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Abstract

Analysis of the survival data with a subgroup of cured subjects arising in a
clinical trial is commonly performed using a mixture cure model. Existing studies
of the two-component mixture cure model assume a logistic regression for the
cure probability and a conventional survival model for failure times of susceptible
subjects. In this thesis, two extended semiparametric mixture cure models are
proposed to analyze interval-censored data in which the failure times are recorded
as intervals and there is a subgroup of subjects to be cured. The first proposal
is to use the Bayesian doubly semiparametric mixture cure model to incorporate
the nonlinear effects of risk factors both in the probability of being cured and the
survival risks in the latency stage. The second proposal is based on a generalized
accelerated hazards cure model to describe the time-scaled effects in the latency
stage.

There are four chapters in the thesis. The first chapter provides a brief intro-
duction to failure time data and interval censoring. It is followed by an outline of
commonly used statistical models and inference approaches used in this thesis.

In the second chapter, a more flexible Bayesian doubly semiparametric mix-
ture cure model for interval-censored data is proposed, allowing a combination of
linear and nonlinear effects of covariates in both mixture components. A compu-
tationally feasible Bayesian estimation procedure is developed, which incorporates
two-stage data augmentation with Poisson latent variables to deal with interval-
censored data, and monotone splines and polynomial splines to model the cumula-

tive baseline hazard function and nonlinear terms in the model. Simulation results
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demonstrate the satisfactory performance of the proposed method in the finite
sample cases. The utility of the method is illustrated by the analysis of data from
a hypobaric decompression sickness study.

In the third chapter, a generalized accelerated hazards cure model for interval-
censored data is proposed, where a general class of accelerated hazard functions is
applied to model the failure times of those susceptible subjects in the population.
An efficient and easily implemented sieve maximum likelihood approach is devel-
oped for estimation in which the unknown cumulative baseline hazard function
is approximated by the linear combination of B-spline functions, and a two-step
iterative algorithm is used for implementation. The large sample properties of
the resulting estimator are established, including the consistency, convergence rate
and asymptotic normality. Simulation results demonstrate the satisfactory perfor-
mance of the method, and its utility is illustrated through the analysis of smoking
cessation data.

The last chapter provides conclusions, further discussions and possible direc-

tions of future research.
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Chapter 1

Introduction

Semiparametric mixture cure models have been extensively studied in the analysis
of survival data in recent years (Sy and Taylor, 2000; Lu et al., 2007; Zhang and
Peng, 2009) on account of their abilities to describe a variety of failure mechanisms
and assess the covariate effects flexibility. Interestingly, the analysis of the effects of
risk factors in semiparametric mixture cure models is more complicated when the
failure time data are interval-censored. However, the assumptions used in previous
studies of semiparametric mixture cure models are too restrictive under certain
circumstances. For example, the nonlinear effects of some time-related covariates
both in the cure probability and survival risks cannot be explained by these models
(Kim and Jhun, 2008; Ma, 2009; Zhou et al., 2016). Moreover, the intersection of
the hazard functions is unable to be explicable by the conventional survival models.
Thus, to enable explanation of such features, this thesis describes the development
of two extended mixture cure models that incorporate interval-censored data: a
Bayesian doubly semiparametric mixture cure model and a generalized accelerated
hazards cure model.

In this chapter, an introduction of survival data and relevant distribution

functions are given in Section 1.1. In Section 1.2, we give a brief description of



2 1.1. Failure Time Data

interval-censored data and effective analysis approaches for these. A detailed expla-
nation of conventional semiparametric regression models is provided in Section 1.3,
with a focus on the proportional hazards model and the accelerated hazards model.
In Section 1.4, the conventional semiparametric cure models are reviewed. In Sec-
tion 1.5, two commonly used statistical approaches are described: the Bayesian
approach and the sieve maximum likelihood approach. In Section 1.6, the intro-

duction is concluded with a thesis outline.

1.1 Failure Time Data

Failure time (or survival time) data, which refer to the occurrence of certain fail-
ure events, are common to many fields of research, including biomedical research,
public health sciences, economics, and finance studies (Sun, 2007; Lawless, 2011;
Kalbfleisch and Prentice, 2011). Tt is more challenging to handle failure time data
than data from other statistical areas due to the existence of censoring. By cen-
soring, we mean that only partial information can be obtained during the data
collection process. That is, a portion of the exact failure time data is unavailable,
as the subjects may drop out or encounter death by accident. To manage these
complex data structures, survival data analysis approaches are required. Here,
several commonly used functions in survival analysis are presented to illustrate the
current range of approaches for managing censored data. These approaches provide
the basis for further research in this thesis.

T is assumed to be a non-negative random variable, representing the failure
time of the event of interest. For the sake of convenience, T is assumed to be a con-
tinuous random variable, and it needs to be established whether a subject survives
beyond a specified time point. The following survival function is hence proposed:
S(t) = P(T >t) =1— F(t), which describes the probability of a susceptible sub-

ject survives beyond time t. The survival function provides a more straightforward
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and practical interpretation than the cumulative distribution function F'(t).
Furthermore, the failure information of the subject prior to a certain time
point is accessible during the survival process. Incorporating this condition, the

following hazard function is proposed to more accurately describe the process:

Pt <T <t+AtT >1)

A(t) = lim

At—0t

which indicates the instant failure risk of a surviving subject at time ¢. Another
effective function frequently utilized is the cumulative hazard function, describing

the cumulative risk until time ¢, which is defined as:

A(t):/o A(s)ds. (1.2)

From the definitions of the above functions, the following useful relationship can
be obtained: S(t) = exp(—A(t)). This relationship is the primary focus in this

thesis, from which any of the other one-to-one relationships can be easily derived.

1.2 Interval Censoring

As mentioned in Section 1.1, censoring is a crucial and distinct feature in survival
data, and can be caused by various factors. For example, the subjects in a clinical
trial may remain susceptible to the focal event of the trial at the end of the ob-
servation period, or die from a disease which is not the target of the trial. Right
censoring occurs most commonly, which means the failure time data can only be
observed before a specified time point.

This thesis considers another commonly encountered type of censoring: inter-
val censoring, under which the exact failure time is inaccessible, and only the time

interval containing the failure time is known. Interval-censored data appear in
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clinical trials that involve periodic follow-ups. For example, in the study of hypo-
baric decompression sickness (HDS) data by the National Aeronautics and Space
Administration (NASA) (Conkin and Powell, 2001), the time to the development
of HDS was recorded only within pre-scheduled time intervals, without the exact
time being observed.

In practice, a critical type of interval censoring commonly occurs is the case
IT interval-censored data. Let L and R be two observed time points that contain
the failure time, satisfying 7" € (L, R] and L < R. Case II interval-censored data
derive from a study in which pre-scheduled time points are arranged for the data
collection process. Thus, it is possible to find a finite interval (L, R], satisfying
0 < L < R < o0, that contains the failure time (Huang and Wellner, 1997). The
HDS dataset mentioned above is a typical example of case II interval-censored data.
In this thesis, the main focus is the investigation of two extended semiparametric
models that handle case II interval-censored data.

When estimating functions and analyzing the effects of risk factors in sur-
vival analysis, interval-censored data comprising two random variables are more
challenging than right censored data. For example, an easily implemented empir-
ical estimation of the survival function in right censored data is given by Kaplan
and Meier (1958), but the estimation of the survival function for interval-censored
data is more difficult. One option is to utilize the multiple imputation method to
impute values from interval-censored data and take these imputed values as right
censored data for estimation. However, despite its simplicity, this method uses
partial information and may lead to a significant bias.

As the closed form for the nonparametric maximum likelihood estimator (NPMLE)
of the survival function cannot be derived from case II interval-censored data, the
efficient iterative algorithms are required. The commonly used algorithms include
the self-consistency algorithm (Turnbull, 1976), the iterative convex minorant algo-

rithm (Groeneboom and Wellner, 1992), and the hybrid expectation-maximization
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(EM) iterative convex minorant (ICM) algorithm (Wellner and Zhan, 1997). In
addition, several effective nonparametric approaches exist for estimating the haz-
ard functions of survival data, e.g., the local likelihood approach, the spline-based
approach, and the kernel-based approach are commonly used to analyze interval-
censored data. For further information, see Tibshirani and Hastie (1987), Kooper-
berg and Stone (1992), and Lawless (2011).

The theoretical justification of estimators for right censoring has been estab-
lished based on the utilization of the counting process and martingale theory. As
less information is presented in interval-censored data, it is laborious to derive
the properties of large samples. Extensive discussions of the broad application of
interval-censored data in various situations can be found in Sun (2007). Although
the empirical process theory (van der Vaart and Wellner, 1997) has been applied,
the theoretical justification of interval censoring lacks elegance. Accordingly, an
investigation of theoretical justification for the two semiparametric modeling ap-

proaches with case II interval-censored data is provided in this thesis.

1.3 Semiparametric Regression Models

The investigation of covariate effects on the event of interest is an essential topic of
study in survival analysis. For example, how breast cancer patients’ clinical char-
acteristics affect their survival outcomes have attracted much attention in medical
studies (Berkson and Gage, 1952; Brinkley and Haybittle, 1975; Farewell, 1982).
Accordingly, semiparametric regression models, in which the underlying distribu-
tions of survival data are undetermined, are proposed to assess the effects of risk
factors in such situations. In this section, four useful semiparametric regression
models are examined, i.e., the proportional hazards model, the proportional odds

model, the accelerated failure time model, and the accelerated hazards model.
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1.3.1 The proportional hazards model

The proportional hazards (PH) model proposed by Cox (1972) is most commonly
used to evaluate the effects of risk factors, due to its straightforward interpretations
of coefficients and efficient inference procedures. Let X be a vector of covariates.

In terms of the multiplicative form, the hazard function is assumed as:

A1 X) = Xo(t) exp(X 7 B), (1.3)

where Ao(t) is the unknown baseline hazard function with all covariates being 0,
and 3 is the vector of regression coefficients.

The interpretation of the model is illustrated by a two-sample situation, where
covariate X is assumed as a binary treatment indicator and takes the value of 1 if
a subject receives the treatment, or 0 otherwise. The model demonstrates that the

hazard ratio of these two samples does not depend on time ¢, that is:

v — o = exp(B). (1.4)

In other words, the hazard ratio is a constant regardless of the value of t. exp(f3)
is the ratio of hazards between two samples at time ¢, and [ is the log relative risk.
£ > 0 or f < 0 indicates the treatment increases or decreases the baseline hazard
by a constant of exp(f), and the treatment does not have effects on subjects if
£ =0.

Extensive studies have examined the PH model in the presence of interval-
censored data. Finkelstein (1986) utilized the maximum likelihood approach to
obtain the estimators, where the baseline hazard function was assumed to be a
step function. Satten (1996) proposed a rank-based marginal likelihood approach
and obtained the estimator by use of the estimating equation, leaving the baseline

hazard function unspecified and regarding it as a nuisance parameter. A similar
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estimating equation was utilized by Satten et al. (1998) with imputed failure times.
A more efficient multiple imputation approach for the PH model was explored by
Pan (2000). Betensky et al. (2002) employed a commonly used local likelihood
approach and obtained the estimator by an EM algorithm. Cai and Betensky
(2003) developed a penalized likelihood estimation, where linear spline functions
were applied for the hazard function. More recently, Zhang et al. (2010) utilized
the B-splines approximation and the generalized Rosena’s algorithm to obtain the
sieve maximum likelihood estimator. The asymptotic properties were established
by Huang and Wellner (1995) for the maximum likelihood estimator according to
the empirical process (van der Vaart and Wellner, 1997).

Most of the approaches in the previous studies relied on the frequentist infer-
ence, and little work has been performed from the Bayesian point of view. Lin et al.
(2015) developed an easily implemented two-stage data augmentation method for
interval-censored data from a Bayesian perspective, according to the relationship
between the PH model and the Poisson process. The PH model has been extended
to various situations in the recent studies, where covariates were allowed to depend
on time or different baseline hazard functions were applied to subjects.

In the next chapter, a PH-based mixture cure model is explored. Huang
et al. (1999) studied the model by incorporating nonlinear covariate effects into
the PH model, based on the frequentist approach. In contrast to their method,
we investigate the extended PH mixture cure model for interval-censored data,

adopting a Bayesian perspective.

1.3.2 The proportional odds model

In practice, the assumption of the constant hazard ratio in the PH model is too
restrictive. The hazard ratio can be time-dependent and converges to one as t — co
in some situations. Incorporating this possible feature, an alternative proportional

odds (PO) model is proposed. Bennett (1983) first introduced the PO model



8 1.3. Semiparametric Regression Models

and investigated the maximum likelihood estimation for right censored data. PO
models for right censored and interval-censored data have attracted much attention,
such as in works by Dinse and Series (1984), Collett (1994) and Rossini et al. (1996).

Given covariates X, the PO model assumes that the odds ratio is a constant

at any time ¢, that is:

S(t|X)
1- S{tX)

So(t)

= eXp(_XTB)l——SO(t)’

(1.5)

where Sy(t) is the baseline survival function and S(¢|X) is the survival function.
Taking the two-sample situation X = 1 or 0 as an example, the PO model illustrates
that the odds ratio between two samples is a constant exp(—/3).

The use of the PO model for interval-censored data has been investigated by
various approaches, including the maximum likelihood approach, the sieve maxi-
mum likelihood approach, and the conditional likelihood approach. See Murphy
et al. (1997), Huang and Rossini (1997), and Rabinowitz et al. (2000) for example.
Huang and Wellner (1997) investigated the asymptotic properties of estimators

obtained by the maximum likelihood approach.

1.3.3 The accelerated failure time model

In addition to semiparametric regression analysis, the efficiently implemented ac-
celerated failure time (AFT) model is also commonly used, due to the computa-
tional convenience of the parametric form. Instead of incorporating covariates in
the hazard function, the model directly evaluates the effects of risk factors on the

logarithm of failure time 7T'. Specifically, the model assumes that

logT = XT3+ W, (1.6)
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where W is an error variable with an unknown distribution. Different distributions
of W correspond to different distributions of 7.

Odell et al. (1992) investigated the maximum likelihood approach for the AFT
model based on the Weibull distribution. The consistency of the maximum like-
lihood estimator was given by Huang and Wellner (1997), while the asymptotic
normality needs further exploration. Betensky et al. (2001) studied the AFT
model with interval-censored data and proposed a computationally simple method
of estimating equations, avoiding the use of nonparametric maximum likelihood.
To overcome the computational complexity and inefficiency of existing semipara-
metric estimation approaches in the AFT model, Zeng and Lin (2007) proposed
an approximate nonparametric maximum likelihood approach in which a kernel-

smoothed profile likelihood was maximized for estimating regression coefficients.

1.3.4 The accelerated hazards model

In the conventional semiparametric regression models mentioned above, the covari-
ates are assumed to have immediate effects when applied. However, this assump-
tion may be inappropriate in reality. For instance, in a screening and intervention
study of prediabetes (Rasmussen et al., 2008), subjects were randomly assigned to
two groups: the lifestyle intervention group and the control group. Notably, the
intervention came into effect gradually, rather than taking effect immediately.

