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Abstract

This paper studies the economic implications of ambiguous correlation in a non-zero-sum game
between two insurers. We establish the general framework of Nash equilibrium for the coupled
optimization problems. For the constant absolute risk aversion (CARA) insurers, we show that
the equilibrium reinsurance strategies admit closed-form solutions. Our results indicate that the
ambiguous correlation leads to an increase in the equilibrium demand of reinsurance protection for
both insurers. Numerical studies examine the effect on the quality of the correlation estimations.
Keywords: Reinsurance, Non-zero-sum Stochastic Differential Game, Relative Performance
Concerns, Ambiguous Correlation, G-Brownian motion, Hamiltonian-Jacobi-Bellman-Isaacs

Equation, Nash Equilibrium, Externalities

1. Introduction

The optimal reinsurance and investment (IR) problems under different stochastic environments
have been extensively studied in the fields of insurance and control theory. Representative works
include but not limited to [1, 3, 10, 12, 13]. However, the aforementioned studies do not take
into account the effect of interactions among the insurance companies. In fact, economical and

sociological studies have pointed out that human beings or firms tend to compare themselves to
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their peers, and that such relative performance concerns have significant impacts on one’s decision-
making. For example, [4] shows that the concept of relative performance concerns is relevant to
financial bubbles and excess volatility. [6] establishes the unique existence of the Nash equilibrium
for the optimal investment problems subject to the relative performance concerns in a N-agent
economy under the Brownian motion framework. Subsequently, [2] extends the tractability of the
non-zero-sum game framework to the IR problems with two insurers under the mixed regime-
switching framework. [14] introduces model uncertainty into the associated IR games in [2], but
does not effectively address the sensitivity of the correlation to the equilibrium strategies of the
insurers.

In this paper, we study the robust reinsurance games between two insurers. Our present work
differs from [2] in two key aspects. First, we treat the correlation coefficient (p) between two
insurers’ surplus processes as an ambiguous parameter which could be stochastic, whereas the
correlation coefficient is a constant in [2]. Secondly, we allow the insurers to be either cooperative
or competitive to highlight the impact of the ambiguous correlation in the non-zero-sum games
between two competitive as well as two cooperative insurers, whereas only the case of competitive
insurers is considered in [2]. Each insurer has her own confidence interval for p, where the bounds
could be different (different constraints sets), and she maximizes her expected utility of her relative
terminal surplus with respect to that of her counterparty by choosing her proportional reinsurance
protection under the worst-case scenario of p. We show that the associated reinsurance game with
ambiguous correlation fits naturally into the two-dimensional G-Brownian motion framework that
is first introduced in [11] and has been subsequently applied to other stochastic control problems,
as shown in [5, 7].

Using the dynamic programming principle, we provide the Nash equilibrium of the robust non-
zero-sum stochastic differential reinsurance game as the solution of a system of coupled Hamilton-
Jacobi-Bellman-Isaacs (HJBI) equations, for general utility functions. More importantly, we show
that the Nash equilibrium reinsurance strategies and value functions of the insurers admit explicit
solutions for the case of constant absolute risk aversion (CARA) insurers. Our results indicate
that the ambiguity in correlation leads to an increase in the demand of the reinsurance protections

for both insurers, whether they are cooperative or competitive. Furthermore, our welfare analysis
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shows that the nature of externalities in the game between competitive insurers is different from
that in the game between two cooperative insurers. To the best of our knowledge, the ambigu-
ous correlation risks in the non-zero-sum reinsurance game has not been studied in the existing
literature.

The rest of this paper is organized as follows. Section 2 formulates optimization problems
of our interest with the surplus processes defined using GG-Brownian motions. In Section 3, we
apply the dynamic programming principle to the optimization problems and provide the sufficient
conditions that the Nash equilibrium for the coupled problems exists. We also provide an explicit
solution for the case of exponential utilities. Section 4 provides the numerical examples for the
case of the CARA insurers, together with economic interpretations. Section 5 concludes the paper

and discusses the possible extensions.

2. Problem Formulation

We formulate the non-zero-sum game problem between two insurers using two-dimensional
G-Brownian motion, which is introduced in [11]. That is, the associated game problem is studied
in a complete space generated by the corresponding G-expectation. However, to best motivate
the necessity of the G-Brownian motion framework, we shall begin with the standard insurance
models under a physical measure P generated by the standard Brownian motion, and point out
the ill-defined components under the assumption of the ambiguous correlation. We then apply
the G-framework to reformulate our original game problem such that the mentioned ill-defined

components become well-defined under the G-framework.

2.1. The Model

We begin with the model of the surplus process of each insurer. Following [2], we adopt the
standard Cramér-Lundberg diffusion approximation to model the surplus process of the insurer
k € {1,2}, denoted by { X (¢) }+>0. See [9] for the treatise on diffusion approximation in insurance

models. Specifically, X (t) satisfies the stochastic differential equation (SDE)

dXi(t) = (pr. — MEe])dt 4/ ME[mR]ldWi (1), (1
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where p;, > 0 is the premium rate, \;, > 0 is the arrival rate of the claims, 7, # 0 is a random
variable representing the size of the claims with E[?] < oo and {W;(t)}i>0 is a standard P-
Brownian motion for £ = 1, 2. The dependence between two insurers is reflected by the correlation
between {W;(t) }+>0 and {Wx(t) }i>0, i.e. dWi(t)dWa(t) = p(t)dt, but p(t) is uncertain and
possibly stochastic, in the sense that the insurer & only knows p(t) € [Bk’ 7i)- In what follows,
we shall assume that the parameters of the model dynamics are constants and independent of
time. We do so to explicitly capture the consequence of the ambiguous correlation on the Nash
equilibrium in the associated non-zero-sum game. The extension to the time-varying parameters
is rather immediate but yields no additional economic insights.

