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A B S T R A C T

A numerical method based on boundary integral equation formulation and radial basis function approximation
is presented for the numerical solution of the Cattaneo–Vernotte hyperbolic equation in anisotropic media with
spatially varying and temperature dependent properties. Specific test problems are solved to verify the validity
and accuracy of the proposed numerical procedure.
. Introduction

The tensor equation for the well known Cattaneo–Vernotte consti-
utive model relating the heat flux and the temperature gradient in the
onduction of heat in solids is given byRefs. 1,2

+ 𝜏
𝜕𝐪
𝜕𝑡

= −𝜿 ⋅ ∇𝑇 (1.1)

here 𝑇 is the temperature, the vector 𝐪 is the heat flux, the second
ank tensor 𝜅 is the thermal conductivity, 𝑡 is the time coordinate and
he scalar 𝜏 is the relaxation time.

In the absence of internal heat source, the equation expressing the
aw of conservation of heat energy is given by

⋅ 𝐪 = −𝜌𝑐 𝜕𝑇
𝜕𝑡

, (1.2)

here 𝜌 and 𝑐 are the volume density and the specific heat capacity
espectively.

Together with (1.2), taking the divergence of both sides of (1.1)
eads to the Cattaneo–Vernotte non-classical hyperbolic heat equation

⋅ (𝜿 ⋅ ∇𝑇 ) = 𝜌𝑐 𝜕𝑇
𝜕𝑡

+ 𝜏 𝜕
𝜕𝑡
(𝜌𝑐 𝜕𝑇

𝜕𝑡
), (1.3)

here the relaxation time 𝜏 is a constant.
In the current paper, a numerical method based on boundary in-

egral equation formulation and radial basis function approximation
s presented for the numerical solution of an initial–boundary value
roblem governed by the Cattaneo–Vernotte hyperbolic heat equation
n anisotropic media with spatially varying and temperature dependent
roperties. In recent years, the Catteneo–Vernotte equation is widely
sed in thermal analyses of modern materials in many engineering

E-mail address: mwtang@ntu.edu.sg.

applications (see, for example, Refs. 3–5). For material properties that
vary continuously from point to point in space and with temperature,
the equation is non-linear and has spatially varying coefficients. In
general, such an equation is not easily amenable to analytic solutions.
Thus, the task of developing a numerical method for the problem under
consideration here is a research topic worthy of attention.

Existing works on numerical methods for solving the Cattaneo–
Vernotte hyperbolic heat equation, mostly for the case of thermally
isotropic media with constant thermal conductivity, include finite dif-
ference schemesRefs. 6–8, finite element methodsRefs. 9,10 and finite vol-
ume methodsRefs. 11,12. The boundary integral equation and radial basis
function approach proposed here should offer an interesting and viable
alternative numerical method for solving the hyperbolic heat equa-
tion. Numerical methods based on boundary integral equations do
not require the solution domain to be discretized into elements. Only
the boundary of the solution domain has to be discretized. Hence,
such methods are relatively easy to implement, especially for two-
dimensional problemsRef. 13. Furthermore, the boundary conditions can
be easily incorporated into the discretized boundary integral equations.

2. Initial boundary value problem

Referring to a Cartesian coordinate frame denoted by 𝑂𝑥1𝑥2𝑥3,
consider a thermally anisotropic solid with geometry that does not
change along the 𝑥3-axis. On the 𝑂𝑥1𝑥2 plane, the body occupies the
two-dimensional region 𝑅 bounded by a simple closed curve 𝐶.

The temperature 𝑇 in the solid does not vary with 𝑥3, that is, 𝑇 is
a function of the Cartesian coordinates 𝑥1 and 𝑥2 only and the time
ttps://doi.org/10.1016/j.padiff.2021.100138
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coordinate 𝑡. The thermal conductivity 𝜅, the volume density 𝜌 and the
pecific heat capacity 𝑐 vary smoothly with 𝑥1, 𝑥2 and 𝑇 .

The thermal behavior of the body is governed by (1.3) which may
e written in Cartesian coordinates as
2

𝑖=1

2
∑

𝑗=1

𝜕
𝜕𝑥𝑖

(𝜅𝑖𝑗 (𝑥1, 𝑥2, 𝑇 )
𝜕𝑇
𝜕𝑥𝑗

) = 𝐴(𝑥1, 𝑥2, 𝑇 )
𝜕2𝑇
𝜕𝑡2

+ 𝐵(𝑥1, 𝑥2, 𝑇 ,
𝜕𝑇
𝜕𝑡

) 𝜕𝑇
𝜕𝑡

,

(2.1)

where the coefficients 𝜅𝑖𝑗 are the Cartesian components of the thermal
conductivity 𝜅 satisfying the symmetry relation 𝜅𝑖𝑗 = 𝜅𝑗𝑖 and the
strict inequality 𝜅2

12 − 𝜅11𝜅22 < 0, and the coefficients 𝐴(𝑥1, 𝑥2, 𝑇 ) and
𝐵(𝑥1, 𝑥2, 𝑇 ) are given by

𝐴(𝑥1, 𝑥2, 𝑇 ) = 𝜏𝜌(𝑥1, 𝑥2, 𝑇 )𝑐(𝑥1, 𝑥2, 𝑇 ),

𝐵(𝑥1, 𝑥2, 𝑇 ,
𝜕𝑇
𝜕𝑡

) = 𝜌(𝑥1, 𝑥2, 𝑇 )𝑐(𝑥1, 𝑥2, 𝑇 )

+ 𝜏 𝜕
𝜕𝑇

(𝜌(𝑥1, 𝑥2, 𝑇 )𝑐(𝑥1, 𝑥2, 𝑇 ))
𝜕𝑇
𝜕𝑡

. (2.2)

The problem of interest here is to solve the nonlinear hyperbolic
eat equation (2.1) for 𝑡 > 0 in the region 𝑅 subject to the initial

conditions

𝑇 (𝑥1, 𝑥2, 0) = 𝑓 (𝑥1, 𝑥2)
𝜕𝑇
𝜕𝑡

|

|

|

|𝑡=0
= 𝑔(𝑥1, 𝑥2)

⎫

⎪

⎬

⎪

⎭

for (𝑥1, 𝑥2) ∈ 𝑅, (2.3)

and the boundary conditions

𝑇 (𝑥1, 𝑥2, 𝑡) = 𝑟(𝑥1, 𝑥2, 𝑡) for (𝑥1, 𝑥2) ∈ 𝐶1,
2
∑

𝑖=1

2
∑

𝑗=1
𝜅𝑖𝑗 (𝑥1, 𝑥2, 𝑇 )𝑛𝑖(𝑥1, 𝑥2)

𝜕𝑇
𝜕𝑥𝑗

= 𝑠(𝑥1, 𝑥2, 𝑡) for (𝑥1, 𝑥2) ∈ 𝐶2, (2.4)

where 𝑓 (𝑥1, 𝑥2), 𝑔(𝑥1, 𝑥2), 𝑟(𝑥1, 𝑥2, 𝑡) and 𝑠(𝑥1, 𝑥2, 𝑡) are suitably pre-
scribed functions, 𝐶1 and 𝐶2 are non-intersecting curves such that
𝐶1 ∪ 𝐶2 = 𝐶 and 𝑛𝑖(𝑥1, 𝑥2) is the 𝑥𝑖 component of the unit outward
normal vector to 𝐶 at the point (𝑥1, 𝑥2).