To account for situations in which there may be a lag period before the covari-
ate has an effect on the subjects, an accelerated hazards (AH) model was proposed
as an alternative (Chen and Wang, 2000). In the AH model, a time-scaled change
is assigned directly to the hazard functions to characterize the change in hazard
progression over time. Given covariates X, the conditional hazard function of the

failure time takes the form of:

A(t|X) = Ao(texp(X7B)), (1.7)
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where exp(X73) is the hazard progression time ratio, which measures the effects
of risk factors on the underlying hazard progression. Specifically, in the two-sample
situation, the treatment will accelerate the hazard progression if 5 > 0, decelerate
it if 8 < 0, or have no effect if 5 = 0. Unlike using time-dependent covariates in
the conventional model, the AH model is valuable for incorporating covariates with
time-scaled effects, such as the treatment effect mentioned above, or the age of an
individual.

To relax certain assumptions of survival functions and improve the model
flexibility, a general accelerated hazards regression model was proposed by Chen
and Jewell (2001) in which the estimators were obtained by estimating equations.

The model assumes that the cumulative hazard function is in the form of:

A(t|X, Z) = Ao(texp(X " B)) exp(Z7 ), (1.8)

where Aj is the cumulative baseline hazard function and Z is the vector of co-
variates. The model reverts to the conventional PH model when 3 = 0, the AFT
model when v = 0, and the AH model when v+ 3 =0 and X = Z.

Extensive research has examined the use of the AH model for right censored
data, while few studies have investigated its use for the analysis of interval-censored
data. Zhang and Peng (2009) investigated the AH cure model and proposed the
EM algorithm for estimation in which the M-step is achieved by a rank-based
estimating equation, with the variance estimation provided by a bootstrap method.
Zhang et al. (2011) utilized a kernel-smoothed function to approximate the profile
likelihood function and applied the bootstrap method for the variance estimation.
Zhao et al. (2017) investigated a general class of AH models and employed a sieve
maximum likelihood approach for the estimation of parameters.

The estimation procedures in the PH and AFT models require proportional-

ity between the hazard ratio or the failure time, which is unsatisfied in the AH
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model. Thus, the methods described above are inappropriate. Moreover, the
finite-dimensional parameters are bundled with the infinite-dimensional function
Mg, which necessitates a more challenging theoretical justification.

In Chapter 3, the utility of the generalized accelerated hazards cure model for
the analysis of interval-censored data is explored, and the asymptotic properties of

the estimators are provided.

1.4 Semiparametric Cure Models

In classical survival analysis, all subjects are assumed to ultimately fail over a long
enough observation time. However, the rapid development of medical technology
and quality of health care means that a proportion of patients who receive a medical
treatment for a certain disease can often be cured, and these patients (subjects)
are regarded as event-free. To account for this new feature, cure rate models are
introduced. In clinical trials, a time window is usually set by researchers within
which all subjects are expected to experience the study event. Those subjects who
are non-susceptible to the study event beyond the window are regarded as having
infinite survival times and are said to be cured. The Kaplan-Meier (KM) estimator
of the survival function with heavy censoring and a long stable plateau provides
empirical evidence for the existence of the cured subgroup.

Two separate groups are assumed to form the population in the cure models:
the susceptible and the non-susceptible (cured) groups. The proportion of unsus-
ceptible subjects is defined as the cure fraction. The mixture cure model takes the
cure fraction in survival data into account, and enjoys widespread application due
to its enabling the convenient interpretation of the effects of risk factors. This is
achieved by modeling the population survival as a mixture of two components for
susceptible (uncured) and non-susceptible (cured) subgroups, with the incidence

taken to represent the probability of a subject being cured and the latency taken
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to represent the survival function of susceptible subjects. For further information,
see Farewell (1986), Kuk and Chen (1992), Sy and Taylor (2000), Peng and Dear
(2000) and Gu et al. (2011) for examples. More recently, Peng and Taylor (2014)
reviewed the current research on cure models. The mixture cure model is examined
in this thesis due to its clear structure and straightforward interpretation in the
presence of interval censoring.

The mixture cure model assumes the marginal survival function of the entire

population S,() in the form of:

S,(t1X,2Z) =1 —n(X)+m(X)S(t|2), (1.9)

where 7(X) is the uncured probability of subjects, and S(t| Z) is the proper survival
function for the susceptible subjects. Z can be overlapped with X . The uncured
rate (X)) is often assumed to be associated with covariates X through a log link
function.

The cure models for interval-censored data have attracted more attention
recently. Many studies have used parametric mixture cure models for interval-
censored data with a cure fraction, due to their convenience in computation and
theoretical justification. These use various parametric families of survival distribu-
tions for uncured subjects, for example, Sparling et al. (2006), Li and Ma (2010),
Balakrishnan and Pal (2013) et al.

Semiparametric mixture cure models have also been investigated extensively
in recent years to achieve better flexibility. Lam and Xue (2005) considered a semi-
parametric AFT model for the latency part, and obtained the estimators by the
sieve maximum likelihood approach. Kim and Jhun (2008) assumed a piecewise
constant hazard function in the PH model for susceptible subjects, and utilized the
EM algorithm and multiple imputation for the estimation of parameters and the

calculation of the variance matrix, respectively. Ma (2009) investigated the linear



Chapter 1. Introduction 13

PH model for the survival risks, by assuming a step function for the cumulative
hazard function and proposed a maximum likelihood estimation in the case of cur-
rent status data. A further investigation of the partial linear PH model with mixed
interval-censored data was proposed by Ma (2010). Lin et al. (2015) introduced an
efficient data augmentation for interval censoring and approximated the cumula-
tive baseline hazard function by a splines approach, with the estimators obtained
by Gibbs sampling. More recently, an easily implemented multiple imputation ap-
proach was introduced by Zhou et al. (2016) to handle the complex data structure.
The extension of the mixture cure models with clustered interval-censored data
has been studied by Banerjee and Carlin (2004), Xiang et al. (2011) and Lam and
Wong (2014).

Previous studies often focused on parametric and semiparametric regression
models with linear covariate effects for the incidence and latency components. In
this thesis, nonlinear covariate effects in both components motivated by the HDS
dataset are investigated. In addition, the performance of an extended mixture cure

model is explored by assuming a generalized AH model for the susceptible subjects.

1.5 Statistical Inference Approaches

The use of semiparametric mixture cure models with interval-censored data has
been investigated extensively using various approaches, in attempts to deal with
the complex data structure and the unspecified hazard progression. In this section,
two approaches used in the following chapters are introduced, namely the Bayesian

approach and the sieve maximum likelihood approach.

1.5.1 The Bayesian approach

The Bayesian method has attracted substantial attention for use in the inference of

survival models because of its efficient computation framework and straightforward
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construction. Here, the further application of the Bayesian method in the presence
of interval-censored data is developed. Consider a sample consisting of a total of

n subjects and involving interval observations:

where (L;, R;] is the interval containing the failure time 7; and X is vector of the
covariates of subjects 1.

Based on observations, the likelihood function is assumed as L(6|0O), in which
0 is regarded as a random variable in a Bayesian perspective. The inference of @
can be obtained from the posterior distribution, which is calculated after assigning
a prior distribution. Specifically, assume f(@) is the prior distribution of @, the

posterior distribution of @ is calculated by the following formula:

1610) = ; (L11)

()

where © is the parameter space of 6.

The inference of @ is easily acquired via the posterior distribution f(6|O)
given that it has a closed form. This contrasts with the significant effort usually
required to obtain the closed form of f(8|O), due to possible improper specification
of prior distributions and the complex data structure. Thus, one may sample from
the posterior distribution and use the sample mean to make an inference. Gibbs
sampling, armed rejective sampling, and Markov chain Monte Carlo sampling are
conventional sampling techniques used in survival analysis.

The Bayesian approach has received widespread usage and is easily imple-
mented, due to its having a posterior distribution which can be expressed formally
as long as one holds information of the prior distribution. However, the computa-
tion of the posterior distribution is time-consuming as a result of the complicated

structure of the likelihood function, which is caused by different types of censoring
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and the improper selection of the prior distribution (Chen et al., 1999; Banerjee
and Carlin, 2004; Dey et al., 2012; Lin et al., 2015).

1.5.2 The sieve maximum likelihood approach

Unlike the Bayesian approach, the maximum likelihood estimation (MLE) for the
semiparametric regression models can be obtained directly without the requirement
for prior information. The estimation procedure can be demonstrated through the
PH model discussed above. Under the assumption of the PH model, the cumulative

hazard function is written as:

At X) = Ao(t]X) exp(XTB). (1.12)

Assume that given X, the failure time T and (L, R] are independent, and
the joint distribution of (L, R, X) is not dependent on (8,Ay). To express the
idea clearly, the following indicator variables are introduced: ¢, = I(L; = 0),
dr, = I(R; = 00) and 6;, = 1 — 01, — dp,. The likelihood function in terms of 8

and Ag is given as:

L(B, No|O) = I} {exp[—Ao(R;) exp(X] B)] — 1}
x {exp[—Ao(L;) exp(XT B)] — exp|—Ao(Ry) exp(XT @)}’ (1.13)

x {exp[—Ao(L;) exp(X] B)])}*:.

The ML estimator (83,A¢) can be obtained by maximizing L(8,Ao|®) over a
bounded parameter space, with the nondecreasing and nonnegative constraints for
Ag. Suppose {Ly, Ry, Lo, Ry, ...L,, R,} are all end points of the interval-censored
observations. We arrange the distinct points of them in ascending order, denoted by
5(1) <+ -+ < S(m), where m is the total number of such distinct ordered points. It is
clear that the ML estimator is determined by A through the values of these obser-

vations. Huang and Wellner (1995) investigated the case where Ay is assumed to be
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a right continuous step function with a jump at distinct time points, and obtained
the ML estimator by a Newton-Raphson algorithm. Suppose (L;, R;],i =1,2,...n
are distinct pairs of end points, the number of distinct end points of the interval-
censored observations could go up to 2n. When the unknown function Aq is as-
sumed to be a step function with jumps at distinct points, as the sample size n
becomes big, maximizing L(3, Ag|O) with respect to parameters 8 and jumps of
Ay at distinct points turns out to be a high-dimensional optimization problem. To
manage this possibility, the sieve maximum likelihood approach is proposed.

The sieve maximum likelihood method proposed by Geman and Hwang (1982)
as an attractive and efficient estimation approach in semiparametric and nonpara-
metric inference is widely used in survival analysis. To apply this estimation pro-
cedure, the infinite-dimensional parameter in the original space is approximated
by the finite parameters in the subset space. The subset space is also referred to
as the sieve space, and is able to increase with the sample size (Grenander, 1981).
As mentioned, the estimation of the infinite-dimensional parameter Ag(t) will be-
come difficult when vast observation intervals are involved. Therefore, instead of
directly maximizing the likelihood function, Ag(t) is approximated by the linear
combination of a sequence of finite-dimensional parameters, such as, for example,
Ap(t). The ML estimator of B and Ay(t) are obtained by maximising L(3, Ao|O),
which is equivalent to maximising L(3, Ag|O) over the sieve space.

The sieve maximum likelihood estimation method has been applied to the
partial linear Cox model and the partial linear AFT model for right censored data
by Huang and Rossini (1997) and Lam and Xue (2005) respectively. Recently,
Zeng et al. (2006) investigated its application to the AH model. The sieve MLE
method has been studied for use in PH and PO models with interval-censored data
by many researchers; see Rossini et al. (1996), Huang and Rossini (1997), Shen
(1998) and Zhang et al. (2010) among others. The approach has also been utilized

by Hu and Xiang (2013) in the presence of the cure fraction.
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Compared with the conventional maximum likelihood estimation, the sieve
maximum likelihood approach avoids the high-dimensional problem in the estima-
tion procedure and achieves a faster convergence rate for estimating the infinite-

dimensional parameters (Huang and Rossini, 1997).

1.6 Thesis Outline

The rest of the thesis is organized as follows.

In Chapter 2, a class of doubly semiparametric mixture cure models for interval-
censored data is proposed, allowing a combination of linear and nonlinear effects
of covariates in both mixture components. To manage challenges in estimation, a
computationally feasible Bayesian estimation procedure has been developed, which
includes a two-stage Poisson data augmentation for efficiently dealing with interval
censoring, monotone splines and B-splines for modeling the cumulative baseline
hazard function and nonlinear terms in the model. Our simulation results show
that the proposed method has satisfactory performance in the finite sample cases.
The utility of the proposed method is demonstrated by the analysis of data from
a hypobaric decompression sickness study.

In Chapter 3, a generalized accelerated hazards cure model for interval-censored
data is proposed, with bundled parameters involved in the nonparametric compo-
nents. To manage the challenging aspects of the proposed model, a sieve maximum
likelihood estimation is developed, which includes the B-spline functions for the
nonparametric components in the survival risks and a two-step iterative algorithm
for the estimation procedure. Simulation studies are carried out to evaluate the
performance of the finite samples in various situations. The large sample proper-
ties, including the consistency, convergence of rate, and the asymptotic normality,
are established. For illustrative purposes, the proposed model is applied to smok-

ing cessation data to explore the effects of risk factors both in the latency and
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incidence parts of the study.
In Chapter 4, a brief discussion about the proposed models and further re-

search are given.



Chapter 2

Bayesian Doubly Semiparametric
Mixture Cure Models with

Interval-censored Data

The mixture cure model with interval-censored data, assuming the Cox propor-
tional hazards model as a latency component for the survival risks of interested
event and logistic regression as an incidence component for the probability of sub-
jects to be cured, is an important tool to identify risk factors for the probability of
being cured and survival of uncured subjects. In the literature, linear predictors
are typically incorporated in both mixture components. In some application prob-
lems, the linear constraint is not sufficient to explain the effects of covariates on
the logit of the cure probability or the log relative risk. For example, in the hypo-
baric decompression sickness study, the factor AGE may have nonlinear effects due
to its time-related feature. Thus it is desirable to accommodate covariate effects
nonlinearly in the model.

Besides assuming a semiparametric model in the latency part, a semiparamet-

ric incidence model would be more realistic than the popular parametric logistic

19
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model due to unobserved cure statuses of subjects whose survival times are right-
censored and thus less information obtained for the incidence part in practice com-
pared with the latency part. There is only limited research in the literature relevant
to this topic. Wang et al. (2012) considered a two-component mixture cure model
with covariates entering in both latency and incidence components nonparametri-
cally, and developed function estimates using smoothing spline analysis of variance
methods. This work is based on right censored data and not applicable to the
motivating example due to the complicated structure likelihood caused by interval
censoring. For mixture cure models with interval-censored data, Shao et al. (2014)
employed nonparametric smoothing for varying coefficients in regression analysis
of the probability of cure and log survival times of the uncured subjects. In their
model, a parametric accelerated failure time (AFT) model with a known location-
scale error distribution is assumed to describe the log survival time of uncured
subjects.

In this chapter, we aim to develop a new Bayesian doubly semiparametric
mixture cure model for the analysis of interval-censored data in the presence of a
cured subgroup, where the latency component is modeled by semiparametric pro-
portional hazards with both linear and nonlinear effects of covariates in the log
relative risk and the incidence component assumes a generalized partially linear
single-index model for the probability of cure. A Bayesian estimation procedure
is developed to facilitate efficient estimation of unknown parameters and nonpara-
metric functions, where a two-stage Poisson data augmentation is utilized to deal
with interval censoring, and B-splines and I-splines are used to approximate those
unknown functions.

The rest of this chapter is organized as follows. In Section 2.1, the semi-
parametric model and the likelihood are given for the interval-censored data. In
Section 2.2, we introduce the generalized partially linear single-index model on the

cure rate and a monotone spline for the susceptible part. Moreover, a two-stage
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Poisson data augmentation is applied for the interval-censored data. In addition,
we specify the prior and posterior of parameters, following the sampling method of
parameters. Simulation results are also presented in Section 2.3. We applied the
proposed method to the real data in Section 2.4. Some discussions are conducted

in Section 2.5.