Suppose that there is a reinsurance company, then the insurer £ € {1,2} can manage her
insurance risks through purchasing proportional reinsurance protection at the premium rate 6, >
pr > 0. Let 1 — gi(t) be the reinsurance proportion of the insurer k£ € {1, 2} at time ¢. Then the
reinsurance company will cover (1 — ¢x(¢))100% of the claims while the insurer k& will cover the
remaining. The reinsurance strategy of the insurer & € {1, 2} is characterized by {qx () }+>0, which
is a F;-progressively measurable process valued in [0, 1] and F;, = o({(Wi(s), Wa(s))}._,). We
denote Q) = {qx(t) € Fi|qr(t) € [0, 1]} the set of convex reinsurance strategies of insurer k. With

reinsurance, the surplus process { X*(¢) };>¢ of the insurer k& € {1, 2} becomes

dXP(t) = [pe — O(1 — @) — ME[me]ar(®)]dt + \/ ME[mR]ar (£)dVi(2),
=: [Op + peqe(t)]dt + orgr(t)dWi(t), (2)

where 0 = pr —0;. < 0is the premium difference, p, = 0, — A\;E[n;] is the relative safety loading
and o, = \/\:E[n?] is the volatility of the claims process. We assume the initial reserve of the
insurer k € {1,2} is X{*(0) = x;, > 0.

2.2. Objectives of the Insurers

Suppose that the insurer & € {1, 2} has a utility function, denoted by Uy, which is increasing

and strictly concave function valued in R and satisfies Inada conditions:
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To incorporate the ambiguity of the correlation and the interaction between two insurers, we as-
sume the objective of each insurer is to maximize the expected utility of a linear combination of
both insurers’ surpluses at terminal time 7" > 0 under the worst-case scenario of the correlation.
Mathematically, we consider the following optimization problem for the insurer k£ € {1, 2}:
sup inf E[UL(X{(T) — X2 (T))] 3)
a4 €Qy, PELP,, Pk]
form # k € {1,2}, where ki € [—1, 1] reflects the level of relative performance concern of the
insurer k. Indeed, when x;, = 0, for £ = 1,2, we return to the single-agent optimal reinsurance
problem, in which ambiguous correlation would play no role in the insurer’s optimization problem.
In light of this, we shall hereafter assume that x; # 0. When r; € (0, 1] (resp. x; € [—1,0)),
for k = 1,2, insurer k treats insurer m, for k # m € {1,2} as competitor (resp. cooperator),
as her optimization problem in (3) would indicate that she would optimally purchase reinsurance
protection to maximize the difference between her terminal surplus against (resp. the sum of her
terminal surplus with) that her competitor under the correlation estimate that yields the worse
expected payoff. Although the Nash equilibrium in Section 3 also includes the case when insurer
k is competitive (kj, > 0) and insurer m is cooperative (x,, < 0), for k # m € {1, 2}, we choose
not to study this case for there is no clear economic rationale on the establishment of a game
between one competitive and one cooperative insurers. See [2, 6, 14] for the optimization under
the relative performance concerns when r; € [0, 1]; and [7] for the maximin formulation of the
robust portfolio optimization with ambiguous correlation.
Major technical hurdle arising from our problem formulation is that the underlying measure
of the expectation and the admissible set of the reinsurance strategies in (3) are not clear. More
specifically, we denote X" () = X (t) — 1, X2 (t) the relative surplus (performance) process

of the insurer k for k # m € {1,2}. Then the dynamics of X" (¢) is given by

AXPt(t) = [0k — KkOm + G (t) — KihtmGm (D)) dt + 0pqi(E)dWi(t) — K10 Gm (£)dW,, ()
= [0k + k() — Kt ()AL + (03k (1), =510 mm () dAWE (1) “4)

with X0 (0) = @, — kg, =: T, where 0 = 0 — 0, and WE (£) = (Wi (t), W, (1))'. The

dynamics of {W®)(t)},5 is uncertain and thus the admissibility of g (¢) is not well-defined.
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Similar to [7], we characterize the problem of our interest through the G-framework of [11].
Because two insurers are heterogeneous (different confidence regions of p and different utility
functions), we need to introduce two sets of GG-expectation and GG-Brownian motion. We then
study the insurers’ optimization problems respectively on two (G-expectation spaces. To this end,
we establish the probabilistic setup from the perspective of the insurer & # m € {1,2}. We
first define by O the set of all insurer £’s feasible correlation (p € [Ek’ Pi]) choices that ensure
a unique strong solution to the SDEs (1). Then the set of (non-equivalent) priors P®* is defined
as the set of probability measures P, on (€2, F;) induced by P: P9 = {P, : p € Oy}, where
P,(A) =P{w: X € A}), A€ Frand X = (X;, X,)' is the unique strong solution to SDEs (1)
given p.

