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Theory of femtosecond coherent double-pump single-molecule spectroscopy:
application to light harvesting complexes
Lipeng Chen1 , Maxim F. Gelin2 , Wolfgang Domcke2 , and Yang Zhao∗
Division of Materials Science, Nanyang Technological University, 50 Nanyang Avenue, Singapore 639798
2
Department of Chemistry, Technische Universität München, Garching D-85747, Germany
We develop a ﬁrst principles theoretical description of femtosecond double-pump single-molecule
signals of molecular aggregates. We incorporate all singly-excited electronic states and vibrational
modes with signiﬁcant electron-vibrational coupling into a system Hamiltonian and treat the ensuing system dynamics within the Davydov D1 Ansatz. The remaining intra- and inter-molecular
vibrational modes are treated as a heat bath and their eﬀect is accounted for through lineshape
functions. We apply our theory to simulate single-molecule signals of the light harvesting complex
II. The calculated signals exhibit pronounced oscillations of mixed electron-vibrational (vibronic)
origin. Their period decreases with decreasing electron-vibrational couplings.
PACS numbers:

I.

INTRODUCTION

Our understanding of the dynamics of complex molecular systems has been shaped, to a considerable extent, by
femtosecond nonlinear optical spectroscopy1–5 . The signals measured by various spectroscopic techniques can be
traced back to certain (multi-time) response functions,
which contain the information on the material system
under study. Notwithstanding insights gained by these
investigations, more detailed microscopic information on
local molecular motions and ﬂuctuations is needed. The
reason is that the responses measured in ensemble experiments are made up of a sum of a large number of transients coming from individual molecules and are thus subject to inhomogeneous broadening and dephasing. The
situation is illustrated by the simple formula
∫
(ω−ω0 )2
σ 2 t2
1
√
dωe− 2σ2 cos(ωt) = e− 2 cos(ω0 t), (1)
σ 2π
which shows how individual oscillatory ∼ cos(ωt) transients in the time domain produce a rapidly (for σ > ω0
monotonously) decaying response upon ensemble averaging, even if the distribution over the frequencies ω with
a characteristic width σ is centered around ω0 ̸= 0. It is
thus insightful to overcome ensemble averaging and uncover underlying individual molecular responses.
Information on single molecules is especially vital if we
wish to inquire into the dynamics of complex biological
aggregates functioning in warm, wet, and noisy environments which cause signiﬁcant inhomogeneous broadenings of ensemble responses. Shortly after the ﬁrst proof
of principle experiments6,7 , single-molecule spectroscopy
has permitted researchers to look behind the ﬂuorescence
excitation spectra of light harvesting complex 2 of bacteria (LH2), which is structureless in ensemble experiments, as well as to reveal the excitation pathways8 and
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asymmetric ﬂuctuating shapes9 of LH2. Recent insights
into the function of single light harvesting complexes can
be found in Refs.10–13 .
Single-molecule experiments have enormously expanded our knowledge base on the structure and functioning of light harvesting complexes. Yet the experiments with continuous-wave lasers, due to the lack of
time resolution, deliver only time-averaged responses
of individual molecules. Very recently, ﬂuorescencedetection single-molecule spectroscopy has reached a
temporal resolution of ∼ 10 fs (see Ref.14 for a recent review). These new single-molecule techniques permit the
monitoring in real time of not only electronic populations
and vibrational wavepackets, but also of electronic coherences of density matrixes of individual molecules. The
techniques have been demonstrated on chromophores
(see Ref.15 for a review) and have recently been applied
to reveal long-lived electronic coherences in single LH2
complexes16 .
The simulation and interpretation of femtosecond
single-molecule experiments is more challenging for
theory than the simulation of ensemble experiment.
Generally, femtosecond single-molecule spectroscopy involves strong laser pulses to interrogate individual
chromophores14,15 . Hence the description of their responses requires a non-perturbative treatment of the
ﬁeld-matter interactions17–19 . Another important issue is a proper description of the dynamics of molecular aggregates. Photosynthetic complexes are characterized by moderate to strong exciton-exciton and
exciton-phonon coupling strengths20–22 . An adequate
simulation of the dynamics of such complexes necessitates a non-perturbative treatment of these couplings.
The corresponding computational methods are available:
The Hierarchy Equation of Motion approach23–25 , the
multiconﬁgurational time-dependent Hartree (MCTDH)
method26–28 , hierarchical approximations of the bath
spectral density29,30 , or the numerical renormalization
group approach31 . If the system-bath Hamiltonian possesses a certain symmetry, it is possible to derive exact
quantum master equations32,33 .
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Yet the application of the methods of Refs.23–31 to simulate the dynamics of molecular aggregates with multiple
strong exciton-exciton and exciton-phonon couplings is
beyond the capacity of the present-day computers. We
will use a computationally eﬃcient variational approach
capable of tackling such systems which is based on the
Davydov Ansätze34–41 . Recently, this approach has been
adopted to simulate inter- and intra-ring dynamics in
various arrays of molecular rings and yielded accurate
results for energy transfer dynamics over a wide range of
the exciton-phonon coupling strengths42,43 .
The aim of the present work is the construction of a
general theoretical framework for the description of femtosecond double-pulse experiments on single molecular
aggregates. We employ the Davydov D1 Ansatz to simulate femtosecond double-pump signals of single light harvesting complexes II of higher plants (LHCII). The choice
of this system is motivated by two reasons. Fundamentally, the understanding of the dynamics of single LHCII
complexes is of great importance, since the complex contains more than 50% of the world’s chlorophylls44 . A
large body of information on LHCII is available owing to
spectroscopic ensemble experiments (see, e.g., Refs.45,46
and references therein). There exists a microscopic model
of the LHCII Hamiltonian which was developed and parameterized in Refs.47–49 . The model provides a useful
ﬁrst guess of the Hamiltonian for the simulation of single
LHCII signals.
Femtosecond single-molecule signals are not yet available for LHCII. The signals simulated for single LHCII
complexes cannot be directly related to those reported in
Ref.16 for LH2. Nevertheless, it is instructive to compare
the theoretical results for LHCII with the experimental
results for LH2 at a qualitative level.
The rest of the paper is organized as follows. In Sec.
II, the methodology to calculate the single-molecule signal is elaborated. Sec. III provides an overview of generic
time-evolutions of single-LHCII signals. Finally, the conclusions are drawn in Sec. IV.