2.1 Doubly Semiparametric Mixture Cure Mod-
els with Interval-censored Data

Denote the observations from total n subjects by O = (A;,d.,,91,,0r,, Xi, Zi;, W;, V)
fori=1,2,...,n, where A; = (L;, R;] is the interval within which the failure time
lies, dr,,60;, and dg, are the censoring indicators, with value 1 representing that
the failure time of the ith subject is left-, interval- or right-censored, and 0 oth-
erwise. Let X; and Z; (or V; and W,) be covariate vectors associated with the
linear (or nonlinear) parts in regression analysis of the latency and incidence com-
ponents, respectively. To incorporate the cure fraction, a latent random variable
Y; is introduced, where Y; = 1 indicates the ¢th subject is susceptible and 0 other-
wise. Assume that the probability of being uncured P(Y; = 1|Z;, W;) = n(Z;, W,),
which depends on the covariates Z; and W only. Let S,( -) be the survival function

for the population. The mixture cure model is defined as follows:

where S(t|X;,V;) = P(T > t|Y; = 1, X;, V) is the survival function and covariates
(X, V;) in the latency part can be overlapped with (Z;, W;) in the incidence part.
To incorporate nonlinear covariate effects, we assume a doubly semiparametric
mixture cure model, which allows a PH model for the latency part with some

covariates V; entering the model nonparametrically and a generalized partially
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linear single-index model for the latency part. That is, the cumulative hazard

function of susceptible subjects depends on X; and V; in the form of

A(t] X3, Vi) = Ao(t) exp{ X} B + ¢(V7)}, (2.2)
and the probability of being uncured is modeled through a partially linear model

exp(1;)

Z. W)= — 2\
m(Z:, W) 1+ exp(n;)’

ni=Zat+yp(W)+e, i=1,...n, (2.3)

where Ag( - ) is the cumulative baseline hazard function, ¢( - ) and ¢( - ) are unknown
smooth functions, ¢; ~ N(0,0?) is the individual effect, 3 and a are regression
coefficients to be estimated. The utilisation of the smooth function (- ) makes it
possible to incorporate the nonlinear effect in the incidence part. To avoid the curse
of dimensionality possibly in covariates W, we extend the uncured probability to

a generalized partially linear single-index model, that is,
n=2Z a+gWre) +e, i=1,...n, (2.4)

where the link function g(-) is an unknown smooth function, which represents the
effects of covariate W; on #; through a single score W1 ¢, and thus the interpre-
tation of the impacts of these covariates can be obtained based on the estimated
absolute value of the coefficients after standardizing covariates. Amico et al. (2018)
employed the single-index model for the uncured probability only, while in the pro-
posed model, both the linear and nonlinear covariate effects are considered in the
latency and incidence parts.

Unlike the usual logistic model for the incidence part, additional random in-
dividual effects ¢; are included in the partially linear predictor 7; of model (2.3) for
capturing the lack of fit of the model due to extra variation, possible outliers or

unexplained source variation in the observed data. Employing the similar method
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of Poon and Wang (2013), we assume that ¢; ~ N(0,02). To ensure identifiability,
we assume as usual that the index vector & satisfies that || £ ||= 1 with the first
element & > 0, where || . || is the Euclidean norm. It is clear that when V; and
W, are zeros, the proposed model reduces to the conventional mixture cure model
and it reduces to the mixture cure model with two nonparametric forms given in
Wang et al. (2012), if we leave out the linear part in equation (2.2) and equation
(2.3).

Let 0 = (a, 87, €7, Ay, ¢,9)" be a set of unknown terms in the model. For
presentation simplicity, we use m; for 7(Z;, W;), S(t) for S(t|X;,V;), and S,(¢)
for S,(t|X;, V;, Z;, W;) in the following context. Let O be n observed data, the

likelihood based on O is given as follows:

L(6|0) = ]]ﬂ— R)Yr{S,(Li) — Sp(Ri)}*S,(Ly)°"

—IIlM = S(RY{S(L) = S(R)Y{1 = 7 4+ miS (L)}
(2.5)
We notice that ¥; = 1 if 6z, = 0. The right censored data enter to the likelihood
with contribution 1 —7m; when Y; = 0 and m;S(L;) when Y; = 1. Using the relation

that (1 —Y;)0r, = (1 —Y;), the conditional likelihood function in terms of Y's is:

L(6|0) = Hﬂp(l — ) V{1 = S(R:) Y {S(Li) — S(Ry) YRS (Li)* ™ )M, (2.6)

The complete data likelihood is
L(0|0,Y) = [[ 7 (1 —m) 7 [{1 = S(R) Y1 {S(Li) — S(R) Y S(Li) ™", (2.7)
i=1

To handle the missing data, we impute the value of Y from Bernoulli distribution

with the parameter p, given the values of m; and S(t;):
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1-— s + WZS(tl) )

In practice, g(-), ¢(-), Ag(-) are all unknown functions. It is a challenge to
directly maximize the complete data likelihood in (2.7) with respect to all parame-
ters a, B, € and functions g( - ), ¢(-) and Ag(-), due to the complex structure. We
therefore propose a Bayesian estimation procedure in the next section to tackle the

estimation problem.

2.2 Bayesian Inference

Before introducing our Bayesian estimation approach, we first employ splines to
approximate unknown functions in a convenient and efficient way and then employ
data augmentation to provide a proper likelihood, so that the posterior distribu-

tions of parameters can be calculated given prior beliefs.

2.2.1 Splines for nonparametric terms in both parts

In the generalized partially linear single-index model (2.4) fitting the cure fraction
m;, to approximate the unknown function g(-), B-spline functions are adopted
over an interval [a, b], where a = min;<;<,{W; €} and b = max;<;<,{W€}. Let
a=dy < dy--- < dp = b be the partition of the interval [a, ], then g(u) can be

approximated by:

Ky
g(u) =Y B;(u); = Bw)"¢, e [a,b], (2.9)
j=1
where B(u) = (By(u), Bo(u) - -, Bk, (u))T are spline basis functions with order m

and ¢ = ({1, (o, - - - Cx, )T are the regression coefficients to be estimated, and K,, =

m + k — 1 is the total number of spline functions. Therefore, the partially linear
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predictor 7; in the generalized partially linear single-index model (2.4) becomes:
ni=Z'a+BW') ' ¢C+e=B(&"9+¢, i=1,...n, (2.10)

where B;(&) = (ZI', BWTE)T)T, and ¥ = (', ¢T)T. The linear regression frame-
work makes it easy for us to sample regression coefficients 19 and variance o? when
computing posterior distributions of parameters. It also explains the use of such
a random terms ¢; in the predictor of the generalized partially single-index model
(2.4).

Similar to the treatment in the incidence part, splines are also utilized to model
the unknown smooth function ¢( - ) and cumulative baseline hazard function Ag( -)
in the latency part (2.2). Particularly, on the support of [a;,b;] with a; and b,
being the minimum and maximum of V;,i = 1,2,...n, ¢(-) can be approximated
by B-splines:

o(h) =c(h) o, h € lar,bi], (2.11)

where ¢(h) = (cy(h), -+ ,en(h))T are basis functions, and @ = (o1, -+, on)T are

spline coefficients. Furthermore, we utilize the following monotone splines (Ram-
say, 1988) to fit the cumulative baseline hazard function Ay(-) incorporating its

nondecreasing property:
k

Ao(t) =D wli(t|d), (2.12)

=1

where [;(t|d) for | = 1,2,...k are the nondecreasing basis functions ranging from
0 to 1 with the degree d to present the smoothness, and ~; are the corresponding
coefficients, which are assumed to be nonnegative to ensure the nondecreasing of
Ao(t). The estimates of parameters ~; are obtained by sampling from the posterior
distributions, which can be calculated easily based on the likelihood function given

the spline approximation of Aq in (2.12).
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Plugging (2.11) and (2.12) into model (2.2), the cumulative hazard function

for susceptible subjects can then be written as:
k
A(t) = No(t) exp{ X B + c(V) 0} = Y uli(t|d) exp{Q] p}, (2.13)
=1

where Q; = (X, ¢(Vi)")", and p = (8", 0")".

When implementing the aforementioned splines, the smoothness of polynomi-
als, the location and the number of knots are essential for the performance of these
approximations. In general, quadratic and cubic splines are good enough to pro-
vide sufficient smoothness, and the location of knots can be either equally-based
or quantile-based or free knots. In the numerical analysis of this study, we use the
quantile-based knots and the number of knots are set between 10-15 for the sake

of computational efficiency.

2.2.2 Data augmentation for interval-censored data

To facilitate efficient Bayesian estimation, we propose a two-stage Poisson data
augmentation that is motivated by the interval-censored data structure and the
PH model properties. This method introduces latent Poisson random variables to
simplify the distributions in the likelihood along similar lines of Lin et al. (2015).
Let N(t) be a latent Poisson process, which is the number of events having occurred
till time ¢ with intensity A¢(t) exp{ X778 + ¢(V)}, and T = inf{t, N(t) > 0} be
the time of the first occurrence in the Poisson process. We then have the survival

function of a susceptible subject:
P(T >t) = P(N(t) = 0) = exp{—Ao(t) exp(XTB + &(V))}. (2.14)

From this equation, the structure of interval-censored data can be expressed by two

Poisson processes. Let t;; = R; * I(6L¢:1) + L; 1(612.:1) and t;o = R; * I((sli:l) + L; *
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I(sp,=1). Then v; = N(t;1) and w; = N(ti2) — N(ti1) are the number of occurrence
till time t¢;;, and the number of occurrence between times ;5 and t;;, respectively.
It is clear that both v and w are independent Poisson random variables with v; ~
P{Ao(tin) exp(X7 B+¢(V;))} and w; ~ P{[Ag(tiz) —Ao(tin)] exp(X] B+6(Vi))}, re-
spectively, where P(a) is a Poisson distribution with mean a. For interval-censored
data (L;, R;), we have

(2.15)

= P(v; = 0,w; > 0) = S(Li| Xy, Vi) — S(Ri| X3, V).
Similarly, the corresponding probabilities of observing left-censored and right-
censored failure times can be obtained when v; > 0 and (v; = 0, w; = 0), re-
spectively. In the following, we denote by P(.|u) the probability mass function of
a Poisson distribution with rate parameter p. In the first stage of data augmenta-

tion, the likelihood function with augmented data can be obtained from Eq (2.6)
by

L,(6|0) :ﬁ (1 —m)Y
Y (P{vimo(tﬂ) exp(XT B + 6(Vi)) (2.16)

Xp{wil[/\o(tig) — No(ti)] exp(XiTﬁ + ¢(W))}5Ii+5}%i>.

Note that integrating the v;s and w;s out, the likelihood (2.16) reduces to the
likelihood (2.6).

It is easy to maximize the likelihood function in (2.16) due to its form of a
production of Poisson probability mass functions. To incorporate the spline ap-
proximations and perform Bayesian estimation more efficiently, we further conduct
a Poisson data augmentation again in the second stage. Specifically, we decom-

pose each v; and w; as the sum of k£ independent Poisson latent variables, that is
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v = S0 vg and w; = S0 wy, where vy ~ P{yL(tn) exp(X]B + ¢(Vi))} and
Wy P{’yl[ll(tlg) — [l(tll)} exp(XZTﬁ -+ QZﬁ(W))} for | = 1, 2... k. By the additiv-
ity property of Poisson random variables and the spline approximation, the data

augmented likelihood function (2.16) becomes

n k

L,(010) = [[[] 71 = =)

=1 [=1

X [’P{Uul’}/l[l(tﬁ)eXp<Q;TFp)}

x P{walv[Li(ti2) — Li(ti)] eXp(QiTp)}alﬁéRi}Yi'

(2.17)

With the constraint that Zle vy = 0 for left censored data, Zle vy = 0 and
Zle wy > 0 for interval-censored data, and ZL vy = 0 and Zle wy = 0 for
right censored data. If we treat v; and w; as missing data, the data augmented
likelihood function L, in equation (2.17) is then a complete data likelihood in the
multiplicative form of Poisson probability mass functions and with direct connec-
tions to all coefficients in splines and regression coefficients. It provides the basis

of the proposed Bayesian estimation procedure in this paper.

2.2.3 Prior specification

In the Bayesian framework, we have to specify priors for unknown parameters,
including the single-index vector & and regression coefficients 9 in the incidence
part, regression coefficients p and spline coefficients « in the latency part. In

particular, we assign the following priors.

e £ : a flat but proper prior is assumed, i.e., p(§) o 1, which is the uniform
distribution on the half of the unit circle {€ : ||&]| = 1 with & > 0}. A
noninformative prior is chosen for & with the only conditions that &£7¢=1

and & > 0.
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e 02, ¥: we specify an inverse-Gamma prior on o(or Jeffreys’s prior)

p(0®) oc (0%) 72 exp{ s/ (20%)}, (2.18)

where r and s are two known hyperparameters; and a conditional normal

prior on ¥ with mean 0 and variance matrix ¢/x 4, that is

g 97T
p(9)02, <) o (2mgo?) 2" exp{ ~ 507 } (2.19)

where i, is the identity matrix of order K + ¢. Thus the joint prior of

(9,0?) is in the factorised form of

p(9,0%) < p(I]a?)p(a?). (2.20)

This specification of prior distributions makes it possible to integrate out o>
and ¢ from the joint posterior distribution, which reduces the dimension of

parameters and improves the computational efficiency.

e p: the conventional independent normal priors are assigned on the regression
coefficients in the latency component, for any p; in p, p; ~ N(po, ai), where
po = 0 and ai = 100. The specification of normal prior results in the log-
concave posterior distributions for p, which are easily sampled by adaptive

rejection algorithm(ARS) (Gilks and Wild, 1992).

e ~: to obtain conjugate posterior distributions of v;s, we specify independent
exponential priors exp(7) for ;s and assign a hyper gamma prior G(a, b, ) on
hyperparameter 7 with mean a, /b,, and variance a,/b?. Besides its appealing
computational properties in producing conjugate posteriors of parameters ~y
and 7, this prior specification plays the same role as a L; penalty on all

coefficients ;s in the penalized likelihood method (Park and Casella, 2008)
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with tuning parameter 7, making the coefficients of unnecessary spline basis

shrink to zeros.

2.2.4 Sampling for posterior computations

To perform Bayesian estimation, the posterior distributions of parameters are re-
quired. Given the augmented joint likelihood in (2.17) and the priors specified for
unknown parameters and latent variables, the posterior distributions can be de-
rived, but very complicated under the proposed model. We use the Gibbs sampler
to generate samples for each parameter, based on the full posterior distribution.

The sampling scheme is given below.

1. Sample Y; ~ Bernoulli(p) for those subjects with dg, = 1, where p is defined

as in equation (2.8).

2. Sample v;, vy, w; and wy for alll =1,2... kandi=1,2...n. To ensure the
condition that v; > 0, we first sample v; and then sample v;; according to the

multinomial distribution. If ¢, = 1, sample

v; ~ P{Ao(t:1) eXP(Qz‘TP)}7

(Uz‘h V2, - - -Uik|vz‘) ~ M(Ui,Pi),pz‘ = (pilapiQ .- -pik)7 (2'21)

k
pi =D vLita)} =12k,
j=1

where M(v;, p;) is a multinomial distribution with index vector v; and corre-

sponding probabilities p;. For §;, = 1, sample w; ~ P{[Ag(t;2)—Ao(ti1)] exp(QF p)},

and sample w;; similar to the way for v;;.
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3. The full conditional distribution of p is proportional to

eXp(Z Qsz[UZ + (511 + 5Rz)w2]
= (2.22)
- Z exp(Q7 p){[A(tin) — Atn))(01, + 0r,) + Alta) }p(p),

which is sampled by the ARS method (Gilks and Wild, 1992) due to the

log-concave property.

