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In this paper, we study a form of the Holstein molecular crystal model in which the influence of
lattice vibrations on the transfers of electronic excitations between neighboring sites (off-diagonal
coupling) is taken into account. Using the Toyozawa Ansatz and the Lanczos algorithm, the Holstein
Hamiltonian with two types of off-diagonal coupling is studied focusing on a number of analyticity
issues in the ground state. For finite-sized lattices and antisymmetric coupling, a sequence of discontinuities are found in the polaron energy dispersion, the size of the ground-state phonon cloud,
and the linearized von Neumann entropy used to quantify the quantum entanglement between the
exciton and the phonons in the ground state. Such behavior is accompanied by a shift of the groundstate crystal momentum from zero to nonzero values as the coupling strength is increased. In the
thermodynamic limit, all discontinuities associated with antisymmetric coupling vanish except the
one corresponding to the initial departure of the ground-state wavevector from the Brillouin zone
center. For the case of symmetric off-diagonal coupling, a smooth crossover is found to exist in all
parameters regimes. © 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4733986]
I. INTRODUCTION

Exciton-phonon interactions give rise to polaronic
features in optical and transport properties of organic
materials.1, 2 The process of polaron formation, which is centered on an electronic excitation interacting with lattice vibrations, is well described by the Holstein model.3 The commonly seen form of exciton-phonon coupling is the diagonal type, defined as a nontrivial dependence of the exciton site energy on phonon coordinates. Diagonal excitonphonon coupling has been treated by quite a few numerical
techniques4–12 revealing a smooth crossover transition from
the weak- to strong-coupling regime. Despite being infrequently studied in early days, off-diagonal exciton-phonon
coupling, which is defined as a nontrivial dependence of the
exciton transfer integral on phonon coordinates, appears recently to garner increasing attention due to a surge of interest
in the possible existence of nonanalyticities in models with
phonon modulations of exciton tunneling between neighboring sites.13, 14 An often-mentioned form of off-diagonal coupling is the Peierls-type coupling in the tight-binding SuSchrieffer-Heeger (SSH) model,15–17 introduced to describe
transport properties of 1D polyacetylene. Simultaneous presence of two types of coupling seems crucial to characterize
solid-state excimers, where a variety of considerations point
to a strong dependence of electronic tunneling upon certain
coordinated distortions of neighboring molecules in the formation of bound excited states.18, 19 Mishchenko and Nagaosa
have shown that off-diagonal coupling allows coexistence of
free and self-trapped states even in one spatial dimension.20
It is claimed that their theory gives a consistent explanation to optical properties of quasi-one-dimensional compound A-PMDA consisting of alternating donor and accepa) Electronic mail: yzhao@ntu.edu.sg.
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tor molecules. It has also been proposed21 that off-diagonal
coupling modulates the hopping integral of the Zhang-Rice
singlet and the superexchange interaction, and is especially
relevant in the low-doping regime of high-temperature superconductivity.
Our purpose here is to study the Holstein model with offdiagonal coupling focusing on a number of analyticity issues.
Due to inherent difficulties in obtaining accurate solutions,
off-diagonal coupling has not been adequately addressed in
the literature.22, 23 Recent studies by Zhao et al.5, 24–29 using
the Munn-Silbey approach, the Toyozawa Ansatz, and its generalization, the Global-Local Ansatz, were proven successful for a wide range of off-diagonal coupling strength, yielding polaron energy bands lower than those obtained previously for all crystal momenta.28 In addition, polaron energy
band minima were convincingly shown to be momentumdependent. Such results were also corroborated by those
from the dynamic coherent potential approximation (under
the Hartree approximation).30 Marchand et al.14 pointed out
the existence of a sharp transition in the ground state in the
SSH model encountered as one departs from the center of the
Brillouin zone. Based primarily on variational calculations,31
an additional type of abrupt transitions at the zone center in
the presence of off-diagonal coupling was also claimed. Since
off-diagonal coupling can cause bandwidth fluctuations, it
alone can generate hopping even in the absence of the transfer integral. Traditionally, discontinuties at the zone center
near the self-trapping transition are attributed to insufficient
sophistication of the variational wave functions.5, 13, 26, 30 With
the inclusion of off-diagonal coupling, however, contention
still surrounds the existence of nonanalyticities in the Holstein
model. In this work, we revisit the part of the polaron problem with off-diagonal exciton-phonon coupling, and address
the analyticity issue, especially in finite-sized systems.
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Quantum entanglement is currently being pursued vigorously in the studies of polaronic crossovers in particular13, 32
and many-body quantum phase transitions in general,33, 34
as it is hoped that entanglement measures may shed light
upon drastic many-body effects near critical points. Our previous studies of the 1D Holstein polaron with simultaneous diagonal and off-diagonal exciton-phonon coupling have
revealed that quantum entanglement between excitonic and
phononic degrees of freedom exhibits abrupt changes with
the increasing exciton-phonon coupling strength which allows
one to effectively characterize both the small and large polaron regimes as well as the crossover in between.13 In this
work, we use the von Neumann entropy to quantify entanglement between an exciton and its phonon cloud, and examine comprehensively abrupt changes in the ground state properties of the Holstein polaron characterized by the quantum
entanglement.13, 35 The von Neumann entropy employed here
is a direct extension of the classical entropy concept in the
field of quantum mechanics, which has been widely applied
to quantify the quantum entanglement of two subsystems.
Exact diagonalization (ED) is an effective tool to study
properties of the polaron on a lattice of limited size for both
weak- and strong-coupling regimes36 if the full quantum nature of phonons is taken into account. Earlier studies by
ED have been performed on polaron models with diagonal
exciton-phonon coupling on finite lattices.7, 8, 37, 38 Detailed
explorations of the influence of the off-diagonal coupling by
ED were also carried out for small clusters, such as a six-site
lattice.31, 39 The Lanczos algorithm is used to diagonalize the
Hamiltonian, a technique successfully employed for strongcorrelated many-body systems.40 Translational invariance has
often been considered in order to simplify the calculation
and analysis of large clusters. For larger lattice sizes, ED is
replaced by a variational method based upon the Toyozawa
Ansatz. Two sets of variational parameters, one for each constituting particle type in the exciton-phonon system, are included in the trial state, and for the most of the phase diagram,
this Ansatz proves to be robust in describing the excitonphonon correlations. This variational scheme which uses a relaxation iteration technique41, 42 has earlier been shown to be
rather efficient compared with numerical approaches demanding far more expensive computational resources.43, 44 Notably,
the Toyozawa Ansatz can deal with much larger clusters with
respectable accuracy than ED.
The focus of this work is on the polaron energy band and
entanglement properties of the ground state in the presence
of antisymmetric and symmetric off-diagonal exciton-phonon
coupling. We apply ED to lattices with up to 16 sites and
the variational method to larger clusters. For the antisymmetric off-diagonal exciton-phonon coupling, numerically exact
analysis reveals phase-transition-like behavior which drives
the polaron ground-state energy band toward a bimodal structure with a nonzero ground-state crystal momentum. As a
consequence, there is an abrupt jump of the ground state energy of the finite-size lattices with an increasing off-diagonal
coupling strength, and phase transition occurs. We also discuss properties of the zero crystal momentum polaron state
which may not be the ground state. In this case, the discontinuities disappear and no phase transition is expected.
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The remainder of the paper is organized as follows. In
Sec. II, the Holstein Hamiltonian with symmetric and antisymmetric off-diagonal coupling is introduced. In Sec. III, we
describe briefly the ED method using the Lanczos algorithm
and the variational approach using the Toyozawa Ansatz. Results obtained using the two methods are presented for antisymmetric off-diagonal coupling. In Sec. IV, we describe
briefly the effect due to symmetric off-diagonal coupling.
Conclusions are drawn in Sec. V.
II. THE MODEL HAMILTONIAN

