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Abstract

This thesis is devoted to the computation and analysis of electromagnetic
wave scattering problems, with particular applications in accurate simulation
of invisibility cloaks arisen from the field of transformation electromagnetics
(TE). An efficient spectral-element method (SEM) is proposed for solving gen-
eral two-dimensional Helmholtz equations in anisotropic media. In practice, we
adopt a transparent boundary condition (TBC) characterized by the Dirichlet-
to-Neumann (DtN) map to reduce wave propagation in an unbounded domain
to a bounded domain. We then introduce a semi-analytic technique to integrate
the global TBC with local curvilinear elements seamlessly, which is accomplished
by using a novel elemental mapping and analytic formulas for evaluating global

Fourier coefficients on spectral-element grids exactly.

From the perspective of TE, an invisibility cloak is devised by a singular
coordinate transformation of Maxwell’s equations that leads to anisotropic mate-
rials coating the cloaked region to render any object inside invisible to observers
outside. An important issue resides in the imposition of appropriate boundary
conditions, i.e., cloaking boundary conditions (CBCs), in order to achieve perfect
invisibility. Based upon the principle that a well-behaved electromagnetic field
in the original space must be well-behaved in the transformed space as well, we
propose new CBCs for circular, elliptic and polygonal invisibility cloaks from the
essential “pole” conditions related to singular transformations. We emphasize

that our proposal of CBCs is different from any existing ones.

Last but not the least, this thesis is devoted to wavenumber explicit analysis

14



Abstract 15

of three-dimensional time-harmonic Maxwell’s equations in an exterior domain.
The infinite domain is first reduced to a finite domain by using an exact spher-
ical TBC involving the capacity operator. Remarkably, when the scatterer is a
sphere, by using divergence-free vector spherical harmonic expansions of the fields,
one can preserve divergence-free property of the electric and magnetic fields,
and reduce the Maxwell’s system to two sequences of decoupled one-dimensional
Helmholtz problems (in the radial direction) in a similar setting. This reduction
not only leads to more efficient spectral-Galerkin algorithms, but also allows us to
carry out, for the first time, wavenumber explicit analysis for 3-D time-harmonic
Maxwell’s equations with exact transparent boundary conditions. We then use
the transformed field expansion to deal with more general scatterers, and derive

rigorous error estimates for the whole algorithm.



Notation

Common Notation

C
R
N

Py

i

Set of all complex numbers

Set of all real numbers

Set of all nonnegative integers, i.e., {0,1,2,....}
Set of all algebraic polynomials of degree < N
Complex unit, i.e.,i=+v/—1

Spaces, Inner Products and Norms

HE(A)
Lr(1)
(5 )
)

(,

Weighted Sobolev space HZ(A) with s > 0 defined in [1]
LP-space on [ with 1 < p < o0

Inner product of L2 (I)

Inner product of L?(I)

Norm of L2 (I)

Norm of L*(I)

Norm of L*(1)

Bessel, Hankel and Airy Functions

S 2 s s

. X

Bessel function of the first kind of order v

Bessel function of the second kind of order v

Hankel function of the first kind of order v

Spherical Hankel function of the first kind of order v
Airy function of the first kind

Airy function of the second kind

16



Notation 17

Mathieu Functions

{cem; sem} Angular Mathieu functions as defined in [2]
{McD; MstD} Radial Mathieu functions of the first kind
{Mc®: Ms®)} Mathieu-Hankel functions

Spherical Harmonics and Vector Spherical Harmonics

Yy Spherical harmonics as normalized in [3]

{er,ep, e,} Moving (right-handed) orthonormal coordinate
basis

Vg Tangent gradient operator on the unit spherical
surface S

{Y"e,, VY™ VY™ xe.} Vector spherical harmonics (VSH) defined in
Morse and Feshbach [4]






Chapter

Introduction

In this chapter, we elaborate on motivations and background of the topics to be

studied in this thesis, and highlight the main contributions.

1.1 Basics of transformation electromagnetics

Since the groundbreaking works of Pendry, Schurig and Smith [5], and Leonhardt
[6], the transformation electromagnetics (TE) has emerged as a very useful tool
to design a wide variety of new devices and materials with novel and unusual
physical properties (see, e.g., [7, 8 [0, 10, 11, 12] and [13] for many original
references therein).

The fundamental principle of TE is based on the form invariance of Maxwell’s
equations under any coordinate transformation (cf. [14]). More precisely, we

consider the time-harmonic Maxwell’s system:
Vi X E—iwpg H =0, Vix H+iwe, E =0, (1.1)

in the Cartesian coordinates & = (Z,¥,%) € R?® of the “virtual space”. Here,
i = +/—1 is the complex unit, and the electric permittivity €y, the magnetic
permeability o, and the angular frequency w are positive constants. Note that

e~ time-dependence is assumed for the electric field E and magnetic field H.

19



20 Introduction

Let © = (z,y,2z) = x(x) be a given coordinate transformation. Then the

transformed Maxwell’s system reads (cf. [14])
VxE—-iwppH =0, VxH+iveeFE =0, (1.2)

where “V x” is the curl operator in the new coordinates of the “physical space”,

and
E(r)=(J)E@W), H(r)=(J)"'H(F), p=e=JJ"/det(J). (13)
with the Jacobian matrix given by J = dx/0x.

y

/

/

(a) Virtual space (b) Physical space

Figure 1.1: Schematic illustration of a coordinate transformation from the virtual

space & = (&, 7, ) to the physical space = (x,y, 2).

By eliminating the magnetic field H, we can obtain from (1.2]) the curl-curl

formulation of the time-harmonic Maxwell’s equations
Vx(p'VxE)-keE=0, (1.4)

where k = w./eoio.
In many applications, we are concerned with electromagnetic wave propaga-
tion in media with in-plane anisotropy. For example, we are interested in the sit-

uation when the components of € and p in ((1.2)) are z-invariant. Thus, under the
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transverse-electric polarisation, we have E = (0,0, u(x,y))" and H = (Hy, H2,0)".
Accordingly, the material parameters in (|1.3]) are reduced to

C Ot Cll Cl2 0
H = €= 0 - 012 CQQ 0 P (15)
n
0 0 n

where

I JY, 1
= —_— n— — ———
det(Jen)’ det(Jen)

with Jg, == = . (L.6)

Note that det(C) = 1, and we have

Cop —Ci2 0
[,l,i1 = 671 = —Clg 011 0 . (17)
0 0 nt
Then we derive from the first equation of (1.2]) and (1.7)) that
-1 -1
H=F vxE=F (4, —u,0)
1o 1w lo (1 8)
] .
= - (012%: + Caauy, —Criug — Crauy, 0>t-
iwptg

Inserting it into the second equation of (|1.2]), we obtain the two-dimensional

Helmholtz equation:
V- (C(r) Vu(r)) + E*n(r) u(r) = 0. (1.9)

Thus, a coordinate transformation operating on Maxwell’s equations leads to
new material parameters € and p, which enable us to design novel electromagnetic
devices to steer waves almost at will. We refer to [I5, [I6] for more details.

One of the most appealing examples of the TE technique is the electromagnetic
invisibility cloak [5l 6, 17, 18, 19, 20, 21], 22] 23|, 24, 25| 26] 27]. Following the
approach in [5], cloaking a central cylindrical region of radius R; by a concentric

cylindrical shell of radius Ry requires the coordinate transformation as follows:

:LQ_RH%LRM =0, =z=1% (1.10)
Ry

r
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where 7 = (7, 5, Z) is the cylindrical coordinates in the virtual space, and r =

(r,0, z) is the cylindrical coordinates in the physical space.

The origin in Figure is mapped
to the circle » = R; that produces an
“empty” space: 0 < r < Ry, forming the
“cloaked region” to conceal any object
inside. The annulus R; < r < Ry con-
stitutes the “cloak”, where the material

parameters are obtained by applying the
transformation to the Maxwell’s
equations. The material parameters in
the exterior region r > Ry are positive Figure 1.2: Schematic illustration of a

constants. circular cloak
Next, we derive in detail the material parameters for the circular cylindrical

cloak. Since the transformation ((1.10|) is z-invariant, we adopt to simplify

the calculation. By the chain rule, J, in ({1.6)) can be computed by

O(z,y) _ A(x,y) A(r,0) A(F,0)

o(&.5)  9(r,0) o(r,0) 9. 3)

Jon = (1.11)

Let Ty be defined as

cosf —sinf
Ty = (1.12)
sinf cos@

C

and note that @ = §. We therefore have
Yy

O(z,y) : o, o) . -
B, 0) =Ty dlag(l,r>, 2%, 3) = dlag(l,r 1) T}
and
or, eu) = diag(9r, 1).

o(r, 0)
Thus, from ([1.11) and the above, we obtain

Jon = ToJ T}, where J, = diag(dr,r /7). (1.13)

Using (1.6) and the property T)hTy = I, leads to C and n in the new Cartesian

coordinates:

C =TyJ J'T)/det(J,) = Tydiag(e,,e9) Ty, n=1/det(J;) =€., (1.14)
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where
E:T_Rl — r EZ( RQ )27’—R1
r r ) 0 T—R17 z RQ—Rl .

Accordingly, the material parameters € and p in the polar cylindrical coordinates

. (1.15)

are rewritten as (see [15])
€ = p = diag(e,, €g, €,). (1.16)

It is expected that electromagnetic waves propagating into the above media
will bend smoothly around the cloaked region and propagate out without inducing
any scattering.

In practice, the requirement for fabricating the material parameters
is quite stringent, thus it is also necessary to study imperfect cases. In order
to investigate the imperfection caused by frequency dispersions, the permittivity
and permeability of the cloak are mapped to the Drude or Lorentz models (cf.

[28]). We postpone the modelling of dispersive cloaks using the Drude model in
Section [T.4]

1.2 Some existing numerical methods

Thanks to the fascinating applications of TE technique such as invisibility cloaks,
numerical simulation plays an important role in modelling of the electromagnetic
wave interaction with these devices since it serves as a reliable tool to the justifi-
cation of expensive physical experiments and validation of theoretical predictions.

The numerical simulation and analysis of the Maxwell’s and Helmholtz prob-
lems have been investigated by various computational methods. Among them,
finite difference method (cf. [29][30]) is popular because of its simplicity and easy
implementation. Zhao et al. proposed a finite difference time-domain (FDTD)
method in [31] to simulate the 2-D cloaking structures with Drude model. Liang
et al [32] proposed an interesting energy conserved splitting FDTD scheme for
solving Maxwell’s equations in metamaterials. However, this method is most ap-

plicable to problems with regular domains and homogeneous media. Since the
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shape of the domain prescribed with metamaterial maybe complex, it is preferable
to use finite element method [33] 34} [35] [36] to discretise the domain. The finite-
element-based COMSOL Multiphysics package has been extensively used in the
simulation of different cloaks (see [37, 38]). Li and his collaborators developed a
finite element time-domain (FETD) method for the simulations of circular, ellip-
tic and carpet cloaks in a series of papers [39, [40] [41]. However, it is known that
when the wavenumber becomes large, the mesh size should be adapted otherwise
large error may occur to deteriorate the approximation. It has been shown, at
least for some simple cases, that errors of pth order numerical methods for the
Helmholtz equation behave like O(kPT1hP), (see [42, [43, [44]). Hence, high-order
methods are particularly preferable for this type of problem over low-order meth-
ods. The spectral method (see, e.g., [45], 40, [47] ) is a method of choice for wave
simulation due to its high order accuracy and free of dispersive error. Neverthe-
less, The disadvantage of lacking the flexibility for dealing with complex domain
limits its usage in complicated situations. Spectral-element method (SEM) (see,
e.g., [48, 149 [50]) combines the advantage of both methods and is more desirable
for simulation of wave propagations in complex geometry. It is worthwhile to note
that the development of spectral and spectral-element solvers for the Helmholtz
equation and Maxwell’s equations is of fundamental importance for these highly

oscillatory problems.

1.3 Frequency-domain simulations

In this thesis, we focus on the frequency-domain simulations, which often involve

the time-harmonic Maxwell’s equations and Helmholtz equation.

Assume the anisotropic media induced by coordinate transformations and all
the other inhomogeneities are enclosed in a finite volume (in three dimensions)

or cross section (in two dimensions). By (1.4)) and (1.9)), the problems of interest
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are summarised as follows:

Vx(p'VxE)—keE=F inR’ (1.17a)
(Vx E) x & —ikEY =o(r™') as r — oo, (1.17b)
and
V- (CVu)+knu=f in R (1.18a)
Opllge — 1Kk Uge = 0(7"_1/2) as r — oo. (1.18b)

Here, we list below the notation and setting.

e The inhomogeneity of €, p, and F' (resp. C, n and f) are supported in a
ball (resp. a cylinder) Bg of radius r = R. Note that for r > R, we have
e=p=1I3and F =0 (resp. C =Iy,n=1and f =0), where I is the
3 x 3 identity matrix (resp. I is the 2 x 2 identity matrix).

e The far-field condition is known as the Silver-Miiller radiation con-
dition (cf. [3]) to select the outgoing fields. Here, E* := E — E™ is the
scattering wave (where E™ is a given incident wave) and the tangential
field EYY = —E* x & x . Here, & = x/r is the unit out normal. Likewise,
is known as Sommerfeld radiation boundary condition (cf. [3]) upon

the scattering wave: ug. := u — u;, (where uy, is a given incident wave).

The challenges of (1.17) and (1.18)) are at least threefold:

(1) unboundedness of the computational domain with highly oscillatory solu-

tion decaying slowly when k > 1;

(2) the coefficients € and p (resp. C(r) and n(r)) might be singular due to

singular coordinate transformation (see (1.15))-(1.16]));

(3) indefiniteness of the variational formulation.

In what follows, we briefly review some relevant techniques and outline our

approaches to overcome these obstacles.
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Reduction of unbounded domain

The methods of choice to deal with the first issue typically include the perfectly
matched layer (PML) technique [51], boundary integral method [52, 53], and the
artificial boundary condition [3| 54] 55, 56]. The latter is known as the absorb-
ing boundary condition (ABC), if it leads to a well-posed initial-boundary value
problem (IBVP) and some “energy” can be absorbed at the boundary. In par-
ticular, if the solution of the reduced problem coincides with that of the original
problem, then the related ABC is dubbed as a transparent (or nonreflecting)
boundary condition (TBC) (or NRBC).

The use of TBCs is desirable and beneficial (cf. the review paper [54] and
the references therein) due to (i) the exterior problem in unbounded domain
reduces to an equivalent boundary value problem (BVP), so one can place the
DtN boundary as close as possible to the scatterer that can significantly reduce
the computational cost; (ii) it is essential for accurate and stable simulations
especially when the wavenumber is large.

Despite its advantages of TBCs, it poses a great challenge since such a bound-
ary condition is global, as it involves the Fourier/Mathieu/spherical harmonic/vector
spherical harmonic expressions in space. One main issue lies in how to integrate
the global TBC with the interior solver for the reduced problem by local spectral
elements? In Chapter 2], the nonlocality of the TBC in space is efficiently handled
by Fourier/Mathieu expansions since the scatterer is a disk or an ellipse.

As for general bounded scatterers, we propose an algorithm in Chapter
to seamlessly integrate the exact circular Dirichlet-to-Neumann (DtN) TBC with
local spectral elements. The key idea is to construct a new elemental mapping be-
tween the curvilinear elements along the DtN boundary and the reference square,
which leads to exact evaluation of the Fourier integrals. It is noteworthy that
Fournier [57] proposed a method for calculating global Fourier coefficients for
given nodal values on non-conforming spectral elements, where a similar semi-

analytic approach was essential for the success of the method therein. We also
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remark that the recent work [58] addressed the integration of one-dimensional
DtN TBC imposed on a line segment with standard rectangular elements along
the boundary. Different from these works, our “local-to-global” method is built
upon the use of curvilinear elements seamlessly fitting the circular boundary, and
the design of a new elemental mapping leading to exact calculation of the involved
Fourier integrals (see Subsection . We highlight that this notion can be ex-
tended to the computation of three-dimensional Maxwell’s equations, though it

has not been investigated before as far as we know.

Treatment of singularity of material parameters

In Chapter 2, we are concerned with mathematical and numerical study of the
circular cylindrical cloak induced by the transformation and its important
variant, i.e., the elliptic cylindrical cloak [19 [59]. As addressed in Section |1.1]
the coordinate transformation suppresses a disk into an annulus so that
the interior “empty” space constitutes the cloaked region € (see Figure .
Such a “point-to-circle” blowup leads to new electric permittivity and magnetic
permeability parameters, which are singular at the inner boundary 0€)y (denoted
by r = Ry) of the cloak. Accordingly, the coefficients of the governing equation
are highly singular. The presence of singularities poses significant challenges
for simulation, realization and analysis as well. A critical issue resides in how to
impose suitable cloaking boundary conditions at the inner boundary, i.e., CBCs, to
achieve perfect concealment of waves? We highlight below some relevant studies
and attempts, which are by no means comprehensive, given a large volume of

existing literature.

e Ruan et al. [60] first analytically studied the sensitivity of the ideal cloak
[5] to a small d-perturbation of the inner boundary (i.e., from R; to Ry + 9,
while the material parameters remained unchanged) under the transverse-
electric (TE) polarization. Their findings are (i) the ideal cloak in [5] is

sensitive to a tiny perturbation of the boundary; (ii) the electric field is
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discontinuous across the inner boundary; and (iii) the perturbed cloak is
nearly ideal in the sense that the magnitude of the fields penetrated into

the cloaked region is small.

Zhang et al. [61] provided deep insights into the physical effects, and found
that the singular transformation gave rise to electromagnetic surface cur-

rents along the inner interface of the ideal cloak (also see [62]).

To shield the incoming waves, the perfect magnetic conductor (PMC) con-
dition (i.e., the tangential component of the magnetic field vanishes) was
imposed at r = R; in finite-element simulations (see, e.g., [37, 59, [63]).
Indeed, such a condition can be naturally implemented by using Nédélec
edge-elements [64] in the Cartesian coordinates (see, e.g., [35] [36]). How-
ever, in the polar coordinates, the PMC condition is automatically satisfied,

so it does not lead to an independent condition (see Remark [2.2)).

Weder [65] proposed CBCs for general point transformed cloaks from the
perspective of energy conservation. Its implication to the three-dimensional
ideal spherical cloak by Pendry et al. [5] is that the tangential components
of the electric and magnetic fields have to vanish at the spherical cloaked
boundary 9§, and that the normal components of the curl of both fields
have to vanish at the inner spherical surface 0€),. Under this set of CBCs,
the interior fields (i.e., in €y) are decoupled from the exterior fields. How-
ever, CBCs in [65] are not applicable to the ideal circular cloak, as the
tangent component of the electric field does not vanish at r = Ry (cf.

60, [61]).

Lassas and Zhou [66, 67] proposed some non-local pseudo-differential CBCs

from a limiting process of non-singular approximate two-dimensional Helmholtz

cloaking. Their findings also indicate that CBCs for two dimensions and
three dimensions take different forms, and their physical effects on the cloak

interface are very different as well.
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Based upon the principle that a well-behaved electromagnetic field in the
original space must be well-behaved in the transformed space as well, we obtained
in Chapter [2| the CBCs for circular and elliptic cloaks that intrinsically relate
to the essential “pole” conditions of a singular transformation. In Chapter [3]
we extend the principle to the investigation of polygonal invisibility cloaks and
propose new CBCs under a “local” coordinate system (see Proposition. Given
the new CBCs, the governing equation in the cloaked region is decoupled from the
exterior region. Accordingly, no wave can propagate into the cloaked region, and
vice versa. We emphasise that the new CBCs are indispensable for spectrally
accurate simulations. We also show that the proposed spectral-element solver
provides a reliable tool to study how the defects affect the perfectness of an ideal

cloak (see Subsection [3.2.5]).

1.4 Time-domain simulations

Due to its capability of capturing wide-band signals and modelling more general
material inhomogeneities and nonlinearities, time-domain simulation [29] 49, [68|
69] is also very important in the study of wave interaction with electromagnetic
devices, especially in the investigation of dispersive properties of metamaterials
and invisibility cloaks. In what follows, we briefly outline the procedures to obtain
the governing equations for time-domain circular invisibility cloaks coupled with
Drude model. Recall that in , the values of €, and €, are less than one for
some 7 € (R;, Ry). Based on the principle in [70, [71], we map ¢, and €, to é.(r,w)
and €,(r,w) using Drude model (taking €, as an example)
2

. e

& = &(rw)=1— WIEFEIE with w? == we(we +17)(1 — ¢), (1.19)

where w, is the operating frequency, v is the given collision frequency, and w,, is

known as the plasma frequency. Thus, the material parameters in (1.16) become

é(w) = fi(w) = diag (& (r,w), €, &(r,w)). (1.20)
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Using an inverse Fourier transform and the rules iw — 9;, w? — —9} to (1.2)) and

the constitutive relation
D = ¢é(w)E, B = pop(w)H, (1.21)

we obtain the time-dependent Maxwell’s equations

0B oD
E——VXE, W—VXH, (1.22)

and the time-domain constitutive relation for the first equation in ([1.21]) (detailed
derivation and the time-domain formulation for the second equation see [31])

82

{(;22+7;+w )sm 9+69((§;+7§t)cos 9}

+ { (aa; +788t) <§:2 +’Y§t +w )} sinf cos 0D, .

6069(8t2 §t+w )E

It seems that there is no existing work on time-domain spectral-element
method developed for cloak simulation yet. We address in Section some

ideas for the time-domain computation to be explored in the future.

1.5 Wavenumber explicit analysis for Maxwell’s

equations

There has been a longstanding research interest in wavenumber explicit estimates
for the Helmholtz and Maxwell’s problems. In particular, much effort has been
devoted to the Helmholtz equations (see, e.g., [42, [43], 44, [72] [73] [74, [75] [76]
77, [78], [79, 80] as a partial list of literature). Most of the analysis is essentially
based on the Rellich identities [76, 8I] (also see, e.g., [78], 79, 80]), which applies
only to star-shaped domains (or the bounded scatterer is of star-shape, see [79]).
Moreover, most of the results were established only for the Helmholtz equation
with an approximate boundary condition: 0,u — iku = 0 instead of the exact

DtN boundary condition. For the Maxwell’s equations, Hiptmair et al. [82]
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(and independently by [83]) derived for the first time the wavenumber explicit
estimates for the time-harmonic Maxwell’s equations but with an approximate
boundary condition: (V x E) x e, — ikEr = h.

The analysis can not be applied to scattering problems with TBC at an arti-
ficial boundary, a situation considered in Chapter . Indeed, as shown in [77, [79],
the presence of the exact DtN boundary condition brought about significant chal-
lenges even for the Helmholtz equation due to the Hankel functions involved in
the DtN condition.

The main purposes of Chapter {4 are to extend the analysis in [(7] to the
Maxwell’s equations, and in the meantime, provide an essential improvement,
which is critical to obtaining the desired estimate for the Maxwell’s equations, to
an estimate for the Helmholtz equation in [77]. We demonstrate that the spectral
algorithm and analysis for the Maxwell’s equations in the spherical domain are
the major component for dealing with general scatterers using the transformed

field expansion (TFE) approach [84].

1.6 Main contributions and outline

The main contents and contributions of this dissertation are highlighted as fol-

lows.

e In Chapter 2| we conduct a mathematical study and numerical experiments
of the ideal circular cylindrical cloak using the approach in Pendry et al.
[5] and its important variant, i.e., the elliptic cylindrical cloak [19] [59).
We propose CBCs based on the principle that a smooth electromagnetic
field n the original coordinates must be reqular near the cloaking bound-
ary in transformed domain. This situation is reminiscent to the imposi-
tion of “pole” conditions associated with the polar transformation (see,

e.g., [45, 85, 86]). We also find that for the elliptic cylindrical cloak,
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the CBCs should be imposed differently for the cosine-elliptic and sine-
elliptic components of the decomposed fields. With these at our disposal,
we can rigorously show that the governing equation in the cloaked layer
can be decoupled from the exterior region, and the total fields in the
cloaked region vanish under mild conditions. We emphasize that our pro-
posal of CBCs is different from any existing ones. Using the exact cir-
cular (resp., elliptic) DtN non-reflecting boundary conditions to reduce
the unbounded domain to a bounded domain, we introduce an accurate
and efficient Fourier-Legendre spectral-element method (FLSEM) (resp.,
Mathieu-Legendre spectral-element method (MLSEM)) to simulate the cir-
cular cylindrical cloak (resp., elliptic cylindrical cloak). We provide ample
numerical results to demonstrate that the perfect concealment of waves
can be achieved for the ideal circular/elliptic cylindrical cloaks under our

proposed CBCs and accurate numerical solvers.

In Chapter , we present an efficient spectral-element method (SEM) for
solving general two-dimensional Helmholtz equations in anisotropic media,
with particular applications in accurate simulation of polygonal invisibility
cloaks, concentrators and circular rotators arisen from the field of transfor-
mation electromagnetics. Once again, we adopt an exact circular DtN TBC
to reduce wave propagation in an unbounded domain to a bounded domain.
We then introduce a semi-analytic technique to integrate the global TBC
with local curvilinear elements seamlessly, which is accomplished by using a
novel elemental mapping and analytic formulas for evaluating global Fourier
coefficients on spectral-element grids exactly. We also propose new CBCs
for polygonal invisibility cloaks from the essential “pole” conditions related
to singular transformations. This allows for the decoupling of the govern-
ing equations of inside and outside the cloaked regions. With this efficient
spectral-element solver at our disposal, we can study the interesting phe-

nomena when some defects and lossy or dispersive media are placed in the
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cloaking layer of an ideal polygonal cloak.

e In Chapter |4l we are concerned with wavenumber explicit analysis of three-
dimensional time-harmonic Maxwell’s equations in an exterior domain. The
infinite domain is first reduced to a finite domain by using an exact spherical
TBC involving the capacity operator. Remarkably, when the scatterer is
a sphere, by using divergence-free vector spherical harmonic expansions of
the fields, one can preserve divergence-free property of the electric and mag-
netic fields, and reduce the Maxwell’s system to two sequences of decoupled
one-dimensional Helmholtz problems (in the radial direction) in a similar
setting. This reduction not only leads to more efficient spectral-Galerkin
algorithms, but also allows us to carry out, for the first time, wavenumber
explicit analysis for three-dimensional time-harmonic Maxwell’s equations
with exact TBCs. We then use the transformed field expansion to deal with
more general scatterers, and derive rigorous error estimates for the whole

algorithm.

e The last chapter is for some concluding remarks and future works.