II. THEORY OF FEMTOSECOND
DOUBLE-PULSE SPECTROSCOPY OF SINGLE
MOLECULAR AGGREGATES
A.

the discussion in Refs.50,51 )
HS = Hex + Hph + Hex−ph .
Here Hex is the Frenkel-exciton Hamiltonian
Hex = ϵg |g⟩⟨g| +

N
∑

ϵm |m⟩⟨m| +

m=1

N ∑
∑

Jnm |n⟩⟨m|,

m=1 n̸=m

(4)
where |g⟩ and |m⟩ denote the ground state and the mth
excited site with energy ϵm , respectively, and the Jnm are
the excitonic couplings. Hph describes the vibrational
modes included in the system Hamiltonian
∑
(5)
~ωq b†q bq
Hph =
q

and Hex−ph is responsible for the intra-molecular
electron-phonon coupling which is assumed to be sitediagonal
Hex−ph =

N
∑∑
q

χqm ~ωq (b†q + bq )|m⟩⟨m|.

(6)

m=1

Here bq (b†q ) denotes the annihilation (creation) operator
of the phonon with frequency ωq , and χqm speciﬁes the
coupling of the site m to the phonon mode q. The latter is traditionally quantiﬁed by the Huang-Rhys factors
Sqm = χ2qm which can be determined through normal
mode analysis.
The third term in Eq. (2) describes interactions of
the system with low frequency inter-molecular vibrations
which are weakly coupled to the electronic degrees of
freedom of the molecular aggregate, as well as with the
nuclear degrees of freedom of the environment. Having incorporated the vibrational modes with signiﬁcant
electron-phonon coupling into HS , we may chose a rather
simpliﬁed description of the dynamics governed by HB
and HSB . They are responsible for population decays
and dephasings at longer time scales. We assume a
harmonic bath with site-independent and site-diagonal
system-bath coupling52–54 :
∑
~Ωj a†j aj ,
(7)
HB =
j

Model system

Consider a molecular aggregate embedded in a dissipative environment. The total Hamiltonian can be written
as a sum of the system Hamiltonian, the bath Hamiltonian, and the interaction Hamiltonian,
H = HS + HB + HSB .

(3)

(2)

We incorporate all electronic states (modeled by two-level
systems) and high-frequency vibrational modes with signiﬁcant electron-vibrational coupling (modeled by harmonic oscillators) into a system Hamiltonian (see, e.g.,

HSB =

N
∑∑
j

κj ~Ωj (a†j + aj )|m⟩⟨m|.

(8)

m=1

Here aj (a†j ) is the annihilation (creation) operator of
a phonon of the jth bath mode with frequency Ωj and
site-independent system-bath coupling strength κj . The
bath spectral density is deﬁned as
∑
D(ω) =
κ2j Ω2j δ(ω − Ωj )
(9)
j
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All parameters specifying the Hamiltonian (i.e. the
site energies ϵm , the electron-phonon couplings χqm , and
the system-bath couplings κj ) depend signiﬁcantly on
distances between the pigment molecules bound to the
protein scaﬀold as well as conﬁgurations of the solvent55 .
Hence, the Hamiltonian of Eq. (2) is, in fact, a snapshot
Hamiltonian. Every single-molecule signal corresponds
to a particular realization of the values of ϵm , Jmn , χqm ,
and κj sampled from certain distributions.
B.

electromagnetic ﬁeld and its detection by time and frequency gating58,59 . Such a description is not necessary in
the present case, since the total ﬂuorescence of the molecular aggregate in the optical domain is proportional to
the total population of the manifold of singly-excited excitonic states after the interaction with both laser pulses
S(τ ) = Tr{P1 ρ(t → ∞)}

(14)

where

Phase-locked double-pump single-molecule
signal

P1 =

N
∑

|m⟩⟨m|.

(15)

m=1

The experiment of van Hulst and coworkers16 can be
viewed as a single-molecule version of the femtosecond
double-pump experiment of Scherer et al56,57 in the gas
phase. In these experiments, the molecules are excited by
two phase-locked laser pulses. We thus deﬁne the ﬁeldmatter interaction Hamiltonian in the dipole approximation and in the rotating wave approximation as follows:
HF (t) = −λ[ε(t)X † + ε∗ (t)X],

(10)

and trace is taken over all nuclear degrees of freedom.
The signal of Eq. (14) can alternatively be expressed
through the total complex nonlinear polarization
P (t) = Tr{Xρ(t)}
as follows17 :
∫
S(τ ) = −2 Im

where
ε(t) = ε1 (t) + ε2 (t),
ε1 (t) = E(t)e−iω1 t ,
ε2 (t) = E(t − τ )ei(ϕ−ω2 t) .