3. Time-stepping predictor–corrector scheme

For a time-stepping scheme with three time levels, consider (2.1)
for 𝑛𝛥𝑡 < 𝑡 < (𝑛 + 1)𝛥𝑡 for 𝑛 = 0, 1, 2, ⋯, where 𝛥𝑡 is a small positive
time-step.

Defining

𝑇 (𝑛)(𝑥1, 𝑥2) = 𝑇 (𝑥1, 𝑥2, 𝑛𝛥𝑡)

𝑇 (𝑛+ 1
2 )(𝑥1, 𝑥2) = 𝑇 (𝑥1, 𝑥2, (𝑛 +

1
2
)𝛥𝑡)

}

for 𝑛 = 0, 1, 2,… , (3.1)

we approximate (2.1) at 𝑡 = (𝑛 + 1
2 )𝛥𝑡 by

2
∑

𝑖=1

2
∑

𝑗=1

𝜕
𝜕𝑥𝑖

(𝜅𝑖𝑗 (𝑥1, 𝑥2, 𝑇
(𝑛)
(𝑥1, 𝑥2))

𝜕
𝜕𝑥𝑗

(𝑇 (𝑛+ 1
2 )(𝑥1, 𝑥2)))

= 4𝐴(𝑥1, 𝑥2, 𝑇
(𝑛)
(𝑥1, 𝑥2))

𝑇 (𝑛+1)(𝑥1, 𝑥2) − 2𝑇 (𝑛+ 1
2 )(𝑥1, 𝑥2) + 𝑇 (𝑛)(𝑥1, 𝑥2)

(𝛥𝑡)2

+ 𝐵(𝑥1, 𝑥2, 𝑇
(𝑛)
(𝑥1, 𝑥2), 𝑍

(𝑛)
(𝑥1, 𝑥2))

𝑇 (𝑛+1)(𝑥1, 𝑥2) − 𝑇 (𝑛)(𝑥1, 𝑥2)
𝛥𝑡

.

(3.2)

where 𝑇
(𝑛)
(𝑥1, 𝑥2) and 𝑍

(𝑛)
(𝑥1, 𝑥2) are respectively given (known) esti-

ation of 𝑇 and 𝜕𝑇
𝜕𝑡

at time 𝑡 = (𝑛 + 1
2 )𝛥𝑡.

Using the Lagrangian polynomial interpolation, we make the ap-
proximation

𝑇 (𝑥1, 𝑥2, 𝑡) ≃
2

(𝛥𝑡)2
((𝑡 − (𝑛 + 1

2
)𝛥𝑡)(𝑡 − (𝑛 + 1)𝛥𝑡)𝑇 (𝑛)(𝑥1, 𝑥2)

− 2(𝑡 − 𝑛𝛥𝑡)(𝑡 − (𝑛 + 1)𝛥𝑡)𝑇 (𝑛+ 1
2 )(𝑥1, 𝑥2)

+ (𝑡 − 𝑛𝛥𝑡)(𝑡 − (𝑛 + 1 )𝛥𝑡)𝑇 (𝑛+1)(𝑥 , 𝑥 ))

2 1 2

2

for 𝑛𝛥𝑡 < 𝑡 < (𝑛 + 1)𝛥𝑡. (3.3)

From (3.3), we obtain the approximate formulae
𝜕𝑇
𝜕𝑡

|

|

|

|𝑡= 𝑛𝛥𝑡
≃ 1

𝛥𝑡
(−3𝑇 (𝑛)(𝑥1, 𝑥2) + 4𝑇 (𝑛+ 1

2 )(𝑥1, 𝑥2) − 𝑇 (𝑛+1)(𝑥1, 𝑥2)),

𝜕𝑇
𝜕𝑡

|

|

|

|𝑡= (𝑛+1)𝛥𝑡
≃ 1

𝛥𝑡
(𝑇 (𝑛)(𝑥1, 𝑥2) − 4𝑇 (𝑛+ 1

2 )(𝑥1, 𝑥2) + 3𝑇 (𝑛+1)(𝑥1, 𝑥2)). (3.4)

Assume that 𝑇 (𝑛)(𝑥1, 𝑥2) is known. The time-stepping predictor–
orrector scheme for finding 𝑇 (𝑛+ 1

2 )(𝑥1, 𝑥2) and 𝑇 (𝑛+1)(𝑥1, 𝑥2) for 𝑛 = 0,
, 2, ⋯ comprises the steps below.

1. Start with 𝑛 = 0. Define 𝑇
(0)
(𝑥1, 𝑥2) = 𝑓 (0)(𝑥1, 𝑥2) and 𝑍

(0)
(𝑥1, 𝑥2)

= 𝑔(0)(𝑥1, 𝑥2), where 𝑓 (0)(𝑥1, 𝑥2) and 𝑔(0)(𝑥1, 𝑥2) are respectively
the given functions 𝑓 (𝑥1, 𝑥2) and 𝑔(𝑥1, 𝑥2) in the initial conditions
in (2.3).

2. Solve (3.2) together with 𝑇 (𝑛)(𝑥1, 𝑥2) = 𝑓 (𝑛)(𝑥1, 𝑥2) and
1
𝛥𝑡

(−3𝑇 (𝑛)(𝑥1, 𝑥2) + 4𝑇 (𝑛+ 1
2 )(𝑥1, 𝑥2) − 𝑇 (𝑛+1)(𝑥1, 𝑥2)) = 𝑔(𝑛)(𝑥1, 𝑥2),

subject to the boundary conditions in (2.4), for the unknown
functions 𝑇 (𝑛+ 1

2 )(𝑥1, 𝑥2) and 𝑇 (𝑛+1)(𝑥1, 𝑥2) by using the numerical
method detailed in Section 4 below. Note that 𝑔(𝑛)(𝑥1, 𝑥2) above
is an approximation of 𝜕𝑇 ∕𝜕𝑡 at 𝑡 = 𝑛𝛥𝑡 (refer to the first formula
in (3.4)). The coefficients in (3.2) given by 𝜅𝑖𝑗 (𝑥1, 𝑥2, 𝑇

(𝑛)
(𝑥1, 𝑥2)),

𝐴(𝑥1, 𝑥2, 𝑇
(𝑛)
(𝑥1, 𝑥2)) and 𝐵(𝑥1, 𝑥2, 𝑇

(𝑛)
(𝑥1, 𝑥2), 𝑍

(𝑛)
(𝑥1, 𝑥2)), are

evaluated by using the latest definitions of 𝑇
(𝑛)
(𝑥1, 𝑥2) and

𝑍
(𝑛)
(𝑥1, 𝑥2).