We denote by lip(R?) the space of all bounded and Lipschitz functions on R%. Then following
[11], we define a Gy-normal distribution PC*(¢) : lip(R?) — R as

PEH((#)) = vilt, 2),
where vy (t, ¥)is a bounded continuous function on [0, 7] x R? which is the viscosity solution of

the nonlinear partial differential equation (PDE):

0 1
= Gu(D%u) = 0, 0(0,7) = 6(3), where Gy(4) = 5 sup tr[y7" 4]
8t 2 »ye]_"k
for A € S, in which D?v is the Hessian matrix of v, i.e. D*v = (a:?-?x ) and
1 0
Iy = :p €Oy p CR¥
p 1-p?

which is bounded and closed. A two-dimensional Gy-Brownian motion B®) (t) = (B,(f) (1), BY (1))
under a G-expectation Ek is then defined as follows:
1. For each s,t > 0 and ¢ € lip(R?), B®)(t) and B® (¢t + s) — B®)(s) are identically dis-
tributed: E,[¢p(B® (t 4 s) — B®(s))] = Ex[o(B®(¢))] := P ().
2.For0 < t; < ... < t, < oo, m = 1,2,..., the increment é(’“)(tm) — g(k)(tm,l) is
“backwardly” independent from B®)(¢,), ..., B®(t,,_,): for each ¢ € lip(R2*™),
Elo(BO (1), ..., BO 1y 1), BR (1)) = Bxldr (BW (1), ..., B¥)(£,,1))], where

or(zh, . ™Y = Eelo(xt, . 2™ B ()= B® (4 )42 Y], 2t 2™ € R2.
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The Gj-expectation E,[-] can be viewed as a proxy of supp cpey, E7#[-] with our choice of Gy,
where EP#[] is the expectation operator under P,. Loosely speaking, denoting 2 to be equality
in distribution, we have W®) (£)<B® () marginally because Ej, [d)(B](k) (t))] = E[p(W;(t))] for
j = k,mand ¢ € lip(R). However, it is important to note that W®(¢) and B®)(¢) are not
equivalent.

Replacing the original Brownian motion Wik (t) with G-Brownian motion B® (t) in (4), the

dynamics of X*"(t) is given by
dX T () = [0k + prqr(t) — KeptmGm()]dt + (orqr(t), —mkamqm(t))dg(k) (t) (5)
with X*9(0) = 7. As in [5, 7], the worst-case utility function is defined as

Ot = Bl UK ()R] = ind, EPUKE (1)|7 ],

P,EPO%k

where 7" = o({B®(s)}_,). The admissible set of the insurer k’s reinsurance strategies is
Qi = {a(t) € FP|qu(t) €[0,1]}. Now the optimization problem (3) is well-defined under
the G-framework. Hereafter, we replace the set “P, € P®+” by the notation “p € [Bk’ pi)” that
reminds us the bounds of the correlation coefficient.

The coupled optimization problem (3) for two insurers forms a non-zero-sum game. A Nash

equilibrium for two insurers is a 2-tuple (¢}, ¢3) € Q1 X @ that satisfies the inequalities:

Problem1  inf EP°[U;(X™%(T))] < inf EP[U,(X5%(T)),

pElp, p1] pElp,,p1]
inf EPP[Un(XP(T))] < inf EP[UL(XE9(T)).
PElp,:Pa] PE[py:P2]

3. Nash Equilibrium

3.1. General case

In this section, we shall characterize the Nash equilibrium via the dynamic programming
principle under the G-framework, as shown in [8]. Define the value function of the insurer
k#m e {1,2} as

Vilt ) = sup D = sup inf E% [Dy(XP0 ()| XP0 ) = 3] ©)

AL €Qk aw€Qy PElP, P]
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Under the assumption that the utility function U, satisfies the Inada condition, it can be checked
that V} is also increasing and strictly concave in 7 € R, but we omit it here due to the page limit.
To simplify matter, we suppress the arguments of the functions. Denote L%9" % to be the

infinitesimal generator for the relative surplus process X Zo9m Then,

B ) o2 k202 (qm)?\ 02
L3k:AmiPE - — (§ + qr. — RkMmQm ) =— + <—kq2 — RrkOLOmdkQdm b m ) —9 - (7)
(O + pxg ki )axk 2 1k PrFkETk k 2 ax%

Analogous to [7, 8], we have the following verification theorem.

Theorem 3.1. The value function V}, in (6) is the unique deterministic continuous viscosity solu-

tion of the following Hamilton-Jacobi-Bellman-Isaacs (HJBI) equation:

Vi .
OV + sup inf LRV =0 (8)
ot ak€Qx PE[Py P

with the terminal condition Vi (T, z) = Uy (zy).

Proof. The proof can be found in [8]. [

If 8821‘21“ < 0, the infimum, we denoted by p;, can be solved straightforwardly:
k

. . . _ _ L. _

Py i= arg min L%V (t 7)) = le{npo} + el <0) = — mln(“kﬁka KiPp)- 9)
PKElP, k] Kk

Then the HJBI equation (8) is reduced to a HIB equation:

8‘/ * Lok
AL sup L% dmPrY) = () (10)
ot L EQk

with the terminal condition Vi (T, Z;) = U(Zy). By maximizing the quadratic form of ¢, in (10),

the expression of ¢ is deduced:

e g VBT (R D\ PVt )
= X —q; — PLEEOKLOm ALY, -
qy, q%er ik Ot 5 q; — PrREkOKOmAKq 8xi

= {mln (pk/ﬂ',k o qrn, p ( 07, oz 1 € Qr, (11)

where z+ = max(z,0) and — 2% / 2Ve represents the risk-tolerance level of the insurer k. Sub-

oz [ 0z

stituting ¢; into the HIB equation (10) yields a nonlinear partial differential equation (PDE) for
Vi 8%/815 + ,Cq’:’q:”;pzvk = 0.



