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Abstract

This thesis develops guidance & control strategies for rendezvous and docking with

uncooperative targets in space. The past and current state of art for rendezvous

missions are capable of docking with stable and cooperative targets. However, fu-

ture applications will require full autonomy on-board, robustness to the changing

environments and explicit handling of constraints due to the absence of commu-

nication with potential targets. In our approach, we employ Model Predictive

Control (MPC) paradigm that generates a set of control inputs and the resulting

predicted states to optimize performance objectives while respecting the dynamic

and physical constraints. Only the first set of inputs are implemented and based

on the new states, the optimization is repeated as the spacecraft moves. Moreover,

Guidance and Control (G&C) blocks are unified via the MPC paradigm and the

coupling between translational motion and rotational motion is addressed via dual

quaternion based kinematic description. The design of the G&C controller is for-

mulated as a convex optimization problem where constraints such as thruster limits

are explicitly handled. The proposed strategy allows safe and fuel-efficient trajec-

tories for space servicing missions including tasks such as approaching, inspecting

and capturing. The proposed controllers are evaluated in a High Fidelity Engineer-

ing Model (HFEM) in simulation, and are validated with Hardware-In-The-Loop

(HIL) experimental results. Because MPC implementation relies on finding in real-

time the solution to constrained optimization problems, computational aspects are

also examined and the gap is addressed via experiments in a “zero-G” (air cush-

ion) environment with real sensors, actuators, and on-board processor. This thesis

concludes that the proposed dual quaternion based MPC paradigm is a promising

framework for the crossroads of future space applications.
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Chapter 1

Introduction & Motivation

Model Predictive Control (MPC) is commonly criticized by its real-time implemen-

tation requirements and therefore initially used for applications with slow dynamics

where the sampling rate is measured in seconds or minutes [30–32]. However today,

with efficient online Quadratic Programming (QP) solver algorithms, the control

frequency can be as high as megahertz and with even relatively conservative pro-

cessors in kilohertz depending on the size of the problem [33–35]. Hence, the great

advantages of MPC can now be beneficial for fast applications where input use,

constraint handling and robustness to the system uncertainties are crucial. The

common current implementation examples are race cars, helicopters and Unmanned

Aerial Vehicles (UAVs) where the control loop should be closed as fast as 100Hz

in real-time [36–38]. This paved the way for researching the MPC in more critical

and demanding applications namely Space Missions.

The objective of this thesis is to bridge the gap between the matured Linear Model

Predictive Control theory with the final phase of an automated Rendezvous and

Docking (RVD) scenario, with a consideration for 6-Degrees-of-Freedom (DOF)

translational and rotational motion couplings, constraints, real-time implementa-

tion issues and validation with experimental work. The use case for the developed

MPC design is rendezvous and docking with uncooperative targets in space which

are potentially uncontrolled and/or dead.
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2 1.1. Spacecraft Rendezvous and Docking

1.1 Spacecraft Rendezvous and Docking

Given two space vehicles orbiting a central body, the purpose of RVD is for two

spacecrafts to reach a predefined relative configuration in each other’s proximity

[39]. To this extent, NASA initiated the Gemini mission which occurred from 1962

to 1966 to develop and test RVD scenarios [40, 41]. The ultimate purpose was

landing on the Moon, hence, the whole Gemini mission can be considered as an ex-

periment of RVD technology towards the “...giant leap for mankind”. Despite the

fact that there was a level of autonomy in the sensing and maneuvering towards

RVD with the target, Neil Armstrong manually performed the rendezvous in a

Gemini spacecraft and docked with an unmanned Agena target. Due to safety rea-

sons, Americans preferred manual RVD missions whilst it did not take too long for

Russians to accomplish the first fully autonomous RVD between Cosmos 186 and

188 back in 1967 [8]. After that, autonomous rendezvous has been employed for

numerous missions and the most critical and popular ones are US Apollo Mission

(1968-1972), US Skylab (1973-1974) mission, Russian Salyut & Mir Space Station

Programs (1971-1999); docking of manned Soyuz and unmanned spaceships, US &

Russian Apollo-Soyuz docking mission (1975) and US & Russian preparation of In-

ternational Space Station (ISS) program (1990s). In addition, the US Space Shuttle

servicing missions, started in 1984, transport of crew & goods, resupply and assem-

bly of ISS. In 1998 these services were carried out by European Automated Transfer

Vehicle (ATV), US Cygnus Spacecraft, US Dragon Cargo Spacecraft, Japanese H-II

Transfer Vehicle and Russian Progress Spacecraft [8].

1.1.1 Definitions

Before going any further, basic definitions are given as

Cooperative: The target is actively controlled to assist the rendezvous phase

by either maintaining an attitude/position, or by remaining passive whatever the

force/torque applied by the chaser.

Collaborative: The target is designed to be captured (and serviced, if needed), by

including dedicated markers for relative navigation, handles or specific interfaces

compliant with the mechanical interfaces from the chaser side.
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Uncooperative: The target is not taking any control action to assist the chaser

satellite and might be potentially tumbling. In addition, there is no certain knowl-

edge of the target, i.e., its final shape and the attitude motion. Finally, there is no

communication link between the target and the chaser. (The chaser satellite must

rely on its own sensors and the trajectory generated on-board in real-time that

shows robustness to the sensor and actuator errors while minimizing the fuel con-

sumption and respecting the constraints). Fig. 1.5 refers to mission characteristics

& examples of spacecraft proximity operations in-orbit.

Figure 1.1: Manual - Cooperative:
The Capture of Dragon [1]

Figure 1.2: Autonomous - Coop-
erative: The ATV-5 docking [2]

Figure 1.3: Autonomous - Collab-
orative Target: Mars Sample Re-
turn [3]

Figure 1.4: Autonomous - Un-
cooperative Target: Space Debris
Capture [4]

Figure 1.5: Mission Characteristics & Examples of Spacecraft Proximity Op-
erations In-orbit



4 1.1. Spacecraft Rendezvous and Docking

1.1.2 Recent Missions

The historic rendezvous and docking missions are summarized in Table 1.1 in the

chronological order. It is evident that all of the past RVD missions are with coop-

erative targets except a unique one; the DEOS mission. Furthermore, the target

orbital geometry is circular or with low eccentricity, near-circular; therefore, well-

known Linear-Time-Invariant (LTI) Hill-Clohessy-Wilthshere (HCW) Eqns. were

employed. On the other hand, for the upcoming missions such as Elsa-D, e-Deorbit,

CleanSpace-1, etc., the target is uncooperative while the target orbit remains cir-

cular. Lastly, due to mainly the uncertainties, latency, and constraints, it is now

clear that the demand for autonomous rendezvous and docking operations are in

the rise and the RVD with uncooperative targets both in circular and elliptic orbits

are still yet to be addressed.
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1.1.3 Challenges

The ultimate guidance and control objective of autonomous rendezvous and dock-

ing with uncooperative targets is to compute a set of inputs and corresponding

state trajectory that safely brings the chaser spacecraft as close as possible to its

target objective while optimizing fuel consumption. These missions pose problems

to be tackled. The major ones are the constraints on both state and control vari-

able, robustness to the dynamic uncertainties and environmental disturbances, and

real-time implementation capability. In this section, a list of examples are given to

clarify the challenges from the optimization and real-time implementation points

of view.

1. Thruster Limitation Constraint: Simply, it’s the limits of an actuator

with the force/torque lower and upper bounds. Moreover, minimum impulse

bit problem occurs between the thruster being fully off and generating its

minimum thrust which is slightly above zero. This is known as the dead-zone

problem [42] and is illustrated in Fig. 1.6-a). The resulting optimization

problem is non-convex.

Remark 1. Throughout this thesis, the dead-zone is neglected and the con-

vex quadratic constraint is formulated. The limits on the torque and force

values are selected either from realistic satellite data provided by the indus-

trial partner, Thales Alenia Space1, or the experimental setup at German

Aerospace Center (DLR)2. As an example, consider the DLR spacecraft sim-

ulator robot (see also Chapter 6 where details of the robot, as well as the

constraint formulation and the multiple thruster allocation problem are de-

scribed). The robot has 16 thrusters and each of them is able to deliver 65mN

of thrust. After taking into account the geometry, 210mN of net thrust can

be delivered along both x-axis and y-axis. Hence, input constraints exist.

However, because each thruster is fired to generate the commanded force

and torque values, there exists a conflict when the individual constraints are

fully utilized. This problem results in global suboptimal solutions and loss in

the control authority, and in Chapter 7, it is explained that future work will

1Thales Alenia Space is Europe’s largest satellite manufacturer, and was responsible for the
manufacturing of the ESA built modules of the International Space Station [43].

2The German Aerospace Center (Deutsches Zentrum für Luft- und Raumfahrt; DLR) is the
national aeronautics and space research centre of the Federal Republic of Germany [44, 45].
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take the thruster configuration into account as a constraint to ensure feasible

input commands at all times.

ρ

ρ
2

1

a) Thruster Limitation [46] b) Line-Of-Sight [47] c) Field-Of-View [48]

d) Obstacle/Collision Avoidance [48] e) Plume Impingement [48]

Figure 1.6: Artistic Illustrations of Various Spacecraft Proximity Operations
Guidance & Control Constraints

2. Line-of-Sight (LOS) Constraint: It is crucial to ensure that the spacecraft

is always within a safe approach corridor and could finally dock with the

target.

Remark 2. In this thesis, we formulated the related LOS constraints as a

set of linear time-varying inequalities, so that the resulting MPC problem

remains convex, and be able to solve efficiently in real-time for practical

implementations. The angle of the cone is set to be 45 degrees in order not

to excessively tighten the constraints. In addition, the size of the bottom of

the cone is set according to the RVD requirements which is to allow a ±5 cm

margins from the center of the docking port.
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3. Sensor Field-of-View (FOV) Constraint: Sensors constraints to main-

tain the target pointing during the entire proximity operation. This con-

straint couples the translational motion with rotational motion and the re-

sulting optimization problem is non-convex.

Remark 3. Throughout this thesis, non-convex problems are either convex-

ified or neglected and FOV is one of them. For the sake of real-time imple-

mentation capability and the reliability of the solutions, FOV constraint is

not formulated. A recent work [49] shows that a problem formulation with

a FOV constraint formulation can take up to 4.5 seconds for each time step

even with a strong processor (A desktop with i7 Processor). Such computa-

tional load would violate the real-time requirement which is to close the loop

every 0.5s.

4. Plume Impingement Constraint: These are guidance constraints to avoid

undesirable effects of plumes exhausted from thrusters that could push the

target away or blind the on-board navigation sensors of the chaser satellite.

The resulting optimization problem is non-convex. This problem can be

formulated using mixed-integer programming or convexification techniques.

Remark 4. Throughout this thesis, non-convex problems are either convexi-

fied or neglected. The plume impingement constraint is one of them. For the

sake of real-time implementation capability, plume impingement constraint

is not considered.

5. Collision Avoidance Constraint: Violating this constraint would result in

the worst scenario - loss of satellites. Hence, guidance strategy must ensure

that chaser satellite must not collide with the target. In other words, the

chaser satellite must not overshoot the docking port. This constraint can be

formulated as a linear inequality constraint starting from the docking port;

therefore, convex.

Remark 5. Throughout this thesis, collision avoidance is guaranteed with

explicit handling of the docking port constraint. This constraint is illustrated

in Fig. 1.6-b) and the formulation is given in Subsection 4.3.1. The ultimate

objective is not to overshoot, crash with the target satellite and with con-

strained optimization, this constraint is addressed.
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6. Obstacle Avoidance Constraint: Another version of collision avoidance is

with external objects such as space junk. Similarly, the resulting optimization

problem is non-convex.

Remark 6. Throughout this thesis, non-convex problems are either con-

vexified or neglected and obstacle avoidance constraint is one of them. It is

assumed that the chaser satellite starts its final proximity maneuver from the

vicinity of the target, i.e. less than 200m away from the target, and hence,

the potential space obstacles are neglected.

7. Real-time Implementation: The algorithms must meet the real-time re-

quirement when implemented on a spacecraft which often has limited com-

putational power.

Remark 7. An important contribution of this thesis is the validation that

the proposed controller can be implemented in real-time on a start-of-the-art

experimental test bench. Hence, the ideal problem formulation is accordingly

adjusted. The two major considerations are the convexity of the problem and

the on-board solution time of the formulated problem.

(a) In this thesis, non-convex problems are either convexified or neglected

because as of today, there is no guarantee of finding the solution of the

optimization problem while meeting the real-time limit.

(b) For reducing the computational complexity of the resulting convex prob-

lem, the following considerations are taken into account:

• The integral action is only applied to the position and attitude

states; therefore, reducing the dimensions of the matrices in the

problem formulation.

• Quadratic constraints are transformed into linear constraints in or-

der to cast the problem as a Quadratic Program.

• The RVD problem in long range can be formulated with a sampling

time of as long as 120s whereas, in the close proximity, it is desired

to close the loop 0.1s to 1s time interval.

8. Fuel limit: Each mission is constrained by a finite supply of fuel. The access

to space is costly and hence, each satellite must optimize the use of their fuel

during the mission while giving the priority to the safety of the mission.
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Remark 8. Throughout this thesis, inputs and rate of change of inputs are

included in the cost function to address the fuel optimization. It is demon-

strated that the fuel can be obtained by minimizing the cost function espe-

cially when the constraints are included in the problem formulation.

9. Uncertainty & Disturbance Handling: Imperfect initial condition knowl-

edge, unmodeled dynamics, orbital disturbances, sensor drift, thruster mis-

match, and signal time delays could all introduce uncertainties into relative

state knowledge and control implementation accuracy. Feedback control has

inherent robustness property to handle uncertainties, such as gain or phase

margins. In this thesis, we particularly focus on systematically incorporate

integral actions in the MPC formulation.

Remark 9. Offset free docking in the presence of an unknown but constant

disturbance is obviously necessary. Surprisingly, this is seldom done or em-

phasized in the existing literature for such applications. Within the MPC

framework, integral actions can be included by augmenting the state vector.

The details are given in Section 4.2.1: “Handling Disturbances and Modeling

Uncertainties”.

1.1.4 Space Servicing

The RVD capability enabled new space concepts. Specifically, robotics systems

have merged with proximity operations, which is termed as space-servicing. The

summary of past & upcoming space servicing missions are listed in Fig. 1.7.The

red colored part shows the historic “sampled” missions that have successfully flown

in space whereas the blue colored “unsampled” ones are yet to be achieved due to

increased complexity. Although Fig. 1.7 dates back to 2010, only docking with

another satellite in GEO orbit for life extension has been achieved on the historic

25th of 2020 when Northrop Grumman’s MEV-1 docked with Intelsat 901. This

mission is noted as “...beginning of a new era that will see robotic spacecraft

giving new life to older satellites that are low on fuel or require repairs.” [50]. Ever

since the first space mission, space servicing has been a continuously attractive

concept. Especially, in the last two decades, use-cases of RVD missions increased

dramatically. Main application areas of RVD missions include, but not limited to,

• Assembly of large structures in orbit
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• Servicing of spacecraft; supply experiments and other goods

• Inspection, payload and satellite deployment, manipulation, retrieval and

maintenance

• Transport of crew & goods to/from a manned space station and landing on

celestial bodies

• Re-orbiting & de-orbiting

• Asteroid explorations

• Sample and return

In view of the increasing number of space missions and advances in technology, it

is anticipated that the RVD technology will play an even more important role in

the future especially when asteroid mining operations, unmanned space missions

and the number of space stations increase [51–53]. Explicit constraint handling

capability of MPC is a game-changer opportunity to address both safety and fuel

efficiency of the future space missions. Table 1.2 summarizes the constraints, the

problem types, their existence in the thesis and the motivation of formulating them.

Table 1.2: The Summary of the Constraints

Constraint Problem Type Thesis Content Motivation

Line-Of-Sight Convex Included Safety
Collision Avoidance Convex Included Safety
Thruster Limitation Non-convex Included Safety - Fuel Efficiency
Obstacle Avoidance Non-convex Not included Safety
Field-of-View Non-convex Not included Safety
Plume Impingement Non-convex Not Included Safety

With this in mind, this thesis develops and validates guidance and control strategies

for motion planning for rendezvous and docking with uncooperative targets. In

this scenario, a controlled vehicle will be also termed as chaser spacecraft and an

uncontrolled vehicle to be captured is termed as target spacecraft. One of the main

challenges is that such a scenario has never been successfully demonstrated in space

and our optimization-based novel formulation will be the first strategy is tested in a

5-DOF rendezvous and docking experimental setup for dynamics and will be tested

in a 13-DOF setup for kinematics validations experimentally, with a possibility of

in-orbit demonstration in future.
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Figure 1.7: Servicing Study Trade Space Regions Covered by Historical Mis-
sions – This graphic summarizes the regions of the trade space diagram that
have been sampled already (historical) or are yet to be sampled (unsampled) [5]

1.2 Motivational Examples

Spacecraft rendezvous and docking (RVD) missions are crucial phases for a number

of astronautical missions. The capability of two or more spacecrafts to mechanically

dock with each other enabled key maneuvers in spaceflights to come true such as

manned lunar missions, in-orbit assembly of International Space Station , etc. Still,

these missions were manually assisted by the crew of the space vehicles and the

target vehicle was cooperative where further help was provided, e.i., sharing state

information, control for attitude alignment and relative distance keeping. Use-cases

of RVD missions are given previously, and now, its time to address the need of the

current state of art, future applications, challenges, unresolved issues and research

gaps in RVD missions and therefore emphasize the research direction in detail.

As motivating examples, one can consider the RVD scenario depicted in Fig.

1.8 . It is seen that Space-X Dragon Cargo Ship is about to be captured by a robotic

arm to be docked with International Space Station. Although RVD technology is
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Figure 1.8: ISS Cargo Supply [1] Figure 1.9: Asteroid Lander [6]

proven and widely studied, the cargo supply is not always fully autonomous but

sometimes manual capture by a robotic arm controlled aboard ISS as depicted

in Fig. 1.1 is required. In this scenario, enforcing safety constraints into the

controller formulation would help to maintain the safety of the mission. In another

even more challenging example, given in Fig. 1.9, where the target is not

cooperative and the purpose of the chaser is to capture the target in orbit. Here, the

chaser seeks a way to obtain information on the target’s states because the target

would not provide it. The uncertainties of the target, especially the angular rate,

are challenges to be solved. Assuming on-board measurements and estimations

are done, there is still a need to deal with the dynamic constraints of the system.

These constraints can be collision avoidance, line-of-sight (LOS) or exhaust plume

impingement avoidance. Therefore, such a guidance scheme requires relative state

sensing and in-orbit trajectory generation which respects constraints.

Figure 1.10: Robotic Capture
Concept [7]

In another example, consider the scenario

demonstrated in Fig. 1.10 where a capture con-

cept, which can be potentially used to mitigate

space debris, is seen. Here, there is a negligible

communication delay; however, the uncertain-

ties of the target, mostly target states, is still

high and target might be spinning or tumbling

with a random rate. Moreover, time variant

dynamic constraints such as feasible and safe

approach corridor; line of sight constraint need

to be respected. More details are given in Chapter 2 where challenges are further

explained. Once again, such guidance scheme requires relative state sensing and

in-orbit trajectory generation which complies with (respects) the constraints.
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With this perspective; Guidance, Navigation and Control (GN&C) has vital impor-

tance [54–56] and despite given examples and capabilities envisioned to be in the

near future, the logic behind rendezvous and docking with uncooperative targets

to perform safe automated docking still needs to be developed. Particularly, recent

technology demonstration attempts towards automated rendezvous and docking

even with cooperative targets suggest that violating dynamic constraints as well as

the uncertainties could result in catastrophic incidents. The first and only attempt

of the in-orbit capture concept ended up with a failure to capture non-cooperative

Spartan spacecraft with 2 ◦/s rotation rate during the STS-87 mission in 1997 [57].

Recently, the Demonstration of Autonomous Rendezvous Technology (DART) mis-

sion failed due to unexpected events, i.e., guidance navigation error and excessive

fuel expenditure [9]. Eventually, these failures make it clear that autonomous

rendezvous and docking missions must be established so that it can ensure that

no-collision is guaranteed in the event of any failures, errors or uncertainties.

Today, there are solutions to concentrate on the full design process and conduct

rapid design iterations that allows Software-In-The-Loop (SIL) and Hardware-In-

The-Loop (HIL) simulations in real-time. However, there is still a need to conduct

experiments where the actuators, sensors and processors are in the loop. Testing

the RVD algorithms in zero-G environment is indeed expensive.

Throughout this thesis, we developed a convex optimization based Guidance and

Control strategy that can respect the constraints, minimize the fuel expenditure,

and is robust to uncertainties. The control strategy will be validated using state of

the art experimental setups implementing real-time embedded optimization that

addresses the gap between MPC theory and real missions. More details are pro-

vided in the literature review, Chapter 2, where challenges, current work across

the globe with theory and implementation are explained in detail.

Before continuing, rendezvous and docking related terminology should be explained.

The chaser or deputy satellite refers to the artificial spacecraft that will intention-

ally follow the required maneuvers to perform the proximity operation and finally

mechanically dock with the target or chief spacecraft. In addition, there are a num-

ber of scenarios in RVD missions. The research gap and the most challenging case

is where the target is a non-cooperative and possibly tumbling object. Tumbling

refers to a satellite that has lost its control capability at least in one axis and ro-

tates with a random rate; however, it has capability to communicate its states, i.e.,
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attitude. Furthermore, non-cooperative target is a spacecraft that takes no control

action to synchronize its attitude with the chaser or share information about its

orientation in space. Hence, on-board perception or vision algorithms are also es-

sential to complete in orbit capture missions. As an example of non-cooperative

target, dead satellites or military satellites which attempt to get rid of the chaser

will have no intention to share information. Guidance is the process of planning

the translational and rotational motion of spacecraft trajectories in orbit. Hence,

desired sets of states and associated control inputs, i.e., thruster force and reaction

wheel torque, as a function of time. However, control is to keep spacecraft close to

these trajectories using the real-time obtained state updates delivered by naviga-

tion sensors. Commonly, these three requirements/processes are called GN&C. In

pure path planning, guidance can be separated and individually developed. Yet,

in our approach, control and guidance will be coupled to obtain the optimum path

while assuming that navigation state updates are provided. The orientation and

rotational motion of target satellite has a critical impact on the guidance strategy.

Orientation refers to the current attitude and attitude rates of the target where

facing front meaning that the target spacecraft’s docking port is facing towards

the chaser. When its facing back, the chaser is no longer able to see the docking

port [58]. In addition, for more complex scenarios such as a tumbling target, these

definitions are no longer significant as the attitude of the target keeps changing

with time.

1.3 Stages of Rendezvous & Docking Mission

The goal of this section is to introduce the different stages of rendezvous missions

and to address challenges of these stages. A rendezvous and docking mission can

be summarized in 5 main steps: launch, phasing, far & close range rendezvous, and

finally docking or capture [8]. These stages have particular challenges and purposes

regarding to guidance, navigation and control system of the follower spacecraft to

achieve.

Phasing Stage After the launch stage, the launcher has brought the chaser to

a ‘virtual’ target plane since the target’s orbital plane will drift with time [8].

Fig. 1.11 illustrates that there are 2 main phasing stages followed by a far range
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A

B
D

C

E

Phasing Orbit I
Phasing Orbit II
Chaser Trajectory
Target Orbit

A - Insertion into Phasing I
B - Begin Transfer to Phasing II
C - Insertion into Phasing II
D - Begin Transfer to Target Orbit
E - Far Range Rendezvous

Phase 
Angle

Figure 1.11: RVD Stages [8]

rendezvous. It is seen that chaser spacecraft is on a lower orbit (shown with “C”)

with an initial phase angle, behind the target. Absolute navigation sensors, such as

GPS or ground-based navigation, are employed in the first phase and commands

are directly sent from the ground station; therefore, autonomy is not needed or

essential for this stage. The objective of the initial phasing stages is to reduce the

phase angle by benefiting from the orbital mechanics laws that lower orbit has a

shorter orbital period. In the second phasing stage, the chaser is transferred to the

target orbit to proceed with the far range relative rendezvous stage.

Far Range Rendezvous This stage is also known as ‘homing’ that has an ul-

timate purpose of bringing the chaser in the vicinity of the target and achieve the

relative position, velocity and if the possible angular rate conditions to be able

to commence the close range rendezvous stage. The main responsibilities of this

stage is to synchronize with the mission time-line, reach the target orbit and lessen

the approach velocity. Unlike phasing stage, during the rest of the operations,

relative measurements (radar, relative GPS, etc.) of distance, direction and orien-

tation between chaser and target satellite will be taken into account. Furthermore,

in the presence of a cooperative target, far range rendezvous is the stage where

communication between chaser and target satellite is established.

