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Abstract

This thesis is devoted to the computation and analysis of electromagnetic

wave scattering problems, with particular applications in accurate simulation

of invisibility cloaks arisen from the field of transformation electromagnetics

(TE). An efficient spectral-element method (SEM) is proposed for solving gen-

eral two-dimensional Helmholtz equations in anisotropic media. In practice, we

adopt a transparent boundary condition (TBC) characterized by the Dirichlet-

to-Neumann (DtN) map to reduce wave propagation in an unbounded domain

to a bounded domain. We then introduce a semi-analytic technique to integrate

the global TBC with local curvilinear elements seamlessly, which is accomplished

by using a novel elemental mapping and analytic formulas for evaluating global

Fourier coefficients on spectral-element grids exactly.

From the perspective of TE, an invisibility cloak is devised by a singular

coordinate transformation of Maxwell’s equations that leads to anisotropic mate-

rials coating the cloaked region to render any object inside invisible to observers

outside. An important issue resides in the imposition of appropriate boundary

conditions, i.e., cloaking boundary conditions (CBCs), in order to achieve perfect

invisibility. Based upon the principle that a well-behaved electromagnetic field

in the original space must be well-behaved in the transformed space as well, we

propose new CBCs for circular, elliptic and polygonal invisibility cloaks from the

essential “pole” conditions related to singular transformations. We emphasize

that our proposal of CBCs is different from any existing ones.

Last but not the least, this thesis is devoted to wavenumber explicit analysis

14



Abstract 15

of three-dimensional time-harmonic Maxwell’s equations in an exterior domain.

The infinite domain is first reduced to a finite domain by using an exact spher-

ical TBC involving the capacity operator. Remarkably, when the scatterer is a

sphere, by using divergence-free vector spherical harmonic expansions of the fields,

one can preserve divergence-free property of the electric and magnetic fields,

and reduce the Maxwell’s system to two sequences of decoupled one-dimensional

Helmholtz problems (in the radial direction) in a similar setting. This reduction

not only leads to more efficient spectral-Galerkin algorithms, but also allows us to

carry out, for the first time, wavenumber explicit analysis for 3-D time-harmonic

Maxwell’s equations with exact transparent boundary conditions. We then use

the transformed field expansion to deal with more general scatterers, and derive

rigorous error estimates for the whole algorithm.



Notation

Common Notation

C Set of all complex numbers

R Set of all real numbers

N Set of all nonnegative integers, i.e., {0, 1, 2, . . . .}
PN Set of all algebraic polynomials of degree ≤ N

i Complex unit, i.e., i =
√
−1

Spaces, Inner Products and Norms

Hs
ω(Λ) Weighted Sobolev space Hs

ω(Λ) with s ≥ 0 defined in [1]

Lp(I) Lp-space on I with 1 ≤ p ≤ ∞
(·, ·)ω Inner product of L2

ω(I)

(·, ·) Inner product of L2(I)

‖ · ‖ω Norm of L2
ω(I)

‖ · ‖ Norm of L2(I)

‖ · ‖∞ Norm of L∞(I)

Bessel, Hankel and Airy Functions

Jν Bessel function of the first kind of order ν

Yν Bessel function of the second kind of order ν

H(1)
ν Hankel function of the first kind of order ν

h(1)
ν Spherical Hankel function of the first kind of order ν

Ai Airy function of the first kind

Bi Airy function of the second kind
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Notation 17

Mathieu Functions

{cem; sem} Angular Mathieu functions as defined in [2]

{Mc(1)
m ; Ms(1)

m } Radial Mathieu functions of the first kind

{Mc(3)
m ; Ms(3)

m } Mathieu-Hankel functions

Spherical Harmonics and Vector Spherical Harmonics

Y m
l Spherical harmonics as normalized in [3]

{er, eθ, eϕ} Moving (right-handed) orthonormal coordinate

basis

∇S Tangent gradient operator on the unit spherical

surface S

{Y m
l er,∇SY

m
l ,∇SY

m
l ×er} Vector spherical harmonics (VSH) defined in

Morse and Feshbach [4]





Chapter 1
Introduction

In this chapter, we elaborate on motivations and background of the topics to be

studied in this thesis, and highlight the main contributions.

1.1 Basics of transformation electromagnetics

Since the groundbreaking works of Pendry, Schurig and Smith [5], and Leonhardt

[6], the transformation electromagnetics (TE) has emerged as a very useful tool

to design a wide variety of new devices and materials with novel and unusual

physical properties (see, e.g., [7, 8, 9, 10, 11, 12] and [13] for many original

references therein).

The fundamental principle of TE is based on the form invariance of Maxwell’s

equations under any coordinate transformation (cf. [14]). More precisely, we

consider the time-harmonic Maxwell’s system:

∇̆x̆ × Ĕ − iωµ0 H̆ = 0, ∇x̆ × H̆ + iωε0 Ĕ = 0, (1.1)

in the Cartesian coordinates x̆ = (x̆, y̆, z̆) ∈ R3 of the “virtual space”. Here,

i =
√
−1 is the complex unit, and the electric permittivity ε0, the magnetic

permeability µ0, and the angular frequency ω are positive constants. Note that

e−iωt time-dependence is assumed for the electric field Ĕ and magnetic field H̆ .

19



20 Introduction

Let x = (x, y, z) = x(x̆) be a given coordinate transformation. Then the

transformed Maxwell’s system reads (cf. [14])

∇×E − iωµ0µH = 0, ∇×H + iωε0εE = 0, (1.2)

where “∇×” is the curl operator in the new coordinates of the “physical space”,

and

E(r) = (J t)−1Ĕ(r̆), H(r) = (J t)−1H̆(r̆), µ = ε = JJ t
¿

det(J). (1.3)

with the Jacobian matrix given by J = ∂x/∂x̆.

(a) Virtual space (b) Physical space

Figure 1.1: Schematic illustration of a coordinate transformation from the virtual

space x̆ = (x̆, y̆, z̆) to the physical space x = (x, y, z).

By eliminating the magnetic field H , we can obtain from (1.2) the curl-curl

formulation of the time-harmonic Maxwell’s equations

∇×
Ä
µ−1∇×E

ä
− k2εE = 0 , (1.4)

where k = ω
√
ε0µ0.

In many applications, we are concerned with electromagnetic wave propaga-

tion in media with in-plane anisotropy. For example, we are interested in the sit-

uation when the components of ε and µ in (1.2) are z-invariant. Thus, under the
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transverse-electric polarisation, we haveE = (0, 0, u(x, y))t andH = (H1, H2, 0)t.

Accordingly, the material parameters in (1.3) are reduced to

µ = ε =

C 0t

0 n

 =


C11 C12 0

C12 C22 0

0 0 n

 , (1.5)

where

C =
Jcn J

t
cn

det(Jcn)
, n =

1

det(Jcn)
with Jcn :=

∂(x, y)

∂(x̆, y̆)
=

∂x̆x ∂y̆x

∂x̆y ∂y̆y

 . (1.6)

Note that det(C) = 1, and we have

µ−1 = ε−1 =


C22 −C12 0

−C12 C11 0

0 0 n−1

 . (1.7)

Then we derive from the first equation of (1.2) and (1.7) that

H =
µ−1

iωµ0

∇×E =
µ−1

iωµ0

Ä
uy,−ux, 0

ät
=

1

iωµ0

Ä
C12ux + C22uy,−C11ux − C12uy, 0

ät
.

(1.8)

Inserting it into the second equation of (1.2), we obtain the two-dimensional

Helmholtz equation:

∇ · (C(r) ∇u(r)) + k2n(r)u(r) = 0. (1.9)

Thus, a coordinate transformation operating on Maxwell’s equations leads to

new material parameters ε and µ, which enable us to design novel electromagnetic

devices to steer waves almost at will. We refer to [15, 16] for more details.

One of the most appealing examples of the TE technique is the electromagnetic

invisibility cloak [5, 6, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27]. Following the

approach in [5], cloaking a central cylindrical region of radius R1 by a concentric

cylindrical shell of radius R2 requires the coordinate transformation as follows:

r =
R2 −R1

R2

r̆ +R1, θ = θ̆, z = z̆, (1.10)
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where r̆ = (r̆, θ̆, z̆) is the cylindrical coordinates in the virtual space, and r =

(r, θ, z) is the cylindrical coordinates in the physical space.

The origin in Figure 1.2 is mapped

to the circle r = R1 that produces an

“empty” space: 0 ≤ r < R1, forming the

“cloaked region” to conceal any object

inside. The annulus R1 < r < R2 con-

stitutes the “cloak”, where the material

parameters are obtained by applying the

transformation (1.10) to the Maxwell’s

equations. The material parameters in

the exterior region r > R2 are positive

constants.

R1
R2

cloaked region

R3

DtN

cloak

incident

0, µ0 0 ,  µ0µ

Figure 1.2: Schematic illustration of a

circular cloak

Next, we derive in detail the material parameters for the circular cylindrical

cloak. Since the transformation (1.10) is z-invariant, we adopt (1.6) to simplify

the calculation. By the chain rule, Jcn in (1.6) can be computed by

Jcn =
∂(x, y)

∂(x̆, y̆)
=
∂(x, y)

∂(r, θ)

∂(r, θ)

∂(r̆, θ̆)

∂(r̆, θ̆)

∂(x̆, y̆)
. (1.11)

Let T θ be defined as

T θ =

cos θ − sin θ

sin θ cos θ

 (1.12)

and note that θ = θ̆. We therefore have

∂(x, y)

∂(r, θ)
= T θ diag

Ä
1, r
ä
,

∂(r̆, θ̆)

∂(x̆, y̆)
= diag

Ä
1, r̆−1

ä
T t
θ

and
∂(r, θ)

∂(r̆, θ̆)
= diag

Ä
∂r̆r, 1

ä
.

Thus, from (1.11) and the above, we obtain

Jcn = T θJ1T
t
θ, where J1 = diag(∂r̆r, r/r̆). (1.13)

Using (1.6) and the property T t
θT θ = I2, leads to C and n in the new Cartesian

coordinates:

C = T θJ1J
t
1T

t
θ/det(J1) = T θ diag(εr, εθ)T

t
θ, n = 1/det(J1) = εz, (1.14)
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where

εr =
r −R1

r
, εθ =

r

r −R1

, εz =
Å R2

R2 −R1

ã2 r −R1

r
. (1.15)

Accordingly, the material parameters ε and µ in the polar cylindrical coordinates

are rewritten as (see [15])

ε = µ = diag(εr, εθ, εz). (1.16)

It is expected that electromagnetic waves propagating into the above media

will bend smoothly around the cloaked region and propagate out without inducing

any scattering.

In practice, the requirement for fabricating the material parameters (1.15)

is quite stringent, thus it is also necessary to study imperfect cases. In order

to investigate the imperfection caused by frequency dispersions, the permittivity

and permeability of the cloak are mapped to the Drude or Lorentz models (cf.

[28]). We postpone the modelling of dispersive cloaks using the Drude model in

Section 1.4.

1.2 Some existing numerical methods

Thanks to the fascinating applications of TE technique such as invisibility cloaks,

numerical simulation plays an important role in modelling of the electromagnetic

wave interaction with these devices since it serves as a reliable tool to the justifi-

cation of expensive physical experiments and validation of theoretical predictions.

The numerical simulation and analysis of the Maxwell’s and Helmholtz prob-

lems have been investigated by various computational methods. Among them,

finite difference method (cf. [29, 30]) is popular because of its simplicity and easy

implementation. Zhao et al. proposed a finite difference time-domain (FDTD)

method in [31] to simulate the 2-D cloaking structures with Drude model. Liang

et al [32] proposed an interesting energy conserved splitting FDTD scheme for

solving Maxwell’s equations in metamaterials. However, this method is most ap-

plicable to problems with regular domains and homogeneous media. Since the
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shape of the domain prescribed with metamaterial maybe complex, it is preferable

to use finite element method [33, 34, 35, 36] to discretise the domain. The finite-

element-based COMSOL Multiphysics package has been extensively used in the

simulation of different cloaks (see [37, 38]). Li and his collaborators developed a

finite element time-domain (FETD) method for the simulations of circular, ellip-

tic and carpet cloaks in a series of papers [39, 40, 41]. However, it is known that

when the wavenumber becomes large, the mesh size should be adapted otherwise

large error may occur to deteriorate the approximation. It has been shown, at

least for some simple cases, that errors of pth order numerical methods for the

Helmholtz equation behave like O(kp+1hp), (see [42, 43, 44]). Hence, high-order

methods are particularly preferable for this type of problem over low-order meth-

ods. The spectral method (see, e.g., [45, 46, 47] ) is a method of choice for wave

simulation due to its high order accuracy and free of dispersive error. Neverthe-

less, The disadvantage of lacking the flexibility for dealing with complex domain

limits its usage in complicated situations. Spectral-element method (SEM) (see,

e.g., [48, 49, 50]) combines the advantage of both methods and is more desirable

for simulation of wave propagations in complex geometry. It is worthwhile to note

that the development of spectral and spectral-element solvers for the Helmholtz

equation and Maxwell’s equations is of fundamental importance for these highly

oscillatory problems.

1.3 Frequency-domain simulations

In this thesis, we focus on the frequency-domain simulations, which often involve

the time-harmonic Maxwell’s equations and Helmholtz equation.

Assume the anisotropic media induced by coordinate transformations and all

the other inhomogeneities are enclosed in a finite volume (in three dimensions)

or cross section (in two dimensions). By (1.4) and (1.9), the problems of interest
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are summarised as follows:

∇×
Ä
µ−1∇×E

ä
− k2εE = F in R3, (1.17a)

(∇×Esc)× x̂− ikEsc
T = o(r−1) as r →∞, (1.17b)

and

∇ ·
Ä
C∇u

ä
+ k2nu = f in R2, (1.18a)

∂rusc − ik usc = o(r−1/2) as r →∞. (1.18b)

Here, we list below the notation and setting.

• The inhomogeneity of ε, µ, and F (resp. C, n and f) are supported in a

ball (resp. a cylinder) BR of radius r = R. Note that for r > R, we have

ε = µ = I3 and F = 0 (resp. C = I2, n = 1 and f = 0), where I3 is the

3× 3 identity matrix (resp. I2 is the 2× 2 identity matrix).

• The far-field condition (1.17b) is known as the Silver-Müller radiation con-

dition (cf. [3]) to select the outgoing fields. Here, Esc := E − Ein is the

scattering wave (where Ein is a given incident wave) and the tangential

field Esc
T = −Esc× x̂× x̂. Here, x̂ = x/r is the unit out normal. Likewise,

(1.18b) is known as Sommerfeld radiation boundary condition (cf. [3]) upon

the scattering wave: usc := u− uin (where uin is a given incident wave).

The challenges of (1.17) and (1.18) are at least threefold:

(1) unboundedness of the computational domain with highly oscillatory solu-

tion decaying slowly when k � 1;

(2) the coefficients ε and µ (resp. C(r) and n(r)) might be singular due to

singular coordinate transformation (see (1.15)-(1.16));

(3) indefiniteness of the variational formulation.

In what follows, we briefly review some relevant techniques and outline our

approaches to overcome these obstacles.
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Reduction of unbounded domain

The methods of choice to deal with the first issue typically include the perfectly

matched layer (PML) technique [51], boundary integral method [52, 53], and the

artificial boundary condition [3, 54, 55, 56]. The latter is known as the absorb-

ing boundary condition (ABC), if it leads to a well-posed initial-boundary value

problem (IBVP) and some “energy” can be absorbed at the boundary. In par-

ticular, if the solution of the reduced problem coincides with that of the original

problem, then the related ABC is dubbed as a transparent (or nonreflecting)

boundary condition (TBC) (or NRBC).

The use of TBCs is desirable and beneficial (cf. the review paper [54] and

the references therein) due to (i) the exterior problem in unbounded domain

reduces to an equivalent boundary value problem (BVP), so one can place the

DtN boundary as close as possible to the scatterer that can significantly reduce

the computational cost; (ii) it is essential for accurate and stable simulations

especially when the wavenumber is large.

Despite its advantages of TBCs, it poses a great challenge since such a bound-

ary condition is global, as it involves the Fourier/Mathieu/spherical harmonic/vector

spherical harmonic expressions in space. One main issue lies in how to integrate

the global TBC with the interior solver for the reduced problem by local spectral

elements ? In Chapter 2, the nonlocality of the TBC in space is efficiently handled

by Fourier/Mathieu expansions since the scatterer is a disk or an ellipse.

As for general bounded scatterers, we propose an algorithm in Chapter 3

to seamlessly integrate the exact circular Dirichlet-to-Neumann (DtN) TBC with

local spectral elements. The key idea is to construct a new elemental mapping be-

tween the curvilinear elements along the DtN boundary and the reference square,

which leads to exact evaluation of the Fourier integrals. It is noteworthy that

Fournier [57] proposed a method for calculating global Fourier coefficients for

given nodal values on non-conforming spectral elements, where a similar semi-

analytic approach was essential for the success of the method therein. We also
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remark that the recent work [58] addressed the integration of one-dimensional

DtN TBC imposed on a line segment with standard rectangular elements along

the boundary. Different from these works, our “local-to-global” method is built

upon the use of curvilinear elements seamlessly fitting the circular boundary, and

the design of a new elemental mapping leading to exact calculation of the involved

Fourier integrals (see Subsection 3.1.3). We highlight that this notion can be ex-

tended to the computation of three-dimensional Maxwell’s equations, though it

has not been investigated before as far as we know.

Treatment of singularity of material parameters

In Chapter 2, we are concerned with mathematical and numerical study of the

circular cylindrical cloak induced by the transformation (1.10) and its important

variant, i.e., the elliptic cylindrical cloak [19, 59]. As addressed in Section 1.1,

the coordinate transformation (1.10) suppresses a disk into an annulus so that

the interior “empty” space constitutes the cloaked region Ω0 (see Figure 1.2).

Such a “point-to-circle” blowup leads to new electric permittivity and magnetic

permeability parameters, which are singular at the inner boundary ∂Ω0 (denoted

by r = R1) of the cloak. Accordingly, the coefficients of the governing equation

are highly singular. The presence of singularities poses significant challenges

for simulation, realization and analysis as well. A critical issue resides in how to

impose suitable cloaking boundary conditions at the inner boundary, i.e., CBCs, to

achieve perfect concealment of waves? We highlight below some relevant studies

and attempts, which are by no means comprehensive, given a large volume of

existing literature.

• Ruan et al. [60] first analytically studied the sensitivity of the ideal cloak

[5] to a small δ-perturbation of the inner boundary (i.e., from R1 to R1 + δ,

while the material parameters remained unchanged) under the transverse-

electric (TE) polarization. Their findings are (i) the ideal cloak in [5] is

sensitive to a tiny perturbation of the boundary; (ii) the electric field is
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discontinuous across the inner boundary; and (iii) the perturbed cloak is

nearly ideal in the sense that the magnitude of the fields penetrated into

the cloaked region is small.

• Zhang et al. [61] provided deep insights into the physical effects, and found

that the singular transformation gave rise to electromagnetic surface cur-

rents along the inner interface of the ideal cloak (also see [62]).

• To shield the incoming waves, the perfect magnetic conductor (PMC) con-

dition (i.e., the tangential component of the magnetic field vanishes) was

imposed at r = R1 in finite-element simulations (see, e.g., [37, 59, 63]).

Indeed, such a condition can be naturally implemented by using Nédélec

edge-elements [64] in the Cartesian coordinates (see, e.g., [35, 36]). How-

ever, in the polar coordinates, the PMC condition is automatically satisfied,

so it does not lead to an independent condition (see Remark 2.2).

• Weder [65] proposed CBCs for general point transformed cloaks from the

perspective of energy conservation. Its implication to the three-dimensional

ideal spherical cloak by Pendry et al. [5] is that the tangential components

of the electric and magnetic fields have to vanish at the spherical cloaked

boundary ∂Ω+
0 , and that the normal components of the curl of both fields

have to vanish at the inner spherical surface ∂Ω−0 . Under this set of CBCs,

the interior fields (i.e., in Ω0) are decoupled from the exterior fields. How-

ever, CBCs in [65] are not applicable to the ideal circular cloak, as the

tangent component of the electric field does not vanish at r = R+
1 (cf.

[60, 61]).

• Lassas and Zhou [66, 67] proposed some non-local pseudo-differential CBCs

from a limiting process of non-singular approximate two-dimensional Helmholtz

cloaking. Their findings also indicate that CBCs for two dimensions and

three dimensions take different forms, and their physical effects on the cloak

interface are very different as well.
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Based upon the principle that a well-behaved electromagnetic field in the

original space must be well-behaved in the transformed space as well, we obtained

in Chapter 2 the CBCs for circular and elliptic cloaks that intrinsically relate

to the essential “pole” conditions of a singular transformation. In Chapter 3,

we extend the principle to the investigation of polygonal invisibility cloaks and

propose new CBCs under a “local” coordinate system (see Proposition 3.3). Given

the new CBCs, the governing equation in the cloaked region is decoupled from the

exterior region. Accordingly, no wave can propagate into the cloaked region, and

vice versa. We emphasise that the new CBCs are indispensable for spectrally

accurate simulations. We also show that the proposed spectral-element solver

provides a reliable tool to study how the defects affect the perfectness of an ideal

cloak (see Subsection 3.2.5).