4. The full conditional distribution of ~ is a conjugate gamma posterior distri-
bution given the exponential prior. Sample v; from the gamma distribution

G(ay,,b,,), where

a, =1+ Z((S[ivil + O, wi),

=1

] (2.23)
b, =7+ Z exp(Q7 p){I(tir) + [I(ti2) — I(t:))(6r, + Or,) }-

5. The hyperparameter 7 is sampled from the G(a, + k, b, + Zle ).

6. For i =1,2...n, the full conditional distribution of n; is:

o - BT oy

p(:]Y, 9, €, p, v, 0%) o< (1 — ;)

exp(n;)

where m; = 7 rem(n)

The complex structure of posterior distribution leads
us to employ the Slice sampler (Damlen et al., 1999) to sample n. According
to the Slice Sampler, sampling from a density function f(z) o 7(z)l(x) is

equivalent to that from the density function f(z, u) o< 7(z)I (1 < l(x)), where

p is a latent variable and z is restricted to the set A, = {z : I(z) > pu}. The
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joint likelihood of (n;, p) is:

(n: — Bi(f)Tﬂ)Z

202

PO Vi, 9. €.0%) o exp { - }f{o <<l - )N
(2.25)

The new state of 1; is sampled by first drawing p for the uniform distribution

on the interval (0, 77 (1 — 7;)'~"), and then generating 7; from the normal

density N(B;(€)T9,0?) truncated on the set {n; : 77" (1 — m)' Y > ul.

7

. The joint fully conditional posterior of single-index &, regression coefficients

of cure rate 19, and the variance o2 is

(. Bl T'l9 2 2719

bl 0. povc) ooy { - PRI oy
919 S _

X eXp{ ~g? r‘%}((;?)

G 2 (2.26)
o [S]73 (8% 4 55) 7 (8% 4 57) " (0?) exp{ — 5 }
K+q 1 1 -~ ~
x(2m0%) 72 |27 exp{—5 5 (9 —9)"E(® ~ )},
g
where
S%=nly - 1§T25,

Y =B(&)"B(&) + ¢ ki, (2.27)

9 =3"'B(¢)n.
Considering the complicated form of posterior distributions, we use the method
of composition (Tanner, 1991). From the method of composition, to obtain
samples y ~ [ f(y|z)g(x)dz, one can first sample z* from g(x), and then

sample from the density f(y|z*). By treating the marginal posterior

—+7r

p(€ln,s, 0%, ) o< |2]73(S? + 52) (2.28)
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as our target distribution, we can first sample o2 from the conditional inverse-

gamma

n—+r n+r

p(0%m,6,6,9) = (S + £2)"F" (07)~ 1exp{ 5 +30} (2.20)

202

S2+ 2
”T” and scale 250

normal distribution N (9, )

with shape , and then sample ¥ from the conditional

POl &,5,0%) = (210") ! [S[E exp{— 5 5 (9~ 9)TS(D ~ D)}, (2.30)

where $2, % and ¥ are defined in (2.27). After sampling ¥ and 2, sample &
from (2.28) by the Metropolis-Hashing (MH) algorithm. For a given &, the
proposed single-index &£* is generated from a Fisher-von Mises distribution
Ji(E71€, pe) ox exp(pe€T€*), where £ is regarded as the modal vector and pg

is the concentration parameter, acting as turning parameter.

We accept £ with the probability

1 n+r

min{1, (— Ss ) Ty (2.31)
|E*| S*Q +S(2)

With given initial values of the unknown parameters, the iterative algorithm

of the proposed Bayesian estimation can be summarised as follows.

e Draw Y;,7 = 1,2...n from the Bernoulli distribution with probability pa-

rameter given in equation (2.8).
e IfY, =1
— sample v;s, vys, w;s and wys from equation (2.21),

— sample B by the ARS method from equation (2.22),

— sample v; from G(a,,,b,,), where a,,, b, are given in equation (2.23),
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— sample 7 from G(a, + k, b, + Zle ).

Draw n from equation (2.25) by the Slice sampler.

n

Draw o from the inverse-gamma distribution, with shape is ;rr and scale is

52+s%
— -

Draw 9 from N (¢,%), where 9 and ¥ are defined in equation (2.30).

Draw £ from equation (2.28) by the MH algorithm.

Update A(t|z) = S5, vily(t|d) and 7(n) = 1?;2;?37) based on the samplers. Re-

peating the above sampling procedures for 10000 iterations and the first 2500 iter-
ations are burn-in. Taking the average of rest of the samplers as our estimations

of parameters.

2.3 Simulation Studies

The simulation study is carried out to examine the performance of the proposed

model. We generate the binary uncured indicator Y; from Bernoulli(7(n;)) with

1
N=PY,i=1)=——— np=za+gWi€)+ei=1,.n (2.32
m(n;) = P( ) Topn) " gW;€) +e (2.32)
and failure times 7; for susceptible subjects (when Y; = 1) from the following

partially linear proportional hazards model:

A(t) = No(t) exp{ai + o(Vi)}, (2.33)

where covariates W; in the single-index part of the logistic model (2.32) are bi-
variate with W;; ~ U(0,1) and Wjs ~ N(0,1), z; ~ U(—1,1), and the individual
effects ¢; ~ N(0,02). We take the parameters &€ = (1,1)/v/2, « = 0.5, 0. = 0.7 or 1

and specify the single-index function in the forms of g(u) = 0.5+ exp{—4(u — 1)?}
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and g(u) = —0.5+ exp{—4(u — 1)?}. Based on this setting, different intercepts 0.5
and -0.5 in g(u) lead to average cure probabilities of 33% and 54%, respectively.
In the latency model (2.33), we set covariate associated with the nonlinear term
V; ~ U(0.5,1.5), the cumulative hazard function Ay(¢) = ¢?, the nonlinear function
¢(v) = exp(—3 * v), and take the parameter § = 0.5.

The interval-censored observations (1%, Tg,, 0, 01,, dr,;) of the failure time are

generated in the way similar to that in Xiang et al. (2011).

1. Set the censoring time (the length of study) C; = 3.
2. When Y; = 0, we have that subject ¢ is cured and let 7}, = C; and 0, = 1.

3. When Y; = 1, that is subject 7 is uncured, we compare values of T; and C;. If
T; > Cj, then we have right censoring and let 0p, = 1, Ty, = C; and T, = oo.

Otherwise, we have interval censoring and let dp, = 0.

4. For those subjects with dp, = 0, we generate [ from the exponential dis-
tribution with mean 0.2 and the interval length len ~ U(0.2,0.4). From
(0,1], (1,1 4 len), (I + len,l + 2 x len] ... (Il + k x len,00),k = 1,2,..., find
(T, Tr,| satisfies that Ty, < T; < Tg,. If Ty, = 0, we have left censoring and

let 07, =1, else let 07, = 1.

With the above simulation design, the rates of right censoring in the simulated
samples are around 60-65% and 30-35% in total for g(u) = —0.5+exp{—4(u—1)?}
and g(u) = 0.5 + exp{—4(u — 1)?}, respectively.

We repeat the experiment 200 times with sample size of n = 200 and 500. The
true values of hyperparameters are set to be o3 = 10, a, = b, =1 and s2 =r = 1.
We choose the tuning parameters ¢ = p = 10, and use the quadratic polynomial
splines with the degree of freedom K = 5 to fit the nonlinear single-index function
in the incidence part and the nonlinear terms in the latency part.

We run the Gibbs sampling in each simulation run for 10000 iterations includ-

ing 2500 burn-in iterations. The estimate of each parameter is obtained by the
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sample mean of all samples generated from the corresponding posterior distribu-
tion of the parameter. We report simulation results in terms of the average bias
(AVE.bias), average standard deviation (Ave.SD), and coverage probability (CP)
of 95% credible interval (Let C' be the credible interval and 0; be the sampler in
jth iteration, CP = 3~ | I(0; € C')/m, where m is the total number of iteration
and I(-) is the indicator function.) in Tables 2.1-2.2 for ¢?=0.5 with sample size
ranging from 200 to 500, respectively.

As expected, for most parameters the average biases of the proposed estimates
increase as censoring rate increases, CPs for under the proposed method are all
close to the nominal level of 0.95. When the sample size increases, biases of most
proposed estimates decrease. For comparison purpose, we also fit each simulated
sample using the usual PH mixture cure (PHMixCure) model in which only linear
covariate effects are included in the incidence and latency parts. Corresponding
results obtained by R package GORCure (Zhou et al., 2018) are also presented
in both tables. It can be seen that, in the presence of covariates & and V' with
nonlinear effects in both the incidence and latency parts, misspecifying their effects
linearly in the PHMixCure model leads to considerably biased parameter estimates
with large SDs and consequently poor performance of CPs. Further simulation
results for 02=1 are summarized in Tables 2.3-2.4 for n=200 and 500, respectively.
Findings observed from Tables 2.3-2.4 are similar to those from Tables 2.1-2.2.
This indicates that the proposed method performs well regardless values of o2.

To examine the performance of spline estimated nonparametric functions, we
present the mean estimated baseline survival functions, ¢(-) and ¢( - ) together with
their 95% credit intervals in Figure 2.1. The 95% credit intervals for cumulative
baseline hazards and ¢( - ) include their estimated and true curves, while 95% credit
interval for single-index function g(u) covers most part of its true curve except the

case when u is too big.
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TABLE 2.1: Simulation results for 02 = 0.5 with sample size n = 200 based on
200 replications. (AVE.bias for the average of differences between the estimates
and the true value, AVE.SD for the average of standard deviations, and CP for
the 95% coverage probability.)

Proposed model Usual PHMixCure model
True value AVE.bias AVE.SD CP AVE.bias AVE.SD CP

Censoring rate(30-35 %)

« 0.5 0.025 0.420 0.900 0.128 0.209 0.880
I5; 0.5 0.014 0.236  0.950 0.045 0.131 0.880
& 0707 0.065 0138 0950 -0.500 0316  0.533
& 0707 0.044 0149 0950 -0.521  0.100  0.000
v ; ; ; ; 20.200 0207 0.749
Censoring rate(60-65 %)
« 0.5 0.033 0.342 0.900 0.134 0.390 0.914
153 0.5 0.018 0.167 0.950 0.077 0.278 0.886
& 0.707 0.190 0.146 0.950 -0.558 0.421 0.657
& 0.707 0.018 0.150 0.950 -0.525 0.109 0.007
V - - - - -0.163 0.245  0.833

TABLE 2.2: Simulation results for o = 0.5 with sample size n = 500 based on
200 replications. (AVE.bias for the average of differences between the estimates
and the true value, AVE.SD for the average of standard deviations, and CP for
the 95% coverage probability.)

Proposed model Usual PHMixCure model
True value AVE.bias AVE.SD CP AVE.bias AVE.SD CP

Censoring rate(30-35 %)

o' 0.5 0.006 0.337  0.920 -0.089 0.176 0.864
6] 0.5 0.013 0.162 0.960 0.020 0.147 0.925
& 0.707 -0.072 0.146 0.970 -0.449 0.330 0.565
& 0.707 0039 0155 0970 -0.517  0.093  0.000
v ; ; ] S 20199 0.246  0.782
Censoring rate (60-65 %)
« 0.5 0.003 0.192 0.945 -0.077 0.204 0876
15} 0.5 -0.026 0.124 0.955 0.027 0.116 0.888
& 0.707 -0.111 0.147 0.955 -0.513 0.318 0.512
& 0.707 0.016 0.136 0.955 -0.504 0.318 0.060

1% - - - - -0.214 0.230  0.735
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TABLE 2.3: Simulation results for 02 = 1 with sample size n = 200 based on
200 replications. (AVE.bias for the average of differences between the estimates
and the true value, AVE.SD for the average of standard deviations, and CP for
the 95% coverage probability.)

Proposed model Usual PHMixCure model
True value AVE.bias AVE.SD CP AVE.bias AVE.SD CP

Censoring rate(30-35 %)

o' 0.5 0.057 0.307 0.835 -0.167 0.497 0.963
16 0.5 0.016 0.165 0.910 0.056 0.179 0.908
& 0.707 0.068 0.140 0.950 -0.440 0.571 0.780
& 0.707 0.049 0.153 0.950 -0.500 0.162 0.095
\% - - - - -0.140 0.319 0.862
Censoring rate (60-65 %)
« 0.5 0.020 0.264 0.900 -0.144 0.393 0.938
15} 0.5 0.020 0.181 0.935 0.076 0.255 0.904
& 0.707 0.057 0.149 0.950 -0.498 0.564 0.783
& 0.707 0.058 0.166 0.950 -0.516 0.174 0.072
V - - - - -0.151 0.440 0.914

TABLE 2.4: Simulation results for 02 = 1 with sample size n = 500 based on
200 replications. (AVE.bias for the average of differences between the estimates
and the true value, AVE.SD for the average of standard deviations, and CP for
the 95% coverage probability.)

Proposed model Usual PHMixCure model
True value AVE.bias AVE.SD CP AVE.bias AVE.SD CP

Censoring rate(30-35 %)

« 0.5 -0.017 0.264  0.960 -0.114 0.255 0.960
g 0.5 -0.015 0.128  0.955 0.029 0.158  0.913
& 0.707 0.089 0.153 0.980 -0.538 0.328 0.506
& 0.707 -0.009 0.140 0.980 -0.525 0.109 0.007
V - - - - -0.163 0.245 0.833
Censoring rate (60-65 %)
« 0.5 -0.033 0.203 0.945 -0.128 0.209 0.880
6] 0.5 -0.016 0.116 0.910 0.045 0.131 0.880
& 0.707 -0.092 0.152 0.970 -0.499 0.316 0.000
& 0.707 0.007 0.151 0.970 -0.521 0.207  0.749

174 - - - - -0.195 0.207  0.749
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FIGURE 2.1: Estimated baseline survival functions and unknown functions g(u)
and ¢(v) when ¢ = 0.7 and 8 = 0.5 with censoring rate of 30-35% in the left
panel and 60-65% in the right panel. In each plot, the black solid curve represents
the true curve, the red solid curve represents the mean estimated function, and
the dotted curves are corresponding 95% credible intervals.
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2.4 Real Data Application

For illustration purpose, we apply the proposed method to the analysis of the
data from hypobaric decompression sickness study (Conkin and Powell, 2001). A
cohort of 549 volunteers who were exposed to the hypobaric environment with
age ranging from 20 to 54 was followed during the period of 1983 to 1998. Early
analysis had been done by Thompson and Chhikara (2003) and Li and Ma (2010)
based on mixture cure models with repeated measures because some patients might
experience HDS more than once in the study.

