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A century-long argument made by Lord Kelvin that all swimming objects have an effective Mach number of
3, corresponding to a Kelvin angle of 19.5° for ship waves, has been challenged recently with the conclusion that
the Kelvin angle should gradually transit to the Mach angle as the ship’s velocity increases. Here we show that
a similar phenomenon can happen for graphene plasmons. By analyzing the caustic wave pattern of graphene
plasmons stimulated by a swift charged particle moving uniformly above graphene, we show that at low velocities
of the charged particle, the caustics of graphene plasmons form the Kelvin angle. At large velocities of the particle,
the caustics disappear and the effective semiangle of the wave pattern approaches the Mach angle. Our study
introduces caustic wave theory to the field of graphene plasmonics, and reveals a physical picture of graphene
plasmon excitation during electron energy-loss spectroscopy measurements.
DOI: 10.1103/PhysRevB.92.081404

PACS number(s): 72.80.Vp, 42.15.Dp, 52.35.Hr, 73.22.Pr

Graphene plasmons [1–5], as typical two-dimensional
(2D) plasmons confined on a 2D surface [6], have recently
emerged as a new research branch in photonics that has
attracted substantial research efforts. A typical quantitative
measurement on graphene plasmons relies on the electron
energy-loss spectroscopy (EELS) measurement [7–10]. In
studying planar surfaces with EELS, a particularly instructive
situation is when the electron is directed parallel to the surface
[11]. This configuration has been extensively studied for
other materials both experimentally and theoretically before
the discovery of graphene [12–19], and recently has also
been studied for graphene [20–22]. The unique dispersion
of graphene plasmons compared to surface plasmons at a
metal/dielectric interface may cause interesting phenomena
that have yet to be revealed.
The fact that 2D plasmons, including graphene plasmons,
exhibit a dispersion that is similar to that of deep-water waves
in the long wavelength limit, has already been known for more
than 50 years [1,5,6,23]. This implies that many deep-waterwave phenomena can find counterparts in graphene plasmons.
Recently, a century-long celebrated prediction made by Lord
Kelvin in the 1880’s that the semiangle of ship waves on
the water surface is fixed at 19.5◦ , independent of the ship’s
velocity [24,25], has been challenged by the conclusion that the
ship-wave semiangle should gradually transit from a Kelvin
angle to a Mach angle as the ship’s velocity increases [26,27].
Kelvin made his prediction based on the dispersion of deepwater waves, while the recent studies argued that the deepwater waves excited by a ship should have preferred directions
determined by the Frouder number, or the velocity of the ship,
given a fixed ship size.
Note that the recently explored plasmonic Cherenkov
radiation, which is similarly excited by a swift electromagnetic
source moving on semiconductor surfaces [19] and metal
surfaces [28], being analogous to traditional Cherenkov radiation, is fundamentally different from Kelvin ship waves.
In plasmonic Cherenkov radiation, similar to traditional
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Cherenkov radiation, the Cherenkov angle (i.e., the semiangle
of the Cherenkov cone) is a variable depending on the velocity
of the source. That is why the Cherenkov angle is measured
in high energy physics to characterize the speed of charged
particles. However, the Kelvin angle for Kelvin ship waves is
a fixed number of 19.5◦ , irrelevant to the speed of the ship
from Kelvin’s viewpoint.
In this Rapid Communication, we adopt the approaches of
caustic wave theory to analyze graphene plasmons excited by
a swift charged particle moving above the graphene plane.
Previously, caustics have been treated predominantly on the
level as envelopes of families of rays [29]. Recently, they
have been used to generate arbitrary bending surface plasmon
beams [30] on a metal surface, and discussed in the scattering
of electron flow from graphene p-n junctions [31,32]. Yet
caustics have not been discussed in the context of graphene
plasmons. Here we study the wave aspects of caustics formed
by graphene plasmons when a swift charged particle is moving
parallel to the graphene plane. We find that at a relatively
small velocity (∼0.1c or smaller, where c is the velocity of
light in vacuum) of the swift charged particle, the stimulated
graphene plasmons are confined within the nonsingular caustic
boundaries with a semiangle of 19.5◦ , i.e., the Kelvin angle.
These caustic boundaries are associated with cusp wave fronts
and thus can be classified as fold caustics [29]. Each point
within the caustic boundaries is covered twice by rays, whereas
outside there is no ray. The more exact calculation with
the Airy integral distinguishes the caustic shadow from the
caustic zone, thus providing a complete wave description of
caustic graphene plasmons. As the velocity of the charged
particle increases, the graphene-plasmonic waves reaching the
caustic boundaries become weak, which blurs the caustics and
eventually makes them disappear. The calculation shows that
the effective semiangle of the wave pattern approaches the
Mach angle, which is similar to recent studies of ship waves
in fluid mechanics.
We first introduce the calculation model, as illustrated in
Fig. 1, where a particle with charge q moves along the ẑ
direction with a uniform velocity v parallel to an isolated
graphene sheet at y = d. The current density that this charged
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FIG. 1. (Color online) The ship waves of graphene plasmons
excited by a charged particle moving along the z direction with
constant velocity v. The distance between the graphene and the
particle is d.