Chapter 2

Circular and Elliptic Cylindrical
Invisibility Cloaks

As already described in Section [I1.3] the main purposes of this chapter are de-
voted to mathematical study and numerical simulation of the ideal circular and
elliptic cylindrical cloaks. We proposed the new CBCs (see Subsection and
Subsection for ideal circular and elliptic cloaks, which together with a fast
spectral-element solver, demonstrated that the cloaks can achieve perfect con-
cealment of incoming incident waves with very mild conditions on the incident

frequency.

This chapter is organised as follows. In Section [2.1], we study the ideal circular
cylindrical cloak. We start with formulating the governing equation including
CBCs and DtN non-reflecting boundary conditions, and then show that the field
in the cloaked region vanishes. Finally, we describe the FLSEM for numerical
simulations. In Section we focus on the mathematical and numerical study
of the elliptic cylindrical cloak. In Section we provide numerous simulation
results to demonstrate the perfectness of the ideal cloaks based on our proposed

CBCs and numerical solvers.

35
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2.1 Circular cylindrical cloaks

In this section, we formulate the problem that models the ideal circular cylindrical
cloak and describe the FLSEM for its numerical simulation. We put the emphasis

on the imposition of CBCs.

2.1.1 Governing equation

Recall that the material parameters of the circular cloak associated with the
coordinate transformation is given in . It is free to set any values for
the permeability and permittivity in the cloaked region: r < R;. Without loss of
generality (cf. [B]), we set € = p = I3 for r < R;.

In what follows, we consider the transverse-electric polarised electromagnetic
field, that is, the electrical field only exists in the z direction: E = (0,0, u)". Then
by the first equation of (1.2)), we have

1 |[\r—R,00°  r or
it (1 ou  Ou )t
rof’ or’ /)’

1 0 — R0 t
( i ! ! U,O), if Ri <r < R,

H =

(2.1)
if r<R; or r>R,.

Eliminating H from the Maxwell’s equations (1.2]), we obtain the two-dimensional

Helmholtz equations in polar coordinates:

10/ Ou 1 0%, _
Lolu) = ;5(7‘5) + pTH + k*u =0, if r<Ry or r>Ry (22)
El[u] = O, if Ri<r< Rg, (23)

for all § € [0,27), where b = Ry/(Ry — R;) and

1 0 ou 1 0%u
— —R) o )+ ———— s + K% 2.4
r— R, 8r<(r Rl)ar)+ (r — R1)2 062 R (2:4)

The Sommerfeld radiation boundary condition (|1.18b)) is imposed for the scatter-
ing wave ug. (see Figure[L.2).

£1 [U]
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2.1.2 Exact DtN boundary condition

We now consider the boundary and transmission conditions to achieve perfect
cloaking.

Starting with the outmost, we adopt the domain truncation by imposing an ar-
tificial boundary condition at r = Rz > R using the exact Dirichlet-to-Neumann

(DtN) technique (see, e.g., [56} 3]):
Optise — Thyuse =0 at r = Rs, (2.5)

where the DtN map T, is defined as

Try[¥] = Y. Totbme™?,  with (2.6)
|m|=0
.1 g o kHY' (kRs)
= im0 g = T 2.
U= g7 [, VRO, T = S S (27)

Here, H'1(2) is the Hankel function of the first kind (cf. [87]). This yields the

exact artificial boundary conditions of the total field wu:
O — Tryu = Optiy — Tpyuin :==h at r = Rs. (2.8)

Remark 2.1. The exact DtN boundary condition is global in the physical space
(due to the involvement of a Fourier series), but it is local in the expansion coef-
ficient space. Given the geometry of the cloak, we can fully take this advantage

i both simulation and analysis. [

2.1.3 Transmission conditions and CBCs
For clarity of exposition, let us denote
Ro=0; I;=(RiRiy1), u=1Ix[02r), i=0172 Q= LZJQ (2.9)
=0
Correspondingly, we define
H =H

0, E' =E|g, u =ul, i=012 (2.10)

77
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The conditions at the material interface r = R4y are the standard transmission
conditions, that is, the tangential components of E and H are continuous across

the interface (see, e.g., [28, Sec. 1.5] and [35]):
nx(E'-E*) =0, nx(H'-H*)=0 at r=R,, (2.11)
where m is the unit out normal vector. A direct calculation from , leads to
u' —u?=0, b l'ou'—0u*=0 at r=R,. (2.12)

As mentioned in Section [I.3] how to impose suitable conditions so that there
is no wave propagating into the cloaked region, appears unsettled. The analysis

in Ruan et al. [60] implies that
E'#0, nx(E°-EY)#0 at r=Ry, (2.13)
while the tangential component is continuous across the inner boundary, namely,
nx (H —H')=0 at r=R,. (2.14)

Zhang et al. [61] demonstrates that the exotic physical effect (2.13) is attributed

to the surface current induced by the singular transformation.

We find from (2.1 and (2.14)) that

. 0 r — Rl 1\
lim (0"~ o )=o. (2.15)
which implies
0u’(Ry,0) =0, O (Ry,0) is finite. (2.16)

Remark 2.2. To shield the wave from propagating into the cloaked region, the
PMC condition (i.e., n x H" = 0), is imposed in many simulations in Cartesian
coordinates (see, e.qg., [37, (61, [63]). Unfortunately, we infer from that in
the polar coordinates, the PMC condition (equivalent to 0,u'(Ry,0) being finite)

does not lead to an independent condition. O]
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At this point, one condition is lacking at the inner boundary. Our viewpoint
is that the electromagnetic fields in the original coordinates must still be finite

after the coordinate transformation. Therefore, letting r — RY in (2.1)) yields

1
({%(Rb 9) - 07 NS [07 27T) (217)

Alternatively, it can be derived from the transformed gradient:

B 1((9u1 1 Ou!

Vu=7 or’'r— R, 00

t
b > , Ry <r < R,. (218)

We reiterate that is intimately related to the essential “pole condition”
(EPC), associated with the polar transformation (singular at the origin). It is
imposed based on the principle that the solution in the polar coordinates should
have desired regularity, when it is transformed back to Cartesian coordinates
(see, e.g., [45, 86]). As shown in [R5, [47], the condition: dyu(0,0) = 0 is essential
for spectrally accurate computations. Indeed, such a notion can be extended to
other singular transformations (see e.g., [88]). In this context, the transformation
(1.10)) spans the origin to the circle r = Ry, so the essential “pole” condition is
transplanted to r = Ry .

The problem of interest is summarised as follows:

Lo[u’] =0 in Qp;  9pu’(0,0) = 0,u’(Ry,0) = 0; (2.19)
Li[ut] =0 in Qp; Opu'(Ry,0) =0; (2.20)
u' =u? b ot =04 at r=R,, (2.21)
Lo[u®] =0 in Qy Ou? —Tru®>=g at r= Rs; (2.22)

for all § € [0,27). Note that (i) the operators £y and £; are defined in (2.2)-(2.4);
(ii) the EPC: 9pu°(0,60) = 0 is imposed at the origin due to the singular polar
transformation; and (iii) the source of the system is the incident wave in the data
g (cf. [2.9)).

Remarkably, under the condition , the subproblem is decoupled
from (2.20)-(2.22)). Moreover, we can show that u” = 0 is the unique solution, if
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the wave number k is not an eigenvalue of the Bessel operator with the boundary

conditions in (2.23). Indeed, we write u’(r,0) = Y05 _o @), (r)e"™. Then (2.19) is

reduced to

1d/ dal 2
77(70&) 0 4 k0, =0, 0<r<Ry;
rdr\ dr r2
i (2.23)
@ (0) =0, if m #0; d—@&(}%l) =0, m=0,+1,---.
T

We claim from the Sturm-Liouville theory of the Bessel operator (see, e.g., [89]

90]) the following conclusion.

Proposition 2.1. If k is not an eigenvalue of the Bessel problem (2.23), or

equivalently, J' (kRy) # 0 for any model m, then we have 42, = 0 for every m,

so the solution of ([2.19) u°® = 0.

We see that with a reasonable assumption on the frequency of the incident
wave, the cloak can perfectly shield the waves from penetrating into the cloaked

region.

2.1.4 Fourier-Legendre-spectral-element method

We next present an accurate and efficient numerical method for solving —
([2.22). Observe from that the DtN boundary condition in is global
in the physical space, but it is local in the frequency space of Fourier expansion.
It is therefore advantageous to use Fourier spectral approximation in #-direction,

and Legendre spectral-element method in r-direction.

We expand the solution and given data in Fourier series:

o0

{uj(r, 0),9(0)} = > {ﬁfn(r),gm}eime, j=1,2. (2.24)

|m|=0
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Then ([2.20)-(2.22)) reduce to a sequence of one-dimensional equations:

2

1 d dit m .
ar\\" T o) iy, + K207y, = . (2.2

r— Rl dr ((T Rl) dr ) (T — Rl)zum + U, 07 Rl <r< R27 ( 5)

d d

Ah(R) = 0, im0 6L, (Ry) = @2,(Ry), b7k, (Ra) = -2 (Ra)s - (2.26)

1d/ dia? m? 9.9
;%(T dr ) - r2 Uy, + k Uy = 0, Ry <r< RS, (227)
d kHY' (kRs)
— = Tk )02 (R3) = G,  Where Ty pi= —m "0 2.28
(G = )i = ey .

Note that the global DtN boundary condition is decoupled for each mode m, and
by the property of the Hankel function, we have T_,, ; = Tn.x (see [77, (2.32)]).

Hereafter, let A = (a,b) and w(z) > 0 be a generic weight function on A,
which is absolutely integrable. Let HZ (A) be the weighted Sobolev space as
defined in Admas [I]. In particular, L2 (A) = H2(A) with the inner product
(,")w and norm || - ||. We drop the weight function, whenever w = 1.

Let I} = (Ry, Ry) and Iy = (Rs, R3) as before, and let I = (Ry, R3). Define
the weight function w and the piecewise constant function p:

r— Ry, if rel, b2, if rel,

w(r) = p= (2.29)
r, it rels, 1, if rels.

Recall that b = Ry/(Rs — R;) as defined in (2.4)). Introduce the space
Y, (I):={ue HY(I)NL: () : uw(Ry) =0}, if m #0; Yo(I) = HL(I). (2.30)

Note that the functions in Y,, (/) are continuous, while the weight function w is not

continuous, across the material interface r = Ry. The weak form of ([2.25])-(2.28))
is to find 4, € Y,,(I) for each mode m, such that

By (i, v) =1, , V) + m* (U, V)1 — (Pl V)

— R T g U (R3)U(R3) = R3gm(R3), Yv € Yp(I),

(2.31)

where v is the complex conjugate of v. We show the following proposition on the

well-posedness of ([2.31)).
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Proposition 2.2. For each mode m, the problem (2.31) has a unique solution
U, € Yo (I).

Proof. Tt is clear that by (2.31)),
Re{ B (tm, i) | = ||y, |2+ m®|| |- — K[| pin |5 — Ra Re(Ton ) [ (Rs) [,
and
I { B, (U, @)} = —Ra Im (T o) | (R3)| .

Recall that (see, e.g., [3 [77]):
Re(Tmx) <0, Im(7,%) > 0.
Thus, we have
Re{ By (tim, @) } 2 ([, I + m? @51 — 2|l ptiI2,

and U,,(R3) =0, if g, = 0. Using the Fredholm alternative (cf. [3, Thm. 5.4.5]),

we reach the conclusion. O]

We now discuss the numerical solution of (2.31). Let Py be the complex-
valued polynomials of degree at most N, and let N = (N7, Ny). We introduce the

approximation space:
YN(I) = {u€eY,(I) : ul, € Py, i=1,2}, (2.32)

where the functions are continuous across r = Ry (cf. (2.26)). Given a cut-off
number M > 0, the FLSEM approximation to the solution of (2.20)-(2.22)) is

M
uh(r,0) = 3 aN(r)e™, (2.33)
|m|=0
where {4} are computed from the Legendre-spectral-element approximation to
(2.31)), that is, find @Y € Y,V(I) such that
B (N v) = R3gmv(R3), Yv e YN(I), 0<|m|]< M. (2.34)

m )
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Remark 2.3. We can apply the same argument as for Proposition to show
that (2.34) admits a unique solution in YN (I). O

For each mode m, the two-domain spectral-element scheme can be
implemented efficiently by using the modal Legendre polynomial basis and the
Schur complement technique (cf. [91]). Here, we omit the details. We provide in
Section ample numerical results to demonstrate that our proposed CBCs and

FLSEM leads to accurate simulations of the ideal circular cylindrical cloak.

2.2 Elliptic cylindrical cloaks

The elliptic cylindrical cloaks have been much less studied (see, e.g., [20, 21, [19]),
compared with intensive investigations of the circular cylindrical cloaks. Though
it is straightforward to extend the coordinate transformation in [5] to the elliptic
case, the coordinate transformation possesses quite different nature of singularity.

Thus, much care is needed to impose CBCs, as to be shown shortly.

2.2.1 Elliptic coordinates and Mathieu functions

To formulate the problem and algorithm, we briefly review the elliptic coordinates
and the related angular and radial Mathieu functions. The elliptic coordinates

(&,m) are related to the Cartesian coordinates & = (z,y) by
xr =acoshfcosn, y=asinh&sinny, a>0, (2.35)

where £ € [0,00) and 1 € [0,27). The coordinate lines are confocal ellipses (of
constant &) and hyperbolae (of constant ) with foci fixed at —a and a on the

xz-axis. The scale factors and the Jacobian of the elliptic coordinate system are

h = he = hy = ay/cosh>€ — cos?n, J = hehy,y = h2. (2.36)

The (angular) Mathieu equation reads (cf. [87]):
d*® k>

, a
el + (A —2qcos2n)® =0 with ¢ = 1 (2.37)
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where A is the separation constant. The angular Mathieu equation ([2.37]) supple-

mented with periodic boundary conditions admits a countable set of eigen-pairs:

[e.e]

X, cemma)}, o {X(a), sem(n;q)} (2.38)

m=1"

Note that the symbols “ce” and “se”, abbreviation of “cosine-elliptic” and “sine-
elliptic”, were first introduced in [02]. To facilitate the analysis afterwards, let us

denote
Xe(q) = A% (q) +2g, X5, (q) = A (q) + 2g. (2.39)

Then for any fixed ¢ > 0, from the standard Sturm-Liouville theory (cf. [89]),

the eigenvalues are in order of

0 < A5(g) < Xi(q) < Af(g) < -+ < Xu(q) < Xp(q) < -+ (2.40)
When ¢ = 0, the Mathieu functions reduce to the trigonometric functions:
1
ceo(n; 0) = 7 cen(n;0) = cos(mn), sen(n;0) =sin(mn), m>1, (2.41)

and correspondingly, A¢ (0) = X5 (0) = m?. Indeed, the angular Mathieu functions
share many properties with their conterparts: cosines and sines. For example,
cen(n; q) is an even function in 7, and se,,(n; ¢) is odd. They are m-periodic when
m is even, and 2m-periodic when m is odd. Moreover, the set of Mathieu functions

{cem,semi1}°_, forms a complete orthogonal system in L*(0,27) (cf. [93] 87]):

21 21 27
/ cen ce, dn = / S€m S€, A1) = Tpmn; / cen, se, dn = 0. (2.42)
0 0 0

The radial (or modified) Mathieu equation (cf. [87]):

v (A—=2 h26) U =0 (2.43)
—— — (A —2¢cos = :
déz q Y
plays an analogous role as the Bessel equation in the polar coordinates. Like the
Bessel functions, there are several types of radial Mathieu functions, but each

type has even and odd versions, quite different notation is used to denote such

functions in literature [93, 87]. Here, we adopt the notation and conventions
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in [87], where {MC%);MS%)},Z' = 1,2,3,4, correspond to the Bessel functions:
Ty Yo, HD H?) in [2], respectively. In what follows, we just use the radial
Mathieu functions of the first kind {Mc{(&;q); Ms(€;¢)}, and the Mathieu-
Hankel functions: {Mc¥(¢; q): Ms®)(&: ¢)}. Both types satisfy with A = A&
and A = A}, for Mc,, and Ms,,, respectively.

2.2.2 Governing equation

Following the idea of Pendry et al. [5], a coordinate transformation, which com-
presses the elliptic region 0 < ¢ < & into the elliptic annular region 0 < & < € <

&, was extended to devise an elliptic cylindrical cloak (see e.g., [59, [19]):

¢ . &
= =4 &, =n, z=2z with d= ,

(2.44)

where ((,7,z) is the elliptic-cylindrical coordinates in the virtual space, and
(&,1m,z) is the coordinates of the physical space. This leads to the study of
the time-harmonic Maxwell’s equations in the physical space with new material

parameters:

GZ,LL:diag(ﬁf,6mez), if 51 <5<£2; GZU:I?H if 5>§27 (245>

with the components in the cloaking layer (cf. [59]), given by

1 cosh?(d(¢ — &) — cos? n

€ = e = -, €= lg=d, € =p,=d (2.46)

cosh? € — cos?n

Like before, we assume that the material parameters in the cloaked region are
constants.

As with the circular case, we consider the transverse-electric polarised electro-
magnetic field with E = (0,0, v)". We solve H from the first equation of , and
eliminate H. Then we obtain the following Helmholtz equations, together with

the exact DtN boundary at the outer ellipse £ = &5(> &), in elliptic coordinates:
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(d_28§ + 33)1} + k:2a2(cosh2(d(§ —&;)) — cos? n)v =0 in Ay (2.47a)
(Gg + 82)"0 + k2a2(cosh2§ — cos? 77)1) =0 in Ag U Ag; (2.47b)

(O —=Te)v=0 at {=&, (2.47¢)

where

k=wyeopo; A= (&, &iv1) x[0,2m), ©=0,1,2 with & :=0,
and T, is the DtN map (cf. [56] 94]), given by

=, 9eMeyy) (63:9)
Teo =Y ZEm 53 )

m=0 MCS?(fg,q)
- 651\/[552)(53;@

B (€3) cem(n; q)
(2.48)

= Ms{ (€53 q) U (&3) sem (1; 0),
with
L 1 2~
U (&3) = 7T/O v(&.n) cenm(n;q) dn,  05,(&5) = 7T/O o(Earm) s (n: @) din.

Note that in (2.47d), ¢ is induced by the incident wave, i.e., ¢ = (¢ — T¢,)vin.
Naturally, we impose continuity of the tangential components of E and H
across the elliptic interface £ = &, leading to the transmission conditions as with
(2.12)):
vl =0 do0t =00, at € =6, (2.49)

where for clarity, we denote v’ = v, for : = 0,1, 2.
The critical issue is the imposition of CBCs at the inner boundary £ = &;. To
tackle this, we decompose the solution and data into ce- and se-components as

follows:
{v; 8} = 3 {85,(6); &, peem(mia) + D {05,(6); &5 }sem(n; )
m=0 m=1
= {Uce; gbce} + {Use; ¢se}-

(2.50)
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Correspondingly, the polarized E and H fields are split into two components:
E=FE. .+ FE,and H= H_+ H. Following the analytic study in [19] and the
d-perturbation analysis in [60], it is necessary to require the tangential component

of H. and E continuous across the inner boundary & = &;, leading to

ve =vk,  d7'OY, = Ol at € =& (2.51)

se se’

Nevertheless, we are short of one condition for each component. Similar to (2.18)),

we have

Vv

_ 1 (18@1 vt

ay/cosh?(d(€ — &)) — cos?y Nd 0§ " O
We see that the singularity of the transformation only occurs at two points
(£1,0) and (&1, 7). Thus, taking the limit &€ — &, leads to the analogue of the

). a<t<e @)

essential “pole” conditions in elliptic coordinates:
85'01(51, 0) = 851)1(51, 7T) = 0, 6771)1(51, 0) = (9,7?]1(51,71') = 0. (253)

Using the property (cf. [87]):

ce;,(0;9) = ce,(m39) = 0, se,(0;9) = sep(m;q) =0, (2.54)
we find from ([2.50) that (2.53)) is equivalent to
Ovee(€1,0) = 0, v5,(&,0) = 0. (2.55)

We summarize the problem that models the ideal elliptic cylindrical cloak:

given ¢ = ¢ee + ¢se, find
V= VUee + Use With v =0’ + 0", = (Vee + Vse)|n,, =0,1,2, (2.56)
satisfying the following systems.
(i) For the ce-component in the cloaked region Ag:
((952 + 92)vd, + k?a® ( cosh® € — cos” N =0, 0<E<&; (2.57)
Deves(0,0) = 9ev2,(&1,0) = 0. (2.58)

Note that the essential pole condition at the origin is necessary, while

0:v2,(€1,0) = 0 is derived from the second condition in (2.51]) and (2.55)).
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(ii) For the ce-component in A; U Ay:

(d_28§2 + 52)1}016 + k?a®(cosh®(d(€ — &)) — cos® n)vg, = 0 in Ay;  (2.59a)
Ocvee(€1,0) = 0; voe = vz, d ' Ogue, = D, at £ =& (2.59b)
(852 + 83)1)38 + k2a2( cosh? ¢ — cos® n)vze =0 in Ay, (2.59c¢)
(0c — Te, )02, = e at &=¢&. (2.59d)
(iii) The se-component v, satisfies the same equations in (i)-(ii) with v/, and
bse in place of v, and ¢, respectively, while (2.58) and the first condition

in (2.59h)) are respectively replaced by

Uie(0,0) = 05 (61,0) = 0; ve.(&1,0) = 0. (2.60)

0 0 i i
We see that v,, and v, are decoupled from v, and v,

(2.37) and the expansion ([2.50)), the problem ([2.57)-(2.58)) reduces to

1 =1,2. Indeed, using

(95)"(€) — (XS, — 2q cosh(2€)) 05,(€) =0, 0< & <&, (2.61)
(25,)'(0) = (95,)'(&1) = 0, (2.62)

and similarly, we have

(95,)"(€) = (X5, —2qcosh(2€)) 85,(§) =0, 0<E <&, (2.63)
0, (0) = 05, (&1) = 0. (2.64)

Similar to Proposition [2.1] one deduces the following conclusions from the stan-
dard theory of ordinary differential equations (cf. [89, 90]) and also from the
properties of Mathieu functions (cf. [87]).

Proposition 2.3. Ifk and & are chosen such that Mcﬁ,ll)/(k:&) + 0 and Ms{V (k&) #

0 for any mode m, then we have v5, = v}, = 0 for every m, so both the problem

(2.57)-(2.58) and the problem of se-component in Ag with (2.60) have only trivial

solutions in the cloaked region.
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2.2.3 Mathieu-Legendre-spectral-element method

In what follows, we present an accurate and efficient numerical algorithm to
simulate the ideal elliptic cylindrical cloak.
Using the Mathieu expansion in n-direction (see (2.50])), we obtain the system

of the ce-component in A; U As:

—d2(05)"(€) + (A, — dgeosh?(d(€ — €)))iS, =0, & <E<&;  (2.65a)
(05,) (&) = 0;  05,(&) = 05,(&), d (05, (&) = (95,) (&) (2.65b)
— (05,)"(&) + (A, — 4gcosh®(€))05,(§) =0, & <& < &; (2.65¢)

d ~ MC(?’),<§3' q)
— =D o, = ¢¢, where Dy = —T—>"—

Recall that A, := X, 4 2¢ > 0 (see (2.39)). The se-component satisfies the same
system with o5, ¢ and XS in place of 0, ¢¢ and X¢, in (2.68), respectively,

while the first condition in (2.65b)) and Dy, in ([2.65d), are respectively replaced
by

(2.65d)

Ms®)' (£,
(6) =0, Dy = m ) (2.66)
Ms? (&35 q)

With a little abuse of notation, we still denote I1 = (&1, &), I» = (&,&3), and
I = (&,&). To formulate the problem into a compact form (see (2.68) below),
we introduce the piecewise functions:

w = d-1, if £el, Y = cosh?(d(€ — &)), it e, (2.67)

1, if €€l cosh?¢, if &€l

Recall that d = & /(& — &) defined in (2.44). Apparently, these two functions
are uniformly bounded.

The weak form of (2.65) is to find o¢, € H*(I) for each mode m, such that

B, (05,,1) i= (w(05,), ¢) + A (w08, 1) — dg(w ™ xd5,, )

. o (2.68)
- D?n@g’b(&%)w(&’)) = ¢:nw(§3)7 V@/) € Hl([)7 m = 07 17 T
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Similarly, the weak form of the se-component is to find 95, € (H'(I) := {v €
HY(I) : v(&) = 0} for each mode m, such that

B, (5, 0) = ¢5,0(&), Y € H (1), m=1,2,---, (2.69)

where the bilinear form B2 (-, ) is defined by replacing A¢, and D¢, in BE,(-,-) by
S\fn and D; , respectively.

Like Proposition we next show the unique solvability of (2.68)) and ([2.69)).

Proposition 2.4. For each mode m, the problem (2.68) (resp. (2.69)) has a
unique solution ©¢, € H'(I) (resp. 05, € oH'(I)).

Proof. For simplicity, denote
Mffl) = Mcg,? or Ms%), 1=1,2,3; D,,=7D;, or D.

Recall that (see e.g., [87])

ME = MO M@ MOME' - MM = 2 (2.70)
s
Then a direct calculation from (2.66]) and (2.70) leads to
Im(D,,) = MY (&35 )MP (&5 q) — MP (&5 )MY' (&35 9)
ms @) e . N2
Mo’ (€35 9)| (2.71)
2/
IMin’ (€35.9)]
Moreover, by ([2.65d)),
M (a2 AMD (£a: M@ (a0 YM®) (£s:
Re(Dm) _ m (537 Q) m (537(]) + m (537 Q) m (537Q> (272)

MG (655 0)
Note that {M®(¢&; ¢)}2; can not have common zero, and are analytic for all & > 0
(see, e.g., [87]), so |Re(D,,)| is a finite constant for fixed m, ¢ and &;. To this end,

let C' be a generic positive constant depending on m, ¢, & and &3.