1.4 Time-domain simulations

Due to its capability of capturing wide-band signals and modelling more general

material inhomogeneities and nonlinearities, time-domain simulation [29, 49, 68,

69] is also very important in the study of wave interaction with electromagnetic

devices, especially in the investigation of dispersive properties of metamaterials

and invisibility cloaks. In what follows, we briefly outline the procedures to obtain

the governing equations for time-domain circular invisibility cloaks coupled with

Drude model. Recall that in (1.16), the values of εr and εz are less than one for

some r ∈ (R1, R2). Based on the principle in [70, 71], we map εr and εz to ε̃r(r, ω)

and ε̃z(r, ω) using Drude model (taking εr as an example)

ε̃r := ε̃r(r, ω) = 1−
ω2
p

ω(ω + iγ)
, with ω2

p := ωc(ωc + iγ)(1− εr), (1.19)

where ωc is the operating frequency, γ is the given collision frequency, and ωp is

known as the plasma frequency. Thus, the material parameters in (1.16) become

ε̃(ω) = µ̃(ω) = diag
Ä
ε̃r(r, ω), εθ, ε̃z(r, ω)

ä
. (1.20)



30 Introduction

Using an inverse Fourier transform and the rules iω → ∂t, ω
2 → −∂2

t to (1.2) and

the constitutive relation

D = ε0ε̃(ω)E, B = µ0µ̃(ω)H , (1.21)

we obtain the time-dependent Maxwell’s equations

∂B

∂t
= −∇×E, ∂D

∂t
= ∇×H , (1.22)

and the time-domain constitutive relation for the first equation in (1.21) (detailed

derivation and the time-domain formulation for the second equation see [31])

ε0εθ

Å ∂2

∂t2
+ γ

∂

∂t
+ ω2

p

ã
Ex =

ïÅ ∂2

∂t2
+ γ

∂

∂t
+ ω2

p

ã
sin2 θ + εθ

Å ∂2

∂t2
+ γ

∂

∂t

ã
cos2 θ

ò
Dx

+
ï
εθ

Å ∂2

∂t2
+ γ

∂

∂t

ã
−
Å ∂2

∂t2
+ γ

∂

∂t
+ ω2

p

ãò
sin θ cos θDy .

It seems that there is no existing work on time-domain spectral-element

method developed for cloak simulation yet. We address in Section 5.2 some

ideas for the time-domain computation to be explored in the future.

1.5 Wavenumber explicit analysis for Maxwell’s

equations

There has been a longstanding research interest in wavenumber explicit estimates

for the Helmholtz and Maxwell’s problems. In particular, much effort has been

devoted to the Helmholtz equations (see, e.g., [42, 43, 44, 72, 73, 74, 75, 76,

77, 78, 79, 80] as a partial list of literature). Most of the analysis is essentially

based on the Rellich identities [76, 81] (also see, e.g., [78, 79, 80]), which applies

only to star-shaped domains (or the bounded scatterer is of star-shape, see [79]).

Moreover, most of the results were established only for the Helmholtz equation

with an approximate boundary condition: ∂ru − iku = 0 instead of the exact

DtN boundary condition. For the Maxwell’s equations, Hiptmair et al. [82]



1.6 Main contributions and outline 31

(and independently by [83]) derived for the first time the wavenumber explicit

estimates for the time-harmonic Maxwell’s equations but with an approximate

boundary condition: (∇×E)× er − ikET = h.

The analysis can not be applied to scattering problems with TBC at an arti-

ficial boundary, a situation considered in Chapter 4. Indeed, as shown in [77, 79],

the presence of the exact DtN boundary condition brought about significant chal-

lenges even for the Helmholtz equation due to the Hankel functions involved in

the DtN condition.

The main purposes of Chapter 4 are to extend the analysis in [77] to the

Maxwell’s equations, and in the meantime, provide an essential improvement,

which is critical to obtaining the desired estimate for the Maxwell’s equations, to

an estimate for the Helmholtz equation in [77]. We demonstrate that the spectral

algorithm and analysis for the Maxwell’s equations in the spherical domain are

the major component for dealing with general scatterers using the transformed

field expansion (TFE) approach [84].

1.6 Main contributions and outline

The main contents and contributions of this dissertation are highlighted as fol-

lows.

• In Chapter 2, we conduct a mathematical study and numerical experiments

of the ideal circular cylindrical cloak using the approach in Pendry et al.

[5] and its important variant, i.e., the elliptic cylindrical cloak [19, 59].

We propose CBCs based on the principle that a smooth electromagnetic

field in the original coordinates must be regular near the cloaking bound-

ary in transformed domain. This situation is reminiscent to the imposi-

tion of “pole” conditions associated with the polar transformation (see,

e.g., [45, 85, 86]). We also find that for the elliptic cylindrical cloak,



32 Introduction

the CBCs should be imposed differently for the cosine-elliptic and sine-

elliptic components of the decomposed fields. With these at our disposal,

we can rigorously show that the governing equation in the cloaked layer

can be decoupled from the exterior region, and the total fields in the

cloaked region vanish under mild conditions. We emphasize that our pro-

posal of CBCs is different from any existing ones. Using the exact cir-

cular (resp., elliptic) DtN non-reflecting boundary conditions to reduce

the unbounded domain to a bounded domain, we introduce an accurate

and efficient Fourier-Legendre spectral-element method (FLSEM) (resp.,

Mathieu-Legendre spectral-element method (MLSEM)) to simulate the cir-

cular cylindrical cloak (resp., elliptic cylindrical cloak). We provide ample

numerical results to demonstrate that the perfect concealment of waves

can be achieved for the ideal circular/elliptic cylindrical cloaks under our

proposed CBCs and accurate numerical solvers.

• In Chapter 3, we present an efficient spectral-element method (SEM) for

solving general two-dimensional Helmholtz equations in anisotropic media,

with particular applications in accurate simulation of polygonal invisibility

cloaks, concentrators and circular rotators arisen from the field of transfor-

mation electromagnetics. Once again, we adopt an exact circular DtN TBC

to reduce wave propagation in an unbounded domain to a bounded domain.

We then introduce a semi-analytic technique to integrate the global TBC

with local curvilinear elements seamlessly, which is accomplished by using a

novel elemental mapping and analytic formulas for evaluating global Fourier

coefficients on spectral-element grids exactly. We also propose new CBCs

for polygonal invisibility cloaks from the essential “pole” conditions related

to singular transformations. This allows for the decoupling of the govern-

ing equations of inside and outside the cloaked regions. With this efficient

spectral-element solver at our disposal, we can study the interesting phe-

nomena when some defects and lossy or dispersive media are placed in the
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cloaking layer of an ideal polygonal cloak.

• In Chapter 4, we are concerned with wavenumber explicit analysis of three-

dimensional time-harmonic Maxwell’s equations in an exterior domain. The

infinite domain is first reduced to a finite domain by using an exact spherical

TBC involving the capacity operator. Remarkably, when the scatterer is

a sphere, by using divergence-free vector spherical harmonic expansions of

the fields, one can preserve divergence-free property of the electric and mag-

netic fields, and reduce the Maxwell’s system to two sequences of decoupled

one-dimensional Helmholtz problems (in the radial direction) in a similar

setting. This reduction not only leads to more efficient spectral-Galerkin

algorithms, but also allows us to carry out, for the first time, wavenumber

explicit analysis for three-dimensional time-harmonic Maxwell’s equations

with exact TBCs. We then use the transformed field expansion to deal with

more general scatterers, and derive rigorous error estimates for the whole

algorithm.

• The last chapter is for some concluding remarks and future works.





Chapter 2
Circular and Elliptic Cylindrical

Invisibility Cloaks

As already described in Section 1.3, the main purposes of this chapter are de-

voted to mathematical study and numerical simulation of the ideal circular and

elliptic cylindrical cloaks. We proposed the new CBCs (see Subsection 2.1.3 and

Subsection 2.2.2) for ideal circular and elliptic cloaks, which together with a fast

spectral-element solver, demonstrated that the cloaks can achieve perfect con-

cealment of incoming incident waves with very mild conditions on the incident

frequency.

This chapter is organised as follows. In Section 2.1, we study the ideal circular

cylindrical cloak. We start with formulating the governing equation including

CBCs and DtN non-reflecting boundary conditions, and then show that the field

in the cloaked region vanishes. Finally, we describe the FLSEM for numerical

simulations. In Section 2.2, we focus on the mathematical and numerical study

of the elliptic cylindrical cloak. In Section 2.3, we provide numerous simulation

results to demonstrate the perfectness of the ideal cloaks based on our proposed

CBCs and numerical solvers.

35
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2.1 Circular cylindrical cloaks

In this section, we formulate the problem that models the ideal circular cylindrical

cloak and describe the FLSEM for its numerical simulation. We put the emphasis

on the imposition of CBCs.

2.1.1 Governing equation

Recall that the material parameters of the circular cloak associated with the

coordinate transformation (1.10) is given in (1.16). It is free to set any values for

the permeability and permittivity in the cloaked region: r < R1. Without loss of

generality (cf. [5]), we set ε = µ = I3 for r < R1.

In what follows, we consider the transverse-electric polarised electromagnetic

field, that is, the electrical field only exists in the z direction: E = (0, 0, u)t. Then

by the first equation of (1.2), we have

H =
1

iωµ0



Å 1

r −R1

∂u

∂θ
,−r −R1

r

∂u

∂r
, 0
ãt
, if R1 < r < R2,Å1

r

∂u

∂θ
,−∂u

∂r
, 0
ãt
, if r < R1 or r > R2.

(2.1)

EliminatingH from the Maxwell’s equations (1.2), we obtain the two-dimensional

Helmholtz equations in polar coordinates:

L0[u] :=
1

r

∂

∂r

Å
r
∂u

∂r

ã
+

1

r2

∂2u

∂θ2
+ k2u = 0, if r < R1 or r > R2; (2.2)

L1[u] = 0, if R1 < r < R2, (2.3)

for all θ ∈ [0, 2π), where b = R2/(R2 −R1) and

L1[u] :=
1

r −R1

∂

∂r

Å
(r −R1)

∂u

∂r

ã
+

1

(r −R1)2

∂2u

∂θ2
+ k2b2u. (2.4)

The Sommerfeld radiation boundary condition (1.18b) is imposed for the scatter-

ing wave usc (see Figure 1.2).
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2.1.2 Exact DtN boundary condition

We now consider the boundary and transmission conditions to achieve perfect

cloaking.

Starting with the outmost, we adopt the domain truncation by imposing an ar-

tificial boundary condition at r = R3 > R2 using the exact Dirichlet-to-Neumann

(DtN) technique (see, e.g., [56, 3]):

∂rusc − TR3usc = 0 at r = R3, (2.5)

where the DtN map TR3 is defined as

TR3 [ψ] =
∞∑
|m|=0

Tmψ̂meimθ, with (2.6)

ψ̂m =
1

2π

∫ 2π

0
ψ(R3, θ)e

−imθdθ, Tm :=
kH(1)

m

′
(kR3)

H
(1)
m (kR3)

. (2.7)

Here, H(1)
m (z) is the Hankel function of the first kind (cf. [87]). This yields the

exact artificial boundary conditions of the total field u:

∂ru− TR3u = ∂ruin − TR3uin := h at r = R3. (2.8)

Remark 2.1. The exact DtN boundary condition is global in the physical space

(due to the involvement of a Fourier series), but it is local in the expansion coef-

ficient space. Given the geometry of the cloak, we can fully take this advantage

in both simulation and analysis.

2.1.3 Transmission conditions and CBCs

For clarity of exposition, let us denote

R0 = 0; Ii = (Ri, Ri+1), Ωi = Ii × [0, 2π), i = 0, 1, 2; Ω =
2⋃
i=0

Ωi. (2.9)

Correspondingly, we define

H i = H|Ωi , Ei = E|Ωi , ui = u|Ii , i = 0, 1, 2. (2.10)
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The conditions at the material interface r = R2 are the standard transmission

conditions, that is, the tangential components of E and H are continuous across

the interface (see, e.g., [28, Sec. 1.5] and [35]):

n× (E1 −E2) = 0, n× (H1 −H2) = 0 at r = R2, (2.11)

where n is the unit out normal vector. A direct calculation from (2.1), leads to

u1 − u2 = 0, b−1∂ru
1 − ∂ru2 = 0 at r = R2. (2.12)

As mentioned in Section 1.3, how to impose suitable conditions so that there

is no wave propagating into the cloaked region, appears unsettled. The analysis

in Ruan et al. [60] implies that

E1 6= 0, n× (E0 −E1) 6= 0 at r = R1, (2.13)

while the tangential component is continuous across the inner boundary, namely,

n× (H0 −H1) = 0 at r = R1. (2.14)

Zhang et al. [61] demonstrates that the exotic physical effect (2.13) is attributed

to the surface current induced by the singular transformation.

We find from (2.1) and (2.14) that

lim
r→R1

Å
∂ru

0 − r −R1

r
∂ru

1
ã

= 0, (2.15)

which implies

∂ru
0(R1, θ) = 0, ∂ru

1(R1, θ) is finite. (2.16)

Remark 2.2. To shield the wave from propagating into the cloaked region, the

PMC condition (i.e., n×H1 = 0), is imposed in many simulations in Cartesian

coordinates (see, e.g., [37, 61, 63]). Unfortunately, we infer from (2.16) that in

the polar coordinates, the PMC condition (equivalent to ∂ru
1(R1, θ) being finite)

does not lead to an independent condition.
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At this point, one condition is lacking at the inner boundary. Our viewpoint

is that the electromagnetic fields in the original coordinates must still be finite

after the coordinate transformation. Therefore, letting r → R+
1 in (2.1) yields

∂u1

∂θ
(R1, θ) = 0, θ ∈ [0, 2π). (2.17)

Alternatively, it can be derived from the transformed gradient:

∇u =
1

b

Å∂u1

∂r
,

1

r −R1

∂u1

∂θ

ãt
, R1 < r < R2. (2.18)

We reiterate that (2.17) is intimately related to the essential “pole condition”

(EPC), associated with the polar transformation (singular at the origin). It is

imposed based on the principle that the solution in the polar coordinates should

have desired regularity, when it is transformed back to Cartesian coordinates

(see, e.g., [45, 86]). As shown in [85, 47], the condition: ∂θu(0, θ) = 0 is essential

for spectrally accurate computations. Indeed, such a notion can be extended to

other singular transformations (see e.g., [88]). In this context, the transformation

(1.10) spans the origin to the circle r = R1, so the essential “pole” condition is

transplanted to r = R+
1 .

The problem of interest is summarised as follows:

L0[u0] = 0 in Ω0; ∂θu
0(0, θ) = ∂ru

0(R1, θ) = 0; (2.19)

L1[u1] = 0 in Ω1; ∂θu
1(R1, θ) = 0; (2.20)

u1 = u2, b−1∂ru
1 = ∂ru

2 at r = R2, (2.21)

L0[u2] = 0 in Ω2; ∂ru
2 − TR3u

2 = g at r = R3; (2.22)

for all θ ∈ [0, 2π). Note that (i) the operators L0 and L1 are defined in (2.2)-(2.4);

(ii) the EPC: ∂θu
0(0, θ) = 0 is imposed at the origin due to the singular polar

transformation; and (iii) the source of the system is the incident wave in the data

g (cf. (2.8)).

Remarkably, under the condition (2.15), the subproblem (2.19) is decoupled

from (2.20)-(2.22). Moreover, we can show that u0 ≡ 0 is the unique solution, if
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the wave number k is not an eigenvalue of the Bessel operator with the boundary

conditions in (2.23). Indeed, we write u0(r, θ) =
∑∞
|m|=0 û

0
m(r)eimθ. Then (2.19) is

reduced to

1

r

d

dr

Å
r
dû0

m

dr

ã
− m2

r2
û0
m + k2û0

m = 0, 0 < r < R1;

û0
m(0) = 0, if m 6= 0;

d

dr
û0
m(R1) = 0, m = 0,±1, · · · .

(2.23)

We claim from the Sturm-Liouville theory of the Bessel operator (see, e.g., [89,

90]) the following conclusion.

Proposition 2.1. If k is not an eigenvalue of the Bessel problem (2.23), or

equivalently, J ′m(kR1) 6= 0 for any model m, then we have û0
m ≡ 0 for every m,

so the solution of (2.19) u0 ≡ 0.

We see that with a reasonable assumption on the frequency of the incident

wave, the cloak can perfectly shield the waves from penetrating into the cloaked

region.

2.1.4 Fourier-Legendre-spectral-element method

We next present an accurate and efficient numerical method for solving (2.20)-

(2.22). Observe from (2.8) that the DtN boundary condition in (2.22) is global

in the physical space, but it is local in the frequency space of Fourier expansion.

It is therefore advantageous to use Fourier spectral approximation in θ-direction,

and Legendre spectral-element method in r-direction.

We expand the solution and given data in Fourier series:¶
uj(r, θ), g(θ)} =

∞∑
|m|=0

¶
ûjm(r), ĝm

©
eimθ, j = 1, 2. (2.24)
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Then (2.20)-(2.22) reduce to a sequence of one-dimensional equations:

1

r −R1

d

dr

Å
(r −R1)

dû1
m

dr

ã
− m2

(r −R1)2
û1
m + k2b2û1

m = 0, R1 < r < R2; (2.25)

û1
m(R1) = 0, if m 6= 0; û1

m(R2) = û2
m(R2), b−1 d

dr
û1
m(R2) =

d

dr
û2
m(R2); (2.26)

1

r

d

dr

Å
r
dû2

m

dr

ã
− m2

r2
û2
m + k2û2

m = 0, R2 < r < R3; (2.27)Å d
dr
− Tm,k

ã
û2
m(R3) = ĝm, where Tm,k :=

kH(1)
m

′
(kR3)

H
(1)
m (kR3)

. (2.28)

Note that the global DtN boundary condition is decoupled for each mode m, and

by the property of the Hankel function, we have T−m,k = Tm,k (see [77, (2.32)]).

Hereafter, let Λ = (a, b) and $(x) > 0 be a generic weight function on Λ,

which is absolutely integrable. Let Hs
$(Λ) be the weighted Sobolev space as

defined in Admas [1]. In particular, L2
$(Λ) = H0

$(Λ) with the inner product

(·, ·)$ and norm ‖ · ‖$. We drop the weight function, whenever $ = 1.

Let I1 = (R1, R2) and I2 = (R2, R3) as before, and let I = (R1, R3). Define

the weight function ω and the piecewise constant function ρ:

ω(r) =


r −R1, if r ∈ I1,

r, if r ∈ I2,
ρ =


b2, if r ∈ I1,

1, if r ∈ I2.
(2.29)

Recall that b = R2/(R2 −R1) as defined in (2.4). Introduce the space

Ym(I) :=
¶
u ∈ H1

ω(I)∩L2
ω−1(I) : u(R1) = 0

©
, if m 6= 0; Y0(I) = H1

ω(I). (2.30)

Note that the functions in Ym(I) are continuous, while the weight function ω is not

continuous, across the material interface r = R2. The weak form of (2.25)-(2.28)

is to find ûm ∈ Ym(I) for each mode m, such that

Bm(ûm, v) :=(û′m, v
′)ω +m2(ûm, v)ω−1 − k2(ρûm, v)ω

−R3Tm,k ûm(R3)v̄(R3) = R3ĝmv̄(R3), ∀v ∈ Ym(I),
(2.31)

where v̄ is the complex conjugate of v. We show the following proposition on the

well-posedness of (2.31).
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Proposition 2.2. For each mode m, the problem (2.31) has a unique solution

ûm ∈ Ym(I).

Proof. It is clear that by (2.31),

Re
¶
Bm(ûm, ûm)

©
= ‖û′m‖2

ω +m2‖ûm‖2
ω−1 − k2‖ρûm‖2

ω −R3 Re(Tm,k)|ûm(R3)|2,

and

Im
¶
Bm(ûm, ûm)

©
= −R3 Im(Tm,k)|ûm(R3)|2.

Recall that (see, e.g., [3, 77]):

Re(Tm,k) < 0, Im(Tm,k) > 0.

Thus, we have

Re
¶
Bm(ûm, ûm)

©
≥ ‖û′m‖2

ω +m2‖ûm‖2
ω−1 − k2‖ρûm‖2

ω,

and ûm(R3) = 0, if ĝm = 0. Using the Fredholm alternative (cf. [3, Thm. 5.4.5]),

we reach the conclusion.

We now discuss the numerical solution of (2.31). Let PN be the complex-

valued polynomials of degree at most N, and let N = (N1, N2). We introduce the

approximation space:

Y Nm (I) =
¶
u ∈ Ym(I) : u|Ii ∈ PNi , i = 1, 2

©
, (2.32)

where the functions are continuous across r = R2 (cf. (2.26)). Given a cut-off

number M > 0, the FLSEM approximation to the solution of (2.20)-(2.22) is

uNM(r, θ) =
M∑
|m|=0

ûNm (r)eimθ, (2.33)

where {ûNm } are computed from the Legendre-spectral-element approximation to

(2.31), that is, find ûNm ∈ Y Nm (I) such that

Bm(ûNm , v) = R3ĝmv̄(R3), ∀v ∈ Y Nm (I), 0 ≤ |m| ≤M. (2.34)
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Remark 2.3. We can apply the same argument as for Proposition 2.2 to show

that (2.34) admits a unique solution in Y Nm (I).

For each mode m, the two-domain spectral-element scheme (2.34) can be

implemented efficiently by using the modal Legendre polynomial basis and the

Schur complement technique (cf. [91]). Here, we omit the details. We provide in

Section 2.3 ample numerical results to demonstrate that our proposed CBCs and

FLSEM leads to accurate simulations of the ideal circular cylindrical cloak.

2.2 Elliptic cylindrical cloaks

The elliptic cylindrical cloaks have been much less studied (see, e.g., [20, 21, 19]),

compared with intensive investigations of the circular cylindrical cloaks. Though

it is straightforward to extend the coordinate transformation in [5] to the elliptic

case, the coordinate transformation possesses quite different nature of singularity.

Thus, much care is needed to impose CBCs, as to be shown shortly.