Now, we discuss how to verify the solution pair (g}, X Z’z’q’*"), where X Z’z’q;” is the strong so-
lution to (5) with ¢ and ¢}, is an optimal pair of our robust optimization problem. Suppose that
we have found the value function Vj;, € C'!? via solving the HIBI equation (8). Then, by G-1td’s

lemma (on —V/},), we have

Vie(t, 2) — Vi(T, XZ':’q:" (1))
T
_ / _aVk — inf [,q,’;,q?%;pkvk
t

at pe[ﬁkvpk]

T10°V; < — T 10%V; o
_/ _M Z 6§k)6<k)d<B(k’z),B(k’J)>u _/ 2G), __a__jz(k) du, (12)

T
du—/ %a(k)dg(k)(u)
t

Tk

where 7™ = (617 6") = (0hq1 (), —kkomdr, (), B®) = (BED BE2Y (Bki) Bk i

mutual variation process of B%*% and B*4) and £*) = 7(*)'5(*) Notice that
arg min L% 9mPEY, = pr.
pe[ﬁkaﬁk}
Hence, 9V;,/0t +inf el 5,1 LkdmiPEV, = OV, /Ot + LI %Pk}, = 0. Moreover, as shown in [11],

aVk (k) 1 82‘/;9 _(k k) j
= — dB® / d(B B By
éT \ 8xk (U) . 2 (9xk IJZ::I ) >

T 19°Vi o
— >
/t 2Gk< 28 Z )du, T_t,

is a Gj,-martingale. Hence, we have Ej, [fﬂ]—"t(k)] = & = 0. Taking E.[|F™] on both sides of (12)
yields
Velt,7a) = ~Eal U (X (1)1 70) = 07

The left-hand side of the above equation is the value function of our robust optimization problem,
while the right-hand side is the worst-case utility for the reinsurance strategy ¢;, (given ¢;,). This
yields that g is an optimal strategy of our robust optimization problem.
Remark: For CARA insurers considered in Section 3.2, the value functions are sufficiently
smooth for the verification. However, the verification for a non-smooth value function V}, poses an
interesting question for future research but certainly beyond the scope of this paper.

Theorem 3.2 characterizes the Nash equilibrium of Problem 1 as the solution of the coupled

partial differential equations. More specifically, we have
9



Theorem 3.2. Assume that % < 0, for £k = 1,2, where V}, is the solution to the HIBI

equation in (8). The Nash equilibrium reinsurance strategy pair for Problem 1 is the solution of

the following coupled non-linear equations:

* . * o * o , T 82 ,T +
ai(t) = [mm (”1“10_3‘12 - 5‘( e 1)/ 5 1)) 1” ’ (13)
* o} T 0? T +
50 oo (24 25 ) )]

where p; admits the form in (9), and the Nash equilibrium value functions are V; and V5, which

then become the solutions of the following system of coupled PDE:s:

ORLE) | Lo a5V (1, 75) = O,

(14)
OVa(t,z2) t$2 + EQQ N 102‘/2(75 :L‘Q) = 0

with the terminal conditions V; (7', Z1) = Uy (Z1) and Vo (T, Z3) = Uz (Zo).

The Nash equilibrium reinsurance strategies (¢;, ¢5) in (13) reproduces to that in [2] for the
case of certain correlation. See also [13] for the associated Nash equilibrium for the non-zero-
sum reinsurance game with model uncertainty. The key difference (¢}, ¢;) in (13) from those
in the existing literature is that pjx; and p3ko can have different signs when there is ambiguous
correlation. It complicates the analysis of this system.

More importantly, Theorem 3.2 shows that the existence of Nash equilibrium is equivalent
to the solvability of the coupled systems in (13), which in turn is equivalent to the solvability
of the coupled PDEs in (14). As remarked in [2], the general existence of the solution to the
coupled PDE:s in (14) is very difficult to establish for any 7" > 0. For a sufficiently small time
T > 0, however, the local existence and uniqueness of the solution to the coupled PDEs in (14) can
be established via the Cauchy-Kowalevski Theorem. Interestingly enough, we show that for the
representative case of CARA insurers, the corresponding coupled equations in (13) and coupled

PDEs in (14) can be explicitly solved and that the Nash equilibrium is established for any 7" > 0.

3.2. CARA Insurers
In this section, we consider constant absolute risk aversion (CARA) insurer k£ € {1,2} who

has an exponential utility function

Up(x) = —— exp(—np), (15)



where 7, > 0 is the risk aversion coefficient of the insurer k. The following theorem shows that the
Nash equilibrium reinsurance strategies and value functions in Theorem 3.2 admit closed-forms

for the case of two CARA insurers.

Theorem 3.3. Assume that k1r2p7p5 # 1. If the insurer k, for &£ = 1, 2, has the exponential utility

(15), the Nash equilibrium value function (6) of the insurer k£ admits a closed-form solution:

Vi(t, T) = —% exp(— [Tk + fr(t)]),

where

< * * 02 q* 2 * * ok "120-7211 q:”L 2
fr() = |0k + pray, — Krbindn, — Yk ( ’“(2’“> — PrbkOROm Gy, + '“T()H (T'—1) (16)

with the optimal choice of p for the insurer k£ € {1,2}:

. _ L. _
Pr = P >0y + Prlin<oy = P min(kgp, , KrPy); (17)

and the Nash equilibrium reinsurance strategies (¢, ¢5) are specified as follows. Define

- 1 K _ 1 *K
g = e (pl 12 u12)7q2 S (P2 21 M ) (18)
1 — pipskike \ 20102 7107 1 — pipskike \ 110102 7203
g g
hin, = P1/‘fl_2 + ,U_12’ hay = Pgl‘fz—l + ,U_22’ hig == M—12, hgy = //J_22
o1 7107 02 72035 Y107 V2025

Following cases are possible.