We first consider (2.68)) and obtain that

Re{B;, (07, 05,)} = low(05,)'[I* + A, llw "o, |1

(2.73)
— dgllw ™ x0p,[I* — Re(Dy,) |07, (&),



2.2 Elliptic cylindrical cloaks 51

and

Im{B, (45, 05,)} = —Im(D5, ) |55, (&3)]%. (2.74)

m? m

Let I, = (&,&3) as before. Recall the Sobolev inequality (see, e.g., [47, (B.33)]):
for any w € H'(I),

max [w(x)[? < (
xz€ls

1
g 2wl lwllm . (2.75)

Therefore, we further derive from the Cauchy-Schwartz inequality that
[Re(D5) 165, (60) < C(I(5,) 1P + x5 l?) Il |
< (Il i+ Iisl?) < gl VI + Cllil
Therefore, by (2.73) and ,

Re{B;, (05, 07,)} > *HW( ) 1P+ Al o5 |1P = (4g + O)lw™ X% (2.77)

m’ m

(2.76)

Moreover, by (2.71), 0¢,(£3) = 0, if éﬁn = 0. Using the Fredholm alternative (see,
e.g., [3L Thm. 5.4.5]), we reach the conclusion.
The uniqueness of the solution for (2.69) can be shown similarly. O

We now introduce the numerical schemes. Define the approximation spaces:
ZoN(I) = {ve H'(I) :v|;, € Py, i = 1,2}; Z3N (1) = ZGN(I)NHY(I), (2.78)

where N = (N, Ny). Given a cut-off number M > 0, the MLSEM approximation
to the solution of (2.47) in Ay U Ay is

M
v (€,m) Z 0N (&) cem(m; q) + D 0N (E)sen(n; q), (2.79)
m=1

and {05, 95N} are computed from the Legendre-spectral-element schemes: find

&N € ZSN (1) such that
Be (05N ) = ¢L(&), Ve ZEN(I), 0<m< M, (2.80)
and find %N € Z%N(I) such that

B (05N ) = ¢S (&), Yoez8N(I), 1<m< M. (2.81)
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Remark 2.4. The unique solvability of (2.80)-(2.81) can be shown as the con-
tinuous problems in Proposition [2.4) O

As with the circular case, the two-domain spectral-element scheme for each
mode can be implemented by using the modal Legendre polynomial basis and
the Schur complement technique (cf. [91]), but it is noteworthy that the resulted
linear systems are full and dense due to the involvement of the non-polynomial

weight function y in ([2.67)).

2.3 Numerical results

In this section, we provide ample numerical results to demonstrate that our pro-
posed approach produces accurate simulation of the ideal circular and elliptic

cylindrical cloaks.

2.3.1 Circular cylindrical cloaks

Assuming that the incident wave is a plane wave with an incident angle 6;:
. O .
Uin (7, 0) = Freos0=00) = N~ 4m ] () em@=00), (2.82)
|m|=0
we can derive from the full-wave analysis in Ruan et al. [60] that the ideal cloaking
problem admits the exact solution:
uin(b(r — Rl),g), if Ri<r< RQ,
u(r,0) = (2.83)
Uin (7, 0), if r> Ry,
which vanishes in the cloaked region: r < R;.
We first examine the numerical error: En = maxX,| < ||tim — @ || N0, Where
| - ||v,00 denotes the maximum pointwise errors at the Legendre-Gauss-Lobatto
points (with a linear transformation) used in each subinterval. In the computa-

tion, we take M = 70 (so that the truncation error in 6 direction is negligible),
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and choose 6y = 0 and (Ry, Ry, R3) = (0.2,0.6,1.0). In Figure (left), we plot
log,o(En) against N = (N, N) for k = 30,50, 70. Observe that the error decays
exponentially, when N > Ny(k). The expected transition value Ny(k) can be
estimated by using the notion of “number-of-points-per-wavelength” (cf. [45]).

Indeed, for large k, the Bessel function behaves like (cf. [87]):

We infer from the approxibility of Legendre polynomial expansions to trigono-
metric functions (cf. [45]) that as soon as

ek

N
~

1
maX{Rg, Rg — RQ} — 5,

the error begins to decay. Approximately, we take Ny(k) to be ceiling round-off
of this low bound. For k£ = 30,50, 70, we find that Ny = 12, 20, 29, respectively,
which agrees with the numerical results in Figure [2.1] (left). In Figure [2.1] (right),
we plot the zeroth mode in the expansion (see the solid line) versus the
numerical approximation of @Y (r) with k¥ = 70 and N = (50,50) (with marker
“+7). We see that this mode is not continuous across the inner boundary r = Ry,
which is the major reason for the surface currents (cf. [61]) and the violation of
PEC condition (cf. (2.13)).

We next illustrate the electric wave propagations and profiles under differ-
ent incident angles and frequencies. In Figure 2.2] we depict the electric-field
distributions (real and imaginary parts in the top row) simulated by the pro-
posed FLSEM with 6y = 0,k = 20, (R, Rs, R3) = (0.2,0.6,1.0), M = 25 and
N = (20,20). We see that when a TE plane wave is incident on the circular
cloak, it is completely guided and bent around the cloaked region without induc-
ing any scattering waves. Moreover, the propagating wavefronts perfectly emerge
from the other side of the cloaked region without any distortion, which are best
testified to by profiles of Re{uf}} and Im{ul}} along z-axis (cf. (2.33)) in Figure

2.2] Once again, we observe that the real part is discontinuous across the inner
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k=30 j
—B— k=50
w8 T —— k=70

R >

0.5

Iogm(EN)

Figure 2.1: Left: errors against various N for some samples of k. Right: the

zeroth mode (in solid line) versus its numerical approximation 4} (marked by

“ with k =70 and N = (50, 50)).

boundary, attributed to the surface currents induced by the singular coordinate
transformation (cf. [61]).

To further demonstrate the performance of the proposed approach, we set the
incident angle 6y = 7/3, increase the incident frequency to & = 100 and enlarge
the cloaked region by taking (Ry, Rs, R3) = (0.3,0.9,1.0). We depict in Figure[2.3]
the same type of numerical results (obtained by the FLSEM with M = 120 and
N = (100,20)) as in Figure [2.2] Again, the highly oscillatory oblique incident
wave is perfectly steered by the cloaking layer, and completely shielded from
the cloaked region. It is also worthwhile to point out that the exact boundary
condition can be placed as close as possible to the cloak that can significantly
reduce the number of grid points in the outermost artificial shell, especially when

the incident frequency is high.

2.3.2 Wave generated by an external source

We now use an external source, compactly supported in the annulus Ry < r < Rg,

as the wavemaker, and turn off the incident wave. More precisely, we modify
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Figure 2.2: Row 1: real (left) and imaginary (right) parts of the electric-field
distributions. Row 2-3: profiles of the real and imaginary parts of the electric-

field along z-axis.
B2 as
Lo[u®] = f in Qy; (0, —Try)u> =0 at r = Rs. (2.84)

In this situation, there is no closed-form exact solution. In practice, we use the

Guassian function in Cartesian coordinates:

(z =B+ (y - H)2)7

7 (2.85)

o) = e~

where «, 3, k,7 are tuneable constants. To this end, we take (Rj, R, R3) =
(0.2,0.6,1.0), « = 100, 8 = —0.8, k = 0 and 7y = 0.02. The source at r = Rj3 is
nearly zero. The plots of the electric-field distributions in Figure[2.4are computed
from the FLSEM with & = 40, M = 40 and N = (40,150). The non-plane

waves generated by the source are smoothly bent and the cloak does not produce
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any scattering. We also observe from Figure that the waves seamlessly pass

through the outer artificial boundary without any reflecting.

0.8
0.6
0.4

0.2

-0.2
-0.4
-0.6

-0.8

m

R

Figure 2.3: Row 1: real (left) and imaginary (right) parts of the electric-field
distributions. Row 2-3: profiles of the real and imaginary parts of the electric-

field along 6 = 7/3.

2.3.3 Elliptic cylindrical cloaks

We first consider an incident plane wave in ([2.82]), which, in the elliptic coordi-
nates (cf. (2.35))), can be expanded in terms of Mathieu functions (cf. [05, P.
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Figure 2.4: Electric-field distributions with an external source compactly sup-

= M o b B @
o
=3
=]
o
o

[

ported in the outmost shell. Left: real part; right: imaginary part.

218]):

vin(&,m) = exp(ika(cosh & cosn cos Oy + sinh € sin 7 sin 0y))

ST Ml (€5 g)cenm (Bo; g)cenm (1 q) (2.86)

7T m=0

8 & m
+ \/; > "Ms) (&5 )sen(Bo; a)sem (175 q)-
m=1

Note that when ¢ = 0, it reduces to (2.82). Following [19], we obtain the exact

solution for the ideal elliptic cloak similar to the circular case in (2.83)):

in d - ) ) f ’
o(€,) = Vin(d(§ — &1),m) if & <8<& (2.87)

vin(§,m), if §€> &,
which vanishes if 0 < £ < &;.

To illustrate the spectral accuracy of MLSEM, we tabulate in Table the
numerical errors En (defined as in the circular case) for different N = (N, N) and
for several k. In the simulation, we take a = 0.6,6 = 0, (§1, &2, &3) = (0.7, 1.3, 1.5)
and M = 70.

We next illustrate electric-field distributions. The circular cloak is perfectly

symmetric, so the way of bending the waves is independent of the incident angle.
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Table 2.1: Convergence of MLSEM

k=30 k=50 k=170
N error error error
30 8.63E-07 2.75E-02 1.32
40 4.66E-12 8.42E-06 8.50E-02
20 9.03E-15 4.87E-10 3.52E-05
60 1.57E-14 2.27TE-14 5.89E-09
70 1.66E-14 2.08E-14 2.73E-13

However, as pointed out in, e.g., [59], the incident wave along the major axis
(i.e., 8y = 0) leads to significantly better cloaking effect with much less scattering
and bears the greatest resemblance to the circular cloak, compared with other
directions. Note that in [59], PEC condition was imposed at the inner bound-
ary & = &3 in the finite-element simulation, and the electric-field distributions
exhibited observable scattering waves when the incident angle 6, # 0. However,
using our proposed CBCs and numerical solver, the perfect cloaking effect can be
achieved equally and no any scattering is induced for any incident angles. Apart
from plotting the electric-field distributions, we also depict the time-averaged

Poynting vector (cf. [28]):
S =Re{E x H"}/2, (2.88)

which indicates the directional energy flux density. In Figures[2.542.7| (where 6y =
0,7 /4, 7, respectively, and in all cases, a = 0.6, (&1, &2,&3) = (0.7,1.3,1.5), k = 20,
M =30 and N = (20,20)), we plot the real part of the electric-field distributions
(note: the imaginary part behaves very similarly), and the corresponding Poynt-
ing vector fields. We find that the waves are again steered smoothly around the
elliptic cloaked region without reflecting and scattering. We particularly look at

the Poynting vectors in Figure 2.8], where the energy flux attempts to flow across
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r = &, but it is directed by the cloak. Once again, the surface current is induced
on the cloaking interface as with the circular cloak. It is noteworthy that the
incident wave perpendicular to the major axis (see Figure is of particular
interest, as the shape is like a slap and the waves are difficult to steer (cf. [20]).
However, using our approach, the perfect concealment of waves can be achieved
as with other incident angles.

Finally, we conduct a test by adding an external source (cf. Subsection [2.3.2)),
and turning off the incident wave. Accordingly, we modify (2.47b|) and (2.47¢) as

(852 + 82)1} + k2a2(cosh2€ — cos? n)v =f in Ag;
(85 - sz})v =0 at §=¢&,

(2.89)

where f is compactly supported in the elliptic layer & < & < &3. Like before, we
take f to be with o = 1000, 8 = 0, kK = 1.148, v = 0.01. Figure is
computed from MLSEM with £ = 20, M = 30 and N = (50, 100) and illustrates
the real (left) and imaginary (right) part of the electric-field distributions induced
by external source. Once again, we see that the waves are smoothly bent without
penetrating into the elliptic cloaked region. Moreover, the cloak does not induce

any scattering, and indeed, we see the fields near the source totally unaffected.

Figure 2.5: Real part of the electric-field distribution (left) and the related Poynting
vector (right), where the incident angle 6y = 0.
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Figure 2.6: Real part of the electric-field distribution (left) and the related Poynting
vector (right), where the incident angle 6y = /4.
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Figure 2.7: Real part of the electric-field distribution (left) and the related Poynting

vector (right), where the incident angle 6y = .

Figure 2.8: The real (left) and imaginary (right) part of electric-field distribution with
different sources.



Chapter

Polygonal Invisibility Cloaks

In this chapter, we are mainly concerned with simulation of general two-dimensional
Helmholtz equations in anisotropic media using spectral-element method (SEM),
with particular applications in accurate simulation of polygonal invisibility cloaks
resulting from the field of TE. As addressed in Section[I.3] the unbounded domain
is truncated to a bounded one by imposing an exact circular DtN TBC. Such a
boundary condition presents a great challenge to be incorporated with spectral-
element solvers since it involves the Fourier expressions in space. We introduce
a semi-analytic technique to integrate the global TBC with local curvilinear ele-
ments seamlessly, which is accomplished by using a novel elemental mapping and
analytic formulas for evaluating global Fourier coefficients on spectral-element
grids exactly.

Compared with circular and elliptic invisibility cloaks studied in Chapter [2]
the polygonal cloaks enjoy more flexibility to hide objects with complex shapes,
which are however much less studied. Indeed, many of the previous principles
and approaches for CBCs are not extendable to the polygonal case. Following
the spirit of Subsection [2.1.2] we propose new CBCs under a “local” coordinate
system (see Proposition , under which the governing equation in the cloaked
region is decoupled from the exterior region. Accordingly, no wave can propagate

into the cloaked region, and vice versa. We emphasize that the new CBCs are

61
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indispensable for spectrally accurate simulations. We also show that the proposed
spectral-element solver provides a reliable tool to study how the defects affect the
perfectness of an ideal cloak (see Subsection [3.2.5).

The rest of the chapter is organised as follows. In Section [3.1], we present the
model problem of interest and introduce the technique to seamlessly integrate
the global DtN BC with local spectral elements. Section is for accurate sim-
ulation of polygonal invisibility cloak, where new CBCs are derived and efficient
techniques are introduced to deal with singular material parameters. Various
numerical results are provided to show the perfectness of invisibility, and the ef-
fects of defects and lossy or dispersive media. Section concerns the extension
of the spectral-element solver to the simulation of electromagnetic concentrators

and rotators. The last section is for some extensions to three-dimensional setting.

3.1 Spectral-element discretisation of DtN BC

In this section, we first truncate the aforementioned Helmholtz problem in (|1.18|)
arisen from transformation electromagnetics with DtN BC. We then discretise
the model problem by spectral-element method and focus on how to seamlessly

integrate the global DtN BC with local elements.

3.1.1 2-D Helmbholtz equation with anisotropic coefficients

In summary, the Helmholtz problem truncated with DtN boundary condition

reads
V- (C(r)Vu(r)) + E*n(r)u(r) = f(r) in Bg, (3.1)
[ul =[CVu] =0 at T':=00_, (3.2)
Oru — Trlu] =h at T'g, (3.3)
where

[u] :=u" —u", [CVu]:=n-(C Vu —C"Vuh), (3.4)
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u* := u|g,, C* := Clq, and n is the unit outer normal vector along I'. Here,

Tg is the DtN map defined in (2.6])-(2.7).

- -

~
P .
¢
DtN , ‘\
/ \
/ \
! \
| 1
1
\ 1
\ ,‘
\
\ R /
\ 2%
\ ’ R
S Q ¢
~ + ¢
-~ -

Figure 3.1: Tllustration of geometry

In general, we make the following assumptions.

(i) C is assumed to be a symmetric positive definite matrix in R**? and for a

given positive constant ¢; and every non-zero column vector &,

0<&C€&<c, VEECR? ae in R% (3.5)

(ii) The coefficient is bounded below and above, and for a given positive con-

stant nq,

0<n<ng, ae inR (3.6)

(iii) The inhomogeneity of the medium is confined in a bounded domain €_

with Lipschitz boundary, and f is compactly supported in disc By of radius
R > 0 (see Figure [3.1):

C=1, n=1 in R*\Q_; supp(f)C Bz, (3.7)

where I is the 2 x 2 identity matrix. In what follows, we are interested in

the case where €2_ is a penetrable scatterer.
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Note that the inhomogeneity of the medium is confined in a bounded domain

Q)_ with Lipschitz boundary, and f is compactly supported in disc Br of radius
R > 0 (see Figure 3.1)):

C=1I,, n=1 in R*\Q_; supp(f) C Bg, (3.8)

where I, is the 2 x 2 identity matrix. In what follows, we are interested in the
case where ()_ is a penetrable scatterer.

In Sections [3.213.3, we shall introduce the coordinate transformations for
polygonal invisibility cloaks, concentrators and rotators, and compute the cor-
responding material parameters C' and n via . It is noteworthy that in all
cases, the coordinate transformations are identity in R*\ (Q2_ U Q,) (cf. Fig-
ure , so the unbounded problem can be truncated to a bounded one by the
aforementioned DtN boundary condition. Moreover, we can derive below
from the standard transmission conditions (see, e.g., [28, Sec. 1.5] and [35]),

that is, the continuity of the tangential components of E and H at the interface

I':=00_.

3.1.2 Spectral-element scheme
Define the line integral along I'p
(u, v)rp, ::jl{ uvdy. (3.9)
T'r
A weak formulation of (3.1))-(3.3)) is to find uw € H'(Bg) such that

B(u,v) : = (CVu, Vv)p, — k*(nu,v)p, — (Trlu],v)ry,

(3.10)
= ﬁ(v) = _(fv U)BR + <h?U>FR7 Vv € Hl(BR)a
where by (2.6)-(2.7),
(Ta[u], V), = 2}; S T /O (R, 6 mdn ) ( /0 (R, B)e-imodg).  (3.11)

|m|=0
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Remark 3.1. From (see, e.q., [3, P. 87])

1 1
— |m]R+ < Re(Tn) < I 0<Im(7,) <k, |ml=0,1,---, (3.12)
we obtain the well-posedness of (3.10) from (3.5) and (3.12) (¢f. [3]). O

Remark 3.2. In the numerical implementation, the infinite series in the DtN
boundary condition — is approzimated by its truncation, i.e., TH |u] :=
Z%:o Trnlme ™. The issue of how to choose the cut-off number M has been
investigated by a number of literatures. Harari et al. [96] proved that when
M > kR, the solvability of with the approzimated DtN condition TH [u]
can be quaranteed. The priori error estimate is otained in L?> and H' norm
in [97] and numerical experiments on finding the optimal choose of M shows
that M > kR is a sufficient but conservative condition. Grote and Keller [56]
proposed a modified DN boundary condition such that the well-posedness of the

approximate problem is always guaranteed regardless of the choose of M. [

For the sake of simplicity, we assume that 2_ is a polygon or a disk. Nev-
ertheless, our approach can be easily extended to more complex domains. The
computational domain Bg is partitioned by non-overlapping quadrilateral ele-
ments {Q°}Z | with straight or curvilinear sides. Note that the sides are specially

chosen such that in the outer boundary 'y are aligned with them. To be more

precise,
Er Er
=L Ul 0] =00,27], r=R, (3.13)
e=1 e=1

where Tg :=TprN Q¢ #£ @ for all e € {1,--- ,E}, and 0; = 0p, .1 (see Figure

(a)). Let x¢: Q := (—1,1)? — Q° be a one-to-one transforamtion in each element

r=x=(r,y) =x(&n) = (X&), x5En), V(En) Q. (3.14)

Gordon and Hall [98] proposed a elemental transformation which transforms @

into any curvilinear quadrilateral, with certain parameterisation of the “edges”

(see, e.g., [99, 40]). In (3.19)-(3.20) below, a special parameterisation of Gordon
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and Hall transformation is used to incorporate the local spectral elements with
the global DtN operators.
Denote by Py the set of all polynomials with highest degree at most N in
[—1, 1]. Denote the spectral-element approximation space
Vi = {v e C(Bgr) : v(x)|ae = v(X°) € Py :=Pv®Py, 1 <e< E}. (3.15)

The corresponding spectral-element numerical scheme of ([3.10)) is to find u¥ € Vi
such that

By (uy, vy) : = (CVuy, Voy) s, — K (nuy, vx) s,
— (TR [ux], vn)r, = F (vy), Yoy € V¥,

where we recall the truncated DtN operator T4 [u%] in Remark [3.2]

(3.16)

3.1.3 Seamless integration of SEM with global DtN TBC

The continuous inner product (-, -)g and the trace integral (h, v&)r, can be apprix-
imated by the usual discrete inner product based on tensorial Legendre-Gauss-
Lobatto (LGL) quadrature (see, e.g., [99]). However, since the DtN is a global
operator and the spectral-element solution is piecewise continuous, we need to
pay more attention to treat the term (Tg[uk], vE)r,. The fast Fourier transform
(FFT) can be applied here, but one more intermediate procedure is needed to
interpolate from spectral-element grids to Fourier points. Note that u%|r, € C°,
only first-order convergence is achieved by a naive interpolation.
Next, we propose an efficient semi-analytical method to evaluate (Tg[u%], v5)1,.

Let {¢; = n;}}L, be the LGL points in [—1,1], and let {I;}_; be the associated
Lagrange interpolating basis polynomials. The corresponding spectral-element

grids and basis on Q¢ are given by

Lij = X€(£i7nj)> Qﬂw(.’D) = ll(é)lj(n)v 0< Z?.] <N. (317)
Thus, we have

u (e, = Y LEL (). (3.18)
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where the unknowns {%;} are determined by the scheme (3.16]).

pO- 0 - -0 ---0-—--0---0--0 -0

pO- 0 - -0 ---0-—--0---0 -0 -0

$O- 0 - -0 ---0-—--0---0 -0 -0

(a) Mesh (b) Mapped LGL grids on Q¢ (c) Tensorial LGL points
on @)

Figure 3.2: SEM mesh along I'r and the mapped grids on a curvilinear element via

the proposed transformation from the tensorial LGL points on a reference square .

We now particularly look at the Gordon-Hall transform for a curvilinear ele-
ment ¢ with vertices {(z¢,y¢)}i; along I'r (with one arc-shaped side and three
straight sides). Let {m$(t),t € [-1,1]}j_; be, respectively, the parametric form

of four sides such that
wi(=1) =mi(1), 7(1) =m5(1), w5(—1) ==3(1), w5(-1) =mi(-1), (3.19)

see Figure (b). Correspondinly, the Gordon-Hall transform is given by

1 1-— 1 1 —
@ = X(6) = wHO ST 4w+ T Smsn) + o i)
1— 1 1
- (ﬁ(—l)Q : +w‘i(1);r§>;n (3.20)

1-— 1 1-—
- (mt-n S a5

where the edge n = 1 of @) is mapped to the arc [}§ = {r = R, 0 € (0¢,0.41)} of

Q. i.e.,

FI% T = Xi(gv 1) = ﬂfl(§>7 Y= X;(év 1) = ﬂ-TQ(g)? v£ € (_17 1) (321>
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Therefore, the mapped grids on I5 (see Figure satisfy

costf = R'mf (&) or sinff = R™'7{,(;), 1<j<N. (3.22)

We now turn to (TA'[uk], v&)r, in (3.16). Thanks to and (3.18)), we

need to evaluate

[k, =5 [
_ZZ{L / i (5d7§d£'

e=1 1

(3.23)

Represent {/;} in terms of Legendre polynomials, and (3.23) suffices to compute

1 do
e = /1Pn(§) —imb(&) — i d¢, for n>0, |m|>0, (3.24)

where P, is the Legendre polynomial of degree n, and by (3.21)),

%= 5 = B + Pelo]” (3.25)

As is shown in (3.24)), due to the higly oscillatory term ™% for large m in
the integrand, it is preferable to resort to a analytic formulas in computing If = to
guarantee the accuracy and efficiency. While essentially, this relies on the choice
of the form for 7r1(£). In what follows, we propose a parametric form that allows
for exact evaluation of by analytic formulas (see Propositions . To

spawn the idea, we first show the obstacles, if one employs a commonly-used

parametric form.

A commonly-used parametric form for 7(§)

Following the ideas of the cubed-sphere transformation (cf. [100] 101]) and the
“ray” coordinates (cf. [I02]), one can project the secant line: (z,y$), (x5, y5) to

the arc I'; via the “rays” from the origin. This leads to:

ey (e e _ Rdi(§) Rdy(§)
w1 (§) = (711(§), m12(8)) <\/d%(£)+d2 \/dQ + d3(& )

(3.26)
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where
oy —ay, | w7+ Y — Wi, YT
hie) =B e BT g B W (g )
Since cos = R™'7%,(€), we find
a, if 0¢ [O,ﬂ'), d (5)
(&) = = —1< = ) 3.28
© v \Vaorag) O

21 — «, if 0 € [m,2m),
and (3.25]) reads
do_ |riys — x5yf]
dg  2(di(&) + d3(€))’
Inserting ([3.28)) and (3.29) into ((3.24]), one immediately finds that the integrand in

I¢ . takes a complicated form and must be computed numerically. Nevertheless,

Vee [-1,1]. (3.29)

due to the existence of the term e™?®) the integrand is highly oscillatory, when

|m| is large.

A new parametric form for 7{(&)

Here, different approach is applied to parameterise I';. To be more precise, we

look for

(&) = (Wfl(f),ﬂfz(f)) = R(cos®,sinf), 0¢€ [0.,0.11], £€[-1,1], (3.30)
such that dv = ad¢, that is, the arc length ~ is linear in &.

Proposition 3.1. Let Q2° be the curvilinear element as in Figure (b). Then

the new elemental mapping from the reference square () to Q¢ takes the form
1 1 1-— 1-&6)(1-—
+n A+90=n) (1= =n) .