(11)

Here λ and E(t) is the amplitude and dimensionless envelope of the pulses, respectively; ω1 and ω2 are the pulse
carrier frequencies; τ and ϕ are the time delay and the
relative phase of the pulses, respectively. The transition
dipole moment operator is speciﬁed as
X=

N
∑

eµm |g⟩⟨m|,

m=1

X† =

N
∑

eµm |m⟩⟨g|.

∞

dt ε∗ (t)P (t).

(17)

−∞

Eq. (17) can be derived by the multiplication of both
sides of Eq. (13) by P1 , integration over time from −∞
to ∞, and taking the trace. Eq. (17) is reminiscent of
the formula for the intensity of the integral transient absorption pump-probe signal2 , but diﬀers from it in two
respects. (i) P (t) is the total, rather than the phasematched polarization, and (ii) P (t) is the nonlinear polarization which contains all possible contributions in the
system-ﬁeld interaction λ.
A general nonperturbative theoretical description of
the phase-locked double-pump experiment for a homogeneous molecular ensemble has been developed in Ref.17 .
To describe the single-molecule signals, it requires a number of modiﬁcations which are explained below.

(12)
C.

m=1

Here e is the unit vector deﬁning polarization of the laser
pulses and µm is the transition dipole moment between
the excitonic ground state |g⟩ and an excited state |m⟩
of site m.
The total material density matrix, which describes the
evolution and optical excitation of the molecular aggregate coupled to a heat bath, obeys the Liouville – von
Neumann equation
∂t ρ(t) = −i[H + HF (t), ρ(t)].

(16)

(13)

The observable is the total (relaxed) spontaneous emission from the lowest ﬂuorescent state of the molecular
aggregate measured as a function of time delay between
the two pump pulses16 . In principle, a proper description of spontaneous emission requires quantization of the

Response functions

The single-molecule signal of Eq. (17) can be expanded
in powers of the pulse strength λ,
S(τ ) =

∞
∑

λ2k Sk (τ ).

(18)

k=1

Each contribution Sk (τ ) can be calculated through the
corresponding 2k − 1-order response functions60–62 . The
experiment of Ref.16 was performed with weak laser
pulses. The photon ﬂuence was chosen to ensure that
the experiment was in the linear regime, so that excitedstate absorption and stimulated emission were avoided.
We thus may restrict ourselves to the evaluation of the
leading contribution S1 (τ ), which is determined by the
linear response function and identify S(τ ) with S1 (τ ).
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Following the line of reasoning of Ref.63 , we assume
that a single-molecule response selects a speciﬁc initial state of the system (ξS ) and bath (ξB ) phonons in
the ground excitonic state (g), which is randomly sampled according to the Boltzmann equilibrium distribution. Hence, the initial condition for the Liouville – von
Neumann equation (13) can be written as
ρ(0) = |ξB ⟩|ξS ⟩|g⟩ρeq
ξS ξB ⟨g|⟨ξS |⟨ξB |,
where
ρeq
ξS ξB

=

−1
Zeq
⟨g|⟨ξS |⟨ξB | exp

{

H
−
kB T

(19)

}
|ξB ⟩|ξS ⟩|g⟩

(20)
(Zeq is the partition function, kB is the Boltzmann
constant, and T is a bath temperature). We denote
the Hilbert-space vectors for the system and the bath
phonons as |ξS ⟩ and |ξB ⟩, respectively.
Having speciﬁed ρ(0), we can straightforwardly calculate the linear (ﬁrst-order) contribution to the polarization (16). This yields the following formal expression for
the single-molecule signal17 :
2
∑

SξS ξB (τ ) =

σξabS ξB (τ )

σξabS ξB (τ ) = 2Re

∫

∫

∞

∞

dt
−∞

dt1 ε∗a (t)εb (t − t1 )RξS ξB (t1 )

0

(22)

and
iHt
RξS ξB (t) = ρeq
Xe−iHt X † |ξB ⟩|ξS ⟩|g⟩
ξS ξB ⟨g|⟨ξS |⟨ξB |e
(23)
is the state-speciﬁc linear response function or the transition dipole moment correlation function.
A practical implementation of Eq. (23) requires additional approximations:
(i) We assume that the system vibrations are initially
in their lowest state 0S . This is a good approximation
since characteristic energies of high-frequency opticallyactive vibrational modes are much higher than kB T .
Therefore, it is unlikely that a single-molecule experiment picks a complex which is in an excited state of one
of the high-frequency system modes.
(ii) The bath deﬁned by the Hamiltonian (7) comprises
the low frequency slow intra- and intermolecular vibrational modes. The optical excitation of a single molecule
does not involve and control the bath vibrations ξB which
are initially in thermal equilibrium at a temperature T .
Then, to a good approximation, the single-molecule signal is independent of the initial state of the bath, and
we can perform the summation over the bath vibrational
modes, like in ensemble experiments.
Hence, we can approximate the single-molecule response function and the signal as follows:
∑
R(t) =
R0S ξB (t),
(24)
ξB

∑

S0S ξB (τ ).