2.2.1 Elliptic coordinates and Mathieu functions

To formulate the problem and algorithm, we briefly review the elliptic coordinates

and the related angular and radial Mathieu functions. The elliptic coordinates

(ξ, η) are related to the Cartesian coordinates x = (x, y) by

x = a cosh ξ cos η, y = a sinh ξ sin η, a > 0, (2.35)

where ξ ∈ [0,∞) and η ∈ [0, 2π). The coordinate lines are confocal ellipses (of

constant ξ) and hyperbolae (of constant η) with foci fixed at −a and a on the

x-axis. The scale factors and the Jacobian of the elliptic coordinate system are

h = hξ = hη = a
»

cosh2 ξ − cos2 η, J = hξhη = h2. (2.36)

The (angular) Mathieu equation reads (cf. [87]):

d2Φ

dη2
+ (λ− 2q cos 2η)Φ = 0 with q =

a2k2

4
, (2.37)
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where λ is the separation constant. The angular Mathieu equation (2.37) supple-

mented with periodic boundary conditions admits a countable set of eigen-pairs:¶
λc
m(q), cem(η; q)

©∞
m=0

,
¶
λs
m(q), sem(η; q)

©∞
m=1

. (2.38)

Note that the symbols “ce” and “se”, abbreviation of “cosine-elliptic” and “sine-

elliptic”, were first introduced in [92]. To facilitate the analysis afterwards, let us

denote

λ̃c
m(q) := λc

m(q) + 2q, λ̃s
m(q) := λs

m(q) + 2q. (2.39)

Then for any fixed q > 0, from the standard Sturm-Liouville theory (cf. [89]),

the eigenvalues are in order of

0 < λ̃c
0(q) < λ̃s

1(q) < λ̃c
1(q) < · · · < λ̃s

m(q) < λ̃c
m(q) < · · · . (2.40)

When q = 0, the Mathieu functions reduce to the trigonometric functions:

ce0(η; 0) =
1√
2

; cem(η; 0) = cos(mη), sem(η; 0) = sin(mη), m ≥ 1, (2.41)

and correspondingly, λc
m(0) = λs

m(0) = m2. Indeed, the angular Mathieu functions

share many properties with their conterparts: cosines and sines. For example,

cem(η; q) is an even function in η, and sem(η; q) is odd. They are π-periodic when

m is even, and 2π-periodic when m is odd. Moreover, the set of Mathieu functions

{cem, sem+1}∞m=0 forms a complete orthogonal system in L2(0, 2π) (cf. [93, 87]):∫ 2π

0
cem cen dη =

∫ 2π

0
sem sen dη = πδmn;

∫ 2π

0
cem sen dη = 0. (2.42)

The radial (or modified) Mathieu equation (cf. [87]):

d2Ψ

dξ2
− (λ− 2q cosh 2ξ)Ψ = 0, (2.43)

plays an analogous role as the Bessel equation in the polar coordinates. Like the

Bessel functions, there are several types of radial Mathieu functions, but each

type has even and odd versions, quite different notation is used to denote such

functions in literature [93, 87]. Here, we adopt the notation and conventions
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in [87], where {Mc(i)
m ; Ms(i)

m }, i = 1, 2, 3, 4, correspond to the Bessel functions:

Jm, Ym, H
(1)
m , H(2)

m in [2], respectively. In what follows, we just use the radial

Mathieu functions of the first kind {Mc(1)
m (ξ; q); Ms(1)

m (ξ; q)}, and the Mathieu-

Hankel functions: {Mc(3)
m (ξ; q); Ms(3)

m (ξ; q)}. Both types satisfy (2.43) with λ = λc
m

and λ = λs
m for Mcm and Msm, respectively.

2.2.2 Governing equation

Following the idea of Pendry et al. [5], a coordinate transformation, which com-

presses the elliptic region 0 ≤ ζ < ξ2 into the elliptic annular region 0 < ξ1 < ξ <

ξ2, was extended to devise an elliptic cylindrical cloak (see e.g., [59, 19]):

ξ =
ζ

d
+ ξ1, η = η, z = z with d =

ξ2

ξ2 − ξ1

, (2.44)

where (ζ, η, z) is the elliptic-cylindrical coordinates in the virtual space, and

(ξ, η, z) is the coordinates of the physical space. This leads to the study of

the time-harmonic Maxwell’s equations in the physical space with new material

parameters:

ε = µ = diag(εξ, εη, εz), if ξ1 < ξ < ξ2; ε = µ = I3, if ξ > ξ2, (2.45)

with the components in the cloaking layer (cf. [59]), given by

εξ = µξ =
1

d
, εη = µη = d, εz = µz = d

cosh2(d(ξ − ξ1))− cos2 η

cosh2 ξ − cos2 η
. (2.46)

Like before, we assume that the material parameters in the cloaked region are

constants.

As with the circular case, we consider the transverse-electric polarised electro-

magnetic field withE = (0, 0, v)t. We solveH from the first equation of (1.2), and

eliminate H . Then we obtain the following Helmholtz equations, together with

the exact DtN boundary at the outer ellipse ξ = ξ3(> ξ2), in elliptic coordinates:
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Ä
d−2∂2

ξ + ∂2
η

ä
v + k2a2

Ä
cosh2(d(ξ − ξ1))− cos2 η

ä
v = 0 in Λ1; (2.47a)Ä

∂2
ξ + ∂2

η

ä
v + k2a2

Ä
cosh2 ξ − cos2 η

ä
v = 0 in Λ0 ∪ Λ2; (2.47b)

(∂ξ − Tξ3)v = φ at ξ = ξ3, (2.47c)

where

k = ω
√
ε0µ0; Λi := (ξi, ξi+1)× [0, 2π), i = 0, 1, 2 with ξ0 := 0,

and Tξ3 is the DtN map (cf. [56, 94]), given by

Tξ3v =
∞∑
m=0

∂ξMc(3)
m (ξ3; q)

Mc(3)
m (ξ3; q)

v̂c
m(ξ3) cem(η; q)

+
∞∑
m=1

∂ξMs(3)
m (ξ3; q)

Ms(3)
m (ξ3; q)

v̂s
m(ξ3) sem(η; q),

(2.48)

with

v̂c
m(ξ3) =

1

π

∫ 2π

0
v(ξ3, η) cem(η; q) dη, v̂s

m(ξ3) =
1

π

∫ 2π

0
v(ξ3, η) sem(η; q) dη.

Note that in (2.47c), φ is induced by the incident wave, i.e., φ = (∂ξ − Tξ3)vin.

Naturally, we impose continuity of the tangential components of E and H

across the elliptic interface ξ = ξ2, leading to the transmission conditions as with

(2.12):

v1 = v2, d−1∂ξv
1 = ∂ξv

2, at ξ = ξ2, (2.49)

where for clarity, we denote vi = v|Λi for i = 0, 1, 2.

The critical issue is the imposition of CBCs at the inner boundary ξ = ξ1. To

tackle this, we decompose the solution and data into ce- and se-components as

follows:¶
v; φ} =

∞∑
m=0

¶
v̂c
m(ξ); φ̂c

m

©
cem(η; q) +

∞∑
m=1

¶
v̂s
m(ξ); φ̂s

m

©
sem(η; q)

:=
¶
vce; φce}+

¶
vse; φse}.

(2.50)
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Correspondingly, the polarized E and H fields are split into two components:

E = Ece +Ese and H = Hce +Hse. Following the analytic study in [19] and the

δ-perturbation analysis in [60], it is necessary to require the tangential component

of Hce and Ese continuous across the inner boundary ξ = ξ1, leading to

v0
se = v1

se, d−1∂ξv
0
ce = ∂ξv

1
ce at ξ = ξ1. (2.51)

Nevertheless, we are short of one condition for each component. Similar to (2.18),

we have

∇v =
1

a
»

cosh2(d(ξ − ξ1))− cos2 η

Å1

d

∂v1

∂ξ
,
∂v1

∂η

ãt
, ξ1 < ξ < ξ2. (2.52)

We see that the singularity of the transformation (2.44) only occurs at two points

(ξ1, 0) and (ξ1, π). Thus, taking the limit ξ → ξ+
1 , leads to the analogue of the

essential “pole” conditions in elliptic coordinates:

∂ξv
1(ξ1, 0) = ∂ξv

1(ξ1, π) = 0, ∂ηv
1(ξ1, 0) = ∂ηv

1(ξ1, π) = 0. (2.53)

Using the property (cf. [87]):

ce′m(0; q) = ce′m(π; q) = 0, sem(0; q) = sem(π; q) = 0, (2.54)

we find from (2.50) that (2.53) is equivalent to

∂ξv
1
ce(ξ1, 0) = 0, v1

se(ξ1, 0) = 0. (2.55)

We summarize the problem that models the ideal elliptic cylindrical cloak:

given φ = φce + φse, find

v = vce + vse with vi = vice + vise = (vce + vse)|Λi , i = 0, 1, 2, (2.56)

satisfying the following systems.

(i) For the ce-component in the cloaked region Λ0:Ä
∂2
ξ + ∂2

η

ä
v0

ce + k2a2
Ä

cosh2 ξ − cos2 η
ä
v0

ce = 0, 0 < ξ < ξ1; (2.57)

∂ξv
0
ce(0, 0) = ∂ξv

0
ce(ξ1, 0) = 0. (2.58)

Note that the essential pole condition at the origin is necessary, while

∂ξv
0
ce(ξ1, 0) = 0 is derived from the second condition in (2.51) and (2.55).
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(ii) For the ce-component in Λ1 ∪ Λ2:Ä
d−2∂2

ξ + ∂2
η

ä
v1

ce + k2a2
Ä

cosh2(d(ξ − ξ1))− cos2 η
ä
v1

ce = 0 in Λ1; (2.59a)

∂ξv
1
ce(ξ1, 0) = 0; v1

ce = v2
ce, d−1∂ξv

1
ce = ∂ξv

2
ce at ξ = ξ2; (2.59b)Ä

∂2
ξ + ∂2

η

ä
v2

ce + k2a2
Ä

cosh2 ξ − cos2 η
ä
v2

ce = 0 in Λ2, (2.59c)

(∂ξ − Tξ3)v2
ce = φce at ξ = ξ3. (2.59d)

(iii) The se-component vse satisfies the same equations in (i)-(ii) with vise and

φse in place of vice and φce, respectively, while (2.58) and the first condition

in (2.59b) are respectively replaced by

v0
se(0, 0) = v0

se(ξ1, 0) = 0; v1
se(ξ1, 0) = 0. (2.60)

We see that v0
ce and v0

se are decoupled from vice and vise, i = 1, 2. Indeed, using

(2.37) and the expansion (2.50), the problem (2.57)-(2.58) reduces to

(v̂c
m)′′(ξ)−

Ä
λc
m − 2q cosh(2ξ)

ä
v̂c
m(ξ) = 0, 0 < ξ < ξ1, (2.61)

(v̂c
m)′(0) = (v̂c

m)′(ξ1) = 0, (2.62)

and similarly, we have

(v̂s
m)′′(ξ)−

Ä
λs
m − 2q cosh(2ξ)

ä
v̂s
m(ξ) = 0, 0 < ξ < ξ1, (2.63)

v̂s
m(0) = v̂s

m(ξ1) = 0. (2.64)

Similar to Proposition 2.1, one deduces the following conclusions from the stan-

dard theory of ordinary differential equations (cf. [89, 90]) and also from the

properties of Mathieu functions (cf. [87]).

Proposition 2.3. If k and ξ1 are chosen such that Mc(1)
m

′
(kξ1) 6= 0 and Ms(1)

m (kξ1) 6=
0 for any mode m, then we have v̂c

m = v̂s
m ≡ 0 for every m, so both the problem

(2.57)-(2.58) and the problem of se-component in Λ0 with (2.60) have only trivial

solutions in the cloaked region.
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2.2.3 Mathieu-Legendre-spectral-element method

In what follows, we present an accurate and efficient numerical algorithm to

simulate the ideal elliptic cylindrical cloak.

Using the Mathieu expansion in η-direction (see (2.50)), we obtain the system

of the ce-component in Λ1 ∪ Λ2:

− d−2(v̂c
m)′′(ξ) +

Ä
λ̃c
m − 4q cosh2(d(ξ − ξ1))

ä
v̂c
m = 0, ξ1 < ξ < ξ2; (2.65a)

(v̂c
m)′(ξ1) = 0; v̂c

m(ξ−2 ) = v̂c
m(ξ+

2 ), d−1(v̂c
m)′(ξ−2 ) = (v̂c

m)′(ξ+
2 ); (2.65b)

− (v̂c
m)′′(ξ) +

Ä
λ̃c
m − 4q cosh2(ξ)

ä
v̂c
m(ξ) = 0, ξ2 < ξ < ξ3; (2.65c)Å d

dξ
−Dc

m

ã
v̂c
m(ξ3) = φ̂c

m, where Dc
m :=

Mc(3)
m

′
(ξ3; q)

Mc(3)
m (ξ3; q)

. (2.65d)

Recall that λ̃c
m := λc

m + 2q > 0 (see (2.39)). The se-component satisfies the same

system with v̂s
m, φ̂s

m and λ̃s
m in place of v̂c

m, φ̂c
m and λ̃c

m in (2.65), respectively,

while the first condition in (2.65b) and Dc
m in (2.65d), are respectively replaced

by

v̂s
m(ξ1) = 0, Ds

m :=
Ms(3)

m

′
(ξ3; q)

Ms(3)
m (ξ3; q)

, m ≥ 1. (2.66)

With a little abuse of notation, we still denote I1 = (ξ1, ξ2), I2 = (ξ2, ξ3), and

I = (ξ1, ξ3). To formulate the problem into a compact form (see (2.68) below),

we introduce the piecewise functions:

$ =


d−1, if ξ ∈ I1,

1, if ξ ∈ I2,
χ =


cosh2(d(ξ − ξ1)), if ξ ∈ I1,

cosh2 ξ, if ξ ∈ I2.
(2.67)

Recall that d = ξ2/(ξ2 − ξ1) defined in (2.44). Apparently, these two functions

are uniformly bounded.

The weak form of (2.65) is to find v̂c
m ∈ H1(I) for each mode m, such that

Bc
m(v̂c

m, ψ) := ($(v̂c
m)′, ψ′) + λ̃c

m($−1v̂c
m, ψ)− 4q($−1χv̂c

m, ψ)

−Dc
mv̂

c
m(ξ3)ψ̄(ξ3) = φ̂c

mψ̄(ξ3), ∀ψ ∈ H1(I), m = 0, 1, · · · .
(2.68)
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Similarly, the weak form of the se-component is to find v̂s
m ∈ 0H

1(I) := {v ∈
H1(I) : v(ξ1) = 0} for each mode m, such that

Bs
m(v̂s

m, ψ) = φ̂s
mψ̄(ξ3), ∀ψ ∈ 0H

1(I), m = 1, 2, · · · , (2.69)

where the bilinear form Bs
m(·, ·) is defined by replacing λ̃c

m and Dc
m in Bc

m(·, ·) by

λ̃s
m and Ds

m, respectively.

Like Proposition 2.2, we next show the unique solvability of (2.68) and (2.69).

Proposition 2.4. For each mode m, the problem (2.68) (resp. (2.69)) has a

unique solution v̂c
m ∈ H1(I) (resp. v̂s

m ∈ 0H
1(I)).

Proof. For simplicity, denote

M(i)
m = Mc(i)

m or Ms(i)
m , i = 1, 2, 3; Dm = Dc

m or Ds
m.

Recall that (see e.g., [87])

M(3)
m := M(1)

m + iM(2)
m ; M(1)

m M(2)
m

′ −M(2)
m M(1)

m

′
=

2

π
. (2.70)

Then a direct calculation from (2.66) and (2.70) leads to

Im(Dm) =
M(1)
m (ξ3; q)M(2)

m

′
(ξ3; q)−M(2)

m (ξ3; q)M(1)
m

′
(ξ3; q)

|M(3)
m (ξ3; q)|2

=
2/π

|M(3)
m (ξ3; q)|2

> 0.

(2.71)

Moreover, by (2.65d),

Re(Dm) =
M(1)
m (ξ3; q)M(1)

m

′
(ξ3; q) + M(2)

m (ξ3; q)M(2)
m

′
(ξ3; q)

|M(3)
m (ξ3; q)|2

. (2.72)

Note that {M(i)
m (ξ; q)}2

i=1 can not have common zero, and are analytic for all ξ > 0

(see, e.g., [87]), so |Re(Dm)| is a finite constant for fixed m, q and ξ3. To this end,

let C be a generic positive constant depending on m, q, ξ2 and ξ3.

We first consider (2.68) and obtain that

Re
¶
Bc
m(v̂c

m, v̂
c
m)
©

= ‖$(v̂c
m)′‖2 + λ̃c

m‖$−1v̂c
m‖2

− 4q‖$−1χv̂c
m‖2 − Re(Dc

m)|v̂c
m(ξ3)|2,

(2.73)
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and

Im
¶
Bc
m(v̂c

m, v̂
c
m)
©

= −Im(Dc
m)|v̂c

m(ξ3)|2. (2.74)

Let I2 = (ξ2, ξ3) as before. Recall the Sobolev inequality (see, e.g., [47, (B.33)]):

for any w ∈ H1(I2),

max
x∈Ī2
|w(x)|2 ≤

Å 1

ξ3 − ξ2

+ 2
ã
‖w‖L2(I2)‖w‖H1(I2). (2.75)

Therefore, we further derive from the Cauchy-Schwartz inequality that

|Re(Dc
m)||v̂c

m(ξ3)|2 ≤ C
Ä
‖$(v̂c

m)′‖2 + ‖χv̂c
m‖2
ä1/2‖χv̂c

m‖

≤ C
Ä
‖$(v̂c

m)′‖‖χv̂c
m‖+ ‖χv̂c

m‖2
ä
≤ 1

2
‖$(v̂c

m)′‖2 + C‖χv̂c
m‖2.

(2.76)

Therefore, by (2.73) and (2.76),

Re
¶
Bc
m(v̂c

m, v̂
c
m)
©
≥ 1

2
‖$(v̂c

m)′‖2 + λ̃c
m‖$−1v̂c

m‖2 − (4q + C)‖$−1χv̂c
m‖2. (2.77)

Moreover, by (2.71), v̂c
m(ξ3) = 0, if φ̂c

m = 0. Using the Fredholm alternative (see,

e.g., [3, Thm. 5.4.5]), we reach the conclusion.

The uniqueness of the solution for (2.69) can be shown similarly.

We now introduce the numerical schemes. Define the approximation spaces:

Zc,N
m (I) =

¶
v ∈ H1(I) : v|Ii ∈ PNi , i = 1, 2

©
; Zs,N

m (I) = Zc,N
m (I)∩H1

0 (I), (2.78)

where N = (N1, N2). Given a cut-off number M > 0, the MLSEM approximation

to the solution of (2.47) in Λ1 ∪ Λ2 is

vNM (ξ, η) =
M∑
m=0

v̂c,N
m (ξ)cem(η; q) +

M∑
m=1

v̂s,N
m (ξ)sem(η; q), (2.79)

and {v̂c,N
m , v̂s,N

m } are computed from the Legendre-spectral-element schemes: find

v̂c,N
m ∈ Zc,N

m (I) such that

Bc
m(v̂c,N

m , ψ) = φ̂c
mψ̄(ξ3), ∀ψ ∈ Zc,N

m (I), 0 ≤ m ≤M, (2.80)

and find v̂s,N
m ∈ Zs,N

m (I) such that

Bs
m(v̂s,N

m , ψ) = φ̂s
mψ̄(ξ3), ∀ψ ∈ Zs,N

m (I), 1 ≤ m ≤M. (2.81)



52 Invisibility Cloaks and Cloaking Boundary Conditions

Remark 2.4. The unique solvability of (2.80)-(2.81) can be shown as the con-

tinuous problems in Proposition 2.4.

As with the circular case, the two-domain spectral-element scheme for each

mode can be implemented by using the modal Legendre polynomial basis and

the Schur complement technique (cf. [91]), but it is noteworthy that the resulted

linear systems are full and dense due to the involvement of the non-polynomial

weight function χ in (2.67).

2.3 Numerical results

In this section, we provide ample numerical results to demonstrate that our pro-

posed approach produces accurate simulation of the ideal circular and elliptic

cylindrical cloaks.

2.3.1 Circular cylindrical cloaks

Assuming that the incident wave is a plane wave with an incident angle θ0:

uin(r, θ) = eikr cos(θ−θ0) =
∞∑
|m|=0

imJm(kr)eim(θ−θ0), (2.82)

we can derive from the full-wave analysis in Ruan et al. [60] that the ideal cloaking

problem admits the exact solution:

u(r, θ) =


uin(b(r −R1), θ), if R1 < r < R2,

uin(r, θ), if r > R2,
(2.83)

which vanishes in the cloaked region: r < R1.

We first examine the numerical error: EN = max|m|≤M‖ûm− ûNm ‖N ,∞, where

‖ · ‖N ,∞ denotes the maximum pointwise errors at the Legendre-Gauss-Lobatto

points (with a linear transformation) used in each subinterval. In the computa-

tion, we take M = 70 (so that the truncation error in θ direction is negligible),
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and choose θ0 = 0 and (R1, R2, R3) = (0.2, 0.6, 1.0). In Figure 2.1 (left), we plot

log10(EN ) against N = (N,N) for k = 30, 50, 70. Observe that the error decays

exponentially, when N > N0(k). The expected transition value N0(k) can be

estimated by using the notion of “number-of-points-per-wavelength” (cf. [45]).

Indeed, for large k, the Bessel function behaves like (cf. [87]):

Jm(z) ∼
 

2

πz
cos
Å
z − mπ

2
− π

4

ã
.

We infer from the approxibility of Legendre polynomial expansions to trigono-

metric functions (cf. [45]) that as soon as

N >
ek

4
max{R2, R3 −R2} −

1

2
,

the error begins to decay. Approximately, we take N0(k) to be ceiling round-off

of this low bound. For k = 30, 50, 70, we find that N0 = 12, 20, 29, respectively,

which agrees with the numerical results in Figure 2.1 (left). In Figure 2.1 (right),

we plot the zeroth mode in the expansion (2.82) (see the solid line) versus the

numerical approximation of ûN0 (r) with k = 70 and N = (50, 50) (with marker

“+”). We see that this mode is not continuous across the inner boundary r = R1,

which is the major reason for the surface currents (cf. [61]) and the violation of

PEC condition (cf. (2.13)).

We next illustrate the electric wave propagations and profiles under differ-

ent incident angles and frequencies. In Figure 2.2, we depict the electric-field

distributions (real and imaginary parts in the top row) simulated by the pro-

posed FLSEM with θ0 = 0, k = 20, (R1, R2, R3) = (0.2, 0.6, 1.0), M = 25 and

N = (20, 20). We see that when a TE plane wave is incident on the circular

cloak, it is completely guided and bent around the cloaked region without induc-

ing any scattering waves. Moreover, the propagating wavefronts perfectly emerge

from the other side of the cloaked region without any distortion, which are best

testified to by profiles of Re{uNM} and Im{uNM} along x-axis (cf. (2.33)) in Figure

2.2. Once again, we observe that the real part is discontinuous across the inner
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Figure 2.1: Left: errors against various N for some samples of k. Right: the

zeroth mode (in solid line) versus its numerical approximation ûN0 (marked by

“+”, with k = 70 and N = (50, 50)).

boundary, attributed to the surface currents induced by the singular coordinate

transformation (cf. [61]).