1. If gt >0, g > 0,

(min (1, hip, 1), min (G, oy, 1)), if k1 p% >0, Kopl > 0,

(G0 = (min (Gy, hyp, 1) , min (max(go, hay), 1)), if k1p] >0, Kops <0,
(min (max(qi, hin), 1), min (G2, hav, 1)) , if k1p} < 0, Koph >0,

| (min (max(qy, hip), 1), min (max(ga, hay), 1)), if kip} <0, keps < 0;

2. If G >0, G2 <0, (¢}, ¢5) = (min (hig, 1), [min (hay, 1)]7);
3. If (jl < Oa 62 > 0, (QTaqg) = ([mln (h1h7 1)]+ 7min (h2y7 1)) :

Proof. To solve (13) and (14), we begin with the following Ansatz Vi, for k = 1, 2,

Vi(t, ) = —%exm—wk @), (19)
11



where fi(t) is to be determined. Plugging the ansatz (19) into the system (13), we have

+
¢ = [mm(p K122q5 + "; 1>] ,
1 1K1 92 T 5 . 20)
G = [mm(pznfqum% )]

For the cases of x1p] and k9p5 having the same sign, the system (20) is solved similarly to that
of [2, 14]. Hence, we only discuss the case of k1p] > 0, rap5 < 0, while the case of xk1p] <
0, kap3 > 0 1s treated similarly as these two cases are symmetric.
The pair (Gi, ¢») defined in (18) is the intersection point of the following lines on the (q1, ¢2)-
plane:
L =Pk 1—(]2 + 7[501 L2t g2 = P;@Z—;(h + 7523-

Denote the ¢; - and ¢o-intercepts of ¢; and ¢ by (hy,,0), (0, hyy) and (hoy, 0), (0, ke, ), respectively.
Then,

By — 241 - 2 W — 2
oy My — 7~ y M2z — T T4 s 102y — 2
7107 P1R1710102 Pok27Y20102 Y203

Let ¢}, be the horizontal line ¢, : g2 = 1, ¢, be the vertical line ¢, : ¢, = 1, hy;, (hoy) be the

hlx =

¢i-intersect of ¢; (t2) and ¢, and hy, (hgv) be the go-intersect of ¢; (¢2) and ¢,,. Then,

hin, = P1"f1—2 + —=, hap = (1 - ) / (szfz—l) ;
01 To 7202 09

., O ., O
hlv - (]-_ M12)/<p1/{10—2),h21}:p2/§2_1+ Iu22-
1

7107 02 Y2035

Since k1p7 > 0, Kops < 0, we have

h1x>0, h1y<0, h2m>0, h2y>0, h1h>0, (jl>0
and the following relationships hold: Ay, > ho, < ¢ < 0;

hip, > 0% hyy, < 1; hiy, >0 hiy, <1; hyy>1< hy, < 1;
h2U<0<:>h2$<1; h2h<0<:>h2y<1; hgv<1<:>h2h<1.

(g7, ¢5) is the intersection point of the following lines:

a1 = 07 G2 < h1y7 Q2 = 17 @1 < h2h7
0 L1, hiy < g2 < hiy, by L2, hon < q1 < hag,
@ =1, g > hi, @2 =0, q > ho.

It is clear that ¢; is increasing and /5 is decreasing in ¢; and q,.
12



o If 672 S 0, then hlac Z hgx.
— If hy, < 1, then hy, < 0 and /5 for ¢; < ho, (= g2 > 0) does not intersect with ¢ for
¢ < min(hy,, 1) (= ¢ < 0). Thus, (¢, ¢5) = (min(hy,, 1),0).

— If hy, > 1, then hy, > 1 and ¢; for ¢; < 1 always below ¢;-axis. Hence, ¢j = 1 and

we know from (20) that ¢5 = [min(hq,, 1)]".

To sum up, in this case (g1 > 0, ¢ < 0), we have
(QTa q;) = (mln (hlxa 1) ) [mln (h2v7 1)]+) :

o If (jg > (), then hlx < hgx. Notice that (jl < hlh ~ 62 < 1land qNQ < hQU -~ (jl > 1.

- Ifqg1 <1, ¢o < 1,then ¢; < hyp, hey < G2 and it is clear that (¢}, ¢5) = (G1, Go)-

-Ifq <1, ¢ > 1, then hy, < @1 < hap, hoy < G2 < My, and €5 for go < 1
(= q1 > hap) does not intersect with ¢; for ¢; < hy,. Hence, ¢5 = 1 and ¢ =
[min(hlh, 1)]+ = h1h~

-If ¢4 > 1, ¢ < 1, then similar to the previous case, we have hy, > ¢ > hop,
hay > Go > hy, and (g5, ¢5) = (1, [min(hg,, 1)]7). Notice that hy, > ¢; > 1. Hence
ha, > 0 and (7, ¢3) = (1, min(hg,, 1)).