Close Range Rendezvous Often called ‘Closing’ and as stated in [8], close

range proximity operation is generally investigated in two categories: a preparation

phase from a few kilometers away from the target to final approach range and from
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a few hundreds of metres to docking conditions. The ultimate goal of the closing

stage is to prepare the chaser satellite to reach the final approach corridor or line

of sight of the docking port while reducing the distance to the target. In other

words, after the closing phase, chaser must be able to begin for the final proximity

operation up to mating with adequate states: relative position & velocity, attitude

and rates.

Final Approach The last proximity operation in RVD missions aims to bring the

chaser from a few hundred meters to a position a few (1-3m) metres from the target

in the presence of a robotic arm capture phase. This approach is also addressed as

the final terminal translational guidance in [59]. It is stated that control accuracy is

critical because of the extremely challenging capture tolerances [11]. For instance,

in ESA Advanced Guidance, Navigation and Control for Assembly of Large and

Flexible Structures and Vehicles Project, control requirements are specified as; For

Docking/ Berthing modules: the lateral position error must be less than 5cm, the

lateral relative velocity error must be less than 5mm/s and alignment error must be

less than 2 degree. Moreover, unlike the previous stages where the distance between

chaser and target is relatively high, in the final approach, guidance strategies have

to guarantee that in the presence of fault in the actuators or any subsystem, the

chaser does not follow a trajectory that ends up with a collision. Hence, rather

than fuel optimality, safety criticality has the highest concern in this phase.

Furthermore, space systems operate in changing, dynamic and uncertain environ-

ments; therefore, contingent on undesirable factors such as atmospheric drag, solar

pressure, third body perturbation, oblateness of Earth, space debris, etc. More-

over, the modeling uncertainty can arise during the emergency cases where system

dynamics might go through crucial changes. Therefore, it is one of the main consid-

erations in the controller designs to guarantee robust and satisfactory control while

not only in the presence of modeling uncertainties of controlled spacecraft but also

during lack of knowledge about the target vehicle. In addition, mismatch on the

actuators, i.e., thrusters, or failure of any subsystem, i.e., wheels, must be included

in our control strategy. In this case, as a part of the worst case scenario, fault

tolerance must include detection, identification and solution strategy. Therefore,

robustness analysis must be studied to ensure that the guidance strategy is robust

enough to address imperfections in the system, such as unmodeled disturbances

or measurement errors. In the work [60], details of rendezvous mission errors and



18 1.4. Contribution of the Thesis

uncertainties are categorized in 4 main groups (initial condition error, unmodeled

disturbances, sensor error and actuator error) with examples.

In addition to overall rendezvous final approach challenges, this thesis focused on

proximity operations and docking with a non-cooperative target. To this extent, on

top of all of the mentioned considerations, changing orientation of target, therefore,

the docking port; the absence of communication and finally flexible modes of the

target brings additional challenges to RVD mission.

LaunchPhasingHomingClosing
Final 

Approach

Close-Range 
Rendezvous

R-BarEarth

Docking

Target Automated
Control Ground Control

Chaser

?

Figure 1.12: RVD Process [8, 9]

Capture & Manipulation This phase is also known as mating where the chaser

is able to sense the target with its on-board sensors. Relative distance, velocity,

attitude & attitude rates are critical in this phase. For instance, lateral relative

velocity must be less than 0.001m/s for segments in the docking missions. Finally,

this is the phase where a structural connection is achieved between chaser and

target by either robotic arm or simply with the mating of docking ports.

1.4 Contribution of the Thesis

The objective of this thesis is to bridge the gap between the matured Linear Model

Predictive Control theory and the final phase of an automated Rendezvous and

Docking scenario, with a consideration for 6-DOF translational and rotational mo-

tion couplings, thruster configuration, constraints, real-time implementation issues

and validation with experimental work. Hence the contributions of this thesis con-

sist of development of methodologies and approaches to the problems arising from

6-DOF coupled control in real-time MPC implementations. The main contribu-

tions can be summarized as:
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1. The thesis addressed the real-time implementation problems of spacecraft de-

sign and the corresponding problem formulation for embedded optimization.

To this end, the Inscribed Polygon Approach (IPA) is developed and proposed

to address the Quadratically Constrained Quadratic Programming (QCQP)

problem arising in single-axis thruster configuration. It has been validated

via simulations in Nonlinear High Fidelity Engineering Model (NHFEM).

The algorithm can address the rendezvous and docking problem in both cir-

cular and elliptic orbits by employing Linear-Time Varying models. The

proposed controller can well approximate the quadratic input constraint to

full utilization of the thruster. In addition, requirements of advanced opti-

mization methods and tools are relaxed. The QCQP can be approximated

by QP and be solved using matured & reliable QP solvers for fast, real-time

implementations.

2. This thesis also addresses the couplings of translational and rotational motion

in close proximity operations, incorporating operational constraints which

could arise in the real environmental problems such as safe Line-of-Sight and

thruster’s physical constraints, and external disturbances as well as the dy-

namic uncertainties. To this end, a constrained MPC with integral action

using the dual quaternion to represent the spacecraft dynamics is formu-

lated. As opposed to the traditional point mass approach, the proposed

approach relaxes the Centre-Of-Mass assumption on the relative position of

interest. It also addresses the practical real-time implementation of such con-

trol schemes. Using dual quaternion facilitates more general representation of

docking port or grasping region of interest for potentially robotic operations.

Lastly, integral action allows offset free docking capability in the presence of

external disturbance and dynamic uncertainty within the tolerance level, an

issue surprisingly not usually addressed in the current literature.

3. The strong cross-couplings of translational motion and rotational motion is

addressed by the Model Predictive Control framework that has the capability

to take into account Multi-Input and Multi-Output (MIMO) systems. In

addition, thanks to the optimization theory behind, MPC can save fuel and

respect the physical and geometric constraints in the application. Algorithms

are developed accordingly. Also, in our formulation, the integral term is

included in the design so that offset free docking operations can be achieved.
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4. An important contribution of this thesis is the validation that the proposed

controller can be implemented real-time on an experimental test bench in

German Aerospace Center (DLR) [44, 45]. Therefore, this thesis bridges

the gap between theory and real practice with hardware-in-the-loop tests.

Specifically, the pioneering work which addresses the practical implementa-

tion of MPC using models that handles the coupling between translational

and rotational dynamics via dual quaternions, multiple thruster allocation

problem and constraints. The technical challenges of solving two separate

optimization problem online & on-board and actuating the spacecraft with

only thrusters are explained in Chapter 5. The work paves the way for fu-

ture satellite servicing missions as it can save fuel & address safety concerns

due to constrained optimization-based formulation. In addition, this work

can enable agile maneuvers due to the thruster allocation strategy and full

utilization capability thanks to the optimization theory behind.

1.5 Thesis Organization

1.5.1 Chapter 2: Literature Review

This chapter discusses the recent advances and future prospects of spacecraft po-

sition and attitude control for rendezvous and docking with MPC and other com-

petitive paradigms. First, the challenges of the space missions are summarized, in

particular, taking into account the errors, uncertainties and constraints imposed by

the mission, i.e., spacecraft and on-board processing capabilities. The constraints

are classified into two categories: physical and geometric constraints. Then, real-

time implementation capability is discussed regarding the required computation

time and the impact of sensor & actuator errors based on the Hardware-In-The-

Loop (HIL) experiments. The rationales behind the scenarios definition are also

presented in the scope of space applications as formation flying, attitude con-

trol, rendezvous & docking, rover steering and precision landing. The objectives

of these missions are explained, and the generic constrained MPC problem for-

mulation are summarized. Three key design elements used in MPC design: the

prediction model, the constraints formulation and the objective cost function are

discussed. The prediction models can be linear time invariant or time varying
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depending on the geometry of the orbit, whether it is circular or elliptic. The con-

straints are presented as linear inequalities or in the conic form for input or output

constraints. Moreover, the recent convexification techniques for the non-convex

geometrical constraints (plume impingement, Field-of-View (FOV)) are presented

in detail. Next, different objectives are provided in a mathematical framework and

explained accordingly. Then, since MPC implementation relies on finding in real-

time the solution to constrained optimization problems, computational aspects are

also examined. In particular, high-speed implementation capabilities and HIL chal-

lenges are presented towards representative space avionics. This covers an analysis

of future space processors as well as the requirements of sensors and actuators on

the HIL experiments’ outputs. The HIL tests are investigated for kinematic and

dynamic tests where robotic arms and floating robots are used respectively.

1.5.2 Chapter 3: Relative Motion Dynamics & Dual Quater-

nions

In this chapter, there are two main parts. First, the relative motion dynamics

between chaser and target spacecraft on an elliptic & circular orbit is provided.

The literature concerning simplified State Transition Matrices (STM) for the prop-

agation of the relative trajectories of two orbiting objects is presented with their

particular solutions. Subsequently, the general nonlinear dynamics and kinematics

models for attitude motion is derived. This includes the nonlinear models for or-

biting satellites and experimental setups. After that, the couplings between trans-

lational and rotational motion are introduced. Next, definitions of the coordinate

frames adopted in this thesis for the description of the orbital motion, for absolute

and relative trajectory and attitude motions are accordingly explained. Secondly,

a comprehensive introduction to unit and dual quaternion algebra is given. The

mathematical preliminaries that includes all algebraic operations, frame transfor-

mations and properties of dual quaternions employed throughout the thesis are

explained. One must note that the materials provided are from the field of math-

ematics and the background is not novel. Then, those background is employed to

couple the translational motion with rotational motion. To this end, dual inertia

matrix, an 8 − by − 8 symmetric positive definite matrix is constructed from the

mass and moment of inertia of the chaser spacecraft. The corresponding 6-DOF

coupled nonlinear equations of motion is provided for actual orbiting simulations
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and simplified zero-G experiments. Finally, the dual quaternion framework is de-

veloped and used to address the couplings of the model.

1.5.3 Chapter 4: Model Predictive Control for Spacecraft

Rendezvous and Docking

This chapter covers the formulation of MPC for spacecraft assuming a full state

feedback condition is available. Also, the benefits of MPC paradigm is provided as

well as its disadvantages. This includes definitions and use of the three main com-

ponents: prediction model, objective function and the constraints. The dynamic

model is discussed in Chapter 3; the constraints are discussed in Chapter 2 where

the challenges are presented. Because MPC paradigm is an optimal control tech-

nique, the desired closed loop is reflected in the choice of the objective function.

One of the most common critics that MPC faces is the computational demands;

thus, in this chapter, MPC using different classes of constrained quadratic opti-

mization algorithms are investigated. This includes the condensing algorithms that

are used to transform the original optimal control problem into QP problem in the

MPC form and the state of the art QP solvers.

1.5.4 Chapter 5: Rendezvous and Docking Problem with

Multiple Thruster Configuration

This chapter presents a Guidance and Control (G&C) strategy to address 6-DOF

spacecraft attitude and position control for future Rendezvous and Docking (RVD)

missions. Future RVD missions, specifically when the target is uncooperative, are

challenging as geometric constraints and parameter uncertainties are both present.

In addition, due to close proximity and potential angular motion of the target

satellite, the point mass approach is no longer sufficient to represent the relative

motion dynamics. Hence, throughout this chapter, the coupling between transla-

tional and rotational motion of spacecraft relative motion is addressed via Dual

Quaternions and Piece-wise Model Predictive Control framework. The algorithm

is developed such that the relative position of interest is no longer Centre-Of-Mass

(COM) position of the target satellite but can be docking port or a predefined
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grasping feature. Secondly, physical and geometric constraints are explicitly for-

mulated and respected by formulating a constrained optimization problem. The

proposed framework is real-time implementable because the control problem is

formulated as a convex optimization problem. Simulation results show that the

proposed algorithm is promising because it can respect the physical and geometric

constraints and minimize the propellant consumption while coupling translational

and rotational motion and still being real-time implementable.

1.5.5 Chapter 6: Dynamic Experiment Results

This chapter presents pioneer and novel dynamics experiments to test the Guidance

and Control (G&C) strategy to address spacecraft maneuvering problems for future

Rendezvous and Docking (RVD) missions. We formulated an offset free 6-DOF

RVD problem and thruster allocation problem as two separate convex optimization

problem and, solved them with active set and standard primal-dual interior-point

methods. The proposed strategy allows safe and propellant efficient trajectories

for space servicing missions including tasks such as approaching, inspecting and

capturing. This work provides the validation test results of the G&C laws using

a hardware-in-the-loop (HIL) setup with two robotic mock-ups representing the

chaser and the target spacecraft. Through this chapter, the laboratory and the

robots are introduced. Besides the challenges presented in Chapter 2, the thruster

characteristics and sensor errors are presented in detail. The distinctive challenge is

the allocation of the thrusters. The experimental setup has 16 unilateral thrusters

that generate both force and torque values. Due to the multiplicative nonlinear

coupling, the convex programming approach is posed to achieve the commanded

force and torque values as a result of a 6-DOF motion planning algorithm. The

results also cover a comparison between the proposed algorithms with the PD

controller highlight the clear advantages of the MPC formulation.

1.5.6 Chapter 7: Conclusions and the Future Work

This chapter summarizes the work presented and emphasizes potential future re-

search directions.
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Finally, several appendices are given to provide completeness to the thesis besides

the main scopes. These appendices include the relative motion dynamic models for

a circular orbit, Clohessy-Wiltshere Equations, and an elliptic orbit, Yamanaka-

Ankersen Equations.



Chapter 2

Literature Review

Summary: This chapter discusses the recent advances and future prospects of space-

craft position and attitude control for rendezvous and docking with MPC and other

competitive paradigms. First, the challenges of the space missions are summarized,

in particular, taking into account the errors, uncertainties, and constraints imposed

by the mission, spacecraft and, on-board processing capabilities. The constraints are

classified into two categories: physical and geometric constraints. Lastly, real-time

implementation capability is discussed regarding the required computation time and

the impact of sensor & actuator errors based on the Hardware-In-The-Loop (HIL)

experiments.

From the beginning of spaceflight history, guidance and control for spacecraft ma-

neuvers, such as docking and rendezvous, has been a crucial topic. Upon the launch

of the construction of the ISS, joint maneuvers had also become an issue to be ad-

dressed for maintenance. Scientists approached these problems with a collection of

different techniques.

In a control problem, the aim is to minimize the fuel consumption or mission time

or to optimize the combination of them. Scientists have studied real-time online

computations and offline presumed trajectory plans along with formal proofs for

further academic applications. All of the methods, explained through an extensive

literature survey that covers theory, simulation and experimental results.

25
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2.1 Glideslope, R-bar and V-bar

A glideslope is a trajectory that employs an exponential decrease in velocity as the

chaser spacecraft approaches the target body. A radial trajectory is labeled as an

R-bar approach, and a trajectory in the forward velocity direction is called a V-bar

approach. Conventionally, a trajectory does not consist of a direct glideslope. A

spacecraft travels through way-points on a trajectory to make use of the natural

dynamics and to minimize fuel consumption. There are multiple tracking and

control methods tested on orbit and offered in the literature [61–69].

2.2 Sliding Mode and Phase-Plane

In both 3-DOF and 6-DOF space docking problems, Sliding Mode Controllers have

proven to be reliable [70–75]. These controllers have an n-DOF state feedback form

and they mostly ensure a linear convergence to a virtual sliding surface of order n-1.

Sliding mode controllers also guarantee an exponential convergence after reaching

the sliding surface. In the literature, phase-plane controllers are employed to ad-

dress the rendezvous problem with a stat-feedback form by altering the gains with

respect to the evaluation of the state [76, 77]. These methods do not explicitly ac-

cept path constraints, and they require probabilistic analysis to confirm constraint

adherence. Despite the effective computation speed and guaranteed convergence,

these techniques are not optimal for either fuel or time consumption. In [78], a novel

Artificial Potential Function (APF) and Sliding Mode Control (SMC) paradigms

are combined and a time-varying sliding mode strategy is used to address the time-

varying motion constraints. Furthermore, adaptive SMC is employed to enable the

achievement of RVD with uncooperative targets in the presence of constraints, dis-

turbances and uncertainties. Even more recently, [79] shows that SMC can meet

with the RVD requirements and a comparison study with MPC is conducted. In

the comparison, it was demonstrated that previously proposed MPC approach in
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[49] can not address RVD problems because the MPC formulation is to address reg-

ulation type of problem which does not allow to do reference tracking. However,

when MPC is compared to SMC in [79] for a similar problem, precision landing

on an asteroid, MPC shows superior performance with roughly 50% cut in the fuel

use. This study demonstrates how MPC can be effective for space systems where

the saving fuel plays a critical role but there is still developments required in the

MPC formulations to address RVD problem.

2.3 Artificial Potential Functions

Similar to the sliding mode and phase-plane controllers, artificial potential func-

tions are not optimal for either fuel or time; however, they allow path constraints

in rendezvous and docking problems [80–85]. Artificial potential functions create

high potential in areas where constraints would be violated and low potential in the

rendezvous locations, which leads to augmented dynamics. A state feedback con-

troller guarantees the convergence to the target location, but constraint adherence

is still not absolute.

2.4 Genetic Algorithms

Genetic algorithms are used to optimize trajectories for fuel and time usage in

rendezvous of spacecrafts. These trajectories mostly include a small number of ∆V

burns, and they are for spacecraft in orbits of great difference [86–90]. They are

specifically capable of finding global optima in non-convex problems with discrete

variables. Disregarding the computational cost, they can also be used for a priory

trajectories. However, genetic algorithms are not appropriate for real-time docking

systems since the computation times are rather long due to the poor scaling of the

solution times with the number and discretization level of variables used in those

operations.
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2.5 Search Methods

For the rendezvous and docking problem, general path planning methods that in-

clude exploring of diverse areas to find globally optimum solutions have also been

developed. These methods have been developed for scenarios with and without

obstacles. A∗ search method has been used in planning of both 3-DOF [91, 92] and

6-DOF trajectories [93]. Rapidly exploring Random Trees (RRT ∗) and other ran-

domized search methods have been researched too [94–96]. Moreover, connectivity

graph methods, dynamic programming [97], generalized Voronoi graphs [98], etc.,

have been employed.

2.6 Convex Optimization

An alternative to avoid the problems associated with non-convex optimization, is

to convexify the constraints and cost function. A recent and interesting work pre-

sented in [99] proposes an algorithm and experimental results to guide the capture

of a tumbling space object. A sequential convex programming is used to overcome

non-convex constraints and nonlinear dynamics. As convex programming offers

deterministic convergence properties, this algorithm is suitable for onboard imple-

mentation and real-time use. They divided the problem into 2 stages, system wide

translational maneuver and internal reconfiguration. In other words, the trans-

lational motion is decoupled from the rotational motion and they are solved in

two consecutive steps. What is more, the attitude motion is restricted to 1-DOF;

therefore, the efficacy of the approach is arguable. Having said that, addressing the

couplings between translational and rotational motion is still yet to be addressed.

2.6.1 Model Predictive Control

Constraint satisfaction and performance optimality are vital for the control prob-

lem. The control methods explained above are generally used in ground tests prior

to a mission. For the missions employing these techniques, a trajectory or a set

of way-points is assigned to the target spacecraft to follow. This trajectory does

not respond to the changes such as the chaser diverging from its path or improper
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modeling of dynamics. On the other hand, model predictive control (MPC) up-

dates and optimizes the trajectory using the current state data of the chaser and

target.

MPC has been studied thoroughly in the literature because of the compatibil-

ity with the rendezvous and docking problem while allowing constraint satisfaction

[11, 47, 59, 100–114]. MPC typically implements a plan in a step by step man-

ner. At each step, MPC implements the first phase of the generated plan, then

re-optimizes the plan and employs the first step of the newly generated plan un-

til a minimum objective function is achieved. Initially, the main objective was to

control the power plants and refineries. Hence, MPC has been broadly used in the

process industry, followed by automotive, aeronautics and now can be applicable

to even more complex and critical space missions. The number of publications

provides theoretical and practical approaches associated with MPC applications in

the past. The remarkable ones can be Rawling’s work [115] where an introductory

tutorial is given and Allgower’s effort is based on nonlinear MPC and moving hori-

zon estimation [116]. In addition, [31] provides a comprehensive survey based on

industrial MPC technology, including theoretical developments and solution strate-

gies. The most recent publication that gives an overall view to MPC applications

in space is by Hartley [39] which is a tutorial on MPC for spacecraft rendezvous.

As can be grasped from the mentioned inspiring research, there is no particular

study that encompasses MPC applications in space although it is known that space

applications of MPC have resulted in outstanding successes [31].

The focus of this thesis is the application of MPC to G&C problems. In this chap-

ter, an abbreviated history of MPC space studies, the evolution of the paradigm

with most significant algorithms and implementations, initial MPC proposals in

space for different use-cases and pioneer real applications are summarized stressing

the contributions and novelties compared to former ones [31, 117] whilst keeping

the focus applications in space and particularly, rendezvous and docking missions.

2.6.2 The Evolution of MPC for Space Systems

The advantages of MPC have drawn attention to applications in vehicle maneu-

vering problems in which the target regions do not need to contain equilibrium
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points [118]. Today, formation flying, rover steering in Mars, powered descent for

Mars landing, subsystem control such as reaction wheel and torquer, etc. em-

ploy MPC. In presenting the literature, our intention is to stress the significant

features of different techniques & algorithms and detect the possible gap. With

this understanding in mind, we first discuss the pioneer approaches to maneuver-

ing space vehicles in space for control design while emphasizing their contributions.

Initially, Manikonda proposed control laws for formation keeping and attitude

control with a combination of feedback linearization and MPC. The study over-

comes singularities associated with local feedback linearization by incorporating

the switching between coordinate frames [119]. Still, an assumption of “no cou-

pling between each spacecraft” was made for the N-spacecraft formation flying case;

therefore, the dynamics of the overall mission are represented with a collection of

N sets of equations. It was realized that despite the constraints in the actuators, a

future work must include a robust fault tolerant algorithm design in the presence of

communication or sensor failures while benefiting from optimization of set points

feature of MPC.

In this regard, vehicle maneuvers with guaranteed completion time and robust fea-

sibility is studied by Richard and How [118]. Unlike the previous MPC approaches,

this study proposes a formulation for MPC in which a maneuvering spacecraft and

an aircraft are demonstrated. In order to solve trajectory optimizations, Mixed-

Integer Linear Programming is used, allowing inclusion of non-convex avoidance

constraints. The first contribution of the study is the formulation of MPC with

general terminal constraints to ensure stability while MPC is used for steady state

control. As a second contribution, a new strategy to achieve robustness is proposed.

It is stated in [31] that better dynamic control allows the controlled variable set

point to be moved closer to a constraint without violating it. While this is bene-

ficial for performance, it also means that a small disturbance could push the state

beyond the feasible region. In the presence of that, the trajectory optimization

becomes infeasible and no control can be defined. Here the second innovation of

the work comes, to avoid such situations modifications are derived; therefore, the

optimization is always feasible as the disturbance stays within the known bounds.

Previously, min-max problems or invariant set methods were used to achieve ro-

bustness [120, 121]. From this angle, one can realize the importance of the safety
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concerns in space applications. Space systems operate in changing, dynamic and

uncertain environment; therefore, contingent on undesirable factors such as atmo-

spheric drag, solar pressure, third body perturbation, oblateness of Earth, space

debris, etc. Moreover, the modeling uncertainty can arise during the emergency

cases where system dynamics might go through crucial changes. Therefore, it is

one of the main considerations in the controller designs to guarantee robust and

satisfactory control while not only in the presence of modeling uncertainties of con-

trolled spacecraft but also lack of knowledge about the target vehicle. In addition,

mismatch on the actuators, thrusters, or failure of any subsystem, e.g., wheels,

must be included in the control strategy. In the following, robustness to uncer-

tainties, fault tolerance and lack of knowledge (i.e., dynamics of target) can be

addressed regarding to the MPC capabilities and advantages over other method-

ologies. The current scope of the work is the formulation of the MPC to address

for RVD problems. Hence, no more detail about robustness is required.