Tr = ﬂ—fl(é) 9 4 3 4 4> (3'31>
1 1 1-— 1— 1-—
R e e N+
where
75 (&) = (75,(8), 755(€)) = R(cos(0e + Be),sin(0 + Be)), (3.33)
with
0, = M) B, = w (3.34)

2 2
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Proof. Let v = a& 4+ b. The arc length along I'f is v = R(6 — 6.), so we have
al+b=R(O—6,). (3.35)
Since 6 = 6, (resp. 6 = 0.,1) is mapped to & = —1 (resp. £ = 1), we find
a=b=0.R, 0=0.£+0., ¢Eel-1,1]. (3.36)

Inserting it into (3.30)) leads to the new parametric form (3.33)). Together with
the parameterisation for the straight sides, e.g.,

xré — x¢ ¢ -+ x¢
mi(n) = 12 A+ 12 L nel-1,1], (3.37)

and ((3.20)), we have (3.31))-(3.32). This ends the proof. O

Different from ([3.28])-(3.29)), the new parameterisation has a linear dependence
of # in &, so in ([3.24]),
de

0(5) - éeg + 6@7 d75 = ée- (338)

This enables us to utilize the following analytic approach to compute the integrals

of interest.

Proposition 3.2. Under the new transformation in Proposition the integral
in (3.24) can be computed by

A 0, L
1% = 20.600; 18, = ==\ | —— i1 /a(mbl) e, (3.39)
1"\ 2mé,

and I, = (I¢,.)" forn >0 and m > 1, where Jy, 112 is the Bessel function of

n,—m

the first kind, and é,ﬂe are defined in ([3.34)).

Proof. By (3.24) and (3.38]),

! ; de L 1 .
€ = —imf(§) 7 — —imfe —iméeé
T = [ PA© e O de = boe™ [ P@e ™ Sde (340)

It is clear that for m = 0, we have I{, = 29:3, and with the help of the orthogonality

of Legendre polynomials, we have I, = 0 when n > 1. What’s more, If =

n,—m
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(I%,,)*, so only the integrals with m > 1 need to be evaluated. Recall the analytic
formulas (cf. [103])

! —imx 1 2m
/_1 P,(&) e Mt d¢ = i?“%‘]Ml/?(mx)’ for ma > 0. (3.41)

Thus, (3.39) follows immediately. O

3.1.4 An illustrative numerical example

It is seen that as a by-product, the new transformation provides an efficient ap-
proach to evaluate the Fourier coefficients via (3.39). In a nutshell, [0,27] is
partitioned into {[6e, f.11]}2%,, and the underlying function on each subin-
terval is approximated by Legendre polynomials and the new parameterisation
is used so that the analytical formula can be applied. Here, one
example is given to illustrate this semi-analytic approach.

A plane wave with incident angle 6, can be expressed in terms of Fourier series

as follows (cf. [87, P. 360]):
6ik(xcos€g+ysin90) _ Z gmeimé with f]m _ ime(kR)e_imeo. (342)
|m|=0

Denote QfLRN be the approximation to g,,, and measure the error maxj,,< | Gm —
gﬂ?NL We plot the numerical errors against N (with fixed Er = 4) , and against
the number of elements Eg (with fixed N = 10) in Figure [3.3] (right), for R =1,
M =20,k = 10,20,30 and 0y = 7/4. Observe that in both cases the errors decay

exponentially.

3.2 Accurate simulation of polygonal invisibility

cloaks

In this section, the proposed spectral-element solver in Section is applied to

simulate the polygonal invisibility cloak, and the influences of defects, lossy or
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Errors
Errors

Figure 3.3: Numerical error max,|<ns|gm — gﬁ?N\ with fixed M = 20, 6y = 7/4 and
k = 10,20,30. Left: errors against N with EFr = 4. Right: errors against Er with
N =10.

dispersive media in the cloaking layer are studied numerically. We particularly

focus on two important issues as follows:

(i) How to impose appropriate boundary conditions at the inner boundary of

the cloaking layer to allow for perfect concealment of the objects?

(ii) How to efficiently treat the singular material parameters (i.e., zero or infi-
nite) at the cloaking interface in spectral-element discretisation to ensure

accurate simulation?

3.2.1 Coordinate transformation and material parameters

Similar to Pendry et al. [5], the coordinate transformation for a polygonal cloak
compresses the polygonal domain Q_ (i.e., the polygon AB--- F) in the virtual
(Z,y)-coordinates in Figure (a) to the polygonal annulus Q¢ = Q_\ O
dubbed as the “cloaking layer” in the new (z,y)-coordinates in Figure (b),
with the inner polygonal domain 2* = A,B,,- - - F,, forming the “cloaked region”.
The electromagnetic waves from outside are expected to bend smoothly around

the cloaked layer and goes out without distortion as if propagating in vacuum.
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(a) (2, y)-domain (b) (z,y)-domain (¢) Tand n

Figure 3.4: Geometric illustration of a invisibility polygonal cloak. (a) Q_ := AB--- F
in the virtual coordinates (&, ). (b) Q¥ = A,B, - - F,. Cloaking layer (i.e., the shaded
part) Q¢ = Q_\ O obtained through (3.44). (c) The “local” coordinate system (7,m).

The underlying coordinate transformation takes simple form in two polar co-

ordinates as shown in the diagram:

Virtual: (z,9) | «+—— M) e [Physical: (z, y)} (3.43)

With this, the transformation for a polygonal invisibility cloak takes the form
(see, e.g., [104]):

r = (1 —p)f+ Rl, T e [O,RQ], re [Rl,Rg],

(3.44)
0=46, 0,0 € [0, 27),
where
04, OB, _ OF,
P= o4 =08 " " OF 0<p<l, (3.45)

and (Ry(0),0) (resp. (R2(0),0)) is the polar parametric form of the side of the
cloaked region Q2 (resp. the domain §2_).
In order to represent R; (i = 1,2) and discuss about the imposition of the

cloaking boundary conditions hereafter, we introduce a “local” coordinate system.

Consider one side of O | say A,B, in Figure (c), with vertices (z1,v;) and
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(2,y2). Then the unit tangential and out normal vector 7 and n with respect to

A,B, are given, respectively, by

= (CCQ — T1,Y2 — yl) - (7—1’7—2>7 n = (7’27 —’7'1)7 (346)

V(ws — 21)? + (Y2 — 11)?

forming a “local” coordinate system. Note that for any (z,y) € A,B,, we have

(x,y) = (Rycosf, Rysinf), which leads to (z,y) - n = (22,12) - n = (x1,21) - M,

and
TaoT2 — T1Y2
Tocos@ — 1 sinf’

We next derive the material paramters C' and n in the Helmholtz equation
B1) from (L) and (B23).

Lemma 3.1. The material parameters C' and n for the polygonal cloak in B =

OF UO® UQy take different forms as follows.

(i) In Q*, the entries of C in (1.5)-(1.6) take the form:

r — Ry 2? 1 dR, z 2
Ci = — - — 3.48
" r r2+7’(7’—R1)(d9 r y) ’ (3.48)
r— Ry y? 1 <dR1 y )2
_ I z 4
Coz r2 + r(r—Ry)\ do r T (3.49)
r—Ryzy 1 dR, z )(dey )
Gem r”r(r—Rl)(der W\, t) 350
and
r— R1
= — 3.51
RTIE (&30

(i) In Qy = Br\ Q_, we have C = I and n = 1.
(iii) Following [3], we set C = I and n =1 in Q.

Remark 3.3. [t is seen from (3.47) that Ry has a different representation in dif-
ferent trapezoids {Q5 Y5, in Figure[3.4| (b), so the entries of C and the coefficient
n are piecewise functions, which might be not continuous across the sides in the

radial direction, e.g., A,A. O]
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Proof. As illustrated in (3.43]), the transformation is given from polar coordinates
(#,0) (of the original Cartesian coordinates (,)) to polar coordinates (r,0) (of
the new Cartesian coordinates (z,y)), so by the chain rule, the Jacobian matrix

J., can be computed by

afx agl’ &nx 8917 aﬂ’ 8§r 84* (93;7“
Jop = = 5 e (3.52)
@vcy 8gy @y 09y (9;9 8@9 85;0 0y0
It is clear that
Oyx Opx cosf) —rsiné 0,x Opx
= s det( ) =T, (353>
0y Opy sinff  rcosé 0y Opy
and
Oz1" Oy7" cos 0 sin 0 LT OyT 1
o o o o s det( o o ) = . (354)
0:0 0,0 —sind/r cos/r 0:0 0y0 r
Denote
- O Oyr
J = , (3.55)
0:0 0,0

which is determined by specific coordinate transformations. With a direct cal-
culation, we derive from (1.6) the material parameters C and n for the general

transformation in ((3.43):

7 2 1 2
Cu = nget(j)((xaﬁ —ry,0)’ + = (20,0 = ry0y0)°) . (3.50)

¥ 2 1 2

7 1 r’
= W(xy(a,zr i) (3.58)
2 .2 '
+ W(f@w@;@ + 8(;7*8(;9)),
and o

L (3.59)

n =
det<Jcn) Tdet(J)
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We derive from (3.44) that in Q2 ,

1 »
¥ = 1—p(r_ Ry), 60=0, (3.60)
which leads to
- 1—p OyR -
J=| 7" e =1-p. (3.61)
0 1

Recall that dyR; can be worked out by (3.47). Thus, the material parameters C

and n in (3.48)-(3.51]) can be obtained by substituting ([3.60))-(3.61]) into (3.56)-
B3.59). 0

3.2.2 Transmission conditions and new CBCs

For clear illustration, the disk By is partition into a finite number of non-

overlapping quadrilateral elements by the nature of material coefficients (see,

Figure [3.4). Decompose
Br="UQ*uQ,, Q=00 Q,=uU",, (3.62)

where {Q%} are trapezoidal elements. Denote by I'Y the “outside” and “inside”
boundaries of the cloaked region Q| respectively, aiming to distinguish that the
material parameters become infinite at the outside I'}, but are positive constants
at the inside I'’”. we also denote by I'* := Q, N Q%, i.e., the outer boundary of
Qe

We now discuss about the imposition of interface conditions: (i) at I'* and
sides in the radial direction of the trapezoids {Q%}; and (ii) at the cloaking
boundary T'Y. For case (i), we impose the standard transmission conditions, that
is, the tangential components of E and H are continuous across the interface (see,
e.g., [28, Sec. 1.5] and [35]). Recall that under the polarisation E = (0,0, u)",
this leads to

[u] = [CVu] =0 for case (i). (3.63)
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In case (ii), the material parameters are singular at T (cf. (3.48)-(3.50))), thus
(3.63) are not applicable in this case. As a matter of fact, Er :=n x E X n

is not continuous across I'Y. Accordingly, the imposition of appropriate CBCs
to achieve perfect cloaking effects becomes a challenging issue. Practically, the
perfect conducting condition, i.e., PEC (under TM polarisation) or PMC (under
TE polarisation) was enforced at T in simulations (see, e.g., [37] for circular
cloaks, [20, 21] for elliptic cloaks, [104, 27] for polygonal cloaks, and [31], [40]
for time domain cloaks). However, as commented in [37], such a condition was
sufficient but not necessary. Indeed, it was shown in [105], the PEC or PMC
could not lead to an independent, meaningful boundary condition for circular
cylindrical cloaks in polar coordinates.

Following the idea in Subsection for circular cylindrical cloaks, we pro-
pose the essential “pole” conditions at I'f dubbed as “cloaking boundary condi-
tion” (CBC), which is an essential component for accurate simulation of polygonal
cloaks. This essentially relies on the use of “local” coordinate system (7,n) to

decompose the differential operators and then carefully study the singularity.

Proposition 3.3. Let (7,m) be the “local” coordinate system in (3.46)). The
CBCs take the form

Veut =7-Vut =0 at TY; Vou =mn-Vu =0 at TP, (3.64)

where ut = ulp\gr and u” = ulge .

Proof. Similar with the principle for the derivation of CBCs for circular cylindrical
cloaks, we require that the finite and well-behaved fields in 7 = (z,9) still be
finite in the new coordinates r = (z,y). We therefore apply this principle to the
magnetic field in the cloaking layer, and show that the essential “pole” condition

of the transformation (3.44) takes the form

Vout =0 at I7. (3.65)
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By (1.3), H" = H|p g takes the form

1
H* = (H,Hf,0)' = — (Cipul + Copul, —Cryuf — Cipu,0)". (3.66)
iwpio

Then

uf =1 Vyut — nVut, U; = 1Veu" + 1 Vau' (3.67)

Substituting - 3.50) and (3.67)) into (3.66]) and dividing the terms into V,u

and V,u, we obtain

. dRy 7y T2 diiy21
H+ =1y + T *
1wty a0 TVU +r—R1(T+(d9) >vu (3.68)
B (T—RlT deTQ)V ut |
r e "
dR; 7 T diiy21
H+ =12y + _ — | — T *
W ito L1y ET TV T—R1<T+<d8>r>vu (3.69)
B (r—RlT _ deﬂ)v i .
r 2 do r "
By (3.47),
AR, ma+ oy (370)

do Y — Ty’
which is bounded below and above in Q% (note: Tex — Ty # 0 since the the
boundary of T cannot passes through the origin). Thus, H" is a finite field in
Q¢ if and only if the first condition in holds.
Let H™ = H|gr . From (3.4)), (3.46), (3-48)-(3.50) and (3.66), we obtain

1
nx(H+—H_)T m T o (0,0, [[CVU]]) ‘
= iwl/vc (0,0,—n - (CVu') + Vnu*)t‘ n (3.71)
0 =]
_ rofg e LdR '
iwpg (O’ 0 r Vat r df Ve & Vi ) r=R;

where |,—g, means that u approaches I'? from I} and I'”.. Given that V,u" is

finite, by (3.65)), we have

1

72
o (3.72)

nx(H"—H") (0,0, V)’

r=Ry
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Inserting the second condition in (3.64)) leads to

1
— (VX E )xn=0 at I?, (3.73)
iwho

and by (3.71]), the tangential component of the magnetic field H is continuous

H xn-=

across the cloaking boundary. O

Remark 3.4. Weder [6]] proposed CBCs for point-transformed 3D invisibility
cloaks:
Etxn=H"xn=0 at 0K,; (3.74)
(VXE ) n=(VxH ) n=0 at 0K_, (3.75)
where K is the cloaked region. These allowed for the decoupling of the governing

equations of the inside and outside, and the spherical cloak was considered as

a particular application. It is important to remark that (3.74)-(3.75)) are not
applicable to the 2D polygonal cloak, as

E" xn=(r,n,0) u"#0 at T

Indeed, ET = (0,0,u™)" does not vanish at the outer cloaking boundary. More-

over, the condition (3.75)) is different from (3.73)). Notably, the CBCs in (3.64])

also leads to the decoupling of the inside and outside, as we will see below. [

Given the CBCs in (3.64)), the governing equations are decoupled into

V- (C(r)Vut(r)) + En(r)u™(r) =0 in B\, (3.76)
Interface conditions in (8.63); V,u* =0 at I?, (3.77)
Out — Trlut] =h at OB, (3.78)
and
Au+Kku =0 in Q; V,u =0 at I'Z. (3.79)

Remark 3.5. It is standard to show that (3.79) has a unique solution u™(r) = 0,
if k% is not an eigenvalue of —A in QF with homogeneous Neumann boundary

condition. O]
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3.2.3 Treatment of singularities in spectral-element dis-

cretisation

In order to accurately simulate the polygonal invisibility cloaks, we face the dif-
ficulty in dealing with the singular coefficients at the cloaking interface. With
the new CBCs , we seek to build Vyut = 0 at I'{ in the spectral-element
approximation space. We take Qf. = A,B,BA as an example, where A,B, has
vertices (1, y1) and (z2,y2). Suppose that A,B, is mapped to n = —1 via ([3.20)),

ie.,

e x(6 1) = (P R U P e 11, (3380)
which yields
2 2
0.8 = ) ayf = ; Opn = 3y77 =0. (3'81)
To — X1 Y2 —

One verifies readily that

0=V, u" ap = (ﬁaxg + 728y£)85u6(5, —1) + (Tl&m + 728y77>8nu6(£, —-1)

4
= a ue s L)
\/(:m —29)% + (y1 — y2)? ¢ €1

where u® = u™(x¢(§, —1)). Thus in (£, n)-coordinates, the CBCs satisfies

ague(€7 _1) =0, f S [_]—a 1] (382)
Thus, the approximation space in (3.15)) is modified as

Vi ={veC(Br\ Q") : v(r)
Veu(r) Qenr? = Oev(x(§,—1)) =0, 1<e< ET}>

e =v(x(&,n)) € 73]2\,, 1<e<FE and

(3.83)

where E =12 and Er = 6 for the setting in Figure [3.4] According to ([3.83)), the

tensorial nodal basis in (3.17) is modified as:

Yoo = lo(n), Yy =Li(§)li(n), 0<i<N, 1<j<N, (3.84)
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and note that

afw(]o = 07 aﬁ¢z]

L =HOL(-) =0, 0<i<N, 1< <N (3.85)

With such a modification, the singularity can be absorbed by the basis and the
spectral-element scheme ([3.16)) can be implemented as usual.

3.2.4 Simulation results for perfect polygonal cloaks

In this part, ample numerical results are provided and we make a comparison with
results generated by the finite-element-based COMSOL Multiphysics package to
demonstrate that our proposed approach produces accurate simulations of the
polygonal cloaks. Given an incident plane wave with an incident angle 6y:

o0

Uiy (1, 0) = etk eos@=0o) — > i J,,, (kr)em®=to), (3.86)
|m|=0
Accordingly h in (2.8) takes the form
h = Optin — Tr[uim] = 1k cos(0 — 0p)ui, — Z "™ o (kR) Type ™%
|m|=0

where we recall 7, given in . In what follows, we consider a pentagonal cloak
with vertices A, B,--- , E where in the polar coordinates, the radius r = 0.7 for
all the vertices and the angle are 6 = (7 /5,37 /7,87/9,67/5,7m/4), respectively.
We take p = 0.7 in and R = 1.0, and a cut-off number M = 60 in
for the truncated DtN operator T [u%]. Recall the discussion in Remark [3.2] we
choose M > kR for given k, R practically. In the following numerical studies, M
is chosen relatively higher than £R due to the fact that C' and n in the cloaking
layer are singular and inhomogeneous (note: the results and analysis in Remark
3.2| were for Helmholtz problems with homogeneous media), and such a choice
ensures the truncation error to be negligible.

We depict in Figure the real part of electric field for £ = 40 given by (i)
SEM with 40 x 40-grid for each element with a total degree of freedom (DOF):
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.

(a) Electric field (FEM)

‘-

(¢c) Electric field (SEM)

X0

(e) Profiles of the real and imaginary parts of the electric field along § = 0 by SEM

Figure 3.5: A comparison study: SEM versus FEM, where 6y = 0 and k = 40.
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16,000, and (ii) FEM with piecewise quadratic finite element approximation with
a total DOF: 726,933 (so as to generate reasonable results). Note that the max-
imum magnitude of the field should be 1. However, in Figure (b), we observe
from the colorbar that the magnitude of the field is approximately 1.05, which is
caused by the numerical error and the contour between two wavefronts are slightly
blended together. While the SEM result in Figure (d) is very accurate. In
fact, the proposed method to seamlessly integrating SEM with global DtN TBC
and the careful treatment of the new CBCs enable us to simulate the polygonal
invisibility cloaks acurately.

To further demonstrate the performance of the proposed approach, we choose
an oblique incident angle 6y = 7/4, and increase the incident wave number to
k = 80 (see Figure[3.6). We plot in (a) the real part of the fields with a 80x 80-grid
in each element with the same mesh setting in Figure (c) and a cut-off number
M = 80. We see that even for highly oscillatory fields, the wave is completely
guided and bent around the cloaked region. Also, as is observed in the color
bar, the magnitude of the field is identically 1, which implies that the wave is
propagating without introducing any scattering waves. Besides, we also depict
the time-averaged Poynting vector (cf. [28]): S = Re{FE x H*}/2, to show
the directional energy flux density. In (b), we depict the associated Poynting
vector fields. We find that the energy flow vector is steered smoothly around the
polygonal cloaked region without reflecting and scattering.

We now test with an external source, compactly supported in €2, as the

wavemaker. To be more precise, (3.76)) and (3.78)) are modified as
V- (C(r)Vu'(r)) + K n(r)u(r) = f(r) in Q4

(3.87)
Out —Trlu™] =0 at Tg.
Practically, we choose f to be a Guassian function:
(z =B+ (y —r)°
f(r) =« exp(— 27 ), (3.88)

where «, 5, k, v are tunable constants. To this end, we take o = 100, § = —0.41,

k= 0.75 and v = 0.04, so that f is almost zero outside Br. In Figure (c), we
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set k = 40, M = 60 and depict the real part of the electric field obtained from
SEM with 40 x 40-grid in each element. It is observed that the waves obtained
by the external source are smoothly bent and the cloak does not produce any
scattering. Also, the waves pass through the exterior boundary 0Bgr smoothly

without introducing any reflection.

g8 8 8 § ¢

(a) Electric field (b) Poynting vector (¢) External source

Figure 3.6: SEM with high frequency wave and external source.

3.2.5 Numerical study of effects of defects, lossy media

and dispersive media

With the aid of the accurate SEM solver, we can further explore various situations
in real applications, e.g., the effect of defects, loss and dispersion in the polygonal
cloaking layer on the invisible property. Analytic investigation has been devoted

to the circular and spherical cloaks (see, e.g., [37, 106 [70, 107, [71]), but the tools
appear inapplicable to the polygonal cloaks.

Defects in the cloaking layer

We consider the influence of defects to the perfect polygonal cloak. As illustrated
in Figure|3.7| (a)-(b), a rectangular defect with length a and width b is embedded
into the cloaking layer. We set C = I, and n = 1 within the defect, so the
traditional transmission condition can be imposed at four sides, if the defect
is not aligned with the cloaking boundary. In Figure|3.7|(a), we depict the electric
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field distribution with defect a = b = 0.06 obtained by the proposed SEM with
k =40, 0, =0, M = 60 and N = 40. Observe that even with such a small defect,
the electric field distribution is apparently disturbed, especially for the forward-
scattering region, and the magnitude increases approximately up to 1.5 (note: it
is 1 for the perfect cloak). Also notice that in the back-scattering region, the
waves appear not significantly affected, so the cloaking effects seem still good. In
Figure 3.7 (b), we enlarge the defect and set a = 0.24, b = 0.06. The field in both

the back and forward scattering regions is deteriorated more.

Lossy media in the cloaking layer

Similar to the setting in [37, [106] for the circular and spherical cloaks, we replace
the media in cloaking layer by a electric-lossy medium (cf. [28]). More precisely,
the real electric permittivity € in ((1.5]) is replaced by a complex electric permit-
tivity (1 + itand)e, where tand is a tunable constant termed as loss tangent to
quantify the absorptive property of the medium. Note that this replacement only
brings about the modification of the two-dimensional Helmholtz equation ([1.9))

as

V- (C(r) Vu(r)) + k*(1 +itan d)n(r) u(r) = 0.

In Figure 3.7, we depict the electric field distributions with loss tangent tand =
0.01,0.05 in (c) and (d), respectively, where we take k = 40, 6, = 0, M = 60 and
N = 40 in each element. Observe that in the first case, the effect of the loss is
almost imperceptible. As we enlarge the loss tangent to 0.05 in (d), the cloaking
effect appears good in the backscattering region but is apparently deteriorated
in the forward-scattering region, which is inevitable because the lossy medium
absorbs the forward-travelling wave power. We point out that similar phenomena

were observed for the circular and spherical cloaks in [37, [106].
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Drude model and dispersive media in the cloaking layer

Based on the form-invariant coordinate transformation, the polygonal cloak can
perfectly conceal arbitrary objects inside the interior polygonal domain. However,
in practice, the material for manufacturing such cloaks are frequency-dependent
and perfect invisibility can only be achieved for a single frequency, known as
the “cloaking frequency” (cf. [5] [71], T08]). It is of much physical relevance to
study the response of an ideal cloak to a non-monochromatic electromagnetic
wave passing through such a dispersive cloak. The investigation along this line
has been very limited to mostly analytic treatments of circular and spherical
cloaks (cf. 107, [71]). We demonstrate that the proposed SEM offers an accurate
means to understand some interesting phenomena of a nonmonochromatic wave
interacting with a polygonal cloak.

