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Abstract

For any given positive integer m, a necessary and sufficient condition
for the existence of Type-I m-adic constacyclic codes is given. Further,
for any given integer s, a necessary and sufficient condition for s to be
a multiplier of a Type-I polyadic constacyclic code is given. As an ap-
plication, some optimal codes from Type-I polyadic constacyclic codes,
including generalized Reed-Solomon codes and alternant MDS codes, are
constructed.

Keywords: Polyadic constacyclic code, p-adic valuation, general-
ized Reed-Solomon code, alternant code, Berlekamp-Welch decoding al-
gorithm.

1 Introduction

The class of duadic cyclic codes over finite fields, which includes the important
family of quadratic residue codes, was introduced by Leon et al. [15], and then
studied by several authors such as in [21], [25], [11], [10] and [13].

Motivated by the good properties of duadic cyclic codes, Pless and Rushanan
[22] moved on to study triadic cyclic codes. The class of polyadic cyclic codes (or
m-adic cyclic codes) was later introduced by Brualdi and Pless [7]. Subsequently,
Rushanan et al. generalized duadic cyclic codes to duadic abelian codes ([23],
[27]). Zhu et al. further studied duadic group algebra codes ([31], [30], [2]).
Results on the existence conditions of these codes have been obtained by these
authors. Ling and Xing [18] extended the definition of polyadic cyclic codes to
include noncyclic abelian codes, and obtained necessary and sufficient conditions
for the existence of nondegenerate polyadic codes; some interesting examples
arising from this family of codes were also given. Sharma et al. [24] removed the
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“nondegenerate” condition considered by Ling and Xing in [18], and determined
necessary and sufficient conditions for the existence of polyadic cyclic codes of
prime power length.

Another direction of generalization for the notion of duadic cyclic codes is
the study of polyadic constacyclic codes over finite fields. Constacyclic codes
can be studied with tools which have been proved efficient for cyclic codes,
e.g., polynomial techniques, as well as encoding and decoding algorithms for
cyclic codes, can be easily modified to treat constacyclic codes. In practice,
constacyclic codes can also be implemented by feedback shift registers. In the
semisimple case, self-dual constacyclic codes do exist (see Blackford [5]), whereas
such a phenomenon is impossible for cyclic codes.

In [16], polyadic cyclic codes were generalized to polyadic consta-abelian
codes, and some sufficient conditions for the existence of this class of codes were
established. Duadic negacyclic codes, which is a special class of polyadic consta-
cyclic codes, were considered by Blackford [5]. Recently, Blackford [6] continued
to study Type-I duadic constacyclic codes (see Definition 2.1 for detail). Nec-
essary and sufficient conditions for the existence of Type-I duadic constacyclic
codes were given and, for a given integer s, equivalent conditions were also ob-
tained to determine whether or not s can be a multiplier for a Type-I duadic
code. However, to the best of our knowledge, there are no known solutions to
the following general questions: for n a positive integer and A\ a nonzero element
of the underlying field,

1. For any given positive integer m, do Type-I m-adic A-constacyclic codes
of length n exist?

2. For any given integer s, can s be a multiplier of a Type-I polyadic A-
constacyclic code of length n?

In this paper, a necessary and sufficient condition for the existence of Type-I
m-adic A-constacyclic codes is given. Further, a necessary and sufficient condi-
tion for s to be a multiplier of a Type-I polyadic A-constacyclic code is obtained.
We also exhibit some optimal polyadic constacyclic codes, including generalized
Reed-Solomon codes and alternant MDS codes.

This paper is organized as follows. In Section 2, basic notations and the
main results of this paper are presented. In Section 3, we prove some lemmas
which play important roles in the proofs of the main results. In Section 4, the
proofs of the main results are given. In Section 5, several corollaries are derived
from the main results; some optimal codes from Type-I polyadic constacyclic
codes are constructed, including generalized Reed-Solomon codes and alternant
MDS codes, for which an efficient encoding and decoding method is illustrated
through an example.



2 Notations and main results

We denote by I the finite field with cardinality |Fy| = ¢. Let A € F;, where F}
denotes the multiplicative group of units of F,, and let n be a positive integer
coprime to ¢g. Any ideal C of the quotient ring F,[X]/(X™ — A} is said to be a
A-constacyclic code over Fy of length n. In particular, it is just the usual cyclic
code when A = 1; and it is called a negacyclic code if A = —1. Let ordp: () =,
where OI'd]F; (M) denotes the order of A in the multiplicative group [Fy; then
r| (g —1) since [F7 is a cyclic group of order ¢ — 1. Thus a constacyclic code C
has three parameters g, n, r; in this case we say that C' is a (g, n, r)-constacyclic
code. In this paper we always adopt the following notations:

e ¢, n, r with ged(g,n) = 1 and r|(¢ — 1) are the parameters of the consta-
cyclic code C, where ged(g,n) denotes the greatest common divisor;

Z,,, denotes the residue ring of the integer ring Z modulo rn;

Zy,, denotes the multiplicative group consisting of units of Z,;

147Zp ={1+7k|k=0,1,--- ;n—1} C Zpp;

tn, where ged(h,rn) = 1, denotes the permutation of the set Z,, given
by pn(x) = hx for & € Zyp;

e s is an integer such that s € Z%, N (1+rZ,,), and m is a positive integer.

Let e be the multiplicative order of ¢ modulo rn, i.e., rn | (¢¢ — 1) but
rnt (¢°~t —1). Then, in the finite field F e, there is a primitive rn-th root w of
unity such that w™ = A. It is easy to check the following facts:

> Wi i € (1+1Zm), are just all the roots of X™ — .

» For an integer h coprime to rn, the set 1 + rZy, is pp-invariant if and
only if h € 22, N (1 + 1Zyy).

Since ged(g,n) = 1 and r|(g—1), it follows that ¢ € Z¥, N(1+rZ,,) and 1+7rZ,,
is pg-invariant. Let (1 4 rZ,y)/pq denote the set of pig-orbits within 1 + rZ,,
i.e., the set of g-cyclotomic cosets within 1+7Z,,,. For any g-cyclotomic coset @
in Zyp, the polynomial Mg (X) = [[;co(X — w?) is irreducible in F,[X]. Thus

X" —\= II Mg (X)
QE(1+7Zrn)/ g
is the monic irreducible decomposition of X™ — A in F,[X].