3. Check if 𝑇 (𝑛+ 1
2 )(𝑥1, 𝑥2) and 𝑇 (𝑛+1)(𝑥1, 𝑥2) converge to a prescribed

number of significant figures at some chosen points in the so-
lution domain. If the required convergence is not achieved,
redefine the functions 𝑇

(𝑛)
(𝑥1, 𝑥2) and 𝑍

(𝑛)
(𝑥1, 𝑥2) by

𝑇
(𝑛)
(𝑥1, 𝑥2) = 𝑇 (𝑛+ 1

2 )(𝑥1, 𝑥2),

𝑍
(𝑛)
(𝑥1, 𝑥2) =

𝑇 (𝑛+1)(𝑥1, 𝑥2) − 𝑇 (𝑛)(𝑥1, 𝑥2)
𝛥𝑡

,

and return to Step 2 above. Otherwise, if the required conver-
gence is achieved, either stop the time-stepping scheme (if the
solution of the initial boundary value problem is not required at
a higher time level) or define 𝑓 (𝑛+1)(𝑥1, 𝑥2) = 𝑇 (𝑛+1)(𝑥1, 𝑥2) and

𝑔(𝑛+1)(𝑥1, 𝑥2) =
1
𝛥𝑡

(𝑓 (𝑛)(𝑥1, 𝑥2) − 4𝑇 (𝑛+ 1
2 )(𝑥1, 𝑥2) + 3𝑇 (𝑛+1)(𝑥1, 𝑥2)),

and go to Step 4 below (if the solution is required at a higher
time level). Note that 𝑔(𝑛+1)(𝑥1, 𝑥2) is an approximation of 𝜕𝑇 ∕𝜕𝑡
at 𝑡 = (𝑛 + 1)𝛥𝑡 (refer to the second formula in (3.4)).

4. Increase the value of the integer 𝑛 by 1. Define 𝑇
(𝑛)
(𝑥1, 𝑥2) =

𝑓 (𝑛)(𝑥1, 𝑥2) and 𝑍
(𝑛)
(𝑥1, 𝑥2) = 𝑔(𝑛)(𝑥1, 𝑥2). Go to Step 2 above.

. Boundary element and radial basis function method

.1. Reformulation of partial differential equation

Assuming that 𝑇 (𝑛)(𝑥1, 𝑥2), 𝑇
(𝑛)
(𝑥1, 𝑥2) and 𝑍

(𝑛)
(𝑥1, 𝑥2) are known for

fixed integer 𝑛, we outline here a numerical method for solving (3.2)
o determine the unknown functions 𝑇 (𝑛+ 1

2 )(𝑥1, 𝑥2) and 𝑇 (𝑛+1)(𝑥1, 𝑥2).
Omitting the fixed integer 𝑛 for convenience, we rewrite (3.2) as

2
∑

𝑖=1

2
∑

𝑗=1

𝜕
𝜕𝑥𝑖

(𝑘𝑖𝑗 (𝑥1, 𝑥2)
𝜕𝑇1
𝜕𝑥𝑗

) + 𝑐0(𝑥1, 𝑥2) + 𝑐1(𝑥1, 𝑥2)𝑇1 + 𝑐2(𝑥1, 𝑥2)𝑇2 = 0,

(4.1)

here 𝑘𝑖𝑗 (𝑥1, 𝑥2) = 𝜅𝑖𝑗 (𝑥1, 𝑥2, 𝑇
(𝑛)
(𝑥1, 𝑥2)), 𝑇1(𝑥1, 𝑥2) and 𝑇2(𝑥1, 𝑥2) de-

ote 𝑇 (𝑛+ 1
2 )(𝑥1, 𝑥2) and 𝑇 (𝑛+1)(𝑥1, 𝑥2) respectively, and 𝑐0(𝑥1, 𝑥2), 𝑐1(𝑥1,

𝑥2) and 𝑐2(𝑥1, 𝑥2) are defined by

𝑐0(𝑥1, 𝑥2) = −( 1 4𝐴(𝑥1, 𝑥2, 𝑇
(𝑛)
(𝑥1, 𝑥2))
(𝛥𝑡)2
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𝑐

c

4

𝜔

− 1
𝛥𝑡

𝐵(𝑥1, 𝑥2, 𝑇
(𝑛)
(𝑥1, 𝑥2), 𝑍

(𝑛)
(𝑥1, 𝑥2)))𝑇 (𝑛)(𝑥1, 𝑥2),

𝑐1(𝑥1, 𝑥2) =
8

(𝛥𝑡)2
𝐴(𝑥1, 𝑥2, 𝑇

(𝑛)
(𝑥1, 𝑥2)),

2(𝑥1, 𝑥2) = − 4
(𝛥𝑡)2

𝐴(𝑥1, 𝑥2, 𝑇
(𝑛)
(𝑥1, 𝑥2))

− 1
𝛥𝑡

𝐵(𝑥1, 𝑥2, 𝑇
(𝑛)
(𝑥1, 𝑥2), 𝑍

(𝑛)
(𝑥1, 𝑥2)). (4.2)

The equation given in Step 2 in the time-stepping predictor–
orrector scheme described in Section 3 can be written as

𝑇1(𝑥1, 𝑥2) − 𝑇2(𝑥1, 𝑥2) + 𝑐3(𝑥1, 𝑥2) = 0, (4.3)

where 𝑐3(𝑥1, 𝑥2) is a known function given by

𝑐3(𝑥1, 𝑥2) = −𝑔(𝑛)(𝑥1, 𝑥2)𝛥𝑡 − 3𝑇 (𝑛)(𝑥1, 𝑥2). (4.4)

From (4.1) and (4.3), we write
2
∑

𝑖=1

2
∑

𝑗=1

𝜕
𝜕𝑥𝑖

(𝑘𝑖𝑗 (𝑥1, 𝑥2)
𝜕𝑢
𝜕𝑥𝑗

) + 𝑑0(𝑥1, 𝑥2) + 𝑑1(𝑥1, 𝑥2)𝑢 = 0, (4.5)

where 𝑢(𝑥1, 𝑥2) = 𝑇1(𝑥1, 𝑥2) and

𝑑0(𝑥1, 𝑥2) = 𝑐0(𝑥1, 𝑥2) + 𝑐2(𝑥1, 𝑥2)𝑐3(𝑥1, 𝑥2),

𝑑1(𝑥1, 𝑥2) = 𝑐1(𝑥1, 𝑥2) + 4𝑐2(𝑥1, 𝑥2). (4.6)