Following the procedure in [70], we start with diagonalizing the symmetric

matrices € and g in ((1.5))-(1.6), i.e.,
€E—= U = .F’[X.F’t7 A= diag()\l, )\2, )\3), (389)

where P = (P;;)1<; <3 is an orthonormal matrix (with Pj3 = P3; = 0 for j = 1,2,

and P33 = 1), and the eigenvalues are

_Cu+Cn+t V(O + C)2 — 4

)\1 D) )
(3.90)
Ao — Ci1 + Cy — \/(011 + Cg2)? — 4
2 — )
2

and A3 = n. From ([3.48)-(3.49), we have

T‘—Rl 1 2 de 2 T_Rl "
o ARy > 2, (3.91
11 + Cag . +7"(7“—Rl)(r+(d9))_ r +T—R1_ | )

which implies \; > 1. However, Ay and A3 are less than 1 for some r € (Ry, Ry).
Based on the principle in |70} [71], we modify Ay and A3 by using the Drude model
(cf. [28]). More precisely, let w. > 0 be the “cloaking frequency”, and define

2

- w? .
Ai = Ni(rw)=1-— m, with w2, = we(we +17:) (1 = X)), i =2,3,
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where {v;}?_, are given collision frequencies, and {w,;}? , are known as the

plasma frequencies. For notational convenience, we define

We(we + 1) N .
= =1 (N —1 =2 3. .92
B ol ) SO\ + Bi( N ), i .3 (3.92)

Denoting A= diag(:\l,:\g,:\g) with Ay = )\;, we then replace the material

parameters € and p in ((1.2)), respectively, by

. C 0
€ =f1=PAP = , (3.93)
0 n
where by a direct calculation, we have
_ |Ch C P, PP
e PO e A IR ) I B (3.94)
012 022 P12P22 P22
and
=1+ P3(As — 1) = Ay (3.95)
One verifies readily from (3.93)) that
det(€) = det(fz) = AMAsds = Ao 7t = det(C) 7. (3.96)
Thus, using the fact A; s =1 (cf. (3.90))), we obtain from (3.92) and (3.96) that
det(/é) = )\15\2 = )\1(B2)\2 +1-— 52) = 62 + (1 — ﬁg))\l. (397)
Accordingly, we find that
Cop —Cip 0 &
pl=¢l=|_C, C 0|, where Cj; = . (3.98
] 12 11 77 By+ (1= B\ ( )
0 0 nt

for ¢,5 = 1,2. Using (3.66) with C/Z'\Z-j and 7 in place of C;; and n, we obtain the

new model defined in the cloaking layer:

V- (C(r,w) Vu(r)) + k*a(r,w) u(r) = 0, (3.99)

—

where C = (@j)lgmg, and k = w, /e as before.
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Remark 3.6. Observe from that if w = w,, then B; =1 and \; = 5\1 for
1 =1,2. Thus, in this case, reduces to and /(j'(r,wc) 15 singular at the
cloaking boundary r = Ry. However, if w # w. (so Ps # 1), then 6(7“, w) becomes
reqular at r = Ry. Indeed, by ,

G _ (r — B1)Ci
Y Ba(r = Ra) + (1= B2)(r — Ri)M

In fact, one can verify that if Py # 1,

Tlg}%l(r — Rl){C, A1, )\2} all exist.
Thus, we can claim from (3.94) and the above that 6(r,w) 1s well-defined at
r = Ry. In view of this, the CBCs can not be applied. Here, we follow [107, [71)
and impose a PMC' shell instead. 0

In the computation, we take w. = k./\/€fto With k. = 40, and ~;/\/€ofto0 =
0.0001 for 7 = 2,3. In Figure (e)-(f), we plot the electric field distributions
with £ = 39 and k£ = 41 illuminated by plane wave in with incident angle
0y = 0 and the cut-off number M = 60 and N = 45 in each element. In contrast
with Figure (c) (where perfect cloaking effect can be obtained for k. = 40),
we observe from Figure that the electric field distributions are affected and
distorted in both cases (i.e., k = k.%1), in particular, more severely when k < k..
Indeed, similar to the phenomena observed in [71], [107] for circular and spherical
cloaks, the incident wave with frequency slightly deviated below k., the field after
the wave passes the cloak is dissipated and a large shadow appears in the forward
scattering region. While for the incident wave with frequency slightly deviated
above k., the field in most part of the cloaking layer does not change much, except
for the part close to the cloaking boundary » = R;, and the field behind the cloak

is reinforced. This can be regarded as the frequency shift effect as in [71].
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3.3 Accurate simulation of concentrators and ro-
tators

In this section, we further apply the efficient spectral-element solver to accurately

simulate the electromagnetic concentrators and rotators.

3.3.1 Polygonal concentrators

The electromagnetic concentrator aims at intensifying electromagnetic waves in
a certain region, which play an important role in the harnessing of light in solar
cells or similar devices, where high field intensities are needed.

Here, we are interested in the polygonal concentrator with a configuration
similar to the polygonal cloak illustrated in Figure (b), where EM waves are
expected to be concentrated in the interior convex polygonal region QF. It is
accomplished by a coordinate transformation that maps the “polygonal annulus”
in Figure (a) to the “polygonal annulus” in Figure (b), where the interior
portion of the latter has larger area. More precisely, the polygonal concentrator
is mapped from the same structure in Figure (b) but with a different ratio
(see Figure (a)):

. 04, OB,
P=0oa " o~

where p is defined in (3.45)). Then the ratio p/p is known as the rate of concen-

O<p<p<l, (3.100)

tration. For notational convenience, we define

1—p
1—p

0:=1 (3.101)

The corresponding coordinate transformation takes the form (see, e.g., [109]):
(i) In Q_,

¥, #el0,Ry, rel0,R],
(3.102)

r:(l_Q)/f:_‘_QRQa ’Fe[éhRZ]a TG[RMRQ])
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and 0 = 0 € [0, 2n);
(i) In Q4 = Br \ Q_, the transformation is identity: r = 7, 6 = 6.

Here, R;, i = 1,2, are the same as in (3.47)) and Ry = p/pRy.

Lemma 3.2. Using (1.6), we can derive the coefficients C' and n as follows:

i)y In QP
C=1, n=p/p. (3.103)
(l)b In Qi;
x? 0 odRyz?  2zy\dR, 1 y°
=y = - - - = .104
“u XT2+T’—QR2<T dg r2 T2>d0+xr2’ (8104)
2 2 2
Y 0 odRyy 2asy>dR2 1z
L 9Cz2y - 1
Can X T‘—QRg(T o2 2 )a " x r?’ (3.105)
1\ zy 0 <x2 odRy zy y2>dR2
Co=(y—-)% Topedizty YA (3106
12 (X X)r2+r—gR2 7“2+7“ dg r2 r2) do’ ( )
and
r— oRy
et 1
n REEER (3.107)

where x = (r — oRy) /7.

(ii) In Q4, we have C =I5 and n = 1.

Proof. Similarly with the polygonal invisibility cloak, for the polygonal cylindrical
concentrator, we obtain from the transformation ([3.102)) that in €2* ,

e L =9, (3.108)
and
R _
{ ¢ et ) =1 — 0. (3.109)
0 1

Inserting (3.108) and (3.109) into (3.56)-(3.59)), we obtain C and n in (3.104)-

B100).
]
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In summary, the governing equation for the polygonal concentrator reads

V- (C(r)Vu(r)) + K*n(r)u(r) =0 in Bg, (3.110)
[u] =[CVu] =0 at TPUT?, (3.111)
Opu — Trlu] = h at OBg. (3.112)

Note that in the interior polygon, (3.110)) becomes the Helmholtz equation:
ﬁQ
Au+Sk*u=0 in Q (3.113)
p

where the ratio j?/p? > 1is a constant. Therefore, the coordinate transformation
enlarges the wavenumber k that produces the effect of concentration.

We can implement the spectral-element solver based on the partition of the
computational domain as with the previous application. However, different from
the previous case, the interior region is part of the computational domain, where a
normal transmission condition is imposed along its boundary (see (3.111])). Below,
we provide some numerical results with the setting: a square concentrator centred
at the origin with length of each side 1.2 and the parameters: p = 1/3, p = 2/3
in (3.45) and and R = 1.0. We set the cut-off number M = 60 in the
DtN operator. In Figure 3.9, we depict the electric field distributions and the
associated time averaged Poynting vectors illuminated with different incident
angles ((a)-(b): 0y = 0 and (c)-(d): 6y = w/4) with k£ = 40 and the grid N = 50
in each element. It can be seen that the electric field and energy flux are smoothly
concentrated into the inner concentration region Q¥ | and the field outside is not

affected regardless of the incident angle on the concentrator.

3.3.2 Circular rotators

In contrast with the invisibility cloak and concentrator, the electromagnetic ro-

tator is based upon a coordinate transformation of the angular variable rather

than the radial variable in (3.43]).
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As illustrated in Figure (c), the domain €2_ is a disk of radius r = b, which
encloses a concentric disk of radius » = a < b. The waves are expected to rotate
with a fixed angle 6; in the interior disk. This can be realised by the coordinate

transformation (cf. [9]):

r=7# 0=0+0, 0<#<a, 6,0€]0,2n),
y (3.114)
y b) — y

=T, 9=9+M91, a<r<b, 6,0¢€]0,2n),

where s is any smooth function such that s(b) # s(a). As before, the transforma-

tion is identity exterior to €2_.

Lemma 3.3. Define

K= &91. (3.115)

s(b) — s(a)
Working out the material parameters as before, we have
1| P24 262y + k2?2 —ka? — Koy + ky?
C=— , n=1 for a<r<b,

2
" —ka? — /fzxy + /in r? — 2Ky + K222

C=1,, n=1 for 0<r<a, b<r<R.

Proof. For the circular rotators, we have from (3.114)) that

s s(b) —s(r)
r=r, 0=20 s(b)—s(a)el’ (3.116)
and
Oyr Oyr 1 0
= , (3.117)
8;6) 859 —k 1

where k is defined in (3.115). Then we can compute the material parameters

(3.115]) in a similar fashion as the polygonal invisibility cloak. O]

In Figure (d), we illustrate a partition of the computational domain Bpg.
Together with the standard transmission conditions in (3.4), we can implement
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the spectral-element scheme as the previous cases with a similar partition of the
computational domain (see Figure (d)). In the computation, we set a =
0.3, b=10.7 and s(r) =r in and choose R = 1.0, M = 60 and N = 40 in
each element. In Figure[3.10] we fix £ = 40, and plot the electric field distribution
(real part) and the corresponding time averaged Poynting vector with the same
incident angle 6y = 0 and different rotation angles ((a)-(b): 6; = 7/4, (c¢)-(d):
¢, = 3m/4). We find that the electric field distribution rotates its direction by
7/4 in Figure[3.10] (a) and the power flux (b) flows with the same direction in the
closed region r < a. It can be observed in Figure [3.10] (¢c)-(d) that even for a very
sharp rotation angle 6, = 37/4, the field rotates exactly by 37 /4 angle without

introducing any scattering wave outside.

3.4 Extension to three-dimensional simulations

The methodology can shed light on three-dimensional simulations. Indeed, the
semi-analytic approach for dealing with the nonlocal DtN boundary condition is
extendable to the three-dimensional DtN boundary condition, though it is much
more involved, and requires the use of special partition of the computational

domain. Recall the three-dimensional DtN boundary condition (see, e.g., [56]):

1’
S Z kh (kR) ¥mas,

Um Y™, with ﬁ;n:/U
I=1 |m|=0 h (kR) S

r=

where {Y;"(6,¢)} (with (6, ¢) € [0, 7] x [0,27)) are spherical harmonics defined
on the unit spherical surface S, and {h;} are the spherical Hankel functions.
We show in [110] that given the nodal values of U on a longitude-latitude 6-
¢ partition of S, and using the trigonometric form of the associated Legendre
functions { P/"(cos @)}, we can evaluate the double integral on S (the counterpart
of ) by products of two one-dimensional integrals, and notably, similar
analytic formulas can be used. Note that such a partition of S can be seamlessly

integrated with spectral elements (but with some non-standard elements near
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two poles). Another approach is to partition the spherical surface by using the
popular cubed-sphere transform. This allows to use standard hexahedral elements
for the interior computational domain, but one has to adopt an element-wise
interpolation between spectral-element grids and grids for the analytic approach
in ¢ direction.

Below, we further discuss the extension of our approach to accurate simula-
tion of polyhedral invisibility cloaks with an emphasis on the understanding of
the singularity at the inner boundary induced by the singular coordinate trans-
formation.

Similar to the polygonal cloak, the coordinate transformation for a polyhedral
cloak blows up the origin O in the original (, ¢, Z)-coordinates to the polyhedral
domain 7, which forms the “cloaked region”. Accordingly, the polyhedral do-
main 2_ is compressed into the “polyhedral annulus” Q¢ = Q_\ Q”. In Figure
[3.11] we illustrate the pyramid OABCD (one subdomain of §2_) is compressed
into the pyramidal frustum A,B,C,D,ABCD (the corresponding subdomain of
Q). To fix the idea, we consider the case with the base ABCD being perpen-
dicular to z-axis.

Like —, the coordinate transformation for a polyhedral cloak is

defined between two spherical coordinates:
r = (1—p)7%—|— Ry, re€ [O,RQ], re [Rl,RQ], (3118)

9 =0 and o= qzuﬁ, where
04, OB,
P=oa " oB
and (Ry1(6,0),0,¢) (resp. (Ra(0,¢),0,¢)) is the parametric form of the surface
A,B,C,D, (resp. ABCD).
Different from the 2D case, we work with the full Maxwell’s equations ,
but we can still follow Subsection to compute the material parameters € and

0<p<l,

. The parameters are singular at the inner surface of the polyhedral domain Q*

(e.g., ApB,C,D,), but the singularity behaves quite differently, compared with the
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2D case. In fact, the situation is akin to the difference between the singularities
of the cylindrical cloak (cf. [I05]) and the spherical cloak (cf. [65], 67]).

We next follow the argument in Proposition |3.3| to derive the essential cloak-
ing boundary conditions for 3D case, which are critical for the accurate simula-
tion. For simplicity, we consider the subdomain in Figure [3.11] where the surface
A,B,C,D, is perpendicular to z-axis defined by z = 2y # 0.

Proposition 3.4. Let E = (uy,uz,u3)", and denote the tangential and normal

components of a vector field by the subscripts | and |, respectively, that is,
(V X E)H = (Oyu3 — aZUQ, azul — 8xu3)t,
(E)” = (Ul, UQ>t, (V X E)L = &Eug — 8yu1.
Under the assumption that the finite and well-behaved field E in 7 = (%, 9, Z) still

(3.119)

be finite in the new coordinates, the essential cloaking boundary conditions on the

surface A,B,C,D, : z = 2y, take the form

(EY)=(VxE") =0, (VxE"), =0, at I'};

ZT %0 (3.120)
(VXE") =0 at I',

where BT = E|ge and E~ = E |gp .
Proof. Like the case for polygonal invisibility cloaks, the derivation of CBCs for
3D polyhedral cloaks essentially relies on the decomposition the V x operators
and then carefully study the singularity.

Using , J~' = 0r/0r and z = R, cos 5, we derive from some calculations
that
1—p |(z—20)%T2xa (2—20)0

pm e SR S e e

Y

where I,y is a two-by-two identity matrix, § = 2z tan 6(cos ¢, sin ¢)* and §y =

22 + 22 tan? 0. Like (3.68)-(3.69), we derive H™ from (3.66)) and obtain
1
iwpoH = (1 — p)((V x ET) + ﬁé(v x EY),
— 20

Lo + 1 oY

z— 2 (z — z0)

(3.121)
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Since § and &y are uniformly bounded in Q¢ (note: tan@ — oo implies A,B,C,D,
intersects with z-y plane, which is impossible as zy # 0), H™ is a finite field in

Q4 | if and only if the conditions at T, in (3.120)) holds.
Following [5], we set € = u = I3.3 in Q. By (3.60)),

iwpeH™ = ((V x E7),(Vx E7), ). (3.122)
Similar to (3.71]), we obtain from (3.121))-(3.122)) and (3.119)) that

nx(H —H")|.es =

{nx((VxB")+ 6(V><E+)l—(V><E‘)||,O)t

3

2=20

1wpio

Then by the first condition in (3.120)), we derive

zZ— 20

1

1wt

t

nx (H"—H )., =——mnx ((Vx E),0)

zZ=20

Imposing the last condition in (3.120)) to (3.122)) and the above equation leads to

nx (H" —H ).y =nx H |._., =0, (3.123)

which guarantees the continuity of the tangential component of H at the cloaking

boundary. O]

Remark 3.7. In fact, in the polygonal case with one side of the cloaking boundary
perpendicular to y-axis (i.e., y =yo), H" in (3.68)-(3.69) reduces to
iwpoH ™ :(Mvnlﬁ + %VTUJ“,
) Y

3.124
Yo (3.124)
w2

1 2.2 t
Vou' + (y + ‘%f )Vfuto) .
Y—"%Y Yy

Observe from that H™ has a stronger singularity (z — z)~2 for the poly-
hedral cloak, while under the same setting, it only has a singularity (y — yo) ™
mn for the polygonal cloak. This is akin to the situation of spherical and
cylindrical cloaks. Accordingly, we have different CBCs in Proposition and

Proposition [3.4 for the polygonal and polyhedral cloak, respectively. We point out
that the CBCs in (3.120) can also lead to the decoupling of the inside and outside.
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In order to accurately simulate the three-dimensional polyhedral cloak, the
CBCs (3.120) need to be built in the spectral-element solution space. This can be
accomplished by properly modifying the mixed order curl-comforming basis func-

tions in e.g., [111). O
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(¢) Circular rotator (d) Partition of Bg

Figure 3.8: Schematic geometry of a polygonal concentrator and a circular rotator. (a)
The polygonal domain in the original coordinates (&, ¥). (b) Through the coordinate
transformation , the polygonal domain Q° = A,B, - - - F, is compressed into the
polygonal domain QF that forms the concentration region. Consequently, the original
polygonal annulus domain Q_ \ Q° in (a) is expanded into the polygonal annulus
Q%. (c¢) Through the coordinate transformation , points in the circular annulus
a < r < b are rotated with a fixed angle 6;. (d) The computational mesh for the

circular rotator.
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Figure 3.9: The real part of the electric field distributions and associated Poynting

vectors for square concentrators with (a)-(b): 6y = 0 and (c)-(d): 8y = 7/4, respectively.
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i)

(a) Electric field with 6; = 7/4

tlll‘i@j |

(c) Electric field with 8, = 37 /4 (d) Poynting vector

Figure 3.10: The real part of the electric field distributions and associated Poynting
vectors for circular rotators with (a)-(b): ; = 7/4 and (c¢)-(d): 61 = 37/4, respectively.

Figure 3.11: Sketch of the geometry of polyhedral cloaks






Chapter I

Wavenumber Explicit Analysis for

Time-Harmonic Maxwell’s Equations

This chapter is devoted to the analysis and spectral-Galerkin approximation of
the Maxwell’s equations in an exterior domain , i.e.,
—iwpoH +VXE =0, —iweeE—~VxH =F, in R*D;

(4.1)
Exnlopp=0; (VxE)xz—ikEr=o(r ),

where D is a three-dimensional, simply connected, bounded, perfect conductor (or
scatterer). As mentioned in Section , the system is notoriously difficult
to solve numerically. Some of the main challenges include: (i) the indefiniteness
when w is not sufficiently small; (ii) highly oscillatory solutions when w is large;
(iii) the incompressibility (i.e., div H = div E = 0), which is implicitly implied
by (4.1); and (iv) the unboundedness of the domain. On the one hand, one needs
to construct approximation spaces such that the discrete problems are well posed
and lead to good approximations for a wide range of wavenumbers. On the other
hand, one needs to develop efficient algorithms for solving the indefinite linear
system, particularly for large wavenumbers, resulted from a given discretization.
We refer to [35] and the references therein, for various contributions with respect

to numerical approximations of the time-harmonic Maxwell’s equations.

103
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Once again, we reduce the above Maxwell’s equations in unbounded domain
to a bounded one with a TBC characterized by the capacity operator .7, (see,
e.g., [3]). As usual, we assume that the electric current density F' is compactly
supported in a ball B of radius b (that encloses the scatterer D), and solenoidal,

i.e., div F' = 0. After eliminating the magnetic field H, we can reduce (4.1)) to

VxVxE-KFE=F, in Q:=B\D; (4.2)
Exn=0, on 0D; (VXE)xe.—ikJ[Er]=h, at r=»>, (4.3)

where e, = & = x/r, 9}, is the capacity operator (cf. [3, (5.3.88)]), and the
tangential field EFr = —F X e, X e,.. Here, we add a boundary data function h
in (4.3)) to deal with potentially inhomogeneous boundary conditions.

We shall start with the special case where D is a ball of radius a:
Qz{(r,@,gp):a<r<b, 6 € [0, 7], <,0€[0,27T)}, (4.4)

and the solution E can be represented in terms of vector spherical harmonics
(VSH).

In [3] and other related works, the usual VSH (cf. Section are used to
represent E. In particular, the system (4.2)-(4.3) can be reduced to a coupled
system of two components of E, while the other component satisfies the same

equation reduced from the Helmholtz equation (cf. [112]):

— AU - KU =F, in Q:=B\D, (4.5)
U|3D = 0; 8TU — Tb[U] = H, at r = b, (46)

where T, is the DtN operator [3] (see (4.19)). The wavenumber explicit analysis
for the above Helmholtz equation has been carried out in [77], but the analysis
for the coupled system of two other components appears very difficult. In fact,
only the result on well-posedness of ([£.2)-(4.3) was obtained in [112].

However, if we use divergence-free vector spherical harmonics [I13], the Maxwell’s

system (4.2)-(4.3), in the case D is a sphere, can be reduced to two sequences
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of one-dimensional problems, which are completely decoupled and the same as
those obtained from the Helmholtz equations (note: one sequence is with
the boundary conditions , but the other is with a slightly different boundary
condition at r = a). Therefore, we can carry out wavenumber explicit analysis
for these decoupled problems, leading to wavenumber explicit estimates for the

Maxwell’s equations.

The main purposes of this chapter are to extend the analysis in [77] to the
Maxwell’s equations, and in the meantime, provide an essential improvement,
which is critical to obtaining the desired estimate for the Maxwell’s equations, to
an estimate for the Helmholtz equation in [77]. We demonstrate that the spectral
algorithm and analysis for the Maxwell’s equations in the special domain {2
are the major component for dealing with general scatterers using the transformed

field expansion (TFE) approach [84].

The rest of the chapter is organized as follows. In Section 4.2 we have a
delicate study of the DtN kernel in , and use the new estimates to derive
the improved estimates for the Helmholtz equation (cf. Lemma 4.2l and Theorem
, by removing the factor £/ in [77, Thm. 3.1]. In Section , we first reduce
the Maxwell’s system — to two sequences of decoupled one-dimensional
(in the radial direction) Helmholtz problems in a similar setting by using the
divergence-free VSH expansions in angular directions. This step is essential for
the subsequent analysis. By a delicate analysis of the decoupled one-dimensional
problems (cf. Theorems and , we derive the wavenumber explicit bounds
(cf. Theorem {4.6). In Section we study a spectral approximation of the
reduced Maxwell’s equations, and derive the corresponding wavenumber explicit
error estimates for the one-dimensional problems (cf. Lemmas [4.3/and [4.5)), which
finally lead to the wavenumber explicit error estimates for the Maxwell’s system
(cf. Theorem4.8). Then, in Section we apply the transformed field expansion
technique to deal with general scatterers, and using the general framework derived

in [I14], we obtain rigorous wavenumber explicit error estimates for the complete
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algorithm.

4.1 Vector spherical harmonics

In what follows, we adopt the notation and normalization of SH in Nédélec [3].
The spherical coordinates (r,0, ) are related to the Cartesian coordinates & =

(xh Zo, .7;3) by
x1 =rsinfcosp, xy=rsinfsing, x3=rcosh, (4.7)

where r > 0,0 € [0,7] and ¢ € [0,27), and the corresponding (right-handed)

orthonormal coordinate basis consists of {e,, ey, e,,} where
e, =& ==a/r, ey=(coshcosy, cosfsinp,—sinb), e, = (—sinp, cosy,0).

Let S be the unit spherical surface. Denote by Vg and Ag the tangent gradient

operator and the Laplace-Beltrami operator on S, defined respectively by

ou 1 Ou 1 8( au) 1 0%u

_ou Mo Agu=— 9 (Gnph) 4 L My
Vst =559 T mpao% ST meae T Ma0) Taraae (Y

00

We denote by {Y;™(0,¢)} the (scalar) spherical harmonics which are eigenfunc-

tions of Ag, namely,
A" ==3Y™ 1>0, m|<Il; [ :=11+1) (4.9)
and form an orthonormal basis of L*(S) with the inner product:

27
(u,v)g = / uvdS :/ / u v sin @ dfdp. (4.10)
s o Jo

We use the family of VSH: {Y}mer, VeV, T" := VsY," x er} in the SpherePack
[T17] (also see []). They are mutually orthogonal in L*(S), with the inner prod-
uct given by (4.10) (but for vector fields), and normalised such that

TPT7) = B (VWY = (e Ve) =1 (D)
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We have
T;n X €p = _VSYEma VSY}m X €p = Tlm: Y;mer xe.=0. (412)

Define the differential operators:

a1 & 2d (1+1) . d 1
Fe s Sl - 242 4.1
i = dr b= v r2 O * (4.13)

Let f be a scalar function of r. The following properties can be derived from

[121]:

div(fT) =0, A(fT) = Li(f)T}, (4.14)
V x (fI7) = 0,f VsY™ +1(1 + 1)=7’leme,,, (4.15)
V x (fVsY™) = =0, f T}, V x (fY"e,) = ‘fT}“. (4.16)

Moreover, we have
div(fVsY") = l;ll 1‘ 11) () — i) Y™ = —U(1+ 1)£ 7 (4.17)
div(fY"e,) = 2111(1@1 b+ D) f Y = (i + i)f Y. (418)

4.2 Improved estimates for the Helmholtz equa-
tion

In this section, we improve the a prior estimates for the Helmholtz equation

(4.5)-(4.6) in [77, Thm. 3.1], where the DtN operator is defined by

3 Xl: h(l) (kb) ~

Umy™, where (7[":/U
I=1 |m|=0 h (k?b) s

Ymds,  (4.19)

r=

and {Y;™} are spherical harmonics defined in (4.9).
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4.2.1 Properties of the DtN kernel

The key to the improvement is through a delicate analysis of the real part of the
DtN kernel:

(1’
P N ) T ) (4.20)
’ (1)
L (k)
Recall that (cf. [77, (2.16)])
_ 1 LW)IR) + Y (R)Y)(K)
Re(Ti ) = o + T2() + Y2(r) , (4.21a)
Im(7;,) = 2 ! vi=101+1/2, (4.21Db)

ke J2(R) + V()
where J, and Y, are Bessel functions of the first and second kinds, respectively,

of order v (cf. [87]). Alternatively, we can formulate

Re(Tr,) = i _ Y;jé,i? _Im(m)iég - —21/{ + }{EZ; —Im(m)}‘%gz;, (4.22)

which can be derived from (4.21]) and the following properties of Bessel functions
(cf. [87]):

2 v

T (K)Yo(K) = L (R)Yoia(w) = —, Yo (k) = “Yo(k) = Yi(k).  (4.23)

v

We collect some important properties of Re(7;,) and Im(7;,) (cf. [3]):

[+1
K

1
< Re(Tix) < 0 0<Im(7,) <1, for [ >1. (4.24)

For k > ko, 5{,5 derived from asymptotic formulas of Bessel functions provides a

good approximation to Im(7; ) (cf. [77, (2.35)]):

V1—1v2/K2 if Kk>v2>1,

t(75,) ~ &, = { Cov 1P it n=v,
4v tanh a
/{[exp(Ql/(tanha — a)) + 4exp(2v(a — tanh a))}

, if kK = vsecha,

(4.25)
where Cy =~ 0.7954 and a > 0. It is noteworthy that the approximation (|4.25|)

played an important role in the analysis in [77].
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As already mentioned, the improved a priori estimate essentially relies on
deriving approximation to Re(7;,), akin to (4.25)). In what follows, let 0 < 6y < 1

be a prescribed constant, and let
ko = \V00/2(1 —60)™%? (e.g., ko~ 21.21, if 6y = 0.9). (4.26)

Based upon asymptotic properties of Bessel functions, we shall carry out the
analysis separately for four cases (note: in the course of the analysis, we shall

show how these arise):
p = % € (0,00) U [0, 91] U (91, 92) U [99,00) for v=1+1/2, 1>1, (4.27)

where k > K is fixed, and

1 d 2 \3/ 2 \°
= = ({1441 1—4/1
791 191(/41) 2( + + 9712 + + 27/£2> )

(4.28)
19-—19()—1(\3/1+ J— +\3/1— 1— 2>3
2 m Ry 2712 27K2)
Lemma 4.1. Let 0y, kg, 91 and 95 be the same as above. Then we have
0<th <1<y, Vr>4/2/27, (4.29)
and
1 —4/3 1 —4/3

\6/5,%2/3

Moreover, if k > kg, then we have 6y < ;.