-Ifgi > 1, ¢ > 1, then hyy, < ¢1 < hop, hiy < @ < hgy, and £y for go < 1
(= ¢ > hgp) does not intersect with ¢, for ¢ < hy,. Hence, ¢ = 1 and ¢f =
[min(hyp, 1)]T = min(hyp, 1).

To sum up, in this case (¢; > 0, g2 > 0), we have
(qi q;) = (mln (gla h1h7 1) ,min (max({b, h21})7 1)) :

Together with the results of [14], the equilibrium reinsurance strategies ¢; and ¢; are completely

solved.
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Using explicit solution of (¢}, ¢3) and the ansatz (19), the PDE (14) for V}, becomes an ordinary
differential equation (ODE) for fj:

0 < . «
% + 0k + Gy, — Kklmy, — Vi (

or(qp)?
2

2 92 ( %x1\2
— PLRkOEOm LG, + —komitm/ 2( ) ) =0

with terminal condition f;(7") = 0. The solution of f(t) is presented in (16).
[]

Since K € [—1,1], pr € [—1,1], for £ = 1,2, and the fact that there is no clear economic
rationale behind a game between a competitive (x5 > 0) insurer and a cooperative (k,, < 0)
insurer, the assumption x1k9p;p; # 1 in Theorem 3.3 is relatively mild for it constitutes the

following extreme scenarios:

Case (1a) x; = 1, P, =Pr = 1,fork =1,2;

Case (1b) ry =1,p, = —1,p, € (—1,1], fork = 1,2;
Case (2a) x;, = —1, P, =Pr= —1,fork=1,2;

Case (2b) ki = —Lp, € [-1,1),p, = 1,fork =1,2;

Case (la) is uninteresting as there is no ambiguity in correlation, which has already been studied
in [2]. In Case (1b), both competing insurers have their lowest correlation estimates to be equal to
-1, 1.e. P, = —1, From (17), it follows readily that p] = p5 = —1. In face of p;, = —1, insurer
k would increase demand of the reinsurance protection as her claim risk is perfectly negative-
correlated with that her competitor. Yet, increase demand of the reinsurance protection implies
an increase in expenditure, which in turn erodes her relative performance surplus. Hence, there
does not exist a strategy for each insurer that can both hedge against claim risk via reinsurance
purchase while at the same time maximize her relative terminal surplus. Cases (2a) and (2b) can
be interpreted analogously. In this respect, Cases (1a)-(2b) consitute extreme scenarios that yield
little economic insights into the strategic demand of reinsurance protection of the insurers, and we

shall therefore focus on the case when x1 k907 p5 # 1 in the numerical studies below.
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Insurer 1 Insurer 2

x| p1| 01| M E[m] E[U%] i1 Ty | P2 | 02| Ao E[W] E[Uz] V2
5151 7108]| 25 80 041 7121405 2 50 0.5

Table 1: Model parameters

4. Numerical Examples

In this section, we provide the numerical studies on the effect of the ambiguous correlation
to the equilibrium reinsurance demands and the value functions of the CARA insurers in Section
3.2. Unless otherwise stated, the following numerical studies are performed based on the model
parameters in Table 1. Due to the symmetric nature of the game, it suffices to consider exclusively
on the equilibrium demand and value function of insurer 1. We shall denote pF. := p, and

ok . =Dy, for k = 1,2, in the following figures.

4.1. Effect of [Bk’ Di) on the equilibrium reinsurance demand of insurer k, for k = 1, 2.

Equilibrium reinsurance demand of insurer 1 (KZ:D,S, y1:0‘4, */2:0‘5) Equilibrium reinsurance demand of insurer 1 (KZ:—045, */1:0,4‘ 72:0,5)

0.35

0.35

- = %,=0
- - —%,=-03
®,=-0.74

0.3F

Figure 1: Effect of x; on the equilibrium reinsurance demand of insurer 1,. The left figure (resp. right figure)
corresponds to the case when both insurers are competitive, i.e. k1 = 0.8, ko = 0.5 (resp. cooperative, i.e. K1 =

—0.8, Kz = —0.5), with [p,, 5] = [0.1,0.6] .

Figure 1 studies the impact of the ambiguous correlation, which is measured by the confidence
interval [p ¥ 74], to the equilibrium reinsurance demand of insurer 1. Since insurer 1 optimally

chooses his reinsurance strategy under the worst-case scenario of p, Theorem 3.3 states that the
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equilibrium reinsurance demand of insurer 1, ¢, is sensitive only to her own lowest correlation
estimate, P, (resp. her highest correlation estimate, p,), when both insurers are competitive, i.e.
K1, ke > 0 (resp. cooperative, i.e. k1, k2 < 0). On the left-hand side of Figure 1, we see that ¢
increases as p, increases across different values of the sensitivity parameter x; when both insurers
are competitive. As p, increases, insurer 1 becomes more confident on her correlation estima-
tion and that she is more positively correlated with her competitor. Hence increasing reinsurance
protection would not improve her relative terminal surplus with respect to that of her competitor.
Therefore, she would spend less money on the reinsurance protection 1 — ¢}, which is consistent
with the result in [2] when there is no ambiguous correlation. On the other hand, when both in-
surers are cooperative, i.e. k1, ko < 0, the right-hand side of Figure 1 shows that ¢ decreases as
the p, increases. When both insurers are cooperative, each would choose her reinsurance strat-
egy so as to maximize the sum of her and her cooperator’s terminal surpluses. Therefore, as p;
increases, insurer 1 becomes less confident on her correlation with her cooperator, and therefore

would increase her purchase of the reinsurance protection, i.e. 1 — ¢J.