To further demonstrate the performance of the proposed approach, we set the

incident angle θ0 = π/3, increase the incident frequency to k = 100 and enlarge

the cloaked region by taking (R1, R2, R3) = (0.3, 0.9, 1.0). We depict in Figure 2.3

the same type of numerical results (obtained by the FLSEM with M = 120 and

N = (100, 20)) as in Figure 2.2. Again, the highly oscillatory oblique incident

wave is perfectly steered by the cloaking layer, and completely shielded from

the cloaked region. It is also worthwhile to point out that the exact boundary

condition can be placed as close as possible to the cloak that can significantly

reduce the number of grid points in the outermost artificial shell, especially when

the incident frequency is high.

2.3.2 Wave generated by an external source

We now use an external source, compactly supported in the annulus R2 < r < R3,

as the wavemaker, and turn off the incident wave. More precisely, we modify
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Figure 2.2: Row 1: real (left) and imaginary (right) parts of the electric-field

distributions. Row 2-3: profiles of the real and imaginary parts of the electric-

field along x-axis.

(2.22) as

L0[u2] = f in Ω2; (∂r − TR3)u
2 = 0 at r = R3. (2.84)

In this situation, there is no closed-form exact solution. In practice, we use the

Guassian function in Cartesian coordinates:

f(x, y) = α exp
Å
−(x− β)2 + (y − κ)2

2γ2

ã
, (2.85)

where α, β, κ, γ are tuneable constants. To this end, we take (R1, R2, R3) =

(0.2, 0.6, 1.0), α = 100, β = −0.8, κ = 0 and γ = 0.02. The source at r = R3 is

nearly zero. The plots of the electric-field distributions in Figure 2.4 are computed

from the FLSEM with k = 40, M = 40 and N = (40, 150). The non-plane

waves generated by the source are smoothly bent and the cloak does not produce
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any scattering. We also observe from Figure 2.4 that the waves seamlessly pass

through the outer artificial boundary without any reflecting.
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Figure 2.3: Row 1: real (left) and imaginary (right) parts of the electric-field

distributions. Row 2-3: profiles of the real and imaginary parts of the electric-

field along θ = π/3.

2.3.3 Elliptic cylindrical cloaks

We first consider an incident plane wave in (2.82), which, in the elliptic coordi-

nates (cf. (2.35)), can be expanded in terms of Mathieu functions (cf. [95, P.
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Figure 2.4: Electric-field distributions with an external source compactly sup-

ported in the outmost shell. Left: real part; right: imaginary part.

218]):

vin(ξ, η) = exp(ika(cosh ξ cos η cos θ0 + sinh ξ sin η sin θ0))

=

 
8

π

∞∑
m=0

imMc(1)
m (ξ; q)cem(θ0; q)cem(η; q)

+

 
8

π

∞∑
m=1

imMs(1)
m (ξ; q)sem(θ0; q)sem(η; q).

(2.86)

Note that when q = 0, it reduces to (2.82). Following [19], we obtain the exact

solution for the ideal elliptic cloak similar to the circular case in (2.83):

v(ξ, η) =


vin(d(ξ − ξ1), η), if ξ1 < ξ < ξ2,

vin(ξ, η), if ξ > ξ2,
(2.87)

which vanishes if 0 < ξ < ξ1.

To illustrate the spectral accuracy of MLSEM, we tabulate in Table 2.1 the

numerical errors EN (defined as in the circular case) for differentN = (N,N) and

for several k. In the simulation, we take a = 0.6, θ = 0, (ξ1, ξ2, ξ3) = (0.7, 1.3, 1.5)

and M = 70.

We next illustrate electric-field distributions. The circular cloak is perfectly

symmetric, so the way of bending the waves is independent of the incident angle.
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Table 2.1: Convergence of MLSEM

k = 30 k = 50 k = 70

N error error error

30 8.63E-07 2.75E-02 1.32

40 4.66E-12 8.42E-06 8.50E-02

50 9.03E-15 4.87E-10 3.52E-05

60 1.57E-14 2.27E-14 5.89E-09

70 1.66E-14 2.08E-14 2.73E-13

However, as pointed out in, e.g., [59], the incident wave along the major axis

(i.e., θ0 = 0) leads to significantly better cloaking effect with much less scattering

and bears the greatest resemblance to the circular cloak, compared with other

directions. Note that in [59], PEC condition was imposed at the inner bound-

ary ξ = ξ3 in the finite-element simulation, and the electric-field distributions

exhibited observable scattering waves when the incident angle θ0 6= 0. However,

using our proposed CBCs and numerical solver, the perfect cloaking effect can be

achieved equally and no any scattering is induced for any incident angles. Apart

from plotting the electric-field distributions, we also depict the time-averaged

Poynting vector (cf. [28]):

S = Re {E ×H∗}/2, (2.88)

which indicates the directional energy flux density. In Figures 2.5-2.7 (where θ0 =

0, π/4, π, respectively, and in all cases, a = 0.6, (ξ1, ξ2, ξ3) = (0.7, 1.3, 1.5), k = 20,

M = 30 and N = (20, 20)), we plot the real part of the electric-field distributions

(note: the imaginary part behaves very similarly), and the corresponding Poynt-

ing vector fields. We find that the waves are again steered smoothly around the

elliptic cloaked region without reflecting and scattering. We particularly look at

the Poynting vectors in Figure 2.8, where the energy flux attempts to flow across
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r = ξ1, but it is directed by the cloak. Once again, the surface current is induced

on the cloaking interface as with the circular cloak. It is noteworthy that the

incident wave perpendicular to the major axis (see Figure 2.8) is of particular

interest, as the shape is like a slap and the waves are difficult to steer (cf. [20]).

However, using our approach, the perfect concealment of waves can be achieved

as with other incident angles.

Finally, we conduct a test by adding an external source (cf. Subsection 2.3.2),

and turning off the incident wave. Accordingly, we modify (2.47b) and (2.47c) asÄ
∂2
ξ + ∂2

η

ä
v + k2a2

Ä
cosh2 ξ − cos2 η

ä
v = f in Λ2;

(∂ξ − Tξ3)v = 0 at ξ = ξ3,
(2.89)

where f is compactly supported in the elliptic layer ξ2 < ξ < ξ3. Like before, we

take f to be (2.85) with α = 1000, β = 0, κ = 1.148, γ = 0.01. Figure 2.8 is

computed from MLSEM with k = 20, M = 30 and N = (50, 100) and illustrates

the real (left) and imaginary (right) part of the electric-field distributions induced

by external source. Once again, we see that the waves are smoothly bent without

penetrating into the elliptic cloaked region. Moreover, the cloak does not induce

any scattering, and indeed, we see the fields near the source totally unaffected.

Figure 2.5: Real part of the electric-field distribution (left) and the related Poynting

vector (right), where the incident angle θ0 = 0.
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Figure 2.6: Real part of the electric-field distribution (left) and the related Poynting

vector (right), where the incident angle θ0 = π/4.

Figure 2.7: Real part of the electric-field distribution (left) and the related Poynting

vector (right), where the incident angle θ0 = π.

Figure 2.8: The real (left) and imaginary (right) part of electric-field distribution with

different sources.



Chapter 3
Polygonal Invisibility Cloaks

In this chapter, we are mainly concerned with simulation of general two-dimensional

Helmholtz equations in anisotropic media using spectral-element method (SEM),

with particular applications in accurate simulation of polygonal invisibility cloaks

resulting from the field of TE. As addressed in Section 1.3, the unbounded domain

is truncated to a bounded one by imposing an exact circular DtN TBC. Such a

boundary condition presents a great challenge to be incorporated with spectral-

element solvers since it involves the Fourier expressions in space. We introduce

a semi-analytic technique to integrate the global TBC with local curvilinear ele-

ments seamlessly, which is accomplished by using a novel elemental mapping and

analytic formulas for evaluating global Fourier coefficients on spectral-element

grids exactly.

Compared with circular and elliptic invisibility cloaks studied in Chapter 2,

the polygonal cloaks enjoy more flexibility to hide objects with complex shapes,

which are however much less studied. Indeed, many of the previous principles

and approaches for CBCs are not extendable to the polygonal case. Following

the spirit of Subsection 2.1.2, we propose new CBCs under a “local” coordinate

system (see Proposition 3.3), under which the governing equation in the cloaked

region is decoupled from the exterior region. Accordingly, no wave can propagate

into the cloaked region, and vice versa. We emphasize that the new CBCs are

61
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indispensable for spectrally accurate simulations. We also show that the proposed

spectral-element solver provides a reliable tool to study how the defects affect the

perfectness of an ideal cloak (see Subsection 3.2.5).

The rest of the chapter is organised as follows. In Section 3.1, we present the

model problem of interest and introduce the technique to seamlessly integrate

the global DtN BC with local spectral elements. Section 3.2 is for accurate sim-

ulation of polygonal invisibility cloak, where new CBCs are derived and efficient

techniques are introduced to deal with singular material parameters. Various

numerical results are provided to show the perfectness of invisibility, and the ef-

fects of defects and lossy or dispersive media. Section 3.3 concerns the extension

of the spectral-element solver to the simulation of electromagnetic concentrators

and rotators. The last section is for some extensions to three-dimensional setting.

3.1 Spectral-element discretisation of DtN BC

In this section, we first truncate the aforementioned Helmholtz problem in (1.18)

arisen from transformation electromagnetics with DtN BC. We then discretise

the model problem by spectral-element method and focus on how to seamlessly

integrate the global DtN BC with local elements.

3.1.1 2-D Helmholtz equation with anisotropic coefficients

In summary, the Helmholtz problem truncated with DtN boundary condition

reads

∇ · (C(r)∇u(r)) + k2n(r)u(r) = f(r) in BR, (3.1)

JuK = JC∇uK = 0 at Γ := ∂Ω−, (3.2)

∂ru− TR[u] = h at ΓR, (3.3)

where

JuK := u− − u+, JC∇uK := n · (C−∇u− −C+∇u+), (3.4)
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u± := u|Ω± , C± := C|Ω± and n is the unit outer normal vector along Γ. Here,

TR is the DtN map defined in (2.6)-(2.7).

Figure 3.1: Illustration of geometry

In general, we make the following assumptions.

(i) C is assumed to be a symmetric positive definite matrix in R2×2, and for a

given positive constant c1 and every non-zero column vector ξ,

0 < ξtC ξ ≤ c1, ∀ ξ ∈ R2, a.e. in R2. (3.5)

(ii) The coefficient is bounded below and above, and for a given positive con-

stant n1,

0 < n ≤ n1, a.e. in R. (3.6)

(iii) The inhomogeneity of the medium is confined in a bounded domain Ω−

with Lipschitz boundary, and f is compactly supported in disc BR of radius

R > 0 (see Figure 3.1):

C = I2, n = 1 in R2 \ Ω̄−; supp(f) ⊆ BR, (3.7)

where I2 is the 2× 2 identity matrix. In what follows, we are interested in

the case where Ω− is a penetrable scatterer.
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Note that the inhomogeneity of the medium is confined in a bounded domain

Ω− with Lipschitz boundary, and f is compactly supported in disc BR of radius

R > 0 (see Figure 3.1):

C = I2, n = 1 in R2 \ Ω̄−; supp(f) ⊆ BR, (3.8)

where I2 is the 2 × 2 identity matrix. In what follows, we are interested in the

case where Ω− is a penetrable scatterer.

In Sections 3.2-3.3, we shall introduce the coordinate transformations for

polygonal invisibility cloaks, concentrators and rotators, and compute the cor-

responding material parameters C and n via (1.6). It is noteworthy that in all

cases, the coordinate transformations are identity in R2 \ (Ω− ∪ Ω+) (cf. Fig-

ure 3.1), so the unbounded problem can be truncated to a bounded one by the

aforementioned DtN boundary condition. Moreover, we can derive (3.4) below

from the standard transmission conditions (see, e.g., [28, Sec. 1.5] and [35]),

that is, the continuity of the tangential components of E and H at the interface

Γ := ∂Ω−.

3.1.2 Spectral-element scheme

Define the line integral along ΓR

〈u, v〉ΓR :=
∮

ΓR

u v̄ dγ. (3.9)

A weak formulation of (3.1)-(3.3) is to find u ∈ H1(BR) such that

B(u, v) : = (C∇u,∇v)BR − k2(nu, v)BR − 〈TR[u], v〉ΓR
= F (v) := −(f, v)BR + 〈h, v〉ΓR , ∀v ∈ H1(BR),

(3.10)

where by (2.6)-(2.7),

〈TR[u], v〉ΓR =
R

2π

∞∑
|m|=0

Tm
Å ∫ 2π

0
u(R, θ)e−imθdθ

ãÅ∫ 2π

0
v(R, θ)e−imθdθ

ã
. (3.11)
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Remark 3.1. From (see, e.g., [3, P. 87])

− |m|+ 1

R
≤ Re(Tm) ≤ 1

R
, 0 < Im(Tm) ≤ k, |m| = 0, 1, · · · , (3.12)

we obtain the well-posedness of (3.10) from (3.5) and (3.12) (cf. [3]).

Remark 3.2. In the numerical implementation, the infinite series in the DtN

boundary condition (2.6)-(2.7) is approximated by its truncation, i.e., TMR [u] :=∑M
|m|=0 Tmûmeimθ. The issue of how to choose the cut-off number M has been

investigated by a number of literatures. Harari et al. [96] proved that when

M ≥ kR, the solvability of (3.10) with the approximated DtN condition TMR [u]

can be guaranteed. The priori error estimate is otained in L2 and H1 norm

in [97] and numerical experiments on finding the optimal choose of M shows

that M ≥ kR is a sufficient but conservative condition. Grote and Keller [56]

proposed a modified DtN boundary condition such that the well-posedness of the

approximate problem is always guaranteed regardless of the choose of M.

For the sake of simplicity, we assume that Ω− is a polygon or a disk. Nev-

ertheless, our approach can be easily extended to more complex domains. The

computational domain BR is partitioned by non-overlapping quadrilateral ele-

ments {Ωe}Ee=1 with straight or curvilinear sides. Note that the sides are specially

chosen such that in the outer boundary ΓR are aligned with them. To be more

precise,

ΓR =
ER⋃
e=1

ΓeR,
ER⋃
e=1

î
θe, θe+1

ó
= [0, 2π], r = R, (3.13)

where ΓeR := ΓR ∩ Ω̄e 6= ∅ for all e ∈ {1, · · · , E}, and θ1 = θER+1 (see Figure 3.2

(a)). Let χe : Q := (−1, 1)2 → Ωe be a one-to-one transforamtion in each element

r = x = (x, y) = χe(ξ, η) :=
Ä
χe1(ξ, η), χe2(ξ, η)

ä
, ∀ (ξ, η) ∈ Q. (3.14)

Gordon and Hall [98] proposed a elemental transformation which transforms Q

into any curvilinear quadrilateral, with certain parameterisation of the “edges”

(see, e.g., [99, 46]). In (3.19)-(3.20) below, a special parameterisation of Gordon
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and Hall transformation is used to incorporate the local spectral elements with

the global DtN operators.

Denote by PN the set of all polynomials with highest degree at most N in

[−1, 1]. Denote the spectral-element approximation space

V E
N :=

¶
v ∈ C(BR) : v(x)|Ωe = v(χe) ∈ P2

N := PN ⊗ PN , 1 ≤ e ≤ E
©
. (3.15)

The corresponding spectral-element numerical scheme of (3.10) is to find uEN ∈ V E
N

such that

BM
N (uEN , v

E
N) : = (C∇uEN ,∇vEN)BR − k2(nuEN , v

E
N)BR

− 〈TMR [uEN ], vEN〉ΓR = F (vEN), ∀ vEN ∈ V E
N ,

(3.16)

where we recall the truncated DtN operator TMR [uEN ] in Remark 3.2.

3.1.3 Seamless integration of SEM with global DtN TBC

The continuous inner product (·, ·)Ω and the trace integral 〈h, vEN〉ΓR can be apprix-

imated by the usual discrete inner product based on tensorial Legendre-Gauss-

Lobatto (LGL) quadrature (see, e.g., [99]). However, since the DtN is a global

operator and the spectral-element solution is piecewise continuous, we need to

pay more attention to treat the term 〈TR[uEN ], vEN〉ΓR . The fast Fourier transform

(FFT) can be applied here, but one more intermediate procedure is needed to

interpolate from spectral-element grids to Fourier points. Note that uEN |ΓR ∈ C0,

only first-order convergence is achieved by a naive interpolation.

Next, we propose an efficient semi-analytical method to evaluate 〈TR[uEN ], vEN〉ΓR .
Let {ξj = ηj}Nj=0 be the LGL points in [−1, 1], and let {lj}Nj=0 be the associated

Lagrange interpolating basis polynomials. The corresponding spectral-element

grids and basis on Ω̄e are given by

xij = χe(ξi, ηj), ψij(x) = li(ξ)lj(η), 0 ≤ i, j ≤ N. (3.17)

Thus, we have

uEN(x, y)
∣∣∣
Ωe

=
∑
i,j

ũeij li(ξ)lj(η), (3.18)
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where the unknowns {ũeij} are determined by the scheme (3.16).

1e
1e+1

ee

ee+1

ee+2

KR
e

KR
e+1

(a) Mesh

 /1
e(j)

 /3
e(j)

 /2
e(d)

 /4
e(d)

(x1
e,y1

e)

(x2
e,y2

e)

(x3
e,y3

e)

(x4
e,y4

e)

(b) Mapped LGL grids on Ωe

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

j

d

(c) Tensorial LGL points

on Q

Figure 3.2: SEM mesh along ΓR and the mapped grids on a curvilinear element via

the proposed transformation from the tensorial LGL points on a reference square .

We now particularly look at the Gordon-Hall transform for a curvilinear ele-

ment Ωe with vertices {(xei , yei )}4
i=1 along ΓR (with one arc-shaped side and three

straight sides). Let {πej(t), t ∈ [−1, 1]}4
j=1 be, respectively, the parametric form

of four sides such that

πe1(−1) = πe4(1), πe1(1) = πe2(1), πe2(−1) = πe3(1), πe3(−1) = πe4(−1), (3.19)

see Figure 3.2 (b). Correspondinly, the Gordon-Hall transform is given by

x = χe(ξ, η) = πe1(ξ)
1 + η

2
+ πe3(ξ)

1− η
2

+
1 + ξ

2
πe2(η) +

1− ξ
2
πe4(η)

−
Ç
πe1(−1)

1− ξ
2

+ πe1(1)
1 + ξ

2

å
1 + η

2

−
Ç
πe3(−1)

1− ξ
2

+ πe3(1)
1 + ξ

2

å
1− η

2
,

(3.20)

where the edge η = 1 of Q is mapped to the arc ΓeR = {r = R, θ ∈ (θe, θe+1)} of

Ωe, i.e.,

ΓeR : x = χe1(ξ, 1) = πe11(ξ), y = χe2(ξ, 1) = πe12(ξ), ∀ ξ ∈ (−1, 1). (3.21)
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Therefore, the mapped grids on ΓeR (see Figure 3.2) satisfy

cos θej = R−1πe11(ξj) or sin θej = R−1πe12(ξj), 1 ≤ j ≤ N. (3.22)

We now turn to 〈TMR [uEN ], vEN〉ΓR in (3.16). Thanks to (3.11) and (3.18), we

need to evaluate∫ 2π

0
uEN(x, y)

∣∣∣
ΓR
e−imθ dθ =

ER∑
e=1

∫ θe+1

θe
uEN(x, y)

∣∣∣
ΓeR
e−imθ dθ

=
ER∑
e=1

∑
i

ũeiN

∫ 1

−1
li(ξ)e

−imθ(ξ) dθ

dξ
dξ.

(3.23)

Represent {li} in terms of Legendre polynomials, and (3.23) suffices to compute

Ienm :=
∫ 1

−1
Pn(ξ) e−imθ(ξ) dθ

dξ
dξ, for n ≥ 0, |m| ≥ 0, (3.24)

where Pn is the Legendre polynomial of degree n, and by (3.21),

dθ

dξ
=

1

R

dγ

dξ
= R−1

…î
∂ξπe11(ξ)

ó2
+
î
∂ξπe12(ξ)

ó2
. (3.25)

As is shown in (3.24), due to the higly oscillatory term eimθ(ξ) for large m in

the integrand, it is preferable to resort to a analytic formulas in computing Ienm to

guarantee the accuracy and efficiency. While essentially, this relies on the choice

of the form for π1(ξ). In what follows, we propose a parametric form that allows

for exact evaluation of (3.25) by analytic formulas (see Propositions 3.1-3.2). To

spawn the idea, we first show the obstacles, if one employs a commonly-used

parametric form.

A commonly-used parametric form for πe1(ξ)

Following the ideas of the cubed-sphere transformation (cf. [100, 101]) and the

“ray” coordinates (cf. [102]), one can project the secant line: (xe1, y
e
1), (xe2, y

e
2) to

the arc ΓeR via the “rays” from the origin. This leads to:

πe1(ξ) = (πe11(ξ), πe12(ξ)) =

Ç
Rd1(ξ)»

d2
1(ξ) + d2

2(ξ)
,

R d2(ξ)»
d2

1(ξ) + d2
2(ξ)

å
, (3.26)



3.1 Spectral-element discretisation of DtN BC 69

where

d1(ξ) =
xe2 − xe1

2
ξ +

xe1 + xe2
2

, d2(ξ) =
ye2 − ye1

2
ξ +

ye1 + ye2
2

. (3.27)

Since cos θ = R−1πe11(ξ), we find

θ(ξ) =


α, if θ ∈ [0, π),

2π − α, if θ ∈ [π, 2π),

α := cos−1

Ç
d1(ξ)»

d2
1(ξ) + d2

2(ξ)

å
, (3.28)

and (3.25) reads
dθ

dξ
=
|xe1ye2 − xe2ye1|

2(d2
1(ξ) + d2

2(ξ))
, ∀ ξ ∈ [−1, 1]. (3.29)

Inserting (3.28) and (3.29) into (3.24), one immediately finds that the integrand in

Ienm takes a complicated form and must be computed numerically. Nevertheless,

due to the existence of the term eimθ(ξ), the integrand is highly oscillatory, when

|m| is large.