The Holstein molecular crystal model which describes
the interaction between the exciton and its phonon reservoir
is given as
Ĥ = Ĥ ex + Ĥ ex−ph + Ĥ ph

,

(1)

where
Ĥ ex = −J



an† (an+1 + an−1 )

(2)

n

is the exciton Hamiltonian that depicts excitonic hopping between nearest neighboring sites with the transfer integral J.
†
Here an (an ) is the exciton annihilation (creation) operator for
the nth site. The phonon Hamiltonian Ĥ ph is given as

Ĥ ph =
¯ω0 bn† bn ,
(3)
n
†

where bn creates an optical phonon of frequency ω0 on site n.
The Hamiltonian Ĥ ex−ph describing the interactions between
the exciton and the phonons includes both the exciton-phonon
diagonal and off-diagonal coupling terms
Ĥ ex−ph = Ĥ diag + Ĥ o.d. .

(4)

The diagonal exciton-phonon coupling is defined as a nontrivial dependence of the exciton site energies (for simplicity
here we set all the site energies to be 0) on the lattice coordi†
nates X̂n (X̂n ∝ bn + bn ), and the off-diagonal coupling, as a
nontrivial dependence of the exciton transfer integral on the
lattice coordinates X̂n .25–27 In this work, only linear excitonphonon coupling is considered, although in its absence, higher
order exciton-phonon interactions may be important. 45, 46 The
linear diagonal coupling term can be written as

Ĥ diag = g¯ω0
an† an (bn† + bn ),
(5)
n

where g is a dimensionless diagonal coupling constant. In this
paper, we set diagonal coupling parameter g = 0 and focus our
attention on the influences of the off-diagonal exciton-phonon
coupling Ĥ o.d. , which consists of antisymmetric off-diagonal
coupling Ĥ o.d.a and symmetric off-diagonal coupling Ĥ o.d.s ,
as shown below 5, 27, 28