Regarding to the limited size of the space vehicles and extremely high operation

costs, after handling the hard constraints, i.e., soft docking, obstacle avoidance,

efficient fuel cost was one of the fundamental aim of using MPC in space appli-

cations [103, 122]. A pioneer study conducted by Breger and How [123] ensures

safe trajectories for autonomous rendezvous of spacecrafts while keeping the fuel

consumption optimized. They criticise the cost of imposing safety as an addi-

tional constraint that guarantees infinite horizon passive collision avoidance while

enabling future docking retries. A formulation of convex collision avoidance was

proposed to provide faster solutions but with an increasing fuel consumption. In

another study, the European Mars Sample Return, it is demonstrated that MPC

application is more fuel efficient with better trajectory compared to the current

state of art control system High integrated multi-range rendezvous control sys-

tem & Autonomous RendezVous and Docking (HARVD) [11]. Another European

Project RobMPC (Robust Model Predictive Control for Space Constraint Sys-

tems), it was concluded that MPC is a reliable paradigm and applicable for space

systems that have high dynamics such as wheeled autonomous unmanned rovers

for planetary surface exploration. In [124], MPC was employed for guidance, tra-

jectory control, and wheel traction and steering control. Moreover MPC paradigm

is not only employed for ascending missiles or rockets, but also for the last phase of

the launch missions; descending phase [125]. To this extend, in Carlo at al. [126],

MPC real-time embedded technology is proposed to address powered descent. It
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is suggested that adaptive & online model based controller is a key technology to

handle mentioned problem. Another use-case of MPC is subsystem control, that is,

reaction wheel. It has been pioneered by NTU and space application proven that

MPC is an enabling technology for attitude control of nano-satellites [127]. Today,

number of studies addressing attitude control of spacecraft problem is available

and the number is increasing every day [128–130].

It is now clear that various studies have been conducted to assess the feasibility of

model predictive control with a remarkable number of real-time space applications.

In addition, NASA future GN&C Technology Assessment report for Planetary sci-

ence missions suggests that using MPC for future applications would be beneficial

as it can compensate modelling uncertainties, enables superior precision with feed-

back control and explicitly takes system behavior, i.e., constraints present in the

system, into account for planning and control [131]. Similarly, ESA strongly sug-

gest to European Space Industry to employ robust techniques for future space

missions and MPC is the most favoured one due to the aforementioned advantages

[132]. Though, in our specific problem; “RVD with non-cooperative & possibly ro-

tating space object” is known and studied problem, there is not any successful space

applications yet. Consequently, the strength of MPC to handle such diverse and

complex constraints while providing robustness to the system in real-time appli-

cations appears promising for autonomous spacecraft control and guidance. As a

result, we focus exclusively on model predictive control in this study.

The Rendezvous and Docking (RVD) technology dates back to the 1960s, when the

Gemini program was initiated to test the RVD capability from 1962 to 1966. The

ultimate purpose was landing on the Moon, hence, the whole Gemini mission can

be considered as an experiment of RVD technology towards the “...giant leap for

mankind”. Despite the fact that there was a level of autonomy in the sensing and

maneuvering towards RVD with the target, Neil Armstrong manually performed

the rendezvous in a Gemini spacecraft and docked with an unmanned Agena target.

Due to safety reasons, Americans preferred manual RVD missions whilst it did not

take too long for Russians to accomplish the first fully autonomous RVD between

Cosmos 186 and 188 back in 1967 [8].

Since then, the RVD technology has advanced and a number of automated missions

accomplished [8]. However, the recent failure of the Demonstration for Autonomous
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Rendezvous Technology (DART) spacecraft has revealed that, despite the great ad-

vances in RVD technology, several technical issues remain to be resolved even for

RVD with cooperative targets. Thus, the high fidelity simulations, sensitivity anal-

yses, and experiments have become prominent for space missions. Today, there are

solutions to concentrate on the full design process and conduct rapid design iter-

ations that allow Software-In-The-Loop (SIL) and Hardware-In-The-Loop (HIL)

simulations in real-time. These studies bring a level of reliability to the algorithms

but limited to the accuracy of the mathematical models. Hence, there is still a

need in the final phase to conduct experiments where the actuators, sensors and

processors are in the loop.

Testing the RVD algorithms in a zero-G environment is indeed expensive. To

address this need, the Massachusetts Institute of Technology has developed minia-

turized satellites, also known as Synchronized Position Hold Engage and Reorient

Experimental Satellite (SPHERES), in collaboration with National Aeronautics

and Space Administration (NASA). They consist of 12 thrusters, on-board sen-

sors, and therefore able to conduct autonomous experiments without the necessity

of humans in the loop as well as external sensors for localization. SPHERES can

test distributed spacecraft missions such as formation flying, rendezvous & docking,

and spacecraft autonomy aboard ISS. In [133], the H∞ controller was implemented

to take into account the uncertainties of the real system in a 6-DOF environment

aboard the International Space Station (ISS). However, the controller fails in the

criteria of zero overshoot. In [134], the algorithm on-board SPHERES has been

advanced with the MPC paradigm to evaluate the performance in the presence

of thruster failures which makes the system under-actuated. It has been demon-

strated that MPC is robust to thruster failures and provided improved performance

when compared to a simple path planning algorithms while addressing 6-DOF fuel

optimal motion planning problem. Still, the couplings between translational and

rotational motion and, constraints are not explicitly handled. Overall, despite

the miniature size of SPHERES, experimenting RVD technology in Zero-G is an

expensive, demanding and time-consuming test strategy.

Recently, the test setups on-ground (1-g) for multiple spacecraft dynamics and

kinematics experiments have become mature and reliable test methods that can

save a remarkable amount of time and experiment cost when compared to Zero-

G experiments. However, despite the fact that running tests in 1-g environment
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brings a certain level of conceptual proofs, it is not an easy endeavour as it brings

additional constraints and challenges. Briefly, majority of the spacecraft simulators

in 1-g are free-floating robots on a flat surface that could be potentially made of

granite, glass, epoxy, etc. Thus, depending on the design, those robots can have

3, 5 or 6-DOF consisting of an upper attitude stage, lower translational platform

and an air-bearing in between. For translational and rotational motion, double in-

tegrator dynamics model is employed. One could argue that the double integrator

neither represents the 3-body relative motion problem in-orbit nor landing on an

asteroid. However, the robots are capable to test the dynamic couplings, actua-

tor misalignment & imperfections, sensor errors, delays and on-board processing

capabilities.

Past experiments conducted in the Test Environment for Applications of Multi-

ple Spacecrafts (TEAMS) laboratory, robots with 3-DOF (TEAMS 3D) have been

used to demonstrate rendezvous and docking with uncooperative targets with un-

constrained MPC design with double integrator based, decoupled translational and

rotational motion model [135]. Using a double integrator as a prediction model, an

unconstrained MPC was formulated and solved online. The results demonstrated

that MPC is a potential paradigm for approaching uncooperative & tumbling tar-

gets. To address the Line-Of-Sight constraints for safe approach, soft docking

constraint for overshoot-free docking, input constraints for thruster limitations: a

constrained MPC framework was formulated in [136]. In addition in [136], a ro-

tating hyper-plane method is employed to convexify obstacle avoidance constraints

and Nonlinear MPC is formulated to solve the original non-convex problem via

nonlinear solver. However, the nonlinear optimal control problems and solutions

in [136] do not guarantee to be solved in polynomial time because they may be

stuck with local optimum points that can eventually result in a failure of missions.

Moreover, due to high computation time, real-time implementation requirements

may not be met. Next, the enforced LOS constraints are formulated for the 2D

case and can not be extrapolated into 3D with the proposed geometric approach

of [136]. In [99], robotic capture of uncontrolled & tumbling satellite is tested with

a real-time implementable convex programming algorithm.

In short, the proximity operation tests conducted with 3-DOF robots have been use-

ful to evaluate the performance with double integrator dynamics and constrained

real-time optimization formulation [99, 135, 136]. Speaking of the dynamics point
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of view, there are a number of setups that have upper attitude stage which are

similar to real satellite nonlinear attitude dynamics. Those vehicles consist of

3-DOF upper attitude stage and 2 or 3-DOF translational stage that shows a bet-

ter representation of an actual orbiting satellite. Hence, the previous work [137]

and the current work reported in this thesis used the robots with 5-DOF namely

TEAMS5D. These robots have an upper attitude stage with 3-DOF and lower

translational platform with 2-DOF. LQR based tuning for PD type of controllers

are employed for coordinated attitude and orbit control in the formation flying in

elliptic orbit applications [137].

There exist a number of spacecraft simulators with 5-DOF; however, the progress

is still on-going and [138–141] are the main examples of the existing setups around

the world yet to be tested for RVD applications. More details of planar air bear-

ings experimental setups can be found at [142]. In [143], an additional degrees of

freedom is included for translational motion along the z-axes (along gravitational

acceleration direction) and real-time sub-optimal control algorithm for controlling

6-DOF spacecraft simulator is introduced. The employed algorithm is Linear-

Quadratic-Regulator (LQR) in which the gains are recomputed and updated at

each time step. However, the controller is used for reference tracking problem in-

stead of trajectory generation and were not able to address the constraints of the

system because of the limitations of LQR theory. Lastly, the 6-DOF dynamics

have been separately considered where the cross-couplings of attitude dynamics

and translational dynamics are neglected [143].

In [49, 144], MPC and Dual quaternions were employed for landing 2-body problems

namely, landing on a Mars and an Asteroid. The proposed Piece-Wise Affine

(PWA) modelling strategy in [49, 144] is also used in this thesis. However, the

problem formulations in [49, 144] are unable to address the RVD problem because

of the cost function, the dynamic model and the special case of single-axis thruster

configuration differs from our 16 thrusters configured spacecraft. The experimental

setup used in this thesis, TEAMS5D, consists of 2 robots representing a controlled

chaser satellite and uncontrolled target satellite with 16 thrusters. More details

will be given in the following section but the main difficulty is the allocation of

thrusters as the same thrusters can be used for both translational and rotational

motion in which the commands may conflict if the couplings between thrusters are

not explicitly considered.
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Still, 3-D Experimental demonstration of constrained Guidance strategy for given

scenario has never been tested on Earth in 3-D environment because of the imma-

ture guidance technology. However, the following space agencies have experimental

setups similar to Thales Alenia Space rendezvous & docking facility. Probably, they

are already working on robust capture techniques to be tested; nevertheless, there

is not any published yet.

Figure 2.1: Robotic Based Ger-
man Space Agency Rendezvous
Simulator [10]

Figure 2.2: GMV, Spain Robotic
Based Rendezvous & Docking Sim-
ulator [11]

Rendezvous and docking simulators have become popular in the world. For in-

stance, apart from Thales Alenia Space, in Fig. 2.2 and 2.1, two other European

Space Industry owned robotic simulators can be seen. The idea behind these

three facilities is similar; two robotic arms have six degrees of freedom and one

of them has additional translational motion capability up to 25m where a robot

can simulate proximity operations in space. Generally, these robotic manipulators

are used for the most critical phases of RVD missions. For instance, on the one

hand, European Proximity Operations robotic based simulator hosted by German

Space Agency (DLR) has been developed to test in orbit RVD sensors such as

cameras whereas GMV RVD simulator facility was employed to run simulations

for European Mars Sample Return Mission [11]. In this facility, both classical

High-Integrity Autonomous RVD Control System and MPC were tested to com-

pare the performances. It was concluded that MPC is an attractive tool for such

applications where autonomy, optimal path and safety is crucial. Especially re-

garding the fuel consumption, MPC shows superior results after verification and

validation with Monte Carlo simulations where uncertainties in the relative mo-

tion dynamic models, measurement and actuator errors together with a number of

different scenarios are tested.
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Similar facilities exist also in Hong Kong, USA and Canada and the studies [145–

147] give details about their experiments. Again, none of them employed advanced

guidance & control strategy to address RVD with uncooperative objects. The

one in Hong Kong does not have a translational motion capability; still, they have

demonstrated that these robotic arms can successfully capture an object neglecting

orbital mechanics effect and in 1D motion.

In addition, Although DLR, collaborates with TU Delft and TU Munich or GMV

with the University of Cambridge and the University of Bristol, not every univer-

sity has access to such advanced robotics test facilities. To address this problem,

Stanford University has started developing it’s own 6-DOF experimental setup.

Yet, the design does not cover the combination of chaser & target combination

of relative motion to be further followed by in-orbit capture or docking but it is

on-ground 3D zero-G experimental setup to demonstrate kinematics of the system

[148].

Eventually, having all the experimental setups capabilities and their previous ex-

periences, it can be stated that space industry and academia have been putting

enormous effort on grounds simulations and tests for RVD problem. Still, as men-

tioned the applications were limited to cooperative target scenarios such as Mars

Sample Return Mission. In addition, having the motivation of NASA and ESA,

there is still a need for Model Predictive Control formulation and tests for space

servicing missions, especially for docking or capture of non-cooperative, tumbling

space objects. One can note that in 2D experimental facilities, orbital mechan-

ics is ignored and the motion capability of robots is limited. Although a number

of experimental studies have been conducted in 2D, current requirements are not

satisfied with those setups.

The rationales behind the definition of the scenarios are also presented in the scope

of space applications as formation flying, attitude control, rendezvous & docking,

rover steering, and precision landing. The objectives of these missions are ex-

plained, and the generic constrained MPC problem formulation are summarized.

Three key design elements used in MPC design: the prediction model, the con-

straints formulation and the objective cost function are discussed. The prediction

models can be linear time-invariant or time-varying depending on the geometry of

the orbit, whether it is circular or elliptic. The constraints are presented as linear

inequalities or in the conic form for input or output constraints. Moreover, the
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recent convexification techniques for the non-convex geometrical constraints (i.e.,

plume impingement, Field-of-View (FOV)) are presented in detail. Next, different

objectives are provided in a mathematical framework and explained accordingly.

Third, because MPC implementation relies on finding in real-time the solution

to constrained optimization problems, computational aspects are also examined.

In particular, high-speed implementation capabilities and HIL challenges are pre-

sented towards representative space avionics. This covers an analysis of future

space processors as well as the requirements of sensors and actuators on the HIL

experiment outputs. The HIL tests are investigated for kinematic and dynamic

tests where robotic arms and floating robots are used respectively.



Chapter 3

Relative Motion Dynamics &

Dual Quaternions

In this chapter, there are two main parts. First, the relative motion dynamics

between chaser and target spacecraft on an elliptic & circular orbit is provided.

The literature concerning simplified State Transition Matrices (STM) for the prop-

agation of the relative trajectories of two orbiting objects is presented with their

particular solutions. Subsequently, the general nonlinear dynamics and kinemat-

ics models for attitude motion is derived. This includes the nonlinear models for

orbiting satellites and experimental setups. After that, the couplings between trans-

lational and rotational motion are introduced. Next, definitions of the coordinate

frames adopted in this thesis for the description of the orbital motion, for abso-

lute and relative trajectory and attitude motions are accordingly explained. Sec-

ondly, a comprehensive introduction to unit and dual quaternion algebra is given.

The mathematical preliminaries that includes all algebraic operations, frame trans-

formations and properties of dual quaternions employed throughout the thesis are

explained. One must note that the materials provided are from the field of math-

ematics and the background is not novel. Then, those background is employed to

couple the translational motion with rotational motion. To this end, dual inertia

matrix, an 8 − by − 8 symmetric positive definite matrix is constructed from the

mass and moment of inertia of the chaser spacecraft. The corresponding 6-DOF

coupled nonlinear equations of motion is provided for actual orbiting simulations

and simplified zero-G experiments. Finally, the dual quaternion framework is de-

veloped and used to address the couplings of the model.

39
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3.1 Translational Dynamics

• Lunar Theory; Hill Brown Equation
• Hill-Clohessy-Wiltshere Equation
• Tschanuer-Hempel Equa ons
• Gauss Varia onal Equa ons(GVE)
• Kelly
• Carter Equation
• GVE – Modified by Schaub
• Inalhan Equation
• Schweghart and Sedgwick Model
• Yamanaka & Ankersen Equa on
• Schaub & Junkins Equation
• Gim-Alfried Equation
• Xu & Wang Model
• GVE –Modified by Breger & How

1878
1960
1965
1987
1994
1998
2000
2002
2002
2002
2003
2003
2007
2007

Figure 3.1: Most Employed Relative Dynamic
Models in Chronological Order [12–14]

The effort behind mathematically

explaining the relative motion of

two orbiting satellites or objects

is exhaustive in order to develop

and automate mainly formation fly-

ing, RVD missions’ design, guid-

ance and control strategies. Ini-

tially, in 1878 American mathemati-

cian George William Hill came up

with an approach explaining the

Moon’s motion relative to the Earth

[149]. After that, in 1960, Hill Equa-

tions were further developed by two

Mathematician, Clohessy and Wiltshire, for Apollo mission which are called the

best and well known model for relative satellite motion [150]. Linearized models

were sufficient to complete the mission since the Apollo Crew were also in charge

of the critical phases; rendezvous and docking. However, the main disadvantage

of HCW Equations is, it is applicable only on circular orbit in other words, can

be employed to form a Linear Time-Invariant (LTI) state-space model of relative

motion dynamics. In this case, orbital mechanics takes place. HCW Equations are

based on the assumption of having a target with eccentricity(e) = 0, there are no

external forces and the separation between radial and out-of-plane is small. On

the other hand, it was proved by Inalhan that the assumption of perfectly circular

orbit with e=0 can cause remarkable prediction errors for cases that has an eccen-

tricity as small as e=0.005 [151]. That’s why, specification of orbit is essential in

the relative motion model selection phase.

HCW Equations have kept its popularity as it is a direct ordinary differential

equation model. In 1965, Tschauner and Hempel further developed the equations

to account for orbital perturbations. Because it was realized that the second-order

J2 effect, acceleration felt by a satellite due to the oblateness of the central body

of the orbit (i.e., Earth), is the dominant perturbation especially for long term for-

mation flying missions. Therefore, a number of studies have focused on derivations
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that consider the J2 effect [152–155]. Moreover, today comprehensive mathematical

models and algorithms are available to approach nonlinearity of the space missions

[156, 157].

In summary, theory comparisons are provided below:

Table 3.1: Theory Comparison [29]

Theory Eccentricity J2 Effect Nonlinearity

Clohessy & Wiltshere e=0 No No
Lawden 0 ≤ e < 1 No No

Gim-Alfriend 0 ≤ e < 1 Yes No
Small Eccentricity e� 1 Yes No

Yan-Alfriend 0 ≤ e < 1 Yes Yes

As can be seen from the Table 3.1, after HCW Equations, mathematicians not only

derived the mathematical models for eccentric orbit but also included nonlineari-

ties.

Taking all the considerations into account; eventually, formation flying missions

has constructed the background for RVD/Berthing missions. The following chart

illustrates ways of classifying linearized rendezvous studies which can be found in

the literature and the next section will explain RVD/Berthing in detail [156, 157].

The work done by Dan Wei categorizes relative motion dynamics models in three

main groups; Ordinary differential equation model, solution-based models & state

transition matrix [158]. Yet, in our approach, we classify the models regarding its

orbital geometry, whether elliptic or circular orbit, therefore, whether time variant

or invariant. In Chapter 4, a case study of a target satellite orbiting in a circular

orbit will be investigated. Initial ultimate goal is to demonstrate that our approach

is capable of handling input and output constraints. Therefore, it was determined

to consider Clohessy-Wiltshere relative motion equations as a starting point and

Appendix A.1.1 defines the derivation, linearization, and discritization of the HCW

relative motion model. Yet, Fig. 3.1 gives an overview of popular relative motion

dynamic models. Later, the formulation of MPC is extended to Linear-Time-

Varying form such that the state transition matrix to formulate relative motion in

elliptic orbit can be employed as a prediction model.

Now, assuming that the motion is under the effect of gravity field and thruster

forces, the original nonlinear equations of motion for chaser spacecraft can be
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expressed in the vector form as [159]

r̈ = −µ r

r3
+

F

m
(3.1)

where m is the mass, r is the position vector and F is the applied control force

to the spacecraft, and µ is the gravitational constant of Earth calculated by µ =

GM where G is the universal gravitational constant and M is the mass of the

Earth. Regarding the formulation of the 1-g experimental setup, the translational

dynamics is assumed to be expressed with a double integrator and can be written

in the inertial frame N as

Ft

m
= ẗ, t ∈ {x, y, z} (3.2)

where Ft is the force input along the direction of t axis. Because dual quater-

nions couples translation dynamics with kinematics, expressing them in the same

reference frame is needed. Throughout this thesis, the body frame of the Chaser

is considered as a base. Hence, Eqn. (3.2) expressed in the Inertial frame can be

written in the chaser’s rotating body frame with the following Transport Theorem.

Theorem 1. [160]: Let N and C be the Inertial and chaser’s body frames with

a relative angular velocity vector of ωC/N , and let r be a generic vector; then the

derivative of r in the N frame can be related to the derivative of r in the C frame

as

Nd(r)

dt
=
Cd(r)

dt
+ ωC/N × r (3.3)

Proof: [160].

3.2 Rotational Dynamics

Next, the rotational dynamics can be approximated with Euler’s equations in

Chaser’s body frame C as

T =
d

dt
(Jω) + ω × Jω (3.4)

where T is the torque vector expressed in the body frame [161], J is the moment of

inertial matrix along with body frame and ω is the angular velocity. In TEAMS5D
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simulators, the torque actuation is achieved by the thrusters and the reaction

wheels. Eventually, the Eqn. (3.4) evolves into

Tth −Trw =
d

dt
(Jω) + ω × (Iω + hrw) (3.5)

where Trw is the torque commanded by the reaction wheels and hrw is the stored

momentum. Eqn. (3.5) is used for initial attitude balancing only whereas for 6-

DOF freedom problem, Eqn. (3.4) is employed. If we can now assess the nonlinear

attitude dynamics given in Eqn. (3.4). One can note that for a rigid body with a

constant angular rate, ω̇ = 0, the Eqn. (3.4) becomes

T = ω × Jω (3.6)

showing that torque-free constant angular rate can be achieved if and only if Jω

is parallel to ω which occurs when ω is along with the principal axis of the rigid

body. This information will be used in the design of a consistent cost function that

would allow off-set free tracking or misalignment free RVD operations.

3.3 Reference Frames

It is necessary to define the coordinate frames adopted in this thesis for the de-

scription of the orbital motion, for absolute and relative trajectory and attitude

motions. Therefore, the relations of these motions to geometric points of interest

on the spacecraft, e.g., the sensors, docking ports, can be explained mathematically

[8]. Each frame consists of its own origin Oi and set of three orthogonal vectors

xi, yi, zi. Throughout this thesis, two types of coordinate frames are employed:

1. Inertial Frame is defined to describe the motion relative to a non-accelerating

frame and expressed as N = (ON , xN , yN , zN ) where the origin ON is de-

fined in the centre of the granite table.

2. Spacecraft Body Frame for both chaser and target (C & T ) satellites are

defined to express attitude and motion relative to its centre of mass. If we

consider the chaser’s body frame C = (OC, xC, yC, zC), where OC is located

at the centre of mass and, (xC, yC, zC) are coincident with the corresponding

principal inertia axis of the satellite. The same definition applies to the T .
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3.4 Dual Quaternions

In this section, a comprehensive introduction to unit and dual quaternion algebra

is given. The mathematical preliminaries that includes all algebraic operations,

frame transformations and properties of dual quaternions employed throughout the

thesis are explained. One must note that the materials provided are from the field

of mathematics and the background is not novel. Nevertheless, for the sake of the

completeness of the thesis, the Lemmas & Theorems and corresponding proofs are

provided. Then, those background is employed to couple the translational motion

with rotational motion. To this end, dual inertia matrix, an 8− by − 8 symmetric

positive definite matrix is constructed from the mass and moment of inertia of the

chaser spacecraft. The corresponding 6-DOF coupled nonlinear equations of motion

is provided for actual orbiting simulations and simplified zero-g experiments.

3.4.1 Unit Quaternions

The formulation of spacecraft dynamics and control problems includes considera-

tions of kinematics; description of motions. Quaternions, also known as Euler Pa-

rameters consists of 4 elements and can be defined as q = q1î+q2ĵ+q3k̂+q0, where

q1, q2, q3, q0 ∈ R and satisfies: î2 = ĵ2 = k̂2 = −1, î = ĵk̂ = −k̂ĵ, ĵ = k̂î = −îk̂,
and k̂ = îk̂ = −k̂î. Throughout this thesis, the unit quaternion notation will be

denoted as q = [qT , q0]T where q = [q1 q2 q3]T ∈ R3 and q0 ∈ R are the vector

and scalar parts of the unit quaternion and, satisfies the constraint q2
0 + qTq = 1.

Lastly, a unit quaternion with zero vector part is specified as scalar quaternion

and a quaternion with zero scalar part is specified as a vector quaternion. The

four quaternion elements can be written in vector notation as

q =


e1sin(θ/2)

e2sin(θ/2)

e3sin(θ/2)

cos(θ/2);

 (3.7)

where e = (e1, e2, e3) is the eigenaxis vector and θ denotes the rotation angle around

that axis such that q = esin(θ/2). Next, the algebraic properties and operations

can be explained.
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Quaternion Product: The product of two unit quaternions are given as

q ⊗ p =

[
q0p + p0q + q× p

q0p0 − qTp

]
=

[
S(q) + q0I3x3 q

qT q0

]
︸ ︷︷ ︸

[q]⊗

[
p

p0

]
︸︷︷︸
p

, [q]⊗p (3.8)

where q & p are unit quaternions, × symbol refers to vector cross product and,

S(q) =

 0 −q3 q2

q3 0 −q1

−q2 q1 0

 ∈ SO(3), S ∈ R3×3. (3.9)

is the skew symmetric matrix.