Definition 2.1. If 1 + rZ,,, has a partition 1 +rZ,, = Ay U ---U X,,_1 such
that, for some integer s, every X is pg-invariant and ps(X;) = Xj4q for j =
0,1,---,m — 1 (the subscripts are taken modulo m), then



(i) the partition {Xo,Xl, e 7Xm,1} is called a Type-I m-adic splitting of
14+ 7Zyy,, and pg is said to be a multiplier of the Type-1 m-adic splitting;

(i) the constacyclic codes Cy,, with check polynomial [[qc vy, /., Mq(X) for
j=0,1,--- ;m — 1, are called Type-I m-adic constacyclic codes given by
the multiplier p.

Remark. In the case of Definition 2.1, the following map (denoted by fis):
n—1 . n—1 )

fs s Fg[X]/(X™ = X) — F[X]/(X" = X), D aiX'+— ) a; X",
i=0 i=0

is an isometry (i.e., fis keeps both the algebraic structure and the weight struc-
ture, see [9, §3]) of the quotient algebra F,[X]/(X"™ — A) such that is(Cx,) =
Cx,,, for j=0,1,--- ,m—1 and F [X]/(X" — X) = @' Cx,. The map /i,
is also called a multiplier of the quotient algebra, e.g., see [14, Theorem 4.3.12].
Of course, the notion of an m-adic splitting makes sense in practice only for
m > 1. We allow that m = 1 since it is convenient for the statements of our
results. Note that, when m = 2, “2-adic” is usually said to be “duadic”.

Example 2.2. Taking ¢ = 5, 7 = 2 (hence A = —1), n = 6 and s = —1, we
have 1 + rZy, = 1 4+ 2Z15 = {1,3,5,7,9,11}. Obviously, Xy = {1,3,5} and
X, ={7,9,11} are ps-invariant, and p_q(Xy) = X1, pu—1(X1) = Xy. Hence,

o {Xy, X1} is a Type-I duadic splitting of 1 4 2Z15 given by p_1;

e the constacyclic codes C'x, and Cy, are Type-I duadic negacyclic codes with
check polynomials X2 + X2 +3X +2 and X3 +4X? + 3X + 3, respectively.
In fact, both C'x, and Cx, have nice theoretical and practical properties, see
Proposition 5.9 and Example 5.11 below.

Example 2.3. However, if we are given ¢ = 3, r = 2 and n = 10, then there
are no Type-I polyadic splittings of 1 4+ 2Zy9 = {1,3,5,7,9,11,13,15,17,19},
because {5, 15} is a 3-coset which is fixed by any multiplier us. Thus, we have
to exclude it and look for duadic splittings of {1,3,7,9,11,13,17,19}, which is
partitioned into ps-invariant subsets Xy = {1,3,7,9} and &} = {11,13,17,19}.
Obviously, p—1(X) = X1 and p—1(X1) = Xp. In [5], {Xo, X1} is called a Type-IT
duadic splitting of 1 + 270 given by p_1.

As mentioned in Section 1, there are two fundamental questions concerning
Type I m-adic constacyclic codes:

e Under what conditions do Type-I m-adic (g, n, r)-constacyclic codes exist?

e For a given integer s, is us a multiplier of a Type-I m-adic splitting for
1+ 17,7

We address these two questions in this paper.



Let t be a non-zero integer. For any prime p, there is a unique non-negative
integer v,(t) such that p*»®||¢, i.e., p*»(*) is the largest power of p dividing
t. The function v,(t) is well known as the p-adic valuation of t. Of course,
t== Hp p*»® where p runs over all primes, but vp(t) = 0 for all except finitely
many primes p. We adopt the convention that v,(0) = —oo and |v,(0)| = oo

The following two theorems are the main results of this paper.

Theorem 2.4. There is a unique integer M = Hp p» M) such that Type-I m-
adic (q,n,r)-constacyclic codes exist if and only if m is a divisor of M, where
vp(M) is determined as follows: if pfr or pfn, then v,(M) = 0; otherwise:

(1) if p is odd or vp(r) > 2, then vp(M) = min{v,(¢ — 1) — vp(r), vp(n)};
(il) if p =2 and v5(r) = 1, there are two subcases:

(ii.1) ifva(q—1) > 2, then vo(M) = max{min{rs(q¢—1)—2, vo(n)—1}, 1};
(ii.2) if vra(¢—1) =1, then vo(M) = min{ra(¢+ 1) — 1, va(n) — 1}.

Note that v5(¢ — 1) = 1 if and only if ¢ = —1 (mod 4), which is equivalent
to va(g+1) > 2.

Theorem 2.5. There is a unique integer My = pr”P(Ms) such that ps is a
Type-1 m-adic splitting for 1 + rZ,,, if and only if m is a divisor of My, where
vp(Ms) is determined as follows: if p{r or p{n, then v,(Ms) = 0; otherwise:

(1) ifp is odd or p =2 and both v,(g — 1) > 2 and v,(s — 1) > 2 hold, then

vp(M,) = max { min{v,(q — 1), vp(rn)} — |vp(s — 1), 0};
(ii) ifp=2, 10(g—1) =1 and va(s — 1) > 2, then
vo(M,) = max { min{ra(q+ 1) + 1, v2(rn)} — |va(s — 1)], 0};

(iii) if p=2, (q—1) > 2 and vo(s — 1) =1, then

v2(M,) = max { min{ra2(q — 1), va(rn)} — |va(s + 1)|, 1};

(iv) ifp=2,12(¢—1) =1 and va(s — 1) = 1, then

max {min{r(q + 1) + 1, v2(rn)} — min{|va(s + 1)|,v2(¢ + 1)}, 0},
vo(M,) = if va(s+1) # valg +1);
0, if va(s+1)=w2(¢+1).



3 Preparations

Let X be a finite set and let Sym(X) be the symmetric group of X consisting
of all permutations of X. If u € Sym(&X), i.e., p is a permutation of X, then
(u) ={p?|j € Z} acts on X, and thus X is partitioned into a disjoint union of
(u)-orbits (abbreviation: p-orbits). The following result appeared previously in
[19, Lemma 3.1].

Lemma 3.1. Let pu be a permutation of a finite set X and let m be a positive
integer. Then the following statements are equivalent:

(i) There is a partition X = XAgU X1 U---UX,y—1 such that p(X;) = X1 for
i=0,1,--- ,m—1 (the subscripts are taken modulo m).

(ii) The length of every p-orbit on X is divisible by m.