We consider the time to the first experience of HDS for all patients in this
section. Out of all 549 observations, 124 observations were interval-censored and
the rest 425 observations were right-censored. The NPMLE of survival functions
for two groups are given in Figure 2.2 without considering the covariates. For
the individuals with ambulatory (NOADYN=1), the survival curve reaches to the
bottom at the point 4.75 hr and levels off after that. As for the individuals with
lower body dynamic (NOADYN=0), the survival curve remains a constant after
the last jump point at 3.8 hr. The long tail of the survival function provides
evidence of the existence of individuals who were unsusceptible to HDS. Thus the
mixture cure model is reasonable to be considered for analyzing these data. For
each subject, several covariates were recorded in the study, such as AGE ranging
from 20 to 54 years, an experiment variable TR360 measuring the decompression
stress, body dynamic level NOADYN (1=ambulatory, O=lower body dynamic),
and SEX (1=male, 0=female). For convenient computation, continuous covariates
AGE and TR360 are all standardised.

We apply the proposed method to assess the effects of these potential covari-
ates on both the risk of HDS and the probability of being disease free. We fit
the proposed model with all covariates in both mixture components. Due to its

time-varying feature, AGE is included as V' in the nonlinear term of the latency
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component, while the rest covariates are used as X in the linear term of the model.
For the incidence component, two continuous covariates AGE and TR360 are con-
sidered in the single-index part and the discrete covariates are put in the linear

term following Lei (2013). Table 2.5 reports the Bayesian estimates, the average
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FIGURE 2.2: NPMLE estimated survival curves for two groups of individuals
with ambulatory(NOADYN=1) and lower body dynamic(NOADYN=0).

standard deviation and 95% HPD interval of the model parameters. From the inci-
dence model for uncured probability, we observe that male subjects are more likely
to experience HDS. This finding is consistent with that provided by Thompson and
Chhikara (2003) and Li and Ma (2010). Ambulatory subjects (i.e., NOADYN=1)
have less uncured probabilities or high chance to be HDS free than those patients
with low body dynamic. Based on the results in the latency part, ambulatory pa-
tients tend to have up to 2.7 times higher risk of HDS if they are susceptible. For

the uncured subgroup, it is found that there is not a significant influence of TR360
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adjusted by other covariates. According to the estimated single-index and non-
parametric terms in Figure 2.3, there is strong evidence to support the nonlinear
effects of TR360 and AGE.

According to the plot of ¢(w), there is a nonlinear effect of AGE. The effects
of AGE on the cure part depend on the range of age, and younger subjects tend
to have higher uncured probability than the old ones. The estimated function g(.)
and its 95% credible interval are presented in Figure 2.3, and it is clearly that g(.)
is nonlinear and has a local minimum around -1.5 and maximum around 1.7.

TABLE 2.5: Estimated parameters in the proposed model for the HDS data

Parameter Estimate Ave.SD 95% HPD interval
Survival part

SEX 0216 0269  (-0.314 ,0.749)
NOADYN 1.026 0.283 (0.481, 1.612)
TR360 -0.013 0.140 (-0.281, 0.272)
Cure part

Intercept 0.558 0.631 (-0.558, 1.889)
NOADYN 1152 0568 (-2.307, -0.188)
SEX 0.330 0.337 (-0.348, 0.963)
£ (TR360) 0.967  0.020  (0.927, 0.994)
& (AGE) 0.241 0.079 (0.108, 0.374)
o 0.234 0017  (0.177, 0.313)

2.5 Discussion

In this chapter, we propose a doubly semiparametric mixture cure survival model
with interval-censored data, which provides a more flexible model by allowing the
nonlinear effects in both mixture components, and the single-index model employed
in the incidence part is efficient to avoid the curse of dimensionality possibly in high-
dimensional covariates. Moreover, the proposed Bayesian estimators are efficient
and computational convenience since the explicit forms of some parameters can be

derived.
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FIGURE 2.3: Estimated curve of unknown function (solid curve) and its point-

wise 95% credible intervals (dotted curves) in the latency part in (A) and the

incidence part in (B).

Extending the proposed model to tackle the clustered interval-censored data
by introducing multiple frailties to the baseline hazard function, is possible. Pan
et al. (2017) investigated the PH-based multiple frailties for bivariate predictors.
Considering the frailties for bivariate predictors, we only need to modified the pro-
posed sampling algorithm, and update the frailty terms by Gibbs sampling. The
extension of the proposed model to the time-dependent covariates is straightfor-
ward by assuming spline functions to approximate the time-dependent regression
coefficients. In addition, Zhang et al. (2019) studied the Cox model with time-
dependent covariates for clustered interval-censored data, by assuming a piecewise

constant function both for the baseline hazard function and the time-dependent
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coefficients. It will be more convenient to employ splines approach for the approx-
imation of unknown functions. To extend our proposed model to time-dependent
covariates with clustered interval-censored data is a challenging but valuable work,

which is worth further investigations.



Chapter 3

Generalized Accelerated Hazards
Cure Models with

Interval-censored Data

Most of the existing mixture cure models with interval-censored data assume a con-
ventional survival model, such as the PH, PO, or AFT model, for the susceptible
subjects. In some practical cases, none of these conventional assumptions is appro-
priate for modeling data. For example, the treatment in a clinical trial may take
a time lag to have effects on the patients rather than having effects immediately
after application. In other words, the hazards of the treatment and control groups
are identical at the beginning of the study. As time goes by, the treatment effects
on the failure time distribution of susceptible patients can increase. To account for
such a feature, the AH model introduced in Chapter 1 is particular appealing.
There are limited studies in the literature to use the AH model for the failure
times of uncured subjects. Zhang and Peng (2009) proposed a two-component
mixture cure model with the AH model specified in the latency part, and developed
an EM algorithm for implementing the maximum likelihood estimation where the

M-step was achieved by a rank-based estimating equation. Their work focused

45
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on right censored data and cannot be applied directly to interval-censored data
due to the intractable structure of likelihood and inclusion of bundled regression
parameters. For interval-censored data without the cure subgroup, Szabo et al.
(2019) studied the AH model and proposed a sieve maximum likelihood method
for estimation by assuming a spline approximation for the unknown cumulative
baseline hazard function. Their proposed sieve ML estimators were shown to be
consistent and asymptotically normal.

In this chapter, a generalized AH cure model is proposed for interval-censored
data in the presence of a cure fraction. The proposed model is able to capture the
time-lag feature of data and allows the PH cure, AFT cure, and AH cure models
as its special cases. Thus it provides a unified model framework for the currently
available mixture cure models with interval-censored data. We develop a sieve
ML estimation procedure, where the B-spline functions are used for approximating
the cumulative baseline hazard function. To implement the estimation procedure,
a two-step iterative algorithm is developed for the maximization problem with
linear inequality constraints. In addition, the existence of the bundled parameters
makes it challenging to justify the theoretical properties of the proposed estimator.
Using the modern empirical process techniques, asymptotic results of the proposed
estimator, such as the consistency, convergence rate and asymptotic normality, are
rigorously proved.

The rest of this chapter is arranged as follows. Section 3.1 introduces the gen-
eralized accelerated hazards cure model for interval-censored data. The proposed
sieve ML estimation procedure, assuming B-spline functions for the cumulative
baseline hazard function, is given in Section 3.2. Section 3.3 describes the the-
oretical properties of the sieve ML estimator in the generalized AH cure model.
Simulation studies and real data analysis are presented in Section 3.4 and Sec-
tion 3.5, respectively. In Section 3.6, a conclusion is drawn regarding the proposed

generalized AH cure model. All technical proofs are given in Section 3.7.
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3.1 The Generalized Hazards Cure Model with

Interval-censored Data

For subject 7, we assume that the interested failure time 7T; is recorded as a time
interval (L;, R;] without an exact observation. Define 6;, = I(L; = 0), §;, = I(0 <
L; < T, <R; <o0)and dp, = I(R; = 00) as the censoring indicators, with value of
1 representing the failure time of the subject is left-, interval- and right-censored,
and 0 otherwise. Taking the cure fraction into account, the binary latent random
variable Y; is introduced as a cure status of subject 7, where Y; = 1 represents the
subject is uncured (susceptible), and 0 otherwise. To assess the cure fraction, the
mixture cure model assumes that the population survival function of subject ¢ is

in the form of:

Sy(t1 X, 2, Wi) = 7(W)S(t1 X, Z2) + 1 — m(W), (3.1)

where m(W;) = P(Y; = 1|W;) is the probability of being uncured and S(t| X;, Z;) =
P(T > t|Y; = 1, X,, Z;) is the conditional survival function given subject ¢ is un-
cured. X;, Z; and W, are covariate vectors that may share some common compo-
nents in practice, with dimensions py, ps and ps, respectively.

In view of the binary nature of Y, a simple and popular model for the uncure
probability is logistic regression, which connects m(W;) to covariates W, through

a link function:

(W) = exp(W/ o)

= 2
1+ exp(Wla)’ (3:2)

where a is the vector of coefficients and W; includes 1 for the intercept. Under

the generalized AH model (1.8), the conditional survival function is given by:

S(t| X, Z;) = exp{—No(teX P)eZi Y, (3.3)
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where Ag(-) is the unspecified cumulative baseline hazard function, 8 and ~ are
corresponding regression coefficients to be estimated. The mixture cure model with
the generalized AH model to assess the survival rate of uncured subjects is referred
to as the generalized AH cure (GAHCure) model. The GAHCure model includes
the PH cure, AFT cure, and AH cure models as special cases when 3 =0, v = 0,
and both v+ 3 =0 and X = Z, respectively.

Based on the observed data O = {(L;, R;, 01, 91,,0r,, Xi, Zi, W;),i = 1,2,...n},

the log-likelihood can be written as:

n

v, B 80]0) = 3 (5 log {1 ~exp{—Ao(RX ﬁ’)ezﬁ}] + 51, log 7(W))

=1

+ 07, log [eXp{—AO(LieXiTﬁ)eziTv} _ exp{—Ao(RZ-eXz‘Tﬁ)eZiT'Y}]

+ 47, log m(W;) + dg, log [1 — (W) + m(W;) exp{—AO(LieXiTﬁ)eZiT’V}] > )

(3.4)

Estimates of the finite parameters (a, 3,-) and the unknown function Ag(-) are
obtained directly by maximizing the log-likelihood (3.4), where Ay( - ) is commonly
assumed as a non-decreasing step function. The maximization of the log-likelihood
depends on the values of Ag(-) at distinct points of L;eXi# and R;eX:P i =
1,2,...n. As sample size n increases, the number of such distinct points will
substantially increase to 2n in the log-likelihood function in (3.4), leading to a
high-dimensional optimization problem and intractable computational challenges
in the maximum likelihood estimation. Unlike those conventional survival mod-
els in which the unspecified function Ag(-) and regression coefficients B are well
separated, 3 is bundled into Ag(-) in the proposed GAHCure model, making the
implementation of inference even more challenging. To deal with possible infinite-
dimensional parameters to be estimated and obtain efficient estimators, a sieve ML
estimation is proposed, where the unknown function Ag(-) is modeled by a linear

combination of B-spline functions.



Chapter 3. Generalized Accelerated Hazards Cure models with Interval-censored
Data 49

3.2 Semiparametric Inference Based on Sieve ML

Estimation

3.2.1 Sieve maximum likelihood estimator

To facilitate the sieve ML estimation, we employ B-splines to approximate the
unknown function Ag( - ), and treat coefficients of the basis functions as parameters
to be estimated together with regression coefficients in the proposed model.

The spline-based sieve approach has been investigated in nonparametric and
semiparametric models in recent studies (Zhang et al., 2010; Ma et al., 2015; Zhou
et al., 2017; Szabo et al., 2019), in which spline functions are constructed over the
interval [minj<;<,{L;, R;}, maxi<;<,{Li, R;I(R; < 00)}]. Because 8 is bundled
into Ag(-) in the GAHCure model, it requires the splines to be constructed over
the interval [minlgign{LieXiTﬂ, RieXiTﬁ}, maxlSiSn{LieXiTﬂ, RieXiTﬁl(Ri < o0)}].
Note that the end points of such intervals vary with the different values of 3 during
the iteration of estimation, yielding more challenges in the estimation procedure.
The spline-based sieve approach with bundled parameters has been investigated
by Zhao et al. (2017) for right censored data, using cubic B-spline functions to ap-
proximate the log baseline hazard function. In the following section, this approach
is extended to the interval-censored data setting to overcome the difficulties caused
by the bundled parameters and infinite-dimensional unknown functions included
in the GAHCure model.

The B-spline functions are constructed based on the stochastic points. Specif-
ically, for a fixed 3, the infinite-dimensional function Ag(-) is approximated by
B-spline functions on the interval [a?,bP], where ¢® = minj<;<,{L;eX" ?} and
b = maxlgign{RieXiTﬁI(Ri <o)} LetaP =dy < dy-- < dy, <dp,11 =0°
be a partition on the interval [a?, b%], which divides the interval into k, + 1 iden-

tical subintervals. k, is a positive integer with k, = O(n") for 0 < v < 0.5 and
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maxi<j<k,+1|d; — dj—1] = O(n~"). Define by Dfn the set of all partition points.
Due to the non-negative and non-decreasing constraints of the cumulative baseline
hazard function, a non-decreasing constraint is imposed on the spline coefficients.
Let SP (Dfn, m) be the spline space for given 3, defined by:
qn
SP(DY m) ={¢n: ¢u(t) =c"B? = ¢;BI(t),c€C,}, (3.5)
j=1
where ¢, = m + k, is the number of spline functions, B® = (B® BY ... , BT is
the vector of the basis splines and spline coefficients C,, = {¢ = (c1,..., ¢, )", 0 <
1 < e <...,<c¢,} The spline functions are all required to be greater than or
equal to 0, and the non-decreasing constraint on spline coefficients ensures that
every function in S? is non-decreasing. Thus, the cumulative baseline hazard func-
tion Ag(-) can be approximated by some functions in SE(D?H, m). Substituting the

function incorporating the spline approximation in the log-likelihood (3.4) affords:

n

l(a7 ﬁ? Y, C’O) = Z <5L2 1Og |:1 - exp{_cTB(RiexiTﬁ)eziT’Y} + 5Li logﬂ-(m)

i=1

+ 0y, log [exp{—cTB(LieXiTﬂ)eziT7} - exp{—cTB(RieXiTﬁ)eZiTV}}
+ 07, log m(W;) + dg, log [1 — (W) + m(Wj) exp{—cTB(LieXiTB)eZiTV}} )

(3.6)

Denote the parameter space of 8 = (™, BT, 4T, Ag)T by ©,, = AxBxI'xS8,,, where
A, B and I' are the compact parameter spaces of a, 3 and -, and S, is the sieve
space of Ag with S, = UgesSP. The sieve ML estimator 0, = (ar, BT, AT A,)T
is obtained by maximizing the log-likelihood (e, 3,7, c|O) over the space A x
B x T xC,, or equivalently maximizing the log-likelihood I(ex, 3,7, Aog|O) over the

parameter space O,,.
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3.2.2 Computational issues

As previously mentioned, the sieve space of Ag( -) is indexed by 8 in the GAHCure
model, which is different from that in the conventional PH model. The sieve space
indexed by @3 is referred to as S?. With an estimate B’ of 3, the corresponding
sieve space is updated as Sﬁ’. To acquire the sieve ML estimator, the following

simulation steps are developed:

Step 1. Choose suitable initial values of (&©,3©® 4 ¢©) and set k = 0. In

this study, we set all initial values to be 0.

Step 2. At the (k+ 1)th iteration, obtain the estimates (&*+1, 3*+1) Z(*+1)) by
maximizing [(a, 3, v|é®) with respect to o, 3 and 7.