\6/5,%2/3

Proof. We examine the function:

flt)=vV1i+t+v1—t, t>0,

and verify readily that f’(¢) < 0 for all £ > 0,¢ # 1. Thus, f(¢) is monotonically

decreasing, and

/20, = F(V1+2/(27k%)) < f(1) < F(V1 = 2/(2TK2)) = {/20,,  (4.31)
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which implies (4.29)).
It is evident that

2 _ 1
MK 27K2

A direct calculation from (4.28)) yields

1+ +O(k™). (4.32)

200 =2+ 3{ 1+ tl 2/3(1 N 751)1/3 + (1 + t1)1/3(1 . t1)2/3}

%l

=2 K—/(\/Ht +YIT—1)

V2 (, 1 1
2‘,@/3( 2+27/<2 32/3)+O< )

—o- V(- o) o,

2/3 3K2/3

which implies the asymptotic estimate of J; in . Similarly, we can derive
the estimate of J5.

We now prove 0y < 94, for all k > kg with kq given by . Observe from
([4.31))-([.32)) that /20, = f(t1), so it suffices to show /20y < /201 = f(t1).

Using the monotonic decreasing property of f, we just require

FH(200) > t1 = /1 +2/(27K2),
so working out the inverse of f, we can obtain

Vo
\/5(1 — §y)3/2

With this, we end the proof. m

K> ‘= Ko. (4.33)

We have the following estimates of Re(7;,), and also refined estimates of
Re(7;,) in (4.25)).

In what follows, the expression “A < B” means that there exists a positive
constant C', only depending on the domain (but independent of &, and the related
unknowns or functions), such that A < CB. As with [87], the notation “A ~ B”
stands for A(v) = B(v)+LH(v) or A(v) = B(v)(1+LH(v)), where for sufficiently
small or large parameter v, LH(v) is some insignificant lower-order or higher-order

term to be dropped in the bound or estimate.
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Theorem 4.1. Let 6y, 91,75 and ko be defined as above. Denote v =1+1/2 and

p =v/k. Then for any k > Ko, we have the approximation
Re(Ti.) ~ Eff, Im(Ti.) ~ E/,, VI>1, where (4.34)
(i) for p=v/r € (0,6,),
1 1
Ef :_7<1 7> Bl =\1-p?; 4.35
L,k 2% + 1_p2 ) I,k P73 ( )

(i) for p=v/k € [0y, ],

1 1
EE — —— (1 EL =./2p(1 = p): 4.36
I,k 2/{( + 2(1 _p))7 I,k p( p)a ( )

(iii) for p=v/k € (¥1,79),

1 /2\V3 1
Bl= () (142t +ot) —
’ c1\V 2K (4.37)
El. = V3eip(1 - 2ert (2)1/3 |
Ik = 010( — 20 > ; )
where t = —~/2 (k —v) /v (note: |t| < 1), and
35 T(2) 1—16¢
= — ~ 0.3645 = — ~ 0.3088; 4.38
“ I'(3) LT T ’ (439

(iv) for p=v/k € [¥9,00),

B =15 (1= ). Bl Vo 1o, )

where

N/
U=In(p+/p2—1) - pp, p>1. (4.40)

Proof. Case (i) p = v/k € (0,6p). Set sec8 = r/v = p~', ie., cosf = p with

0 < B < m/2. One verifies for 0 < p < 6y < 1

1= 2
sinff =+/1—p? tanf = p’ cot B = 1'0 - (4.41)
p —p




112 Wavenumber Explicit Analysis for Maxwell’s Equations

Recall the formulas (cf. [87, (9.3.15-9.3.20)]

J,(vsecf) = ”7Tl/ta 5 Llcos¢+Mlsln¢)
Y, (vsec ) = ”m([q siny — M, cos¢>,

2
sin 26 <L2 sin ) + M, cos w)

J (vsecB) =

Y, (vsecB) = SH; B (Lacost) — Masinp),

where ¢ = v(tan f— ) —1/4, and L; = L;(v, B), M; = M;(v, 3),i = 1,2 are given
in [87, P. 366-367]. Inserting them into (4.21]) leads to

1 . LlMQ LQMl ptanﬁ
Re(T ) — — Im(T;,) = 2202 4.42
e( lﬁ) Ve SlIl/B L% 7\[12 ) ( L ) L% 7”12 ( )

We find it suffices to take the leading term of L;, M;,i = 1,2 in [87, P. 366-367],
that is,

3cot B+ 5Hcot® B - 9cot 3+ 7cot? 8

Li~1. Lo~1. M, ~ ~ 4.43
Pl e 24y 2 24y (443)
By a direct calculation and using (4.41)), we obtain

. . cotB+cot?]l 1 1

SIH/B (L1M2 + LQMl) ~ Slnﬁ T = %1_7102, (444)
and

3+5p° 1 1
M2~ TP ~1—M2=1+0(s2). (4.45)

192(1 — p2)2 k27 L3 + M?
Then we obtain (4.35) from (4.42)) and the above.

Cases (ii)-(iii) p = v/k € [0o, V1] U (¥1,72). We adopt the asymptotic
formulas [87, (9.3.23-9.3.28)]:

1

T+ =) ~ (2) A= Va2) + 067,

Y, (v + 29/0) ~ —(
J (v + 28/0) ~ _(
Y+ 23 ~

1
3

| DO

)'Bi(~¥22) + 0w,
)2 (4.46)

A (—¥22) + O(v 1),

2
3

VT\MT

Bi'(—v/22) + O(v3),



4.2 Improved estimates for the Helmholtz equation 113

where Ai(t) and Bi(t) are Airy functions of the first and second kinds, respectively.
Set

ti=—V2z, k=v+23v (ie, 2= (k—v)/IV). (4.47)
We obtain from (4.46)) and (4.21)) that

Re(Tiw) ~ —;K - (i)l/gTR(t), Im(T; ) ~ i(g)Q/ng(t), (4.48)
where
Talt) = Ai(t)Ai'(t) + Bi(t)Bi'(¢) 7)) 1 (4.49)

AZ(t) + B(t) ~ A1) + BE2(1)
Note that the Airy functions have different asymptotic behaviours for t < —1
and —1 < ¢t < 1 (see, e.g., [87, 115]). We therefore solve the equations: ¢ =

—V22=—2(k —v)/v =F1, that is,
V423E — k=0, v—23ui—k=0. (4.50)

Both are cubic equations in V3 with only one real root each. We find the real
root of the first equation is k1, while that of the second one is k15, where ¥

and 1, are given in (4.28)).

(a) For p € [0y, 9] (note: t = —+/2z < —1), we recall the asymptotic formulas
(see [87, (10.4.60)])

_ 1 _ 5 . J [
Al(t) ~ m(smg — % COSg), A]l(t) ~ — —ﬁ(cosf — % Slnf),
: 1 5 . . S U 7
Bi(t) ~ — _W%(cosé“ + 727781115), Bi'(t) ~ ,/—ﬁ(sm§ + 72770035),
where
s 2 32 _ 2(3/5 \3/2
E=n+7. =31 5 (V22)
Thus, a direct calculation leads to
1 1
. A-/ . </ ~ S 73/2
Ai(t)Ai'(t) + Bi(t)Bi'(t) G 47T( t)°,
, , 1 5 \2 1 s (4.51)
Ai“(t Bi“(t) ~ —=|1 — = ——4+0((—t)" .
20+ B0 ~ = (14 (55,) ) = o=+ OU=0T)
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Inserting them into (4.49)), we obtain

Tr(t) ~ —it = 4\;%3\{;’/ Ti(t) ~ 1 g@)_g) ~ 21/%("21_/3”)1/2.
We derive from that
Re(Ti) ~ —21 S R Y PR 2(% 1) (4.52)
k 4k —v) v
This yields .

(b) For p € (¥;,75) (note: |t| = v/2|z| < 1), we approximate Tx(t) and T;(t)
in (4.49) by their Taylor expansions at ¢ = 0, which requires to evaluate
Ai(m)(O) and Bi(™ (0) for m > 1. Recall that the Airy functions satisfy the

Airy equation: w”(t) — tw(t) =0, t € R, and some special values are

1 1 1 36
Ai(0) = . AV(0) = — . Bi(0) = ., Bi'(0) = .
Oy MO gy PO sy MY )
With these and some tedious calculation, we can obtain
T/l O T// O
Tr(t) = TR(O)+T1’%(O)t+R2()t2+O(t3), Ti(t) = TI(0)+TI’(0)t+12()t2+O(t3),
with
) 3% F(%) ~ / 2 1" 3
c1 = Tg(0) = 2T~ 0.3645, Tp(0) =2cf, Tp(0)=1—16¢;,
3
35/ /2

T,(0) = Z<F(§>  VBrei, TH0) = —2vErc, TU(0) = 0.

Noting that t = —/2(k — v)//v, Thus, we derive from ({.48)-(4.49) that

3 2 2 1 3\ 12 1
Re(7; ) ~ —,/;(cl + 2cit + 5(1 - 1601)75 ) ~ 50 (4.53)
V2/3 ok — U
Im(7,.) ~ 2%\/§017(1 —2¢1t), where t = —V/2 7 (4.54)

Hence, we obtain the desired estimates for this case.
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Case (iv) p = v/k € [U5,00). Set secha = p~!, ie., cosha = p with a > 0.
One verifies
NS
sinha =+/p? — 1, tanha = pi, VU :=a —tanha > 0. (4.55)
p
Recall the asymptotic formulas [87, (9.3.7-9.3.8)]:

e—l/\If

—{1 + O(y_l)};
V2 ta;\};a (4.56)

\/7/2 vtanh a {1 * O<V?1)}'

J,(vsecha) ~

Y, (vsechar) ~ —

Note that by (4.55]),
NS
U(p) =arccoshp —\/1—p2=In(p++/p>—1) — pi’ p>1, (4.57)
)

which is monotonically increasing with respect to p. By (4.30)), we have

2 2 5 5
m<ﬁ2>wln(1+7+m>_¢?w+m_@
T T
4.58
\/m 1 ( )
=74+7——— ~ 7T, where 7:= - '
1+T \5/5/{2/3

Thus, we observe from (4.56) that in the range of interest, J,, J! decay exponen-
tially, while Y,,, Y] grow exponentially. By (4.21)) and (4.56)),

2 1 4v e~V
I L) = — ~ —tanha ——— ~/p2 —1e Y (4.59
m(7:x) Kk J2(K) + Y2(k) o onRay + e V¥ p ¢ » (4.59)

which leads to the estimate of the imaginary part in (4.39). As Im(7;,) decays
exponentially with respect to . We derive from (4.22) that

Re(T5,) = 1 — 771

Ju(K) [ Y, (k)

Vam " r T v 460

— Im(7; )

In order to obtain better estimate, we resort to the asymptotic approximation of

the ratio (cf. [116]):

Yo(k) 14+/1—p—2 1-yi—p21 1
Y + = P {1‘2(1_,)5)V+O<y2)}’ (4.61)
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which is valid for v > Kk and k ~ v. In fact, as shown in [116], it is derived

from the formula (4.56)) with more terms. Inserting (4.61)) into (4.60) leads to the

estimate of the real part in (4.39).
[

In Figure we depict in (a)-(b) Re(7;,) and Im(7;,) for various [ and &,
and in (c)-(d), the exact value and approximations in Theorem for various

samples of k.

4.2.2 Improved estimates

We first introduce some notation. Let I := (a,b) and w = r?. The weighted
Sobolev space HZ(A) with s > 0 is defined as usual in Admas [I]. We denote by

L2 (I) a Hilbert space of real or complex functions with inner product and norm

(o) = [uryo(riw@)dr,  ull, =, v,

where v is the complex conjugate of v. We also use the anisotropic Sobolev spaces,
e.g., H;/(S; H:(I)) defined via the SPH expansion coefficients U™ of U with the

norm:

o I ) 1/2
100 s = (0 32 1+ D210 B (4.62)

=1 |m|=0

where p indicates the 2m-periodicity in ¢-direction. If w = 1, we drop w in the
notation.

The weak form of ([4.5)-(4.6) is to find U € H,(S;oH"(I)) such that (cf. [77
(3.9)]):

B(U,V) = (0,U,0,V)ma + (VsU, VsV)q — K*(U, V) — b (TU, V)5

(4.63)
:(Fav)w,9+<va>S7 VVGH;(S;()Hl(])),

where ¢H'(I) = {v e H*(I) : v(a) =0}. We expand U, F, H in SPH series as

U.F.H) = §f||z O (), Er ), P ()™ (0.0).  (4.64)
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0 ’//—"’\ 1
///\
/—/’\

(a) Re(7i,x) (b) Im(T; )

0 30 50 70I 90 150

150

(c) Re(T,x) versus El{%ﬁ (d) Tm(7z,,) versus Ef .

Figure 4.1: (a)-(b): Real and imaginary parts of 7, with various samples (I, k) €
[0,120] x [1,100]. (c) Re(7i,) (solid line) against EZRH, (d) Im(7; ) (solid line) against

El{ﬂ with £ = 30,50,70,90 (note: in (c)-(d), “+” for p = v/k € (0,6y), “°” for
p € [0, 1], “o” for p € (V1,92) and “«” for p € [¥2,00)).

120
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Taking V = Aﬂnl (r)Y; in (4.63) and using the property of SPH (cf. Section,
we obtain the corresponding weak form for each mode (I,m) : find u := [7[” €

oH(I) such that

B (u,v) == (v, v)w + Bi(u,v) — k*(u, ) — kb* T ipu(b)v(b)

(4.65)
= (f,v)w + 0*ho(b), Vv € HY(I),

where 3; = I(I + 1), the weight function @ = r? appears naturally in the weak
formulation and we denote v := ‘7}’", f= ﬁ}m and h := ﬁlm Here, we drop the
weight function w in the space ¢H'(I) as it is uniformly bounded below away 0
on [.

One main result of this section is the following improved optimal estimate,

which removes a factor of k'/? from the upper bound of [77, Lemma 3.1].

Lemma 4.2. Let u be the solutions of (4.65)). If f € L*(I), then we have that
for all k > ko > 0 (for some fized constant k), and forl > 1,0 < |m| <,

[w'[I% + Billull® + K2 [lullZ, S NFI% + A1 (4.66)
Proof. Taking v = w in (4.65]), we obtain

[/l + Buillull® = K*[lulls, — kb* Re(Tigs)u(b)|?

(4.67a)
= Re(f,u)w + b* Re(hu(b)),

—kb? T (Ty ) | (b) |* = Im(f, u) + b Im(ha(b)). (4.67D)
Next taking v = 2(r — a)u’ in (4.65)), and following the derivations in [77, (3.26)-
(3.28)], we obtain

b 2
BN (6)2 + Bl l[u(B)? + 2all el + 1 [ (3 - g)yu\%ﬂdr

= I + Gillul® + KR [u(®)? + 2Re(f, (r — a)u'),  (468)

+ 2°| 1| Re(ha' (b)) + 2kb*|I| Re{ Ty u(b)@' (b) },
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where |I| = b — a. Substituting ||u/[|2 + G;||u||* in the identity (4.67al) into the

above, and collecting the terms, we obtain

0|1 (D) [* + { Bl 1| — kb Re(Tipo) (D)
b
+ 2al|v/ru ||* + 2k2/ (1 — ﬁ) |u|*r?dr
o " (4.69)
= k20 |I||u(b)|* + 2k6%|I| Re{ T u(b) @ (b)} + 2b°|1| Re(ha' (b))

+2Re(f, (r — a)u)o + b* Re(hti(b)) + Re(f, u) .

Hereafter, let C' and {C;, ¢;} be generic constants independent of k, [, m, and any

function. Using the Cauchy-Schwarz inequality, we obtain
2kb*|1| \Re{mbu(b) a’(b)}\ < e |||/ (B)|* + e K202 | 1| Togo | * [u(D)|?;

20°| I [Re(hat' (b)) | < exb?|][u/(0)* + &5 | I]|B];

b2
S N 4.70
ek Re(Tia)] " (4.70)

2|Re(f, (r — a)u)e| < callv/rud|* + 5 TP £112;
Re(f, u)w| < esllull2, + (4e5) 7|1 £1I2.

Thus, by choosing suitable {;}, we obtain from (4.69)-(4.70)) that

b [Re(ha(b))| < eskb® [Re(Tow)|u(b)]® +

C? || (B)[* + Dyl I[[u(b)[* + Coallvru'|* + Csk*[lullZ,

(4.71)
SIFIE +

1
Q. — AT
(U + Fega)

where C) = 1 — (g1 + &9),C = 2 — g4, C3 = 2(1 — a/€) — &5/k* with £ € (a,b),

and

Dl,k = Bl — (1 — €3>k62‘[|71 Re(ﬁkb) — k2b2<1 + 5I1|7;,kb‘2)- (472)

It remains to estimate D;j, which is negative for e.g., small . According to the

estimates in Lemma [4.1] we conduct the analysis for four different cases as in
(14.27)).
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(i) If p= 5 € (0,0] for fixed 0 < 6y < 1, we obtain from (4.67b|) that

k .
202 |u(b)]? < —— {|Im(f, u)w| + b* |Im(hu(b
b < e fu)o| + 8 ()
O 1 - O
< =k |u||Z + = + ub)|]” + 5
2 || H 2€7|Im(7f7kb)|2 2 ’ ( >| 2|Im(7zkb)|2
By (4.35), Im(7; k) in this range behaves like a constant, so (4.73]) implies
K26 lu(D)[* < erk®||ullZ, + C (I 12 + |hl?). (4.74)

By ([4.35)), |Tim|* < C,s0 Dy < —Ck?b?. Therefore, using (4.71)) and (4.74)) leads

to

VI + B[l + K@) < C(I£1Z + |R). (4.75)
Thus, we derive the desired estimate in this case from (4.67a)) and (4.75).

(ii) For p = £ € (6o, V1], we first show that for any ¢y € (1 — 6y, 1/v/2) and
kb > 1, there exists a unique 7y € [1/3,1) such that

_ o In((1 — p)/co)
— — o 1 =
p=1—2¢co(kb)"™", ie, =1+ i) (4.76)
Apparently, 7o decreases with respect to p, so by (4.30),
1 In(V2e) | In(1+ O((kb)~*?)
3 In(kb) In(kb)
~ - (4.77)
hl((l —791)/00) ln((l —00)/60)
=1 < 1
T ) S T T

Then one verifies readily that for ¢y € (1 — 6y, 1/3/2), we have v, € [1/3,1). In
view of (4.76]), we can write

v = kb — o (kb)™. (4.78)

Thus, by (£30),

1
Re(Tiwp) ~ —=—(kb)™", Im(T ) ~ 1/260(14:19)(70_1)/2,

2¢o (4.79)
| Tiko|® ~ 2¢0(kb)™ 1,
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which implies

1
Dip ~ 1? = = 4 (1 — e3)=——(kb)' ™
4 2|10 (4.80)

— k(1 +e7"260 (kb)) ~ —2¢0(1 + 7 ") (kb) ™.

By (4.67b]) and the Cauchy-Schwarz inequality,

(R B < L (. ]+ 1 (A6} -
’ .81
< TRl + 5 I + B o+
Then by and ,
(kb) ! [u(b)]* < exk?||ull + C((kb) I £I% + |h[*). (4.82)
Thus, we derive from that
V|2 + K2 [[ul%, + (ko) u@)* < C(I1£1% + |h[*). (4.83)
Therefore, we obtain from and .
(iii) If p = 5 € (U1, 7], we find from (4.30]) that
kb — \3/?+ O(k™Y3) < v < kb+ \3/?4— O(k~Y3). (4.84)

By (4.37),
Re(Tigm) ~ —c1(kb)™Y3, Tm(Tip) ~ Ga(kb) V2, | Tim|? ~ Es(kb)~2/3, (4.85)

where {¢;} are some positive constants independent of k,I. We can follow the

same procedure as for Case (ii) (but with o = 1/3) to derive

V' I? + K2 [JullZ + (k0)*2lu(®)|* < C(IIF1I% + [AI). (4.86)

Similarly, (4.66|) follows from (4.67al) and (4.86)).
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(iv) If p = 5 € (¥2,00), we find from (4.39) that Im(7; ) decays exponen-
tially with respect to [, so we cannot get a useful bound of |u(b)| from (4.67Db]).

We therefore consider two cases:
(a) v =Fkb+c5(kb)™ with 1/3 <~ <1; (b) v>nkb, (4.87)

for constant ¢ € (n—1,1/+/2) and 1 < n < 1+1/+/2. Here, we show that Case (a)
can cover p € (J9,7). Indeed, similar to ({4.76)-([4.77), we have p = 1 +&5(kb)" 71,

and

1 In(v26)  In(1+O((kb)=*?)

37 lu(kb) In(kb)
) ) (4.88)
In((J; —1)/c5) In((n —1)/c5)
=T am) . S T T

This implies if & € (n — 1,1/%/2) and 1 <7 < 1+ 1/v/2, then 1/3 < v, < 1 and
we can write v in the form of (a).

In the first case, we derive from (4.39) that

Re(Tire) ~ V285 (kD) =D/2 T |? ~ 265(kb) ",

(4.89)
Dl,k: ~ —265(81_1 — 1)(1{/‘())71-’_1,
where we recall that €; < 1. Noticing that
Billull® = K*[|ull%, = (B — K*0°)[Jul* = 0, (4.90)
and Re(7; 1) < 0, we deduce from (4.67al) that
— kb* Re(Tia)|u(b)|* < |Re(f, w)w| + b [Re(hu(b))). (4.91)
Using (4.89), (4.91)) and following the derivation of (4.81]), we can get
(kb)) u(b)* < esk?|ullZ, + C((k0)* HIFIZ + |h[*). (4.92)

We then derive from (4.71)) that

V| + B [lullZ, + (k0)  u(@)]* < C(If11Z + R[). (4.93)
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Thus, we derive (4.66|) for this case from (4.67al) and (4.93]).
In the second case of (4.87]), we observe from (|4.39)) that

2

v 9 v
Re(Tixp) ~ T | Ti o] ~ 25 (4.94)
which implies
2 1 by 272 _—1 2 -
Dy ~v _Z+(1_€3)\7|_kb — el v~ —Cg 3. (4.95)
Then, by (T97) and (L91),
Bilu(d)* < esBullull® + C(IIFIZ + hI?). (4.96)
We then derive from (4.71)) that
IVrd' |12+ k2l + Bilu®)? < C(IFI1% + 7). (4.97)

Finally, we obtain (4.66)) from (4.67al) and (4.97). O

Thanks to the above lemma and the orthogonality of SPH, one can easily
derive the following improved result, where a factor of k/? is removed from the

upper bound of [77, Thm. 3.1].

Theorem 4.2. Let U be the solution of (4.63). If F € L*(Q) and H € L*(9),

then we have

IVUlla + k[Ulle S [[1Flle + [[H 2(s): (4.98)

4.3 Estimates for Maxwell’s equations

In this section, we perform the wavenumber explicit a prior estimates for the
Maxwell’s equations —. The key is to employ a divergence-free vector
harmonic expansion of the fields and reduce the problem of interest into two
sequences of decoupled one-dimensional Helmholtz problems. This decoupling
not only leads to a more efficient numerical algorithm, but also greatly simplifies

its analysis.
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4.3.1 Dimension reduction via divergence-free VSH ex-
pansions

Let {Y;™} be the spherical harmonics, and {Y;"e,, VsV, T}" := Vs¥" x e,}

(where S is a unit spherical surface) be the vector spherical harmonics (see Section

[1.1). The divergence-free VSHs that we shall use are introduced in [I13], but it

appears that they are rarely discussed, if not at all, in mathematical literature.

Introduce the spaces
H(div; Q) = {E € L*(Q) : divE € L*(Q)},
H(curl; Q) = {E € (L*(Q))* : V x E € (L*(Q))*},
equipped the graph norm defined as in [35, P. 52], and
Ho (div; Q) = {E € H(div; Q) : divE = 0},
Hp (curl; Q) = {v € H(curl;Q2) : v X e,|,—, = 0}.

We have following important properties of solenoidal (or divergence-free) fields.

Proposition 4.1. For any E € (L*(Q))?, we expand it as

oo l
E = Ug,o Yoe, +3 Y {v{’fl T + vy, Y "e, +vg) VSY/”}, (4.99)
I=1 [m|=0

where we recall B =1(1 + 1) and
oy = B HE, T s, iy =(E.Y"e,)s, v§, =0 "(E,Vs¥")s.  (4.100)

If E € H(div"; Q), then we have

d 2 rido 2\ ,, m
<% + ;)Ug,o =0, @(dr + ;)Uz,l = U3, (4.101)
and we can write
[e%s) !
E=ulYe, +Y 3 {uly T+ V x (ugy TP}, (4.102)

=1 |m|=0
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where
o_ .0 _ ¢ m _ ,.m mo— Bl (4.103)
Uy = Vg = Uy = Vg, Uy = Py TV, .

with ¢ being an arbitrary constant.