particle generates is
J(r,t) = ẑqvδ(x)δ(y)δ(z − vt),

(1)

and its Fourier transform is
J(r,ω) = ẑ

q iωz/v
e
δ(ρ),
4π 2 ρ

(2)


where ρ = x 2 + y 2 . The evanescent fields from the swift
charged particle can excite graphene plasmons on graphene.
In the calculation we set d = 1 μm. The isolated graphene is
assumed to have a chemical potential of μc = 0.15 eV, and
a scattering rate of  = 0.11 meV at room temperature T =
300 K [33]. The frequency dependent complex conductivity
σ (ω) of the isolated graphene is computed from the Kubo
formula [33,34]. Each frequency component of the graphene
plasmons is exactly derived by taking the residue of the
Sommerfeld pole [35–37]. The frequency components of
excited graphene plasmons are mostly below 50 THz, above
which the interband transition in graphene will dominate and
cause a large loss [1,2,23]. After taking the residue of the
Sommerfeld pole, we use the vertical component of electrical
field Ey to represent the transverse-magnetic (TM) graphene
plasmons,
Ey (ω) =

−iq ky2 iky d+ikx x+ikz z
e
,
4π vε0 kx

(3)

where ky = −2ωε0 /σ (ω) indicates the confinement of

graphene plasmons, kz = ω/v and kx = ω2 ε0 μ0 − ky2 − kz2
are the wave vectors of graphene plasmons, and ε0 and μ0 are
the constitutive parameters of vacuum. The field distribution
at time t is the Fourier integral of Eq. (3),


−iq ky2 iky d ikx x+ikz z−iωt
Ey (y = d,t) = 2 Re
e e
dω
4π vε0 kx


= 2 Re
(4)
ey (ω)eiky d eiψ(ω)t dω ,
k2

−iq y
where ψ(ω) = kx xt + kz zt − ω and ey (ω) = 4πvε
.
0 kx
We then discuss the situation when the velocity of the
particle is set to be v = 0.1c. We numerically carry out the
integration in Eq. (4) to get the wave pattern, as shown in
Fig. 2(a). The left part is the absolute value of the electrical

FIG. 2. (Color online) The ship wave of graphene plasmons
excited by a swift charged particle with velocity v = 0.1c. (a) The
absolute value of the electric field |Ey (r,t)| (left) and the absolute
value of the total electrical field |Etot (r,t)| (right) of the wave pattern.
The arrow indicates the position of the particle. (b) The Kelvin angle
can be determined in a simple geometry. (c) The blue lines represent
the wave fronts. The black dotted line is the boundary of the caustic
shadow. The black solid line is the caustic boundary. The red line and
the red dotted line are the maximum and minimum amplitudes in the
neighborhood of the caustics.

field |Ey (r,t)| and the right part is the absolute value of the total
electrical field |Etot (r,t)|. The arrow indicates the position of
the charged particle. The semiangle of 19.5◦ , i.e., the Kelvin
angle, is clearly seen. A planelike wave is inside the wave
pattern, following the charged particle.
An intuitive picture, following the approach of Kelvin
[24,25], from the viewpoint of ray theory, is shown in Fig. 2(b).
Consider the period when the particle moves from point A
to point B with velocity v. The ship waves of graphene
plasmons excited at point A will propagate in all directions
with different frequencies. In the propagation direction
of