†
Ĥ o.d.a = φ¯ω0
an† an+1 (bl + bl )(δn+1,l − δnl )
nl
†
+ an† an−1 (bl


+ bl )(δnl − δn−1,l ) ,
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Ĥ o.d.s = φ¯ω0
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†
an† an+1 (bl + bl )(δn+1,l + δnl )
nl


†
+ an† an−1 (bl + bl )(δnl + δn−1,l ) ,

(7)

where φ is a dimensionless parameter describing the strength
of off-diagonal coupling. It is noted that the definition of φ
above differs from that in our previous publications25, 26 by a
factor of 2 in order to facilitate comparisons with results from
Refs. 14 and 31. An important factor in determining electronic
properties of solids, off-diagonal coupling may adopt various
forms 5, 21, 25 other than the antisymmetric type of Eq. (6) and
the symmetric type of Eq. (7). Antisymmetric coupling, for
example, would be appropriate for the description of certain
vibrations that promote exciton transfers between neighboring molecules when these molecules tilt toward each other,
effectively decreasing the gap through which tunneling occurs. As a consequence, the tunneling between a molecule and
its neighbor to the right (for example) is promoted (and tunneling on the left inhibited) when vibration tilts to the right,
and tunneling on the left is promoted (and tunneling on the
right inhibited) when the vibration tilts to the left. Symmetric
coupling describes the circumstance in which tunneling between a molecule and its neighbors on both the left and right
is promoted during the same phase of oscillation (and inhibited during the complementary phase).
Throughout this paper, we use the Fourier conventions
for ladder operator c† and scalar γ as follows:


1
1
cn† = N − 2
e−ipn cp† , cp† = N − 2
eipn cn† ,
(8)
p

γn = N −1

n



eipn γp , γp =

p



e−ipn γn .

(9)

n

In momentum space, the tight-binding term Ĥ ex takes the
form
 †
ak ak cos k,
(10)
Ĥ ex = −2J

It is illuminating to apply ED to investigate the Holstein
model with antisymmetric off-diagonal coupling in Eq. (6), in
order to explore the dependence of the polaron transitions on
the lattice size and the exciton-phonon coupling strength. In
the ED analysis of the Holstein model, we employ the standard Lanczos algorithm in combination with a well-controlled
truncation scheme of the phononic Hilbert space. A general
wave function for the Holstein Hamiltonian describing one
exciton on a finite one-dimensional lattice with N sites can be
written as a direct product of exciton and phonon states

cl,s |lex |sph ,
(15)
|ϕ =
l,s

|sph =

N

i=1

 †

1 
†
a
Ĥ o.d.a = √
ω0 f−k,q
ak+q ak b−q + bq ,
N kq

(12)

 †

1 
†
s
Ĥ o.d.s = √
ω0 f−k,q
ak+q ak b−q + bq ,
N kq

(13)

a
s
where fk,q
= i2φ[sin k − sin(k − q)] and fk,q
= 2φ[cos k
+ cos(k − q)]. We indicate the exciton and phonon wave vectors by Latin indices k and q, and reserve the Greek κ for the
joint crystal momentum. For the latter, the operator which describes the total momentum of the exciton and the phonons
can be written as

 †
kak ak +
qbq† bq .
(14)
P̂ =
q

A. Exact diagonalization procedure

(11)

q

k

III. ANTISYMMETRIC OFF-DIAGONAL COUPLING


where |lex = |n1 , ..., nN  ( i ni = 1) is the exciton state with
ni the exciton number on site i with dimension Dex = N, and

k

and the other terms in Eq. (1) are

Ĥ ph =
ω0 bq† bq ,

It is noted that the crystal momentum operator P̂ commutes
with the Hamiltonian in Eq. (1), i.e., [P̂ , Ĥ ] = 0, and therefore, the Hamiltonian Ĥ and P̂ share the same set of eigenstates which are labeled by κ. By using the periodic boundary
condition, the crystal momentum in the first Brillouin zone
can vary from −π to π with an increment δ κ = 2π /N.
Off-diagonal coupling was known to have significant influences on the soliton formation in long-chain polyenes,
with a fundamental role in the charge-transfer doping
mechanism.15 It has been shown to be of relevance for
charge transport in organic semiconductors,47 and carbon
nanotubes.48 For diagonal exciton-phonon coupling, it is well
known that with increasing coupling strength, the lattice distortions induced by the exciton can trap the exciton itself.
During the self-trapping process, the spatial extension of the
polaron decreases while its effective mass increases. The
exciton-phonon composite will change from a large polaron
to a small polaron with a localized structure. Despite being
a matter studied to far less degree, off-diagonal coupling is
expected to lead to similar behavior perhaps with more interesting features.