4.2. Nature of externalities of [p_,p,,| on insurer k, for k # m = 1,2.

Perhaps the most relevant question in the non-zero-sum game subject to the ambiguous cor-
relation is whether the quality of counterparty’s correlation estimates would induce positive or
negative externalities to the insurer. We study this question for the cases when both insurers are
competitive (see Figure 2) and when both insurers are cooperative (see Figure 3). Note that the
case when insurer 1 is certain on the her correlation estimate i.e. P = Py, but insurer 2 remains
uncertain with the true correlation is non-existent. This is because insurer 2 would also have
no ambiguity in correlation as she can observe the correlation from insurer 1. To facilitate the

discussion, we shall consider the following two cases:

Case A “No Ambiguity in both insurers”, i.e. when both insurers are certain about the correlation

(p). In this case, we shall let p = 0.35 in Figure 2 and p = —0.35 in Figure 3;
Case B “Ambiguity in both insurers”, i.e. when both insurers are uncertain about p.

Few words are in place to facilitate the following discussions. Recall that the true correlation
16



is assumed to be p = 0.35 in Figure 2. In addition, since [0.2,0.6] C [—0.2,0.6], the case of
[, P2] = [0.2,0.6] can be interpreted as the scenario in which insurer 2 has better information
on the correlation estimates than the case of [p,, p,] = [—0.2,0.6]. On the other hand, we assume
the true correlation to be p = —0.35 in Figure 3. Since [—0.5, —0.2] C [—0.5,0.2], the case of
[p,» Do) = [0.5, —0.2] constitutes the case when insurer 2 has better information on the correlation

than the case of [p,, p,] = [-0.5,0.2].

Equilibrium reinsurance demand of insurer 1 with or without ambiguity (pfwn:o.z) Equilibrium reinsurance demand of insurer 1 with or without ambiguity (pfmn:—o.z)
0.9 0.9

No Ambiguity in both insurers No Ambiguity in both insurers

‘‘‘‘‘ Ambiguity in both insurers i 0g8h == Ambiguity in both insurers

0.8}
o7rt 07t
0.6 - 0.6F 'y

0.5F 05

q
a

04 0.4

0.3F

No Ambiguity in both insurers v No Ambiguity in both insurers
‘‘‘‘‘ Ambiguity in both insurers v + = = Ambiguity in both insurers
60 n n n | . . 60 n n N ! . .
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
R T

Figure 2: Effect of v; on the equilibrium reinsurance demand and value function of insurer 1 (¢ = 6, 7' = 10,
[p,» P1] = [0.2,0.5]). The figures in the first column (resp. second column) correspond to the case when both insurers

are competitive, i.e. (k1 = 0.8, K2 = 0.5), when [p,, p,] = [0.2,0.6] (resp. [p,, po] = [-0.2,0.6]).

Figure 2 reveals the impact of the insurer 2’s confidence interval [22, Do) on insurer 1 for Cases
A and B when both insurers are competitive, i.e. x1, ko > 0. We first discuss the effect of the
quality of insurer 2’s correlation estimates on the equilibrium reinsurance demand of insurer 1.
The first row of Figure 2 shows that insurer 1 always spends more on the reinsurance protection

1 — g7 at equilibrium when facing ambiguous correlation for both cases when [p,, 5] = [0.2,0.6]
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and [p,,p,] = [—0.2,0.6]. This can be interpreted from from (13) that the relative performance
concerns take effect on the insurer 1’s strategy through the term pjr;72¢; and that py is chosen
such that px, is minimized.

More importantly, the second row of Figure 2 also indicates that the welfare, which is measured
by her value function (V) of insurer 1 deteriorates as insurer 2 improves her correlation estimates
from [p,, p,] = [-0.2,0.6] to [p,, 5] = [0.2,0.6]. To see this, observe that the value function
of insurer 1 (V7) in Case B lies below that in Case A when [p,,p,] = [0.2,0.6]. On the other
hand, the value function of insurer 1 (V;) in Case B lies above that in Case A when [QQ, Pa] =
[—0.2,0.6]. In other words, the ambiguous correlation can induce negative externalities to insurer
1 in the case when insurer 2 improves her correlation estimates , i.e. [p,,p,] = [0.2,0.6]. This
can be explained by the fact that two insurers are assumed to be competitive, i.e. ki,ky > 0.

Poorer correlation estimates from insurer 2 proves to be advantageous to insurer 1 as he has better

information [p_, ;] = [0.2, 0.5] to achieve higher relative terminal surplus.