Step 3. Obtain the estimate ¢tV by maximizing I(¢|a®+D, B*+D J(E+1) gyer

the constraint parameter space C,,. Update Aq(t)5+1) = >y é§k+1)B§3<k+l> (t).

Step 4. Repeat Steps 2 and 3 until the absolute difference of the log-likelihoods

between two consecutive iterations is less than 1073.

The resultant estimator of Step 4 is taken as the sieve ML estimator 6,. The
numerical optimization of the log-likelihood in the above estimation procedure is
implemented by the constrained optimization function donlp2 in the R package
Rsolnp2.

Another critical aspect of the implementation is the degree of basis functions.
The high order of spline functions offers better smoothness, but may lead to an over-
fitting problem. To balance the smoothing and computational burden, quadratic
or cubic splines are used to supply the approximation of the cumulative baseline
hazard function Ag(-). Apart from the smoothing condition, the number and lo-
cation of knots in constructing basis splines should be considered to ensure the
accuracy of the approximation. In the proposed method, quantile-based knots are

used, and the number of knots is determined by the Bayesian information criterion
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~

(BIC). For the sieve ML estimator 8, = (&2, 37,47, A,)T, the ¢, is determined

n

by minimizing the BIC:
BIC = —21(0,,) + (2¢,) log n. (3.7)

According to the simulation study, it is recommended that quadratic or cubic
functions are used to approximate Ag( - ), and the number of knots can range from

3 to 6.

3.3 Asymptotic Properties

For notation simplicity, let ¢ = log Ag. Then the log-likelihood can be written as:

n

(e, B,7,9|0) = Z (6Li log ll _ exp{_6¢(Riexi ﬂ)+Z§F~/}]

=1

+ 01, log [exp{—e¢(LiexiTﬁ>+ZiT“f} - eXp{_eﬁb(RieXiTﬁ)JrZiT'Y}]
(3.8)

T
+ 0g, log {1 — 1(W;) + m(W;) expf{ —e?Lie™ ﬁ)+zg7}1

+ (1 —dg,) log W(W/}))

Denote the proposed estimator by 8, = (7,7, ¢,,)7 with 7, = (&7, 87,47)", and
the corresponding truth by 6y = (77, ¢)" with 79 = (', 8L, 4)". Some addi-
tional notations are needed. Let 8, = (7{,¢1)" and 0y = (7, #2)T be two sets of
parameters and function to be estimated, and the distance between 6, and 6, is

defined as follows:

d(61,60,) = (o — o [P+ | Br = Bo P+ [l =22 I + 1| é1 — b2 [,8) "
(3.9)
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where

I ¢1— 02 13818, = El(¢1(Lexp(XT81)) — ¢o(Lexp(XTB2)))7]

+ E[(¢1(Rexp(XTB1)) — da(Rexp(X T B2)))?],

(3.10)

and ® (B, B2) is the distance between ¢; and ¢9, indexed by 31 and 32, respectively.
To establish the large sample properties, the following conditions are required

to ensure the validity of the given theorems.

C1. The true parameters ay, B, Yo satisfy that ag € A, By € B, 79 € I' and all

the parameter spaces A, B, I" are compact sets.

C2. The domain of covariates (X7, Z7, WT)T is a bounded subset of R?, where

d=p; +p2+ps, and all E(XXT), E(ZZ"), E(WWT) are nonsingular.

C3. Let ¢ € &, where ® is a collection of functions with bounded pth derivatives

for p > 2. The first derivative of ¢ exists and is positive and continuous.

C4. There is a positive integer ¢ such that P(R — L > &) = 1, for the finite
interval (L, R].

C5. T and (L, R] are conditionally independent given the covariates X, Z and
W.

C6. The joint density of (T, L, R, X, Z, W) has uniform positive lower and upper

bounds in the support region of the joint random variables.

Conditions C1-C6 are common assumptions for the theoretical justification in sur-
vival analysis with interval-censored data. Condition C3 is used to guarantee the
smoothness of the spline approximation, providing the foundation of employing the

result of van der Vaart and Wellner (1997) in the proof of consistency.

Theorem 3.1. (Identifiability) Assume that Ag is a continuous function with bun-
dled parameters defined in (1.8), then the model is unidentifiable if and only if

Ao(t) = 1t for some positive constants ¢; and c;.
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Theorem 3.2. (Consistency) Given that conditions C1-C4 hold, we have the es-

timator 6, converges to @y in probability.

Theorem 3.3. (Convergence of rate) Let k, = Opy(n"), where v satisfies that

1/(2p+2) < v < 1/2p. Suppose conditions C1-C6 hold, then
d(ém 00) = Op{n* min(P%(l*v)/Q)}_

Theorem 3.3 implies that if v = 1/(2p + 1), the optimal global convergence
rate of the estimator can be achieved, which is d(6,,8,) = O, {n=?/(1+2)} " If the
nonparametric term is involved, the convergence rate of the proposed estimator 0,
cannot reach n~1/2, while the estimator of the parametric term 7, converges at the

—-1/2

rate of n='/. This theorem can be proved by verifying the conditions of Theorem

1 in Shen and Wong (1994).

Theorem 3.4. (Asymptotic normality) Suppose that conditions C1-C6 hold and

1/2p+2) <v <1/2p, then
n?(, — 1) — N{0, 17} (1)}

i distribution.

The proof of Theorem 3.4 with bundled parameters is more complicated than
that where the parametric and nonparametric terms are well separated from each
other. Involving the bundled parameters in Ay, we prove Theorem 3.4 in the same
line of that in Ding and Nan (2011). More details of the proof can be found in
Section 3.7.

Theorem 3.4 shows that the estimator of 7y is semiparametric efficient, with the
asymptotic variance matrix I~!(7y). However, as it involves an infinite-dimensional
operator and has a complicated form, a consistent estimator is proposed for the

variance of 7,,, based on the weighted bootstrap method (Ma and Kosorok, 2005).
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We draw n observations randomly from the sample data with replacement and the
generated samples are used as the bootstrap samples, denoted by O;,i = 1,...n.

The weighted bootstrap estimator (7, ¢,) is obtained as follows:

n

(Tn, ¢p) = argmax Zwml(‘r,qb, 0,), (3.11)

(78 ¢n)T€OR ;1
where the bootstrap weight (w1, ..., Wn,) ~ Multinomial(n, (n=t,...n71)), and
l(T,9,0;) is the log-likelihood based on the bootstrap samples O,;. The sample
variance matrix of 7,,, calculated by repeating the estimate procedure for M times,
is employed as the approximation of I7!(7p). In a similar way to that in Cheng
et al. (2010), the consistency of the weighted bootstrap estimator can be proved

by showing that \/n(7, — 7,,) has the same limiting distribution with /n(7, —79).

3.4 Simulation Studies

Simulation studies are conducted to evaluate the finite sample performance of the
proposed estimation procedure. The existing R packages Splines and Rdonlp2
are used to generate the basis spline polynomials and maximize the log-likelihood,
respectively.

We generate the interval-censored data with the cure fraction in the same
line of the method in Xiang et al. (2011). First, for subject 7, i = 1,2,...n, we

generate the cure indicator Y; from the Bernoulli distribution with P(Y; = 1) =

exp(ap+Wiaa)

Trexplao T Wiar)’ where the covariate W; is generated from the uniform distribution

U(0,1). We generate the auxiliary random variable U; from the exponential distri-
bution with mean 0.02 and the gap of observed event times len; from the uniform
distribution on [0,0.02]. Let C' = 3 be the length of the study. For cured subjects
with Y; = 0, we set L; = C and R; = oo. For susceptible subjects with Y; = 1, we

generate the failure times T; for susceptible subjects from the cumulative hazard
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function A(t) = Ag(teXiP)eZ7, where Ag(t) = (t +0.5)2 — 0.25 and X; = Z; = W,.
If T; > C, then the subject is right censored with L; = C' and R; = oco. If T; < C
and T; < U;, the subject is left censored with L; = 0 and R; = U;. Otherwise, the
subject is interval-censored, and we find the interval [k - len; + U;, (k+1) - len; + Uj]
which contains T;. We set f =~ = 0.5, (o, 1) = (—0.5,0.3) and (0.5,0.3), yield-
ing the average left censoring and right censoring of (2%, 60%) and (3.5%, 32%),
respectively.

In the implementation of the estimation procedure, the degree of splines is set
to be 2, corresponding to the quadratic polynomial splines. The quantile-based
knots with the number of interior points ranging from 4 to 6 are utilized, and the
BIC is used to determine a proper spline setting.

Five hundred replications are generated with the sample size n = 200 and
n = 500. Simulation results are summarized in Table 3.1, including the average
bias (AVE.bias), average standard derivation (AVE.SD), and coverage probability
(CP) of 95% confidence intervals. The biases of the proposed estimates for most
parameters are small, and CPs are close to the nominal level of 0.95. When the
sample size increases, the biases and the average standard derivations decrease,
and the biases decrease as the censoring level decreases. The estimated cumula-
tive baseline hazard functions for different censoring rates and sample sizes are
presented in Figure 3.1, which shows that they go closer to the true cumulative

baseline hazard curve as sample size increases, regardless of the censoring rate.

3.5 Real Data Application

As an illustration, we apply the proposed method to interval-censored smoking
cessation data. The data have been analyzed by Xiang et al. (2011), where a

mixture cure model was fitted using maximum likelihood estimation implemented
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FiGURE 3.1: Estimated cumulative baseline hazard functions with censoring
level 60-65% (left panel) and 30-35%(right panel). The solid line and the dashed
line are the true and estimated cumulative hazard functions, respectively. The
dotted lines are the pointwise 95% confidence intervals.
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n Censoring level Parameter True value AVE.bias AVE.SD CP

60-65% % -0.5 0.009 0.193  0.980

o 0.3 0.017 0.293  0.945

B 0.5 0.017 0.188  0.935

vy 0.5 -0.023 0.463  0.965

200 30-35% % 0.5 0.031 0.296  0.949
o 0.3 0.052 0.439  0.990

B 0.5 -0.007 0.139  0.940

¥ 0.5 -0.006 0.355  0.940

60-65% %) -0.5 0.017 0.122  0.995

o 0.3 0.018 0.159  0.970

B 0.5 0.002 0.104  0.955

v 0.5 -0.005 0.251  0.950

500 30-35% % 0.5 -0.010 0.090  0.935
o 0.3 -0.009 0.164  0.950

B 0.5 -0.001 0.084  0.955

v 0.5 -0.027 0.225  0.955

TABLE 3.1: Simulation results for sample size n=200 and n=500 for Scenario
1 with 200 replications. (AVE.bias for the average of differences between the
estimates and the true value, AVE.SD for the average of standard deviations,
and CP for the 95% coverage probability.)

by the EM algorithm. More details about the analysis of the data can be found in
Banerjee and Carlin (2004) and Yu and Peng (2008).

The data recorded 223 subjects under different conditions who tried to quit
smoking, and Murray et al. (1998) provided a full description of this dataset. The
research lasted for five years, and each subject involved in the research was observed
annually during this period. Thus, the exact relapse time of a subject was only
known to lie between two consecutive observation times. In addition, some previous
smokers had successfully quit smoking and thus were regarded as cured subjects.
The subjects were randomly assigned to one of two groups at the beginning of the
study: the smoking intervention (SI) group and the usual care (UC) group, which
were also referred to as the treatment group and the control group, respectively.
Other available covariates, including a subject’s sex (0 for the male, 1 for the

female), the number of cigarettes per day, and duration as smokers in years, were
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also recorded. The study aimed to explore the intervention effects on the smoking
relapse time.

To verify whether the accelerated hazards assumption is suitable for the un-
susceptible subjects and the time-scaled effect of treatment type on the hazard
function, we present the estimated nonparametric hazard rates without covariates
under the intervention and usual care in Figure 3.2. It can be seen that the hazard
rates of the two groups are nearly identical at the early stage of the study. How-
ever, the hazard rate of subjects in the smoking intervention group is gradually
increases to a higher level along with the time. The violation of constant propor-
tionality is aggravated by the apparent crossovers of smoothed hazard functions.
It is more reasonable to involve the time-scaled effect of the intervention in the
model. We consider the covariate SI/UC in the baseline hazard function and ac-
cess all covariate effects in the logistic regression and the proportional component
in the cumulative hazard function. Table 3.2 reports the estimation results.

In the incidence part, only the covariate duration as a smoker is significant
at the 0.05 level. That is, subjects who had smoked for a long time tend to be
cured after the intervention. The estimated coefficient (-0.560) of SI/UC indicates
that with the intervention, the log odds of uncured subjects decreases by 56%.
In other words, the odds of being uncured decreases by 1 — exp(—0.560) = 43%.
The estimated coefficient (0.301) of the covariate sex indicates that female smokers
are more likely to relapse after quitting smoking than males as the odds of female
smokers being uncured is exp(0.301) = 1.35 times higher than that of male smokers.
However, both covariate effects are not significant. These results are consistent with
the corresponding findings obtained by Banerjee and Carlin (2004) and Xiang et al.
(2011).

In the latency part, none of the four covariates is significant at level 0.05,
consistent with the findings in Yu and Peng (2008). It indicates that for those

who are not successful in quitting, the relapse time has no relationship with these
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covariates. In contrast to the findings in Banerjee and Carlin (2004), the estimated
coefficient (0.341) of SI/UC indicates that the intervention seems not to be useful
for those susceptible subjects to quit smoking because the intervention does not lead
to a decrease in the relative risk of relapse. The discrepancy may be due to the fact
that covariate SI/UC is considered in the baseline hazard function of the proposed
model. For the time-scaled effect of SI/UC, the estimated coefficient shows that
the subjects who receive the intervention have decelerated hazard risks. Figure
3.3 shows the estimated baseline hazard function and the estimated cumulative
baseline hazard function. It is clear that the subjects suffer a fluctuated risk at the
beginning of the study, and then both estimated hazards have a rapid increase as

time goes by.

———  Smoking intervention

ffffff Usual care

0.06
|

Smooth hazard rate functions
0.04
|

0.02
|

Time

FIGURE 3.2: Smooth hazard rate functions for subjects in the smoking inter-
vention group (solid line) and the usual care group (dashed line), respectively.
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Logistic regression  Survival model

Parameter Estimate SE Estimate  SE
Intercept 0.660 0.514

Sex(female=1) 0.301 0.521 0.370  0.598
SI/UC (usual care =0)  -0.560 0.637 0.341 0.630
Cigarettes per day 0.077 0.051 -0.078  0.041
Duration as smoker -0.095* 0.049 0.082 0.051
SI/UC(in hazard) -0.042  0.083

xp-value < 0.05

TABLE 3.2: Parameter estimates in the GAHCure model for the smoking ces-
sation data with time-scale effects.

baseline hazard function
cumulative baseline hazard function

Time Time

FIGURE 3.3: Estimated baseline hazard function (left panel) and cumulative
hazard function (right panel) for the smoking cessation data.

3.6 Conclusion

In this chapter, a more flexible GAHCure model is proposed for analysis of interval-
censored data with a cured subgroup. It is capable of evaluating the time-scaled
effects and the proportional risk factors in the latency part. Theoretical properties
of the proposed sieve ML estimator have been provided in the presence of the
bundled parameters.

Farrington (2000) and Peng and Taylor (2017) investigated model checking
methods based on residuals for interval-censored data and the mixture cure model,
respectively. Following their works, adopting the residual-based approach to check

the goodness-of-fit of the proposed GAHCure model with interval-censored data,
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is possible. Model diagnosis for the mixture cure model in the presence of interval-
censored data is a valuable topic but beyond the scope of current studies. A further

investigation of this topic is in progress.