√

1
†
(b )mi |0ph = |m1 ...mN ,
mi ! i

(16)

are the phonon states with dimension Dph . It should be noted
that the total dimension of Hamiltonian is Dex × Dph . We truncate the bosonic Hilbert space by

mi ≤ M,
(17)
i

limiting the maximal number of phonons to M. For example,
with a set of N = 3 and M = 3, the possible configurations of
phonon states |n1 , n2 , n3  can be expressed as follows:
|000,
|100, |010, |001,
|200, |110, |020, |101, |011, |002,
|300,|210,|120,|030,|201,|111,|021,|102,|012,|003.
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FIG. 1. Ground-state energy Egs as a function of maximal number of
phonons M for the Holstein model with off-diagonal coupling on a six-site
lattice. The model parameters are φ = 1.0, J = 1.0, and ω = 1 (all energies
are measured in units of ω). Inset: The ground-state energy Egs as a function
of off-diagonal coupling strength φ with different truncated number M.

Consequently, the total number of phonon basis states is Dph
= 20. We perform ED on small clusters up to N = 16 sites
with the truncation number M = 8, yielding a phonon dimension Dph = 735471. To reduce the dimension of the Hamiltonian matrix, we take the translational symmetry into consideration, and set the symmetrized basis as
N
1  iκn
|ϕsκ  = √
e Tn (|1, 0, ..., 0 ⊗ |sph ).
N i=1

(18)

Note that the total crystal momentum of the system is
κ = 2π l/N, (l = −N/2 + 1, ..., N/2)

(19)

and in each κ subspace we have Dtot, κ = Dph . Tn represents
the lattice translational operator.
The resulting Hamiltonian matrix is diagonalized by the
Lanczos method. As the numerical convergence of the diagonalization procedure depends on the bosonic Hilbert space,
one needs to use a maximal phonon number M large enough to
obtain sufficient numerical accuracy for eigenvalues. To check
the convergence of the truncation procedure, the dependence
of the ground-state energy Egs on the maximal phonon number M is examined for a six-site lattice with antisymmetric offdiagonal coupling strength φ = 1.0, and results are displayed
in Fig. 1. Good convergence is found for M ≥ 10 with a relative error less than 10−6 . Moreover, a larger phonon number
M is needed in the strong coupling regime, as clearly shown in
the inset of Fig. 1. In our calculations convergence is considered achieved if the relative error of the ground-state energy
is less than 10−6 . The accuracy obtained in our work exceeds
that reported previously in the literature.31, 39
We calculate the ground state energy Egs for three lattice
sizes N = 6 (M = 16), N = 8 (M = 12), and N = 16 (M = 6) by
ED and results are shown in Fig. 2(a). The first derivative of
the ground state energy with respect to the antisymmetric offdiagonal coupling strength, ∂E/∂φ, is not a continuous function of φ [cf. inset of Fig. 2(a)], which indicates that a phase
transition may exist. We see a series of phase-transition-like
discontinuities at different off-diagonal coupling strengths beyond the first critical coupling φc0 . This behavior is ascribed

FIG. 2. (a) Ground-state energy Egs , (b) the linear entropy SL , (c) the average
phonon occupation number Nph , and (d) the ground-state crystal momentum
κ gs obtained by ED with the periodic boundary for the case of antisymmetric
off-diagonal coupling for lattice size N = 6 (M = 16) (squares, only shown
for φ < 1.2 due to precision limitation), N = 8 (M = 12)(circles), and N
= 16 (M = 6) (triangles). Inset: The first derivative of ground state energy
with respect to the coupling strength φ, ∂E/∂φ, as a function of off-diagonal
coupling φ. We set ¯ = ω = 1.

to the nature of the intrinsic polaron properties driven by the
antisymmetric off-diagonal coupling in finite-sized systems.
In order to make our discussion quantitative, we analyze the quantum entanglement between the excitonic and
phononic degrees of freedom by the linearized von Neumann
entropy, defined as
SL = 1 − Tre (ρe )2 ,

(20)

and the phonon-traced single exciton density matrix ρ e is derived from Eq. (15)
ρe = Trph |ϕϕ|/ϕ|ϕ,

(21)

where Trph denotes tracing over the phonons degrees of freedom. Eq. (20) is a linearized version of the von Neumann entropy S(ρ) = −Tr(ρlnρ) and vanishes for a free exciton. Saturation of the linear entropy is given by the maximally mixed
state for which SL, max = 1 − N−1 . The linearized entanglement SL in Eq. (20) is employed to characterize the polaron
properties from the weak to strong coupling regimes, and is
expected to increase with off-diagonal coupling strength and
reach saturation in the strong coupling limit.
Another important quantity to evaluate for the analysis of
polaronic systems is the average phonon occupation number
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Nph , defined as
Nph =

J. Chem. Phys. 137, 034108 (2012)



†

ϕ|bi bi |ϕ.