Following closely the analysis in Ref. 14, we let the solution of (4.5)
be given by

𝑢(𝑥1, 𝑥2) = 𝑣(𝑥1, 𝑥2) +𝑤(𝑥1, 𝑥2), (4.7)

where the function 𝑣 is chosen to be related to 𝑢 by
2
∑

𝑖=1

2
∑

𝑗=1
(𝑘(0)𝑖𝑗

𝜕2𝑣
𝜕𝑥𝑖𝜕𝑥𝑗

+ 𝜕
𝜕𝑥𝑖

(𝑘(1)𝑖𝑗
𝜕𝑢
𝜕𝑥𝑗

)) = −𝑑0(𝑥1, 𝑥2) − 𝑑1(𝑥1, 𝑥2)𝑢, (4.8)

and 𝑤 satisfies the constant coefficient linear elliptic partial differential
equation
2
∑

𝑖=1

2
∑

𝑗=1
𝑘(0)𝑖𝑗

𝜕2𝑤
𝜕𝑥𝑖𝜕𝑥𝑗

= 0, (4.9)

where 𝑘(0)𝑖𝑗 are constant coefficients obtained by averaging 𝑘𝑖𝑗 uniformly
over the solution domain 𝑅 and 𝑘(1)𝑖𝑗 = 𝑘𝑖𝑗−𝑘

(0)
𝑖𝑗 are, in general, functions

that vary smoothly with 𝑥1 and 𝑥2 in the solution domain.

4.2. Radial basis function approximation

To discretize (4.8) into linear algebraic equations by using a mesh-
less technique, we choose 𝑃 well spaced out collocation points in 𝑅∪𝐶.
We denote the chosen collocation points by (𝜁 (1)1 , 𝜁 (1)2 ), (𝜁 (2)1 , 𝜁 (2)2 ), ⋯,
(𝜁 (𝑃−1)1 , 𝜁 (𝑃−1)2 ) and (𝜁 (𝑃 )1 , 𝜁 (𝑃 )2 ), where 𝜁 (𝑗)𝑖 is the 𝑥𝑖 coordinate of the 𝑗th
collocation point.

We make the approximations
2
∑

𝑗=1
(𝑘(0)𝑖𝑗

𝜕𝑣
𝜕𝑥𝑗

+ 𝑘(1)𝑖𝑗 (𝑥1, 𝑥2)
𝜕𝑢
𝜕𝑥𝑗

) ≃
𝑃
∑

𝑟=1
𝑎(𝑟)𝑖 𝜚(𝑟)(𝑥1, 𝑥2), (4.10)

and

𝑢(𝑥1, 𝑥2) ≃
𝑃
∑

𝑟=1
𝑏(𝑟)𝜚(𝑟)(𝑥1, 𝑥2),

𝑣(𝑥1, 𝑥2) ≃
𝑃
∑

𝑟=1
𝑐(𝑟)𝜚(𝑟)(𝑥1, 𝑥2), (4.11)

where 𝑎(𝑟)𝑖 , 𝑏(𝑟) and 𝑐(𝑟) are constants and 𝜚(𝑟)(𝑥1, 𝑥2) is a radial basis
function centered about (𝜁 (𝑟)1 , 𝜁 (𝑟)2 ).

If 𝜚(𝑟)(𝑥1, 𝑥2) is partially differentiable once with respect to 𝑥1 or 𝑥2,
we may use (4.10) and (4.11), as detailed in Ref. 14, to discretize (4.8)
into linear algebraic equations

𝑑(𝑛)1 𝑢(𝑛) +
𝑃
∑

(𝜇(𝑛𝑚)𝑣(𝑚) + 𝜔(𝑛𝑚)𝑢(𝑚)) = −𝑑(𝑛)0 for 𝑛 = 1, 2,… , 𝑃 , (4.12)

𝑚=1

3

where 𝑑(𝑛)0 , 𝑑(𝑛)1 , 𝑢(𝑛) and 𝑣(𝑛) are respectively the values of 𝑑0(𝑥1, 𝑥2),
𝑑1(𝑥1, 𝑥2), 𝑢(𝑥1, 𝑥2) and 𝑣(𝑥1, 𝑥2) at (𝑥1, 𝑥2) = (𝜁 (𝑛)1 , 𝜁 (𝑛)2 ) and 𝜇(𝑛𝑚) and
𝜔(𝑛𝑚) are constants defined by

𝜇(𝑛𝑚) =
𝑃
∑

𝑟=1

2
∑

𝑖=1
𝛾 (𝑟𝑚)𝑖

𝜕
𝜕𝑥𝑖

(𝜚(𝑟)(𝑥1, 𝑥2))
|

|

|

|(𝑥1 ,𝑥2)=(𝜁
(𝑛)
1 ,𝜁 (𝑛)2 )

,

(𝑛𝑚) =
𝑃
∑

𝑟=1

2
∑

𝑖=1
𝛽(𝑟𝑚)𝑖

𝜕
𝜕𝑥𝑖

(𝜚(𝑟)(𝑥1, 𝑥2))
|

|

|

|(𝑥1 ,𝑥2)=(𝜁
(𝑛)
1 ,𝜁 (𝑛)2 )

. (4.13)

together with

𝛾 (𝑟𝑚)𝑖 =
𝑃
∑

𝑛=1
𝜑(𝑟𝑛)𝜃(𝑛𝑚)𝑖 ,

𝛽(𝑟𝑚)𝑖 =
𝑃
∑

𝑛=1
𝜑(𝑟𝑛)𝜙(𝑛𝑚)

𝑖 , (4.14)

and

𝜃(𝑛𝑚)𝑖 =
2
∑

𝑗=1
𝑘(0)𝑖𝑗

𝑃
∑

𝑟=1
𝜑(𝑟𝑚) 𝜕

𝜕𝑥𝑗
(𝜚(𝑟)(𝑥1, 𝑥2))

|

|

|

|

|(𝑥1 ,𝑥2)=(𝜁
(𝑛)
1 ,𝜁 (𝑛)2 )

,

𝜙(𝑛𝑚)
𝑖 =

2
∑

𝑗=1
𝑘(1)𝑖𝑗 (𝜁

(𝑛)
1 , 𝜁 (𝑛)2 )

𝑃
∑

𝑟=1
𝜑(𝑟𝑚) 𝜕

𝜕𝑥𝑗
(𝜚(𝑟)(𝑥1, 𝑥2))

|

|

|

|

|(𝑥1 ,𝑥2)=(𝜁
(𝑛)
1 ,𝜁 (𝑛)2 )

,

𝑃
∑

𝑚=1
𝜑(𝑟𝑚)𝜚(𝑠)(𝜁 (𝑚)1 , 𝜁 (𝑚)2 ) =

{

1 if 𝑟 = 𝑠,
0 if 𝑟 ≠ 𝑠.