Proof. Since div(v{; T7") = 0 (cf. (4.15))), we obtain from (4.196) and (4.17)-
ET) that

div E — (CZ 4 i)fugp STy {(;r £ 2)op = Pamlym w0y

=1 |m|=0 r r

Then the identities in (4.101)) follow from div E = 0 immediately.
Note that the equation of vgo in (4.101)) has the general solution: ng =c/r?.
To derive (4.102)) under (4.103)), it suffices to show that

BV x (rogy T7') = o5y Y "e, + vy, VY™ (4.105)
It follows from a direct calculation using (4.15]), that is,

BV x (rogy T7) = vy Yime, + By 10, (rvyy) VsY)™
(4.106)

L Y"e, + ﬁl<dr 2 Jop vy,
Therefore, the expansion (4.102)) is a direct consequence of (4.99), (4.101]) and

(E103). 0

Remark 4.1. Equivalently, we can reformulate (4.102)) as

00 l
E=u)Ye, +3 3 {ufy TP + dugy VY + ffugjl Ve, (4.107)

=1 |m|=0
which allows for exact imposition of the divergence-free condition. Such a VSH
expansion turns out to be a wvery useful analytic and numerical tool for e.g.,
Mazwell equations and Navier-Stokes equations in spherical geometry (cf. [4,

113, 13, [35)). O
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Recall that the capacity operator in (4.3]) is defined by (cf. [3, (5.3.88)]):
! { 0, h(l)(k:b) Y (kb)

:Z Z o7, T

(=1 =0 hY (kb) ah(l)( >¢Yz SYm} (4.108)

where hl(l) is the spherical Bessel function of the first kind (cf. [87]), and

0. h{V (kb) = (i + i)hl(l)(r) L (4.109)
The expansion coefficients {¢7, ¢} are associated with the expansion:
P = Esli—p = i | XZ:O {07 T + oy VsV, (4.110)
and given by
O =B (T g oy =B (@, VsY") . (4.111)

As F in (4.5) is a solenoidal field, we can expand it as (4.102) with the
coefficients f and {3, f51}. We also expand the data h € L7.(S) in (4.6) (the

space of tangential components) as
00 l
Z Z R T + By VsY™ (4.112)
=1 |m|=0

where the expansion coefficients are given by (4.111)) with h in place of ®.
Proposition 4.2. Denote

Uy = uy" , Ug = ug, ; f - fma f f 3
1 1,1 2 2,1 1 1, 2 — J21 (4.113)
hy =Ry, ho = k™ (Tow + (kb)) R,

for 1 > 1. Then the Mazwell’s equations ([.2)-(4.3) reduce to —k*ud = f, and

the following two sequences of one-dimensional problems:

- z(ru)—f-—u, Ku; = f;, r€l:=(a,b),
" (4.114)

u;(b) —kTigpui(b) =h;, =12,

but with different boundary conditions at r = a :

ui(a) =0, wuy(a) +a tug(a) = 0. (4.115)
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Proof. We first consider (4.2]). Recall that if divu = 0, then we have

VXV xu=—-Au. (4.116)

Using (£.14) and div(V x (fT}")) = 0, we derive from ([£.102)), (£.116) and (4.15)-
(.16 that

VXV x (u\T) = =Aul T) = —Li(uf) T},

(4.117)
VxVxVx(uhTy) ==V x (A, T7)) ==V x (Li(usy)TT"),

where

L 2d
dr?2  rdr rz

Therefore, by using the expansions (4.102)), we can reduce (4.2) to:

L (4.118)

- (El + ]{IQ)UJ(T) = f(?") for {w7 f} = {u??hflm,l} or {ug?h f;;}a (4119>
for [ > 1 and r € I. In addition, we have
—Ku)=f9 as Vx (u)Yle,) =V x (f)Ye,) =0, (4.120)

since E and F are solenoidal. This leads to the mode uj, so we only consider the
modes with [ > 1 and 0 < |m| < [. A direct calculation using (4.12)-(4.13)) and
(4.15)-(4.16|) leads to the reduction of the first boundary condition in (4.3):

- . d 1
ufy(a) =0, Owuzi(a) =0, where 0p:= -+ . (4.121)

We now turn to the DtN boundary condition (4.3)). By (4.102) and (4.117]),

VxE=Y §lj (v x (upTr) - Li(ugyy ) (4.122)

[=1 |m|=0

Again from (4.12)-(4.13) and (4.15))-(4.16|), we derive

(VxE)xer

’
r=b

[ee] l .
-5 5 (G + aogyver)

=1 |m|=0

o (4.123)
L= (T b Vs

[=1 |m|=0

Eg

T

r=b
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Then, by (4.108) and (|4.123|),

A~

L Och 1>(k;b)
h (kb)
i) (kD)

8. h{V (kb)

Consequently, by and , the DtN boundary condition (4.3]) reduces

to

UTI (b) T

(4.124)
EN@WW§

S om () k&h}”(kb)

oy’ ul,(b) = h7,, 4.125

11(0) 1 (kh) 11(0) = by, ( )
Y (kb)

L) () + k—L 2 9.ul (b) = hiY,. 4.126

1(uyy)(b) B0 (k) 51(b) = hy, ( )

By the equation (4.119)) (note: f33(b) = 0 as the source field is assumed to be
compact supported), we have £;(u})(b) = —k*u3}(b), so we can simplify (4.126])

as
e é AV (kb)

h W (kb)
This ends the derivation. O

hi. (4.127)

4.3.2 A priori estimates for {u", u3}
The weak form of (4.114)-(4.115) with i = 1 is to find u; € oH'(I) such that
By (u, w) = (fi,w)e + *hyw(b), Yw € oH(I), (4.128)
and the weak form of (4.114))-(4.115)) with i = 2 is to find v € H'(I) such that
By (us, w) — aus(a)iw(a) = (fo,w)e + b2how(b), Ywe HY(I),  (4.129)

where the bilinear form B} (-, -) is defined in (4.65)).

Observe that the weak form for w; is the same as that of the Helmholtz
equation in (4.65)), while differ from (4.128)) an extra term: —aus(a)w(a).
As a result, we can obtain the a priori estimates like Lemma by using the

same argument.
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Theorem 4.3. Let u; and us be solutions of (4.128)) and (4.129)), respectively.
If fi,fa € L*(A), then for all k > ko > 0 (for some fized constant ky), and

[1>1,0<|m| <, we have
[uil|Z + Billwil|? + K2 w2, S FIl% + hal? i =1,2. (4.130)

Proof. The estimates in Lemma [4.2] carry over to uy, so it suffices to consider
uy and deal with the extra term herein. Following the proof of Lemma [£.2] we
take two test functions: w = ws and w = 2(r — a)us, and note that the term
“—auy(a)w(a)” vanishes for the second test function. Thus, we only need to deal

with the contribution from this extra term as follows:
uyl|Z, + Billuzll + K [luzll2, — alus(a)]? S [l fallo + |hal. (4.131)
Using the Sobolev inequality (see, e.g., [47, (B.33)]), we obtain

1 1
alua(0)? < a2+ o= Juslually < a2+ ;= ) (uzll* + el -
4.132

3 1
<a 3(2 + m) (||U2||2w + Hu2||w||u/2||w)

where we used the simple inequality: v/ A% + B2 < |A|+|B|, and the fact @ /a* >
1. Thus,

1
alus(a)|* < 5||U’z||i + Cllusll2,. (4.133)
Thus, by (4.131f) and (4.133)),
1
5||Ué||i + Billual? + (1 — Ck ™) [Jua|lZ, S (| f201% + o] (4.134)
This leads to the desired estimate. O

It is important to point out that as the expansion in involves {@ugfl},
the direct use of Theorem [4.3]and the orthogonality of VSH only leads to an overly
pessimistic estimate: | E|q = O(1). However, the expected optimal estimate
should be || E|lq = O(k™'). In view of this, we next derive an “auxiliary” equation
of @ug’fl and apply the analysis similar to that for {u{’}l,ug’}l} in the previous

subsection.
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4.3.3 A priori estimates for J,uy)
Equation of érugfl

Denote

vy = Bugy /T = Bug/r, vz = Ovuny = Oz,  hy = —kSwho = hy',

. A (4.135)
92 := Bufay/r = Bifa/r, g3 = Orf3) = Or fo,
where the DtN kernel pertinent to (4.108)) is defined by
h(l) h(l) 1
Y — (|) _ _ L (#) — (4.136)

0 w) )+ () TR

for | > 1, k> 0. Recall that 7, is defined in (4.20).
From the equation of us in Proposition we can derive the following “aux-

iliary” equation.

Proposition 4.3. Let v3 = 5?Tu2. Then we have

By 2

Lo 2
_ﬁ(r U;’))/—i_ﬁv?)_k U3_ﬁv2 = U3, TGI, (4137)
vs(a) =0, v5(b) — k(Spm — (kb) ") vs(b) — b va(b) = hy-.
Alternatively, we can replace the boundary condition at r = b in (4.137) by

hy  hy

1(0) — T gy () = - 4138
/03( ) b UQ( ) kal,kb b ’ ( )
where
kb 1 k20 Ti ko 1
=1-—(1-—)=1- — {1+ ==+ —. 4.139
oLk By ( kal,kb) B < * kb * k2b2> ( )

Proof. One verifies readily that

~

D03 = @(@ug) = r2(rfuy),

so by (4.114)),

— éﬂ)g + %Ug — kQUQ = fQ, rel. (4140)
r
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Acting d, on both sides of the above equation, we obtain the first equation in
by a direct calculation. Since v3(a) = &ug(a), the boundary condition
vs(a) = 0 is a direct consequence of (4.115). Noting that u(b) = vs(b) — u2(b)/b,
we obtain from and the boundary condition in that

U/2(b) + : Ug(b) = 77}12 = ——. (4141)
Taking r = b in (4.140) (note: fa(b) = 0), we obtain
up(b) = —k2(v5(b) + b v3(b) — b~ wa(b)). (4.142)

Inserting (4.142)) into (4.141)) yields the boundary condition at r = b in (4.137)).
The alternative boundary condition (4.138) can be obtained by eliminating

v3(b) in (4.137). More precisely, solving out v3(b) from (4.141)), and using the fact
ug(b) = buy(b)/ i, we can obtain (4.138)-(4.139) from (4.137)). ]

Properties of the DtN kernel S,

By (4.136)), we have that for integer [ > 1 and real x > 0,

Re(T.) + k1

Re(S,,) = — : , 4143

o(8) =~ Re{Tr) + w1 + (7o) (4.143)
Im(ﬁﬂ)
Im(S,,.) = : , 4.143b
m(Sin) = Re(Tr) + )2 + (T2 (4.143b)
which, together with (4.24]), implies

Re(S;.) >0, Im(S,.) >0, for [>1, k>0. (4.144)

In Figure [1.2] we depict the graphs of Re(S;,.) and Im(S),) for various samples
(I, k) € [0,120] x [1,100], which shows a quite different behaviour, compared with
that of 7;, in Figure 4.1]

Thanks to and the estimates in Theorem , we can analyze the

behaviour of & .
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40
120

(b) Im(SL,@)

(a) Re(Syx)

Figure 4.2: Graphs of real and imaginary parts of S, for various (/,x) € [0,120] x

[1,100].

Theorem 4.4. Let 6y,791,05 and kg be defined as before. Denote v =1+1/2 and

p =v/k. Then for any k > Ko,

Re(S0) ~ St Im(Sy.) ~ S/, VI>1, (4.145)

where

(i) for p=v/k € (0,6,),

SRzi( P )2, Sho= . (4.146)

(ii) for p=v/k € [0y, V1],

1 1 1
SR,.; _ 1+ , In = ; 4.147
b 40(1—p)f<a( 2(1 - )) " 2p(1 = p) 1
(iii) for p=v/k € (V1,72),
1 /v\1/3 V3 v\ 13
R _ * (V R I _ V2 (2 I .14
S 401(2) A7), Sie 401(2) H(®), (4.148)
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where t = —/2 (k — v) /v (note: |t| < 1), and

HR(T,) L ]_ + QClt + CQt2
1= 2c1t + (46 + o /212 + crcotd 4 Bt /4
1-— 26175
Hl(t) = — 3 2 3 244 )
1 —2¢qt 4 (4cf + co/2)t2 + creot3 + c5t4 /4

with c1, ¢y given by (4.38));

(iv) for p=v/k € [¥3,00),

st = (1 (14 )
be P —1 26/ p? — 1 p2—1/7

Sf—e_m(w (1))
MRV AV DR v

where W 1s defined in (4.40)).

Proof. Case (i) p=v/k € (0,6y). By (4.143) and (4.35)),
2 2 2
P 1-p Pl
RelSie) ~ S T s w2t " o (T )
(1—p*)V1—p? 1

Im(S;,.) ~ )
m(Si) (1 —p?)3 4+ 4x—2pt 1—p?

This leads to (4.146)).
Case (ii) p=v/k € [0y,V]. By (4.143)) and (4.36)),

1
Re(Sin) ~ %<1 o= p/\aet Taa =y
R )
and
2p(1 —p) 1

Im(S; ) ~ - ’
(Six) ﬁ<1+#)2+2p(1—P) 2p(1—p)

2(1-p)

so (4.147)) follows.

(4.149)

(4.150)

(4.151)

L) (04 20— p)
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Case (iii) p = v/k € (Vh,92). By ((.143) and (4.37),
V2/v(er +263t+ (1 - 16c§)t2) —1/(2k)

Re(Sl,,{)
(¢2/v(er + 23t + 5(1 = 1663)12) — 1/(2r))° + (¢2/vv/3erp(1 = 2e4t))
1 (u>1/3 1+ 2¢1t + cot?
€1 \2 (14 2c1t + cot?)? + 3p%(1 — 2¢4)?
1 (u)1/3 1+ 2¢1t + cot?
C1 2 (1 -+ cht + C2t2)2 + 3(1 — 2Clt)2

1 (V>1/3 1 4 2¢1t + cot?
2/ 1 =2c1t + (43 + c2/2)t% + cro9t® + 3t4 /4
where ¢y = (1 — 16¢3)/(2¢1) ~ 0.3088. In the above derivation, we dropped the
term —1/(2k), and used the factor p ~ 1.
Similarly, we can derive

\/3(1/

1-— 201t
461

1/3
i) ~ ) .
m(Six) 2/ 1 —=2c1t + (4¢3 + co/2)t? + cr09t3 + C3t1/4

Thus, we obtain (4.148)).

Case (iv) p = v/k € [U3,00). Noticing from (4.39) that Im(7;,) is exponen-
tially small in this range, we obtain from (4.143]) and (4.39)) that

Re(Sx) ~ (\/pi_l_;,i( 2 _1)>

1 1 1 -1
D Uy { U d)

~ \/,%(1 + 2%\/%(1+ p21— 1>)’

and

—2vV¥ 1

e 1 —2
7= =t )
p2—1( 260/ p? — 1 +p2—1

Im(Slﬁ) ~

6—21/\1! 1 1
~ (14 55))
N AN A G
where we used (1 —y)™ ' ~ 14y, (1 —y) 2 ~ 1+ 2y for y ~ 0. This ends the
proof. O]
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Remark 4.2. We plot in Figure the graphs of two functions (solid lines) and
their first-order derivatives (dashed line) in (4.149). In fact, a direct calculation

leads to

iHR(t) _ 8(4ey + cot) (=2 + deyt + 4cH? + 209t + 1ot + cAtY)

dt (4 — 8eqt + 16¢3t2 + 20912 + 4deyeat® + 3t4)? ’
iHl(t) _ 8t(—16¢% — 2¢y + 163t — 4cycat + 8cieat? — 2022 + 3c1c3t3)
dt (4 — 8eqt + 16¢3t2 + 2¢9t2 + 4dejeat? + 3t4)?

One verifies that

min{ H*(t)} = H*(t = —1) =~ 0.2493, max{H"(t)} = H"(t ~ 0.8004) ~ 1.9291,
min{H'(t)} = H'(t = 1) ~ 0.2479, max{H'(t)} = H'(t =0) = 1.

Thus, we roughly have 0.2493 < HT(t) < 1.9291 and 0.2479 < HI(t) < 1. O

(b) H'(t) & d H'(t)

Figure 4.3: Graphs of (a) H®(t) and 4 H%(t) (dashed line), and (b) H!(¢) and 4 H (%)
(dashed line) for [¢] < 1.

A weak form of (4.137)) is to find v3 € gH'(A) such that

By (vs, w) == (v}, ') + Bi(vs, w) — k2(vs, w)
= bug(b)w(b) + 2(va, w) + b*hyw(b) + (g3, W) (4.152)
+ kb (Syp — (kb)) v3(b)w(b), Vw € oH'(A),
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150

(a) Re(S;,x) vs Sﬁﬁ (b) Im(S;,x) vs SlI,H

Figure 4.4: (a) Re(S;) (solid line) against Sﬁn; (b) Im(S;,) (solid line) against Sl{ﬁ
with k£ = 30,50,70,90 (note: “+” for p = v/k € (0,6p), “0” for p € [0p, 1], “o” for
p € (V1,02) and “x” for p € 92, 00)).

where @ = r? Alternatively, we can use the equivalent boundary condition

(4.138)-(4.139)), and modify (4.152)) as: find v3 € oH'(A) such that

By (vs, w) 1= (v}, ') + Bi(vs, w) — k(v3, W) = b0y 02 (b (b)
(4.153)
hy w(b), Vw e H' A).
k St b

Theorem 4.5. Let 0y and {9;}?_, be the same as in (4.27)-(4.28)). If g2, g3 €
L3(A), then we have that for all k > ko > 0 (for some fized constant ky), and
1>1,0<|m| <1,

+ 2(vg, w) + (g3, W) + b*

1 B?
0411 + Bules -+ K202 < O 5 w2+ gl ) +C (1 5 i, (415
where C' is a generic positive constant independent of k,l, m and vs, and

17 if p= V/(kb) S (0790] U (192700)7
Crp=0C (4.155)
(kD). if p = v/ (kb) € (60, 02).
Note that for p € (0y, 2], we have p = 1+&(kb)™ orv =1+1/2 = kb+&(kb) ™1,
for 1/3 <~ < 1, and some constant §.
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Proof. Taking w = vs in (4.152)), we obtain

lvsll% + Bullvos|l* — K*[lvslZ, — kb Re(Syan)[vs(b)]” + blus(b)|* (4.1562)
. a
= bRe(Ug(b)l_}g(b)) + 2R6<U2, 'Ug) + b2 Re(hyﬁg(b)) + Re(gg, ’Ug)w,

—kb* Im(Sy k) |v3(D) |7 =bIm(va(b)v3(b)) + 2Im(vg, v3) (4.156)
+ b% Im(hy 03(b)) + Im(gs, v3) o

Next taking w = 2(r — a)vj in ([4.152)), and following the derivation of (4.68)-
(4.69), we can obtain
PITIAE + (BT + Dles®) + 2all vl + 28 [ [1 = g redr
= (K*V*|I| + kb® Re(Sy)) |vs(b)]* + 2Re(va, v3) + Re(gs, v3)w
+ D Re(vy(b)T3()) + b* Re(hyts(b)) + 2b|T| Re(v2(b)v4 (b)) (4.157)
+ 2b°|I| Re(hy 05(b)) + 4 Re(v, (r — a)vy) + 2Re(gs, (r — a)v§)w
+ 2kb*[T[Re {(Spr — (kb)~H)us(v)T5(D)}
Then we can derive the estimate similar to (4.71)) (by noting that Sk, — (kb)™*
should be in place of T 4, and the term of the left endpoint r = a is not involved):
b1 (0)* + Dul1[Jvs(D)[* + allVrvg||* + K2 lus| |5, (4.158)
< C(llvall% + [o2(0) + llgsllZ, + [y [?),

where
Dy = — (1= e3)[I| 7 kb” Re(Sp) — K20*(1+ &7 Siw — (kb)—l(z). (4.159)

Thus, it remains to bound the term Dy |I||v3(b)]* (note: it is negative for some
range of [), and to estimate the terms of vy by using that of uy in Theorem 4.3
and its proof. Following the proof of Theorem we proceed with several cases.

(i) Ifp= 5 € (0,0 for fixed 0 < 0y < 1, we find from that both
kbRe(S; k) and Im(S; k) behave like constants. Thus, from , we can
obtain the bound like :

K28 [og(0)? < kol + C(uall? + [oa ) + llgslZ + [y[?).  (4.160)
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Noting from and that
Dy, ~ B — CK*V?, (4.161)
we infer from that
b 11w (0)* + Bul||vs(0)[* + allV/rvs||* + k2 [lus]I5,
< O([vall%, + loa(®)]* + llgallZ + [y ]?).
Recall from that hy = —hy /(k Si), uz = 73 'vg and fo = 1B, ' go. Then
by ([4.79),

1 32 1 32
2 2 2 l 2 2 l 2
JoallZ + e20) < C(5lanl% + el ) < O( S ol + gl ). (4163)

(4.162)

Thus, using (4.156a)), (4.160)), (4.162), (4.163)) and the Cauchy-Schwarz inequality,
we can obtain the desired estimate (4.154)).

(ii) If p = 5 € [0o, V1], we start with (4.78), and find from (4.147)) that

1 1
— (kb)) ~ 5 (kb)1 720, 1 ~ Jeb)1=0)/2 4.164
Re(Syu — (kb)) 863( )0, I (Si) \/ﬁ( ) , (4.164)
where 1/3 <~y < 1. Thus, we have from (4.161))-(4.164)) implies
Dyj ~ —C(kb)* 0. (4.165)

As with (4.80)-(4.82)), we can derive
(KDY [os (B) < eR®[fosll?, + C((RB) 0 ((leal + llgsl12) + () ? + [y ?).
Therefore, we have
VT2 + K s]12 + (kB)* o (5)
(4.166)
< (kD) (foall2, + lgsll%) + [ea(0)? + [y ).

Like (4.163)), we derive from (4.83)) (note: hy = —hy /(k Si), uz = 78 ‘v and
fo = 1B g2) and (4.164)) that
1

el + s (0) 2 < (s loe
fl=0

C

-

52
2+ 2 ihvl?)
(4.167)

62
lga)2, + L 1hy )

IA
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Thus, as with the previous case, we can obtain the desired estimate.

(iii) If p = % € (¥1,03), we have the range of . Using (4.148] m
we can actually ShOW that in this range the bound is the same as with
Yo = 1/3 :

VUl + K [los]|Z + (kb)* o3 (b) 2

(4.168)
< (B (ol + lgsl2) + o + [y [?).

Similarly, we can bound the terms involving vy by (4.167)) with vy = 1/3.

(iv) If p = & € [U3,00), we find from (4.151) that Im(S; k) decays expo-
nentially with respect to I. However, since Re(S;x — (kb)™1) > 0, we do not
have (4.91)) to bound the term D;|I||v3(b)|? (note: Dy < 0), as opposite to the

estimate of uy in Theorem For this purpose, we use the equivalent boundary

condition (4.138))-(4.139). Correspondingly, we modify the weak form (4.152)) as

(v, W) + Bi(v3, W) — k*(v3, W) = boy gpv2(b)w(b) + 2(va, w)
hy (4.169)

+ (g3, W) + b7 w(b), Yw e H (A).
kSl,kb

Taking w = v3 in (4.169)),

05112, + Billvs)|® — k||vs||Z, = bRe(ou v2(b)v3(b))
(4.170)

h
+ Re<g37 U3)w + 2Re(7)2, Ug) =+ b2Re<k8§/kb@3(b))>

Next taking w = 2(r — a)v} and following the same procedure in deriving (4.68))-
(4.69), we have
O[Ty (D) + (Br — K2%)[I]]vs (B)[* + 2allv/roy||*
b
2 [ (1= L) jusfrdr = 201 [Re{on v2(0)35(0)} + 2Re(v, )
a T

(4.171)
+ 4 Re(vg, (r — a)vy) + bRe{oykv2(b)3(b) } + 2Re(gs, (1 — a)vh)w

= %(b)) + 0*Re( kgkbag(b)).

+ Re(gs, v3)w + 2b2|I\Re(
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Using the Cauchy-Schwarz inequality, we can derive
[o3(0)* + (B = K26*) o5 (0)* + [[V/rvs||* + K2[|vs12

< Clowl2(1+ (8 = BB ) o) + el + leelZ (a.172)
1
—(1 — 203 Y)|hy |
We first consider the range (a) in (4.87)), i.e., v ~ kb+¢5(kb)" for 1/3 < v < 1
and some constant ¢; > 0. From (4.139) and (4.150|), one verifies

ﬂl — k2b2 ~ 255(kb)1+71, |Ul,kb’ ~ 255(]6[7)7171
1 (4.173)

265 (kb)n—1
Then we obtain from (4.172))-(4.173)) that

Bloal?, < Ok D oa(B)2 + [[oall2 + llgsl?, + (k) C+ W]y [?).  (4.174)

St.en| ~ [Re(Sprs)| ~

Recalling that hy = —hy /(kSim),u2 = 768 vy and fo = 76; 'g2, we have from

(4.93) and (4.173]) that
_ 1 8?
[va]|2, + (k)2 Vuy (b)|* < C’(ﬁngszU + k—ilhyl2>. (4.175)
As vy € oH'(I), one verifies readily that
b
05 < [ o5 ldr < Clleglo (4.176)

Thus, using (4.170) and the Cauchy-Schwarz inequality, we can obtain the same
upper bound as ([£.174)) for [[v5]|2 + Bi|lvs||®. This leads to the desired estimate
for this case.