(22)

i

Nph is very sensitive to the off-diagonal coupling strength and
increases with the coupling strength. For small φ, the polaron
in the ground state is almost bare and Nph ≈ 0. It turns out
that the phonon number, similar to the linear entropy and the
ground-state energy, is an effective tool to detect transitions
induced by the off-diagonal coupling. The phase transition is
therefore expected at a critical coupling strength φc0 , where
Nph begins to increase abruptly. Figs. 2(b) and 2(c) exhibit
some abrupt changes in the linear entropy SL and the average
phonon number Nph . It is confirmed that Nph tends to be zero
for small φ, and begins to increase discontinuously after it exceeds the first critical value around φc0 = 0.7. Both SL and Nph
show phase-transition-like jumps at certain coupling strengths
j
φc (j = 1, 2, 3, ...) beyond φc0 .
With an increasing off-diagonal coupling strength, the
exciton size will be increasingly limited by the lattice distortion it creates, leading eventually to an off-diagonalcoupling form of the well-known polaronic self-trapping.
For sufficiently large coupling strengths, the small polaron emerges, and the corresponding quantum entanglement
reaches saturation.13 Although both diagonal and off-diagonal
exciton-phonon couplings make contributions to the formation of the polaron, the off-diagonal type has more complex influences on the properties of the polaron (such as the
polaron energy band). The off-diagonal coupling can boost
transport and drive the ground-state energy band wider or
narrower, depending on circumstances, and toward bimodal
structures. Subsequent addition of diagonal coupling only reduces the bandwidth while leaving the bimodal variation intact. The bimodal structure is characterized by the nonzero
crystal momentum of the ground state. Off-diagonal coupling
dimerizes the lattice structure which is compared with the
site-localized polaronic correlations due to diagonal coupling.
Crystal momenta can only take on a set of discrete values
when a small lattice with a finite number of sites is considered. The consequent discontinuous change of the crystal momentum of the ground state will lead to the abrupt changes for
the linear entropy SL and average phonon number Nph .
The observed transitions are accompanied by discontinuities in the ground-state momentum κ gs changing from 0
to π /2 with increments δ κ = 2π /N, as depicted in Fig. 2(d).
The transition point of the linear entropy SL and the average
phonon number Nph for N = 6 is matched by a change of κ gs
from 0 to π /3. In the case of N = 8, the first transition corresponds to a momentum jump from 0 to π /4, and the boost
of κ from π /4 to π /2 is responsible for the second transition
of the entropy SL and the average phonon number Nph . For N
= 16 there are five transition points which correspond to κ =
0, π /8, π /4, 3π /8, and π /2, respectively. These κ-dependent
crossovers, in the presence of the off-diagonal coupling, illustrate discontinuous changes in polaron properties which become more pronounced for small lattice sizes. With increasing lattice size, especially in the thermodynamic limit, there
will be infinitesimal step sizes in the change of the crystal
momentum if the coupling strength exceeds the first critical

FIG. 3. (a) Polaron energy band Eκ − Eκ=0 obtained by ED for an eight-site
lattice for different coupling strengths φ = 0.5, 0.8, and 1. (b) Eκ as a function
of off-diagonal coupling strength φ for three values of the crystal momentum
κ = 0, π /4, π /2. The circles are the crossing points of energy level.

point φc0 , and all jump points will merge. As a consequence,
the phase-transition-like shifts in the crystal momentum disappear. It is believed that the transition only occurs at the first
critical point φc0 which corresponds to the crystal momentum
of the ground-state changing from zero to nonzero, consistent
with results for the SSH model.14
In Fig. 3(a), polaron energy band Eκ − E0 for an eightsite lattice obtained by ED is shown for three values of the offdiagonal coupling strength φ = 0.5, 0.8, and 1. The groundstate energy is found at crystal momenta κ = 0, π /4, and π /2
for φ = 0.5, 0.8, and 1, respectively. With increasing φ, the
ground-state crystal momentum will change from zero to π /2
by a minimal step size of δ κ = 2π /N. It is helpful to look into
the κ-dependency of the ground-state energy as a function of
off-diagonal coupling strength. In Fig. 3(b), the ground state
energy Eκ (φ) is plotted for three values of the crystal momentum κ = 0, π /4, π /2. One can readily observe the energylevel-crossing which occurs at two discrete points as marked
by vertical dashed lines corresponding to the critical transition coupling strengths. The presence of the transition phenomenon is due to the fact that it is not possible to have a
smooth transition from the zero momentum state into states
with finite momenta. This is strikingly different from the diagonal coupling case where the ground-state crystal momentum
is always zero regardless of the diagonal coupling strength.
To probe the influence of the periodic boundary (PB)
condition, we study the ground state energy Egs and the
linear entropy SL with the open boundary (OB) condition and compare results with those obtained with the
PB condition. Fig. 4(a) clearly demonstrates that the OB
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FIG. 4. (a) Ground-state energy Egs and (b) the linear entropy SL obtained
by ED with the periodic boundary (PB) condition (open squares, N = 6; open
circles, N = 8) and its comparison with the open boundary (OB) condition
(solid squares, N = 6; solid circles, N = 8). It is observed that the discontinue
transitions varnish under the OB condition.