(4.15)

The unknowns in the linear algebraic equations in (4.12) are 𝑢(𝑛)

and 𝑣(𝑛) for 𝑛 = 1, 2, ⋯, 𝑃 .

4.3. Boundary integral approximation

The use of (4.7) and the boundary integral equation of (4.9) as
derived in Ref. 15 yields

𝜆(𝜁1, 𝜁2)(𝑢(𝜁1, 𝜁2) − 𝑣(𝜁1, 𝜁2))

= ∫𝐶
((𝑢(𝑥1, 𝑥2) − 𝑣(𝑥1, 𝑥2))𝛤 (𝑥1, 𝑥2, 𝜁1, 𝜁2)

− (𝑝(𝑥1, 𝑥2) − 𝑞(𝑥1, 𝑥2))𝛷(𝑥1, 𝑥2, 𝜁1, 𝜁2))𝑑𝑠(𝑥1, 𝑥2), (4.16)

where 𝜆(𝜁1, 𝜁2) is such that 𝜆(𝜁1, 𝜁2) = 1 if (𝜁1, 𝜁2) lies in the interior of
the solution domain 𝑅 bounded by the curve 𝐶 and 𝜆(𝜁1, 𝜁2) = 1∕2 if
(𝜁1, 𝜁2) lies on a smooth part of the curve 𝐶, 𝑝(𝑥1, 𝑥2) and 𝑞(𝑥1, 𝑥2) are
defined by

𝑝(𝑥1, 𝑥2) =
2
∑

𝑖=1

2
∑

𝑗=1
𝑛𝑖(𝑥1, 𝑥2)𝑘

(0)
𝑖𝑗

𝜕
𝜕𝑥𝑗

(𝑢(𝑥1, 𝑥2)),

𝑞(𝑥1, 𝑥2) =
2
∑

𝑖=1

2
∑

𝑗=1
𝑛𝑖(𝑥1, 𝑥2)𝑘

(0)
𝑖𝑗

𝜕
𝜕𝑥𝑗

(𝑣(𝑥1, 𝑥2)), (4.17)

and 𝛷(𝑥1, 𝑥2, 𝜁1, 𝜁2) and 𝛤 (𝑥1, 𝑥2, 𝜁1, 𝜁2) are given by

𝛷(𝑥1, 𝑥2, 𝜁1, 𝜁2) =
1

2𝜋
√

𝑘(0)11 𝑘
(0)
22 − (𝑘(0)12 )

2
Re{ln(𝑥1 − 𝜁1 + 𝜏0[𝑥2 − 𝜁2])},

𝛤 (𝑥1, 𝑥2, 𝜁1, 𝜁2) =
1

2𝜋
√

𝑘(0)11 𝑘
(0)
22 − (𝑘(0)12 )

2
Re

{

𝐿(𝑥1, 𝑥2)
(𝑥1 − 𝜁1 + 𝜏0[𝑥2 − 𝜁2])

}

,

𝐿(𝑥1, 𝑥2) = (𝑘(0)11 + 𝜏0𝑘
(0)
12 )𝑛1(𝑥1, 𝑥2) + (𝑘(0)21 + 𝜏0𝑘

(0)
22 )𝑛2(𝑥1, 𝑥2),

𝜏0 =
−𝑘(0)12 + 𝑖

√

𝑘(0)11 𝑘
(0)
22 − (𝑘(0)12 )

2

𝑘(0)22

(𝑖 =
√

−1). (4.18)

Note that 𝑘(0)11 𝑘
(0)
22 − (𝑘(0)12 )

2 > 0.
Following the procedure in Ref. 15, we discretize the boundary

integral equation (4.16) into linear algebraic equations as follows.
The boundary 𝐶 by using 𝑀 straight line elements denoted by

𝐸(1), 𝐸(2), ⋯, 𝐸(𝑀−1) and 𝐸(𝑀), that is, we make the approximation
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𝐶 ≃ 𝐸(1) ∪ 𝐸(2) ∪ ⋯ ∪ 𝐸(𝑀−1) ∪ 𝐸(𝑀). We take the collocation point
𝜁 (𝑚)1 , 𝜁 (𝑚)2 ) for the meshless technique in Section 4.2 to be the midpoint
f 𝐸(𝑚) for 𝑚 = 1, 2,… ,𝑀 , that is, we take the first 𝑀 collocation
oints to be the midpoints of the 𝑀 elements. The other collocation
oints lie in the interior of the solution domain. The number of interior
ollocation points is 𝑁 . Thus, the total number of collocation points is
iven by 𝑃 = 𝑀 +𝑁 .

If we assume that 𝑢(𝑥1, 𝑥2), 𝑣(𝑥1, 𝑥2), 𝑝(𝑥1, 𝑥2) and 𝑞(𝑥1, 𝑥2) are
respectively constants 𝑢(𝑚), 𝑣(𝑚), 𝑝(𝑚) and 𝑞(𝑚) over the element 𝐸(𝑚),
we can approximate (4.16) and collocate it at (𝑥1, 𝑥2) = (𝜁 (𝑛)1 , 𝜁 (𝑛)2 ) for
𝑛 = 1, 2,… , 𝑃 to obtain the linear algebraic equations

𝜆(𝜁 (𝑛)1 , 𝜁 (𝑛)2 )(𝑢(𝑛) − 𝑣(𝑛))

=
𝑀
∑

𝑚=1
(𝑢(𝑚) − 𝑣(𝑚))∫𝐸(𝑚)

𝛤 (𝑥1, 𝑥2, 𝜁
(𝑛)
1 , 𝜁 (𝑛)2 )𝑑𝑠(𝑥1, 𝑥2)

−
𝑀
∑

𝑚=1
(𝑝(𝑚) − 𝑞(𝑚))∫𝐸(𝑚)

𝛷(𝑥1, 𝑥2, 𝜁
(𝑛)
1 , 𝜁 (𝑛)2 )𝑑𝑠(𝑥1, 𝑥2)

for 𝑛 = 1, 2,… , 𝑃 . (4.19)

Analytical formulae for evaluating the line integrals over 𝐸(𝑚) are given
in Ref. 14.