We then consider the range (b) in (4.87), i.e., v > nkb with n > 1. Once

again, from (4.139)) and (4.150)), we get

kb
|Siiol ~ [Re(Sipp)| ~ ——=5, lowm| ~1—1"" (4.177)
vy/1—mn
It is evident that

Billvs]|* = K*[lvs|l% = (B — k*6%) Jus[* = Bi(1 = n~*)[Jus]” (4.178)
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Using the Cauchy-Schwarz inequality, and (4.176))-(4.178]), we have from (4.170))
that

012 + Bullesl” < O(ea®) + 57 ool + 67 NasllZ + Doy ). (4179

Then by (4.66), ([£.97) and the fact that hy = —hy /(kSiu), ua = 78 ‘v, and
fo=18"g2,

a0 + B el < (Lol + g ). (4.180)

Y <k
Then we can derive the desired estimates. O
Remark 4.3. [t is seen from (4.130) that ||uylle = O(1), while by (4.154),
|uhlle = O(k™\/Cix) by noting that vz = O, 1us. 0

4.4  Main result on a priori estimates of E

Now, we are in a position to derive a prior estimates for the Maxwell’s equations.
A weak form of (4.2)-(4.3) is to find E € V := Hy(curl; Q) NHy(div; Q) such that
B(E,¥):= (VX EVxW), —k(E¥) —ikb*(FEs, ¥s), (4.181)
= (F,®),+0*(h, W), , VEEV.
Its well-posedness can be established using the property: Re(ZEgs, Es)s > 0
(see, e.g., Nédélec [3, Chapter 5] and Monk [35, Chapter 10]).
By [3 (5.3.47)], the surface divergence of h (with the expansion (4.112))) can

be expressed as

00 ! 00 l
divsh == > Bh Y, so |divsh|jzg = > 5E\h’;l ‘. (4.182)

=1 |m|=0 =1 |m|=0
Theorem 4.6. Let E be the solution to [£.181). If F € L*(Q), h € L3(S) and
divsg h € L*(S), then we have E € Hy(curl; Q) and

IV x Ellq + k| Ella < C(K'?|[Flla+ |kl + k2 |divsh]rs),  (4.183)

for all k > ko > 0 (ko is some positive constant), and C is a positive constant

independent of k and any function.
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Proof. With the notation in (4.135)), we can rewrite the field E in (4.107)) as

00 l
E=uwYe,+> Y {u’f‘l T +wvy Y"e, + vy VgY}m}, (4.184)

=1 |m|=0

where we recall (cf. Proposition 4.2): —k%u) = fQ. Thus, by the orthogonality

and (11),
00 l
VBN = 2+ 3 A2 + 60 Mgl + logil2 ). (4.185)

=1 |m|=0

Working out V x E via (4.184)) and (4.15])-(4.16)), we obtain from (4.11)) that

- : N ,m m m A4 ml?
IV x BIG =3 Y a{Idil, + Bl + e/ — o), (4156)
=1 |m|=0

Noting that 6, + 2 < 24, (as f; > 2), and

101 < 2(] ()

we obtain from (|4.185) m that
[e'e] l
IV x B+ BIEE < 012 + 5 3 AL2010) 12 + Glltl?) + k2l 2,)

2
o ladall?),

=1 |m|=0
o) l
£33 A {2MgP + R
=1 |m|=0
[e's) l
33 BRI + Iogl®) + Rz )
=1 |m|=0

Similarly, using the orthogonality of VSH, we have

o) l
VIR = 1502 + D2 S0 A, + 67 a2 + g5l ).
[=1 |m|=0

(4.187)

o) l
IRlZ2s =D D @ﬂh?lfﬂhgl‘g}-

I=1 |m|=0

Recall from (4.135) that h3 = —h;’fl/(k Slkb),u;’fl = rﬁflvgfl and f3} = rﬁflggfl.
Then by Theorem [4.3] with i = 2,

losall® + &8 HogillZ < C{8; lggill% + kB2 1Ry P (4.188)
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where we use the fact |S) x|~ < Cf,/k? for all the ranges of I, k in the proof of

Theorem [1.5] We further derive from Theorems and (4.188) that

00 l
- m |2
IV x Bl +KIBIE < k2812 + X Y Bz + mrf*)

I=1|m|=0

[e%S) l
10 Y B{A galZ + k5N

1=1 |m|=0

00 l
£33 {8 gl + llgal2) + O (L + k87 g ).

=1 |m|=0

Finally, the desired estimate follows from (4.182)), (4.187]) and the above. n

4.5 Spectral-Galerkin approximation

In this section, we consider the analysis of spectral-Galerkin approximation to

(4.181)). We look for the approximation of E in the form

L l
By = ke + 3 Y {ul Ty £V < (T}, (1189

=1 |m|=0

N N . :
where u ;" := ul¥ and uy;" := u} are respectively the solutions of the spectral-

Galerkin schemes:

(i) Find uy € Py := oH'(I) N Py (where Py is the space of polynomials of
degree at most V) such that

B (u), ¢) = (f1,0)w + b*h1o(b), V¢ € oPy, (4.190)
(ii) Find u) € Py such that
B (uy 1) — auy (a)y(a) = (fo, ¥)w + D*hotb(b), Vb € Py.  (4.191)

Here, the bilinear forms B} is defined in (4.65)). It is evident that by Proposi-
tion , the expansion in (4.189)) preserves the divergence-free property of the

continuous field.
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Theorem 4.7. Theorem hold when v, ud are in place of uy,uy in (4.130)),

respectively.

Remark 4.4. The algorithm in the recent work [112] was based on VSH expan-
sion in [3], so the divergence-free condition could only be fulfilled approximately.
Moreover, one had to deal three components where two were coupled. In a nut-

shell, the above algorithm is much more efficient. ]

4.5.1 Error estimates

As before, we start with the schemes (4.190))-(4.191]) in one dimension. To describe

the errors more precisely, we introduce the weighted Sobolev space

-1

X°(D) = {fue L) : [r—a)b—r)Tu® € 1°(1), 1< 1< s}, seN,
with the norm and semi-norm

wen = ([lull? + lz i —a)o— r)]l?u“)HQ)I/Q,
=1

s—1

[ulxs(ry = H[(T —a)(b—r)]2 u®.

[l

Following the proof of [77, Thm 4.2] (but using the improved estimates in Theo-
rem {4.3]), we have the following error estimate for the scheme (4.190)).

Lemma 4.3. Let u; and ulY be the solution of ([4.128)) and (4.190)), respectively,
and define eft = uy —uf. If uy € oH'(I) N X*(I) with integer s > 1, then for all

k > ko (where ko is a certain constant), we have

(s

_+VBlew + e lle S (VB RRNTYN  lug ey, (4192)
where B = (I + 1) and @ = r? as before.

Now, we turn to (4.191]). Consider the orthogonal projection 7y : H'(I) —
Pn defined by

((myv—v),¢')_+ (mpv—v,¢)_ =0, Vo€ Py. (4.193)
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Noting that the weight function w is uniformly bounded below and above, we

follow the argument in [47, Ch. 3], and derive the following estimate.

Lemma 4.4. For any v € X°(I) with s € N, we have

(7w — ) [lw + Nllwhv = vllo < N |olxe(n)- (4.194)

~

Lemma 4.5. Let uy and ub be the solution of (4.129) and (4.191)), respectively,
and define €y} = ug — ud. If uy € X*(A) with s € N, then for all k > ko (where
ko is a certain constant), then the estimate (4.192)) holds when us and €3} are in

place of uy and €}, respectively.

Proof. Let en = uév—ﬁ]lvm and €y = us —W}VUQ. Then ey} = éy —én. By (4.129))
and (4.191)),
Bi" (e}, ) — aey (a)y(a) =
=B"(én, ) — aéN(a)LE(a) —B"(én, ) + aén(a )1&( ), Vo € Py.
Thus, by (4.193)),

By (éx,v) — aén(a)i(a) = B"(Ex, ) — aén(a)i(a)
= Buen, ¥) — (K + 1)(en, ) — aén(a)d(a) (4.195)
— kU T wén(b)1(b), Vo € Py.
Compared with the analysis for , the only difference is the presence of
the extra term “—aéy(a)i(a)”, which is akin to the situation in the proof of

Theorem [£.3] We omit the details, as one can refer to the proofs of [77, Thm 4.2]
and Theorem (4.3 O

We now estimate the error between the electric field and its spectral ap-
proximation in m We first introduce suitable functional spaces to
characterize the regularlty of the electric field. For any E € L*(f), we write

E =v3,(r)Yye, + Z Z {7y (r) T + 03 (r) Y™ e, + viy(r) VsY,™}. (4.196)

=1 |m|=0
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We introduce the anisotropic Sobolev space H'(S; H: (I)) for t > 0 and integer
s > 0, equipped with the norm:

2
HE (1)

0o l
TR DI D aa (541
=1 |m|=0
1
2
2
Hé(f)}) :

Note that H°(S; H (I)) = L*(Q). Here, we are interested in the divergence-free
fields. In this case, like Proposition [1.1] we can rewrite E € Hy(curl; Q) in the

VE s ) = (uv;{ol
(4.197)

_ 2
+ B ey o + 053

divergence-free form:
0 l
c
E = ﬁYooer 33 {uly () TP+ V x (ufy(r) T}, (4.198)
=1 |m|=0
where ¢ is an arbitrary constant, and for [ > 1,

vy (r) = uy(r), vyy(r) = —ugyy(r), v3i(r) = (cZ" + i)u?z(T) (4.199)

Note that we can substitute (4.199) into (4.197)) to express the norm in (4.197))

3 m m
in terms of {u", uy}.

Theorem 4.8. If E € Hy(curl; Q) N L*(S; H: (1)) N H*(S; L% (1)) with s € N,
then

IE — Eylle < (1+ &' N)(L+ kNN

Bl

L?(S;Hg, (1))

(4.200)
L EHHS(S;L%(I))’
for all k > ko with kg being a positive constant.
Proof. By (4.102]) and (4.189)),
!
E—Ey=3 3 {(ul—w") T +V x ((ug — up") T7")}
= mi=0 (4.201)

o) l
+ Z Z {uTlT}“—kV X (U?IT?>} = 8+ 85,

I=L+1 |m|=0
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where S5 counts the error from truncating the VSH series. It is clear that by the

orthogonality of VSH, and (| m,

00 l 9
18208 = > D2 B{llufyllz + || Ovusy||_ + Billuzy]*}

I=L+1 |m|=0 (4.202)
< 1| E|
- HHS(S;L?W(I))'

Next, by (4.185]), Lemma , Lemma and (4.199),

L 1
IS:l5 537 > 8 B Il — 312
m N,m\/
+ H<u2,l —uy") "‘BZH%I ) H }
L 1 N2 2 g ) (4.203)
SZ Z 51( B+ k°NT ) k—2N=T S‘“szs(z)
=1 |m|=0
L 1 )
+ Z Z ,Bl( /Bl + ]f2N_1> N_28|U;7:Ll §§S+1(I)'
=1 |m|=0
By (4.199) and a direct calculation,
\Ugfl §g8+1(1) S Haﬁﬂug?zH%?(I) = H@ﬁ(&«ug‘l) - 3f(“3?z/7“)H%2(1)
S 1070wz 2y + 1107 (ugy /)1 (4.204)

= l0pvgillzacy + B2 197 vgil 72y

As the weight w is uniformly bounded below and above for r € (a,b), we derive

from (197, (199) and (F205)-(F209) that

< -1 2 A7—1\ AT—$
1S1]le S (A +,kIN)(L + kNN E\ S (4.205)
A combination of (4.202]) and (4.205]) leads to the desired estimate. n

Remark 4.5. Note that the estimate in (4.200)) is in the L*-norm, not in the

usual energy norm. For the continuous problem, we were able to obtain the bound

for the energy norm through a further estimate oférugfl i Subsection|4.3.5. How-

ever, this approach does not carry over to the discrete problem, as the second test

function does not belong to the finite dimensional space for the spectral-Galerkin
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approzimation of (4.152)). We shall derive below a sub-optimal error estimate in
the energy norm through a different approach. O]

In what follows, we will derive a bound for the error V x (E — E%).

Theorem 4.9. If E € L*(S;H: (1)) N H*Y(S; HL(I)) N H*(S; L2 (I)) with
s > 3, then

[V x (B - Ejg)Hw,Q S LBl sy + 1B s 522, }
E|

(4.206)
+ (N+ (1 + AN L+ AN )N
for all k > ko with ko being a positive constant, where w = (b —r)(r — a).

L*(S;Hg ()’

Proof. For notational convenience, let e;; = u; — uf\;m(z = 1,2). By (4.201)),
ETT) and (E16)-(CT5).

Hv x (E — Ef,)”

2
w,)

L l
<D0 >0 B{llroen i + Billem s + IrLuep)IE

=1 |m|=0

e l
+ 3 Bllroal + Bl 2 + L) |2} = Ti+ To.

=L+1 |m|:0

We first estimate T5. It is clear that by (4.197) and (4.199)),

(4.207)

Irdall, + Billgills, S Tl oy + BTl o
IrLaCag) B = 82 — Bl = g, — oty (4208
= [rdg = vl S Wil oy + el o,

so we have

00 l
< > > 51{“’0717}1”%{;(1) + HUZLIH%;(I) + va?l”l%[}z(])}
I=L+1 |m|=0

0 l
m 4.209
+ > > Bl ( )

I=L+1 ‘m‘:o

S B B v smrn iy + VB (502 1)) -
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We next turn to estimating 7). We see that it is necessary to obtain H>*-
estimate of e;2. To simplify the notation, we will drop [, m from the notations if
no confusion may arise. Taking v = w(r)éy (€ Py) with w(r) = (r —a)(b—r) in
(4.195)), and using integration by parts, we obtain

By (e, wély) = —((r2ely ), wély) + fulen, wély) — ke, wé)

(4.210)
= 51(5]\/,11)4@3/\7) — (k‘2 + 1)(T2éN, wé’](,)

Using integration by parts again, we derive from a direct calculation that

— Re((r*ey), wel) = —|rél |2 — 2Re(réy, wey)
b
= el + [ e P rwydr;
a
b
Re(en, wél) = —||&y|2 — Re / Endyw'dr
a

I

—i-f/ |en [Pw" dr

a 2 Ja

(len(@)* + len(0)?) = llenll;

b 1 0

L= | lenP ) ar

1 rb
(@lex(@P +0en®)F) = 5 [ lexl02w)ar,

. L.
=~ - Slenfw

b—a

= —llell +

. N . 1,
— Re(r’ey, wey) = [Jréy 2, + §|€N|2(7”ZW)'
b—a
2

— el -
and further by the Cauchy-Schwartz inequality,
~ N/ b ~ \/||A 1 ~ 2 1 ~ \/[2
|(en, wey)| < /a (wew)llenldr < Sllén]”™ + 5l (wen)'|
1. - -
< §||€§v||2 +e(llen? + llev]1?);
2~ N b2~/A/ 1A212~/2
e wel)| < [ 16Pwen)lleldr < SIey? + S wen) |
1. . .
< sllevl”+ c(llex]? + lleyl®).

Thus, we obtain from (4.210) and the above estimates that

Ireflls < (B + kz)(HéN||12H1(1) + ||5N||§{1(1))- (4.211)
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Recall that éy = uév — ThUg, EN = Uy — ThUz and eif = éy — éy, so we derive
from Lemma .3 and Lemma [4.5] that
I (e2)" 1% < Nlr@n)" 1% + (B + k) (e gy + lenFn )
< N ua = mhun) |12 + (B + K2 (VB + KN 12N 2wy

Xs+1(I)

(4.212)

In order to estimate ||(uy —myuz)"||?, we need to use the orthogonal projection
2 ¢ H*(I) — Py, and recall its approximation result (cf. [47, Ch. 4]): for any

v e X(I),
720 — Ollgey S NP |olssry,  p=0,1,2, s>2. (4.213)

Applying the inverse inequality (cf. [47, Thm 3.33]) and the above approximation

result , we obtain

I(myv = mj0)" | S NJl(myw — mjo) || £ NPJw

xs(I), S 2> 2.
Therefore, we have

[(myv =)' < (myv — 7)" || + (v = 730)" | S NP~
From and , we have

1(ex) 112, < {N*+ (B + k) (VB + kN2 N2 uy

Xs+1([) .

. (4.214)

(4.215)

Now, we are ready to estimate 77 in (4.207). Using Lemma we obtain

lrLi(ep)ll < M) ll% + BEllenmll?
SN+ (B + ) (VB + BN }Nds’ugfl@wl(z)-
Therefore, we derive from Lemma [4.3] (4.216) and ([4.204)),

I
S B(VB+ k‘QN_l)zNQ_QSWTz ()
m|=0

I

- 4217
33 (N B BB+ BN TN By, (2L

I=1 |m|=0
5 9 _9 2 —1\2 2—2s 2
SN+ (L+ KN 7?)(L+ K°N7'?IN E’LQ(S;H;U))'

A combination of (4.207)), (4.209)) and (4.217)) leads to the desired estimate. [

(4.216)

™=

AR

=1
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4.6 General scatterers through transformed field
expansion

We consider now a general scatterer enclosed by
D={(r,0,¢) : 0<r<a+g(0,¢), 00,7, ¢€[0,2m)},

for some a > 0 and given g. Let us choose the radius b of the artificial spherical
boundary such that b > maxy 4,{a+g(0, ¢)}, and consider the Maxwell’s equations
([E2)-([E3) in the domain Q = {a+g(0, ) < r < b}. An effective approach to deal
with scattering problems in general domains with moderately large wave numbers
is the so-called transformed field expansion [84]. It has been successfully applied
to various situations, including in particular acoustic scattering problems in 2-D
[118] and 3-D [119].

In our recent work [I12], we applied the TFE approch to the Maxwell’s equa-
tion (4.2)-(.3) in Q). We outline below the essential steps of this approach, and

refer to [112] for more details.

e The first step is to transform the general domain ) = {a+g <r <b}to
the spherical shell Q = {a <’ < b} in (4.4 with the change of variables:

o (b—a)r—bg(0, ¢), 0 =0, &= (4.218)

b—a—yg(0,¢)
With this change of variable, the Maxwell’s equation ([&2)-(&3) in Q is
transformed to a Maxwell’s equation in 2 which can still be written in the
form (4.2))-([4.3) with the understanding that all new terms (induced by the
transform) are included in F' and h (cf. [112, (3.6)]). With a slight abuse of

notation, we shall still use r to denote " and the same notations to denote

the transformed functions.

e The second step is to assume g(0, ¢) = e€f (0, ») and expand the solution E
n e

E(r,0,¢) = i E, (r,0,0)". (4.219)
n=0
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Similarly, we can expand F' (the original source function) and h as

F(r,0,¢) = Z Fo(r,0,6)", h(0,¢) = i b (60, 6)e". (4.220)
n=0

One can then derive a recursion formula for E,, (for n > 0):

VxVxXE,—kE,=F,+G,, in (4.221)
E, xe. =0, at r=a; (4.222)
(V x E,) x e, —ikZ[(E,)s] = hy, at r=b, (4.223)

where G,, and h,, are given by explicit recurrence formulae in [112, Ap-

pendix BJ.

e The third step is to obtain approximation E \ (in the form of (4.189))
to E,, (for 0 < n < M) by solving the above Maxwell’s equations (4.221])-
in the spherical shell 2 using the decoupled method presented in
Section Then, we define our approximation to E by

EXM(r0,0) = ZE (r,0,¢) e (4.224)

Next, we shall use the general convergence theory developed in [114] to give
an error estimate for E — E%’M. Using essentially the same argument as in the
proof of [114], Thm 5.5] for the Helmholtz equation, we can prove the following

bounds.

Proposition 4.4. Let F € (H*"2(Q))?, f € H*(S) and h € (H*~*/2(S))? for an
integer s > 2. Then, the expansion (4.219) converges strongly, i.e., there exists

Cy,Cy > 0 such that
1Bl sz < C1(llF |l (rrs-2(0y) + 1Rl srs-s/2(5)2) B (4.225)

for some B > Cs|f|

H#(S)
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On the other hand, it can be shown that the space with the norm in (4.197)
satisfies H'(S; H2 (1)) C (H***(Q))3. Therefore, with the above result and The-
orems at our disposal, we can then apply Theorem 2.1 in [114] to obtain
the following:

Theorem 4.10. Let E be the solution of the Mazwell’s equations in Q) and E%’M
be its approximation defined in (4.224). Then, under the condition of Proposition

[4.4] and Theorems [{.814.9, we have
1B — ExYlg < (Be™*!
H{L+FTINYL A+ BENTINT A+ LT (F | ey + TRl rss)e).
and
IV % (E = E§")o S (B + {(N 4+ (1+ kN L+ ENT))N'
+ L7 (IF gy + [Rllares)2)

for any B > Cs||f|

ms(s), where Cy is the constant in Proposition .

4.7 Numerical results

We first provide some numerical results to demonstrate the high accuracy of the
proposed method. We use the exact multiple solution of (4.2)-(4.3)) (cf. [3]) as

the reference solution. For example, we can take
SESsus 1)
E=Y Y (W0 TP0.0) + Vx (0 (kTP 0.0)}.  (4.226)
=1 |m|=0
which is formed by a linear combination of the transverse electric and magnetic

multipole solutions. We then approximate the exact field by the spectral-Galerkin

approximation:
v My l
B 0.0) =Y 3 [l (NT7(0.9) + ¥ x (N (TP (0.9)) |, (4.227)
=1 |m|=0

where {u]"y, ]y} are computed from (4.190)-(4.191).
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In the computation, we take a = 2,b = 4 and M, = 10. In Figure (left), we

plot the relative discrete L*-error: HE —E}o

lz(g)/HEle(Q), against various NV for
k = 10,40, 80, 200 from left to right. Observe that the error decays exponentially,
as soon as N enters the asymptotic range, which is for this case roughly N > k.
Nevertheless, the round-off errors become severe for very large N and dominate

the convergence rate.

10°
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10 + k=40
107 HmeentssRiSceoR S, 0 k=80
. : %
107* . % %
2 *
S 10° . %
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& 10 - -
M 10 5 *
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Figure 4.5: Left: Relative discrete [?-errors against N for k = 10,40, 80, 200. Right:
Relative discrete [?-errors against N for k = 10, 40, 80.

We next consider an exact solution generated by g at » = a. To be more

pricise, the electric field E takes the form

E=3 3 O nTre, o) + o vx (0 k0T, ) )

=1 |m|=0
where
1 _
g = J(g- V¥ ds.
M0+ )R (ka) s (g Vs¥™)
a m
ggfl = /(Q'Tz ) ds.

(L + DAY (ka)(pi(ka) + 1) s
Note that we can compute g7 and gy using Spherepack [117]. In the compu-
tation, we take a plane incident wave: g = ¢**. In order to have good approx-
imation using Spherepack, we choose M; = 60. We plot in Figure (right),
the discrete relative L2-errors against N for k = 10,40, 80, which indicates a very

similar exponential convergence as with the first example.



Chapter

Conclusion and Future Works

In this chapter, we give a summary of the works done in this thesis and explore

some relevant topics for further investigation.

5.1 Conclusion

(i)

In Chapter 2| we proposed from a new perspective, the CBCs for the ideal
circular and elliptic cylindrical cloaks, which, together with an accurate
spectral-element solver, demonstrated that the cloaks can achieve perfect
concealment of incoming incident waves with very mild conditions on the
incident frequency. We also illustrated the perfect cloaking effect, when the

incoming wave is generated by a source exterior to the cloaking device.

In Chapter , we presented an accurate and efficient spectral-element solver
for time-harmonic Helmholtz equations in general inhomogeneous media.
We focused on several applications arisen from transformation electromag-
netics which included the polygonal invisibility cloaks and concentrators,
and circular rotators. We introduced new ideas of how to seamlessly in-

tegrate local elements and global DtN boundary condition. We proposed

155



156

Conclusion and Future Works

(iii)

new cloaking boundary conditions for accurate simulation of perfect polyg-
onal invisibility cloaks. The proposed method also provided a reliable tool
to study the interesting phenomena when defects and other media were

embedded or placed in a perfect cloak.

In Chapter , we are devoted to wavenumber explicit analysis of three-

dimensional time-harmonic Maxwell’s equations in an exterior domain.

First, we considered the special case with the scatterer being a sphere:

(a) We reduced the Maxwell’s system into two sequences of decoupled
one-dimensional problems by using divergence-free vector spherical
harmonics. This reduction not only led to a more efficient spectral-

Galerkin algorithm, but also greatly simplified its analysis.

(b) We derived wavenumber explicit bounds for the (continuous) Maxwell’s
system with (exact) transparent boundary conditions, and wavenum-

ber explicit error estimates for its spectral-Galerkin approximation.

(¢) We derived optimal wavenumber explicit a priori bounds and error
estimates for the Helmholtz equation, which improved the results in

I77.

Then, we applied the transformed field expansion (TFE) approach[84] to
deal with general scatterers. By using the general framework developed
in [114], we derived rigorous wavenumber explicit error estimates for the
complete algorithm for general scatterers. To the best of our knowledge,
these are the first such estimates for Maxwell’s system with transparent
boundary conditions. Note that the scattering problems with transparent
boundary conditions at an artificial boundary can not be dealt with the
usual approach in [81], [76, [78, [82] 80], for the underlying domain is not of
star shape, the method presented here provides a viable approach to deal
with an important class of scattering problems with transparent boundary

conditions at an artificial boundary.
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5.2 Future works

We explore some relevant topics for further investigation in this section.

(i)

(i)

In Chapter , we introduced new ideas of how to seamlessly integrate local
spectral elements and global DtN boundary condition and proposed new
cloaking boundary conditions for accurate simulation of perfect polygonal
invisibility cloaks. One of the future works is to extend these ideas to three-
dimensional polyhedral cloaks simulations. In fact, we provide some insights
in Section on how to integrate the spectral-element solver with three-
dimensional DtN boundary condition involving global spherical harmonic

coeflicients.

In Chapters , we conducted both rigorous mathematical study and nu-
merical experiments for invisibility cloaks of various types. These could
shed light on the study of simulation of inside-out (or inverse) cloaks for
electromagnetic waves proposed by Zharova et al. [120]. The challenges
resides in (a) the material parameters are singular; (b) the wave oscillates
infinitely inside the inverse cloak. Moreover, the underlying coordinate
transformation induces absorbing non-reflecting media as a matching layer
for numerical simulations of wave problems. These could be explored as

well in the future.

In Chapter , we reduced the time-harmonic Maxwell’s equations into two
sequences of decoupled Helmholtz equations using divergence-free vector
spherical harmonics and proposed efficient spectral-Garlerkin solvers. These
could be extended to the simulation of spherical dispersive invisibility cloaks
and the time-domain Maxwell’s equations will be reduced to two sequences

of 1-D wave equations with convolution terms.
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