Let a finite group G act on a finite set X. As is well known, for x € X,
the length of the G-orbit containing x is equal to the index |G : G|, where G,,
is the stabilizer of z in G. The action of G on & is said to be free if, for any
x € X, the stabilizer of z is G, = {1}. An element p € G is said to be free on
X if the subgroup (u) generated by p acts on X freely; in that case the length
of any p-orbit on X is equal to the order of y (cf. [1, Ch.1]).

The proofs of the next two elementary facts are straightforward, so we omit
them here.

Lemma 3.2. Let G, H be finite groups, and let X, Y be a finite G-set and a
finite H-set, respectively. Then X x Y is a finite (G x H)-set with the natural
action of G x H, and the following statements hold:

(i) For g € G and h € H, the order of (g,h) € G x H is equal to the least
common multiple of the order of g in G and the order of h in H, i.e.,
lem (ordg(g), ordg (h)).

(i) For x € X and y € Y, the length of the (g, h)-orbit on X x Y containing
(z,y) is equal to the least common multiple of the length of the g-orbit on
X containing x and the length of the h-orbit on Y containing y.

Lemma 3.3. Let G act on a finite set X freely, and let N be a normal subgroup
of G. Let X/N be the set of N-orbits on X. Then the quotient G/N acts on
X /N freely; in particular, the length of any G/N-orbit on X /N is equal to the
indez |G : N|.

Remark 3.4. Let ¢ be a positive integer and u € Zj.

(i) The action of p, on Z; is not free, e.g., 0 is always fixed by u,,. However,
Zj is py-invariant and the action of p,, on Zj is always free.

(ii) If ¢ = p® is an odd prime power, then Zy. is a cyclic group of order
p®~(p — 1); the subset 1 + p®Z,a with b > 1 of Zy. is a cyclic subgroup
of order pmax{a—=b,0} "and 1 + pbd, with d coprime to p, is a generator of
the cyclic subgroup 1 + p®Za.



(—1), a=2;
(—1) x (3), a>2,
(5) is |(5)| = 227 2. For the subgroup 1 + 2°Zga with b > 1 of Z3., there
are two subcases:

(iii) If ¢t = 2% with a > 2, then Z3. = { where the order of

(iii.1) if b > 2, then 1 + 2%Zya C (5) with order |1 + 20Zq.| = 2max{a=b,0}
and 14 2°d, with d coprime to 2, is a generator of the cyclic subgroup
1+ 2%Zsa.

(iii.2) if b =1, then 1 4 2Z9e = Z3a.

The next two lemmas play important roles in the proofs of our main results.

Lemma 3.5. Let u # —1 be an odd integer. In the multiplicative group Z3.
(a > 2), we have:

(1) If va(u — 1) > 2, then (u) C (5), ord(u) = 2wax{a—v2(u=1),0} " gng the

quotient group Zi./(u) = (—1) x (5), where —1 and 5 denote the images
of =1 and 5 in the quotient group, respectively. In particular, |(5)| =
2min{u2(u—1)—2,a—2} and |<?1>‘ -9

(i) Ifra(u—1)=1, then (u)N(5) = (u?), ord(u?)=2max{e—v2(u+1)=1,0} "g4nd the
quotient group Zs. | (u) = (5 is a cyclic group of order 2™ {v2(ut1)—=1,a=2}
Proof. Let u =1+ 2°d, where b = v5(u — 1) and d is odd.
(i). If b > a, then u =1 € (5). Otherwise, 2 < b < a, so (1 + 2°d)
but (1 + 2°d) # 1, which gives ord(u) = 2%7°. In other words, ord(u

) =
gmax{a=b.0} (this is just an argument for Remark 3.4 (iil.1)). Specifically, (5) =
1+ 22Zga. Therefore, (u) C (5), Z3. /(u) = (5) x (—1) and

[(5)] = 2aiQ/ord(u) — gmin{b—2,a—-2}

a—b
2 =1

2a—b—1

(ii). In this case u+1=2(d+1),s0 va(u+1) =1+ wv2(d+1) > 2. Writing
d = 2v2(wtD=1(_y/) — 1 with o/ being odd, we get

w=1+2d=(-1)(1+220y) e (=1) x 5), wo(u+1)>2, 24 (3.1)
Note that u ¢ (5), but u? = 1 + 2v2(u+D+1(y/ 4 2v2(ut1) =142y € (5) and

ord(u?) = {

In other words, ord(u?) = 2max{a=v2(u+1)=1,0} Then 75, = (5) - (u) and (u) N
(5) = (u?), hence

20171/2(u+1)717 VQ(’LL+ 1) +1 < a;
1, va(u+1)+1>a.

L/ (u) = (5)/ ((u) N (5)) = (5)/(u®)
is cyclic group. Recalling that [(5)| = 2972, we then have
23 /)| = |(5)/{u?)] = 2ntratiee D12,
We are done. 0



Lemma 3.6. Let h,u be odd integers with u # —1. We denote by h the image

of h in the quotient group Zi./{u), where a > 2. Let ord(h) = 2¥. With the
convention that va(h + 1) = —oo and |ve(h + 1)| = 0o when h = —1, we have:

(1) If both va(u —1) > 2 and vo(h — 1) > 2, then

v =max { min{va(u — 1), a} — va(h — 1), 0}.

(ii) If va(u—1) =1 and va(h — 1) > 2, then

v =max { min{ro(u+1) + 1, a} — vo(h — 1), 0}.

(iii) Ifro(u—1) > 2 and vo(h — 1) =1, then

v =max { min{ro(u — 1), a} — |[v2(h + 1)|, 1}.

(iv) If both va(u —1) =1 and va(h — 1) = 1, then

max { min{vo(u+ 1) + 1, a} — min{|va(h + 1)|, va(u + 1)}, 0},
if vo(h+1) # vo(u+1);

0, if va(h+1)=rv2(u+1).

Proof. Let (h,u) be the subgroup of Z3. generated by h and u. Then 2V =
[(yu) /().

(i). By Lemma 3.5(i), both u and h are located in (5). Hence, 2V =
ord(h)/ord(u) if ord(h) > ord(u), and 2¥ = 1 otherwise. However, ord(h) =
gmax{a=va(h=1),0} and ord(u) = 2maxte=r2(u=1).0} by Lemma 3.5(i) again. We
get

ord(h) > ord(u) <= wa(h—1) <min{re(u—1),a}.
Thus 2¢ = 2max{min{uz(u71),a}fuz(hfl),()}.