(25)

ξB

To explicitly evaluate the bath eﬀect on R(t), we note
that the system Hamiltonian (3) commutes with the bath
Hamiltonian (7) and the system-bath coupling Hamiltonian (8), [HS , HSB + HB ] = 0. The bath-induced relaxation can thus be described by the second-order cumulant
contribution2 . The result reads:
∑
R(t) = e−g(t)
Cn,n′ ⟨0S |⟨n|e−iHS t |n′ ⟩|0S ⟩,
(26)
n,n′

where
g(t) =

∫

∞

D(ω)
ω2
0
)
]
[
(
~ω
(1 − cos ωt) + i(sin ωt − ωt) .
× coth
2kB T
(27)
dω

is the lineshape function.
Eq. (26) contains the geometrical factors
Cn,n′ = (eµn )(eµn′ ),

(21)

a,b=1

where

S(τ ) =

(28)

which account for statistical orientations of the pigment
molecules in the laboratory frame. We neglect reorientation of the molecules, which is a good approximation on
the time scale of a few hundreds of femtoseconds64,65 .
Summarizing, we have arrived at a simple recipe for the
calculation of the double-pump signal of a single molecular aggregate. The procedure is like this:
• The parameters specifying the Hamiltonian (i.e.,
the site energies ϵm , the electronic couplings
Jnm , the electron-phonon couplings χqm , and the
system-bath couplings κj ) are sampled from certain
(for example, Gaussian) distributions.
• The orientation of the aggregate in the laboratory
frame is randomly chosen66,67 .
• The single-molecule signal is evaluated for a speciﬁc
realization of ϵm , Jnm , χqm , κj , and µn .
The corresponding ensemble signal is obtained by
the summation over diﬀerent realizations of the singlemolecule signals. The averaging over orientations of the
transition dipole moments µn can be performed analytically. It results in the replacement of Cn,n′ of Eq. (28)
by
C̄n,n′ = (µn µn′ )/3.
D.

(29)

The Davydov Ansatz

We evaluate the system propagator in Eq. (26) by
employing the Davydov D1 Ansatz:
e−iHS t |n⟩|0S ⟩ = |ΨD1 (t)⟩,

(30)
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|ΨD1 (t)⟩ =

∑

αn (t)|n⟩ exp

n

{∑

}
[λnq (t)b†q − H.c.] |0S ⟩.

q

(31)
A detailed description of the underlying theory can be
found in Refs.40–43,50 . The time-dependent variational
parameters αn (t) and λnq (t) can be obtained by solving a
set of diﬀerential equations generated by the Lagrangian
formulation of the Dirac-Frenkel variational principle68 .
The equations of motion for these parameters,
(
)
∂L
∂L
d
−
= 0.
(32)
dt ∂ α̇n∗
∂αn∗
(
)
∂L
d
∂L
−
= 0,
(33)
dt ∂ λ̇∗nq
∂λ∗nq
are obtained by the variation of the Lagrangian
(−
→ ←
−)
∂
i ∂
−
− HS |ΨD1 (t)⟩
L = ⟨ΨD1 (t)|
2 ∂t
∂t

∑
1 ∑
α̇n (t) = − αn
(λ̇nq λ∗nq − H.c.) − i
Jnm αm Snm
2
q
m
∑
∑
−iαn [
ωq |λnq |2 −
gq ωq (λnq + λ∗nq )],
q

λ̇nq (t) =

∑

q

Jnm αm Snm

m

×(λmq − λnq ) + ωq λnq − gq ωq ].
Here

D(ω) = 2λ0

(34)

Explicitly,

−i[αn−1

from47 . We explicitly consider 48 high frequency vibrational modes with moderate-to-weak electron-phonon
coupling. Their frequencies ωq , coupling strengths λq =
Sq ωq were retrieved from the available ensemble experiments as explained in Refs.48,49 . The λq are supposed
to be site independent, but the coupling for Chlb is 1.25
times larger than that for Chla. As is explained in Section II C, these parameters represent some characteristic
values, while the parameters for a given single molecular
aggregate will be distributed around these values.
The transition dipole moments µm for Chla and
Chlb were retrieved from crystal structures (PDB ID:
1RWT69 ). Their absolute values for Chla and Chlb are
4.0 and 3.8 Debye, respectively.
The Brownian oscillator mode in Eq. (27) accounts
for the impact of the heat bath. Following Ref.49 , its
spectral density (9) is taken in the Drude form
(37)

with the parameters ~λ0 = 37cm−1 and ~γ0 = 30cm−1 .
These parameters correspond to an overdamped Brownian oscillator mode. The resulting lineshape function
(27) is evaluated analytically2 :
[
(
)
]
λ0 −γ0 t
~γ0
g(t) =
{e
+ γ0 t − 1} cot
−i
γ0
2kB T
∞
λ0 γ0 ∑ e−νk t + νk t − 1
,
+4kB T
(38)
~
νk (νk2 − γ02 )
k=1

(35)
νk = (2πkB T )k/~ being the Matsubara frequencies.
We assume that the pulses have Gaussian envelopes

∑
Snm (t) = exp{ [λ∗nq (t)λmq (t)

