
to 3D configuration of the TSS, with a model proposed in
Theorem 2. The model shows that flexibility is not possible
for general 3D configurations, but a remedy was given in
Remark 6 on how to apply 3D TSS to obtain flexibility.
The study paves the way to remote mechanical actuation
of robotic devices. Disregard of the space limitations,
sufficient actuation energy could be generated from the
outside actuation source and transferred via the TSS to the
distal end through a narrow working channel. The crucial
point is, we need to know accurately the transfer function of
the TSS. With the proposed models, tension transmission in
2D, and even in 3D with remedies, could be easily modeled
by measuring or calculating the accumulated curve angle.
The length effect is an important proposition for applications
with very long and narrow tunnels: although for general
applications this effect is negligible, it is needed for the
extreme cases to make accurate modeling possible.
A direct application of this study is robotic endoscopy.24
An endoscope is a typical example of a long and narrow
working channel that could change its configuration in 3D
space constantly as it navigates through the gastrointestinal
tract of a human body.25 Feasibility of the endoscopic robots
adopting TSS as power transmission has been tested in
clinical surgical tasks.26, 27 The proposed models, as well as
the refined ones in future work, will hopefully be applied
to introduce haptic feedback and precise control to the
endoscopic surgical robot.
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