Quaternion Cross Product: The cross product of two unit quaternions can

be given as

q × p =

[
q0p + p0q + q× p

0

]
=

[
S(q) + q0I3x3 q

01x3 0

]
︸ ︷︷ ︸

[q]×

[
p

p0

]
︸︷︷︸
p

, [q]×p. (3.10)

Alternatively, after defining the conjugate property of quaternions as q∗ = [−qT q0]T ,

standard quaternion and quaternion cross products can be also written as

q ⊗ p, [q]⊗p , [p]∗⊗q (3.11)

,

[
S(q) + q0I3x3 q

pT p0

]
︸ ︷︷ ︸

[p]∗⊗

[
q

q0

]
︸︷︷︸
q

and, (3.12)

q × p, [q]×p , [p]∗×q (3.13)

,

[
S(q) + q0I3x3 q

01x3 0

]
︸ ︷︷ ︸

[p]∗×

[
q

q0

]
︸︷︷︸
q

(3.14)

Finally, the algebraic properties of quaternion operations can be summarized in

Table 3.2 below.
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Table 3.2: Unit Quaternion Operations

Operation Definition

− q = (q, q0)
Addition q + r = (q + r, q0 + r0)
Multiplication by a scalar γq = (γq, γq0)
Conjugate q∗ = (−q, q0)
Quaternion product q ⊗ r = ( q0r0 − q · r, q0r + r0q + q× r)
Dot product q · r = (q0, r0 + q · r, 03x1)
Cross product q × r = (q0r + r0q + q× r, 0)
Norm ‖q‖ =

√
q ·q

3.4.2 Unit Dual Quaternions

Unit dual quaternions are derived from unit quaternions but can also address the

6-DOF spacecraft motion by including translational motion and couplings with ro-

tational motion. The concept was pioneered by W. Clifford and today mainly used

for kinematics of rigid bodies such as robotics [162–164]. A unit dual quaternion

consists of two quaternions and can be defined as

q̃ = q1 + εq2 or q̃ =

[
q1

q2

]
8×1

(3.15)

where q1 and q2 are the real and dual parts constructing the dual number with dual

operator ε that satisfies

ε2 = 0, ε 6= 0, 1 · ε = ε · 1 = 1 and, ε · 0 = 0 · ε = 0. (3.16)

Throughout the thesis, R̃8 is adopted to express the set of dual numbers as given

in Eqn. (3.15). Furthermore, it is possible to do reference frame transformation

with quaternion algebra. In particular, the dual quaternions can be also expressed

in the body frame of Chaser satellite with respect to the inertial frame as

q̃C = qC + ε
1

2
rN ⊗ q = qC + εqC ⊗

1

2
rC. (3.17)

where rC is the relative position vector in the chaser’s body frame, rN is the relative

position vector in the Inertial frame and qC is the unit quaternion representing the

rotation. Hereafter, the algebraic properties and operations of unit dual quaternions

can be explained.
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Unit Dual Quaternion Product: The product of two unit dual quaternions

can be given as

q̃⊗̃p̃=

[
q1 ⊗ p1

q1 ⊗ p2 + q2 ⊗ p1

]
= q1 ⊗ p1 + ε(q1 ⊗ p2 + q2 ⊗ p1) (3.18)

=

[
[q1]⊗ 04×4

[q2]⊗ [q1]⊗

]
︸ ︷︷ ︸

[q̃]⊗̃

[
p1

p2

]
, [q̃]⊗̃p̃, (3.19)

=

[
[p1]∗⊗ 04×4

[p2]∗⊗ [p1]∗⊗

]
︸ ︷︷ ︸

[p̃]∗⊗̃

[
q1

q2

]
, [p̃]∗⊗̃q̃. (3.20)

Unit Dual Quaternion Cross Product: The cross product of two unit dual

quaternions can be given as

q̃×̃p̃=

[
q1 × p1

q1 × p2 + q2 × p1

]
= q1 × p1 + ε(q1 × p2 + q2 × p1) (3.21)

=

[
[q1]× 04×4

[q2]× [q1]×

]
︸ ︷︷ ︸

[q̃]×̃

[
p1

p2

]
, [q̃]×̃p̃, (3.22)

=

[
[p1]∗× 04×4

[p2]∗× [p1]∗×

]
︸ ︷︷ ︸

[p̃]∗×̃

[
q1

q2

]
, [p̃]∗×̃q̃. (3.23)

Finally, the algebraic properties of dual quaternion operations can be summarized

in Table 3.3 below.

Dual Quaternion Error: The ultimate objective of the chaser satellite is to

achieve docking conditions in terms of relative states represented in dual quater-

nions. Hence, the GN&C objective is to obtain the following relation while ensuring

fuel efficient maneuvers and explicit handling of constraints

limk→∞q̃CT ,k = q̃d (3.24)
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Table 3.3: Dual Quaternion Operations

Operation Definition

− q̃ = q1 + εq2

Addition q̃ + p̃ = (q1 + p1) + ε(q2 + p2)
Multiplication (q1p1) + ε(q2p1 + q1p2)
Multiplication by a scalar γq̃ = (γq1) + ε(γq2)
Conjugate q̃∗ = q∗1 + εq∗2
Dot product q · p = (q1 · p1) + ε(q2 · p1 + q1 · p2)
Cross product q̃×̃p̃ = q1 × p1 + ε(q1 × p2 + q2 × p1)
Quaternion product q̃⊗̃p̃ = q1 ⊗ p1 + ε(q1 ⊗ p2 + q2 ⊗ p1)
Vector Part vec(q̃) = (q1, 0) + ε(q2, 0)
Norm ‖q̃‖ =

√
q1 · p1 + q2 · p2

where q̃d is the corresponding final attitude for successful mechanical docking, q̃CT ,k

is the dual quaternion of chaser satellite in chaser’s body frame C with respect to

the target’s body frame T at the time instant k. Now, the position vector of

the docking port of the target satellite and the final relative position attitude

represented in the inertial frame N can be expressed with rd and qd. Eventually,

the desired relative pose between the chaser and the target satellite can be given

as

q̃d = qd + ε
1

2
rNd ⊗ qd. (3.25)

Furthermore, the relative quaternion error can be calculated as

q̃e = qe + ε
1

2
qe ⊗ re (3.26)

with

q̃e =

[
qe

re

]
=

[
qC ⊗ qd

rC − q∗C ⊗ rNd ⊗ qC

]
,

[
q∗d ⊗ qC
rC − rCd

]
(3.27)

where qe is called the error quaternion whilst, re is relative position error.

Consequently, in the desired state, the error quaternion becomes an identity quater-

nion as q̃e = q̃I ; therefore, the relative dual quaternion q̃C arrives to the constant

desired value as q̃C = q̃d × qI = qd.
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3.5 Kinematics and Dynamics with Dual Quater-

nions

The dual quaternion algebra is explained in Section 3.4. Now, rotational and

translational motion can be represented with dual quaternions. The relative motion

kinematics of chaser’s body frame C with respect to the target’s body frame T can

be given as

˙̃q =
1

2
q̃ ⊗̃ ω̃C , or ˙̃q =

1

2
[ω̃C]

∗
⊗̃ q̃ (3.28)

with ω̃ =

[
ωB

vB

]
8×1

, and, ωB =

[
ωB

0

]
4×1

, vB =

[
vB

0

]
4×1

(3.29)

Now the dynamics of the translational and rotational motion expressed in the body

frame of chaser satellite. If we assume that the rotating frame is fixed to the body

frame of the chaser satellite C, the force vector F and the torque vector T expressed

in the chaser’s body frame C can be given as

F =
Cd

dt
(mv) = mv̇C + ωC ×mvC, (3.30)

T =
Cd

dt
(Jω) = Jω̇C + ωC × JωC (3.31)

because the translational velocity in the body frame is defined by

vC = ṙC + ωC × rC (3.32)

we can formulate fully coupled, 6-DOF problem translational and rotational motion

dynamics in a compact matrix-vector form as

F̃ = I ˙̃ω + ω̃ × Iω̃ (3.33)

with
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I =


03×3 0mI3×3 0

0 0 0 1

J 0 03×3 0

0 1 0 0


8×8

and, F̃ =


F

0

T

0


8×1

. (3.34)

where I ∈ R8×8 is an invertible matrix. Proof : [144]. Alternatively, the equations

of motion can be also expressed in the Inertial frame N . However, for the sake of

consistency of the reference frames, all calculations are done in the chaser’s body

frame C.



Chapter 4

Model Predictive Control for

Spacecraft Rendezvous and

Docking

This chapter covers the formulation of MPC for spacecraft assuming a full state

feedback condition is available. Also, the benefits of MPC paradigm is provided as

well as its disadvantages. This includes definitions and use of the three main com-

ponents: prediction model, objective function and the constraints. The dynamic

model is discussed in Chapter 3; the constraints are discussed in Chapter 2 where

the challenges are presented. Because MPC paradigm is an optimal control tech-

nique, the desired closed loop is reflected in the choice of the objective function.

One of the most common critics that MPC faces is the computational demands;

thus, in this chapter, MPC using different classes of constrained quadratic opti-

mization algorithms are investigated. This includes the condensing algorithms that

are used to transform the original optimal control problem into QP problem in the

MPC form and the state of the art QP solvers.

51
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4.1 Introduction

The basic idea of MPC is illustrated in Fig. 4.1. A discrete-time setting is assumed,

and the current time is referred as time step k. At the current time, the plant’s

state is xk, the input is uk and the figure shows the state and the input history

with grey colour on the “past” side. The green solid line is the “desired set-point”

that states should follow.

Desired Set-point

Past Future

Closed-loop state

(measured)

Closed-loop input

Predicted State

Control Horizon,Nu

Prediction Horizon,Np

k k+1

k+Np

k+Nu

...

Optimal Input Trajectory

u
k

x
k

Figure 4.1: MPC Overview

MPC has an internal model to predict the behaviour of the plant, from the cur-

rent time, over a future prediction horizon denoted with Np in Fig. 4.1. The

predicted trajectory, shown with the blue dashed line, is based on the assumed

input trajectory uk+i,k(i = 0, 1, . . . , Np − 1) shown with black dashed line.

It is assumed that the sequence of actions at time step k is the following [32] and

summarized in Algorithm 1;

1. Obtain the measurements yk.

2. Predict the future output using system model, regarding the constraints and

objectives.

3. Solve the optimization problem

4. Implement the first control action uk

5. Repeat the calculation at subsequent control intervals
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One should note that at each control interval, MPC attempts to optimize the

future plant behaviour. This prediction capability provides online solutions to

control problems where tracking error is minimized over a future horizon, without

violating the constraints on the inputs and outputs.

Algorithm 2.1: Model predictive control

while controller running do
Solve

arg min
x,u

FNp(xk+Np) +

Np−1∑
i=0

l(xk+i, uk+i)

subject to plant dynamics

xk+i+1 = f(xk+i, uk+i), ∀ i ∈ {0, . . . , Np − 1}

and constraints

xk+i ∈ X ∀ i ∈ {0, . . . , Np − 1}

uk+i ∈ U ∀ i ∈ {0, . . . , Nc − 1}

xk+Np ∈ T.

Apply uk to plant.

Set k ← k + 1.

end

4.2 MPC as a Quadratic Programming Problem

Consider the discrete-time state-space model

xk+1 =Adxk +Bduk, (4.1)

yk =Cdxk (4.2)

where x is an n-dimensional state vector, u is an m-dimensional input vector and

y is an l-dimensional measured output vector.
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We can predict the future outputs by iterating the model,

ŷk+1 =CdAdxk + CdBdûk, (4.3)

ŷk+2 =CdA
2
dxk + AdBdûk + CdBdûk+1, (4.4)

... (4.5)

ŷk+i = CdA
i
dxk +

i∑
j=1

CdA
j−1
d Bdûk+i−j (4.6)

If we collect the predicted outputs into a vector, we obtained an expression for the

vector of predicted outputs


ŷk

ŷk+1

ŷk+2

...

ŷk+Np−1


︸ ︷︷ ︸

→
yk

=


Cd

CdAd

CdA
2
d

...

CdA
Np−1
d


︸ ︷︷ ︸
P∈RlNp×n

xk +


Dd 0 0 · · ·
CdBd Dd 0 · · ·
CdAdBd CdBd Dd · · ·

...
...

...
. . .

CdA
Np−2
d BdCdA

Np−3
d BdCdA

np−4
d Bd · · ·


︸ ︷︷ ︸

H∈RlNp×mNp

·


ûk

ûk+1

ûk+2

...

ûk+Np−1


︸ ︷︷ ︸

→
uk

(4.7)

where

P,H output prediction matrices
→
yk output at time increment k
→
uk control input at time increment k

Np Prediction Horizon

We can also express Equation 4.7 in a compact form:

→
yk = Pxk +H

→
uk (4.8)

The cost function now can be written as

Ju =
1

2

(
→
yk
T
Q
→
yk +

→
uk

T
R
→
uk

)
(4.9)
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where Q ∈ RlNp×lNp is the positive definite matrix of weight for error vector and

R ∈ RmNp×mNp is the diagonal matrix of weight for input vector. Substituting Eqn.

(4.8) into Eqn. (4.9), we get:

Ju =
1

2
((Pxk +H

→
uk)

TQ(Pxk +H
→
uk) +

→
uk

T
R
→
uk) (4.10)

Reorganizing and removing the terms that are independent of
→
uk, we obtain:

Ju =
1

2

→
uk

T
(HTQH +R)︸ ︷︷ ︸

G

→
uk + (xTkP

T )QH︸ ︷︷ ︸
WT

→
uk (4.11)

using matrix G and the vector W, we can write

Cost Function 1

Ju =
1

2

→
uk

T
G
→
uk +W T →uk (4.12)

There might be a steady-state error due to the non-zero weight of control inputs in

the cost function. This is simply because having a steady-state error is cheaper in

cost than eliminating it by increasing the control signals. Let us consider hovering

of a drone example at 1m. In order to keep the altitude, there must be a control

signal compensating the gravitational force. Hence, if the cost function 1 is used,

the cost can never go to zero value but a compromise is to be made by the optimizer

between the input use and the steady-state error. An alternative example regarding

attitude dynamics is given in Section 3.2. The mentioned problem may be solved

by defining the cost function through the rate of change of control inputs rather

than control inputs themselves. Control vector components can now be written as
uk

uk+1

...

uk+Np−1


︸ ︷︷ ︸
→
uk∈RmNp×1

=


uk−1

uk−1

...

uk−1


︸ ︷︷ ︸
→
u k−1

+


I 0 · · ·
I I · · ·
...

...
. . .

I I · · ·


︸ ︷︷ ︸
Ω∈RmNp×mNp


∆u1

∆u2

...

∆uNp


︸ ︷︷ ︸

−→
∆uk

(4.13)
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where Ω is lower diagonal matrix that consists of identity matrices I ∈ Rl×l or zero

matrices 0 ∈ Rl×l. Then Eq. 4.8 takes the form:

→
yk = Pxk +H(

→
uk−1 + Ω

−→
∆uk) (4.14)

→
uk−1 does not change during the whole horizon.

Cost Function 2 Ju can now be expressed as

J∆u =
1

2

−→
∆uk

T

G∆

−→
∆uk +W T

∆

−→
∆uk (4.15)

where G∆ = ΩTGΩ and W T
∆ =

→
u
T

k−1GΩ +W TΩ.

4.2.1 Handling Disturbances and Modeling Uncertainties

To get offset free tracking of a reference in the presence of an unknown but constant

disturbance, integral action can be applied to the problem formulation. Surpris-

ingly, this is seldom done or emphasised in the existing literature for spacecraft

RVD applications. To include the integral action, we need:

• In steady-state, the minimum of J must be consistent with zero tracking

errors. This can be simply achieved by editing the cost function and in

our case, Cost Function 3 to be explained next satisfies the consistency

requirement.

• The predictions must be unbiased, i.e., in steady-state, the prediction model

should give Ŷ = [I; I; . . . ; I]Tyrealss , regardless of any differences between the

model and the process due to uncertainty and disturbances. This uncer-

tainty could be a modeling uncertainty, e.g., attitude dynamics, knowledge

of the mechanical properties, whereas the disturbance could be solar radia-

tion pressure or atmospheric drag. This could be achieved by an incremental

state-space model and augmenting it to include output y.

Instead of the state-space model in (4.1) and (4.2), we could also derive the MPC

control law by using a state-space model with an incremental input and output
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term in the new state vector ensuring the integral action. Below, two examples are

given (can be more).

First, [
∆x̂k+1

yk

]
︸ ︷︷ ︸

ξ̂k+1

=

[
Ad 0

Cd I

]
︸ ︷︷ ︸

A

[
∆xk

yk−1

]
︸ ︷︷ ︸

ξk

+

[
Bd

0

]
︸ ︷︷ ︸

B

∆ûk, (4.16)

yk =
[
Cd I

]
︸ ︷︷ ︸

C

[
∆xk

yk−1

]
︸ ︷︷ ︸

ξk

(4.17)

Second, [
∆x̂k+1

ŷk+1

]
︸ ︷︷ ︸

ξ̂k+1

=

[
Ad 0

CdAd I

]
︸ ︷︷ ︸

A

[
∆xk

yk

]
︸ ︷︷ ︸

ξk

+

[
Bd

CdBd

]
︸ ︷︷ ︸

B

∆ûk, (4.18)

yk =
[

0 I
]

︸ ︷︷ ︸
C

[
∆xk

yk

]
︸ ︷︷ ︸

ξk

(4.19)

These state-space models can be written in the final compact form

ξ̂k+1 =Aξk +B∆ûk (4.20)

yk =Cξk (4.21)

where ξ is the new augmented state vector and the matrices A,B & C are defined

accordingly. Hence, the output predictions can be written as
ŷk+1

ŷk+2

...

ŷk+Np


︸ ︷︷ ︸

→
yk

=


CA

CA2

...

CANp


︸ ︷︷ ︸

Φ

ξk +


CB 0 · · · 0

CAB CB
...

...
. . .

...

CANp−1B CANp−2B · · · CB


︸ ︷︷ ︸

G


∆ûk

∆ûk+1

...

∆ûk+Nc−1


︸ ︷︷ ︸

−→
∆u

(4.22)

Or in a vector-matrix notation

→
yk = Φξk +G

−→
∆u (4.23)
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With cost function (4.24) and substituting (4.23), we have

J∆u,I =
1

2

(
→
yk
T
Q
→
yk +

→
∆u

T

R
→

∆u

)
(4.24)

J∆u,I = (Φξk)
TQ(Φξk) + 2

−→
∆uTGT (Φξk) +

−→
∆uT (R +GTG)

−→
∆u (4.25)

J∆u,I =
1

2

→
∆u

T

(GTQG+R)︸ ︷︷ ︸
F

→
∆u + (ξTk ΦT )QG︸ ︷︷ ︸

V T

→
∆u (4.26)

Cost Function 3 J∆u,I can now be expressed as

J∆u,I =
1

2

→
∆u

T

F
→

∆u + V T
→

∆u (4.27)

4.2.2 Motivational Example
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Figure 4.2: Integral Action Angular Rate History

It is seen from Fig. 4.2 that the desired spin rate is achieved roughly in 100s around

x-axis and when the external disturbance is applied at t = 250s, it takes less than

100s to realize and compensate it. Another way of criticising the performance would

be screening the torque history which is depicted in Fig. 4.3. After the disturbance,

the torque command reaches the values to compensate it. In particular, Ty hits

the constraint limit of Tmax,y = 0.0075Nm. Finally, Fig. 4.4 shows that the rate
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of change of torque inputs converges to zero. In summary, having a consistent

cost function (Cost Function 3) together with integral action, not only offset free

tracking but also disturbance rejection can be easily achieved.
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Figure 4.3: Integral Action Torque History
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Figure 4.4: Integral Action Rate of Change of Torque History
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4.2.3 Constraints in MIMO Settings

Because the thesis addresses a MIMO system, the constraints are specified for each

input independently. Given m inputs, the upper limit can be written as

umax = [ (umax
1 )T (umax

2 )T . . . (umax
m )T ]T (4.28)

and lower limit as

umin = [ (umin
1 )T (umin

2 )T . . . (umin
m )T ]T (4.29)

Then the magnitude of each control signal must satisfy the constraints in the

following inequality form:

umin
1 ≤ u1,k ≤ umax

1 (4.30)

umin
2 ≤ u2,k ≤ umax

2 (4.31)
... (4.32)

umin
m ≤um,k≤ umax

m (4.33)

In general, constant input constraint over the prediction horizon can be written as


umin

umin

umin

...

umin


︸ ︷︷ ︸

−→umin ∈ RmNp×1

≤


uk

uk+1

uk+2

...

uk+Np−1


︸ ︷︷ ︸
−→u k ∈ RmNp×1

≤


umax

umax

umax

...

umax


︸ ︷︷ ︸

−→umax ∈ RmNp×1

(4.34)

In compact form,

−−→umin ≤ −→u k ≤ −−→umax (4.35)

Similarly, if the decision variable is the rate of change of input, then the inequality

constraints can be given as

∆umax = [(∆umax
1 )T (∆umax

2 )T . . . (∆umax
m )T ]T (4.36)
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and lower limit as

∆umin = [(∆(umin
1 )T (∆umin

2 )T . . . (∆umin
m )T ]T (4.37)

Then the magnitude of each control signal must satisfy the constraints in the

following inequality form:

∆umin
1 ≤ ∆u1,k ≤ ∆umax

1 (4.38)

∆umin
2 ≤ ∆u2,k ≤ ∆umax

2 (4.39)
... (4.40)

∆umin
m ≤∆um,k≤ ∆umax

m (4.41)

Now, assuming ∆uk = uk − uk−1.,
ûk

ûk+1

ûk+2

...

ûk+Nc−1


︸ ︷︷ ︸
−→uk∈RmNp×1

=


uk−1

uk−1

uk−1

...

uk−1


︸ ︷︷ ︸

−→u k−1∈RmNp×1

+


I 0 0 · · · 0
I I 0 · · · 0
I I I 0
...

. . .

I I . . . I I


︸ ︷︷ ︸

Υ∈RmNp×mNp


∆ûk

∆ûk+1

∆ûk+2

...

∆ûk+Nc−1


︸ ︷︷ ︸
−→
∆u∈RmNp×1

(4.42)

where Υ is a lower diagonal matrix and each element is an identity matrix being

I ∈ Rm×m. In a compact form,

−→uk =−→u k−1 + Υ
−→
∆u (4.43)

−→u min≤−→u k ≤ −→u max (4.44)

−→u min≤−→u k−1 + Υ
−→
∆u ≤ −→u max (4.45)

−→u min −−→u k−1︸ ︷︷ ︸
ulb

≤ Υ
−→
∆u ≤ −→u max −−→u k−1︸ ︷︷ ︸

uub

(4.46)

ulb≤Υ
−→
∆u ≤ uub (4.47)

Now, the Eqn. (4.47) that consists of ulb & uub vectors and Υ matrix can be given

to QP solver.
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4.2.4 LPV Model For Experimentation

For analysis, a nonlinear plant can be transformed into several linear systems via

the piecewise-affine approximation method proposed in [49, 144]. Hence, linear

MPC can be formulated in a convex optimization framework and real-time imple-

mentation becomes feasible thanks to high speed solvers [165, 166]. The continuous

time differential equations in Eqns. (3.28-3.33) can be discretized and used as a

prediction model of MPC;

Iω̃k+1 = Iω̃k −∆t[Iω̃k]×̃ω̃k + ∆tF̃k (4.48)

q̃k+1 = q̃k −
∆t

2
[q̃k]⊗̃ω̃k+1 (4.49)

where ∆t is the sampling period, I is the inertia tensor defined in Eqn. (3.34),

ω̃ & q̃ are defined in Eqns. (3.17,3.29), finally [ · ]⊗ and [ · ]× the dual quaternion

operations defined in Eqns. (3.19,3.22). Two different discretizations is done. First,

it is assumed that the time sequence of the discretized equations is

F̃ =⇒ ω̃k+1 =⇒ q̃k+1, (4.50)

and the proof is given in [144]. Now, the state and the input vectors can be

summarized as

xk =

[
ω̃k

q̃k

]
, and uk = F̃k. (4.51)

Subsequently, if the Eqns. (4.49-4.48) are reorganized,[
I 08×8

−∆t
2

[q̃k]⊗̃ I8×8

]
︸ ︷︷ ︸

M

xk+1 =

[
I−∆t[Iω̃k]

∗
×̃ 08×8

08×8 I8×8

]
︸ ︷︷ ︸

N

xk +

[
∆tI8×8

08×8

]
︸ ︷︷ ︸

L

uk, or (4.52)

xk+1 =M−1Nxk +M−1Luk, or (4.53)

xk+1 =Atxk +Btuk (4.54)

[49, 144] show that M16×16 matrix in Eqn. (4.52) is invertible and the state-space

system in (4.54) can be constructed.
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Secondly, if the discretization is done simultaneously;

F̃ =⇒ ω̃k+1 & q̃k+1, (4.55)

[
I 08×8

08×8 I8×8

]
︸ ︷︷ ︸

M ′

xk+1 =

[
I−∆t[Iω̃k]

∗
×̃ 08×8

∆t
2

[q̃k]⊗̃ I8×8

]
︸ ︷︷ ︸

N ′

xk +

[
∆tI8×8

08×8

]
︸ ︷︷ ︸

L′

uk, or (4.56)

xk+1 = (M̄)−1(N̄)xk + (M̄)−1(L̄)uk, or (4.57)

xk+1 =Atxk +Btuk (4.58)

We can now refer to Section 4.2 for derivation of MPC as QP problem.