angle θ [as indicated in Fig. 2(b)], where cos θ = kz / kx2 + kz2 ,
the phase velocity vp of graphene plasmons must satisfy
the stationary condition vp = v cos θ (ω) [24,25]. When the
particle arrives at point B, the dashed red circle represents
the loci of all the arrived phases of the graphene plasmon
waves. However, the group velocity vg is only about half of
the phase velocity vp [37], thus the loci of the energy of the
arrived waves form the solid red circle with the diameter only
half of the red dashed one. The waves propagating in the
direction θ = 35◦ form the Kelvin caustic boundary with angle
α = sin−1 (1/3) = 19.5◦ , as shown by the solid black lines in
Figs. 2(b) and 2(c). According to the ray tracing theory [37],
the wave fronts are drawn as the blue lines in Fig. 2(c). All the
wave fronts have cusps at the caustic boundary.
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We can asymptotically evaluate the integral in Eq. (4)
with the stationary phase method. The integration contour
of Eq. (4) can be deformed in the complex ω plane and the
only contribution comes from the path of steepest descent [24]
around the stationary value ω = ωs , where
dkx x
dkz z
dψ(ω)
=
+
− 1 = 0.
(5)
dω
dω t
dω t
Equation (5) is equivalent to the group velocity concept in the
ray tracing theory [37]. The expansion of ψ around ωs is
ψ(ω) = ψ(ωs ) + 12 ψ  (ωs )(ω − ωs )2 + O(|ω − ωs |3 ). (6)
Then the integral in Eq. (4) can be approximated as


√
2π
iky (ωs )d+iψ(ωs )t+iπ /4
e
.
Ey (y = d,t) = 2Re ey (ωs ) √ 
ψ (ωs )t
(7)
Equation (7) diverges when ψ  (ω) = 0. In this case the path of
steepest descent has to be chosen differently. It can be shown
that for the frequency component ω = ωc , where
d 2 kx
d 2 ψ(ω)
=
= 0,
(8)
dω2
dω2
the first derivative of the group velocity with respect to
frequency vanishes. Therefore the rays run together near such
points, and the loci of such points form caustics or a caustic
boundary, which separates a region without rays from another
region covered twice by rays. We get the caustic boundary
equation by combining Eqs. (5) and (8),
√
2 2 1−

v
c

2

z
x
+
= 1,
vt
vt

(9)

whose solution is shown by the black solid line in Fig. 2(c).
When v = 0.1c, the exact angle of the caustics is α = 19.56◦ .
To calculate the field around the caustics, we expand ψ
around ωc ,

FIG. 3. (Color online) The ship waves of graphene plasmons
excited by a swift charged particle with velocity v = 0.3c. (a) The
electric field |Ey (r,t)| (left) and the total electrical field |Etot (r,t)|
(right) of the plasmonic ship waves. The arrow indicates the position
of the particle. The white solid line represents the caustics and the
white dotted line is the boundary of the caustic shadow. (b) The
normalized distribution of |Ey | over propagation angle θ . The velocity
of the particle varies from 0.1c, 0.3c, 0.5c, to 0.7c. The arrows at the
horizontal axis point to the angles at which the waves can reach the
caustics.

ψ(ω) = ψ(ωc ) + ψ  (ωc )(ω − ωc ) + 16 ψ  (ωc )(ω − ωc )3
+ O[(ω − ωc )4 ].

(10)

In the neighborhood of the caustics, the first derivative of the
phase [i.e., ψ  (ωc )] is almost, but not exactly, equal to zero.
Substituting Eq. (10) into Eq. (4), the asymptotic form of
Ey (y,t) can be calculated with the Airy integral [37],

−(1/3)
t 
Ey (y = d,t) = 2Re 2π ey (ωc ) ψ (ωc )
2
× eiky (ωc )d+iψ(ωc )t Ai(X) ,

(11)

where Ai(X) is the Airy integral function and
X=

tψ  (ωc )
.
[tψ  (ωc )/2]1/3

(12)

When X = 0, Eq. (12) represents the caustic boundary. When
X > 0, Eq. (12) represents the caustic shadow region, where,
because of the Airy function, the field decays exponentially.
When X = 0.66, the Airy function reaches 1/e of its maximum

value. We set X = 0.66 to represent the boundary of the caustic
shadow, as shown by the dashed black line in Fig. 2(c). The
Airy function reaches maximum at X = −1.02. The region
between X = 0 and X = −1.02 corresponds to the caustic
zone. The field in the caustic zone is relatively strong in the
neighborhood of caustics as the wave-field focusing effect
on caustics [29]. The field focusing in the caustic zone can
be observed in Fig. 2(a) near the caustic boundary. The Airy
function vanishes at X = −2.34. It means the field distribution
has a minimum value, as shown by the dashed red line in
Fig. 2(c). It can also be seen in Fig. 2(a) that a dark line
(relatively weak field amplitude) separates the neighborhood
of caustics from the waves confined by the two branches
of caustics. The field amplitude in the neighborhood of the
caustics decays more slowly, with t −1/3 as shown by Eq. (11),
than the field amplitude in the region inside the caustics, with
t −1/2 as shown by Eq. (7).
When the velocity of the charged particle is chosen to
be 0.3c, the wave pattern of graphene plasmons is shown in
Fig. 3(a). The solid white line represents the caustic boundary
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defined by Eq. (9). The dashed white line is the boundary
of the caustic shadow defined by Eq. (12) with X = 0.66.
Compared with Fig. 2(a), the angle between the caustic
boundary and the z axis increases slightly and the caustic
shadow expands, but the lightest branch of the waves contracts.
Besides, there is no planelike wave at the center of the wave
pattern.
To understand the transition of the wave pattern, we rewrite
Eq. (4) as an integration over the propagation angle θ ,