3.7 Technical Proofs

3.7.1 Proof of Theorem 3.1

Suppose (o, 3,7, Ao) and (a*, 3%, v*, A}) are two sets of parameters satisfying
(3.4). To justify the identifiability of the model, it is sufficient to show that
e, B,7, Mo|O) = l(a, B, 7", Ag|O) implies (e, 8,7, Ao) = (", B, 7", Aj).
First, we prove the identifiability of the incidence part. It is clear that the
proposed model satisfies the constant-sum property according to Proposition 1
of Oller et al. (2004). Theorem 1 of Oller et al. (2007) indicates that, for the
cure models with interval censoring, l(e, 3,7, Ao|O) = l(a*, 8%, v*, A§|O) im-
plies S,(t|a, 8,7, Ao) = Sy (t|a*, 8%, v*, Aj) for almost every ¢. Along the same
lines of the method used by Li et al. (2001), we suppose S,(t|a, 3,7, Ag) =
Sx(tla*, B*,~*, Af). After rearranging the equation (3.1), we have the ratio

(W) 1-5(t|X,2)
™(W) 1-S#tX,2Z)

(3.12)

The left hand side of the equation above depends on W only, where the right hand
side depends on X, Z and t. Hence, the ratio in (3.12) should be a constant free
of X, Z,W or t, denoted by c. Then

S*HX,Z)=1—-c+cS(t|1 X, Z), (3.13)

(W) =n(W)/ec. (3.14)
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Without loss of generality, assume W is one-dimensional and ay # 0. The equation

exp(aj+Wa3)  exp(ai+Was)
14exp(af+Woa3) — [14+exp(oa+Waz)le

Way)] for all possible W. If ¢ # 1, there exist at least 3 different values Wy, of

implies that o + Waj = —In[c — 1 4+ cexp(—a; —

W, providing three equations af + Wrad = —In[c — 1 + cexp(—a; — Wiaw)], for
k =1,2,3. Then there is no root of o] and o to make these equations hold. Thus
c=1, and Sy(t|a, 3,7, o) is uniquely expressed by 7(W') and S(t| X, Z).

Next, we prove the identifiability of the conditional survival function. To this
end, it is required to justify that S(¢t|X,Z) = S*(t|X, Z) implies (3,7, \y) =

(B*,v*, Aj). After the simple calculation, we can obtain that

No(teX " BYeX B2y — Nk (X787 X B +2T " (3.15)

By Proportion 1 of Chen and Jewell (2001), the above model is unidentifiable
unless A\o(t) = 1t for some constants ¢; and ¢y, corresponding to the Weibull
distribution. In other words, it is identifiable as long as the baseline distribution

is not Weibull.

3.7.2 Proof of Theorem 3.2

The consistency of estimators was established by Vaart and Wellner (1996) and
Van der Vaart (1998), using the empirical process theorem. Following their works,
we prove the consistency of 0, Employing the notations of Vaart and Wellner
(1996), we denote Pf = [ f(x)dP as the expectation of the function f(z), and
P,f = 37" f(X;) as the empirical process indexed by f(X). Let M(8) =
Pl1(0|0), M, (0) = P,l(0]|0), and let C denote a constant that may take different
values. For all 8 € ©,,, M,,(0) — M(0) = P,l(6|0) — PI(0]|0) = (P, — P)l(6)|0).



64 3.7. Technical Proofs

The consistency of 6,, can be established by checking three conditions of The-

orem 5.7 in Van der Vaart (1998). The first condition we need to verify is

sup | M, (0) — M(0)] 2 0.
0€®n

In fact, it can be proved by constructing e-brackets. Let £; = {I(0]|O) : 8 € ©,,}.
The result of Shen and Wong (1994) implies that, for any € > 0, there exists a set
of brackets {[¢F,¢V] : i = 1,2,...[(1/€)9"]} satisfying the following properties.
For any ¢ € S, there exists ¢ such that ¢¥(t) < ¢(t) < @Y (¢) for all ¢ and
P,||¢¢V — ¢F|| < e. Condition C1 implies that all parameter sets A, B and T' are
compact, thus they can be covered by [C(1/e)P'], [C(1/€)P?], and [C(1/€)P3] balls
with radius €, respectively. Namely, for any a € A, B8 € B, and v € I, there
exist 1 <1< [C(1/e)Pr], 1 < s < [C(1/e)P?] and 1 < k < [C(1/€e)?3] such that
lau — al|| <€ ||Bs — B|| < eand ||y — || < e Moreover, because the covariates
X,Z, and W are bounded by condition C2, we have |[WTa; — WTa| < Ce
and || ZT~y, — ZT~| < Ce, leading to Wla € [W'a; — Ce, Wl + Ce] and
ZT~ € [ZT~, — Ce, ZT~y, + Cél, respectively. By the mean value theorem, there
exists ¢ € [1,1 4 C¢] such that eX Ps € [eX"B:¢~1 X Ps(] for some small enough
e. For £, ={l(0|O) : 8 € ©,,}, we now construct the brackets as follows.

Let

Tg. ,_
liL,l,s,k(O) _ 5Li log [1 _ exp{—e¢iL(R@X Bs¢ 1)+ZT7k—Ce}

+ 511_ log |:eXp{_€¢1U(LeXTﬁSC1)+ZT7k+C€} - eXp{—ed)iL(ReXTBSc1)+ZT'Yk—C€)}:|

6WTozlfCe

1+ eWToq-i-Ce + 1+ 6WToq—Ce

¢£(ReXTBSC—1)+ZTw+Ce}] )

—+ (532. log |: exp{—e

eWTOtl—CE

+ (1 — 5Rz) log W,
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and
T o
,54(0) = 61, log {1 — exp{—e? (7 FOT M0

+ 67, log [exp {—e? (LeXTBs<)+ZT~/k—Ce} _ eXp{_ecﬁf(RexTﬁs<)+ZT~/k+Ce) }}

1 eWTal-i-Ce 5 (R xT 0427 o
_ %5 € s Ye—C€
+ 6Ri IOg |i]_ + GWTal—C'e + 1+ eWTOtH—Ce eXp{ € }:|>
eWToclJrCe

For any [(0|O) € L, there exists (i,[,s,k), where i < (1/¢)%" | < C(1/e)P,
s < C(1/e)? and k < C(1/€)P, such that the bracket [I}; .17, ;] covers I(0]O).
After some calculations, we can obtain the length |17, — I}, ;] < Ce. Let
Np(e, L1, L1(P,)) and N(e, L1, L1(P,)) be the e-bracketing number and the cor-
responding e-covering number of £; with respect to L;(P,) norm, respectively.
Np(e, L1, L1(P,)) < (1/e)%(1/e)Pr(1/e)P2(1/€)P* = (1/€)“T is bounded. Since
N(e, L1, L1(P,)) < Npj(2¢, L1, Li(P,)), we have supgee, |M,(8) — M(8)| = 0 by
Theorem 2.4.3 of Vaart and Wellner (1996).

The second condition is that supg.g gy~ M(0) < M(6), which can be veri-
fied as follows. Note that the Gibbs inequality implies that supg.yg,6,5¢ M (0) <
M () for all @ € ©,. If supg.qg,ee-c) M(0) = M(0) holds for some 8 € O,
then there exists a sequence 0, such that M(0,,) — supg.qg,,~c) M (8) = M (o)
and d(0,,,00) > . As 7 = (al,BL,~4L)" is a compact set and the coefficients
of spline functions are bounded, there exists a subsequence 0,,, of 8,,, converging
to @,,0. Since M (0) is a continuous function of 8, M(0,,0) = M(6y) and conse-
quently 8,,0 = 6y according to the identifiability of the proposed model. However,
0., does not converge to 6y due to the fact d(0,,,00) > €. This conflicts with
the aforementioned result that 6,,, converges to 0,,,. Therefore, we obtain that

SUDg.q(0,00>c) M (0) < M (6y).
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The third condition we need to verify is that M, (6,) > M,(8,) — op(1). Let

0o, = (TOT, ¢0,n)T, we have

Mn<én) - Mn<00) = Mn(én) - Mn(BO,n> + Mn(OO,n) - Mn(HO)
> Ful(00.,|0) — Pal(60]0)

= (Pn = P){1(60|0) — 1(66|O)} + P{1(00,n|O) — (60| O)}.

Firstly, we show that P{l(0y,|O0) — (60|O)} = Pl(600,,|O) — Pl(6,|O) = —o0,(1).
The arguments of Lu et al. (2007) show that there is a function ¢, such that
|60 — dol| < Cg? = O(n™""). By the dominated convergence theorem, it is easy

to see that

P{l(80,n|0)~1(60]O0)} < Cllgon( -, Bo)=¢o( -, Bo)llz < Cllgon( -, Bo)=o( -, Bo)llz-

As n — oo, we have P{l(00,,|O) —(00|O)} — 0, thus P{l(60,,|O) —(06|O)} =
—op(1).

Secondly, we show that (P, — P){l(6p.,|O) — 1(65|O0)} = 0,(n"'/?). Define
Ly = {l(70,9|0) = (70, $0|0), & € Sy, |6 — o < Cn7#*}. Clearly I(7o, $o,0|O) —
I(To, ¢0|O) € Lo. We construct a set of brackets {17, , (70, |O) — i 1,1 (70, $0|O),
17 4 (10,01O) — Li 5k (T0, $0|O) }. Similar to the proof of bounded bracket number
of L1, we can prove that the e- bracketing number of brackets is also bounded by

(1/€)%n. Moreover, the bracketing integral

1) 6
Jﬂ(da £27 LQ(P)) = / \/IOgN(E, ‘CQa LQ(P))dE S / V an 10g 1/6d6 < 00,
0 0

which is finite by the finite-value bracketing integral defined in Van der Vaart
(1998)(P270). Thus L, is a P-Donsker by Theorem 19.5 in Van der Vaart (1998).
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According to Corollary 2.3.12 in Vaart and Wellner (1996), we have
(P — P){1(80,4|0) — 1(8)|O)} = 0,(n"1/?).

Therefore,

My (0,) = My(6) = 0,(n7'/?) = 0,(1) = —0,(1).

Now, three conditions of Theorem 5.7 in Van der Vaart (1998) are verified, and

thus we can obtain that d(6,,6,) — 0 in probability.

3.7.3 Proof of Theorem 3.3

The rate of convergence can be verified by checking the conditions of Theorem
3.4.1 in Vaart and Wellner (1996).

The first condition is that for every n, and an arbitrary ¢ with § > 4, = n™??,

sup (M(G) - M(Oo,n)) < —cb?.

6/2<d(6,00,,)<6,0€0

From the proof of Theorem 2, we have d(6y, 6p,,) = O(n™?") and M (6)—M (6y,,) <
Cd*(0y,60,,) < O(n=2). Moreover, M(0) — M(6,) = PI(0|0O) — Pl(6,|0) <
—Cd?*(0,6y) < —CH? for every 0 in the neighbourhood of 8y. Then, for a large

enough n, we have

M(0) — M(6y,,) = M(60) — M(60) + M(6y) — M(6o,,)
< —C8% 4 COn=2v

< —cb?

— Y

which verifies the first condition in Theorem 3.4.1 of Vaart and Wellner (1996).
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The second condition needed to be verified is that there exists a proper function

¢(+) such that

e 0
Bl oo VM= M)(O = bon)] < T

holds for small enough &, where § — ¢()/0” is a decreasing function of § for some
¥ < 2, and for 7, < §.1 = nP?, the function ¢(-) satisfies r2¢(1/r,) < cy/n for
every n. Define a class L5 = {{(0|O) — 1(6,|O) : 6 € ©,,,0/2 < d(0,0,,) < J}.
Using the similar arguments used in Theorem 3.2 regrading £, and Lemma 0.6 of
Wu et al. (2012), we can prove that the e-bracketing number of L is bounded by

(§/€)%. Since Ly-norm is bounded by || ||o, norm, we have
Nofe, L5, La(P)} < Nyfe, Lo, || NI} < (8/€)7.

Under conditions C1-C5, Ls is uniformly bounded and thus we have P{l(0|O) —
1(60.,]O)}* < Cd*(8,6,,,) < C* Moreover,

5
J[]{e,ﬁg,LQ(P)}:/ [1+logN[]{e,ﬁg,LZ(P)}]1/2d6
0

5
g/ V1 + Cq,log(d/e)de
0

)
< / Cql/2(6/¢)2de = Cql/2.
0

By applying Lemma 3.4.2 of Van der Vaart (1998), we have

Ji{e, Ls, Lo(P)}

E\Pa = Pllz; = CJple, Lo, La(P)}1 + ———= 77—

< Cp(9),

with ¢(8) = qn'/25 + q,,/n'/2. Tt is easy to see that ¢(d)/d is a decreasing function

of 8. If ry = gn /*n'/2, we have r2¢(1/r,) = rugy’” + r2gn* /n/2 = nl/2,
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With the sieve ML estimator 8, we have P,{l1(,|0) — 1(60,]O)} > 0, and
d(6,, 0o.,) < (6, 0,)+d(8,, 0y..) — 0 in probability. By Theorem 3.4.1 in Van der
Vaart (1998), 7,d(0,,80,,) = O,(1). Using the fact that d(6y,8y,) = O(n"*"), we

obtain

d(0,,60) = O,(¢*n~Y? + Cn~7)

= Op(n_(l_”)/2 +n7P).

3.7.4 Proof of Theorem 3.4

The asymptotic normality of the sieve ML estimator with bundled parameters has
been established in semiparametric models by Ding and Nan (2011). We prove the
asymptotic normality of the proposed estimator by verifing the conditions of their
Theorem 2.1.

Let @7 be a class of bounded functions ¢ on [a, b], and define

HP = {&(-,8) = o(¥(t, X, B)),¢ € P, € [a,b], X € X, B € B},

which is the space of nonparametric terms involving parameters 3. We apply

the chain rule to the composite function ¢ with (¢, X,3) = teX"(B=Bo)  Then

§(t, X, Bo) = (1)

Define the direction space as:

_ a&?( 716)

H={h:n(-,B) o

‘n:O = W(w< : 7B))>€n € Hp}

In the following we verify that the following assumptions required by Theorem 2.1
of Ding and Nan (2011) hold.

(B1) d(6,,800) = O,(n?) for some ¢ > 0.

(BQ) Pl;(Tg,&)( : ,,30)‘0) =0 and Plé(Tg,é()( : ,ﬁo)’@)[}l] =0 for all h € H.
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(B3) There exists a least favourable direction h*with dimension d = p; + py + ps,

where h; € H for j =1,...,d such that

Pl¢(7o, (-, B0)|O)[h] — Plie(7o0,%( -, B0)|O)[R", h] = 0.

In addition, the matrix P{l} (70.£(+,B0)|O) — £, (70,£(-. Bo)|O)[h*]} is

non-singular.
(B4) Pully (T, a(+ Bn)|O) = 0,(n™1/?) and Poli(T, &l -, Bu)|O)[R7] = 0p(n~"/2).