A new parametric form for πe1(ξ)

Here, different approach is applied to parameterise ΓeR. To be more precise, we

look for

πe1(ξ) =
Ä
πe11(ξ), πe12(ξ)

ä
= R(cos θ, sin θ), θ ∈ [θe, θe+1], ξ ∈ [−1, 1], (3.30)

such that dγ = a dξ, that is, the arc length γ is linear in ξ.

Proposition 3.1. Let Ωe be the curvilinear element as in Figure 3.2 (b). Then

the new elemental mapping from the reference square Q to Ωe takes the form

x = πe11(ξ)
1 + η

2
+

(1 + ξ)(1− η)

4
xe3 +

(1− ξ)(1− η)

4
xe4, (3.31)

y = πe12(ξ)
1 + η

2
+

(1 + ξ)(1− η)

4
ye3 +

(1− ξ)(1− η)

4
ye4, (3.32)

where

πe1(ξ) =
Ä
πe11(ξ), πe12(ξ)

ä
= R

Ä
cos(θ̂eξ + βe), sin(θ̂eξ + βe)

ä
, (3.33)

with

θ̂e =
θe+1 − θe

2
, βe =

θe + θe+1

2
. (3.34)
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Proof. Let γ = aξ + b. The arc length along ΓeR is γ = R(θ − θe), so we have

aξ + b = R(θ − θe). (3.35)

Since θ = θe (resp. θ = θe+1) is mapped to ξ = −1 (resp. ξ = 1), we find

a = b = θ̂eR, θ = θ̂eξ + βe, ξ ∈ [−1, 1]. (3.36)

Inserting it into (3.30) leads to the new parametric form (3.33). Together with

the parameterisation for the straight sides, e.g.,

πe4(η) =
xe1 − xe4

2
η +

xe1 + xe4
2

, η ∈ [−1, 1], (3.37)

and (3.20), we have (3.31)-(3.32). This ends the proof.

Different from (3.28)-(3.29), the new parameterisation has a linear dependence

of θ in ξ, so in (3.24),

θ(ξ) = θ̂eξ + βe,
dθ

dξ
= θ̂e. (3.38)

This enables us to utilize the following analytic approach to compute the integrals

of interest.

Proposition 3.2. Under the new transformation in Proposition 3.1, the integral

in (3.24) can be computed by

Ien0 = 2θ̂eδn0; Ienm =
2θ̂e
in

√
π

2mθ̂e
Jn+1/2(mθ̂e) e

−imβe , (3.39)

and Ien,−m = (Ienm)∗ for n ≥ 0 and m ≥ 1, where Jn+1/2 is the Bessel function of

the first kind, and θ̂, βe are defined in (3.34).

Proof. By (3.24) and (3.38),

Ienm =
∫ 1

−1
Pn(ξ) e−imθ(ξ) dθ

dξ
dξ = θ̂e e

−imβe

∫ 1

−1
Pn(ξ)e−imθ̂eξ dξ. (3.40)

It is clear that for m = 0, we have Ie00 = 2θ̂e, and with the help of the orthogonality

of Legendre polynomials, we have Ien0 = 0 when n ≥ 1. What’s more, Ien,−m =
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(Ienm)∗, so only the integrals with m ≥ 1 need to be evaluated. Recall the analytic

formulas (cf. [103])

∫ 1

−1
Pn(ξ) e−imxξ dξ =

1

in

 
2π

mx
Jn+1/2(mx), for mx > 0. (3.41)

Thus, (3.39) follows immediately.

3.1.4 An illustrative numerical example

It is seen that as a by-product, the new transformation provides an efficient ap-

proach to evaluate the Fourier coefficients via (3.39). In a nutshell, [0, 2π] is

partitioned into {[θe, θe+1]}ERe=1, and the underlying function (3.18) on each subin-

terval is approximated by Legendre polynomials and the new parameterisation

(3.33) is used so that the analytical formula (3.39) can be applied. Here, one

example is given to illustrate this semi-analytic approach.

A plane wave with incident angle θ0 can be expressed in terms of Fourier series

as follows (cf. [87, P. 360]):

eik(x cos θ0+y sin θ0) =
∞∑
|m|=0

ĝme
imθ with ĝm = imJm(kR)e−imθ0 . (3.42)

Denote ĝERm,N be the approximation to ĝm, and measure the error max|m|≤M |ĝm −
ĝERm,N |. We plot the numerical errors against N (with fixed ER = 4) , and against

the number of elements ER (with fixed N = 10) in Figure 3.3 (right), for R = 1,

M = 20, k = 10, 20, 30 and θ0 = π/4. Observe that in both cases the errors decay

exponentially.

3.2 Accurate simulation of polygonal invisibility

cloaks

In this section, the proposed spectral-element solver in Section 3.1 is applied to

simulate the polygonal invisibility cloak, and the influences of defects, lossy or
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Figure 3.3: Numerical error max|m|≤M |ĝm − ĝERm,N | with fixed M = 20, θ0 = π/4 and

k = 10, 20, 30. Left: errors against N with ER = 4. Right: errors against ER with

N = 10.

dispersive media in the cloaking layer are studied numerically. We particularly

focus on two important issues as follows:

(i) How to impose appropriate boundary conditions at the inner boundary of

the cloaking layer to allow for perfect concealment of the objects?

(ii) How to efficiently treat the singular material parameters (i.e., zero or infi-

nite) at the cloaking interface in spectral-element discretisation to ensure

accurate simulation?

3.2.1 Coordinate transformation and material parameters

Similar to Pendry et al. [5], the coordinate transformation for a polygonal cloak

compresses the polygonal domain Ω− (i.e., the polygon AB · · ·F ) in the virtual

(x̆, y̆)-coordinates in Figure 3.4 (a) to the polygonal annulus Ωa
− = Ω− \ Ω̄p

−

dubbed as the “cloaking layer” in the new (x, y)-coordinates in Figure 3.4 (b),

with the inner polygonal domain Ωp
− = ApBp · · ·Fp forming the “cloaked region”.

The electromagnetic waves from outside are expected to bend smoothly around

the cloaked layer and goes out without distortion as if propagating in vacuum.
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Figure 3.4: Geometric illustration of a invisibility polygonal cloak. (a) Ω− := AB · · ·F

in the virtual coordinates (x̆, y̆). (b) Ωp
− = ApBp · · ·Fp. Cloaking layer (i.e., the shaded

part) Ωa
− = Ω−\Ω̄p

− obtained through (3.44). (c) The “local” coordinate system (τ ,n).

The underlying coordinate transformation takes simple form in two polar co-

ordinates as shown in the diagram:

�� ��Virtual: (x̆, y̆) ←−−→
�� ��(r̆, θ̆)

Transform−−−−−−−−→
�� ��(r, θ) ←−−→

�� ��Physical: (x, y) (3.43)

With this, the transformation for a polygonal invisibility cloak takes the form

(see, e.g., [104]):
r = (1− ρ) r̆ + R1, r̆ ∈ [0, R2], r ∈ [R1, R2],

θ = θ̆, θ̆, θ ∈ [0, 2π),

(3.44)

where

ρ =
OAp
OA

=
OBp

OB
= · · · = OFp

OF
, 0 < ρ < 1, (3.45)

and (R1(θ), θ) (resp. (R2(θ), θ)) is the polar parametric form of the side of the

cloaked region Ωp
− (resp. the domain Ω−).

In order to represent Ri (i = 1, 2) and discuss about the imposition of the

cloaking boundary conditions hereafter, we introduce a “local” coordinate system.

Consider one side of Ωp
−, say ApBp in Figure 3.4 (c), with vertices (x1, y1) and
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(x2, y2). Then the unit tangential and out normal vector τ and n with respect to

ApBp are given, respectively, by

τ =
(x2 − x1, y2 − y1)»

(x2 − x1)2 + (y2 − y1)2
:= (τ1, τ2), n = (τ2,−τ1), (3.46)

forming a “local” coordinate system. Note that for any (x, y) ∈ ApBp, we have

(x, y) = (R1 cos θ, R1 sin θ), which leads to (x, y) · n = (x2, y2) · n = (x1, y1) · n,
and

R1(θ) =
τ2x2 − τ1y2

τ2 cos θ − τ1 sin θ
, R2(θ) = ρ−1R1(θ). (3.47)

We next derive the material paramters C and n in the Helmholtz equation

(3.1) from (1.6) and (3.44).

Lemma 3.1. The material parameters C and n for the polygonal cloak in BR =

Ωp
− ∪ Ω̄a

− ∪ Ω+ take different forms as follows.

(i) In Ωa
−, the entries of C in (1.5)-(1.6) take the form:

C11 =
r −R1

r

x2

r2
+

1

r(r −R1)

Ç
dR1

dθ

x

r
− y
å2

, (3.48)

C22 =
r −R1

r

y2

r2
+

1

r(r −R1)

Ç
dR1

dθ

y

r
+ x

å2

, (3.49)

C12 =
r −R1

r

xy

r2
+

1

r(r −R1)

Ç
dR1

dθ

x

r
− y
åÇ

dR1

dθ

y

r
+ x

å
, (3.50)

and

n =
r −R1

r(1− ρ)2
. (3.51)

(ii) In Ω+ = BR \ Ω̄−, we have C = I2 and n = 1.

(iii) Following [5], we set C = I2 and n = 1 in Ωp
−.

Remark 3.3. It is seen from (3.47) that R1 has a different representation in dif-

ferent trapezoids {Ωi
T}6

i=1 in Figure 3.4 (b), so the entries of C and the coefficient

n are piecewise functions, which might be not continuous across the sides in the

radial direction, e.g., ApA.
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Proof. As illustrated in (3.43), the transformation is given from polar coordinates

(r̆, θ̆) (of the original Cartesian coordinates (x̆, y̆)) to polar coordinates (r, θ) (of

the new Cartesian coordinates (x, y)), so by the chain rule, the Jacobian matrix

Jcn can be computed by

Jcn =

∂x̆x ∂y̆x

∂x̆y ∂y̆y

 =

∂rx ∂θx

∂ry ∂θy


∂r̆r ∂θ̆r

∂r̆θ ∂θ̆θ


∂x̆r̆ ∂y̆r̆

∂x̆θ̆ ∂y̆θ̆

 . (3.52)

It is clear that∂rx ∂θx

∂ry ∂θy

 =

cos θ −r sin θ

sin θ r cos θ

 , det

Ç∂rx ∂θx

∂ry ∂θy

å = r, (3.53)

and ∂x̆r̆ ∂y̆r̆

∂x̆θ̆ ∂y̆θ̆

 =

 cos θ̆ sin θ̆

− sin θ̆/r̆ cos θ̆/r̆

 , det

Ç∂x̆r̆ ∂y̆r̆

∂x̆θ̆ ∂y̆θ̆

å =
1

r̆
. (3.54)

Denote

J̃ :=

∂r̆r ∂θ̆r

∂r̆θ ∂θ̆θ

 , (3.55)

which is determined by specific coordinate transformations. With a direct cal-

culation, we derive from (1.6) the material parameters C and n for the general

transformation in (3.43):

C11 =
r̆

r3det(J̃)

ÅÄ
x∂r̆r − ry∂r̆θ

ä2
+

1

r̆2

Ä
x∂r̆θ − ry∂θ̆θ

ä2ã
, (3.56)

C22 =
r̆

r3det(J̃)

ÅÄ
y∂r̆r + rx∂r̆θ

ä2
+

1

r̆2

Ä
y∂r̆r + rx∂θ̆θ

ä2ã
, (3.57)

C12 =
r̆

r3det(J̃)

Å
xy
Å
∂2
r̆r +

1

r̆2
∂2
θ̆
r − r2∂2

r̆θ −
r2

r̆2
∂2
θ̆
θ
ã

+
(x2 − y2)r

r̆2

Ä
r̆2∂r̆r∂r̆θ + ∂θ̆r∂θ̆θ

äã
,

(3.58)

and

n =
1

det(Jcn)
=

r̆

rdet(J̃)
. (3.59)



76 Seamless Integration of Global DtN TBC with SEM

We derive from (3.44) that in Ωa
−,

r̆ =
1

1− ρ
(r − R1), θ̆ = θ, (3.60)

which leads to

J̃ =

1− ρ ∂θR1

0 1

 , det(J̃) = 1− ρ. (3.61)

Recall that ∂θR1 can be worked out by (3.47). Thus, the material parameters C

and n in (3.48)-(3.51) can be obtained by substituting (3.60)-(3.61) into (3.56)-

(3.59).

3.2.2 Transmission conditions and new CBCs

For clear illustration, the disk BR is partition into a finite number of non-

overlapping quadrilateral elements by the nature of material coefficients (see,

Figure 3.4). Decompose

BR = Ωp
− ∪ Ω̄a

− ∪ Ω+, Ω̄a
− = ∪6

i=1Ω̄i
T , Ω̄+ = ∪6

i=1Ω̄i, (3.62)

where {Ωi
T} are trapezoidal elements. Denote by Γp± the “outside” and “inside”

boundaries of the cloaked region Ωp
−, respectively, aiming to distinguish that the

material parameters become infinite at the outside Γp+, but are positive constants

at the inside Γp−. we also denote by Γa := Ω̄+ ∩ Ω̄a
−, i.e., the outer boundary of

Ωa.

We now discuss about the imposition of interface conditions: (i) at Γa and

sides in the radial direction of the trapezoids {Ωi
T}; and (ii) at the cloaking

boundary Γp±. For case (i), we impose the standard transmission conditions, that

is, the tangential components ofE andH are continuous across the interface (see,

e.g., [28, Sec. 1.5] and [35]). Recall that under the polarisation E = (0, 0, u)t,

this leads to

JuK = JC∇uK = 0 for case (i). (3.63)
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In case (ii), the material parameters are singular at Γp+ (cf. (3.48)-(3.50)), thus

(3.63) are not applicable in this case. As a matter of fact, ET := n × E × n
is not continuous across Γp+. Accordingly, the imposition of appropriate CBCs

to achieve perfect cloaking effects becomes a challenging issue. Practically, the

perfect conducting condition, i.e., PEC (under TM polarisation) or PMC (under

TE polarisation) was enforced at Γp+ in simulations (see, e.g., [37] for circular

cloaks, [20, 21] for elliptic cloaks, [104, 27] for polygonal cloaks, and [31, 40]

for time domain cloaks). However, as commented in [37], such a condition was

sufficient but not necessary. Indeed, it was shown in [105], the PEC or PMC

could not lead to an independent, meaningful boundary condition for circular

cylindrical cloaks in polar coordinates.

Following the idea in Subsection 2.1.2 for circular cylindrical cloaks, we pro-

pose the essential “pole” conditions at Γp+ dubbed as “cloaking boundary condi-

tion” (CBC), which is an essential component for accurate simulation of polygonal

cloaks. This essentially relies on the use of “local” coordinate system (τ ,n) to

decompose the differential operators and then carefully study the singularity.

Proposition 3.3. Let (τ ,n) be the “local” coordinate system in (3.46). The

CBCs take the form

∇τu+ = τ · ∇u+ = 0 at Γp+; ∇nu− = n · ∇u− = 0 at Γp−, (3.64)

where u+ = u|B\Ω̄p− and u− = u|Ω̄p− .

Proof. Similar with the principle for the derivation of CBCs for circular cylindrical

cloaks, we require that the finite and well-behaved fields in r̆ = (x̆, y̆) still be

finite in the new coordinates r = (x, y). We therefore apply this principle to the

magnetic field in the cloaking layer, and show that the essential “pole” condition

of the transformation (3.44) takes the form

∇τu+ = 0 at Γp+. (3.65)
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By (1.3), H+ = H|B\Ω̄p− takes the form

H+ = (H+
1 , H

+
2 , 0)t =

1

iωµ0

Ä
C12u

+
x + C22u

+
y ,−C11u

+
x − C12u

+
y , 0
ät
. (3.66)

Then

u+
x = τ1∇τu+ − τ2∇nu+, u+

y = τ2∇τu+ + τ1∇nu+. (3.67)

Substituting (3.48)-(3.50) and (3.67) into (3.66) and dividing the terms into ∇nu
and ∇τu, we obtain

iωµ0H
+
1 =

dR1

dθ

τ1

r
∇τu+ +

τ2

r −R1

Å
r +

ÅdR1

dθ

ã2 1

r

ã
∇τu+

−
År −R1

r
τ1 +

dR1

dθ

τ2

r

ã
∇nu+

(3.68)

iωµ0H
+
2 =

dR1

dθ

τ2

r
∇τu+ − τ1

r −R1

Å
r +

ÅdR1

dθ

ã2 1

r

ã
∇τu+

−
År −R1

r
τ2 −

dR1

dθ

τ1

r

ã
∇nu+ .

(3.69)

By (3.47),
dR1

dθ
= R1

τ1x+ τ2y

τ2x− τ1y
, (3.70)

which is bounded below and above in Ω̄a
− (note: τ2x − τ1y 6= 0 since the the

boundary of Γp+ cannot passes through the origin). Thus, H+ is a finite field in

Ω̄a
−, if and only if the first condition in (3.64) holds.

Let H− = H|Ω̄p− . From (3.4), (3.46), (3.48)-(3.50) and (3.66), we obtain

n×
Ä
H+ −H−

ä∣∣∣
r=R1

=
1

iωµ0

Ä
0, 0, JC∇uK

ät∣∣∣
r=R1

=
1

iωµ0

Ä
0, 0,−n · (C∇u+) +∇nu−

ät∣∣∣
r=R1

=
1

iωµ0

Å
0, 0,−r −R1

r
∇nu+ +

1

r

dR1

dθ
∇τu+ +∇nu−

ãt∣∣∣∣
r=R1

,

(3.71)

where |r=R1 means that u approaches Γp from Γp+ and Γp−. Given that ∇nu+ is

finite, by (3.65), we have

n×
Ä
H+ −H−

ä∣∣∣
r=R1

=
1

iωµ0

Ä
0, 0,∇nu−

ät∣∣∣
r=R1

. (3.72)
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Inserting the second condition in (3.64) leads to

H− × n =
1

iωµ0

Ä
∇×E−

ä
× n = 0 at Γp−, (3.73)

and by (3.71), the tangential component of the magnetic field H is continuous

across the cloaking boundary.

Remark 3.4. Weder [65] proposed CBCs for point-transformed 3D invisibility

cloaks:

E+ × n = H+ × n = 0 at ∂K+; (3.74)

(∇×E−) · n = (∇×H−) · n = 0 at ∂K−, (3.75)

where K is the cloaked region. These allowed for the decoupling of the governing

equations of the inside and outside, and the spherical cloak was considered as

a particular application. It is important to remark that (3.74)-(3.75) are not

applicable to the 2D polygonal cloak, as

E+ × n = (τ1, τ2, 0)t u+ 6= 0 at Γp+.

Indeed, E+ = (0, 0, u+)t does not vanish at the outer cloaking boundary. More-

over, the condition (3.75) is different from (3.73). Notably, the CBCs in (3.64)

also leads to the decoupling of the inside and outside, as we will see below.

Given the CBCs in (3.64), the governing equations are decoupled into

∇ · (C(r)∇u+(r)) + k2n(r)u+(r) = 0 in BR \ Ω̄p
−, (3.76)

Interface conditions in (3.63); ∇τu+ = 0 at Γp+, (3.77)

∂ru
+ − TR[u+] = h at ∂BR, (3.78)

and

∆u− + k2u− = 0 in Ωp
−; ∇nu− = 0 at Γp−. (3.79)

Remark 3.5. It is standard to show that (3.79) has a unique solution u−(r) ≡ 0,

if k2 is not an eigenvalue of −∆ in Ωp
− with homogeneous Neumann boundary

condition.
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3.2.3 Treatment of singularities in spectral-element dis-

cretisation

In order to accurately simulate the polygonal invisibility cloaks, we face the dif-

ficulty in dealing with the singular coefficients at the cloaking interface. With

the new CBCs (3.64), we seek to build ∇τu+ = 0 at Γa+ in the spectral-element

approximation space. We take Ω1
T = ApBpBA as an example, where ApBp has

vertices (x1, y1) and (x2, y2). Suppose that ApBp is mapped to η = −1 via (3.20),

i.e.,

r = χe(ξ,−1) =
Åx2 − x1

2
ξ+

x1 + x2

2
,
y2 − y1

2
ξ+

y1 + y2

2

ã
, ξ ∈ [−1, 1], (3.80)

which yields

∂xξ =
2

x2 − x1

, ∂yξ =
2

y2 − y1

, ∂xη = ∂yη = 0. (3.81)

One verifies readily that

0 = ∇τu+
∣∣∣
ApBp

=
Ä
τ1∂xξ + τ2∂yξ

ä
∂ξu

e(ξ,−1) +
Ä
τ1∂xη + τ2∂yη

ä
∂ηu

e(ξ,−1)

=
4»

(x1 − x2)2 + (y1 − y2)2
∂ξu

e(ξ,−1),

where ue = u+(χe(ξ,−1)). Thus in (ξ, η)-coordinates, the CBCs satisfies

∂ξu
e(ξ,−1) = 0, ξ ∈ [−1, 1]. (3.82)

Thus, the approximation space in (3.15) is modified as

V E
N =

¶
v ∈ C(BR \ Ω̄p

−) : v(r)|Ωe = v(χe(ξ, η)) ∈ P2
N , 1 ≤ e ≤ E and

∇τv(r)|ΩeT∩Γp+
= ∂ξv(χe(ξ,−1)) = 0, 1 ≤ e ≤ ET

©
,

(3.83)

where E = 12 and ET = 6 for the setting in Figure 3.4. According to (3.83), the

tensorial nodal basis in (3.17) is modified as:

ψ00 = l0(η), ψij = li(ξ)lj(η), 0 ≤ i ≤ N, 1 ≤ j ≤ N, (3.84)
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and note that

∂ξψ00 = 0, ∂ξψij
∣∣∣
η=−1

= l′i(ξ)lj(−1) = 0, 0 ≤ i ≤ N, 1 ≤ j ≤ N. (3.85)

With such a modification, the singularity can be absorbed by the basis and the

spectral-element scheme (3.16) can be implemented as usual.