ground-state energy is higher than the PB counterpart. The
distinction between the two boundary conditions becomes
apparent in Fig. 4(b) which compares SL from the two approaches. Under the OB condition, a cusp forms at a critical
value φc0 , while under the PB condition, there are several disj
continuities at critical coupling values φc . This is explained
by the fact that quantization of the crystal momentum is absent under the OB condition. Thus, it is shown that the exisj
tence of the abrupt transition points φc depends on finite-size
effects and boundary conditions.
B. Variational approach

Although ED is an effective apparatus to investigate polaron properties with high accuracy, its applicability is limited to small clusters. In the strong coupling regime, especially, more phonons should be considered, and therefore,
much more computing resources would be required due to
an expanded phonon Hilbert space. The variational method
provides a reliable alternative to complement ED for large
clusters or in the strong coupling regime. In order to investigate phase-transition-like discontinuities in large clusters, the
Toyozawa Ansatz is used in this subsection to deal with the
Holstein model of Eq. (1) in the absence of diagonal excitonphonon coupling.5 The main goal of the variational approach
is to achieve, for any given crystal momentum κ, the energy
minimum Eκ , which is defined as
Eκ =  (κ)|Ĥ | (κ),

(23)

where | (κ) is an appropriately normalized delocalized trial
state, and Ĥ is the system Hamiltonian given by Eq. (1). It
should be noted that the crystal momentum operator commutes with the system Hamiltonian, so the energy eigenstates
are also eigenfunctions of the crystal momentum. Therefore,
variations for different κ can be carried out independently (see
the Appendix). The set of Eκ constitutes a variational estimate

FIG. 5. (a) The polaron energy band Eκ − Eκ=0 calculated by the Toyozawa
Ansatz for a range of φ = 0.6 (solid line), 0.7 (dashed line), 0.8 (dotted line),
1 (dashed-dotted line), and 1.2 (dashed-dotted-dotted line); (b) the total momentum κ gs of the ground state energy as a function of φ; (c) the linear entropy SL as a function of φ calculated by the Toyozawa Ansatz for N = 128
sites (see the inset for the range of φ from 0.8 to 1). The parameters chosen
are J = 1, g = 0.

(an upper bound) for the polaron energy band.29, 49 After the
variational procedure, one can obtain the trial states which are
approximations to the energy eigenstates, and as a result, the
reduced density matrix can be computed as
ρmn =  (κ)|an† am | (κ).

(24)

One can then proceed to compute the linear entropy of
Eq. (20).
The trial state used in this work, Toyozawa Ansatz, reads
| (κ) = |κκ|κ−1/2 ,
|κ =


n

eiκn



(25)

αnκ1 −n an†1

n1

× exp −



βnκ2 −n bn† 2 − βnκ∗2 −n bn2 |0, (26)
n2

where |0 is the product of the exciton and phonon vacuum
states, αnκ is the exciton amplitude and βnκ is the phonon
displacement.
The polaron energy bands calculated by the Toyozawa
Ansatz with lattice size up to N = 128 are shown in Fig. 5(a),
from which it is obvious that the ground state energy is
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FIG. 6. (a) Using ED and the variational method (var), the ground state
energy Egs is compared with Eκ=0 for an eight-site lattice. (b) The linear
entropy SL at κ = 0 calculated by the variational method for lattice sizes
N = 8 (dashed-double-dotted line), 16 (dashed line), 32 (dashed-dotted line),
and 64 (solid line) with its comparison to that obtained by ED for eight-site
lattice (squares). It indicates that there is a smooth transition from large to
small polaron zone at zero momentum.