The unknowns in the linear algebraic equations in (4.19) are given
by 𝑢(𝑛) and 𝑣(𝑛) for 𝑛 = 1, 2, ⋯, 𝑃 , and 𝑝(𝑚) and 𝑞(𝑚) for 𝑚 = 1, 2, ⋯, 𝑀 .

4.4. Numerical solution

As shown in Ref. 14, the unknown 𝑞(𝑚) on the element 𝐸(𝑚) is related
to the unknowns 𝑣(𝑞) (𝑞 = 1, 2,… , 𝑃 ) by

𝑞(𝑚) −
𝑃
∑

𝑞=1
𝑣(𝑞)𝑧(𝑚𝑞) = 0 for 𝑚 = 1, 2,… ,𝑀, (4.20)

where

𝑧(𝑚𝑞) =
2
∑

𝑖=1
𝑛(𝑚)𝑖

2
∑

𝑗=1
𝑘(0)𝑖𝑗

𝑃
∑

𝑟=1
𝜑(𝑟𝑞) 𝜕

𝜕𝑥𝑗
(𝜚(𝑟)(𝑥1, 𝑥2))

|

|

|

|

|(𝑥1 ,𝑥2)=(𝜁
(𝑚)
1 ,𝜁 (𝑚)2 )

. (4.21)

From (2.4), the boundary conditions for 𝑢(𝑥1, 𝑥2) are given by

𝑢(𝑥1, 𝑥2) = 𝑟1(𝑥1, 𝑥2) for (𝑥1, 𝑥2) ∈ 𝐶1,
2
∑

𝑖=1
𝑛𝑖(𝑥1, 𝑥2)

2
∑

𝑗=1
𝑘𝑖𝑗 (𝑥1, 𝑥2)

𝜕𝑢
𝜕𝑥𝑗

= 𝑠1(𝑥1, 𝑥2) for (𝑥1, 𝑥2) ∈ 𝐶2, (4.22)

where 𝑟1(𝑥1, 𝑥2) = 𝑟(𝑥1, 𝑥2, (𝑛 +
1
2 )𝛥𝑡) and 𝑠1(𝑥1, 𝑥2) = 𝑠(𝑥1, 𝑥2, (𝑛 +

1
2 )𝛥𝑡).

The boundary conditions in (4.22) give
(𝑚) = 𝑟1(𝜁

(𝑚)
1 , 𝜁 (𝑚)2 ) if 𝑢 is known on 𝐸(𝑚), (4.23)

or

𝑝(𝑚) +
𝑃
∑

𝑞=1
𝑢(𝑞)𝑦(𝑚𝑞) = 𝑠1(𝜁

(𝑚)
1 , 𝜁 (𝑚)2 )

if
2
∑

𝑖=1
𝑛𝑖(𝑥1, 𝑥2)

2
∑

𝑗=1
𝑘𝑖𝑗 (𝑥1, 𝑥2)

𝜕𝑢
𝜕𝑥𝑗

is known on 𝐸(𝑚), (4.24)

where the constant coefficients 𝑦(𝑚𝑞) defined by

𝑦(𝑚𝑞) =
2
∑

𝑖=1
𝑛(𝑚)𝑖

2
∑

𝑗=1
𝑘(1)𝑖𝑗 (𝜁

(𝑚)
1 , 𝜁 (𝑚)2 )

𝑃
∑

𝑟=1
𝜑(𝑟𝑞) 𝜕

𝜕𝑥𝑗
(𝜚(𝑟)(𝑥1, 𝑥2))

|

|

|

|

|(𝑥1 ,𝑥2)=(𝜁
(𝑚)
1 ,𝜁 (𝑚)2 )

,

(4.25)

ith 𝑛(𝑚)𝑖 being the 𝑥𝑖 component of the unit vector that is normal to
(𝑚) and that points out of the solution domain.

We solve (4.12) and (4.19) together with (2.4) and either (4.23) or
4.24) to determine 𝑢(𝑛), that is, the value of 𝑢(𝑥1, 𝑥2) at the collocation
oint (𝜁 (𝑛), 𝜁 (𝑛)).
1 2

4

. Specific test problems

The numerical procedure based on the time-stepping predictor–
orrector scheme in Section 3 and the boundary element and radial
asis function method in Section 4 is applied to solve some specific test
roblems. For the radial basis approximation in Section 4.2, we use the
adial basis function proposed in Ref. 16, that is,

(𝑟)(𝑥1, 𝑥2) = 1+(𝑥1−𝜁 (𝑟)1 )2+(𝑥2−𝜁 (𝑟)2 )2+((𝑥1−𝜁 (𝑟)1 )2+(𝑥2−𝜁 (𝑟)2 )2)3∕2. (5.1)

Test problem 1. For time 𝑡 > 0, solve

2 𝜕
𝜕𝑥1

((𝑥21 − 2𝑥1𝑥2 + 2)2𝑇 𝜕𝑇
𝜕𝑥1

) + 𝜕
𝜕𝑥1

((𝑥21 − 2𝑥1𝑥2 + 2)2𝑇 𝜕𝑇
𝜕𝑥2

)

+ 𝜕
𝜕𝑥2

((𝑥21 − 2𝑥1𝑥2 + 2)2𝑇 𝜕𝑇
𝜕𝑥1

) + 𝜕
𝜕𝑥2

((𝑥21 − 2𝑥1𝑥2 + 2)2𝑇 𝜕𝑇
𝜕𝑥2

)

= (𝑥21 − 2𝑥1𝑥2 + 2)2(𝑇 𝜕𝑇
𝜕𝑡

+ 𝜕
𝜕𝑡
(𝑇 𝜕𝑇

𝜕𝑡
))

for 0 < 𝑥1 < 1, 0 < 𝑥2 < 1, (5.2)

ubject to the initial conditions

𝑇 (𝑥1, 𝑥2, 0) =
√

1 + 𝑥1 − 𝑥2
𝑥21 − 2𝑥1𝑥2 + 2

𝜕𝑇
𝜕𝑡

|

|

|

|𝑡=0
= −1

2

√

1 + 𝑥1 − 𝑥2
𝑥21 − 2𝑥1𝑥2 + 2

⎫

⎪

⎪

⎬

⎪

⎪

⎭

for 0 < 𝑥1 < 1, 0 < 𝑥2 < 1,

(5.3)

nd the boundary conditions

𝑇 (𝑥1, 0, 𝑡) = 𝑒−𝑡∕2
√

1 + 𝑥1
𝑥21 + 2

𝑇 (𝑥1, 1, 𝑡) = 𝑒−𝑡∕2
√

𝑥1
𝑥21 − 2𝑥1 + 2

⎫

⎪

⎪

⎬

⎪

⎪

⎭

for 0 < 𝑥1 < 1,

𝑇 (0, 𝑥2, 𝑡) = 𝑒−𝑡∕2
√

1 − 𝑥2
2

𝑇 (1, 𝑥2, 𝑡) = 𝑒−𝑡∕2
√

2 − 𝑥2
3 − 2𝑥2

⎫

⎪

⎪

⎬

⎪

⎪

⎭

for 0 < 𝑥2 < 1. (5.4)

The initial boundary value problem defined by (5.2), (5.3) and
(5.4) can be recovered from (2.1), (2.3) and (2.4) by letting 𝜏 = 1,
𝜅11 = 2(𝑥21 − 2𝑥1𝑥2 + 2)2𝑇 , 𝜅12 = 𝜅21 = 𝜅22 = (𝑥21 − 2𝑥1𝑥2 + 2)2𝑇 and
𝜌𝑐 = (𝑥21 − 2𝑥1𝑥2 + 2)2𝑇 .