Remark 10. The PWA modeling method assumes that the states lie in the vicinity

of the reference, which is the point of linearisation. Hence, the greater the pre-

diction horizon Np, the more error in the representation of the nonlinear models

given in the compact vector-matrix form in Eqn. (3.33). As a result, the predicted

outputs will deviate increasingly from the true outputs and the calculated control

action will be far from optimal. On the other hand, for the stability of MPC,

the prediction horizons must be sufficiently large. In fact, our results suggest that

the larger the prediction horizon, the lower the fuel consumption. Eventually, de-

termination of prediction horizon requires extra care. One potential solution is

to decrease the sampling period of PWA strategy. However, this must be also

controlled in order not to conflict with other sensors and violate the computation

power of on-board PC. The trade-off is explained in detail in the results section.
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4.2.5 QP Problem Derivation for LTV Model For Elliptic

Orbits

Unlike LTI and LPV, Linear-Time-Varying Models vary by time. Hence, at each

time instant k, there exist Np new models over the prediction horizon. Therefore,

the main matrices for the derivation of the QP problem can be accordingly obtained

as

yk

yk+1

yk+2

...

yk+Nc

yk+Nc+1)
...

yk+Np


︸ ︷︷ ︸

Y (k)

=



Ck

Ck+1Ak

Ck+2Ak+1Ak
...

Ck+Nc

∏k+Nc−1
i=k Ai

Ck+Nc+1

∏k+Nc

i=k Ai
...

Ck+Np

∏k+Np−1
i=k Ai


︸ ︷︷ ︸

Fk(x)

x(k)+



Dk 0 . . . 0

Ck+1Bk Dk+1 · · · 0

Ck+2Ak+1Bk Ck+2Bk+1 Dk+2
...

...
...

. . . . . .

Ck+Nc

∏k+Nc−1
i=k+1 AiBk Ck+Nc

∏k+Nc−1
i=k+2 AiBk+1 · · · Ck+Nc+1Ak+NcBk+Nc − 1

Ck+Np

∏k+Np−1
i=k+1 AiBk

...
. . .

...

... Ck+Np

∏k+Np−1
i=k+2 AiBk+1 · · · Ck+Np

∏k+Np−1
i=k+Nc

AiBk+Nc−1


︸ ︷︷ ︸

Φk

×

 ∆Uk
...

∆Uk+Nc−1


︸ ︷︷ ︸

∆Uk

(4.59)

From now on, the procedure is similar to the LTI case given in Eqns. (4.8-4.15)

and the LTV dynamic matrices are obtained from [167].
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4.3 Formulation Of Inscribed Polygon Approach

4.3.1 Line-Of-Sight Constraints

The requirements in spacecraft motion control problems are imposed pointwise-

in-time and terminal constraints on both state and control variables. The main

ones are Line of Sight (LOS), Field of View (FOV), plume impingement, obstacle

avoidance, and physical constraints. In this thesis, we formulate LOS and physical

constraints as follows. First, during the proximity maneuvering, it is necessary

for controlled spacecraft to stay inside the LOS region if there exists a proximity

operation. This region can be represented with a polyhedron and can be in general

written as [123, 168]

P = {x : cηx ≤ dη} (4.60)

where x denotes the state vector. The inequality constraints are defined as y ≥
cx(x− x0), y ≥ −cz(z + z0), y ≥ −cx(x + x0), y ≥ cz(z − z0) where cx and cz are

the slopes of the tetrahedral cone (i.e., if cx = 1, slope angle is 45 deg), x0 and z0

are the docking port 2D dimensions and, y ≥ 0 ensures that chaser satellite does

not crash the docking port.

In Eqn. (4.60),

cη =


0 −1 0

cx −1 0

−cx−1 0

0 −1 cz

0 −1−cz

 , dη =


0

cxx0

cxx0

czz0

czz0

 (4.61)

The given inequality constraints in Eqn. (4.60) are valid for stable or non-rotating

target case where LVHL frame is identical to body-fixed frame. However, for a

tumbling target, transformation of ALOS and bLOS dynamic constraints are required

to predict future feasible region in order to generate set of inputs that optimizes the

RVD problem while respecting the LOS constraints. To this end, LOS constraint

matrix can be updated in LVLH frame by using projective geometry in the following
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form;

cη,rot = cηRRot (4.62)

where, for a simple scenario, assuming target only rotates around it’s z-axis, RRot

can be obtained provided that perfect knowledge of rotation rate is available;

RRot−z =

cos(α)−sin(α) 0

sin(α) cos(α) 0

0 0 1

 (4.63)

Rotations will be named as yaw, pitch and roll where rotation matrices in the

counter-clockwise direction and the other rotation matrices can be obtained by

multiplication of the given three matrices.

4.3.2 Physical Constraint

The most commonly employed physical constraint is the following linear inequality

constraints which are valid in the presence of the multiple-axis thrusters on-board

to fire in every direction;

umin,σ ≤ uσ ≤ umax,σ, σ ∈ {x, y, z} (4.64)

In Eqn. (4.64), it is assumed that each thrust magnitude can be independently

fired. However, for a single-axis thruster configuration, the physical limit is on the

net thrust and can be expressed as

u2
x + u2

y + u2
z ≤u2

max, (4.65)

This results in Quadratically Constrained Quadratic Program (QCQP) where

ux, uy & uz are the inputs in the x, y & z directions respectively.

It is well understood from the relative motion dynamic models, i.e., HCW (Ap-

pendix A.1), Inalhan, or Y-A Equations, that in-plane dynamics (x and y) is decou-

pled from out-of-plane (z) dynamics and can be expressed separately [151, 167].

However, [105] decoupled each thrust direction and formulated them separately
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with the following conservative linear inequality constraints:

−umax√
2
≤ uσ ≤

umax√
2
, σ ∈ {x, y, z} (4.66)

This technique allows users to obtain QP formulation. However, based on the Eqn.

(4.73), the thrust region loss is ε%loss u 36.338%, and therefore not desirable for the

agile proximity maneuvers in space. Lastly, in the given inequality physical con-

straints, umax is characterized by the chaser’s thruster performance; F (Newton),

mass; m (kg), sampling time; Ts(s) in the following form;

umax =
F

m
Ts. (4.67)

4.3.3 Inscribed Polygon Method

This section presents the main contribution of this Chapter. Inequality relation

given in Eqn. (4.81) is quadratic and convex constraint. To our best knowledge, it

has been observed that to address single axis thruster configured spacecraft motion

planning & control problem, standard decoupled infinity norm constraints given in

Eqn. (4.64) or SOCP methods are employed [59, 105, 168, 169].

The inscribed polygon depicted in Fig. 4.5 consists of n number of segments which

can be expressed as [170]

akux + bkuy = cumax, ∀k ∈ {1, ..., n} (4.68)

where ux,i & uy,i are the optimal inputs at the time instant i; ak, bk and c are the

constants, calculated based on Eqns. (4.69-4.71) and umax is user-defined maximum

thrust magnitude constant.

ak = sin
(2π × k

n

)
− sin

(2π × (k − 1)

n

)
(4.69)

bk = −cos
(2π × k

n

)
+ cos

(2π × (k − 1)

n

)
(4.70)

c = sin
(2π

n

)
(4.71)

Having said that, for every time instant, there exist n different inequality con-

straints therefore, QCQP problem can be now transformed into QP via using the
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Figure 4.5: Illustration of Inscribed Polygon

generalized equation in (4.68) in the following generalized inequality form:

Guu ≤ gu (4.72)

Eventually, given inequality constraints (4.60) & (4.72), finally;

Assumption: Let X ⊆ Rnx , U ⊆ Rnu , P ⊆ X be convex, closed polytopic sets, spec-

ified in the form: X , {x : Gxx ≤ gx}, U , {u : Guu ≤ gu}, P , {x : cηx ≤ dη}

4.3.4 Evaluation Of The Performance

In this section, the overall encapsulated thrust region method is introduced to

evaluate the performance of the approximation. In Fig. 4.5, it is clear that for any

approximations to a circle there is a loss of control authority. In the area method,

one can simply calculate the areas of circle by employing Acircle = πR2 where R is

the radius of the circle. In addition, the area of n-sided convex regular polygon can

be calculated by Apolygon = n × 1
2
R2 ∗ sin(φ) where φ = 2π/n. The thrust region
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loss is denoted with ε%loss and calculated by

ε%loss =

∣∣∣∣Acircle − ApolygonAcircle

∣∣∣∣× 100. (4.73)

In addition, in order to evaluate the TComputation, the same scenario is simulated for

varying n and normalized with a computation time of the original QCQP problem.

It is reflected into Table 4.1 that adding more sides to polygon after n = 24 leads

Table 4.1: Performance Of Different Regular Polygons

Configuration n = 4 8 16 24 32 40 ∞ (Circle)

Loss % 36.34 9.97 2.55 1.13 0.64 0.41 0
TComputation % -6.4 -3.3 -2.3 +0.7 +2 +6.7 -

to diminishing return with extra computation time.

4.3.5 Cost Function

Now, MPC formulation can be finalized. We employ linearized & LTV dynamics

motion model (i.e., Y-A Equations), linear constraints (i.e., Input + Line of Sight),

and quadratic costs on the states and control input changes. Let xi and ui denote

the state and input predictions into the future from the current time step i, up

to prediction horizon Np. Define ∆x = (xi − xi,ref ), ∆ui = (ui − ui−1), u =

(u0, ...,uNc−1), x = (x0, ...,xNp) where xref denotes the target, i.e., docking port,

and therefore, the cost function

J(x0,∆u) =

Np−1∑
i=0

(
∥∥∥∆xi

∥∥∥2

Q
+
∥∥∥∆ui

∥∥∥2

R
) (4.74)

for matrices Q ∈ Rnx×nx ≥ 0 (Positive-Semidefinite (PSD) weight matrix and

penalizes the state values), R ∈ Rnu×nu ≥ 0 (PSD weight matrix and penalizes the

control input change). At each time step i, the designed MPC based controller

solves the Problem 1 and applies ui = u•0
(
xi

)
where ()• denotes an optimal value.

For single-axis thruster configuration, there exists a quadratic input constraint in

the form of Eqn. (4.65). Hence, the original LTV QCQP problem is



70 4.3. Formulation Of Inscribed Polygon Approach

Problem 1.

(u•, x•(x)) = min(u,x) J(x,u) (4.75)

subject to x0 = x (4.76)

xi+1 = Aixi +Biui,∀i ∈ {0, ..., Np − 1} (4.77)

cηxi ≤ dη ∀i ∈ {0, ..., Np − 1} (4.78)

xi ∈ X, ∀i ∈ {0, ..., Np − 1} (4.79)

ui ∈ U, ∀i ∈ {0, ..., Nc − 1} (4.80)

u2
x,i + u2

y,i ≤ umax, ∀i ∈ {0, ..., Nc − 1} (4.81)

Given the inequality constraint in Eqn. (4.81), the problem is no longer a QP

representable but is transformed into QCQP. By applying the IPA mentioned in

Section 4.3.3, Problem 1 can be approximated with the following formulation

Problem 2.

(u•, x•(x)) = min(u,x) J(x,u) (4.82)

subject to x0 = x (4.83)

xi+1 = Aixi +Biui, ∀i ∈ {0, ..., Np − 1} (4.84)

cηxi ≤ dη ∀i ∈ {0, ..., Np − 1} (4.85)

xi ∈ X, ∀i ∈ {0, ..., Np − 1} (4.86)

ui ∈ U, ∀i ∈ {0, ..., Nc − 1} (4.87)

a1ui,x + b1ui,y ≤ cumax, ∀i ∈ {0, ..., Nc − 1} (4.88)

a2ui,x + b2ui,y ≤ cumax, ∀i ∈ {0, ..., Nc − 1} (4.89)

...

anui,x + bnui,y ≤ cumax, ∀i ∈ {0, ..., Nc − 1} (4.90)

where Eqn. (4.81) is approximated by Eqns. (4.88-4.90).

Remark 11. Let K be the QCQP defined in Problem 1 and K(n) be the IPA of

the QP problem defined in Problem 2. Then, K(n)→ K as n→∞, in other words,

limn→∞

∥∥∥x(n)− x = 0.
∥∥∥ However, because every piece-wise segments of the IPA

linear constraints are written explicitly in the form of Eqns. (4.88-4.90), it comes
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with additional computation load. Hence, a trade-off between the performance

calculated in Eqn. (4.73) and the computation load is required.

Remark 12. In order to fully utilize the thrusters, it is possible to obtain circum-

scribed polygon approximation with tangential lines as depicted in Fig. 4.5 with

gray lines. However, in this case, the Unrealized Region, ξ appears. This is not de-

sirable because after some time, constraints may not be satisfied and the problem

can become infeasible. This may end up with catastrophic events in space, i.e.,

collision. On the other hand, circumscribed polygon allows full realization with a

potential loss depicted in the Table 4.1.

Remark 13. Problem 1 is in the form of QCQP due to the Eqn. (4.81) and because

it is convex, commercial solvers internally formulate it in the conic form [171, 172].

The main advantages are the mature duality theory for conic optimization prob-

lems, direct formulation of conic form for equivalent problem formulation. However,

the strategy is to introduce extra variables, linear constraints and quadratic cones

to conserve the original variables for equivalent problem but results in a larger

problem. On the other hand, in space systems, simplicity is one of the main re-

quirements. One can note that for 3-axes coupled dynamics, i.e., landing on an

asteroid, the proposed strategy can be easily implemented by assigning n number

of planes instead of lines for intercept polygons. This approximation would result

in 3D regular, inscribed polyhedron as depicted in Fig. 4.6

DodecahedronIcosahedron Triacontahedron

Figure 4.6: Illustration Of Polyhedron Approximation To A Sphere

4.4 Simulated Scenarios

In this section, the performance of the proposed approach is evaluated for two

challenging scenarios. First, approaching and synchronizing with an uncontrolled
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target in a circular orbit. This case is formulated as LTI system explained in Section

4.2 by employing HCW Equations [150]. Second, docking with a stable target in a

highly elliptic orbit. This case is formulated as LTV system explained in Section

4.2.5 by employing Y-A Equations [167]. Details about the scenarios are given in

Table 4.2 & 4.3. The formulation has been tested by the Nonlinear High Fidelity

Engineering Model provided by industrial partner Thales Alenia Space/France.

To formulate the optimization Problem 2 (Section 4.3.5), we used CVX, an open

source MATLAB based modeling language for convex optimization & MPC [173]

and Gurobi as a solver [171].

Table 4.2: MPC Specifications

Parameter Case-1 Case-2

X0 [0.25 53 0 0 0 0] [-20 150 0 -1.5 0 0]
Q diag([0.01 0.01 0.01 0 0 0]) diag([0.01 0.001 0.01 0.5 0.5 0.5])
R diag([100 100 100]) diag([10000 10000 10000])
Ts 1[s] 1[s]
Horizon 20 25

In the first scenario, given 53m in-track (y − axis) separation and 0.25m radial

(x − axis) misalignment as an initial condition, the objective is to approach the

uncontrolled satellite up to 20m and synchronize with it for an inspection and/or a

robotic operation. Standard linearization (STD-L) could not achieve the objective

due to the loss in the thruster utilization, whereas QCQP and IPA successfully

obtains the required maneuvers. As illustrated in Figures 4.7 & 4.8, the solution

of the Problem 2 becomes infeasible after some time, if the segment number (n)

of the IPA approach is not sufficiently selected, i.e., for n=4, there is no feasible

solution after 7s.

In the second scenario, docking with a stable target in an elliptic orbit is simu-

lated. In highly elliptic orbits, it is a strong possibility for a controlled satellite to

have an initial relative velocity before the execution of the proximity maneuver.

Hence, given −1.5m/s initial relative velocity in the radial direction due to high

eccentricity, chaser is separated from the target with −20m radial and 150m in-

track directions. The objective is to compensate the relative velocity and approach

the target along in-track axis while respecting LOS constraint mentioned in Eqn.

(4.60). Fig. 4.9 shows that for each approach the thruster is fully utilized at the

beginning of the maneuver in order to cancel the relative velocity in the radial
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direction. However, due to the realization limits, trajectories differ as depicted in

Fig. 4.10. It is shown with green triangles that the STD-L trajectory is just able to

stay inside the cone. For even slightly higher relative velocity, eccentricity or lower

cone angle, STD-L approach is not able to meet with the docking conditions. On

the other hand, IPA approach even with insufficient “n” numbers shows a well ap-

proximation to the coupling between x-axis & y-axis. In addition, as n increases,

the realization is maximized and after n = 16, QCQP and IPA results overlap.

Eventually, with a sufficiently selected number of n, the IPA approach can address

single-axis thruster configuration problem for spacecraft maneuvers.

Table 4.3: Scenario Specifications

Parameter Case-I Case-II Unit

Fmax 40 50 [N]
Chaser Mass 400 500 [kg]
Eccentricity 0 0.7 ∅
Perigee Height 590 500 [km]
Inclination 0 0 [deg]
Longitude of the Ascending Node 0 0 [deg]
Argument of Perigee 0 0 [deg]
Initial True Anomaly 0 30 [deg]
LOS Cone Angle 45 15 [deg]
Target Rotation Rate 3 0 [deg/s]

4.5 Lessons Learned

Throughout this section, Inscribed Polygon Approach is developed to address the

QCQP problem arising in single axis thruster configuration. It has been validated

via simulations in NHFEM that proposed method provides quasi circle input con-

straint realization, in other words, the controller can well approximate to fully

utilization of the thruster. In addition, requirements of advanced optimization

methods and tools are relaxed, problem can now be solved with mature & reliable

QP solvers for fast real-time implementations, i.e., via CVXGEN. In the future,

dynamic experiment tests will be conducted to validate simulation results.
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Figure 4.7: Scenario 1 - Input History in Circular Orbit
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Figure 4.8: Scenario 1 - Trajectory History in Circular Orbit
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Figure 4.9: Scenario 2 - Input History in Elliptic Orbit
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Figure 4.10: Scenario 2 - Trajectory History in Elliptic Orbit





Chapter 5

Rendezvous and Docking Problem

with Multiple Thruster

Configuration

This chapter presents a Guidance and Control (G&C) strategy to address 6-DOF

spacecraft attitude and position control for future Rendezvous and Docking (RVD)

missions. Future RVD missions, specifically when the target is uncooperative, are

challenging as geometric constraints and parameter uncertainties are both present.

In addition, due to close proximity and potential angular motion of the target satel-

lite, the point mass approach is no longer sufficient to represent the relative motion

dynamics. Hence, throughout this chapter, the coupling between translational and

rotational motion of spacecraft relative motion is addressed via Dual Quaternions

and Piece-wise Model Predictive Control framework. The algorithm is developed

such that the relative position of interest is no longer Centre-Of-Mass (COM) posi-

tion of the target satellite but can be docking port or a predefined grasping feature.

Secondly, physical and geometric constraints are explicitly formulated and respected

by formulating a constrained optimization problem. The proposed framework is

real-time implementable because the control problem is formulated as a convex opti-

mization problem. Simulation results show that the proposed algorithm is promising

because it can respect the physical and geometric constraints and minimize the pro-

pellant consumption while coupling translational and rotational motion and still

being real-time implementable.

77
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5.1 Guidance & Controller Design

The G&C problem can be posed as an optimal control problem with dynamics

describing the motion of the spacecraft subject to constraints on the vehicle state

and controls. The generic form is [148]

Problem 3. Generic Autonomous Spacecraft Guidance Problem in Continuous

Form
min
tf ,u

J(x(t), u(t), t) = K(x(tf ), tf ) +

∫ tf

t0

L(x(t), u(t), t)dt

subject to ẋ(t) = f(x(t), u(t), t)

u(t) ∈ U(t)

x(t) ∈ X(t), ∀ t ∈ [t0, tf ]

where x ∈ Rn is the state of the spacecraft, u ∈ Rm is the control input, t ∈ R

is time, J : Rn+m+1 → R is the cost-functional (which combines terminal and

incremental additive cost functions K and L), f : Rn+m+1 → Rn defines the

dynamics, and U : R → Rm and X : R → Rn are set-valued maps defining

spacecraft control and state constraints. Due to the existence of system dynamics

and constraints, the resulting optimal control problem must be solved numerically

via an optimization algorithm after a proper discretization [174–177]. Hence, the

generic problem can be written in the following discrete form:

Problem 4. Generic Autonomous Spacecraft Guidance Problem in Discrete Form

min J(xk, uk, k) = FNp(xk+Np) +

Np−1∑
i=0

l(xk+i, uk+i)

subject to xk+i+1 = f(xk+i, uk+i),∀ i ∈ {0, . . . , Np − 1}

xk+i ∈ X ∀ i ∈ {0, . . . , Np − 1}

uk+i ∈ U ∀ i ∈ {0, . . . , Np − 1}

xk+Np ∈ T.

where xk is the state of the spacecraft at time k and xk+i is the state of the

spacecraft at time k+ i, predicted at time k obtained by starting from the current

state xk and applying to the system model the input sequence uk, uk+1, ..., uk+i−1.

Further, T : R → Rn is set-valued maps defining spacecraft terminal state

constraint.
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5.1.1 Linear Parameter Varying Model Predictive Control

In this section, we discuss the dynamic equality constraint of the optimization

problem. MPC paradigm closes the loop by simply re-planning the maneuver

at each time step, after applying the set of control inputs corresponding to the

first time step, and keeps looking ahead Np time steps, i.e., the so-called receding

horizon strategy. Unlike standard linear time-invariant MPC formulation, the LPV

model must be updated when parameters of the model change and therefore, the

QP matrices to be constructed online in accordance. Hence, the re-planning is

done with the updated model that is obtained from the actual states at each time

step. This scheme brings feedback action that can compensate for the disturbances

and modeling uncertainties to some level. We can now provide the following LPV

system sampled and updated at time instant k as

xk+1 = Akxk +Bkuk, (5.1)

Unlike standard linear time-invariant MPC formulation, the LPV model must be

updated at every instant k and therefore, the matrices that constructs the special

type of resulting optimization problem: Quadratic Programming (QP) to be con-

structed online in accordance. Hence, the re-planning is done with the updated

model that is obtained from the actual states at each time step where xk ∈ Rn and

uk ∈ Rm are the state and the control vectors, respectively. This LPV system is

subject to the following state and input constraints

xk ∈ X , and uk ∈ U (5.2)

where X and U are assumed to be the convex sets. Lastly, the dynamic and input

matrices Ak and Bk are obtained at time instant k and, remain constant in the

interval of [k, k + ∆t]. In other words, the PWA linearization technique is applied

at every time step and resulting matrices are employed in the equality constraint

till the end of prediction horizon Np.
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5.1.2 Objective Function

In [49], the cost function J†t to be minimized is selected as

J†t (x0,U) =

Np−1∑
k=0

(∥∥∥xk

∥∥∥2

Q
+
∥∥∥uk

∥∥∥2

R

)
+
∥∥∥xNp

∥∥∥2

Qp

(5.3)

s. t. constraints

where Q � 0 and R � 0 are the penalty weights on the states and inputs, Qp � 0

is the terminal state penalty weight. The cost function given in Eqn. (5.3) is

beneficial when the problem is a stabilizing or a regulation problem as it penalizes

the states and input values while terminal penalty ensures stability of the system.

However, upon the discussion held in Chapter 3, the cost function is not suitable

even when the problem is simply keeping a satellite with a constant rotation rate.