(B5) For some ¢ > 0, let G,, = n'/?(P, — P),

sup |Gl (7,(+, B)|0) — Gll(To,&0( -, B0)|O)] = 0,(1),

d(0,00)<cn—2,0€0,

and

sup |Gale(T.&(-. B)O)R (-, B)]=GCule(To,&( -, Bo)|O) W' (-, Bo)l| = 0,(1).

d(0,00)<cn—2,0€0,

(B6) For some ¢ > 1, which satisfies .o > 1/2, and for 8 in neighbourhood of
00 . {0,(1(0,90) S C'I’Lig,e S @n}7

Pl(T,6(+,B)|0) = Pl (70,&( -, B0)|O) = Pl (70,&(+, Bo)|O)(T — 7o)
- Pl:g(Tme( ’ ’,30)|O)‘5( ) 718) - 50( ’ 7/6)‘
= 0(d"(8,60)),
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and

Pl(7,&(-, B)|O)[R* (-, B)] = Ple(7o,&( -, Bo)|O)[R" (-, Bo)]
— Pl (70, (-, B0)|O)[h* (-, Bo)l(T — 7o)

— Ple(7o0,&( -, Bo)|O) R (-, Bo), (-, B) — &l -, Bo)]

= O(d"(8, 8y)).

Before justifying the above conditions, we give a discussion about them. The
convergence rate in assumption Bl is required prior to obtaining the asymptotic
normality. Assumption B2 is a common assumption in the maximum likelihood
estimation, which evaluates the score function at true values. Assumption B3 is
standard in the maximum likelihood theory, which is used to find the least favourite
direction h* and provides the non-singular information matrix along the direction.
The score function of the estimator at the sample level is assessed by assumption
B4. The stochastic equicontinuities in assumption B5 are verified by employing the
Donsker property and the maximal inequality. Taylor expansion is used to verify
assumption B6.

First, assumption B1 holds with ¢ = min((1 — v)/2, pv) by the proof of the
convergence rate. Assumption B2 is true due to the property of the zero-mean
score function.

Consider assumption B3, For presentation simplicity, we use 7 for 7(W) =

(s (1) for S(1]X, Z) = exp{— exp[p(tXTB)+Z7]} and S, (1) for S,(t1 X, Z,) =

1+exp(WTa)?

T(W)S(t|X,Z) + 1 —n(W). The log-likelihood based on one observation is

[(8|0) = o1 log(1l — Sy(R)) + 07 log(S,(L)) — Sp(R)) + 0rlog(S,(L)).  (3.16)
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Denote
poy = 9% i
sty = 20 1wy (st) 1) W,
S5(0) = L — 5(0)log(S(0) - 1eX”#) 16X2 . X,
! aSp(t> _ T
5,0 = 220 — 50 1g(5(0)- 2" 2.
, 0S,(t T
40 = S|,y = (1) log(S(0) - h(teX "),
Let D1(S) = 1—SL(R) + SP(L)iSp(R) and Ds(S) = SP}L) + SP(L)iSp(R), then the score

functions of the parametric and nonparametric components are:

Di(S) - Se(R) + Do(5) - So(L)
L(810) = (la: 15, 15)" = | Di(S)-S4(R) + Da(S) - S5(L) | -
Dy(S) - 8(R) + Da(S) - S4(L)

and

[2(8]O)[h] = Di(S) - Se(R)(h) + Da(S) - Se(L)(h).

The efficient score functions of the parametric components are

[(0]0) = L1(6]0) — 1:(6|0)[h]
Di(5) - [Sa(R) = Sg(R)(hg)] + Da(S5) - [Sa(L) = Sg(L)(hg,)]

= | Di(S)-[S5(R) = Sg(R)(hj)] + Da(S) - [S5(L) — Se(L)(hp)] |
Dy(5) - [S5(R) = Se(R)(h3)] + Da(S) - [S5(L) = Sg(L)(h3)]

vy vy

where h* = (h,, hj, h%) satisfies that Eo{l*(8|O) - 12(8|O)[h]} = 0. For the sake of

convenience, we only give a specified description for the calculation of h},. Denote
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D(S) = Dy(S) - Sg(R)(h) + Da(S) - S¢(L)(h), we have that

o {D1(8)- [80(F) — SR8 + DafS)- [5,(2) — SeL) AR} DIS)

_ B, {D1<S>D<s> SL(R) - Sg(R)(hi;)]] T By [DQ<S>D<S> (Sh(L) — sg<L><h:;>]} |

Denote Ej; as the expectation with the density function C;'D;(S)D(S)-1(8]0O),
where Cj; = Ey[D1(S)D(S)], and denote E s as the expectation with the density

function C7, Da(S)D(S) - 1(0|O), where Cyo = Ey[D2(S)D(S)]. Thus,

Eo | D1(S)D(S) - [Sa(R) — Sé(R)(hZ)]] + Eo {Dz(S)D(S) [Sa(L) = Se(L)(hy)]

— EnlSh(R) — Si(R) (B3] + EnlSh(L) — Se(L)(h3)]

To solve the equation Ej[Sy, (1) — Sg(R)(hy,)] + Er2[Se(L) — Sg(L)(hy,)] = 0, we

obtain that b, (¢, x, By) = ?Z((f)) = (l_g)(;)(li g()s_(i)))' W Following the same procedure,

we can obtain that one choice for h* is

Sty (1—m)-(S(t)—1)-W

[ (t) o S(t) log(S(t)) ’
g’ / eXTﬁ x'p
his(t, z, Bo) <7 ((;) -7t )7: X’
* SLt)  Z'~-Z
it 2, B0) = ) 75(t)1log(S(1))

The following equalities can be verified based on the zero-mean property of the

score function:

PUe(70,£(+, B0)|O)[h] = —P{l;(70,£(+, Bo)|O)I¢ (70, £(+, Bo) |O) [h]},

Pl (10,£(+, B0)|O)[h] = —P{l(70,£( -, Bo)|O)[R]I7 (70, &( -, Bo)|O)},

P (70, &(+, B0)|0) = —P{l;(70.&( -, Bo)|O)I (10,£(+ . Bo) | O)},

Pl(70,8(+; Bo)|O)[hi, ho] = —P{l(70.£( -, B0)|O) [Pl (10,( -, Bo)|O)[ha]}.
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Together with the fact that

Pl (10,£(+, Bo)|O)[h*] — Ple(10,&(+, Bo)|O)[R*, h*] = 0,

we can show that the matrix

P{ —12,(80]O) + I£,(80]O) 1] + U2(80]O) 1] — U2 (60| ), 7]}
= P{IL(80|O)I7(80)]0) — (86| O)[h*17 (60|O)

— 11(80]O)I{T (60)|O) ] + 11 (60|O) [1 11 (8| O) "]}

— P{L(60]0) — I4(60]0) "]}

= PI;,(0)%

is non-singular.

For assumption B4, we have Pl (,,£(-,8,)|0) = 0 since 6, is the sieve
ML estimator. Another condition we need to verify is Pnlé(f'n,é (-.8,)]0) ] =
0,(n"1/?). Tt is clear that Pnlic(f'n,f( -, Br)|O)[RY] = 0, which is the directional
derivative for [(8,,|O) along h* at ¢,,. To verify Pl (7o, £(-,Bn)|O)[h*] = 0,(n1/?),
it is sufficient to prove Pnlé(fn,é(~,3n)|0)[h§] = o0,(n"/2) for any jth com-
ponent of h*. For the component h}, there is a h}, € H, satisfying that |
hi — I, ||= O(n™"), thus we have Pli(7o,&(+, B0)|O)[h% — h3,] = 0. We rewrite
Poli(0, (-, Bu)|O)[13] = I1 y + Iz, where

and
Iy = P{UL(70,E(+, Ba)|O) [ — 15,) — (70, €+, Bo)|O) [ — I, ] -

Let L3 = {I.(|O)[h — hy] : 8 € O, h; € My, and | B — by < n~}. Tt
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can be proved that the e-bracketing number of £3 is bounded by C/(1/¢)%(1/¢)%%",
utilising similar arguments regrading L. Since [¢(7,, ¢ £(-,3,)]0) [h; —hi.l €
Ls, and P{l( T, & ,Bn)\O)[ - h;n]}2 — 0 as n — oo, we have L3 is a P-
Donsker. According to Corollary 2.3.12 of Vaart and Wellner (1996), we have
I = 0,(n"1/2).

By algebraic calculations and the Cauchy-Schwarz inequality, we have that

Ly = P{(%0, (-, B)|O) 1] — 13, = 1e(70,€(+, Bo) |O) [ — 13, ]}
< Cd(Bn, 8o) || B — I, [|oo= O(n~minee(1=0)/2) =0y

_ O( —min((p+1)v, (1+v)/2)) _ Op(n—1/2)_

Hence assumption B4 holds.

Assumption B5 can be verified by P-Donsker classes. Define the class £4(n) =
[1(7.€(- . BO) — Ly (10, €(+,B)[O) : 8 € O,,,d(8,05) < n}. The e-bracketing
number for £4(n) is bounded by (1/€)¢%*?. We choose n = O(n~™nZv.(1-v)/2)),
Since I (,£( -, B)|0) = (70, £( -, Bo)|©) € L4(), the convergence rate of 8, leads

to that as n — oo
P{L(7,€(+, B)|0) = I(10,€( - B0)|0)} = 0

Hence, £4(n) is a P-Donsker. Similarly, £5(n) = {l¢(7,£( -, 8)|0)—lg(T0,&( -, Bo)|O) :
0 € 0,,d0,00) <n}is a P-Donsker and for any p(0,¢; z) € L5(n), we can prove

that Pp? — 0. Thus assumption B5 can be verified.
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Assumption B6 is verified by the Taylor expansion. The Taylor expansion for

I (0|0) is

1.(0]0) = I.(8o]|O) + 2. (B]O) (T — 1) + L2 (BOYE( -, B) — &o( -, Bo)]
= 12(60|0) + 12, (80|O) (T — 1) + I2:(86| O)[E( -, B) — &o( -, Bo)]
+ {12, (8]0)(T — 1) — I2,(80]O) (T — 70)}

+ {7 (BO)[E( -, B) — o, Bo)] — 1e(60]O)[E( -, B) — ol -, Bo)]},

where 8 = (7,£( -, 3)) is the point between 6 and 6. Thus

P{l;(0|0) - l;_(00|(’)) - ZZT(00|O)(T —T0) — l15(90|0)[5( B) = &(-,B0)l}
= P{[I7.(0]0) — I, (66| O))(T — 7o)}

+ P{U2(B]O)E(-, B) — & (. B)] — Le(B0]O)E( -, B) — & (. B)]}-

Under conditions C3, the first and second derivatives of log-likelihood I(7,£( -, 3)|O)
are bounded and continuous with respect to 7 € T and &(-,3) € HP. De-
note Lg(n) = {I(0]0) — I"_(6,|0) : 8 € ©,,d(0,0,) < n}. By choosing
n = n~mnEL0=v/2) " we can verify that Lg(n) is a P-Donsker. Moreover, for any

0 <e<1/2—min(pv, (1 —v)/2), we have

P{[I2.(6]O) — I2,(8o]|O)](T — 7o)}

— min(pv,(1—v)/2)+e

= 425 p 1 (§10) = 1 (80lO)] e |

Since d(8,, 69) = O(n~™nPv:(1=0)/2)) and

2
~ T —T0
P{[ZZT(OIO) - l17(00|0)] n- min(pu(l—’u)/?)-’-e} — 07

together with the result of L4 being a Donsker, we can obtain that P{ [l;f,_(5|(9) -
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12.(00|O0)] —mii™ v>/2)+e} = 0,(n"Y/?), by using Corollary 2.3.12 of Vaart and

Wellner (1996) again. Thus
Pl (10) 1, (80]O)](T—70)} = Oy~ mnlm(1-/20 ey 7112) — 0 (- 2minGm (10012,
In a similar way, we can prove that

P{IZ(0|O)E(-, B)—&o( ., Bo)] ~1Le(Bo]|O)[E(+, B)~Eo( -, Bo)]} = O, (n~2minr(1=0)/2)y

Therefore, we have
P{l7(0|0)—17(00]0)—17 (80| O) (T—70)—17c (B0 O)[E( . B)—&o (-, Bo)]} = O(n™*?),

where ¢ = min(pv, (1-v)/2),: =2 > 1,and 1 < 1—— <2pu <11-9, <l-v<

1— based on the restriction that p > 2. Thus the first assumption of B6

1+ 2(1+p)
holds. The second assumption can be verified by employing the same techniques,
and we omit the proof of the second condition here.

Till now, we have verified all six assumptions. By Theorem 2.1 of Ding and

Nan (2011), we can obtain the asymptotical normality of the proposed estimators.

That is
n'2(7, — 1) = A7VnP (10, &( -, Bo)|O) + 0,(1) & N0, (7)Y,

where I*(70,&( -, 80)|O) = 17.(Bo, o+ Bo)|O) — le(T0,60( - Bo)|O)[h*] is the ef-
ficient score function for 7 and A = P{lI*(79,&(-,B0)|O)¥?*}. Since I(1) =
P{l*(10,&( -, B0)|O)®2}, we have the n'/?(7, — 7y) converges to a normal dis-

tribution with covariance matrix I(7p)~!.



Chapter 4

Discussion and Future Research

The primary contribution of this thesis is extending the conventional semipara-
metric mixture cure models to incorporate nonlinear covariate effects in both the
latency and incidence parts and allow time-scaled effects on the hazard function.
This leads to a flexible modeling framework for survival data in the presence of
a cure fraction and interval censoring. We developed the estimation procedures
from both the Bayesian and frequency perspectives and provided the theoretical
justification for the proposed sieve maximum likelihood estimators using empirical
process techniques, which was challenging in the setting of interval-censored data
because of the bundled parameters.

First, semiparametric models were specified for the incidence and latency parts
in a PH-based mixture cure model. A Bayesian approach was employed for infer-
ence of this doubly semiparametric mixture cure model. The use of spline approx-
imations and a two-stage data augmentation enabled conjugate posterior distribu-
tions of parameters to be obtained when proper prior distributions were specified.
To reduce the computation burden, the rejection algorithm, the Metropolis algo-
rithm, and the composition method were utilized.

Next, a general class of AH models for the survival function in the latency part

was considered. The sieve maximum likelihood estimation approach was adopted
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for the estimation. The most difficult part of the sieve maximum likelihood estima-
tion was to deal with the infinite-dimensional unknown cumulative baseline hazard
function and the bundled parameters, which were treated using the B-spline ap-
proximation and the proposed two-step iterative algorithm. Simulation results and
real data analyses were provided to illustrate the effectiveness and practical utilities
of two proposed models.

There are some limitations of the proposed methods in this thesis. For the
Bayesian doubly semiparametric mixture cure model, the proposed inference method
is somehow computationally intensive. Kim and Pavlovic (2018) proposed varia-
tional inference algorithms for the PH model with right censored data, which reduce
the complexity of inference and improve scalability to large datasets. Motivating
by their work, to develop a variational Bayesian method for the mixture cure model
with interval-censored data would have potentials to improve computational effi-
ciency of the inference procedure proposed in Chapter 2. It is worthwhile for study
further.

The primary challenge with the generalized accelerated cure model developed
in Chapter 3 is to assess its goodness-of-fit. The residual-based approach, explored
by Farrington (2000) and Peng and Taylor (2017), may be extended to evaluate
the goodness of model fitting of the GAHCure model in the presence of interval-
censored data. This will be another direction of our future research.

Extending the proposed approaches to model clustered interval-censored data
and time-varying regression coefficients should be possible, by introducing a frailty
term in the model and using the splines method to approximate the time-dependent
coefficients, respectively. The implementation of statistical inference will be similar
to the proposed algorithms, while the updates of the frailty term and regression
coefficients are more complicated. We will put our effort into such extensions of

our work in future research.
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