E(t) = exp {−Γ2 t2 },

q

1
1
− |λnq (t)|2 − |λmq (t)|2 ]}
2
2

ωγ0
,
+ γ02

ω2

(36)

is the Debye-Waller factor. The quality of the Ansatz
(31) is controlled by the evaluation of the amplitude
of the deviation vector as described in Refs.40,41 . The
Ansatz has been shown to accurately reproduce the
single-exciton dynamics and absorption spectra of molecular aggregates over a wide range of the exciton-phonon
coupling strength40–43,50 .
III. APPLICATION TO THE
LIGHT-HARVESTING COMPLEX LHCII

(39)

√

where Γ = 2 ln 2/τp and τp is the pulse duration (full
width at half maximum of the amplitude). We set τp =
15 fs, as in the experiment of Ref.16 . Following16 , the
carrier frequencies of the two pump pulses are taken to be
in resonance with the Chlb and Chla bands of the linear
absorption spectrum of Qy band of LHCII: ω1 = 15375
cm−1 and ω2 = 14800 cm−1 (see Ref.44 ).
For Gaussian pulses, integration over t in Eq. (22) can
be done analytically, with the result
∫ ∞
S(τ ) ∼ Re
dt1 A(τ, t1 )R(t1 )
(40)
0

where
A.

Parameterization of the Hamiltonian and
computational details

LHCII possesses a trimeric structure. Each monomer
contains eight chlorophylls a (Chla) and six chlorophylls
b (Chlb)69 . We use the full 42×42 one-exciton Hamiltonian for the trimeric complex, whose excitation energies ϵm and the electronic couplings Jnm are taken

A(τ, t1 ) = e−Γ t1 /2 (eiω1 t1 +iω2 t1 ) + e−ω /(2Γ ) eiΩt1 ×
( −Γ2 (τ −t1 )2 /2 −i(ϕ−ωτ )
)
2
2
e
e
+ e−Γ (τ +t1 ) /2 ei(ϕ−ωτ )
(41)
2 2

2

2

and
Ω = (ω1 + ω2 )/2, ω = (ω2 − ω1 )/2.

(42)
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The numerical evaluation of R(t) through the Davydov Ansatz |ΨD1 (t)⟩ requires the solution of thousands
of coupled diﬀerential equations (35). We overcome the
memory and computational limitations by using a GPU
(Graphics Processing Unit) implementation, for which
the computation time scales inversely with the number
of cores on a single GPU (cf. Ref.70 ). The numerical integration of the equations of motion for the variational parameters are performed on a NVIDIA Tesla M2050 GPU
with 448 processors and 2GB ECC-protected on-board
memory. With our eﬃcient GPU algorithm, the computation of the time evolution of S(τ ) up to 400 fs on a
single GPU requires ∼ 1 hour.

B.

Single-molecule response functions

It is useful to discuss the response functions R(t)
ﬁrst. R(t) deﬁned by Eq. (26) is a product of the relaxation term exp{−g(t)}, which is responsible for the
bath-induced relaxation, and the system contribution,
describing the coherent dynamics in the singly-excited
excitonic manifold. The latter is governed by the system
Hamiltonian HS of Eq. (3), which comprises 42 electronic
states and 48 vibrational modes. Despite the complexity
of HS , it is possible to rationalize the inﬂuence of the
electron-phonon coupling on the system dynamics as a
polaron eﬀect (see Appendix A).
We start our analysis from the consideration of the
bath-free (λ0 = 0) response functions and consider Fig.
1, which shows the real part of R(τ ) (left column) and
its power spectrum |R(ω)|2 (right column). Panels (a)
correspond to the electron-phonon coupling strengths Sq
from48,49 , panels (b) correspond to Sq /2, and panels (c)
correspond to Sq = 071 .
Since the bath-induced relaxation is neglected, the
R(t) of Fig. 1 reﬂect the dynamics governed by the system Hamiltonian HS . Hence the peaks in the power spectra |R(ω)|2 in panels (a) and (b) feature those electronvibrational (vibronic) eigenvalues of HS , which contribute signiﬁcantly to the linear response function due to
the favorable Franck-Condon factors. The |R(ω)|2 presented in panel (c) shows purely electronic eigenvalues.
A brief comparison of the peak structure of |R(ω)|2 in
panels (a), (b), and (c) reveals no substantial qualitative
diﬀerences. This means that the peaks have predominantly electronic origin, while the electron-vibrational
coupling shifts their positions and changes their shapes.
Due to the complexity of HS and the lack of symmetry, it
is impossible to assign the peak positions to any speciﬁc
vibrational frequencies ωq or parameters of the excitonic
Hamiltonian Hex . Yet, the shift of the peaks of |R(ω)|2
to the blue with the decrease of the electron-phonon coupling is a polaron eﬀect explained per Eqs. (A1) and
(A3). The strongest peaks of |R(ω)|2 in panels (a) are
positioned at 14820 and 15410 cm−1 . These values correspond to the maxima of Chla and Chlb absorption of
Qy band of LHCII, since the exciton-vibrational coupling