Furthermore, the RVD problem has additional complexities due to the following

arguments: Traditionally, Center-Of-Mass (COM) is the position of interest for

close proximity maneuvers [150, 151, 167]. However, docking ports are located

elsewhere on the spacecraft and the relative position, as well as velocity in between,

maybe time-varying despite the fact that relativity of COM stays still. Therefore,

first, the relative motion dynamics and kinematics models must account for the

couplings in the system second, the control must be able to derive the states to a

desired state vector based on the location & direction of the docking port when

the mechanical connection to be achieved. Thanks to dual quaternion, similar to

[49], the couplings can be addressed. However, for off-set free tracking of target

satellite and misalignment free RVD operation, the desired docking port relative

states must be known and included in the problem formulation. In our use case,

the target is assumed to be non-cooperative and shares no information about its

states. Hence, the chaser satellite must have the required information of docking

port-to-port motion information in order to consistently formulate the optimization

problem. Throughout this work, it is assumed that the instantaneous relative states

are known. Hence, it is a matter of modeling the attitude modes of the target as

it results in the docking port motion. To get offset free tracking of a reference in

the presence of an unknown but constant disturbance, we need:

• In steady-state, the minimum of J must be consistent with zero tracking

errors. This can be simply achieved by editing the cost function and in our



Chapter 5. Rendezvous and Docking Problem with Multiple Thruster
Configuration 81

case, Cost Function 3 satisfies the consistency requirement.

• The predictions must be unbiased, i.e., in steady state, the prediction model

should give Ŷ = [I; I; . . . ; I]Tyrealss , regardless of any differences between the

model and the process due to uncertainty and disturbances. This uncertainty

could be a modelling uncertainty, e.g., attitude dynamics, knowledge of the

mechanical properties, whereas the disturbance could be solar radiation pres-

sure or atmospheric drag. This could be achieved by augmenting the state

space model that includes output term, y.

Instead of the state space model (1), we could also derive the MPC control law by

using a state space model with an incremental input and output term in the new

state vector ensuring the integral action. Below, two examples are given (can be

more).

First, [
∆xk+1

yk

]
︸ ︷︷ ︸

ξk+1

=

[
Ad 0

Cd I

]
︸ ︷︷ ︸

A

[
∆xk

yk−1

]
︸ ︷︷ ︸

ξk

+

[
Bd

0

]
︸ ︷︷ ︸

B

∆uk, (5.4)

yk =
[
Cd I

]
︸ ︷︷ ︸

C

[
∆xk

yk−1

]
︸ ︷︷ ︸

ξk

(5.5)

Second, [
∆xk+1

yk+1

]
=

[
Ad 0

CdAd I

][
∆xk

yk

]
+

[
Bd

CdBd

]
∆uk, (5.6)

yk =
[

0 I
] [∆xk

yk

]
(5.7)

These state space models can be written in the final compact form

ξk+1 =Aξk +B∆uk (5.8)

yk =Cξk (5.9)

where ξ is the new augmented state vector and the matrices A,B & C are defined

in (5.4-5.5). Now, let the Eqn. (3.27) define the dual quaternion errors to be
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minimized and ∆F̃ be the rate of change of inputs in dual quaternion format. The

cost function can be written as

J‡(x0,∆U) =

Np∑
i=1

 ∥∥∥∥∥
[
q̃e

ω̃e

]∥∥∥∥∥
2

Q

+
∥∥∥∆F̃

∥∥∥2

R

 (5.10)

where Q � 0 and R � 0 are the block diagonal penalty weights on the output

errors and rate of change of inputs. In addition, [ω̃Tk q̃Tk ]T is the state vector and

∆F is the rate of change of control inputs. As explained in Section 4.2.4, new

state vector xk = [ω̃Tk q̃Tk ]T16×1, U = F̃ and, ∆U = ∆F can be defined to write the

general optimization problem in the following section.

5.1.3 Optimization Problem

This section introduces the algorithm developed throughout this thesis to address

6-DOF fuel optimal rendezvous and docking with uncooperative targets problem.

The problem formulation consists of three key elements: cost function, constraints,

and the prediction model. Without the loss of generality, the problem formulation

is as follows:

Problem 5.

min J‡(x0,∆U) (5.11a)

subject to x0 = x (5.11b)

xk+1 = Atxk +Btuk,∀k ∈ {0, ..., Np − 1} (5.11c)

yk = Ctxk,∀k ∈ {0, ..., Np − 1} (5.11d)

uk ∈ U, ∀k ∈ {0, ..., Nc − 1} (5.11e)

∆uk ∈ ∆U, ∀k ∈ {0, ..., Nc − 1} (5.11f)

yk ∈ Y, ∀k ∈ {0, ..., Np} (5.11g)

First, the cost function which is given in Eqn. (5.10) penalizes the state errors and

rate of change of control inputs. Next, the equality state constraints given in Eqn.

(4.58) is augmented with Eqn. (5.6). Hence, the constraints on states are enforced

to the outputs to achieve integral action for disturbance rejection and robustness

to the modelling uncertainties. This includes the output constraints on the angular
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rates and velocity of the target satellite to ensure safety. Further, the input and

rate of change of input constraints are enforced in Equations (5.11e-5.11g). Finally,

regarding the experimental setup, it is fairly assumed that the states are measured

and full state feedback is available at all time instants as given in Eqn. (5.11b).

Figure 5.1: Block Diagram
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5.1.4 Constraints

A number of constraints exist in the spacecraft maneuvering problem. These con-

straints may be respected by tuning the weight parameters. However, mentioned

method provides no guarantee of constraint satisfaction. Hence, the controller ei-

ther becomes unaware of being unable to deliver the commanded for instance input

values, or for conservative tuning, thrusters may never be fully utilized. This re-

sults in excessive input use or violation of state constraints. To address this section

discusses the input & output constraints and, the procedure to address them within

QP formulation.

5.1.4.1 Rate Of Change Of Input Constraint

The valve opening time or the gimbaled thruster to direct towards the commanded

direction takes time. This duration can be explicitly handled by formulating the

rate of change of input constraints.

Remark 14. Recall that ∆uk = uk − uk−1. and uk = [uTk,T , u
T
k,F ]T6×1 where k is the

sampling instant.
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As explained in the Problem #2 (Section 4.3.5), the decision variable is the rate

of change of control inputs. Hence ∆U, the constraints on the rate of change of

force and torque values can be given by:

∆U =

{
∆uk ∈ R6

∣∣∣ [∆uFmin

∆uTmin

]
︸ ︷︷ ︸

∆umin

≤ ∆uk ≤

[
∆uFmax

∆uTmax

]
︸ ︷︷ ︸

∆umax

}
(5.12)

where, ∆uk is the rate of change of input at time instant k, ∆umin and ∆umax are

the lower and upper rate of change of input limits.

5.1.4.2 Input Constraint

The maximum thrust force and torque that can be delivered is limited to the

capacity of the thrusters. U is the constraints on the deliverable force and torque

values can be given by:

U =

{
uk ∈ R6

∣∣∣ [uFmin

uTmin

]
︸ ︷︷ ︸

umin

≤ uk ≤

[
uFmax

uTmax

]
︸ ︷︷ ︸

umax

}
(5.13)

where, uk is the input at time instant k, umin and umax are the lower and upper

input limits.

Remark 15. Each thruster can produce maximum thrust of 65 mN. Regarding to

the thruster configuration, 0.26 N thrust can be generated in each direction and 6

mNm torque can be generated.

5.1.4.3 Output Constraints

Due to the safety reasons, constraints on angular rates ω and velocity v are enforced

as

Y =

{
ω̃k ∈ R8

∣∣∣

ω̃ω−min

−
ω̃v−min

−


︸ ︷︷ ︸

ω̃min

≤ ω̃k ≤


ω̃ω−max

−
ω̃v−max

−


︸ ︷︷ ︸

ω̃max

}
(5.14)
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This is mainly to ensure that the spacecraft will not be shortsighted and there-

fore the problem becomes infeasible because there is also a limit in the available

input force and torque values. In addition, increased rotation rate will result in

higher non-linearity; therefore, higher error when PWA based modeling approach

is applied.

5.1.4.4 Conic Constraints

For real-time implementation capability, the problem is cast as a QP problem

with quadratic cost and linear constraints. On the other hand [49] formulated

the so-called Field-of-view and line-of-sight constraints. FOV is the limit of the

sensors and LOS is the allowed safe cone for proximity maneuver and both can be

formulated as conic constraints. However, as can be seen from the hierarchy below,

including conic constraints increases the complexity of the optimization problem to

Second Order Cone Programming (SOCP) form in which the available processing

power fails to meet with the computation time requirements [178]

LP ⊆ QP ⊆ QCQP ⊆ SOCP ⊆ SDP︸ ︷︷ ︸
Convex

⊆ NP︸︷︷︸
Non−convex

(5.15)

where LP is “Linear Programming”, SDP is “Semi-definite Programming” and

finally NP is “Nonlinear Programming”. Hence, although it is a convex optimiza-

tion problem, due to the average solution time, conic constraints are left as future

work.

5.2 Thruster Types & Allocation Problem

In the literature, the three main thruster firing cases are referred as Pulse Width-

Modulated (PWM), Pulse Amplitude-Modulated (PAM) and impulsive control ap-

proaches. This section introduces different thruster characteristics, the motivation

of our selection, as well as the theory, developed to address the thruster allocation

problem.



86 5.2. Thruster Types & Allocation Problem

5.2.1 Pulse Width-Modulated (PWM)

In the PWM type, the actuators’ output level is fixed to the Fmax which is the

maximum thrust force that can be generated by that particular thruster. The

binary switch is the only parameter that can be controlled; therefore, thrusters can

be turned on or off only. Eventually, the control problem becomes nonlinear in

switching times despite the linear dynamics. The mathematical formulation can

be given as

ui(t) =


0, t ∈ [tk, tk + τk,i),

uwk,i, t ∈ [tk + τk,i, tk + τk,i + κk,i),

0, t ∈ [tk + τk,i + κk,i, tk+1],

(5.16)

with κk,i > 0, τk,i > 0 and κk,i+τk,i < T where T is the sample time and k denotes

the sampling step of each term. In each sampling step, each input ui is the input

pulse which starts at a time τk,i with a pulse width κk,i and with a maximum thrust

magnitude of umax = iwk,i, and the last constraint ensures that the PWM signal is

cut at the end of the current time step [169].

5.2.2 Pulse Amplitude Modulated (PAM) Type Thruster

Unlike PWM, PAM type thrusters can generate any input signal within the physical

limits. In the mathematical framework,

ui(t) =
{
uAk,i, t ∈ [tk, tk + τk,i], (5.17)

5.2.3 Impulsive Control

Impulsive thrust configuration, usually also known as ∆V ’s, to obtain a maneuver

in space is widely used where initial and final impulses are computed to achieve the

rendezvous. In this model, it is also assumed that the impulse ui(t) can be applied

at any sample interval in any direction. However, the dynamic equality constraint

differs and can be written as

xk+1 = A(tk+1, tk)xk +B(tk+1, tk)uk, (5.18)
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where uk is the input vector at time instant k and,

B(tk+1, tk) = A(tk+1, tk)Bd (5.19)

where Bd is the input matrix.

5.2.4 Thruster Allocation Cost Function

Given the required background above, we can now describe the solution to the

spacecraft thruster allocation problem arising from 16-PWM type thrusters on

the chaser TEAMS5D robot. Those thrusters are used for both translational and

rotational motion of the simulators. In the literature, the problem is investigated

for space and underwater vehicles via optimization based and analytical solutions

[138, 179, 180]. Consequently, the objective is to design an allocator that minimizes

the fuel expenditure while meeting with the commanded force and torque values.

It is commonly 1-norm of the control signal, proven that the most effective way to

save fuel use [123]. Hence the corresponding cost functions can be given as

JPAM =

Np−1∑
k=0

‖uT (k)‖1 = ‖us‖1 (5.20)

JPWM =

Np−1∑
k=0

3∑
i=1

(u+
imax

κ+
i (k) + u−imax

(k)) (5.21)

Nevertheless, the literature of thruster selection strategies for spacecraft control

purpose is limited. Namely, [179] proposed a method for 6-DOF spacecraft control

by on-off thrusters with guaranteed Lyapunov-stable tracking of linear dynamic

models. The approach minimizes the number of thrusters utilized and reduces the

computational effort of the on-board computers when compered to the classical

thruster mapping algorithms that involves iterative matrix operations. On the

other hand, trajectory planning for spacecraft rendezvous and docking missions

with PWM type thrusters are studied in [104]. This method is based on iterative

solutions. [104] requires an initial solution of the problem based on PAM type

thruster which is then converted into PWM signals and used as a starting guess.

The solution is iterated until the optimal value is reached. It was proven that

after few iterations the required convergence can be achieved and therefore imple-

mented in real-time in circular orbit. This formulation is extended by developing



88 5.2. Thruster Types & Allocation Problem

the Linear-Time-Varying (LTV) MPC formulation to incorporate with transition

matrix for RVD in elliptic orbits in [169]. Aside from the spacecraft maneuvering

problem, over-actuated underwater vehicles face the same thruster allocation chal-

lenge. For example, [180] develops QP formulation to address thruster allocation

problem in the presence of constraints and thruster failure.

In summary, Lyapunov based approach can provide the fastest solution and proven

to be real-time implementable, however, iterative matrix operations can be an

alternative method as it can also address the non-linearity caused by the PWM

model. Still, it is derived for translational motion purposes whilst in our case,

the G & C block provides six inputs namely the force and torque values and

sixteen decision variables are in the real-time implementation due to the number

of thrusters. This complicates the actuation problem and therefore would increase

the solution time in the order of magnitude if the iterative method is used. Before

starting our formulation, it is important to note that the thrusters mounted on

the TEAMS5D robots are unilateral. In other words, they can produce only

positive thrust forces. Each robot carries 16 proportional thrusters on the upper

stage, attitude platform. The real-time convex optimization-based approach is

used and presented in this work determines the thruster allocation commands in

order to generate commanded force and torque values. Hence, the solver provides a

thruster vector, u that contains the individual thrust commands of all 16 thrusters.

Despite the fact that the thrusters are PWA type, the valves can instantly adjust

the commanded opening of each thruster. Hence, each element in u must be in

the interval of [0,1]. Recall that F̃ is the augmented input vector that consists

of commanded torque T and force F values. The relation between the thruster

allocation vector and the augmented input vector can be given as

F̃ =

[
F

T

]
=

[
F

T

]
u = Au (5.22)

where A ∈ R6×16 is the thruster mapping matrix representing the geometry of the

thruster configuration in terms of thrust direction and position as depicted in Fig.

6.3. If robots are fully actuated, they can always provide directional forces and

attitude torques. Moreover, geometry would guarantee that there exists a firing

configuration, u, that guarantees only torques without any force and vice versa.
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This can be summarized in the following two lines;

∃ uf | Fuf 6= 0 & Tuf = 0 (5.23)

∃ um | Tum 6= 0 & Fum = 0 (5.24)

Given the background, the thruster vector u for a commanded F̃ can be formulated

as a convex optimization problem:

Problem 6.

min J =
16∑
i

ui + λ
∥∥∥Au− F̃

∥∥∥
1

(5.25a)

subject to CAu = 0 (5.25b)

u ∈ U, (5.25c)

where,

C =



−Fy Fx 0 0 0 0

−Fz 0 Fx 0 0 0
... −Fz Fy 0 0 0

0 −Tx 0 Fy 0 0
...

... 0 . . .
. . . . . .


(5.26)

with F = [Fx, Fy, Fz]
T and T = [Tx, Ty, Tz]

T . The optimizer searches for the

minimum of the sum of all elements of u and thus minimizes the air consumption

of the thruster system. The constraint (5.25c) guarantees that Au ∼ F̃, even if

the thruster system can not fulfill the commanded force/torque. In that case, the

second term of the cost function causes Au to be as near to F̃ as possible, if λ

is large enough, while still minimizing
∑

u . If the thruster system can fulfill the

commanded force/torque, the second term of the cost function can be minimized to

0 and the optimizer only minimizes the air consumption. To solve the optimization

problem on the on-board computer and in real-time the code generator for convex

optimization CVXGEN has been used [165].

In summary, at each time step k, the designed MPC based controller solves the

Problem #5 (Section 5.1.3) and applies uk = u0
∗(xk) where ()∗ denotes sub-

optimal value. Next, the thruster allocation vector u is obtained by solving the
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Problem #6 (Section 5.2.4) to be implemented into real-dynamics. Subsequently,

the states are measured and estimated, and the next dynamic matrices are obtained

for the trajectory and attitude planning of the chaser satellite via LPV-MPC for-

mulation.

5.3 Simulation Results

5.3.1 Inspection Operation In Space: Bird-Eye View

In this simulation, given an initial condition in the vicinity of the target satellite,

1.2m separation in x direction, the objective is to insert the satellite into a pseudo

orbit that has 1m radius, synchronize with the rotating target and lastly point at

the target while inspecting it in the pseudo orbit. This is known as the Inspection

operation [181] and will be called bird-eye view. It is assumed that the rotation

rate is known. Hence, the corresponding future trajectory is calculated both for

positions and rotations.

The results shown in Fig. 5.2 overlaps with the pseudo orbit reference. Hence, the

reference is not given. There are two major points to be addressed in the simulation

results of this section. First, the constant rotation rate of the chaser satellite can

be achieved thanks to the cost function that includes the rate of change of inputs

which can satisfy the Eqn. (3.4). Secondly, the preview capability of MPC results

in the smoothest state history without any overshoot except the initialization.
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Figure 5.2: Simulation: Bird-Eye View
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5.3.2 Thruster Failure

As mentioned in the earlier sections, the same thruster might be used to contribute

net torque and force value due to the coupling. Therefore, when failed, both atti-

tude and translational motion control are affected. This incidence is studied under

Fault-Detection-Isolation and Recovery (FDIR) framework. The possible way of

addressing failure is designing a re-configurable algorithm that updates the map-

ping matrix and hence, the faulty thruster is never actuated. In this thesis, FDIR

is kept out of the scope but the response of the Offset-Free MPC approach is eval-

uated by the failing number of thrusters. Briefly, when a single thruster fails out of

16, MPC is able to take it as a disturbance and compensate for the missing actua-

tion by integral action via increasing the load of the thrusters; therefore, gradually

overloading the complementary thrusters. However, more than two thruster fail-

ures, as shown in Fig. 5.3, result in the first conflict of torque-force values and

losing the control authority as a consequence. In this case, it is concluded that an

explicit constraint handling capability of MPC can be easily adapted to take into

account the thruster configuration. What is more, the mapping matrix can be also

updated online provided that fault detection is available. This part is left as future

work.

Remark 16. Based on the simulations and experimental results, it can be con-

cluded that the thruster configuration geometry is one of the most critical design

challenges of spacecrafts equipped with multiple thrusters for both attitude and

translational control. In addition, preliminary results based on simplified thruster

geometry constraints shows the effectiveness of constrained optimization based

G&C approaches. The results illustrates that when coupled constraints are en-

forced, the rate of implemented inputs over commanded inputs can be maximized.

The complete thruster geometry formulation into the optimization problem is left

as a future work but keeps its novelty to be explored. Lastly, when the config-

uration is realised by the G&C approach, the fault tolerance can be maximized

provided that the failed thruster is detected.

Remark 17. Solving two consecutive optimization problem rises questions on the

global optimality of the formulated G&C problem. Even though, optimality is

sufficiently studied for instance by [182–185], the suggested methods are not ap-

plicable to check the optimality. However, it should be noted that the process of

obtaining the input vector for the thrusters’ allocation are not guaranteed to be
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Figure 5.3: Simulation: Double Thruster Failure

feasible. To address this issue, the thruster allocation will be formulated as an

inequality constraint and left as a future work. Details are explained in Chapter 7

under the “Future Work”. Later, optimality will concern will be revisited.
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5.4 Highlights

In the simulations, Guidance and Control (G&C) strategy to address 6-DOF space-

craft attitude and position control for future Rendezvous and Docking (RVD) mis-

sions are presented. Highlights can be summarised as

1. Due to close proximity and potential angular motion of the target satel-

lite, the point mass approach is no longer sufficient to represent the relative

motion dynamics. In the literature, the 6-DOF problem formulation is avail-

able; however, limited with regulation problems. Results show that the Ren-

dezVous and Docking (RVD) problem can be addressed to extended problem

formulation. The RVD capability is acquired by formulating a consistent op-

timization problem that regards target-chaser docking port-to-port relative

motion control instead of regulating the angular rates of controlled lander/s-

pacecraft strategy available in the literature. The details are discussed in

Subsection 5.2.4 Objective Function.

2. In the literature, the net commanded thrust is assumed to be delivered

without any loss. In reality, multiple thruster configurations might be se-

lected where there might exist a loss between commanded versus implemented

thrust (and torque) values. Simulations took into account the thruster con-

figuration with a generalized, convex optimization based thruster allocation

approach which was previously ignored by other simulation work presented

in Chapter 2. Furthermore, in the literature, external disturbances, modeling

uncertainties, and actuator failures are neglected aside from some exceptional

work. The simulation results demonstrate that more advanced strategies are

required to address multiple thruster failures during the proximity maneuver

while the proposed approach can inherently address a single thruster failure.

3. Lastly, simulation results show that the proposed algorithm is promising be-

cause it can respect the physical and geometric constraints, and minimize the

propellant consumption while coupling translational and rotational motion,

and still being real-time implementable.

Further simulations to demonstrate the efficacy of the proposed approach is pre-

sented in Chapter 6, and results are shown in parallel to experimental results.



Chapter 6

Dynamic Experiments

This chapter presents pioneer and novel dynamics experiments to test the Guidance

and Control (G&C) strategy to address spacecraft maneuvering problems for future

Rendezvous and Docking (RVD) missions. We formulated an offset-free 6-DOF

RVD problem and thruster allocation problem as two separate convex optimization

problem and, solved them with active set and standard primal-dual interior-point

methods. The proposed strategy allows safe and propellant efficient trajectories

for space servicing missions including tasks such as approaching, inspecting and

capturing. This work provides the validation test results of the G&C laws using a

hardware-in-the-loop (HIL) setup with two robotic mock-ups representing the chaser

and the target spacecraft. Through this chapter, the laboratory and the robots are

introduced. Besides the challenges presented in Chapter 2, the thruster character-

istics and sensor errors are presented in detail. The distinctive challenge is the

allocation of the thrusters. The experimental setup has 16 unilateral thrusters that

generate both force and torque values. Due to the multiplicative nonlinear cou-

pling, the convex programming approach is posed to achieve the commanded force

and torque values as a result of a 6-DOF motion planning algorithm. The results

also cover a comparison between the proposed algorithms with the PD controller

highlight the clear advantages of the MPC formulation.

95
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Figure 6.1: TEAMS5D Robots

Figure 6.2: TEAMS Family



Chapter 6. Dynamic Experiments 97

6.1 Experimental Facility

The experimental work for dynamic validation took place and was supported by the

Institute of Space Systems of the German Aerospace Center (in German: Deutsches

Zentrum für Luft- und Raumfahrt e.V.), abbreviated DLR [44]. The experiments

have been conducted in the Test Environment for Applications of Multiple Space-

craft (TEAMS) [45]. The TEAMS facility consists of test-bed, robots and motion

capture system. The size of the test-bed is 4 m x 2.5 m. The test-bed is made of a

granite table and the accuracy of the surface manufacturing is 3µm that allows an

air cushion for free floating quasi 0-g simulations on Earth. However, there is still

residual friction as expected. The spacecrafts are simulated by air cushioned robots

of various designs (See Fig. 6.1 and Fig. 6.2). Throughout this work, robots with

5-DOF motion capacity is used (Fig. 6.1). These robots are named TEAMS5D

and consist of a lower part called “Translational Stage” and upper part so-called

“Attitude Stage”. In between, there is a spherical air bearing connecting two parts

without any physical interaction, through pressurized air allowing quasi friction-

less motion. Both stages have air tanks and pressure regulators and thrusters are

used as main actuators: Translational Stage to create a cushion between granite

table and the TEAMS5D robot in order to cancel the friction force with the gran-

ite table; Attitude Stage to facilitate closed loop control commands. Hence, the

Attitude Stage includes 16 thrusters for testing Guidance & Control (G&C) laws.

Each thruster can produce a maximum thrust of 65 mN and can be individually

throttled by Pulse Width Modulation (PWM), on a 2 kHz modulation frequency,

from 0 % to 100 % in 256 steps. Besides, 3 reaction wheels are used for initial

attitude balancing operation. Aside from G&C, for navigation, infrared-based mo-

tion capture system is used to localize and provide the instantaneous attitude for

feedback control, Inertial Measurement Unit (IMU) is used to measure acceleration

and angular rate with 3 accelerometers and 3 gyroscopes for the x, y, and z axes.