(ii). In this case, (h) C (5) but (u) N (5) = (u?) (see Lemma 3.5(ii)). Then

(hy N {u) = (h) N (5) N (u) = (h) N (u?), and hence

2" = [{hyu)/{w)] = |(R)/ (B O ()],

which leads to computations in the cyclic group (5) similar to the ones in (i).
By Lemma 3.5(ii), ord(u?) = 2max{e—v2(ut1)=1,0} 44

v — 2max{min{u2(u+1)+1,a}fug(hfl),o}.
(iii). We can write h = (—1)(1 4 2*2+ D1/ with |vo(h + 1) > 2 (the case
va(h+1) = —o0, i.e., h = —1, is allowed) and I’ being odd (see Eqn (3.1)); set
1

h' =1+ 22" Dp - By Lemma 3.5(i), it follows that Z3./(u) = (=) x (5),
and h = —1-h” with h” € (5). Then

2V = ord(h) = max{ord(—1), ord(h”)}.



We know that ord(h”) = 2max{a=lv2(h+1[.0} (see Lemma 3.5(i), but h = —1 is
allowed here). With the same argument as in (i), we have

ord(ﬁ) — 2max{min{y2(u—1),a}—\uz(h+1)|,0}.
Recalling that ord(—1) = 2, we get that 20 = 2max{min{va(u=1),a}=[v2(h+1)|, 1}
(iv). Similar to the above, we can write
h=(=1Dh", W' =142=20t0p " py(h4+1)>2, 2414,
u=(=1)u", u" =1+2200y py(u+1)>2, 244
It is clear that (h,u) = (hu,u), so
2% = [{h,u) /()| = [(hu, w) [ ().
Since u ¢ (5), but u? = 1 4 2v2(uFD+1(y/ 4 ov2(utl) =172y ¢ (5) and
hu=h"u" =1+ 2y2(h+1)h/ + 2u2(u+1)u/ + 2y2(h+1)+u(u+1)h/u/ c <5>;

this present case can be reduced to the case (ii) above (by replacing h in (ii)
with hu). If va(h 4+ 1) = vao(u + 1), then vo(hu — 1) > vo(u + 1) + 1 (see the
above formulation of hu), hence 2 = 1 by the conclusion in (ii). Otherwise

min{va(h + 1), 10(u+1)}, h#—1;

VQ(hUI)_{VQ(U+1), h— 1,

i.e., va(hu — 1) = min{|va(h + 1)|,v2(u + 1)}. By the conclusion in (ii) again,

v — 2max{min{1/2 (u+1)+1, a}—min{|vz (h+1)|, v2 (u+1)}, O}.

If vo(h+1) > va(u+1) or h = —1, then min{|ve(h+1)|, v2(u+1)} = va(u+1),
and hence v can be simplified to:

1, v(ut+1)<ag;
0, mu+l)>a

v = max{min{ve(u + 1) + 1,a} —e(u+1), 0} = {

The proof is completed. O

4 Proofs of the main results
We keep the notations of Section 2. Consider the surjective homomorphism
Zpy, — L, 2« (mod rn) — x (mod 7). (4.1)

Then 1+ rZ,., is just the inverse image of 1 € Z,..

Assume that py,- -+, pg, D, Dy, Y, -+, Py are distinct primes such that
_ Q1 g, 1o / O‘;c/ ith ! ! 1 o
n=py PP P ©, withag,--- ok, 07,0, a, all positive;



r :pfl .. pgkplllﬁl .. 'pgl/ﬁk//, with 617. .. 76/(}7 i/’ N 7B]/€/” all positive7

ie., a; = vy, (n), Bi = vp,(r), etc. Then

_ ,01t8 ap+Bi, 1 A ; ag By 11 B
rn_pll 1...pk pll...pk,kpll...pk”k.
’ /o ;) ay " 1187 1 B . .
Set n' = pi™t---p, "% and v = p{™* -..pll,"¥". Applying the Chinese Re-
mainder Theorem, we rewrite Z,, as follows:
CRT
Ly = Zp;l1+51 XX Zp:kJer X Lpr X L.

The surjective homomorphism (4.1) may be rewritten as
p: Zp(;lJrﬂl X oo X Zp;:kJrﬂk X Ligy X Logrr — Zp?l NERE pr’“ X Lyrry (4.2)
with kernel
Ker(p) = pflzpﬁﬁﬁl X X pszp:wﬁk X Ly % {0},

where {0} is the zero ideal of Z,». Thus, 1+rZ,, = 1+XKer(p) can be rewritten
as

L 12 2 (L 90 L) oo (L PP i) X L X {1}, (4.3)

Therefore

2t O +1Z,) B (1+prZP¢;1+’31) x-ox (1 —|—pngp:k+ﬁk) x 75, x{1}. (4.4)

Thus, any x € (14 rZ,,) can be represented as

z BT (1+p5a, -, 1+pi’°wk, ', 1) (4.5)

with §& = vp,(x —1) > Bi, pifa; fori=1,--- k, and 2’ € Z,, and hence any
$ € Zpy* N (1 +1Zyy) can be represented as

s BT (L+pTts1, =+, 14+pirse, s, 1) (4.6)

with o; = v, (s—1) > g and p; {s; fori =1,--- ,k, and ¢’ € Z%,. In particular,
since ¢ € Z¥,, N (1 + rZ,,,), we have

CRT . -
= 1+pl'q, -, L+pfFar ¢ 1) (4.7)

where 7, = vp, (¢ —1) > B, and p; {¢; for e =1,--- |k, and ¢’ € Z7,.
We first need the following observation.

Lemma 4.1. Let p be a prime. If p & {p1,--- ,pr}, then there is a ps-orbit in
1+ rZ., whose length is not divisible by p.
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Proof. Take xg € (1 + rZ,y) such that (cf. Eqn (4.5)):

c
o 2T(l +pilzy, - 1—|—pk Ty, 0, 1).

Then the length of the ps-orbit in Z,, contalmng 0 is 1, and the length of the
fts-orbit in 1 4 p; ZZ a;+6; containing 1 —&-pz x; is a power of p;. By Lemmas 3.2

and 3.3, we see that ‘the length of the ps-orbit in (1 + rZ,y)/pq containing the
g-cyclotomic coset xo(g) is not divisible by p. O

Recall that, for any p;, 1 <i <k, both ¢ and s (mod pf‘i+5i) are contained
in the multiplicative group 1 +piingi+ﬁi; we denote by (g, s); the subgroup of

1+ pfing#ﬁi generated by ¢ and s.

k
Theorem 4.2. Let M H [{q, )i : {q):| be the order of s in the quotient group

k
H (1 —|—pl Z o8 )/(q)z Then s is a Type-1 m-adic splitting for 1 + rZy, if
and only if m|M

Proof. For any = € (1 4+ 7Z,,) as in Eqn (4.5), by Lemma 3.3, the length of
the p5-orbit in the quotient set (1 —|—pl Z ai+8; ) /Mg containing (1 + pt'z;){(q)
is equal to |{gq, s); : (¢);]. By Lemmas 3.1, 3 2 and 4.1, the theorem follows at
once. 0

Now we are ready to prove our main results.