in the LHCII Hamiltonian is optimized to reproduce the
linear absorption spectrum.
In the time domain, R(t) (left column of Fig. 1) exhibits rather irregular beatings with decreasing amplitudes, which reﬂect superpositions of multiple oscillations
with incommensurable frequencies. The frequencies in
the interval [14000, 16000] cm−1 yield oscillation periods
in the range [2.08, 2.38] fs. Hence R(t) exhibits fast oscillations with a period of ∼ 2 fs. Slower oscillations of
R(t) on the timescale of several dozens of femtoseconds
and longer are beatings.
While |R(ω)|2 has a multi-frequency structure, it is
possible to single out three strongest peaks positioned
at 14640, 14820, and 15410 cm−1 (full electron-phonon
coupling Sq , panel (a)), 14860, 15000, and 15730 cm−1
(Sq /2, panel (b)), 14920, 15100, and 15830 cm−1 (Sq = 0,
panel (c)). The diﬀerences of the frequencies of the third
and second peaks yield periods of 56, 46, and 46 fs. These
values correlate with the ﬁrst maxima of R(t) corresponding to 53 fs (a), 47 fs (b), and 44 fs (c). The subsequent
recurrences of R(t) have smaller amplitudes. For R(t)
of panels (b) and (c) they correspond, approximately, to
multiple values of the above periods. The oscillations of
R(t) in panel (a) are less regular. The diﬀerences of the
frequencies of the ﬁrst and second peaks of |R(ω)|2 yield
on oscillation period of ∼ 200 fs, which correlates with
the second recurrence of R(t) around 250 fs.
Fig. 2 illustrates the inﬂuence of the bath on the singlemolecule response. It shows the real part of R(τ ) (left
column) and |R(ω)|2 (right column) computed at a temperature of 77 K. In the frequency domain, the eﬀect of
the bath is to broaden and shift the vibronic peaks, so
that |R(ω)|2 develops a clear three-peak structure. The
peaks correspond to 14640, 14800, and 15390 cm−1 (a),
14840, 15000, and 15710 cm−1 (b), 14920, 15060, and
15810 cm−1 (c). In the time domain, the bath signiﬁcantly quenches the amplitudes of the oscillations of R(τ )
at a time scale of ∼ 300 fs. The position of the ﬁrst hump
of R(τ ) correlates with the energy diﬀerence between the
two largest peaks in |R(ω)|2 . They are 57 fs and 590
cm−1 (a), 47 fs and 710 cm−1 (b), 44 fs and 750 cm−1
(c). Hence the electron-vibrational coupling increases the
oscillation period, a trend illustrated by Eq. (A5) in Appendix A.
Fig. 3 shows the real part of R(τ ) (left column) and
|R(ω)|2 (right column) at a temperature of 300 K. The
general trends in the behavior of the single-molecule response function are those for Fig. 2. |R(ω)|2 exhibits two
broadened peak at 14800, and 15360 cm−1 (a), 15000,
and 15670 cm−1 (b), 15060, and 15790 cm−1 (c). In
comparison of Fig. 2, the left peaks retain their positions, but the right peaks become a few dozens of inverse
centimeters red-shifted. In the time domain, R(τ ) decays
within ∼ 100 fs. The energy diﬀerences between the two
peaks of |R(ω)|2 yield in the time domain 60 (a), 50 (b),
and 46 fs (c). These times correlate with the position of
the ﬁrst hump of R(τ ), except of panel (a) which does
not exhibit any clear maximum.
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1

1

1

FIG. 1: The real part of the single-molecule response function R(τ ) (left column) and its power spectrum |R(ω)|2 (right
column) without heat bath and for e ∥ Z. Panels (a) correspond to the electron-phonon coupling strengths Sq from48,49 ,
panels (b) correspond to Sq /2, and panels (c) correspond to
Sq = 0.

FIG. 2: The real part of the single-molecule response function R(τ ) (left column) and its power spectrum |R(ω)|2 (right
column) for a heat bath at 77 K and e ∥ Z. Panels (a) correspond to the electron-phonon coupling strengths Sq from48,49 ,
panels (b) correspond to Sq /2, and panels (c) correspond to
Sq = 0.

To summarize, the results of the present section give
an overview of the behavior of the linear response for the
parameters retrieved from ensemble experiments.

ers information on the single-molecule dynamics.
Eq. (41) also reveals that the dependence of the signal on the relative phase ϕ of the two pump pulses is
trivial and bears no dynamic information: For any ﬁxed
τ , the signal exhibits a cosine-like behavior when ϕ is
varied from 0 to 2π, in agreement with Ref.16 . In the
simulations, we assume that the pulses possess the same
waveform and put ϕ = 0. This choice renders the pulses
1 and 2 equivalent, hence S(τ ) = S(−τ ).
The present section seeks to present a general qualitative picture of possible behaviors of femtosecond doublepump signals of single LHCII complexes. Below, we
demonstrate how diﬀerent realizations of the site energies

C.

Single-molecule signals

We start from a simple general analysis. Eq. (41)
shows that the signal S(τ ) consists of a τ -independent
background (the system interacts twice with the same
pump pulse) and a τ -dependent contribution (the system interacts once with pump #1 and once with pump
#2). Obviously, it is the latter contribution which deliv-
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FIG. 3: The real part of the single-molecule response function R(τ ) (left column) and its power spectrum |R(ω)|2 (right
column) for a heat bath at 300 K and e ∥ Z. Panels (a) correspond to the electron-phonon coupling strengths Sq from48,49 ,
panels (b) correspond to Sq /2, and panels (c) correspond to
Sq = 0.