Remark 18. The experimental facility comes with its own challenges. One of

the practical challenge is the consistency of the sampling time of each block, e.g.,

MPC, Convex Optimizer, motion capture blocks, etc. To this end, for simplicity,

the sampling time is set to 1s and some experiments are run at 0.5s.
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Remark 19. Each controller has been associated with its own unique domain

of attraction such that if the spacecraft starts within this region, the controller

will stabilize the system to equilibrium [186]. In the literature, different methods

are available to estimate these regions. For example, for the linearized systems,

regions can be estimated by using a scaled sub-level set of the Lyapunov function

[187]. Alternatively, in [188], nonlinear simulations are used to approximate the

region of attraction for a cuboid spacecraft using the Linear Quadratic (LQ) and

the pole placement controllers. Furthermore, there are advanced tools to do the

calculations systematically by such as Multi-Parametric Toolbox [189]. It was

shown in [186] that the horizon can enlarge the domain of attraction whilst [190]

shows that the region can be enlarged by without computational complexity of

increasing the prediction horizon by changing the terminal constraint set. Given the

background, in our case, the domain of attraction cannot be easily calculated by the

available tools due to the complexity of the problem; however, lots of simulations

have been run and observed that in close proximity (less than a few km) systems

converges. Also, we take note of the advances in the literature, limit our work to

the experimental platform size (4m by 2.5m), and leave estimation of the domain

of attraction as future work.

The 5-DOF motion of chaser’s spacecraft is assumed to be controlled by thrusters

only and they are used to provide both the needed force and torques for transla-

tional and rotational motions. The net force can be simply calculated by summing

the forces along the same direction and therefore the force input vector is expressed

as F = [Fx Fy Fz]
T . However, the torque value is calculated by the vector cross

product of the position vector and the force vector as

τ = r× F.

where τ is the torque vector (τ is the magnitude), r is the moment arm and finally,

F is the force vector. We can now define the torque input vector as T = [τx τy τz]
T .

Hence, the controller generates the input vector F̃ = [FT TT ]T .

Because the same thruster on-board spacecraft can generate torque or force, let us

now define the thruster allocation vector as

u = [û1, û2, · · · û16]T (6.1)
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where u consists of the thruster activity commands to the 16 thrusters.

Remark 20. One must note that these thrusters can generate only positive thrust

values in Newtons; therefore unilateral and can be expressed as

ûi ≥ 0, i ∈ {1, 2, · · · , 16}. (6.2)

or,

U =

{
u ∈ R16

∣∣∣ 0 ≤ u ≤ umax

}
(6.3)

The resulting force and torque can be calculated as

F̃ =

[
F

T

]
=

[
F

T

]
u (6.4)

where F and T are the thruster mapping matrices obtained from the thruster con-

figuration geometry illustrated in Fig. 6.3 and can be given as

F =

 +κ +κ +κ +κ −σ +σ −σ +σ −κ −κ −κ −κ −σ +σ −σ +σ

−σ +σ −σ +σ +κ +κ +κ +κ −σ +σ −σ +σ −κ −κ −κ −κ
+ρ +ρ −ρ −ρ +ρ +ρ −ρ −ρ +ρ +ρ −ρ −ρ +ρ +ρ −ρ −ρ

(6.5)

with cos(β)cos(α) = κ, cos(β)sin(α) = σ and sin(β) = ρ. Each thruster has their

own reference frame where x is along the radial direction of the upper platform,

y is parallel to the Earth surface and z axis completes the right hand rule. The

angles β and α are the rotations around z and y axes as shown in Fig. 6.3. Next,

T =

 −r −r −r −r +κ −κ +κ −κ +r +r +r +r −κ +κ −κ +κ
+κ −κ +κ −κ +r +r +r +r −κ +κ −κ +κ −r −r −r −r
+ν +ν −ν −ν +ν +ν −ν −ν +ν +ν −ν −ν +ν +ν −ν −ν

(6.6)

with r ≈ 44 cm (radius of the upper stage), κ ≈ 4cm, the vertical displacement

of the thrusters along z-axis ν ≈ 2cm, the horizontal displacement from the center

of rotation to each thrusters.
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Figure 6.3: TEAMS5D Attitude Stage Illustration & Thruster Configuration

As formulated in Section Problem #6 (Section 5.2.4), the 16 decision variables

can be obtained via convex optimization that minimizes the fuel consumption and

respects the thruster configuration geometry as depicted in Fig. 6.3.

6.1.1 On-board Processing & Software

The on-board computer executes the G&C and Thruster Allocator algorithms in

real-time. The MATLAB/Simulink coder generates C code from the model, which

can be compiled and uploaded to the on-board-computer. During the test, the ex-

ternal mode of MATLAB/Simulink is used to receive data from the model running

on the on-board computer. Infrared beacons mounted on the attitude platform are

tracked by the laboratory’s position and attitude tracking system and hence, the

whole Guidance, Navigation, and Control (GN&C) loop can be closed and real-

time, on-board MPC experiments can be conducted. Real-time implementation

capability of MPC has been proven in various fields namely, energy, aeronautics,

and space [191]. In the space applications however, the two main criteria are

critical: real-time implementation capability in the presence of computation power

constraints and the reliability (guarantee to solve the optimization problem in real-

time) of the problem formulation. To address these two issues, MPC must be mod-

eled with a linear prediction model, quadratic costs and conic or linear constraints

in order to cast the convex optimization problem and solve it via high-speed solvers.

The linearization of the coupled 6-DOF spacecraft model is explained in Section

4.2.4, the quadratic cost function and linear constraints are introduced in Problem

#5 (Section 5.1.3). One must note that the constraints can be formulated in a

conic form similar to [49]; however, the limitations of on-board processing power
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do not allow hence the final problem is fit into the QP problem category. The code-

generation CVXGEN employs interior-point method but limited with problem size.

Hence, CVXGEN is employed only in the thruster allocation Convex Optimization

Problem #6 (Section 5.2.4) [165]. In order to solve the main 6-DOF spacecraft

maneuvering problem, qpOASES solver is used [166]. qpOASES is a parametric

active-set algorithm for quadratic programming that provides the solution to our

QP problem in few milliseconds. The on-board computer is an embedded x86 Atom

Z530 on a PC/104 stack and runs the QNC real-time operating system. The code

is developed in MATLAB/Simulink. The automatic C code generation of Simulink

coder is used and for solving the optimization problem, qpOASES and CVXGEN

are compiled into a so-called S-function.

6.2 Experimental Results

In this section, we present the experimental results obtained with the TEAMS5D

spacecraft simulators. The chaser’s maneuver is the basis for on-orbit servicing

missions and docking/berthing with uncooperative target scenario is considered as

a use case. In the literature, it can be seen that the problem is also studied as

robotic capture of uncooperative targets and has three major challenges: image

processing for pose estimation, the agility of the chaser spacecraft and versatile

gripper to grasp fixtures of varying shapes. Throughout this study, we assumed

that the target’s states are known thanks to the motion capture system. Hence,

the ultimate objective is to guide and control the chaser satellite from an relative

initial condition within the experimental setup to the docking port.
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6.2.1 Summary of the Experiments: Novelties & Technical

Innovations

An important contribution of this thesis is the validation that the proposed con-

troller can be implemented real-time on an experimental test bench in German

Aerospace Center (DLR) [44, 45]. Therefore, this thesis bridges the gap between

theory and real practice with hardware-in-the-loop tests. The work presented is a

pioneering work which addresses the practical implementation of MPC using mod-

els that handles the coupling between translational and rotational dynamics via

dual quaternions, multiple thruster allocation problem and constraints. The tech-

nical challenges of solving two separate optimization problem online & on-board

and actuating the spacecraft with only thrusters are explained in Chapter 5. The

work paves the way for future satellite servicing missions as it can save fuel &

address safety concerns due to constrained optimization-based formulation. In ad-

dition, this work can enable agile maneuvers due to the thruster allocation strategy

and full utilization capability thanks to the optimization theory behind.

The experiments, their novelties & technical innovations can be summarised in

Table 6.1 and in the following sentences.

Table 6.1: Summary of the Experiments

Experiment Implementation

1 Balancing
2 Comparison: Observe the Effect of Sampling Time

3
Comparison: Attitude Control with balanced Platform
Additional Output Disturbance (Coin Experiment)

4
Attitude Control with Imbalanced Platform
Additional Unknown Input Disturbance

5 Translational Motion Control
6 5-DOF Control: Simultaneous Discretization
7 5-DOF Control: Sequential Discretization

The experiments start with balancing the upper attitude stage of the spacecraft

simulator. The balancing procedure and motivation are introduced in Section 6.2.2.

In the experiment #2, the effect of sampling time on the attitude control as well

as the pointing accuracy is observed for sampling time Ts = 0.5s & 1s. In the

experiment #3, control of nonlinear attitude dynamics in the presence of output

disturbance, i.e. atmospheric drag, is considered and a comparison study with
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PD controller is demonstrated. Next, the experiment of #4 started without the

balancing of the attitude stage in order to simulate uncertainties of the spacecraft

dynamics, i.e. fuel sloshing, flexible modes, or modeling errors, are studied. Fur-

thermore, an input disturbance is added to the simulated scenario in order to sim-

ulate, i.e. thruster mismatch, during the spacecraft maneuvers. After experiment

#3 and #4, robustness to modeling uncertainty, input, and output disturbances

are intended to be demonstrated with a simple comparison. Subsequently, in ex-

periment #5, translational motion control is conducted. Next, in the experiment

#6 & #7, two different discretization strategy, namely simultaneous and sequen-

tial discretization is demonstrated for 5-DOF spacecraft motion control towards

rendezvous and docking with uncooperative targets.

6.2.2 Balancing

Balancing and the experiment #1 is the process of positioning the attitude plat-

form’s center of gravity on the air bearing’s center of rotation, in order to diminish

gravity disturbance torques. It’s important to perform the balancing procedure

before every test, to guarantee the best performance possible. The balancing start

with a closed-loop attitude control of the upper platform by PID controller with

reaction wheels. Hence, imbalance torque should not be larger than the torque

capacity of the wheels for each axes. Subsequently, once the platform is controlled,

the balancing weights can move to relax the torque required by the reaction wheels

before they saturate. The counter weights highlighted in Fig. 6.4 are slowly moved

to balance the attitude platform. The idea behind is similar to balancing a see saw

where in 2D the objective is to make sure the that sum of the moments about some

point to be equal to zero, hence balanced. In the platform, imbalance is caused

because of the mounting configuration of the hardware, i.e. thrusters, and the fuel

inside the tanks which depleted over time non-uniformly. Fig. 6.5-a) illustrates

the Torque history, and Fig. 6.5-b) & Fig. 6.5-c) show the corresponding quater-

nion and angular rate history during a balancing practice. As can be seen from

Fig. 6.5-a), roughly after 25s (at 250 time step since the time step is 0.1 second),

the torque values depicted with red and blue colors gradually decrease. This is

because, the balancing mechanism is activated to compensate the error by moving

the weights attached to the spring mechanism highlighted in Fig. 6.6.4. Following
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that the other axis is balanced and after 400s, the balancing procedure is finalized.

Figure 6.4: Balancing Mechanism & Reaction Wheels Highlighted
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Remark 21. In the experiment #2, the effect of sampling time on the attitude

control as well as the pointing accuracy is observed for sampling time Ts = 0.5s &

1s.

After running two experiments to compare the effect of sampling time on the atti-

tude pointing error, it can be concluded that sampling times, Ts = 0.5s & 1s show

similar satisfactory performance whilst Ts = 0.5s is slightly better performance in

terms of error. This conclusion is obtained from Figures 6.6-b) and 6.6-a) which

illustrate quaternion and angular rate history comparisons. The figures show that

the shorter the sampling time, the lesser the oscillation. However, we selected

Ts = 1s in order to have more time for computation.
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6.2.3 Uncertainties and Unknown Disturbances

The actual orbit is influenced over time by other phenomena called orbital per-

turbations, such as the third body gravitational force, atmospheric drag, solar

radiation pressure, and the non-spherical shape and non-uniform mass distribution

of the Earth [192]. Hence, it is a necessity of the controller to address uncertainties

and disturbances in space. Because the aforementioned perturbations are negli-

gible regarding the duration of the experiment, i.e. two minutes, an alternative

perturbation is artificially posed to the experimental platform by starting the ex-

periment with an imbalanced attitude platform and adding external disturbance

by simply putting a coin at the tip of the platform. The deterioration caused is

completely random. First, we will evaluate the performance of the proposed ap-

proach for controlling the attitude only. In experiment #3 and #4, the Cost

function 3, presented in Chapter 4-page 58, is employed. Briefly, the important

parts to recall are the integral action and penalizing the rate of change of torque

inputs to compensate the external disturbances and modelling uncertainties.

Remark 22. In experiment #3, control of nonlinear attitude dynamics in the

presence of output disturbance, i.e. atmospheric drag, is considered and a compar-

ison study with PD controller is demonstrated.

As explained in Chapter 3, dual quaternions can be used as two separate unit

quaternions. First, we will evaluate the performance of the formulated approach

for controlling the attitude only. The objective is to robustness of the proposed

Quasi LPV Based MPC approach and compare it with the existing PD design

presented in [193]. In the nominal conditions, no external disturbance and well-

balanced platform, proposed MPC approach attitude pointing accuracy is 5 times

better than traditional PD controller. Specifically, proposed accuracy is +/- 0.1

deg whilst the traditional approach is +/- 0.5 deg as can be seen in Fig. 6.7- b) &

d) inside the zoomed boxes on the left. Secondly, when an external disturbance is

applied, the proposed approach is capable rejecting the disturbance. The output

disturbance is experimented by adding a coin as illustrated in Fig. 6.8. Fig. 6.8

shows that after the attitude is controlled and stabilized, a 1 cent coin is put roughly

at the end of the y-axis in the body frame on the attitude stage at t=70s. The

attitude stage became imbalance and the PD controller took more than 200 seconds

to re-balance the attitude due to the external disturbance introduced by the 1 cent
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Figure 6.7: Exp 3 - Output Disturbance: Comparison of MPC and PD Results

coin; nevertheless, the +/-10 deg. offset remains as can be seen from Fig. 6.7-b)

PD-Euler Angles History. When the “1 cent coin” test is applied to the proposed

MPC, it took around 100 seconds to compensate the disturbance and the pointing

accuracy stays within +/- 0.15 deg. One can note that multiple discrete peaks are

observed in MPC (Fig. 6.7-d) and PD (Fig. 6.7-b) experiments. The reason of the

peaks is the mechanical constraints depicted in the “Euler Angles History” plots

with red dashed lines. Those mechanical constraints are the limitations of the upper

attitude stage on its pitch motion. 2D illustration of the dynamic components of the

upper/attitude stage & its limitations are depicted in Fig. 6.9. One must note that

the physical limitations are not uniform. In other words, the tilting limit varies.

Therefore, depending on the yaw angle, the limitation can be up to 35 degrees

and hence, when an external disturbance is applied, before the compensation, the

attitude stage hits its limit, bounces back, tilts slowly towards the imbalance, and

thrusters slowly demonstrates successful disturbance handling as depicted in Fig.

6.7 – d) and Fig. 6.8. It might be logically suggested to use integral action in

the PD controller to compensate this error. However, the external disturbances,

as well as the dynamic uncertainties for space missions, are indispensable and

integral action may lead instability of the system. The instability is caused by
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the windup of integrator where a large change in set-point occurs and the integral

terms accumulates a significant error during the rise (windup) [194] although there

are techniques to handle integral windup. On the other hand, the proposed MPC

based approach can inherently address the external disturbance with embedded

integral action capability as explained in Chapter 5.

Figure 6.8: Exp 3: 15 Scenes from the Experiment

Figure 6.9: Illustration of the Attitude Stage & It’s Limitations on the Right
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Remark 23. In, experiment #4, control of nonlinear attitude dynamics in the

presence of dynamic uncertainties of the spacecraft, i.e. fuel sloshing, flexible

modes, or modeling errors, are studied. Furthermore, an input disturbance is added

to the simulated scenario in order to simulate, i.e. thruster mismatch, during the

spacecraft maneuvers.

In the experiment #3, it was shown that in the ideal situation where the attitude

platform is perfectly balanced, both PD and MPC controllers show satisfactory

results. However, later on, only MPC with integral action was successful to show

robustness to output disturbance. In order to further elaborate the performance of

the MPC, the air inside the tanks at the upper stage is slightly depleted. First, the

balancing system was turned off and sufficient air is used to create an imbalance

in the system. Fig. 6.10-d) illustrates torque history. The green arrows show

the imbalance and its trend over time. In other words, not only there exists an

initial imbalance, but also, it’s changing over time. The change over time is due

to the depletion of the fuel, air, in the tanks. Second, at time t=200s, an external

disturbance torque is applied as can be seen in Fig. 6.10-a)-f). It can be seen from

Fig. 6.10-d) that MPC inherently estimates the torque required to compensate

the imbalance for offset-free attitude control. What is more, when the external

disturbance is applied, MPC acts quickly and also addresses it. In Fig. 6.10-b),

a peak can be seen at t=200 as the input disturbance is applied. However, the

torque command rapidly goes down to negative values as depicted with the yellow

line in Fig. 6.10-d) while the absolute torque command integral booms at the end

of time interval 5 from roughly 40Nmm to 160Nmm as depicted in Fig. 6.10-f).

One must note that the fluctuations are due to thruster characteristics. In the

literature, one of the reasons known as minimum impulse bit which occurs between

the thruster being fully off and generating its minimum thrust which is slightly

above zero. This area has limits and also referred to dead-zone and illustrated in

Fig. 6.11 with two options: rounding to zero and differential thrust [42].
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Figure 6.11: Illustration of Minimum Impulse Bit
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6.2.4 Dual Quaternions for Translational Motion

In this section, we employed the PD controller to control the attitude and MPC

with no integral action for translational motion control. Running simulation is

always practical and definitely gives hints about how experiments or real flight

would result in. However, they are as good as how accurate modeling is done. The

critical parameters of the model employed for the prediction of the states are the

Moment of Inertia (MoI), mass and the sampling time for the double integrator

case. What is more, our simulation model does not include the residual drag,

thruster mismatch, minimum impulse bit, etc. Hence, in the following simulation

results from the perfect conditions, i.e., no disturbance, perfect thruster, perfect

knowledge of MoI, and artificially deteriorated condition, e.g. uncertainty on the

mass, residual thrust, are presented and compared with the experimental results.
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Figure 6.12: Exp 5: Position History in Inertial Frame

The experimentation result and simulation results show a remarkable similarity. In

Fig. 6.12, position history is given. It is seen that the y− axis experimental result

is slightly more aggressive than the simulation result; however, after roughly 240s,

the oscillation is damped and the satellite arrives at the steady state for y-axis.

Similarly, the x − axis results are more aggressive but the main difference is the

offset. More elaboration about this offset will be given next.
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Figure 6.13: Exp 5: Velocity History in Inertial Frame

0 50 100 150 200 250 300

-0.2

-0.1

0

0.1

0.2

0 50 100 150 200 250 300

-0.2

-0.1

0

0.1

0.2

Figure 6.14: Exp 5: Force History in Inertial Frame

6.2.5 Dual Quaternions For 6-DOF Motion Control

6.2.5.1 Simultaneous Discretization

In this experiment, dual quaternion based MPC formulation is employed to address

full 6-DOF motion control and applied into TEAMS5D vehicle that can validate the
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Figure 6.15: Exp 6: Position History in Inertial Frame (Simultaneous Dis-
cretization)
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Figure 6.16: Exp 6: Velocity History in Inertial Frame (Simultaneous Dis-
cretization)

5-DOF motion. For the experiments, the same coupled double integrator model

defined in the body frame of the controlled satellite is used. However, in the

first one, the discretization is done sequentially as suggested in [49] and secondly,

discretization is done simultaneously. Both forms are explained in Chapter 4.
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Figure 6.17: Exp 6: Force History in Inertial Frame (Simultaneous Discretiza-
tion)
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Figure 6.18: Exp 6: Quaternion History in Inertial Frame (Simultaneous Dis-
cretization)

6.2.5.2 Sequential Discretization

Comparing Fig. 6.15 and Fig. 6.21, it can seen that the results for the simultane-

ously discretized plant are less aggressive and show a similar trend to its simulation.

Still, it can be seen from Fig. 6.15 and Fig. 6.21 both simultaneously and sequen-

tially discretized plants can be controlled but experience offset in the x -axis in
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Figure 6.19: Exp 6: Angular Rate History (Simultaneous Discretization)
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every experiment.

It is seen in Fig. 6.23 that the commanded force & torque values overlap after

slightly more than 100 seconds. Fig. 6.15 illustrates that the position reference in

xdirection, 0.2m, is reached but there is a remarkable offset in the y-axis. To better

understand the cause, thruster activity history as well as the force implemented &
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Figure 6.21: Exp 7: Position History in Inertial Frame (Sequential Discretiza-
tion)
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Figure 6.22: Exp 7: Velocity History in Inertial Frame (Sequential Discretiza-
tion)

commanded can be investigated. Firstly, Fig. 6.23 illustrates the force history in

the inertial frame. It is seen that after t = 100s, the commanded force oscillates

around 0.05N . However, if the velocity history in Fig. 6.22 is checked, there is

no acceleration in the positive x direction despite the positive thrust. One might

suspect that this is due to the dead zone of thrusters as shown in Fig. 6.11.

However, the thrusters individually can generate at max, 65mN of thrust and
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Figure 6.23: Exp 7: Force History in Inertial Frame (Sequential Discretization)
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Figure 6.24: Exp 7: Torque History in Inertial Frame (Sequential Discretiza-
tion)

commanded 50mN is just below its limit and far from the dead zone, i.e., 4mN . It

is concluded that during this experiments, one of the thrusters was not functional

and state-space representation without integral action is not capable of addressing

this failure, commands oscillatory Fcom ≈ 0.04 ± 0.02mN net force in the x-axis

instead. An important contribution of this thesis is the validation that the proposed
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controller can be implemented real-time on an experimental test bench in German

Aerospace Center (DLR) [44, 45]. Therefore, this thesis bridges the gap between

theory and real practice with hardware-in-the-loop tests. The work presented is

a pioneering work which addresses the practical implementation of MPC using

models that handles the coupling between translational and rotational dynamics

via dual quaternions, multiple thruster allocation problem and constraints. The

technical challenges of solving two separate optimization problem online & on-

board and actuating the spacecraft with only thrusters are explained in Chapter

5. The work paves the way for future satellite servicing missions as it can save

fuel & address safety concerns due to constrained optimization-based formulation.

In addition, this work can enable agile maneuvers due to the thruster allocation

strategy and full utilization capability thanks to the optimization theory behind.



Chapter 6. Dynamic Experiments 119

6.3 Lessons Learned

6-DOF spacecraft motion control problem is highly nonlinear, strongly cross cou-

pled, and constrained. An important contribution of this thesis is the validation

that the proposed controller can be implemented real-time on an experimental test

bench in German Aerospace Center (DLR) [44, 45]. Therefore, this thesis bridges

the gap between theory and real practice with hardware-in-the-loop tests. The

work presented is a pioneering work which addresses the practical implementation

of MPC using models that handles the coupling between translational and rota-

tional dynamics via dual quaternions, multiple thruster allocation problem, and

constraints. The work paves the way for future satellite servicing missions as it

can save fuel & address safety concerns due to constrained optimization-based for-

mulation. In addition, this work can enable agile maneuvers due to the thruster

allocation strategy and full utilization capability thanks to the optimization theory

behind. The lessons learned from the experiments are summarized in the following.

i. As a warm-up, in experiment #2, it was observed that the sampling time of

0.5s and 1s shows satisfactory result but anything higher does not meet the

GNC criteria as the response becomes too slow. Also, a slight improvement

in the attitude point is observed when sampling time decreased from 1s to

0.5s.

ii. In experiment #3, control of nonlinear attitude dynamics in the presence of

output disturbance, i.e. atmospheric drag (simulated by adding a coin on the

upper platform), is considered and a comparison study with PD controller

is demonstrated. In the nominal conditions, no external disturbance and

well-balanced platform, proposed MPC approach attitude pointing accuracy

is 5 times better than traditional controllers. Specifically, proposed accuracy

is +/-0.1 deg whilst the traditional approach is +/- 0.5 deg as can be seen

in Fig. 6.6 inside the zoomed box. Secondly, when an external disturbance

is applied, the proposed approach is capable rejecting the disturbance. The

proposed controller also has sufficient robustness to model uncertainties since

only a simplified model was used in the MPC design.

iii. Next, experiment #4 started without the balancing of the attitude stage in

order to simulate uncertainties of the spacecraft dynamics, i.e. fuel sloshing,
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flexible modes, or modeling errors, are studied. Furthermore, an input dis-

turbance is added to the simulated scenario in order to simulate, i.e. thruster

mismatch, during the spacecraft maneuvers. After experiment #3 and

#4, robustness to modeling uncertainty, input, and output disturbances are

intended to be demonstrated with a simple comparison. Subsequently, in

experiment #5, translational motion control is conducted as follows: given

an initial condition within the 4m by 5m experiment table, the objective is

just to steer the satellite to the reference. The experiment may appear to

be simple; however, there are 2 interesting observations to make. First, as

mentioned in Chapter 2, the current state of art 5-DOF spacecraft motion

control is based on LQR type optimal control scheme proposed in [143] . In

this thesis, we took into account the magnitude of thrust the thruster could

provide, 65mN/each thruster for an approximately 80kg of experimental plat-

form, thus ideally could only produce a maximum acceleration of roughly 5.5

mm/s2. Hence, with constrained optimization, the low thrust allocation is

fully utilized, agility is obtained. Constrained MPC also provides a direct

mechanism to incorporate the thruster constraints in the controller design.