Proof of Theorem 2.4. Take an § € Z7,, N (1 +rZ,) as follows (cf. Eqn (4.6)):

BUQ 4 pgt, oo 14, 1,1)

such that each component 1 + pf’ el+ piin‘?"i+B'i of § becomes an element of

maximal order in the quotient group (1 —l—p’f?‘quﬁﬁi)/(qﬁ fori=1,--- k. Set
M = Mj as in Theorem 4.2. Then, for any s € Z%, N(14+7rZ,y), by Theorem 4.2
we have M| M. Thus, for an integer m, an m-adic (g, n,r)-constacyclic code
of Type-I exists if and only if m is a divisor of M. It remains to determine M
by its p-adic valuations v,(M), for all primes p. If p ¢ {p1,--- ,pr}, then we

have seen from Theorem 4.2 that v,(M) = 0. For 1 < i < k, by Theorem 4.2

; (M)

and the choice of 3, We see that p,” is the maximal order of elements of the

quotient group (1 + pl Z o +a1) /{q):; we determine it in the following cases.

Case 1: p; is odd or Bi = 1p,(r) > 2. Then the group 1 +pﬁlZ a;+8; 1S A

cyclic group of order p;, and the order of ¢ is pmax{a Bz (=), 0} (recall

that vy, (¢ — 1) > B; and the order of ¢ is 1 when a; + 3; < vp,(q — 1)). Thus,
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the maximal order of the elements of the quotient group (1 + piﬁ quiﬁ»ﬂj )/{q)s

minte (@080 pence vy, (M) = min{uy, (g — 1) = v, (1), vp,(n)}-

Case 2: p; = 2 and vo(r) = 1. Then the group 1 + 2Zga;+1 = Zj., 11 =
(1) x (5) and |(5)] = 2% 1. There are two subcases:
Subcase 2.1: vo(q—1) > 2. By Lemma 3.5(i), the quotient group Z3. 1. /(q)

is the direct product of a cyclic group of order 2min{v2(a—1)=2,ai=1} and 4 group
of order 2. Thus

isp

vo(M) = max{min{ra(¢ — 1) — 2, v2(n) — 1}, 1}.

Subcase 2.2: va(¢—1) = 1. By Lemma 3.5(ii), the quotient group Z3. 1. /(q)
is a cyclic group of order 2min{ra(a+1)—1,ai—1} Thyg

vo(M) = min{va(g+ 1) — 1, va(n) — 1}. O

Proof of Theorem 2.5. For i = 1,--- |k, from Theorem 4.2, in the quotient
group (1 +piin%+gi )/<q>l, we have seen that

Vp, (M) = (g, 8)i : (@)il-

vp; (1) —vp, (1) By

9

If p; is odd, then 1 + piingﬁg,; is a cyclic group of order p
Remark 3.4(ii), we get immediately that

max{min{l/pi( 71),Vp,i(rn)}f|upi(sfl)|,0}
|<Qa 5>1‘ : <Q>z| =D; ! .

Otherwise, p; = 2 and all of the conclusions follow from Lemma 3.6 at once. [

5 Corollaries and examples

Most results on the existence of Type-I polyadic constacyclic codes can follow
as consequences from the main theorems immediately. Moreover, with the help
of the main results and the arguments, some interesting examples can be con-
structed from Type-I polyadic constacyclic codes. Here we describe the case
when m = p is a prime, which is an interesting case.

5.1 p-adic constacyclic codes

Corollary 5.1. Let m = p be a prime. Then Type-I p-adic (g, n,r)-constacyclic
codes exist if and only if one of the following two conditions holds:

(1) vp(n) > 1 and vp(g—1) > vp(r) > 1 (the case p =2 is allowed);

(i) p=2, vo(r) =1 and min{ra(g+ 1),v2(n)} > 2.

12



Proof. Taking m = p in Theorem 2.4, we obtain the desired result. O

Remark 5.2. The case of p = 2 in Corollary 5.1, i.e., the necessary and suf-
ficient conditions for the existence of duadic constacyclic codes, was treated in
[6, Corollary 17] and stated in different notations.

On the other hand, if the prime p is odd, then (ii) of Corollary 5.1 is not
applicable, hence the statement can be shortened; for example, for p = 3, the
statement can read as

“Type-I triadic (g, n,r)-constacyclic codes exist if and only if v3(n) > 1 and
v3(g—1) > wvs(r) > 17
This result has been obtained in [19].

Inspired by the conditions of Corollary 5.1, we construct a class of p-adic
constacyclic generalized Reed-Solomon codes. For nonzero vg,v1,- - ,v,-1 € F}
and distinct o, o, -+, ap—1 € Fy, the following [n, k,n — k + 1] code

{ (vor(@o) vaf(@), -+ w1 flan—) ) | F(X) € Fy[X], deg f(X) < k]

is called a generalized Reed-Solomon code, abbreviated by GRS code, with loca-
tor & = (ag, 1, -+ yap—1); it is an [n, k,n — k 4+ 1] MDS code. We denote this
GRS code by GRSk (a;v), where v = (vg,v1, -+ ,Up-1), cf. [17, Ch.9].

Proposition 5.3. Assume that m = p is a prime, q is a prime power with
vp(g —1) > 2, and rn | (¢ — 1) such that vp(r) > 1 and vp(n) > 1 (then
Corollary 5.1(3) is satisfied). Let w € Fy be a primitive rn-th root of unity and
A=w". Set

p

= {1+ir

Then

(i) Cx;, for j =0,1,---,p—1, are Type-I p-adic A-constacyclic codes given
by pyrn;

(i) for any 0 < k < p, the constacyclic code C = Cx, BCx, ®---®Cx,_, is the
[, %”, @—H} GRS code GRS kn (w; v) withw = (1,w™",--- ,w=(*=D1)
and v = (1,w™t - w1,

Proof. (i). Let s =1+ =. Noting that p | r, we have
ws(1+1ir) = (1 + m)(1 +ir)= 1+ r(ﬁ + 2) (mod rn).
p p

Hence ps(X;) = Xjqq1 for j =0,--- ,p—2, and ps(Xp—1) = Xy. Thus Xy, A1,
-+, X1 form a Type-I p-adic splitting of 1 + rZ,,, given by ;.