achieved at the crystal momentum κ = 0 if the off-diagonal
coupling φ is very small. However, a bimodal variation will
appear when φ is large enough, and the crystal momentum
κ at which minimum of polaron energy will be achieved in
leaps from 0 to ±π /2.25 The crystal momentum κ corresponding to the ground state energy as a function of φ is shown in
Fig. 5(b). One sees immediately that there are many critical
j
coupling values φc at which the crystal momentum κ changes
from zero to π /2 with the interval value 2π /N. Due to the remarkable expansion of the lattice size the Toyozawa Ansatz
is able to handle (compared with ED), the increments of the
ground-state crystal momentum κ will be much smaller, leading to a smooth transition except for the first critical coupling
strength. In the limit of infinite lattice size, there exists a sharp
transition at the first critical point φc0 , and other jump points
disappear.
The quantum entanglement SL between the excitonic and
phononic degrees of freedom calculated by the Toyozawa
Ansatz for N = 128 is shown in Fig. 5(c). It is clear that the
quantum entanglement of the large cluster is much smoother
than that of the small cluster calculated by ED. However,
more jumps, corresponding to the critical coupling strengths,
emerge with smaller jump amplitudes as shown in the inset of
Fig. 5(c). Due to the increase of the lattice size, the groundstate crystal momentum is allowed to take more distinct values, and can change from zero to finite values with much
smaller steps as the strength of antisymmetric off-diagonal
coupling is increased. It should be noted that the first critical coupling strength is quite different from the others, as it
remains conspicuous for very large aggregates. With the exception of the first critical coupling strength φc0 , other critical
j
values of the coupling parameter φc (j = 0) are expected to
vanish as N → ∞.

J. Chem. Phys. 137, 034108 (2012)

Although the ground state is not always found at κ =
0 as the antisymmetric off-diagonal coupling φ is varied, it
is still interesting to compare the ground state energy with
Eκ=0 . Fig. 6(a) shows that the ground state energy of an eightsite lattice calculated by both ED and the Toyozawa Ansatz is
much lower than that Eκ=0 . It indicates that the energy at the
zero crystal momentum is not always the ground-state energy,
an important fact that was not addressed in Ref. 31. We also
plot the entanglement between the excitonic and phononic
degrees of freedom at κ = 0 in Fig. 6(b). The linear entropy
calculated by ED for lattice size N = 8 is a smooth function
with the increasing of φ. On the other hand, the variational results also exhibit a smoothly varying linear entropy as the lattice size increases. It should be noted that the linear entropies
calculated by the Toyozawa Ansatz and ED are not entirely
consistent in the intermediate coupling regime for the lattice
size N = 8 as shown in Fig. 6(b). The difference is attributed
to the insufficient complexity of the Toyozawa Ansatz which
limits its accuracies in this regime. The phonon displacement
βnκ2 −n of the Toyozawa Ansatz mainly depends on the position
of the phonon n2 , while it can hardly reflect the influences
of the exciton on the lattice deformation. In the intermediate coupling regime, the formation of the phonon cloud has
close relations with the electronic excitation, which leads to
the unsatisfactory performances of the Toyozawa Ansatz in
this regime.
Compared with the Toyozawa Ansatz, an additional array is added to the phonon displacement parameters in the
Global-Local Ansatz, which captures the influence of the exciton on the phonon displacement and depends on the relative distance between the exciton and phonon. A more general form of the phonon displacements using an N × N matrix instead of one or two arrays of size N is introduced in
the delocalized D1 Ansatz. The Global-Local Ansatz and the
delocalized D1 Ansatz, both sophisticated variants of the Toyozawa Ansatz, are believed to be capable to deliver more accurate results as they include explicit correlations between
the electronic excitation and the phonon displacements.27 A
combination of the ED and variational trial states such as the
Toyozawa Ansatz enables us to obtain significantly more reliable results compared with those in the existing literature,31
revealing a smooth crossover from weak coupling to strong
coupling regimes for the zero crystal momentum.
IV. SYMMETRIC OFF-DIAGONAL COUPLING

Since we have shown that the presence of the antisymmetric off-diagonal coupling leads to a phase-transition-like
behavior, it is a natural question to ask whether this behavior
is attributed to the symmetry of the off-diagonal coupling, and
whether symmetric off-diagonal coupling has the same effect. Although the expressions of the antisymmetric and symmetric off-diagonal exciton-phonon couplings appear similar,
they have different influences on the properties of the polaron. For example, the antisymmetric off-diagonal coupling
promotes exciton transfers between neighboring molecules
tilted toward each other. For the symmetric coupling, tunneling between a molecule and its neighbors on both the left and
right sides is promoted during the same phase of oscillation.
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We now discuss the polaron properties for the case of symmetric off-diagonal coupling in Eq. (7). The ground-state energy Egs , the quantum entropy SL between the excitonic and
phononic degrees of freedom, and the average phonon number Nph of the ground state are plotted in Fig. 7 for lattice
sizes N = 6, 8, and 16 using ED. All curves appear smoothly
varying as the symmetric off-diagonal coupling strength φ
is increased. In Fig. 7(d), the polaron energy dispersion Eκ
− Eκ = 0 is displayed for an eight-site lattice and two values of the coupling strength φ. As expected, the ground-state
energy is found at the Brillouin zone center κ = 0 for both
cases (weak coupling φ = 0.5 and strong coupling φ = 1).
The fact that the polaron band minimum is always located at
zero crystal momentum for all coupling strengths leads to the
conclusion that there is a smooth crossover for symmetric offdiagonal coupling (similar to the case of diagonal coupling).