Secondly, although the platform is 2-D, the formulation and the experiments

are pioneering experiments to test constrained optimization for 3-D space-

craft position control. This will bring the safety level of the relative proximity

operations into another level since the constraints are explicitly handled and

the risk of collision with the target is removed. We believe our work could

contribute to earlier work shown in Fig. 6.25. In Fig. 6.25, on the left, the

MIT-NASA SPHERES project and astronaut Scott Kelly, on the right, ex-

perimental results when 40cm step input given is illustrated. Both traditional

robust technique and unconstrained optimal control theory, namely H∞ and

LQR fail to meet with the mission objective which was no overshoot. With

the proposed MPC approach, the no overshoot objective could be achieved.

iv. Next, in experiment #6 and #7, two different discretization strategy,

namely simultaneous and sequential discretization are demonstrated for 5-

DOF spacecraft motion control towards rendezvous and docking with un-

cooperative targets. The sequential discretization is derived in [37] . In

Chapter 4 of this thesis, the simultaneous discretization is derived (see Eqns.

(4.55, 4.50)). Both discretization methods are experimental tested for the

first time. These experiments are first-ever experiments that are designed
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(a) Astronaut Scott Kelly poses for a photo-
graph with three MIT Spheres [195]

(b) Nominal Performance with a Step Input of
40 cm [133]

Figure 6.25: Demonstration of SPHERES project and their results

to address 6-DOF spacecraft motion control with embedded optimization

running in real-time. Furthermore, both experiments are the pioneer experi-

ments that employed dual quaternions to couple translational and rotational

motion. As a result, we are now able to explicitly incorporate in the formula-

tion, (1) the actuator constraints, (2) the knowledge of the docking features

of both chaser satellite and target satellite, and (3) nonlinear couplings be-

tween the translational and rotational motion. Both of the discretization

strategies show a similar trend and a clear difference cannot be spotted from

the experimental results. Yet, one can note that position offset remains in

both cases and hence, integral action should be implemented not only on the

position states but also on rotational states, quaternions. Lastly, it was no-

ticed that the implemented input is slightly different than commanded input

when full translational and rotational motion is addressed. This is because

the proposed algorithm is not aware of how the thrust and torque values are

mapped on the thrusters. Therefore, conflict occurs when full torque and

thrust are commanded. This can be avoided by introducing a new set of

equality constraints that defines the thruster allocation stage which will be

left as future work.

Remark 24. Prediction horizon and control horizon are important considerations

in the MPC design because they affect stability, performance and computation re-

quirement. For the prediction horizon, it is important to make sure that MPC is

able to see the future sufficiently long and not ‘short-sighted’. It is realized that

the prediction and control horizons’ effects did not differ from the fundamentals

of MPC design where lower prediction and control horizon i.e. 1 to 5 results in
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stability issues due to being shortsighted and very long predictions result in dimin-

ishing return in the performance but increases the computation burden critically.

We were unable to run MPC prediction horizon Np greater than 20 due to the

real-time requirement constraint. Just to recap, there are 6 inputs (3 torque and 3

force inputs) and if Np = 20, (assuming that Np = Nc), there will be 120 decision

variables. Moreover, recall from the Chapter 4, the nonlinear model is linearized

every time-step and thus, additional computations were needed which limited the

choice of prediction horizon. Eventually, prediction horizon is kept at 20 for the ex-

periments with sampling time Ts = 1s and at 10 for the experiments with sampling

time Ts = 0.5s.
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Conclusions & Future Work

7.1 Conclusions

This dissertation addressed the gap between the matured Linear Model Predictive

Control theory with the final phase of an automated Rendezvous and Docking sce-

nario, with consideration for 6-DOF translational and rotational motion couplings,

thruster configuration, constraints, real-time implementation issues and valida-

tion with experimental work. It was seen that the MPC framework can bring

safe, propellant-efficient trajectories for impulsively-actuated spacecraft operating

in close proximity to other objects. In addition, MPC shows robustness to the

single thruster failures and can be formulated to account for thruster configuration

in the RVD problem. The thesis’s main contribution is its ability to obtain online

solutions at the sub-second level while optimizing the cost function with respect to

the constraints, translational and rotational motion couplings. Moreover, with LTV

MPC formulation, RVD operations in elliptic orbit can be efficiently done as MPC

has the capability to take into account the future prediction models at the time

instant the optimization problem is formulated and solved. Furthermore, Inscribed

Polygon Approach is developed to address the QCQP problem arising in single-axis

thruster configuration. It has been validated via simulations in NHFEM that the

proposed method provides quasi circle input constraint realization, in other words,

the controller can well approximate to full utilization of the thruster. In sum-

mary, the proposed approach appears to have the potential for future automated

123
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missions, enabling real-time computation of low-cost trajectories in-orbit without

ground intervention.

7.2 Future Work

This work will be extended with the following items:

• Plume Impingement: The idea is to ensure that vehicles converge to the

desired states without colliding & repelling each other and causing contami-

nation, degradation of sensors or damaging surfaces such as solar arrays, due

to the direction of thrusters. This is a non-convex problem and required con-

vexification will be done, the constraint will be explicitly taken into account.

• Field of View: Although in the simulations it is assumed that the knowledge

of the states of target is available and during the experiments, the localization

is done by the motion capture lab, guidance and control strategy must ensure

that on-board navigation sensors are faced within the Field-Of-View, i.e.,

stars or target docking port. Hence, FoV constraints will be formulated and

explicitly taken into account.

• Robustness study: When the chaser spacecraft operates near constraints,

i.e. Line-of-Sight constraint, with a small unmodeled disturbance, the system

can be pushed out from the feasible region and no optimization result can

be found. To address this challenge we will conduct a robustness study for

measurement errors and unmodeled disturbances.

Vibration is one of the challenges related to spacecraft maneuvering oper-

ations. Considering the fact that structural designs are based on zero-G

conditions, it is even more troublesome when docking a tumbling spacecraft

with flexible structures such as solar arrays. Hence, it is a problem to solve

how to couple the flexible structure dynamics with the rigid body transla-

tional and rotational motion in an integrated control design. In the future,

we will integrate the flexible modes of the target into our model with input

from Thales Alenia Space (TAS).

• Integrated Thruster Allocation The distinctive feature of MPC paradigm

is the ability to handle constraints. In this thesis, the thruster allocation
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problem is an independent block from MPC. This results in infeasible so-

lutions due to conflicts between Force and Torque commands. Firstly, the

thruster geometry will be formulated as an inequality constraint such that

every commanded force and torque inputs are feasible. Secondly, assuming

that the fault of the thruster is detected, re-configurable equality constraint

based on the current availability of the thrusters will be formulated. This

will make the G&C block to aware of the thruster failures while optimizing

the cost function with respect to the other constraints.

• Experimentation Extensions: The future task will finally aim at vali-

dating the kinematics on the robotic rendezvous test bench in TAS-France

before the engineering prototype is developed. To this end, the algorithms

will first be embedded in a dSpace module to demonstrate the real-time

simulation of the MPC control loop. Then, the robotic test bench will

be used to reproduce in real-time the spacecraft motion obtained in simula-

tion. Finally, the real feedback provided by dedicated sensors (e.g., stereo

and TOF cameras) will be used to close the loop and perform a Hardware-

in-the-Loop (HIL) validation of the whole activity. The flow of experimental

work is standard Thales Alenia Space study cycle.





Appendix A

Relative Motion Dynamics

Equations

A.1 Clohessy-Wiltshere-Hill (CWH) Equations

A.1.1 Derivations

To begin, let us make a few assumptions:

• There is only a single gravitational attractor that yields a spherically-symmetric

gravitational field (inverse-square law gravitation).

• There are no forces exerted between the chaser and target (that is, we ne-

glect their mutual gravitation and assume the spacecraft do not influence one

another).

• The target spacecraft moves in a perfect circle about the attractor (a con-

straint which requires that the target exert zero net translational thrust at

all times).

The scenario can be visualized in Fig. A.1. In essence, we assume that each

spacecraft moves according to Restricted Two-Body Problem (Keplerian) dynamics

(in the Earth-Centered Inertial (ECI) X-Y-Z frame), with the target constrained to

perfect circular orbit (to which we attach a moving Local-Vertical, Local-Horizontal
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Figure A.1: LVLH Frame

(LVLH) δx−δy−δz frame). The accuracy of these assumptions is limited by orbit

insertion/determination errors and by orbital perturbations, including atmospheric

drag, attractor oblateness, and third-body effects. For these reasons, the CWH

equations are only useful for modeling short duration maneuvers, where ”short”

implies a sufficiently-small duration (typically a few target orbital periods, or less)

such that these uncertainties and perturbations do not have time to drive predicted

motions significantly far from the truth.

To describe this mathematically, we have for the chasing spacecraft that:

ṗ = −GMm

r3
r + F

using Newton’s Law of Gravitation (and neglecting relativistic effects), where G

is the universal gravitational constant, M is the attractor mass, m is the chaser

mass, p is its linear momentum, and F is its applied thrust. Writing ṗ as (ṁv) =

ṁv + mv̇, let us assume that m is approximately constant (i.e., that propellant

usage during proximity operations is small compared to the total spacecraft mass,

such that the term ṁv� mv̇, where �is applied component-wise). Then we can

re-express our dynamics as

r̈ = − µ
r3

r +
F

m
(A.1)

where µ = GM is the gravitational parameter associated with the gravitational

attractor.

It follows analogously for the target (i.e., the LVLH frame origin, or reference
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point) that

r̈ref = − µ

r3
ref

rref (A.2)

Now, by our circular orbit assumption, rref is equal to a constant and the LVLH

frame angular velocity satisfies ωref = θ̇Ẑ = θ̇δ̂z. Combined with Fig. A.1, it

follows that:

rref = rref r̂ref = rref δ̂x

ṙref =
(

˙
rref δ̂x

)
=
�
��>

0
ṙref δ̂x+ rref

˙̂
δx = rref θ̇δ̂y

r̈ref =
(

¨
rref δ̂x

)
=
�
��>

0
r̈ref δ̂x+ rref

¨̂
δx = −rref θ̇2δ̂x

where we used the facts that
˙̂
δx = ωref × δ̂x = θ̇δ̂z × δ̂x = θ̇δ̂y and that

¨̂
δx =

ωref × ˙̂
δx = θ̇δ̂z × θ̇δ̂y = −θ̇2δ̂x. Substituting into Eqn. (A.2),

−rref θ̇2δ̂x = − µ

r3
ref

(
rref δ̂x

)
we see immediately that θ̇2 = µ

r3
ref

, which yields (taking only the positive solution):

nref
∆
= θ̇ =

√
µ

r3
ref

(A.3)

where nref , a constant, is the mean motion of the target spacecraft orbit. Integrat-

ing, we find that:

θ(t) =

∫ t

t0

nrefdt = nref (t− t0) (A.4)

for the polar angle (true/eccentric/mean anomaly) of the target spacecraft.

Turning our attention to the chaser spacecraft, let us express the inertial dynamics

of Eqn. (A.1) in the target LVLH frame. These relative dynamics will give us the

equations necessary for linearization. From Fig. A.1, note that r = rref + δr. It

follows that r̈ = r̈ref + δ̈r, which means we now need only find an expression for
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δ̈r. Let ˙( · ) and (̊ · ) denote time derivatives to one another, that:

δ̇r = δ̊r + ωref × δr

δ̈r =
(
δ̊r + ˙ωref × δr

)
= δ̇r̊ + ˙(ωref × δr) =

(
◦◦
δr + ωref × δ̊r

)
+

(
��
�*0

ω̇ref × δr + ωref × δ̇r
)

=

(
◦◦
δr + ωref × δ̊r

)
+
(
ωref × δ̊r + ωref × (ωref × δr)

)
=
◦◦
δr + 2ωref × δ̊r + ωref × (ωref × δr)

where we used that ω̇ref =
(

˙
nref δ̂z

)
= ṅref δ̂z+nref

˙̂
δz = 0, since both nref and δ̂z

are constant.

Resolving into the LVLH coordinate frame,

δr =

δxδy
δz

 δv = δ̊r =

 ˙δx

δ̇y

δ̇z

 ◦◦
δr =

δ̈xδ̈y
δ̈z

 ωref =

 0

0

nref

 (A.5)

r =

rref + δx

δy

δz

 F =

FδxFδy

Fδz

 (A.6)

we find that: =

r̈ = r̈ref + δ̈r

=

−rrefn2
ref

0

0

+


δ̈xδ̈y
δ̈z

+ 2


 0

0

nref

×
 ˙δx

δ̇y

δ̇z


+

 0

0

nref

×

 0

0

nref

×
δxδy
δz





=

−rrefn2
ref

0

0

+


δ̈xδ̈y
δ̈z

+ 2

−nref δ̇ynref ˙δx

0

+

 0

0

nref

×
−nrefδynrefδx

0




=

δ̈x− 2nref δ̇y − n2
ref (rref + δx)

δ̈y + 2nref ˙δx− n2
refδy

δ̈z


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Equating with Eqn. (A.1), and rearranging:δ̈xδ̈y
δ̈z

 = − µ
r3

rref + δx

δy

δz

+

2nref δ̇y + n2
ref (rref + δx)

−2nref ˙δx+ n2
refδy

0

+
1

m

FδxFδy

Fδz

 (A.7)

we obtain the non-linear equations of motion for the chaser spacecraft in the LVLH

frame, where r =
√

(rref + δx)2 + δy2 + δz2.

To linearize these equations of motion, we must first put them into first-order form.

Define our state x as the relative position and velocity vector, x
∆
= [δrT , δvt]T , and

let our control u be the specific force (force per unit mass),u
∆
= F/m. Then:

ẋ =

[
δv

f(x,u)

]
(A.8)

where f(x,u) is the right-hand side of Eqn. (A.7). We aim to linearize Eqn.

(A.8) about the equilibrium point at the LVLH origin (xeq = 0 with ueq = 0),

corresponding to the unforced circular orbit of the target. Restricting our attention

to only the velocity equations (as the position dynamics are already linear),

f(x, u) ∼= f(xeq, ueq) +
∂f

∂x

∣∣∣∣
xeq ,ueq

(x− xeq) +
∂f

∂u

∣∣∣∣
xeq ,ueq

(u− ueq) (A.9)

using Eqn. (A.7), it is straightforwards exercise to show that the Jacobian matrices
∂f
∂x

and ∂f
∂u

can be expressed in the LVLH frame as

∂f

∂x
=

−
µ
r3 +

3µ(rref+δx)2

r5 + n2
ref

3µ(rref+δx)δy

r5

3µ(rref+δx)δz

r5 0 2nref 0
3µδy(rref+δx)

r5
−µ
r3 + 3µδy2

r5 + n2
ref

3µδyδz
r5 −2nref 0 0

3µδz(rref+δx)

r5
3µδzδy
r5

−µ
r3 + 3µδz2

r5 0 0 0


∂f

∂u
=

1 0 0

0 1 0

0 0 1



Substituting into Eqn. (A.9) and evaluating at xeq = ueq = 0, we find that

f(xeq, ueq) = 0 and hence:

f(x, u) ∼=

3n2
ref 0 0 0 2nref 0

0 0 0 −2nref 0 0

0 0 −nref 2 0 0 0

x+

1 0 0

0 1 0

0 0 1

u
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Substituting into Eqn. (A.8), we obtain, finally, the linear Clohessy-Wiltshire-Hill

(CWH) equations:

ẋ =



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

3n2
ref 0 0 0 2nref0

0 0 0 −2nref0 0

0 0 −n2
ref 0 0 0


︸ ︷︷ ︸

∆
=A

x+



0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1


︸ ︷︷ ︸

∆
=B

u (A.10)

where x=[δx, δy, δz, δẋ, δẏ, δż]T are the position and velocity coordinates of the

chaser as expressed in the LVLH frame, u= 1
m

[Fδx, Fδy, Fδz]
T is the specific thrust

of the chaser resolved in the LVLH frame, and nref is the mean motion of the target

spacecraft orbit, as given by Eqn. (A.3).
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A.1.2 Analytical Solutions to the CWH Equations

The CWH equations represented by Eqn. (A.10) admit a closed-form solution.

To derive it, we make use of the Laplace Transform L as well as its inverse L−1,

defined for causal systems as

L(f(t)) =F (s) =

∫ ∞
t0

e−stf(t)dt (A.11a)

L−1(F (s)) =f(t) =

[
1

2πj

]
lim
T→∞

∫ γ+jT

γ−jT
estF (s) (A.11b)

where γ is a real number large enough to ensure that the vertical line of integration

Re(s)=γ in the complex plane lies to the right of any singularities of F(s). As we

will see, these two operations turn out to be very useful in simplifying ordinary

differential equation (ODE) expressions.

We begin by applying the Laplace transform to both sides of Eqn. (A.10):

L(ẋ(t)) =L(Ax(t) + Bu(t))

sL(x(t))− e−st0x(t0) =AL(x(t)) + BL(u(t))

(sI−A)X(s) =e−st0x(t0) + BU(s)

X(s) =(sI−A)−1e−st0x(t0) + (sI−A)−1BU(s)

where on the second line we used integration-by-parts (for the left-hand-side) and

the linearity of the Laplace Transform (for the right-hand-side). If we now apply

the Inverse Laplace Transform, we find:

x(t) = L−1(X(s)) = L−1((sI−A)−1e−st0)x(t0) + L−1(sI−A)−1BU(s))

where we again rely on linearity to simplify the right-hand-side. Now, let ϕ(s)

represent the Laplace Transform of some time-domain function Φ(t). We make use

of two well-known facts: (i) the Inverse Laplace Transform of the exponential e−st0

times ϕ(s) creates a shift in the time-domain L−1(ϕ(s)e−st0) = Φ(t − t0), and (ii)

the Inverse Laplace Transform of the product of two s-domain functions ϕ(s) and

G(s) is given by L−1(ϕ(s)G(s)) = Φ(t) ∗ g(t), a convolution integral in the time

domain (verification of both properties is a straightforward exercise in calculus that

we do not show here). Setting ϕ(s) = (sI−A)−1 and G(s)=BU(s)in this case, we

obtain:
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x(t) = Φ(t− t0)x(t0) +

∫ t

t0

Φ(t− τ)Bu(τ)dτ (A.12)

Equation A.12 reveals that to find the solution x(t) to tour dynamic equations, we

need only determine Φ(t) = L−1((sI−A)−1). Note that the argument, (sI−A)−1,

called the resolvent of A, is defined at all s∈ C except for the eigenvalues of A. If

we re-express the resolvent in terms of its power series,

(sI − A)−1 =
1

s

(
I− A

s

)−1

=
1

s

(
I +

A

s
+

(
A

s

)2

+ . . .

)
=

I

s
+

A

s2
+

A2

s3
+ . . .

(valid at all s values with |s| sufficiently-large and far from the eigenvalues of

A), we obtain and expression that is easier to evaluate inside the Inverse Laplace

Transform:

Φ(t) = L−1((sI−A)−1) = I + tA +
(tA)2

2!
+ · · · =

∞∑
k=0

(tA)k

k!
∆
= etA (A.13)

where etA is called the matrix exponential of A. Putting Eqn. (A.12) and Eqn.

(A.13) together, the solution to our system dynamics (applicable, in fact, to any

LTI system) is therefore given by:

x(t) = eA(t−t0)x(t0) +

∫ t

t0

eA(t−τ)Bu(τ)dτ (A.14)

Hence all that remains to compute a closed-form expression for the matrix Φ(t) =

eAt = L−1((sI-A)−1), called the state transition matrix of our system. Rather than

evaluating the infinite sum in Eqn. (A.13) it actually turns out to be much simpler

to use the Inverse Laplace Transform directly on the elements of the resolvent of

A. Substituting the CWH system matrix A, shown in Eqn. (A.10),
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(s− I-A) =



s 0 0 −1 0 0

0 s 0 0 −1 0

0 0 s 0 0 −1

−3n2
ref 0 0 s −2nref 0

0 0 0 2nref s 0

0 0 n2
ref 0 0 s



(s− I-A)−1 =



4n2
ref+s2

s(n2
ref+s2)

0 0 1
n2
ref+s2

2nref

s(n2
ref+s2)

0

−6n3
ref

s2(n2
ref+s2)

1
s

0
−2nref

s(n2
ref+s2)

−3n2
ref+s2

s2(n2
ref+s2)

0

0 0 s
n2
ref+s2

0 0 1
n2
ref+s2

3n2
ref

n2
ref+s2

0 0 s
n2
ref+s2

2nref

n2
ref+s2

0

−6n3
ref

s(n2
ref+s2)

0 0
−2nref

n2
ref+s2

−3n2
ref+s2

s(n2
ref+s2)

0

0 0
−n2

ref

n2
ref+s2

0 0 s
n2
ref+s2



it now becomes a straightforward matter of applying the Inverse Laplace Transfrom

to each element of (sI−A)−1 (easily achieved via a combination of partial fraction

decompositions and a table of elementary Laplace Transforms). Introducing θ(t) =

nref t as the polar angle (true anomaly) of the target spacecraft, the result (once

all the dust settles) turns out to be:

Φ(t) =



4− 3cosθ 0 0 1
nref

sinθ 2
nref

(1− cosθ) 0

6sinθ − 6θ 1 0 2
nref

(cosθ − 1) 1
nref

(4sinθ − 3θ) 0

0 0 cosθ 0 0 1
nref

sinθ

3nrefsinθ 0 0 cosθ 2sinθ 0

6nref (cosθ − 1) 0 0 −2sinθ 4cosθ − 3 0

0 0 −nrefsinθ 0 0 cosθ


(A.15)

To make our solution explicit for impulsive dynamics resolved in the CWH frame

(the rotating Local-Vertical, Local-Horizontal frame of the target spacecraft), sup-

pose that we apply the control trajectory u(t) =
∑N

i=1 ∆viδ(t − τi) to our chaser

spacecraft, comprising N impulses ∆vi = [∆vδx,i,∆vδy,i,∆vδz,i]
T at burn times τi for

i ∈ [1, . . . , N ]. Define the chaser initial state as x(t0) = x0 = [δx0, δy0, δz0, δẋ0, δẏ0, δż0]T .

Then the chaser state transition equations are given by:
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δx(t) = (4− 3cosθ)δx0 +

(
1

nref
sinθ

)
δẋ0 +

(
2

nref
(1− cosθ)

)
δẏ0 (A.16)

+
Nt∑
i=1

[(
1

nref
sinθi

)
∆vδx,i +

(
2

nref
(1− cosθi)

)
∆vδy,i

]

δy(t) = (6sinθ − 6θ)δx0 + δy0 +

(
2

nref
(cosθ − 1)

)
δẋ0 +

(
1

nref
(4sinθ − 3θ)

)
δẏ0

(A.17)

+
Nt∑
i=1

[(
2

nref
(cosθi − 1)

)
∆vδx,i +

(
1

nref
(4sinθi − 3θi)

)
∆vδy,i

]

δz(t) = (cosθ)δz0 +

(
1

nref
sinθ

)
δż0 +

Nt∑
i=1

(
1

nref
sinθi

)
∆vδz,i (A.18)

δẋ(t) = (3nrefsinθ)δx0 +(cosθ)δẋ0 +(2sinθ)δẏ0 +
Nt∑
i=1

[(cosθi)∆vδx,i+(2sinθi)∆vδy,i]

(A.19)

δẏ(t) = (6nref (cosθ − 1))δx0 + (−2sinθ)δẋ0 + (4cosθ − 3)δẏ0 (A.20)

+
Nt∑
i=1

[(−2sinθi)∆vδx,i + (4cosθi − 3)∆vδy,i]

δż(t) = (−nrefsinθ)δz0 + (cosθ)δż0 +
Nt∑
i=1

(cosθi)∆vδz,i (A.21)

where θ = nref (t− t0), θi = nref (t− τi), and Nt =
∑N

i=1 1[τi ≤ t] is the number of

burns occuring at or before time t.
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