(ii).  Since w™" is a primitive n-th root of unity, w is a locator and

GRSpy/p(w;v) is a GRS [n, %"7 @ + 1] code. We need to show that C' =
GRSy /p(w; v). Since dim C' = %”, it suffices to show that GRSy, /,(w;v) C C.
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Set C=ApU--UX_q and K' =X, U--- U X,_1. ’rhen HQG/C/;LQ Mo(X)
is a check polynomial of C, hence {w! | t € K'} = {w!+ | %” < i< n}is the
set of zeros of the code C.

En ,
For f(X) = ij:() ' [; X7 with f; € Fy, the codeword of GRSy, /(w5 v),

&= (F1),w  fw ™), D o)),

corresponds to the polynomial ¢;(X) = Y7/ L wt f(w™™) X" in the polynomial
representation of codewords. To prove that cf € C, it is enough to show that

p(w'tT) =0 for %” < i < n. We compute ¢;(w'*"") as follows:

kn _q kn _q
1 P

n—1 n—1
C}(w1+ir) _ wat Z fjwfrtj w(1+ir)t _ Z fj Zwr(zej)t'
t=0 j=0 j=0 t=0

Since &n . n<j<nand 0<j<kE weseethat 0 <i—j <n, hence w" (=7 £ 1
as w’” is a primitive n-th root of umty. Then

wrli=in — 1 k k
§ wW Nt — -0, for D<i<m 0<j< 2
wr(l wori—i) — 1 1 P P
Therefore, cs(w'*") = 0 for all 1 +ir € K'; we are done. O

Some GRS codes from Proposition 5.3 are exhibited in Table 5.1.

No | m q r| n k d GRS code GRSk (a;v)

(i) 3119|136 | 4|3 | a=0w?3- w1 v=0w?!- - w5
G) | 328|321 | 7 |15 |a=>0w?3 0% v=>1wl . w20
Gi) | 2 |17 2] 8 | 4|5 | a=0w? -, ™ v=(1Lw - - w7
(iv) | 2 | 3| 2]40 |20 |21l | a=(l,w2 - ,w ™) v=_1wl w3
vy | 252|212 6 | 7| a=10w?3 0?2 v=_1Lwl . 0w
(viy | 2 |72 2|24 | 12| 13| a=(1w?2 w0 v=>1wl . w23

Table 5.1: GRS codes from Type-I polyadic constacyclic codes

Example 5.4. An interesting particular case of Proposition 5.3 is as follows:
m =1 =2, n is an even divisor of q;21’ and the splitting of 1 4 2Z,, is
Xo={1,3, -, n—1}, Xp={n+1,n+3, -, 2n—1}, (5.1)
(e.g., the codes (iii)-(vi) in Table 5.1 where n = 95%). It is a Type-I duadic
splitting of 1 + 2Zy,, given by p114 2 = pin11. However, it is easy to check that
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X, A1 also form a splitting of 1+ 2Zs,, given by p_1. In other words, both Cyx;,
and Cly, are self-dual duadic negacyclic GRS codes with parameters [n, 5, 5 +1].
The biggest choice of n is n = q%l and, in this case, the self-dual duadic

negacyclic GRS code Cly, has parameters [155, %, 53],

Before further analyzing this example, we discuss the particular case of The-
orem 2.5 where m = p is a prime.

5.2 p-adic constacyclic codes given by p;

When m = p is an odd prime in Theorem 2.5, the case is easy, as shown in the
following.

Corollary 5.5. Assume that m = p is an odd prime, s € Z*, N (1 +1Z,,) and
s # 1. Then Type-I p-adic splittings of 1 + rZ, given by us exist if and only if
p|ged(n,r) and vy(s — 1) < min{v,(q — 1), vp(rn)}.

For the remaining case of m = p = 2 in Theorem 2.5, we obtain the following
consequence.

Corollary 5.6. Assume that s € Z, N(1+1Zyn). Then Type-I duadic splittings
for 1+ 1rZ,, given by us exist if and only if both n and r are even and one of
the following four conditions holds:

(1) v2(q—1) > |ra(s = 1)| and va(rn) > |va(s — 1)|;

(ii) T2(E] — 1))|: 1, va(s—1) > 1, ra(qg+ 1)+ 1 > |va(s — 1)| and ve(rn) >
va(s —1)|;

(iii) va(g—1) =12(s—1) =1, |tu(s+1)| > ra(g+1) and va(rn) > va(g+1);
(iv) na(g—1)=rva(s—1) =1, |ra(s+1)| <wa(q+1) and |va(s+1)| < va(rn).

Proof. By Theorem 2.5, we need to look for a condition such that vo(Ms) > 1.
If vo(g—1) > 2, by (i) and (iii) of Theorem 2.5, we arrive at (i) of the corollary.
Furthermore, (ii) of the corollary follows from (ii) of Theorem 2.5, while (iii)
and (iv) of the corollary follow from (iv) of Theorem 2.5. O

Remark 5.7. Note that, if s € Z*, N(14+7rZ,y) and r is even, then s is odd, i.e.,
|va(s — 1)| > 1; hence Condition (i) of Corollary 5.6 implies that v2(q — 1) > 2,
or equivalently, ¢ = 1 (mod 4). Hence, Corollary 5.6(i) yields again, but in
different notations, the result [6, Theorem 20] for the case when ¢ =1 (mod 4).
Moreover, a special case of Corollary 5.6 (iii) and (iv) was also described in [6,
Theorem 20], which, however, contains some inaccuracies. A correction to [6,
Theorem 20] has been shown in [8, Theorem 1.3] as follows:

Assume ¢ = 3 (mod 4), with ¢ = —142°d for some ¢ > 2 and some
odd d. Letr =2r", n =2 and s = 1+ 2r'n’, with r',n’ odd and
b> 2.
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(A) ps is a Type-I duadic splitting for 1 + rZ., if and only if one
of the following conditions holds: (1) ¢ > b > va(1 4+ r'n’);
(2) b>c>wa(l+1'n).

(B) For 2 < i < 14 b, pyyoipm is a Type-I duadic splitting for
1+ 7rZpy if and only if i < c.