dω
dθ
dθ


iψ(ω)t
= Re
dθ ,
Ey (θ )e

Ey (y = d,t) = 2Re



ey eiky d eiψ(ω)t

(13)

where
Ey (θ ) = 2ey eiky d

dω
.
dθ

(14)

The dependence of |Ey (θ )| on angle θ is shown in Fig. 3(b)
with different velocities. When the velocity is 0.1c, |Ey (θ )|
has a relatively high value from 0◦ to 60◦ . When the velocity
increases to 0.3c, 0.5c, and 0.7c, relatively high values of
|Ey (θ )| occur at large propagation angles. The propagation
angles at which the waves will reach the caustic boundary are
θ = 35.1◦ , 34.0◦ , 31.5◦ , and 26.8◦ , corresponding to velocities
of 0.1c, 0.3c, 0.5c, and 0.7c, respectively, as marked by the
arrows in Fig. 3(b) at the horizontal axis. However, the wave
amplitudes at these angles for velocities 0.3c, 0.5c, and 0.7c
are so weak that they are difficult to perceive. Therefore, as
the velocity increases from 0.1c, the caustics get blurred and
eventually disappear. At this moment, the effective boundary
of the wave pattern is determined instead by the outermost
perceivable fields.
As shown in Figs. 2(b) and 3(b), the outermost perceivable
fields at large velocities of the particle are contributed by
waves with a large propagation angle θ , corresponding to group
velocity vg . It can be shown that as the particle’s velocity v
increases, vg tends to be independent of v [37]. Therefore,
v

α ≈ vg ∝ 1/v and the effective semiangle of the wave pattern
behaves as a Mack angle. The wave patterns of graphene
plasmons excited by the swift charged particle with velocities
0.5c and 0.7c are shown in Figs. 4(a) and 4(b), respectively.
Compared with Figs. 2(a) and 3(a), the wave patterns get
more contracted as the velocity increases further. In Fig. 2(a),
we find that in the horizontal line z = 0, the absolute of the
total electrical field at the caustic point is 0.61 relative to its
maximum value along the line. We use this as a criterion to
determine the angle of the ship waves at different velocities
of the charged particle, and the results are shown in Fig. 4(c).
The angle of α = 19.47◦ is the angle of the caustic boundary at
zero velocity limitation from Eq. (9). We plot the Mach angle
line α = 4.52/v with the coefficient 4.52 adopted from the
wave pattern when the particle’s velocity is 0.9c. The results
show clearly the transition from the Kelvin angle of 19.5◦ at
small velocities of the charged particle to the Mach angle at

FIG. 4. (Color online) The ship waves of graphene plasmons
excited by a swift charged particle with velocity (a) 0.5c and (b)
0.7c. (c) The dependence of the effective semiangle on the velocity
of the particle. α = 19.47 (degree) is the angle of the caustic boundary
at zero velocity limitation. α = 4.52/v (degree) is the asymptote of
the effective semiangle at a large particle velocity.

large velocities, which is similar to the recent studies in fluid
mechanics [26,27].
In conclusion, we reveal a wave phenomenon of graphene
plasmons that is relevant to EELS measurements. We find
that graphene plasmons excited by a swift charged particle
moving above graphene can form a caustic wave pattern with
a semiangle equal to the Kelvin angle, when the velocity of
the charged particle is slow. At large velocities, the effective
semiangle of the graphene plasmons approaches the Mach
angle. These results incorporate the recent development in
fluid mechanics into the understanding of graphene plasmon
excitation in EELS measurements, and introduce caustic wave
theory into the field of graphene plasmonics. The proposed
phenomenon might be experimentally verified by placing
a scatterer in the vicinity of the electron’s trajectory. This
scatterer will cast a shadow when the graphene plasmons pass
by. Thus, by measuring the angle between the shadow and the
trajectory of the electrons, it is possible to demonstrate the
proposed phenomenon.
This work was sponsored by Nanyang Technological
University under start-up grants, and by the Singapore Ministry
of Education under Grants No. Tier 1 RG27/12 and No.
MOE2011-T3-1-005.
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