3.2.4 Simulation results for perfect polygonal cloaks

In this part, ample numerical results are provided and we make a comparison with

results generated by the finite-element-based COMSOL Multiphysics package to

demonstrate that our proposed approach produces accurate simulations of the

polygonal cloaks. Given an incident plane wave with an incident angle θ0:

uin(r, θ) = eikr cos(θ−θ0) =
∞∑
|m|=0

imJm(kr)eim(θ−θ0). (3.86)

Accordingly h in (2.8) takes the form

h = ∂ruin − TR[uin] = ik cos(θ − θ0)uin −
∞∑
|m|=0

imJm(kR)Tme−imθ0 ,

where we recall Tm given in (2.7). In what follows, we consider a pentagonal cloak

with vertices A,B, · · · , E where in the polar coordinates, the radius r = 0.7 for

all the vertices and the angle are θ = (π/5, 3π/7, 8π/9, 6π/5, 7π/4), respectively.

We take ρ = 0.7 in (3.45) and R = 1.0, and a cut-off number M = 60 in (3.16)

for the truncated DtN operator TMR [uEN ]. Recall the discussion in Remark 3.2, we

choose M ≥ kR for given k,R practically. In the following numerical studies, M

is chosen relatively higher than kR due to the fact that C and n in the cloaking

layer are singular and inhomogeneous (note: the results and analysis in Remark

3.2 were for Helmholtz problems with homogeneous media), and such a choice

ensures the truncation error to be negligible.

We depict in Figure 3.5 the real part of electric field for k = 40 given by (i)

SEM with 40 × 40-grid for each element with a total degree of freedom (DOF):
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(a) Electric field (FEM)
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(e) Profiles of the real and imaginary parts of the electric field along θ = 0 by SEM

Figure 3.5: A comparison study: SEM versus FEM, where θ0 = 0 and k = 40.



3.2 Accurate simulation of polygonal invisibility cloaks 83

16, 000, and (ii) FEM with piecewise quadratic finite element approximation with

a total DOF: 726, 933 (so as to generate reasonable results). Note that the max-

imum magnitude of the field should be 1. However, in Figure 3.5 (b), we observe

from the colorbar that the magnitude of the field is approximately 1.05, which is

caused by the numerical error and the contour between two wavefronts are slightly

blended together. While the SEM result in Figure 3.5 (d) is very accurate. In

fact, the proposed method to seamlessly integrating SEM with global DtN TBC

and the careful treatment of the new CBCs enable us to simulate the polygonal

invisibility cloaks acurately.

To further demonstrate the performance of the proposed approach, we choose

an oblique incident angle θ0 = π/4, and increase the incident wave number to

k = 80 (see Figure 3.6). We plot in (a) the real part of the fields with a 80×80-grid

in each element with the same mesh setting in Figure 3.5 (c) and a cut-off number

M = 80. We see that even for highly oscillatory fields, the wave is completely

guided and bent around the cloaked region. Also, as is observed in the color

bar, the magnitude of the field is identically 1, which implies that the wave is

propagating without introducing any scattering waves. Besides, we also depict

the time-averaged Poynting vector (cf. [28]): S = Re {E × H∗}/2, to show

the directional energy flux density. In (b), we depict the associated Poynting

vector fields. We find that the energy flow vector is steered smoothly around the

polygonal cloaked region without reflecting and scattering.

We now test with an external source, compactly supported in Ω+ as the

wavemaker. To be more precise, (3.76) and (3.78) are modified as

∇ · (C(r)∇u+(r)) + k2n(r)u+(r) = f(r) in Ω+;

∂ru
+ − TR[u+] = 0 at ΓR.

(3.87)

Practically, we choose f to be a Guassian function:

f(r) = α exp
Å
−(x− β)2 + (y − κ)2

2γ2

ã
, (3.88)

where α, β, κ, γ are tunable constants. To this end, we take α = 100, β = −0.41,

κ = 0.75 and γ = 0.04, so that f is almost zero outside BR. In Figure 3.6 (c), we
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set k = 40, M = 60 and depict the real part of the electric field obtained from

SEM with 40 × 40-grid in each element. It is observed that the waves obtained

by the external source are smoothly bent and the cloak does not produce any

scattering. Also, the waves pass through the exterior boundary ∂BR smoothly

without introducing any reflection.

(a) Electric field (b) Poynting vector (c) External source

Figure 3.6: SEM with high frequency wave and external source.

3.2.5 Numerical study of effects of defects, lossy media

and dispersive media

With the aid of the accurate SEM solver, we can further explore various situations

in real applications, e.g., the effect of defects, loss and dispersion in the polygonal

cloaking layer on the invisible property. Analytic investigation has been devoted

to the circular and spherical cloaks (see, e.g., [37, 106, 70, 107, 71]), but the tools

appear inapplicable to the polygonal cloaks.

Defects in the cloaking layer

We consider the influence of defects to the perfect polygonal cloak. As illustrated

in Figure 3.7 (a)-(b), a rectangular defect with length a and width b is embedded

into the cloaking layer. We set C = I2 and n = 1 within the defect, so the

traditional transmission condition (3.2) can be imposed at four sides, if the defect

is not aligned with the cloaking boundary. In Figure 3.7 (a), we depict the electric
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field distribution with defect a = b = 0.06 obtained by the proposed SEM with

k = 40, θ0 = 0, M = 60 and N = 40. Observe that even with such a small defect,

the electric field distribution is apparently disturbed, especially for the forward-

scattering region, and the magnitude increases approximately up to 1.5 (note: it

is 1 for the perfect cloak). Also notice that in the back-scattering region, the

waves appear not significantly affected, so the cloaking effects seem still good. In

Figure 3.7 (b), we enlarge the defect and set a = 0.24, b = 0.06. The field in both

the back and forward scattering regions is deteriorated more.

Lossy media in the cloaking layer

Similar to the setting in [37, 106] for the circular and spherical cloaks, we replace

the media in cloaking layer by a electric-lossy medium (cf. [28]). More precisely,

the real electric permittivity ε in (1.5) is replaced by a complex electric permit-

tivity (1 + i tan δ)ε, where tan δ is a tunable constant termed as loss tangent to

quantify the absorptive property of the medium. Note that this replacement only

brings about the modification of the two-dimensional Helmholtz equation (1.9)

as

∇ · (C(r) ∇u(r)) + k2(1 + i tan δ)n(r)u(r) = 0.

In Figure 3.7, we depict the electric field distributions with loss tangent tan δ =

0.01, 0.05 in (c) and (d), respectively, where we take k = 40, θ0 = 0, M = 60 and

N = 40 in each element. Observe that in the first case, the effect of the loss is

almost imperceptible. As we enlarge the loss tangent to 0.05 in (d), the cloaking

effect appears good in the backscattering region but is apparently deteriorated

in the forward-scattering region, which is inevitable because the lossy medium

absorbs the forward-travelling wave power. We point out that similar phenomena

were observed for the circular and spherical cloaks in [37, 106].
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Drude model and dispersive media in the cloaking layer

Based on the form-invariant coordinate transformation, the polygonal cloak can

perfectly conceal arbitrary objects inside the interior polygonal domain. However,

in practice, the material for manufacturing such cloaks are frequency-dependent

and perfect invisibility can only be achieved for a single frequency, known as

the “cloaking frequency” (cf. [5, 71, 108]). It is of much physical relevance to

study the response of an ideal cloak to a non-monochromatic electromagnetic

wave passing through such a dispersive cloak. The investigation along this line

has been very limited to mostly analytic treatments of circular and spherical

cloaks (cf. [107, 71]). We demonstrate that the proposed SEM offers an accurate

means to understand some interesting phenomena of a nonmonochromatic wave

interacting with a polygonal cloak.

Following the procedure in [70], we start with diagonalizing the symmetric

matrices ε and µ in (1.5)-(1.6), i.e.,

ε = µ = PΛP t, Λ = diag(λ1, λ2, λ3), (3.89)

where P = (Pij)1≤i,j≤3 is an orthonormal matrix (with Pj3 = P3j = 0 for j = 1, 2,

and P33 = 1), and the eigenvalues are

λ1 =
C11 + C22 +

»
(C11 + C22)2 − 4

2
,

λ2 =
C11 + C22 −

»
(C11 + C22)2 − 4

2
,

(3.90)

and λ3 = n. From (3.48)-(3.49), we have

C11 +C22 =
r −R1

r
+

1

r(r −R1)

Å
r2 +

ÅdR1

dθ

ã2ã
≥ r −R1

r
+

r

r −R1

≥ 2, (3.91)

which implies λ1 > 1. However, λ2 and λ3 are less than 1 for some r ∈ (R1, R2).

Based on the principle in [70, 71], we modify λ2 and λ3 by using the Drude model

(cf. [28]). More precisely, let ωc > 0 be the “cloaking frequency”, and define

λ̃i := λ̃i(r, ω) = 1−
ω2
p,i

ω(ω + iγi)
, with ω2

p,i := ωc(ωc + iγi)(1− λi), i = 2, 3,
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where {γi}3
i=2 are given collision frequencies, and {ωp,i}3

i=2 are known as the

plasma frequencies. For notational convenience, we define

βi :=
ωc(ωc + iγi)

ω(ω + iγi)
, so λ̃i = 1 + βi(λi − 1), i = 2, 3. (3.92)

Denoting ‹Λ = diag(λ̃1, λ̃2, λ̃3) with λ̃1 = λ1, we then replace the material

parameters ε and µ in (1.2), respectively, by

ε̃ = µ̃ = P ‹ΛP t =

C̃ 0t

0 ñ

 , (3.93)

where by a direct calculation, we have

C̃ =

‹C11
‹C12‹C12
‹C22

 = C + (1− β2)(1− λ2)

 P 2
12 P12P22

P12P22 P 2
22

 , (3.94)

and

ñ = 1 + β3(λ3 − 1) = λ̃3. (3.95)

One verifies readily from (3.93) that

det(ε̃) = det(µ̃) = λ̃1λ̃2λ̃3 = λ1λ̃2 ñ = det(C̃) ñ. (3.96)

Thus, using the fact λ1λ2 = 1 (cf. (3.90)), we obtain from (3.92) and (3.96) that

det(C̃) = λ1λ̃2 = λ1(β2λ2 + 1− β2) = β2 + (1− β2)λ1. (3.97)

Accordingly, we find that

µ̃−1 = ε̃−1 =


“C22 −“C12 0

−“C12
“C11 0

0 0 ñ−1

 , where “Cij =
‹Cij

β2 + (1− β2)λ1

, (3.98)

for i, j = 1, 2. Using (3.66) with “Cij and ñ in place of Cij and n, we obtain the

new model defined in the cloaking layer:

∇ ·
Ä
Ĉ(r, ω) ∇u(r)

ä
+ k2 ñ(r, ω)u(r) = 0, (3.99)

where Ĉ = (“Cij)1≤i,j≤2, and k = ω
√
ε0µ0 as before.
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Remark 3.6. Observe from (3.92) that if ω = ωc, then βi = 1 and λi = λ̃i for

i = 1, 2. Thus, in this case, (3.99) reduces to (3.1) and Ĉ(r, ωc) is singular at the

cloaking boundary r = R1. However, if ω 6= ωc (so β2 6= 1), then Ĉ(r, ω) becomes

regular at r = R1. Indeed, by (3.98),

“Cij =
(r −R1)‹Cij

β2(r −R1) + (1− β2)(r −R1)λ1

.

In fact, one can verify that if β2 6= 1,

lim
r→R1

(r −R1)
¶
C, λ1, λ2

©
all exist.

Thus, we can claim from (3.94) and the above that Ĉ(r, ω) is well-defined at

r = R1. In view of this, the CBCs can not be applied. Here, we follow [107, 71]

and impose a PMC shell instead.

In the computation, we take ωc = kc/
√
ε0µ0 with kc = 40, and γi/

√
ε0µ0 =

0.0001 for i = 2, 3. In Figure 3.7 (e)-(f), we plot the electric field distributions

with k = 39 and k = 41 illuminated by plane wave in (3.86) with incident angle

θ0 = 0 and the cut-off number M = 60 and N = 45 in each element. In contrast

with Figure 3.5 (c) (where perfect cloaking effect can be obtained for kc = 40),

we observe from Figure 3.7 that the electric field distributions are affected and

distorted in both cases (i.e., k = kc±1), in particular, more severely when k < kc.

Indeed, similar to the phenomena observed in [71, 107] for circular and spherical

cloaks, the incident wave with frequency slightly deviated below kc, the field after

the wave passes the cloak is dissipated and a large shadow appears in the forward

scattering region. While for the incident wave with frequency slightly deviated

above kc, the field in most part of the cloaking layer does not change much, except

for the part close to the cloaking boundary r = R1, and the field behind the cloak

is reinforced. This can be regarded as the frequency shift effect as in [71].
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3.3 Accurate simulation of concentrators and ro-

tators

In this section, we further apply the efficient spectral-element solver to accurately

simulate the electromagnetic concentrators and rotators.

3.3.1 Polygonal concentrators

The electromagnetic concentrator aims at intensifying electromagnetic waves in

a certain region, which play an important role in the harnessing of light in solar

cells or similar devices, where high field intensities are needed.

Here, we are interested in the polygonal concentrator with a configuration

similar to the polygonal cloak illustrated in Figure 3.8 (b), where EM waves are

expected to be concentrated in the interior convex polygonal region Ωp
−. It is

accomplished by a coordinate transformation that maps the “polygonal annulus”

in Figure 3.8 (a) to the “polygonal annulus” in Figure 3.8 (b), where the interior

portion of the latter has larger area. More precisely, the polygonal concentrator

is mapped from the same structure in Figure 3.8 (b) but with a different ratio

(see Figure 3.8 (a)):

ρ̆ =
OAo
OA

=
OBo

OB
= · · · , 0 < ρ < ρ̆ < 1, (3.100)

where ρ is defined in (3.45). Then the ratio ρ/ρ̆ is known as the rate of concen-

tration. For notational convenience, we define

% := 1− 1− ρ
1− ρ̆

. (3.101)

The corresponding coordinate transformation takes the form (see, e.g., [109]):

(i) In Ω−, 
r =

ρ

ρ̆
r̆, r̆ ∈ [0, R̆1], r ∈ [0, R1],

r = (1− %) r̆ + %R2, r̆ ∈ [R̆1, R2], r ∈ [R1, R2],

(3.102)
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and θ = θ̆ ∈ [0, 2π);

(ii) In Ω+ = BR \ Ω̄−, the transformation is identity: r = r̆, θ = θ̆.

Here, Ri, i = 1, 2, are the same as in (3.47) and R̆1 = ρ̆/ρR1.

Lemma 3.2. Using (1.6), we can derive the coefficients C and n as follows:

(i)a In Ωp
−,

C = I2, n = ρ̆2/ρ2 . (3.103)

(i)b In Ωa
−,

C11 = χ
x2

r2
+

%

r − %R2

Ç
%

r

dR2

dθ

x2

r2
− 2xy

r2

å
dR2

dθ
+

1

χ

y2

r2
, (3.104)

C22 = χ
y2

r2
+

%

r − %R2

Ç
%

r

dR2

dθ

y2

r2
+

2xy

r2

å
dR2

dθ
+

1

χ

x2

r2
, (3.105)

C12 =

Ç
χ− 1

χ

å
xy

r2
+

%

r − %R2

Ç
x2

r2
+
%

r

dR2

dθ

xy

r2
− y2

r2

å
dR2

dθ
, (3.106)

and

n =
r − %R2

r(1− %)2
, (3.107)

where χ = (r − %R2)/r.

(ii) In Ω+, we have C = I2 and n = 1.

Proof. Similarly with the polygonal invisibility cloak, for the polygonal cylindrical

concentrator, we obtain from the transformation (3.102) that in Ωa
−,

r̆ =
1

1− %
(r − %R2), θ̆ = θ, (3.108)

and

J̃ =

1− % %∂θR2

0 1

 , det(J̃) = 1− % . (3.109)

Inserting (3.108) and (3.109) into (3.56)-(3.59), we obtain C and n in (3.104)-

(3.107).
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In summary, the governing equation for the polygonal concentrator reads

∇ · (C(r)∇u(r)) + k2n(r)u(r) = 0 in BR, (3.110)

JuK = JC∇uK = 0 at Γp ∪ Γa, (3.111)

∂ru− TR[u] = h at ∂BR. (3.112)

Note that in the interior polygon, (3.110) becomes the Helmholtz equation:

∆u+
ρ̆2

ρ2
k2u = 0 in Ωp

−, (3.113)

where the ratio ρ̆2/ρ2 > 1 is a constant. Therefore, the coordinate transformation

enlarges the wavenumber k that produces the effect of concentration.

We can implement the spectral-element solver based on the partition of the

computational domain as with the previous application. However, different from

the previous case, the interior region is part of the computational domain, where a

normal transmission condition is imposed along its boundary (see (3.111)). Below,

we provide some numerical results with the setting: a square concentrator centred

at the origin with length of each side 1.2 and the parameters: ρ = 1/3, ρ̆ = 2/3

in (3.45) and (3.100) and R = 1.0. We set the cut-off number M = 60 in the

DtN operator. In Figure 3.9, we depict the electric field distributions and the

associated time averaged Poynting vectors illuminated with different incident

angles ((a)-(b): θ0 = 0 and (c)-(d): θ0 = π/4) with k = 40 and the grid N = 50

in each element. It can be seen that the electric field and energy flux are smoothly

concentrated into the inner concentration region Ωp
−, and the field outside is not

affected regardless of the incident angle on the concentrator.

3.3.2 Circular rotators

In contrast with the invisibility cloak and concentrator, the electromagnetic ro-

tator is based upon a coordinate transformation of the angular variable rather

than the radial variable in (3.43).



92 Seamless Integration of Global DtN TBC with SEM

As illustrated in Figure 3.8 (c), the domain Ω− is a disk of radius r = b, which

encloses a concentric disk of radius r = a < b. The waves are expected to rotate

with a fixed angle θ1 in the interior disk. This can be realised by the coordinate

transformation (cf. [9]):
r = r̆, θ = θ̆ + θ1, 0 < r̆ < a, θ̆, θ ∈ [0, 2π),

r = r̆, θ = θ̆ +
s(b)− s(r̆)
s(b)− s(a)

θ1, a < r̆ < b, θ̆, θ ∈ [0, 2π),

(3.114)

where s is any smooth function such that s(b) 6= s(a). As before, the transforma-

tion is identity exterior to Ω−.

Lemma 3.3. Define

κ =
s′(r)

s(b)− s(a)
θ1. (3.115)

Working out the material parameters as before, we have

C =
1

r2

 r2 + 2κxy + κ2y2 −κx2 − κ2xy + κy2

−κx2 − κ2xy + κy2 r2 − 2κxy + κ2x2

 , n = 1 for a < r < b,

and

C = I2, n = 1 for 0 < r < a, b < r < R.

Proof. For the circular rotators, we have from (3.114) that

r̆ = r, θ̆ = θ − s(b)− s(r)
s(b)− s(a)

θ1, (3.116)

and ∂r̆r ∂θ̆r

∂r̆θ ∂θ̆θ

 =

 1 0

−κ 1

 , (3.117)

where κ is defined in (3.115). Then we can compute the material parameters

(3.115) in a similar fashion as the polygonal invisibility cloak.

In Figure 3.8 (d), we illustrate a partition of the computational domain BR.

Together with the standard transmission conditions in (3.4), we can implement
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the spectral-element scheme as the previous cases with a similar partition of the

computational domain (see Figure 3.8 (d)). In the computation, we set a =

0.3, b = 0.7 and s(r) = r in (3.114) and choose R = 1.0, M = 60 and N = 40 in

each element. In Figure 3.10, we fix k = 40, and plot the electric field distribution

(real part) and the corresponding time averaged Poynting vector with the same

incident angle θ0 = 0 and different rotation angles ((a)-(b): θ1 = π/4, (c)-(d):

θ1 = 3π/4). We find that the electric field distribution rotates its direction by

π/4 in Figure 3.10 (a) and the power flux (b) flows with the same direction in the

closed region r < a. It can be observed in Figure 3.10 (c)-(d) that even for a very

sharp rotation angle θ1 = 3π/4, the field rotates exactly by 3π/4 angle without

introducing any scattering wave outside.

3.4 Extension to three-dimensional simulations

The methodology can shed light on three-dimensional simulations. Indeed, the

semi-analytic approach for dealing with the nonlocal DtN boundary condition is

extendable to the three-dimensional DtN boundary condition, though it is much

more involved, and requires the use of special partition of the computational

domain. Recall the three-dimensional DtN boundary condition (see, e.g., [56]):

TR[U ] =
∞∑
l=1

l∑
|m|=0

k
h

(1)
l

′
(kR)

h
(1)
l (kR)

“Um
l Y m

l , with “Um
l =

∫
S
U
∣∣∣
r=R

Y m
l dS,

where {Y m
l (θ, φ)} (with (θ, φ) ∈ [0, π] × [0, 2π)) are spherical harmonics defined

on the unit spherical surface S, and {hl} are the spherical Hankel functions.

We show in [110] that given the nodal values of U on a longitude-latitude θ-

φ partition of S, and using the trigonometric form of the associated Legendre

functions {Pm
l (cos θ)}, we can evaluate the double integral on S (the counterpart

of (3.23)) by products of two one-dimensional integrals, and notably, similar

analytic formulas can be used. Note that such a partition of S can be seamlessly

integrated with spectral elements (but with some non-standard elements near
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two poles). Another approach is to partition the spherical surface by using the

popular cubed-sphere transform. This allows to use standard hexahedral elements

for the interior computational domain, but one has to adopt an element-wise

interpolation between spectral-element grids and grids for the analytic approach

in φ direction.

Below, we further discuss the extension of our approach to accurate simula-

tion of polyhedral invisibility cloaks with an emphasis on the understanding of

the singularity at the inner boundary induced by the singular coordinate trans-

formation.

Similar to the polygonal cloak, the coordinate transformation for a polyhedral

cloak blows up the origin O in the original (x̆, y̆, z̆)-coordinates to the polyhedral

domain Ωp
−, which forms the “cloaked region”. Accordingly, the polyhedral do-

main Ω− is compressed into the “polyhedral annulus” Ωa
− = Ω− \ Ω̄p

−. In Figure

3.11, we illustrate the pyramid OABCD (one subdomain of Ω−) is compressed

into the pyramidal frustum ApBpCpDpABCD (the corresponding subdomain of

Ωa
−). To fix the idea, we consider the case with the base ABCD being perpen-

dicular to z-axis.