ϵm , the electron-phonon couplings χqm , the system-bath
couplings κj , and the transition dipole moment orientations and µn aﬀect the signal.
Fig. 4 shows the single-molecule signal S(τ ) for different electron-phonon coupling strengths. Panel (a)
corresponds to Huang-Rhys factors Sq retrieved from
Refs.48,49 , panel (b) corresponds to Sq /2, and panel (c)
corresponds to Sq = 0. The two pump pulses are polarized along the Z axis of the laboratory frame (e ∥ Z). The
bath is speciﬁed by the lineshape function of Eq. (38) at
temperature T = 77 K (left column) and T = 300 K
(right column).
The signals in Fig. 4 exhibit beatings with a single

frequency. The transients in panels (a) oscillate with1
a period ∼ 58 fs which corresponds to the diﬀerence
of the carrier frequencies of the pump pulses ω1 − ω2 .
The oscillation period decreases with decreasing electronphonon coupling: ∼ 36 fs (panel (b)) and ∼ 28 fs (panel
(c)). Section III B oﬀers a clear understanding of the
origin of these beatings. Eq. (40) reveals that the (timedependent part) of the single-molecule signal S(τ ) induced by short and temporally well separated pulses is
proportional to R(τ )eiω2 τ . Hence the frequency of the oscillations of S(τ ) is given by the diﬀerence of ω2 = 14800
cm−1 and the frequency of the rightmost peak of |R(ω)|2
in Figs. 2 and 3. Qualitatively, a decrease of the oscil-1
lation period with the decrease of the electron-phonon
coupling is a polaron eﬀect as explained in Appendix A.
Fig. 4 reveals that the electron-vibrational coupling
aﬀects the single-molecule transients signiﬁcantly. The
beatings shown in Fig. 4 are thus of mixed electronvibrational (vibronic) origin. The oscillatory responses
detected in ensemble two-dimensional photon-echo signals of various molecular aggregates seem also be caused
by beatings between several vibronic states involved (see
the discussion in Ref.72,73 and references therein). The
oscillations in the single-molecule signals depicted in Fig.
4 survive the bath-induced relaxation. As expected, the1
quenching rate increases with the bath temperature: the
oscillations last for ∼ 300 fs at 77 K, but only for ∼ 100
fs at 300 K.
There exist two qualitative diﬀerences between the signals depicted in Fig. 4 for LHCII and those reported in
Ref.16 for LH2: The latter exhibit oscillations with characteristic periods within 100 − 200 fs and show no visible
damping on a time scale of ∼ 400 fs. To address these
diﬀerences and to reveal how the variation of the systembath coupling aﬀects the single-molecule responses, Fig. 5
shows the signals presented in Fig. 4, but calculated for
zero system-bath coupling (κj = 0, λ0 = 0). The signals exhibit fast underdamped oscillations superimposed
by slower beatings. For each of the panels (a), (b) and
(c), the periods of fast oscillations in Figs. 4 and 5 are
the same. The oscillation periods of the slower beatings also decrease with decreasing electron-phonon couplings. They are ∼ 250 fs (panel (a)), ∼ 150 fs (panel
(b)), and ∼ 120 fs (panel (c)). The ”remnants” of these
beatings are seen in the left column of Fig. 4. The behavior of the signals in Fig. 5 is immediately deduced
from that of the response functions depicted in Fig. 1,
since S(τ ) ≈ R(τ )eiω2 τ . The decrease of the periods of
fast and slow beatings with decreasing electron-phonon
couplings can be rationalized as a polaron eﬀect (see Appendix A).
The signals reported in Ref.16 for LH2 also exhibit
undamped oscillations on the time scale of several hundreds of femtoseconds. We tentatively conclude that the
bath parameters, optimized to reproduce ensemble experiments, overestimate the eﬀect of homogeneous broadening. The actual system-bath coupling might be significantly weaker, while the eﬀect of inhomogeneous broad-
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FIG. 4: Single-molecule signal S(τ ) for e ∥ Z. The heat bath
is at 77 K (left column) and at 300 K (right column). Panels (a) correspond to the electron-phonon coupling strengths
Sq from48,49 , panels (b) correspond to Sq /2, and panels (c)
correspond to Sq = 0.

ening (static disorder) may be more pronounced than
estimated from the ensemble experiments.
The signals of Ref.16 do not exhibit fast oscillations
with a period of several tens of femtoseconds. However,
such oscillations may not be detectable with the time
resolution of these experiments.
Next, we consider the eﬀect of single-molecule orientation. Fig. 6 shows S(τ ) calculated at T = 77 K (a) and
T = 300 K (b) for the polarization e of the pump pulses
directed along the axis X, Y , and Z of the laboratory
frame (the legends XX, YY, and ZZ, respectively). The
orientation-averaged signal, which corresponds to the replacement of the geometrical factor (28) by the averaged

FIG. 5: Single-molecule signal S(τ ) for e ∥ Z without heat
bath. Panels (a) correspond to the electron-phonon coupling
strengths Sq from48,49 , panels (b) correspond to Sq /2, and
panels (c) correspond to Sq = 0.

factor (29), is also presented in the ﬁgure.
The signals calculated for diﬀerent e, as well as the
averaged signal, exhibit similar oscillatory behavior, although the amplitudes of the beatings are diﬀerent. The
observed weak sensitivity of the signals to speciﬁc molecular orientation can be understood as follows. As a
whole, LHCII has no preferential orientations of the transition dipole moments µm in certain directions or in certain planes in the molecular frame. In a ﬁrst approximation, it is almost isotropic, hence a low polarization sensitivity. LH2, on the other hand, has a double-ring structure. Hence, in-ring and out-of-ring directions diﬀer considerably. The single-molecule transients of LH2 indeed
seem to exhibit more pronounced anisotropy eﬀects16 .
Finally, we analyze how the spread in the site energies
ϵm aﬀects the single-molecule signals. The site-energy
disorder is believed to be caused by the slowest ﬂuctuations of the pigment-protein environment and is a ma-
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FIG. 6: S(τ ) for diﬀerent polarization of the pump pulses in
the laboratory frame (see text for details). The system and
the bath parameters are the same as for Fig. 4(a)