We may verify by direct substitution that the analytic solution of
the initial boundary value problem is given by

𝑇 (𝑥1, 𝑥2, 𝑡) = 𝑒−𝑡∕2
√

1 + 𝑥1 − 𝑥2
𝑥21 − 2𝑥1𝑥2 + 2

. (5.5)

For the numerical solution of (5.2) subject to (5.3) and (5.4), we
ivide each side of the square domain into 𝑀0 equal length boundary
lements, so that total number of boundary elements is given by 𝑀 =
𝑀0. The 𝑁 interior collocation points are taken to be given by (𝑖∕(𝑁0+
1), 𝑗∕(𝑁0 + 1)) for 𝑖 = 1, 2, ⋯, 𝑁0 and 𝑗 = 1, 2, ⋯, 𝑁0, that is,
𝑁 = 𝑁2

0 .
In Table 1, numerical values of 𝑇 (1∕2, 1∕2, 𝑡) obtained using (𝑀0, 𝑁0)

= (5, 4) and (𝑀0, 𝑁0) = (10, 6) with 𝛥𝑡 = 1∕5, are compared with the
analytic solution in (5.5) at selected time instants 𝑡. Table 2 gives a
comparison of the numerical and analytic values of 𝑇 (𝑥1, 𝑥2, 1∕2) at
selected points in the interior of the square domain. In both tables,
there is an obvious reduction in the average absolute error (A.A.E.) of
the numerical values when the calculation is refined by increasing the
number of boundary elements and interior collocation points.
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Fig. 1. Plots of numerical and analytic values of 𝑇 (𝜋∕4, 𝜋∕4, 𝑡) for 0 ≤ 𝑡 < 𝜋∕2.
.

a

(

)

Table 1
Comparison of numerical and analytic values of 𝑇 (1∕2, 1∕2, 𝑡) at selected time instants
𝑡.

Time 𝑡
𝑀0 = 5
𝑁0 = 4

𝑀0 = 10
𝑁0 = 6

Analytic

0.10 0.72021 0.71894 0.71906
0.30 0.65301 0.65051 0.65063
0.50 0.59291 0.58880 0.58872
0.70 0.53701 0.53333 0.53269
0.90 0.48486 0.48133 0.48200

A.A.E. 3.0 × 10−3 3.3 × 10−4 −

Table 2
Comparison of numerical and analytic values of 𝑇 (𝑥1 , 𝑥2 , 1∕2) at selected points (𝑥1 , 𝑥2)

Point
(𝑥1 , 𝑥2)

𝑀0 = 5
𝑁0 = 4

𝑀0 = 10
𝑁0 = 6

Analytic

(0.25, 0.25) 0.56226 0.55776 0.55951
(0.25, 0.50) 0.49676 0.50067 0.50098
(0.25, 0.75) 0.40819 0.42626 0.42393
(0.50, 0.25) 0.62521 0.61439 0.61570
(0.50, 0.50) 0.59291 0.58880 0.58872
(0.50, 0.75) 0.53256 0.55054 0.55069
(0.75, 0.25) 0.64950 0.64356 0.64491
(0.75, 0.50) 0.65598 0.64724 0.64676
(0.75, 0.75) 0.64099 0.64607 0.64956

A.A.E. 8.5 × 10−3 1.3 × 10−3 −

Test problem 2. For time 𝑡 > 0, solve
2
∑

𝑖=1

2
∑

𝑗=1

𝜕
𝜕𝑥𝑖

(𝛿𝑖𝑗𝑇 2 𝜕𝑇
𝜕𝑥𝑗

) = 𝑇 2 𝜕𝑇
𝜕𝑡

+ 1
2
𝜕
𝜕𝑡
(𝑇 2 𝜕𝑇

𝜕𝑡
)

for 0 < 𝑥1 < 𝜋∕2, 0 < 𝑥2 < 𝜋∕2, (5.6)
5

subject to the initial conditions

𝑇 (𝑥1, 𝑥2, 0) = 1
𝜕𝑇
𝜕𝑡

|

|

|

|𝑡=0
= 1

3
𝑥2 cos(𝑥1)

⎫

⎪

⎬

⎪

⎭

for 0 < 𝑥1 < 𝜋∕2, 0 < 𝑥2 < 𝜋∕2,

(5.7)

nd the boundary conditions

𝑇 (𝑥1, 0, 𝑡) = 1

𝑇 2 𝜕𝑇
𝜕𝑥2

|

|

|

|𝑥2=𝜋∕2
= 1

3
cos(𝑥1) sin(𝑡)𝑒−𝑡

⎫

⎪

⎬

⎪

⎭

for 0 < 𝑥1 < 𝜋∕2,

𝑇 2 𝜕𝑇
𝜕𝑥1

|

|

|

|𝑥1=0
= 0

𝑇 2 𝜕𝑇
𝜕𝑥1

|

|

|

|𝑥1=𝜋∕2
= −1

3
𝑥2 sin(𝑡)𝑒−𝑡

⎫

⎪

⎬

⎪

⎭

for 0 < 𝑥2 < 𝜋∕2. (5.8)

The initial boundary value problem defined by (5.6), (5.7) and
5.8) can be recovered from (2.1), (2.3) and (2.4) by letting 𝜏 = 1∕2,
𝜅𝑖𝑗 = 𝛿𝑖𝑗𝑇 2 and 𝜌𝑐 = 𝑇 2. Note that 𝛿𝑖𝑗 is the Kronecker delta.