Like (3.43)-(3.44), the coordinate transformation for a polyhedral cloak is

defined between two spherical coordinates:

r = (1− ρ) r̆ + R1, r̆ ∈ [0, R2], r ∈ [R1, R2], (3.118)

θ = θ̆ and φ = φ̆, where

ρ =
OAp
OA

=
OBp

OB
= · · · , 0 < ρ < 1,

and (R1(θ, φ), θ, φ) (resp. (R2(θ, φ), θ, φ)) is the parametric form of the surface

ApBpCpDp (resp. ABCD).

Different from the 2D case, we work with the full Maxwell’s equations (1.3),

but we can still follow Subsection 3.2.1 to compute the material parameters ε and

µ. The parameters are singular at the inner surface of the polyhedral domain Ωa
−

(e.g., ApBpCpDp), but the singularity behaves quite differently, compared with the
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2D case. In fact, the situation is akin to the difference between the singularities

of the cylindrical cloak (cf. [105]) and the spherical cloak (cf. [65, 67]).

We next follow the argument in Proposition 3.3 to derive the essential cloak-

ing boundary conditions for 3D case, which are critical for the accurate simula-

tion. For simplicity, we consider the subdomain in Figure 3.11, where the surface

ApBpCpDp is perpendicular to z-axis defined by z = z0 6= 0.

Proposition 3.4. Let E = (u1, u2, u3)t, and denote the tangential and normal

components of a vector field by the subscripts ‖ and ⊥, respectively, that is,

(∇×E)‖ = (∂yu3 − ∂zu2, ∂zu1 − ∂xu3)t,

(E)‖ = (u1, u2)t, (∇×E)⊥ = ∂xu2 − ∂yu1.
(3.119)

Under the assumption that the finite and well-behaved field E in r̆ = (x̆, y̆, z̆) still

be finite in the new coordinates, the essential cloaking boundary conditions on the

surface ApBpCpDp : z = z0, take the form

(E+)‖ = (∇×E+)‖ = 0,
1

z − z0

(∇×E+)⊥ = 0, at Γp+;

(∇×E−)‖ = 0 at Γp−,

(3.120)

where E+ = E |Ω̄a− and E− = E |Ω̄p−.

Proof. Like the case for polygonal invisibility cloaks, the derivation of CBCs for

3D polyhedral cloaks essentially relies on the decomposition the ∇× operators

and then carefully study the singularity.

Using (1.3), J−1 = ∂r̆/∂r and z0 = R1 cos θ̆, we derive from some calculations

that

µ−1 = ε−1 = (J−1)tJ−1/det(J−1) =
1− ρ

(z − z0)2

(z − z0)2I2×2 (z − z0)δ

(z − z0)δt δ0

 ,
where I2×2 is a two-by-two identity matrix, δ = z0 tan θ(cosφ, sinφ)t and δ0 =

z2 + z2
0 tan2 θ. Like (3.68)-(3.69), we derive H+ from (3.66) and obtain

iωµ0H
+ = (1− ρ)

Å
(∇×E+)‖ +

1

z − z0

δ(∇×E+)⊥,

1

z − z0

δt(∇×E+)‖ +
1

(z − z0)2
δ0(∇×E+)⊥

ãt
.

(3.121)
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Since δ and δ0 are uniformly bounded in Ω̄a
− (note: tan θ →∞ implies ApBpCpDp

intersects with x-y plane, which is impossible as z0 6= 0), H+ is a finite field in

Ω̄a
−, if and only if the conditions at Γp+ in (3.120) holds.

Following [5], we set ε = µ = I3×3 in Ωp
−. By (3.66),

iωµ0H
− =

Ä
(∇×E−)‖, (∇×E−)⊥

ät
. (3.122)

Similar to (3.71), we obtain from (3.121)-(3.122) and (3.119) that

n×(H+−H−)|z=z0 =
1

iωµ0

ß
n×
Å

(∇×E+)‖+
1

z − z0

δ(∇×E+)⊥−(∇×E−)‖, 0
ãt∣∣∣∣

z=z0

™
.

Then by the first condition in (3.120), we derive

n× (H+ −H−)|z=z0 = − 1

iωµ0

n×
Ä
(∇×E−)‖, 0

ät∣∣∣
z=z0

.

Imposing the last condition in (3.120) to (3.122) and the above equation leads to

n× (H+ −H−)|z=z0 = n×H−|z=z0 = 0, (3.123)

which guarantees the continuity of the tangential component ofH at the cloaking

boundary.

Remark 3.7. In fact, in the polygonal case with one side of the cloaking boundary

perpendicular to y-axis (i.e., y = y0), H+ in (3.68)-(3.69) reduces to

iωµ0H
+ =
Åy − y0

y
∇nu+ +

y0x

y2
∇τu+,

y0x

y2
∇nu+ +

1

y − y0

Å
y +

y2
0x

2

y3

ã
∇τu+, 0

ãt
.

(3.124)

Observe from (3.121) that H+ has a stronger singularity (z − z0)−2 for the poly-

hedral cloak, while under the same setting, it only has a singularity (y − y0)−1

in (3.124) for the polygonal cloak. This is akin to the situation of spherical and

cylindrical cloaks. Accordingly, we have different CBCs in Proposition 3.3 and

Proposition 3.4 for the polygonal and polyhedral cloak, respectively. We point out

that the CBCs in (3.120) can also lead to the decoupling of the inside and outside.
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In order to accurately simulate the three-dimensional polyhedral cloak, the

CBCs (3.120) need to be built in the spectral-element solution space. This can be

accomplished by properly modifying the mixed order curl-comforming basis func-

tions in e.g., [111].
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(a) Defect with a = b = 0.06 (b) Defect with a = 0.24, b = 0.06

(c) Loss tangent tan δ = 0.01 (d) Loss tangent tan δ = 0.05

(e) Dispersion with k = 39 (f) Dispersion with k = 41

Figure 3.7: The effects of defects, loss and dispersion on the polygonal invisibility

cloak.
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Figure 3.8: Schematic geometry of a polygonal concentrator and a circular rotator. (a)

The polygonal domain in the original coordinates (x̆, y̆). (b) Through the coordinate

transformation (3.102), the polygonal domain Ωo
− = AoBo · · ·Fo is compressed into the

polygonal domain Ωp
− that forms the concentration region. Consequently, the original

polygonal annulus domain Ω− \ Ω̄o
− in (a) is expanded into the polygonal annulus

Ωa
−. (c) Through the coordinate transformation (3.114), points in the circular annulus

a < r < b are rotated with a fixed angle θ1. (d) The computational mesh for the

circular rotator.
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(a) Electric field with θ0 = 0 (b) Poynting vector

(c) Electric field with θ0 = π/4 (d) Poynting vector

Figure 3.9: The real part of the electric field distributions and associated Poynting

vectors for square concentrators with (a)-(b): θ0 = 0 and (c)-(d): θ0 = π/4, respectively.
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(a) Electric field with θ1 = π/4 (b) Poynting vector

(c) Electric field with θ1 = 3π/4 (d) Poynting vector

Figure 3.10: The real part of the electric field distributions and associated Poynting

vectors for circular rotators with (a)-(b): θ1 = π/4 and (c)-(d): θ1 = 3π/4, respectively.
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Figure 3.11: Sketch of the geometry of polyhedral cloaks





Chapter 4
Wavenumber Explicit Analysis for

Time-Harmonic Maxwell’s Equations

This chapter is devoted to the analysis and spectral-Galerkin approximation of

the Maxwell’s equations in an exterior domain , i.e.,

− iωµ0H +∇×E = 0, −iωε0E −∇×H = F , in R3\D̄;

E × n|∂D = 0; (∇×E)× x̂− ikET = o(r−1),
(4.1)

where D is a three-dimensional, simply connected, bounded, perfect conductor (or

scatterer). As mentioned in Section 1.3, the system (4.1) is notoriously difficult

to solve numerically. Some of the main challenges include: (i) the indefiniteness

when ω is not sufficiently small; (ii) highly oscillatory solutions when ω is large;

(iii) the incompressibility (i.e., divH = divE = 0), which is implicitly implied

by (4.1); and (iv) the unboundedness of the domain. On the one hand, one needs

to construct approximation spaces such that the discrete problems are well posed

and lead to good approximations for a wide range of wavenumbers. On the other

hand, one needs to develop efficient algorithms for solving the indefinite linear

system, particularly for large wavenumbers, resulted from a given discretization.

We refer to [35] and the references therein, for various contributions with respect

to numerical approximations of the time-harmonic Maxwell’s equations.

103
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Once again, we reduce the above Maxwell’s equations in unbounded domain

to a bounded one with a TBC characterized by the capacity operator Tb (see,

e.g., [3]). As usual, we assume that the electric current density F is compactly

supported in a ball B of radius b (that encloses the scatterer D), and solenoidal,

i.e., divF = 0. After eliminating the magnetic field H , we can reduce (4.1) to

∇×∇×E − k2E = F , in Ω := B\D̄ ; (4.2)

E × n = 0, on ∂D; (∇×E)× er − ikTb[ET ] = h, at r = b, (4.3)

where er = x̂ = x/r, Tb is the capacity operator (cf. [3, (5.3.88)]), and the

tangential field ET = −E × er × er. Here, we add a boundary data function h

in (4.3) to deal with potentially inhomogeneous boundary conditions.

We shall start with the special case where D is a ball of radius a:

Ω =
¶
(r, θ, ϕ) : a < r < b, θ ∈ [0, π], ϕ ∈ [0, 2π)

©
, (4.4)

and the solution E can be represented in terms of vector spherical harmonics

(VSH).

In [3] and other related works, the usual VSH (cf. Section 4.1) are used to

represent E. In particular, the system (4.2)-(4.3) can be reduced to a coupled

system of two components of E, while the other component satisfies the same

equation reduced from the Helmholtz equation (cf. [112]):

−∆U − k2U = F, in Ω := B\D̄ , (4.5)

U |∂D = 0; ∂rU − Tb[U ] = H, at r = b, (4.6)

where Tb is the DtN operator [3] (see (4.19)). The wavenumber explicit analysis

for the above Helmholtz equation has been carried out in [77], but the analysis

for the coupled system of two other components appears very difficult. In fact,

only the result on well-posedness of (4.2)-(4.3) was obtained in [112].

However, if we use divergence-free vector spherical harmonics [113], the Maxwell’s

system (4.2)-(4.3), in the case D is a sphere, can be reduced to two sequences
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of one-dimensional problems, which are completely decoupled and the same as

those obtained from the Helmholtz equations (4.5) (note: one sequence is with

the boundary conditions (4.6), but the other is with a slightly different boundary

condition at r = a). Therefore, we can carry out wavenumber explicit analysis

for these decoupled problems, leading to wavenumber explicit estimates for the

Maxwell’s equations.

The main purposes of this chapter are to extend the analysis in [77] to the

Maxwell’s equations, and in the meantime, provide an essential improvement,

which is critical to obtaining the desired estimate for the Maxwell’s equations, to

an estimate for the Helmholtz equation in [77]. We demonstrate that the spectral

algorithm and analysis for the Maxwell’s equations in the special domain Ω (4.4)

are the major component for dealing with general scatterers using the transformed

field expansion (TFE) approach [84].

The rest of the chapter is organized as follows. In Section 4.2, we have a

delicate study of the DtN kernel in (4.20), and use the new estimates to derive

the improved estimates for the Helmholtz equation (cf. Lemma 4.2 and Theorem

4.2), by removing the factor k1/3 in [77, Thm. 3.1]. In Section 4.3, we first reduce

the Maxwell’s system (4.2)-(4.4) to two sequences of decoupled one-dimensional

(in the radial direction) Helmholtz problems in a similar setting by using the

divergence-free VSH expansions in angular directions. This step is essential for

the subsequent analysis. By a delicate analysis of the decoupled one-dimensional

problems (cf. Theorems 4.3 and 4.5), we derive the wavenumber explicit bounds

(cf. Theorem 4.6). In Section 4.5, we study a spectral approximation of the

reduced Maxwell’s equations, and derive the corresponding wavenumber explicit

error estimates for the one-dimensional problems (cf. Lemmas 4.3 and 4.5), which

finally lead to the wavenumber explicit error estimates for the Maxwell’s system

(cf. Theorem 4.8). Then, in Section 4.6, we apply the transformed field expansion

technique to deal with general scatterers, and using the general framework derived

in [114], we obtain rigorous wavenumber explicit error estimates for the complete
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algorithm.

4.1 Vector spherical harmonics

In what follows, we adopt the notation and normalization of SH in Nédélec [3].

The spherical coordinates (r, θ, ϕ) are related to the Cartesian coordinates x =

(x1, x2, x3) by

x1 = r sin θ cosϕ, x2 = r sin θ sinϕ, x3 = r cos θ, (4.7)

where r ≥ 0, θ ∈ [0, π] and ϕ ∈ [0, 2π), and the corresponding (right-handed)

orthonormal coordinate basis consists of {er, eθ, eϕ} where

er = x̂ = x/r, eθ = (cos θ cosϕ, cos θ sinϕ,− sin θ), eϕ = (− sinϕ, cosϕ, 0).

Let S be the unit spherical surface. Denote by ∇S and ∆S the tangent gradient

operator and the Laplace-Beltrami operator on S, defined respectively by

∇Su =
∂u

∂θ
eθ +

1

sin θ

∂u

∂ϕ
eϕ , ∆Su =

1

sin θ

∂

∂θ

Å
sin θ

∂u

∂θ

ã
+

1

sin2 θ

∂2u

∂ϕ2
. (4.8)

We denote by {Y m
l (θ, ϕ)} the (scalar) spherical harmonics which are eigenfunc-

tions of ∆S, namely,

∆SY
m
l = −βlY m

l , l ≥ 0, |m| ≤ l; βl := l(l + 1) (4.9)

and form an orthonormal basis of L2(S) with the inner product:

〈u, v〉S =
∫
S
u v̄ dS =

∫ 2π

0

∫ π

0
u v̄ sin θ dθdϕ. (4.10)

We use the family of VSH:
¶
Y m
l er,∇SY m

l ,T
m
l := ∇SY m

l ×er
©

in the SpherePack

[117] (also see [4]). They are mutually orthogonal in L2(S), with the inner prod-

uct given by (4.10) (but for vector fields), and normalised such that¨
Tm
l ,T

m
l

∂
S

= βl,
¨
∇SY m

l ,∇SY m
l

∂
S

= βl,
¨
Y m
l er, Y

m
l er

∂
S

= 1. (4.11)
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We have

Tm
l × er = −∇SY m

l , ∇SY m
l × er = Tm

l , Y m
l er × er = 0. (4.12)

Define the differential operators:

d±l =
d

dr
± l

r
, Ll =

d2

dr2
+

2

r

d

dr
− l(l + 1)

r2
, ∂̂r =

d

dr
+

1

r
. (4.13)

Let f be a scalar function of r. The following properties can be derived from

[121]:

div
Ä
fTm

l

ä
= 0, ∆

Ä
fTm

l

ä
= Ll(f)Tm

l , (4.14)

∇×
Ä
fTm

l

ä
= ∂̂rf ∇SY m

l + l(l + 1)
f

r
Y m
l er, (4.15)

∇×
Ä
f∇SY m

l

ä
= −∂̂rf Tm

l , ∇×
Ä
fY m

l er
ä

=
f

r
Tm
l . (4.16)

Moreover, we have

div
Ä
f∇SY m

l

ä
=
l(l + 1)

2l + 1

Ä
d−l−1 − d+

l+2

ä
f Y m

l = −l(l + 1)
f

r
Y m
l , (4.17)

div
Ä
fY m

l er
ä

=
1

2l + 1

Ä
ld−l−1 + (l + 1)d+

l+2

ä
f Y m

l =
Å d
dr

+
2

r

ã
f Y m

l . (4.18)

4.2 Improved estimates for the Helmholtz equa-

tion

In this section, we improve the a prior estimates for the Helmholtz equation

(4.5)-(4.6) in [77, Thm. 3.1], where the DtN operator is defined by

Tb[U ] =
∞∑
l=1

l∑
|m|=0

k
h

(1)
l

′
(kb)

h
(1)
l (kb)

“Um
l Y m

l , where “Um
l =

∫
S
U
∣∣∣
r=b

Y m
l dS, (4.19)

and {Y m
l } are spherical harmonics defined in (4.9).
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4.2.1 Properties of the DtN kernel

The key to the improvement is through a delicate analysis of the real part of the

DtN kernel:

Tl,κ :=
h

(1)
l

′
(κ)

h
(1)
l (κ)

, l ≥ 1, κ > 0. (4.20)

Recall that (cf. [77, (2.16)])

Re(Tl,κ) = − 1

2κ
+
Jν(κ)J ′ν(κ) + Yν(κ)Y ′ν(κ)

J2
ν (κ) + Y 2

ν (κ)
, (4.21a)

Im(Tl,κ) =
2

πκ

1

J2
ν (κ) + Y 2

ν (κ)
, ν := l + 1/2, (4.21b)

where Jν and Yν are Bessel functions of the first and second kinds, respectively,

of order ν (cf. [87]). Alternatively, we can formulate

Re(Tl,κ) =
l

κ
− Yν+1(κ)

Yν(κ)
− Im(Tl,κ)

Jν(κ)

Yν(κ)
= − 1

2κ
+
Y ′ν(κ)

Yν(κ)
− Im(Tl,κ)

Jν(κ)

Yν(κ)
, (4.22)

which can be derived from (4.21) and the following properties of Bessel functions

(cf. [87]):

Jν+1(κ)Yν(κ)− Jν(κ)Yν+1(κ) =
2

πκ
, Yν+1(κ) =

ν

κ
Yν(κ)− Y ′ν(κ). (4.23)

We collect some important properties of Re(Tl,κ) and Im(Tl,κ) (cf. [3]):

− l + 1

κ
≤ Re(Tl,κ) < −

1

κ
, 0 < Im(Tl,κ) < 1, for l ≥ 1. (4.24)

For κ > κ0, EIl,κ derived from asymptotic formulas of Bessel functions provides a

good approximation to Im(Tl,κ) (cf. [77, (2.35)]):

Im(Tl,κ) ∼ EIl,κ =



»
1− ν2/κ2, if κ > ν ≥ 1,

C0ν
−1/3, if κ = ν,

4ν tanhα

κ
î
exp(2ν(tanhα− α)) + 4exp(2ν(α− tanhα))

ó , if κ = νsechα,

(4.25)

where C0 ≈ 0.7954 and α > 0. It is noteworthy that the approximation (4.25)

played an important role in the analysis in [77].
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As already mentioned, the improved a priori estimate essentially relies on

deriving approximation to Re(Tl,κ), akin to (4.25). In what follows, let 0 < θ0 < 1

be a prescribed constant, and let

κ0 =
»
θ0/2 (1− θ0)−3/2 (e.g., κ0 ≈ 21.21, if θ0 = 0.9). (4.26)

Based upon asymptotic properties of Bessel functions, we shall carry out the

analysis separately for four cases (note: in the course of the analysis, we shall

show how these arise):

ρ :=
ν

κ
∈ (0, θ0) ∪ [θ0, ϑ1] ∪ (ϑ1, ϑ2) ∪ [ϑ2,∞) for ν = l + 1/2, l ≥ 1, (4.27)

where κ > κ0 is fixed, and

ϑ1 := ϑ1(κ) =
1

2

Ç
3

√
1 +

 
1 +

2

27κ2
+

3

√
1−

 
1 +

2

27κ2

å3

,

ϑ2 := ϑ2(κ) =
1

2

Ç
3

√
1 +

 
1− 2

27κ2
+

3

√
1−

 
1− 2

27κ2

å3

.

(4.28)

Lemma 4.1. Let θ0, κ0, ϑ1 and ϑ2 be the same as above. Then we have

0 < ϑ1 < 1 < ϑ2, ∀κ >
»

2/27, (4.29)

and

ϑ1 = 1− 1
3
√

2κ2/3
+O(κ−4/3), ϑ2 = 1 +

1
3
√

2κ2/3
+O(κ−4/3). (4.30)

Moreover, if κ > κ0, then we have θ0 < ϑ1.

Proof. We examine the function:

f(t) := 3
√

1 + t+ 3
√

1− t, t ≥ 0,

and verify readily that f ′(t) < 0 for all t > 0, t 6= 1. Thus, f(t) is monotonically

decreasing, and

3
»

2ϑ1 = f
Ä»

1 + 2/(27κ2)
ä
< f(1) < f

Ä»
1− 2/(27κ2)

ä
= 3
»

2ϑ2, (4.31)
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which implies (4.29).

It is evident that

t1 :=

 
1 +

2

27κ2
= 1 +

1

27κ2
+O(κ−4). (4.32)

A direct calculation from (4.28) yields

2ϑ1 = 2 + 3
¶
(1 + t1)2/3(1− t1)1/3 + (1 + t1)1/3(1− t1)2/3

©
= 2−

3
√

2

κ2/3

Ä
3
√

1 + t1 + 3
√

1− t1
ä

= 2−
3
√

2

κ2/3

Ç
3

 
2 +

1

27κ2
− 1

3κ2/3

å
+O(κ−2)

= 2−
3
√

2

κ2/3

Å
3
√

2− 1

3κ2/3
+O(κ−2)

ã
+O(κ−2),

which implies the asymptotic estimate of ϑ1 in (4.30). Similarly, we can derive

the estimate of ϑ2.

We now prove θ0 < ϑ1, for all κ > κ0 with κ0 given by (4.26). Observe from

(4.31)-(4.32) that 3
√

2ϑ1 = f(t1), so it suffices to show 3
√

2ϑ0 <
3
√

2ϑ1 = f(t1).

Using the monotonic decreasing property of f , we just require

f−1( 3
»

2θ0) > t1 =
»

1 + 2/(27κ2),

so working out the inverse of f, we can obtain

κ >

√
θ0√

2(1− θ0)3/2
:= κ0. (4.33)

With this, we end the proof.

We have the following estimates of Re(Tl,κ), and also refined estimates of

Re(Tl,κ) in (4.25).