Fig. 7(a) shows three representative S(τ ) of LHCII at
77 K. They correspond to random realizations of the site
energies ϵm which are sampled from uncorrelated Gaussian distributions with a standard deviation of 80 cm−1
for Chls a and 104 cm−1 for Chls b77,78 . All three signals
exhibit similar oscillatory behavior (cf. Fig. 4(a)), but
the oscillation periods are diﬀerent. To quantify these
diﬀerences, we retrieved the oscillation periods from 200
samplings of S(τ ). The resulting histogram (Fig. 7(b))
features a wide distribution of periods between ∼ 40 fs
and ∼ 90 fs with a maximum near 58 fs. The spread
of the periods extracted from the single-molecule signals
measured in Ref.16 is even broader. Heterogeneity of electronic couplings between the chlorophyll molecules75,76
may result in additional broadening of the distribution.

60

70

80

90

Period T (fs)

FIG. 7: (a) Single-molecule signal for three representative
LHCII samples at 77K. (b) Histogram of the oscillation period T retrieved from 200 samples. The system and the bath
parameters are the same as for Fig. 4(a)

IV.

jor contribution to the static (inhomogeneous) disorder
in ensemble experiments74–76 . A single-molecule experiment selects a speciﬁc disordered molecular conﬁguration.
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CONCLUSION

Inspired by recent experiments of the van Hulst
group14–16 , we have developed a ﬁrst principles theoretical description of femtosecond double-pump singlemolecule signals of molecular aggregates. All singlyexcited electronic states and vibrational high-frequency
modes with signiﬁcant electron-vibrational couplings
have been incorporated in the system Hamiltonian. The
system dynamics is described within the Davydov D1
Ansatz. The remaining intra- and inter-molecular vibrational modes are treated as a heat bath and their eﬀect
is accounted for through the lineshape functions.
We have applied the theory to simulate femtosecond
double-pump signals of single LHCII complexes. The
use of the GPU implementation and an eﬃcient algorithm permitted us to reduce the computation time of
each signal up to 400 fs on a single GPU to ∼ 1 hour.
The calculated signals exhibit pronounced oscillations of
vibronic origin, in qualitative agreement with the results
of Ref.16 for LH2. The period of these oscillations de-

11
creases with decreasing electron-vibrational couplings.
Both the ensemble linear absorption spectra and
single-molecule double-pump signals are determined by
linear response functions. However, the single-molecule
signal is not subject to inhomogeneous broadening and
delivers information on snapshot values of the parameters specifying the system Hamiltonian. The simulation
and interpretation of individual femtosecond responses of
molecular aggregates may require the reﬁnement of the
existing microscopic models optimized to reproduce ensemble experiments. For example, the existing models
may overestimate the strength of the system-bath coupling (homogeneous broadening), while underestimating
static disorder (inhomogeneous broadening).
The double-pump experiment on single LH2 molecules
reported in Ref.16 involves weak laser pulses. Such experiments monitor the dynamics of electronic coherences
of the system density matrix. The use of stronger laser
pulses may permit to simultaneously follow evolutions
of both electronic populations and coherences17 . Future
single-molecule experiments may shed additional light on
the actively debated topic of quantum eﬀects in biology,
which may have implications for a large variety of phenomena, from light harvesting to consciousness79–83 .

J˜nm = Jnm θn θm
where
rm = −

APPENDIX A: A PEDESTRIAN ANALYSIS OF
POLARON EFFECTS

3

4

(A3)

−1

∑

(
coth

~ωq

)

|χ

|2

qm
2kB T
θm = e 2 q
.
(A4)
Eqs.
(A1) and (A3) reveal that the electronvibrational coupling decreases the site energies. If, furthermore, the coupling is site-independent (χqm ≈ χq ,
as is approximately the case for the present model of
LHCII), then all ϵ̃m decrease by the same value rm = r.
Hence the kth eigenvalues Ẽk of the renormalized excitonic Hamiltonian H̃ex are red-shifted in comparison with
the kth eigenvalues Ek of the purely excitonic Hamiltonian Hex .
Eqs. (A2) and (A4) show that the electron-vibrational
coupling decreases the eﬀective electronic coupling. We
argue that this eﬀect should decrease (on the average)
the diﬀerences between the neighboring eigenvalues of
the excitonic Hamiltonian,

(A1)
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We cannot prove Eq. (A5) in full generality, but we
demonstrate that it holds in two particular cases. Let
us select a dimer comprised of the sites 1 and 2 with the
coupling J12 and neglect the coupling of the dimer to the
other sites. Then, given r1 = r2 = r, we have
|Ẽ2 − Ẽ1 | =

√
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which proves Eq. (A5). For a molecular ring comprising
N sites with only const nearest-neighbor coupling J and
same site energy ϵn = ϵ, we have (see, e.g., Ref.85 )
(

In a ﬁrst approximation, the electron-phonon coupling
renormalizes the site energies and electronic couplings in
the excitonic Hamiltonian as follows (see, e.g., Ref.84 ):
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|χqm |2 ,
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