lattice sizes over 16, we have used an efficient, yet quite accurate variational treatment based on the Toyozawa Ansatz.
The Toyozawa Ansatz can deal with much larger clusters with
less computing resources despite that its accuracy may not be
satisfactory in the weak coupling regime and for small clusters. In addition, the Toyozawa Ansatz does not use the truncation of the phonon Hilbert space, a substantial source of
deficiency of ED in the strong coupling regime. Given the
mounting interest in quantum entanglement, which is often a
telltale signature of phase transitions, we have used linearized
von Neumann entropy to quantify the exciton-phonon correlations in Holstein polaron. The average phonon occupation
number has also been employed to analyze the influence of
the off-diagonal exciton-phonon coupling.
When only antisymmetric exciton-phonon coupling is
present, the ground state is found to possess zero crystal momentum for weak coupling but finite crystal momenta for
strong coupling. Both the ground-state entanglement and the
average phonon occupation number display discontinuities
when the coupling strength exceeds the first critical value φc0 .
j
Additional critical coupling strengths φc also exist for small
lattice sizes with the PB condition. However, if we apply the
OB condition to the same clusters, only φc0 exists. The boundary condition will limit the crystal momenta to some discrete
values which have the same number with the lattice size. To
further probe the effect of the lattice size and the boundary
condition, the Toyozawa Ansatz is employed to treat large
clusters. More discontinuous jumps of the ground-state linear entropy are shown to emerge, but the amplitudes of the
jumps are much reduced except for the one at φc0 . Therefore,
it is expected that the only surviving discontinuity in the linear entropy in the thermodynamic limit N → ∞ will be one
at the first critical coupling strength φc0 .
We have also studied the entanglement between the excitonic and phononic degrees of freedom at the Brillouin zone
center (rather than that of the ground state). In this case, the
linear entropies of the small clusters calculated by ED, as well
as the large clusters calculated by Toyozawa, show a smooth
crossover between weak and strong coupling regimes. It indicates that no phase transitions exist at the Brillouin zone center. Finally, the effect of the symmetric off-diagonal excitonphonon coupling has been examined. No phase-transition-like
behavior is found in the presence of the symmetric coupling.
The ground-state energy is always achieved at the Brillouin
zone center for all parameter regimes.

V. CONCLUSION
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FIG. 7. (a) Ground-state energy Egs , (b) the linear von Neumann entropy
SL , and (c) the average phonon occupation number Nph in the ground state
obtained by ED as a function of the symmetric off-diagonal coupling φ for
lattice size N = 6 (M = 16) (solid line and squares), N = 8 (M = 12) (dashed
line and circles), and N = 16 (M = 6) (dotted line and triangles). (d) The corresponding polaronic band dispersion Eκ − Eκ = 0 for N = 8 lattices obtained
by ED.

APPENDIX: TOYOZAWA ANSATZ

The Toyozawa Ansatz may be viewed as a timeindependent translationally invariant rendering of the
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so-called Davydov’s D2 Ansatz state underlying much of the
theory of the Davydov soliton,24, 29
|D2  = |α ⊗ |β,

(A1)

where ⊗ denotes the direct product, |α and |β are the exciton and phonon parts of the localized state respectively, built
as follows:

|α =
αn an† |0ex ,
(A2)
|β = exp −



n
†
(βm bm
− βm∗ bm ) |0ph ,

(A3)

m

where α n is the exciton amplitude, β m is the phonon displacement, |0ex and |0ph are the exciton and phonon vacuum
states respectively. For D2 Ansatz, the typically pulse-shaped
distribution of the displacements β n describes a lattice deformation fixed in the frame of the lattice, to which conforms a
correspondingly pulse-shaped distribution of exciton probability amplitudes α n .5
D2 Ansatz can be delocalized into the Toyozawa Ansatz
via a projection operator P̂ κ ,

P̂ κ = N −1
ei(κ−P̂ )n = δ(κ − P̂ ),
(A4)
n


†
+ q qbq bq . After the delocalization,
where P̂ =
the site-space representation of the Toyozawa Ansatz is given
by


|κ =
eiκn
αnκ1 −n an†1


†
k kak ak

n

n1

× exp −



(βnκ2 −n bn† 2 − βnκ∗2 −n bn2 ) |0,

(A5)

n2

where |0 = |0ex ⊗ |0ph is the vacuum state for both the
exciton and phonon fields. Applying the Fourier conventions,
we can get the Toyozawa Ansatz in the momentum-space representation easily,

†
|κ = N −1/2
ei(κ−k)n αkκ ak
nk

× exp −N −1/2


(βqκ e−iqn bq† − βqκ∗ eiqn bq ) |0.
q

(A6)
It should be noted that |κ is not normalized, but few modifications are needed to change it into normalized one as | (κ)
= |κκ|κ−1/2 .
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