One can see that statement (B) follows from (ii) of Corollary 5.6, while statement
(A) follows from (iii) and (iv) of the corollary. Moreover, (ii), (iii) and (iv) of
Corollary 5.6 are more extensive than the result of [8] stated above, e.g., the case
“s = —1” does not appear in [8, Theorem 1.3] but is included in Corollary 5.6:
since vo((—1) — 1) = 1 and |v2((—1) + 1)| = oo, the following corollary follows
at once.

Corollary 5.8. Type-I duadic splittings for 1 + rZ,, given by p_1 exist if and
only if n is even, r = 2 and one of the following two conditions holds:

(i) ra(¢—1)>2 (i.e.,, g=1 (mod 4));
(ii) e(¢g—1)=1 (i.e., g=3 (mod 4)) and v2(qg+ 1) < va(rn).

As mentioned in [5], Euclidean self-dual negacyclic codes are just Type-I
duadic negacyclic codes given by p_;. In this sense, Corollary 5.8 is just [5,
Theorem 3].

5.3 Alternant constacyclic MDS codes

By an alternant code, we mean a subfield subcode of a GRS code GRSy (ax; V)
over a large field Fge, i.e., the code over the ground field F,, denoted by
GRSk (a; v)|r,, obtained by restricting the GRS code GRSy (c; v) over Fye to
F, (ct. [17, Ch. 9]).

For the case (i) of Corollary 5.8, we have shown in Example 5.4 a family of
self-dual negacyclic GRS codes with parameters [%1’ %, %]. On the other
hand, it is easy to see that there are no self-dual negacyclic GRS codes for
the case (ii) of Corollary 5.8: since 2n { (¢ — 1), there are no primitive 2n-
th roots of unity in ;. However, Proposition 5.3 and Example 5.4 provide a
way to construct self-dual negacyclic alternant MDS codes for both the cases
of Corollary 5.8. An easy modification of the Berlekamp-Welch algorithm can
then be applied to carry out decoding for such codes.

Proposition 5.9. Assume that q is a power of an odd prime. Letn = q# with

£ being an odd divisor of ¢+ 1, let w € Fp2 be a primitive 2n-th root of unity,
and let

Xo=A{1,3,---,n—1}, Xi={n+1,n+3 - ,2n—1},

as in Eqn (5.1). Then
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(1) Ao and X1 form a Type-I duadic splitting of 1 + 2Za,, over F, given by
H—1;

(i) the duadic negacyclic codes Cx,,Cx, over Fy are self-dual duadic nega-
cyclic MDS [n, 5,5 + 1] codes;

(iii) Cx, = GRS, j2(w; V)l|r, is an alternant code restricted from GRS,, j2(w; V),
which is the GRS code over Fp with w = (1,w™2,--- , w2 =Dy and
v=1w"! - w D),

Proof. Note that, for any odd integer ¢, we have tn = n (mod 2n). Since
q = ¢fn —1 with ¢ being odd, we have ¢ = n— 1 (mod 2n). For any i € X, since
1 is odd, we have

gi=(n—1)i=ni—i=n—1(mod 2n).

Thus pq(Xo) = Ao, ie., both &y and X are pg-invariant, which proves the
conclusion (i).
By Proposition 5.3 and Example 5.4, the duadic negacyclic code C’XO over

F,2 is a self-dual negacyclic GRS code as follows:

q
Cx, = GRS, j2(w; V)
= {(F@, w7 @), - T ) | £(X) € Fp[X], des £(X) < 3.

Note that Cy, C C’XO, wCy, C C’XO, and that dimp, C’XO = 2dimygq2 C’XO = n.
We have the direct sum C’XO = Cx, @ wCy,. Therefore, Cx, = 0X0|Fq is the

desired subfield subcode of the code Cy,. Both the conclusions (i) and (iii)
now follow easily. O

The biggest choice of n in Proposition 5.9 is n = g 4+ 1. For this choice,
the self-dual duadic negacyclic alternant MDS code Cly, has parameters g +
1, ‘”1 q+3] Blackford [5, Corollary 5] has constructed this self-dual negacyclic
[q+1, q'gl, q;?’] code, but did not show it to be an alternant code. The additional
knowledge of the alternant structure of this code implies that, for example, a
slight modification of the Berlekamp-Welch algorithm (cf. [28]) can now be used

for decoding for this code.

Remark 5.10. The alternant structure of Cx, = GRSz (w;Vv)|r, in Proposi-
tion 5.9 is helpful, e.g., the Berlekamp-Welch decoding algorithm can be adapted
to decode Cl,.

Let e = |%5%] (note that k = 2 for C,). Assume that a codeword ¢ =

(co,c1y++ yen—1) € Cy, is transmitted and the word y = (yo,y1, " ,Yn—1) is
received. To recover the polynomial f(X) € Fgp2[X] with deg f(X) < k such
that ¢; = w™if(w™2"),i=0,1,--- ,n — 1, we proceed in two steps.
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S1. Find a polynomial E(X) = X¢ + 1.1 X'+ ... + 1y € Fp2[X] and a
polynomial Q(X) = & 1 XTE 1 4 € o XeTF2 4 1 & € F2[X]
such that

Wy Bw ) =Qw™),  i=0,1,---,n—1, (5.2)

which is a system of n linear equations and 2e + k unknowns (recall that
2e + k < n). If the system of linear equations (5.2) has no solution, then
output Fail; otherwise go to S2.

S2. If E(X) divides Q(X), then output f(X) = Q(X)/E(X); otherwise, out-
put Fail.

It is known that, if the Hamming distance d(y,c) < e, then a unique f(X) is
output. S1 is implemented by solving the system of linear equations, and S2
is implemented by long division of polynomials. Thus the complexity of the
algorithm is O(n?).

The following example is a continuation of Example 2.2.

Example 5.11. Let ¢ = 5, r = 2 (hence A = —1 = 4), n = 6 and s = —1.

Take a primitive third root # of unity (in Fas), i.e., # ¢ F5 and #2 +60 +1 = 0.

Thus any element of Fa5 is represented uniquely as af + b with a,b € F5. Then

w = 30 is a primitive 12-th root of unity such that w3 = 2 and w® = —1. By

Proposition 5.9, 1+ 2Z15 = {1,3,5,7,9,11} and

o Xy ={1,3,5}, &1 = {7,9,11} form a Type-I duadic splitting of 1 + 2Z;5
given by f1—1;

e Cy, and Cyx, are Type-I self-dual negacyclic codes with check polynomials
X34+ X?+3X +2and X3 +4X? +3X + 3, respectively.