The analytic solution of the initial boundary value problem is given
by

𝑇 (𝑥1, 𝑥2, 𝑡) = (1 + 𝑥2 cos(𝑥1) sin(𝑡)𝑒−𝑡)1∕3. (5.9)

Fig. 1 gives plots of numerical and the analytic values of 𝑇 (𝜋∕4, 𝜋∕4, 𝑡
for 0 ≤ 𝑡 < 𝜋∕2. The numerical values are obtained using (𝑀0, 𝑁0) =
(5, 4) and (𝑀0, 𝑁0) = (10, 6) with 𝛥𝑡 = 1∕5. The numerical plots are
close to the analytic solution, even for the relatively coarse calculation
given by (𝑀0, 𝑁0) = (5, 4). The plot of the numerical values obtained
using (𝑀0, 𝑁0) = (10, 6) is almost indistinguishable from that of the
analytic solution, showing an improvement in the numerical values
when the calculation is refined by increasing the number of boundary

elements and interior collocation points. Note that the deviation of both
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numerical plots from the analytic solution is slightly more pronounced
near 𝑡 = 𝜋∕4 ≃ 0.785 40, where 𝑇 (𝜋∕4, 𝜋∕4, 𝑡) peaks with time.

. Summary and final remarks

We have successfully derived and implemented on the computer a
umerical method based on boundary integral equation and radial basis
unction approximation for solving a two-dimensional non-classical
eat conduction problem governed by the Cattaneo–Vernotte hyper-
olic heat equation in an anisotropic medium with properties that vary
ontinuously from point to point in space and with temperature. The
alidity and accuracy of the boundary element procedure is verified by
pplying it to solve some specific test problems with known solutions.
e find that the numerical solutions obtained agree well with the

nown solutions and they show convergence when the calculation is
efined.

In explicit time-stepping finite difference methods for hyperbolic
artial differential equations, the time step and finite difference grid
pacing are required to satisfy the Courant–Friedrichs–Lewy condition
or stability in the numerical calculations17. The condition is, however,
ot applicable to implicit time-stepping finite difference schemes which
re generally stable irrespective of the time step and the grid spacing
sed.

It may be highly challenging to analyze theoretically the stability
nd error of the numerical method here for the nonlinear Cattaneo–
ernotte hyperbolic heat equation. Nevertheless, with the boundary

ntegral equation discretized at the second time level of the three
ime level time-stepping scheme, the numerical approach used here
annot be regarded as explicit and hence the numerical method may
e expected to be stable. Practical and useful insights of the numerical
ethod may also be gained through numerical experiments, such as

y applying it to solve specific test problems with known analytic
olutions. For example, from the numerical experiments on the two spe-
ific test problems in Section 5, we observe that the iterative solution
onverges at a faster rate at collocation points nearer to the center of
he solution domain, and that the accuracy of the solution at each time
tep may be reduced if we proceed to a higher time level before the
terative solution achieves sufficient convergence at all the collocation
oints.
6

eclaration of competing interest

The authors declare that they have no known competing finan-
ial interests or personal relationships that could have appeared to
nfluence the work reported in this paper.

eferences

1. Cattaneo C. Sur une forme de l’équation de la chaleur éliminant le paradoxe d’une
propagation instantanée. C R Hebd Seances Acad Sci Paris. 1958;247:431–433.

2. Vernotte P. Les paradoxes de la théorie continue de l’équation de la chaleur. C R
Hebd Seances Acad Sci Paris. 1958;246:3154–3155.

3. Kovács R, Ván P. Generalized heat conduction in heat pulse experiments. Int J
Heat Mass Transf. 2015;83:613–620.

4. Maillet D. A review of the models using the Cattaneo and Vernotte hyperbolic heat
equation and their experimental validation. Int J Therm Sci. 2019;139:424–432.

5. Nasria F, Ben Aissab MF, Belmabrouk H. Microscale thermal conduction based on
Cattaneo-Vernotte model in silicon on insulator and Double Gate MOSFETs. Appl
Therm Eng. 2015;76:206–211.

6. Ciegis R. Numerical solution of hyperbolic heat conduction equation. Math Model
Anal. 2009;14:11–24.

7. Pulvirenti B, Barletta A, Zanchini E. Finite-difference solution of hyperbolic
heat conduction with temperature-dependent properties. Numer Heat Transf A.
1998;34:169–183.

8. Li J, Zhang Z, Liu D. Difference scheme for hyperbolic heat conduction equation
with pulsed heating boundary. J Therm Sci. 2000;9:152–157.

9. Mehrdad TM, Majid TM. On numerical solution of hyperbolic heat conduction.
Commun Numer Methods Eng. 1999;15:853–866.

10. Miller ST, Haber RB. A spacetime discontinuous Galerkin method for hyperbolic
heat conduction. Comput Methods Appl Mech Engrg. 2008;198:194–209.

11. Buet C, Després B, Franck E. Design of asymptotic preserving finite volume
schemes for the hyperbolic heat equation on unstructured meshes. Numer Math.
2012;122:227–278.

12. Chen HT, Lin JY. Numerical analysis for hyperbolic heat conduction. Int J Heat
Mass Transf. 1993;36:2891–2898.

13. Ang WT. A Beginner’s Course in Boundary Element Methods. Boca Raton: Universal
Publishers; 2007.

14. Ang WT. A boundary element and radial basis function approximation method
for a second order elliptic partial differential equation with general variable
coefficients. Eng Rep. 2019;1:e12057.

15. Clements DL. Boundary Value Problems Governed By Second Order Elliptic Systems.
London: Pitman; 1981.

16. Zhang Y, Zhu S. On the choice of interpolation functions used in dual-reciprocity
boundary-element method. Eng Anal Bound Elem. 1994;13:387–396.

17. Courant R, Friedrichs K, Lewy H. Über die partiellen Differenzengleichungen der
mathematischen Physik. Math Ann. 1928;100:32–74.

http://refhub.elsevier.com/S2666-8181(21)00073-5/sb1
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb1
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb1
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb2
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb2
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb2
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb3
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb3
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb3
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb4
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb4
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb4
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb5
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb5
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb5
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb5
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb5
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb6
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb6
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb6
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb7
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb7
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb7
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb7
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb7
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb8
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb8
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb8
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb9
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb9
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb9
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb10
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb10
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb10
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb11
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb11
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb11
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb11
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb11
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb12
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb12
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb12
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb13
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb13
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb13
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb14
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb14
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb14
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb14
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb14
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb15
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb15
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb15
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb16
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb16
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb16
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb17
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb17
http://refhub.elsevier.com/S2666-8181(21)00073-5/sb17

	A boundary element and radial basis function method for the Cattaneo–Vernotte equation in anisotropic media with spatially varying and temperature dependent properties
	Introduction
	Initial boundary value problem
	Time-stepping predictor–corrector scheme
	Boundary element and radial basis function method
	Reformulation of partial differential equation
	Radial basis function approximation
	Boundary integral approximation
	Numerical solution

	Specific test problems
	Summary and final remarks
	Declaration of competing interest
	References