Figure 3 studies the impact of the insurer 2’s confidence interval [/_)2, Do) on insurer 1 for Cases A
and B when both insurers are cooperative, 1.e. k1, k2 < 0. As in Figure 2, the first row of Figure
3 shows that ambiguous correlation leads to higher demand for reinsurance protection 1 — gj
at equilibrium even when both insurers are cooperative. The second row of Figure 3 shows the
welfare of insurer 1 improves when insurer 2 improves her correlation estimates from [QQ, Do) =
[—0.5,0.2] to [p,, p5] = [—0.5, —0.2], which can be seen by the gap between the welfare of insurer
1 in Case A and that in Case B is narrowed when p, decreases from 0.2 to —0.2, ceteris paribus.
When insurer 2 has better information on the correlation p, she can therefore increase her relative
terminal surplus, which in turn also increases the relative terminal surplus of insurer 1, as they are
cooperative. In other words, the improvement of the correlation estimates of insurer 2 can induce
positive externalities to insurer 1 when two insurers are cooperative, which is in contrast with the

results for the case of competitive insurers in Figure 2.
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Equilibrium reinsurance demand of insurer 1 with or without ambiguity (pfw:e.z) Equilibrium reinsurance demand of insurer 1 with or without ambiguity (pfnax:—o.Z)
0.9 0.9

No Ambiguity in both insurers No Ambiguity in both insurers

08 = = Ambiguity in both insurers

= = Ambiguity in both insurers

08

0.7F 0.7V

0.6 06 -

' 0.5F ‘o' 051
0.4r 0.4
0.3F 0.3
0.2 0.2
0‘]0.1 0‘.2 0‘.3 0‘.4 v 0‘.5 0‘.6 0‘.7 0.8 0'10.1 0.‘2 0.‘3 0.‘4 v 0.‘5 0.‘6 0.‘7 0.8
1 1

‘max

max

Welfare of insurer 1 with or without ambiguity (p2 =0.2) Welfare of insurer 1 with or without ambiguity (p2 =-0.2)

—as5t 1 -45
1
-51 1 -5
!
—55H No Ambiguity in both insurers |4 -55F No Ambiguity in both insurers | -{

== Ambiguity in both insurers == Ambiguity in both insurers

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
vy A

Figure 3: Effect of v; on the equilibrium reinsurance demand and value function of insurer 1 (I' = 10, [Bl, 7l =
[—0.5, —0.2]). The figures in the first column (resp. second column) correspond to the case when both insurers are

cooperative, i.e. (k1 = —0.8, k2 = —0.5), when [p,, p,| = [-0.5,0.2] (resp. [p,, po] = [-0.5, —0.2)).

5. Conclusion

We essentially set the risk-free interest rate to be zero for simplicity. In fact, the extension to
the case of non-zero risk-free interest rate is trivial. Although we focus on the reinsurance games
with uncertain correlation between two insurers, it is possible to allow the insurers invest their
surplus in financial market, especially when the financial market is statistically independent of the
claim processes. In this special case, the investment-reinsurance game is actually a combination
of a reinsurance game and an independent investment game, as pointed out in [14]. See [2, 10, 13]
for the extensions to including investment opportunities. However, when the financial market is
dependent of the insurance market, the correlation structure of the diffusions processes could be
complicated. It would be an interesting future research.This paper concerns the robustness on
the correlation. We refer readers to [13, 14] for the robustness on the drift terms of the diffusion
processes.

19



6. Acknowledgements

the

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]
(10]

(11]

(12]

[13]

(14]

Authors would like to acknowledge the anonymous referee for his thorough comments improve

paper significantly.

Bai, L., J. Guo. 2008. Optimal Proportional Reinsurance and Investment with Multiple Risky Assets and No-
Shorting Constraint. Insurance: Mathematics and Economics. 42, 968-975.

Bensoussan, A., C.C. Siu, S.C.P. Yam, H. Yang. 2014. A Class of non-zero-sum Stochastic Differential Invest-
ment and Reinsurance Games. Automatica. 50, 2025-2037.

Browne, S.. 1995. Optimal Investment Policies for a Firm with a Random Risk Process: Exponential Utility and
Minimizing the Probability of Ruin. Mathematics of Operations Research. 20, 937-958.

DeMarzo, PM., R. Kaniel, I. Kremer. 2008. Relative Wealth Concerns and Financial Bubbles. The Review of
Financial Studies. 21, 19-50.

Epstein, L., S. Ji. 2013. Ambiguous Volatility and Asset Pricing in Continuous Time. The Review of Financial
Studies. 26, 1740-1786.

Espinosa, G.-E., N. Touzi. 2015. Optimal Investment under Relative Performance Concerns. Mathematical Fi-
nance. 25, 221-257.

Fouque, J.-P., C.S. Pun, H.Y. Wong. 2014. Portfolio Optimization with Ambiguous Correlation and Stochastic
Volatilities. Working paper of UCSB and CUHK. Available at http://ssrn.com/abstract=2479796.

Hu, M., S. Ji. 2014. Dynamic Programming Principle for Stochastic Recursive Optimal Control Problem under
G-framework. Working paper of SDU. Available at http://arxiv.org/abs/1410.3538.
Klugman, S.A., H.H. Panjer, G.E. Willmot. 2008. Loss Models. Hoboken, NJ: John Wiley.

Liu, Y., J. Ma. 2009. Optimal Reinsurance/Investment Problems for General Insurance Models. The Annals of
Applied Probability. 19, 1495-1528.

Peng, S., 2008. Multi-Dimensional G-Brownian Motion and Related Stochastic Calculus under G-Expectation.
Stochastic Processes and Their Applications 118, 2223-2253.

Promislow, S.D., V.R. Young. 2005. Minimizing the Probability of Ruin when Claims Follow Brownian Motion
with Drift. North American Actuarial Journal. 9, 110-128.

Pun, C.S., H.Y. Wong. 2015a. Robust Investment-Reinsurance Optimization with Multiscale Stochastic Volatil-
ity. Insurance: Mathematics and Economics. 62, 245-256.

Pun, C.S., H'Y. Wong. 2015b. Robust Non-zero-sum Stochastic Differential Reinsurance Game. Insurance:

Mathematics and Economics. 68, 169-177.

20