Thus X3 4+ 4X?2 4+ 3X + 3 is a generator polynomial of Cy,, and

3 3 4 1
G= 3 3 41
3 3 41
is a generator matrix of C'y,. Since Cly, is self-dual, G is also a check matrix
with which we can do systematic encoding by using feedback shift registers:
a message (mg,mi,me) is encoded into a codeword ¢ = (co,c1, C2, 3, C4,C5),
where ¢y = mg, ¢y = m1, co = mg, and

Co
3 3 41 @ 0
33 41 22 =|o],
3 3 4 1 3 0
Cq
Cs
ie.,
C3 = —462—381—360, C4=—403—3(}2—3(}1, Cy = —464—363—362.
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Assume that a message m = (1,0, 0) is being transmitted. It is encoded into
the codeword ¢ = (1,0,0,2,2,1).

Suppose that the received word is y = (yo, 1, Y2, Y3, Y1, ¥5) = (1,1,0,2,2,1).
then d(y,c) =1 < e = [52]| = 1. By the algorithm in Remark 5.10, solving
the linear system (5.2) (note that w™1 = 20?) yields

EX)=X+6, Q(X)=(0—-2)X>+20X>+2X + (30 —1).
Next, by long division of polynomials, we obtain
QIX)=(X+0)((0-2)X*>+X —(0-2)),
from which it follows that f(X) = (0 —2)X2 + X — (6 — 2). Thus

co=f(1)=1, ¢ =202f(—0)=0, cy=—0f(62)=0,
C3 = 3f(—1) = 2, Cq = 92f(9) = 2, Cy = 29f(—92) =1.

Proposition 5.12. Let g be an odd prime power such that vo(q — 1) > 3. Let
2

r= ‘12;1, s=1+ %, n=gq+1, let we Fp be a primitive rn-th root of unity

and let

-1 1
Then

(i) Xo and Xy form a Type-I duadic splitting of 1 +1Z, over F, given by ps;

(ii) the duadic constacyclic codes Cx, and Cx, over F, are MDS [n, 5, 5 + 1]
codes;

(iii) Cx, = GRS, j2(w;V)[p, s an alternant code, where GRS,, /5(w;V) is the
GRS code over the field Fpo with w = (1,wr,--- 7w("_1)r) and v =
(1’ (/‘/,‘17_11'—17(4‘)%27‘—27 . 7wq4;1(n—1)r—(n—1)) .

Proof. 1t is clear that s € Z%,, N (1 + rZy). To prove (i), it is enough to show
that Ap is a union of some g-cyclotomic cosets modulo rn with |Xp| = %
and sXy Xy = 0. Clearly, |Xy| = %1. To show that Xy is a union of some
g-cyclotomic cosets, it suffices to prove that g(1 + q;—lj) € Xy for any f% <
j < 9% + 1. This is straightforward: ¢(1+ %) = 1+ %52 — j) (mod rn)
and —% +1<2-j< % + 2. We are left to show that s¥y Xy = 0.
Assuming otherwise, then two integers j,j’ with 7‘14;1 < 4,7 < %1 + 1 can
be found such that 1 + q;—lj =1+ %(j’ + %1) (mod ‘122—_1) We then have
j—j'= % (mod ¢ + 1), which is impossible. Thus {Xy, X;} is a splitting of
1+ 7Zy given by ps, proving (i).

Observe that ord,,(q) = 2. Let C x, be the constacyclic code of length g + 1
over F 2 with check polynomial HQe?ﬁ/uq Mg (X). Hence, {w’ | j € Ay} is the
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set of zeros of the code C’X1~ Using reasoning similar to that in the proof of
Proposition 5.3, one gets

Cr = { (£, 71 f(), - =) (D))
f(X) € Fga[X], deg f(X) <3 }.
It is easy to see that Cly, NF; = Cx,. We are done. O

We list some examples in Table 5.2. The alternant codes (i)-(iii) correspond
to the codes (iv)-(vi) of Table 5.1, respectively, using Proposition 5.9, whereas
the alternant codes (iv)-(v) are derived from Proposition 5.12.

No |m | q |7| n |k]| d Alternant code GRSy (e; v)|r,

(i) 2 13 |2]10]|5] 6 | a=0w?2 0w ¥ v=_>0wlt w9
Gi) | 2 51216 3] 4| a=0w? 019 v=>1wl - w00
(i) | 2 7128 4|5 | a=0w? 0o ) v=(Lw 0T

(iv) | 2 |32 |4]|10]|5]| 6 a= (1w - ,w) v= (1w, -, wb)

(v)y | 2 |17 | 8|18 | 9| 10 a= (1w, -, w0 v=(1,wds, .. wd?7)

Table 5.2: Alternant MDS codes from Type-I duadic constacyclic codes

We present a tweak of Example 2.3 that leads to the existence of a Type-I
polyadic splitting.

Example 5.13. Take ¢ = 3, » = 2 (hence A = —1) and n = 20. Unlike
in Example 2.3, using Corollary 5.8(ii) in this case, there is a Type-I duadic
splitting of

14 2Z40 ={1,3,5,7,9,11,13,15,17,19, 21, 23, 25, 27, 29, 31, 33, 35, 37, 39}
given by p_1 as follows:
Xo =11,3,5,7,9,15,21,23,27,29}, Xy = {11,13,17,19, 25,31, 33,35,37,39}.

We obtain self-dual duadic negacyclic ternary codes Cy, and Cyx, of parameters
[20, 10, d]. Since X, contains 5 consecutive elements, we see that the minimum
distance d > 6 by the BCH bound. For any self-dual ternary code of length n,
by [20, Corollary 3], the minimum distance is bounded from above by 3 L%J +3;
and the code is said to be extremal when this upper bound is attained. Thus, it
follows that both Cx, and Cy, are extremal self-dual ternary [20, 10, 6] codes.

The following example consists of another pair of extremal self-dual ternary
constacyclic codes. With respect to the table in [12], they have the same mini-
mum distance as the best known one to date.
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Example 5.14. Take ¢ = 3, r = 2 and n = 28. We have that

1+2Z56:Q1UQ5UQ7UQ11UQ29UQ3&

where @Q; are the 3-cyclotomic cosets modulo 56, for ¢ = 1,5,7,11,29,35. Let

Xo=Q:1(J@sJQss and X1 =Qun| JQulJQr

Then we obtain self-dual duadic negacyclic codes Cx, and Cy,, which are
[28, 14, 9] codes.
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