In what follows, the expression “A . B” means that there exists a positive

constant C, only depending on the domain (but independent of k, and the related

unknowns or functions), such that A ≤ CB. As with [87], the notation “A ∼ B”

stands for A(ν) = B(ν)+LH(ν) or A(ν) = B(ν)(1+LH(ν)), where for sufficiently

small or large parameter ν, LH(ν) is some insignificant lower-order or higher-order

term to be dropped in the bound or estimate.
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Theorem 4.1. Let θ0, ϑ1, ϑ2 and κ0 be defined as above. Denote ν = l+ 1/2 and

ρ = ν/κ. Then for any κ > κ0, we have the approximation

Re(Tl,κ) ∼ ER
l,κ, Im(Tl,κ) ∼ EI

l,κ, ∀ l ≥ 1, where (4.34)

(i) for ρ = ν/κ ∈ (0, θ0),

ER
l,κ = − 1

2κ

Å
1 +

1

1− ρ2

ã
, EI

l,κ =
»

1− ρ2 ; (4.35)

(ii) for ρ = ν/κ ∈ [θ0, ϑ1],

ER
l,κ = − 1

2κ

Å
1 +

1

2(1− ρ)

ã
, EI

l,κ =
»

2ρ(1− ρ) ; (4.36)

(iii) for ρ = ν/κ ∈ (ϑ1, ϑ2),

ER
l,κ = − 1

c1

Å2

ν

ã1/3Ä
1 + 2c1t+ c2t

2
ä
− 1

2κ
,

EI
l,κ =

√
3c1ρ

Ä
1− 2c1t

äÅ2

ν

ã1/3

,

(4.37)

where t = − 3
√

2 (κ− ν)/ 3
√
ν (note: |t| < 1), and

c1 =
3

1
3

2

Γ(2
3
)

Γ(1
3
)
≈ 0.3645, c2 =

1− 16c3
1

2c1

≈ 0.3088; (4.38)

(iv) for ρ = ν/κ ∈ [ϑ2,∞),

ER
l,κ = −

»
ρ2 − 1− 1

2κ

Å
1− 1

ρ2 − 1

ã
, EI

l,κ =
»
ρ2 − 1 e−2νΨ, (4.39)

where

Ψ = ln(ρ+
»
ρ2 − 1)−

√
ρ2 − 1

ρ
, ρ > 1. (4.40)

Proof. Case (i) ρ = ν/κ ∈ (0, θ0). Set sec β = κ/ν = ρ−1, i.e., cos β = ρ with

0 < β < π/2. One verifies for 0 < ρ < θ0 < 1

sin β =
»

1− ρ2, tan β =

√
1− ρ2

ρ
, cot β =

ρ√
1− ρ2

. (4.41)
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Recall the formulas (cf. [87, (9.3.15-9.3.20)])

Jν(ν sec β) =

√
2

πν tan β

Ä
L1 cosψ +M1 sinψ

ä
,

Yν(ν sec β) =

√
2

πν tan β

Ä
L1 sinψ −M1 cosψ

ä
,

J ′ν(ν sec β) = −
 

sin 2β

πν

Ä
L2 sinψ +M2 cosψ

ä
,

Y ′ν(ν sec β) =

 
sin 2β

πν

Ä
L2 cosψ −M2 sinψ

ä
,

where ψ = ν(tan β−β)−1/4, and Li = Li(ν, β),Mi = Mi(ν, β), i = 1, 2 are given

in [87, P. 366-367]. Inserting them into (4.21) leads to

Re(Tl,κ) = − 1

2κ
− sin β

L1M2 + L2M1

L2
1 +M2

1

, Im(Tl,κ) =
ρ tan β

L2
1 +M2

1

. (4.42)

We find it suffices to take the leading term of Li,Mi, i = 1, 2 in [87, P. 366-367],

that is,

L1 ∼ 1, L2 ∼ 1, M1 ∼
3 cot β + 5 cot3 β

24ν
, M2 ∼

9 cot β + 7 cot3 β

24ν
. (4.43)

By a direct calculation and using (4.41), we obtain

sin β
Ä
L1M2 + L2M1

ä
∼ sin β

cot β + cot3 β

2ν
=

1

2κ

1

1− ρ2
, (4.44)

and

M2
1 ∼

3 + 5ρ2

192(1− ρ2)2

1

κ2
,

1

L2
1 +M2

1

∼ 1−M2
1 = 1 +O(κ−2). (4.45)

Then we obtain (4.35) from (4.42) and the above.

Cases (ii)-(iii) ρ = ν/κ ∈ [θ0, ϑ1] ∪ (ϑ1, ϑ2). We adopt the asymptotic

formulas [87, (9.3.23-9.3.28)]:

Jν(ν + z 3
√
ν) ∼

Å2

ν

ã 1
3

Ai(− 3
√

2z) +O(ν−1),

Yν(ν + z 3
√
ν) ∼ −

Å2

ν

ã 1
3

Bi(− 3
√

2z) +O(ν−1),

J ′ν(ν + z 3
√
ν) ∼ −

Å2

ν

ã 2
3

Ai′(− 3
√

2z) +O(ν−
4
3 ),

Y ′ν(ν + z 3
√
ν) ∼

Å2

ν

ã 2
3

Bi′(− 3
√

2z) +O(ν−
4
3 ),

(4.46)
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where Ai(t) and Bi(t) are Airy functions of the first and second kinds, respectively.

Set

t := − 3
√

2 z, κ = ν + z 3
√
ν (i.e., z = (κ− ν)/ 3

√
ν ). (4.47)

We obtain from (4.46) and (4.21) that

Re(Tl,κ) ∼ −
1

2κ
−
Å2

ν

ã1/3

TR(t), Im(Tl,κ) ∼
2

πκ

Åν
2

ã2/3

TI(t), (4.48)

where

TR(t) =
Ai(t)Ai′(t) + Bi(t)Bi′(t)

Ai2(t) + Bi2(t)
, TI(t) =

1

Ai2(t) + Bi2(t)
. (4.49)

Note that the Airy functions have different asymptotic behaviours for t ≤ −1

and −1 < t < 1 (see, e.g., [87, 115]). We therefore solve the equations: t =

− 3
√

2 z = − 3
√

2(κ− ν)/ 3
√
ν = ∓1, that is,

ν + 2−
1
3ν

1
3 − κ = 0, ν − 2−

1
3ν

1
3 − κ = 0. (4.50)

Both are cubic equations in ν
1
3 with only one real root each. We find the real

root of the first equation is κϑ1, while that of the second one is κϑ2, where ϑ1

and ϑ2 are given in (4.28).

(a) For ρ ∈ [θ0, ϑ1] (note: t = − 3
√

2z ≤ −1), we recall the asymptotic formulas

(see [87, (10.4.60)])

Ai(t) ∼ 1
4
√
−π2t

Å
sin ξ − 5

72η
cos ξ

ã
, Ai′(t) ∼ − 4

 
− t

π2

Å
cos ξ − 7

72η
sin ξ

ã
,

Bi(t) ∼ 1
4
√
−π2t

Å
cos ξ +

5

72η
sin ξ

ã
, Bi′(t) ∼ 4

 
− t

π2

Å
sin ξ +

7

72η
cos ξ

ã
,

where

ξ = η +
π

4
, η =

2

3
(−t)3/2 =

2

3

Ä
3
√

2z
ä3/2

.

Thus, a direct calculation leads to

Ai(t)Ai′(t) + Bi(t)Bi′(t) ∼ 1

6πη
=

1

4π
(−t)−3/2,

Ai2(t) + Bi2(t) ∼ 1

π
√
−t

Å
1 +

Å 5

72η

ã2ã
=

1

π
√
−t

+O((−t)−7/2).
(4.51)



114 Wavenumber Explicit Analysis for Maxwell’s Equations

Inserting them into (4.49), we obtain

TR(t) ∼ − 1

4t
=

1

4 3
√

2

3
√
ν

κ− ν
, TI(t) ∼

π
√
−t

1 +O((−t)−3)
∼ 21/6π

Åκ− ν
ν1/3

ã1/2

.

We derive from (4.48) that

Re(Tl,κ) ∼ −
1

2κ
− 1

4(κ− ν)
, Im(Tl,κ) ∼

ν

κ

 
2
Åκ
ν
− 1
ã
. (4.52)

This yields (4.36).

(b) For ρ ∈ (ϑ1, ϑ2) (note: |t| = 3
√

2|z| < 1), we approximate TR(t) and TI(t)

in (4.49) by their Taylor expansions at t = 0, which requires to evaluate

Ai(m)(0) and Bi(m)(0) for m ≥ 1. Recall that the Airy functions satisfy the

Airy equation: w′′(t)− tw(t) = 0, t ∈ R, and some special values are

Ai(0) =
1

3
2
3 Γ(2

3
)
, Ai′(0) = − 1

3
1
3 Γ(1

3
)
, Bi(0) =

1

3
1
6 Γ(2

3
)
, Bi′(0) =

3
1
6

Γ(1
3
)
.

With these and some tedious calculation, we can obtain

TR(t) = TR(0)+T ′R(0)t+
T ′′R(0)

2
t2+O(t3), TI(t) = TI(0)+T ′I(0)t+

T ′′I (0)

2
t2+O(t3),

with

c1 := TR(0) =
3

1
3

2

Γ(2
3
)

Γ(1
3
)
≈ 0.3645, T ′R(0) = 2c2

1, T ′′R(0) = 1− 16c3
1,

TI(0) =
3

4
3

4

Å
Γ
Å2

3

ãã2

=
√

3πc1, T ′I(0) = −2
√

3πc2
1, T ′′I (0) = 0.

Noting that t = − 3
√

2(κ− ν)/ 3
√
ν, Thus, we derive from (4.48)-(4.49) that

Re(Tl,κ) ∼ − 3

 
2

ν

Å
c1 + 2c2

1t+
1

2

Ä
1− 16c3

1

ä
t2
ã
− 1

2κ
, (4.53)

Im(Tl,κ) ∼ 2
1
3

√
3c1

ν2/3

κ

Ä
1− 2c1t

ä
, where t = − 3

√
2
κ− ν

3
√
ν
. (4.54)

Hence, we obtain the desired estimates for this case.
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Case (iv) ρ = ν/κ ∈ [ϑ2,∞). Set sechα = ρ−1, i.e., coshα = ρ with α > 0.

One verifies

sinhα =
»
ρ2 − 1, tanhα =

√
ρ2 − 1

ρ
, Ψ := α− tanhα > 0. (4.55)

Recall the asymptotic formulas [87, (9.3.7-9.3.8)]:

Jν(νsechα) ∼ e−νΨ

√
2πν tanhα

¶
1 +O(ν−1)

©
;

Yν(νsechα) ∼ − eνΨ»
π/2 ν tanhα

¶
1 +O(ν−1)

©
.

(4.56)

Note that by (4.55),

Ψ(ρ) = arccosh ρ−
»

1− ρ−2 = ln(ρ+
»
ρ2 − 1)−

√
ρ2 − 1

ρ
, ρ > 1, (4.57)

which is monotonically increasing with respect to ρ. By (4.30), we have

Ψ(ϑ2) ∼ ln(1 + τ +
√

2τ + τ 2)−
√

2τ + τ 2

1 + τ
∼ τ +

√
2τ + τ 2 −

√
2τ + τ 2

1 + τ

= τ + τ

√
2τ + τ 2

1 + τ
∼ τ, where τ :=

1
3
√

2κ2/3
.

(4.58)

Thus, we observe from (4.56) that in the range of interest, Jν , J
′
ν decay exponen-

tially, while Yν , Y
′
ν grow exponentially. By (4.21) and (4.56),

Im(Tl,κ) =
2

πκ

1

J2
ν (κ) + Y 2

ν (κ)
∼ 4ν

κ
tanhα

e−2νΨ

4 + e−4νΨ
∼
»
ρ2 − 1 e−2νΨ, (4.59)

which leads to the estimate of the imaginary part in (4.39). As Im(Tl,κ) decays

exponentially with respect to l. We derive from (4.22) that

Re(Tl,κ) =
l

κ
− Yν+1(κ)

Yν(κ)
− Im(Tl,κ)

Jν(κ)

Yν(κ)
∼ l

κ
− Yν+1(κ)

Yν(κ)
. (4.60)

In order to obtain better estimate, we resort to the asymptotic approximation of

the ratio (cf. [116]):

Yν+1(κ)

Yν(κ)
=

1 +
√

1− ρ−2

ρ−1

®
1− 1−

√
1− ρ−2

2(1− ρ−2)

1

ν
+O

Å 1

ν2

ã´
, (4.61)
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which is valid for ν > κ and κ ∼ ν. In fact, as shown in [116], it is derived

from the formula (4.56) with more terms. Inserting (4.61) into (4.60) leads to the

estimate of the real part in (4.39).

In Figure 4.1, we depict in (a)-(b) Re(Tl,κ) and Im(Tl,κ) for various l and κ,

and in (c)-(d), the exact value and approximations in Theorem 4.1 for various

samples of κ.

4.2.2 Improved estimates

We first introduce some notation. Let I := (a, b) and $ = r2. The weighted

Sobolev space Hs
ω(Λ) with s ≥ 0 is defined as usual in Admas [1]. We denote by

L2
ω(I) a Hilbert space of real or complex functions with inner product and norm

(u, v)ω =
∫
I
u(r)v̄(r)ω(r)dr, ‖u‖ω =

»
(u, u)ω,

where v̄ is the complex conjugate of v. We also use the anisotropic Sobolev spaces,

e.g., Hs′
p (S;Hs

ω(I)) defined via the SPH expansion coefficients “Um
l of U with the

norm:

‖U‖Hs′
p (S;Hs

ω(I)) =
Å ∞∑
l=1

l∑
|m|=0

(1 + l)2s′‖“Um
l ‖2

Hs
ω(I)

ã1/2

, (4.62)

where p indicates the 2π-periodicity in ϕ-direction. If ω ≡ 1, we drop ω in the

notation.

The weak form of (4.5)-(4.6) is to find U ∈ H1
p (S; 0H

1(I)) such that (cf. [77,

(3.9)]):

B(U, V ) = (∂rU, ∂rV )$,Ω + (∇SU,∇SV )Ω − k2(U, V )$,Ω − b2〈TbU, V 〉S

= (F, V )$,Ω + 〈H,V 〉S, ∀V ∈ H1
p (S; 0H

1(I)),
(4.63)

where 0H
1(I) = {v ∈ H1(I) : v(a) = 0}. We expand U, F,H in SPH series as¶

U, F,H
©

=
∞∑
l=1

l∑
|m|=0

¶“Um
l (r), “Fm

l (r), Ĥm
l (r)

©
Y m
l (θ, ϕ). (4.64)
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Figure 4.1: (a)-(b): Real and imaginary parts of Tl,κ with various samples (l, κ) ∈

[0, 120]× [1, 100]. (c) Re(Tl,κ) (solid line) against ERl,κ; (d) Im(Tl,κ) (solid line) against

EIl,κ with κ = 30, 50, 70, 90 (note: in (c)-(d), “+” for ρ = ν/κ ∈ (0, θ0), “�” for

ρ ∈ [θ0, ϑ1], “◦” for ρ ∈ (ϑ1, ϑ2) and “∗” for ρ ∈ [ϑ2,∞)).
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Taking V = “V m′
l′ (r)Y m′

l′ in (4.63) and using the property of SPH (cf. Section 4.1),

we obtain the corresponding weak form for each mode (l,m) : find u := “Um
l ∈

0H
1(I) such that

Bml (u, v) := (u′, v′)$ + βl(u, v)− k2(u, v)$ − kb2Tl,kbu(b)v̄(b)

= (f, v)$ + b2hv̄(b), ∀v ∈ 0H
1(I),

(4.65)

where βl = l(l + 1), the weight function $ = r2 appears naturally in the weak

formulation and we denote v := “V m
l , f := “Fm

l and h := Ĥm
l . Here, we drop the

weight function $ in the space 0H
1(I) as it is uniformly bounded below away 0

on I.

One main result of this section is the following improved optimal estimate,

which removes a factor of k1/3 from the upper bound of [77, Lemma 3.1].

Lemma 4.2. Let u be the solutions of (4.65). If f ∈ L2(I), then we have that

for all k ≥ k0 > 0 (for some fixed constant k0), and for l ≥ 1, 0 ≤ |m| ≤ l,

‖u′‖2
$ + βl‖u‖2 + k2‖u‖2

$ . ‖f‖2
$ + |h|2. (4.66)

Proof. Taking v = u in (4.65), we obtain

‖u′‖2
$ + βl‖u‖2 − k2‖u‖2

$ − kb2 Re(Tl,kb)|u(b)|2

= Re(f, u)$ + b2 Re(hū(b)),
(4.67a)

−kb2 Im(Tl,kb)|u(b)|2 = Im(f, u)$ + b2 Im(hū(b)). (4.67b)

Next taking v = 2(r− a)u′ in (4.65), and following the derivations in [77, (3.26)-

(3.28)], we obtain

b2|I||u′(b)|2 + βl|I||u(b)|2 + 2a‖
√
ru′‖2 + k2

∫ b

a

Å
3− 2a

r

ã
|u|2r2dr

= ‖u′‖2
$ + βl‖u‖2 + k2b2|I||u(b)|2 + 2 Re(f, (r − a)u′)$

+ 2b2|I|Re
Ä
hū′(b)

ä
+ 2kb2|I|Re

¶
Tl,kb u(b)ū′(b)

©
,

(4.68)
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where |I| = b − a. Substituting ‖u′‖2
$ + βl‖u‖2 in the identity (4.67a) into the

above, and collecting the terms, we obtain

b2|I||u′(b)|2 +
¶
βl|I| − kb2 Re(Tl,kb)

©
|u(b)|2

+ 2a‖
√
ru′‖2 + 2k2

∫ b

a

Å
1− a

r

ã
|u|2r2dr

= k2b2|I||u(b)|2 + 2kb2|I|Re
¶
Tl,kb u(b) ū′(b)

©
+ 2b2|I|Re

Ä
hū′(b)

ä
+ 2 Re(f, (r − a)u′)$ + b2 Re(hū(b)) + Re(f, u)$.

(4.69)

Hereafter, let C and {Ci, εi} be generic constants independent of k, l,m, and any

function. Using the Cauchy-Schwarz inequality, we obtain

2kb2|I|
∣∣∣Re
¶
Tl,kb u(b) ū′(b)

©∣∣∣ ≤ ε1b
2|I||u′(b)|2 + ε−1

1 k2b2|I||Tl,kb|2|u(b)|2;

2b2|I|
∣∣∣Re
Ä
hū′(b)

ä∣∣∣ ≤ ε2b
2|I||u′(b)|2 + ε−1

2 b2|I||h|2;

b2
∣∣∣Re(hū(b))

∣∣∣ ≤ ε3kb
2 |Re(Tl,kb)||u(b)|2 +

b2

ε3k |Re(Tl,kb)|
|h|2;

2
∣∣∣Re(f, (r − a)u′)$

∣∣∣ ≤ ε4‖
√
ru′‖2 + ε−1

4 b|I|2‖f‖2
$;∣∣∣Re(f, u)$

∣∣∣ ≤ ε5‖u‖2
$ + (4ε5)−1‖f‖2

$.

(4.70)

Thus, by choosing suitable {εi}, we obtain from (4.69)-(4.70) that

C1b
2|I||u′(b)|2 +Dl,k|I||u(b)|2 + C2a‖

√
ru′‖2 + C3k

2‖u‖2
$

. ‖f‖2
$ +

Å
1 +

1

k |Re(Tl,kb)|

ã
|h|2,

(4.71)

where C1 = 1 − (ε1 + ε2), C2 = 2 − ε4, C3 = 2(1 − a/ξ) − ε5/k
2 with ξ ∈ (a, b),

and

Dl,k := βl − (1− ε3)kb2|I|−1 Re(Tl,kb)− k2b2
Ä
1 + ε−1

1 |Tl,kb|2
ä
. (4.72)

It remains to estimate Dl,k, which is negative for e.g., small l. According to the

estimates in Lemma 4.1, we conduct the analysis for four different cases as in

(4.27).
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(i) If ρ = ν
kb
∈ (0, θ0] for fixed 0 < θ0 < 1, we obtain from (4.67b) that

k2b2 |u(b)|2 ≤ k

|Im(Tl,kb)|
¶
|Im(f, u)$|+ b2 |Im(hu(b))|

©
≤ ε7

2
k2‖u‖2

$ +
‖f‖2

$

2ε7|Im(Tl,kb)|2
+
k2b2

2
|u(b)|2 +

|h|2

2|Im(Tl,kb)|2
.

(4.73)

By (4.35), Im(Tl,kb) in this range behaves like a constant, so (4.73) implies

k2b2 |u(b)|2 ≤ ε7k
2‖u‖2

$ + C
Ä
‖f‖2

$ + |h|2
ä
. (4.74)

By (4.35), |Tl,kb|2 ≤ C, so Dl,k ≤ −Ck2b2. Therefore, using (4.71) and (4.74) leads

to

‖
√
ru′‖2 + k2‖u‖2

$ + k2|u(b)|2 ≤ C
Ä
‖f‖2

$ + |h|2
ä
. (4.75)

Thus, we derive the desired estimate in this case from (4.67a) and (4.75).

(ii) For ρ = ν
kb
∈ (θ0, ϑ1], we first show that for any c̄0 ∈ (1− θ0, 1/

3
√

2) and

kb > 1, there exists a unique γ0 ∈ [1/3, 1) such that

ρ = 1− c̄0(kb)γ0−1, i.e., γ0 = 1 +
ln((1− ρ)/c̄0)

ln(kb)
. (4.76)

Apparently, γ0 decreases with respect to ρ, so by (4.30),

1

3
− ln( 3

√
2c̄0)

ln(kb)
+

ln(1 +O((kb)−2/3)

ln(kb)

= 1 +
ln((1− ϑ1)/c̄0)

ln(kb)
≤ γ0 < 1 +

ln((1− θ0)/c̄0)

ln(kb)
,

(4.77)

Then one verifies readily that for c̄0 ∈ (1 − θ0, 1/
3
√

2), we have γ0 ∈ [1/3, 1). In

view of (4.76), we can write

ν = kb− c̄0(kb)γ0 . (4.78)

Thus, by (4.36),

Re(Tl,kb) ∼ −
1

2c̄0

(kb)−γ0 , Im(Tl,kb) ∼
√

2c̄0(kb)(γ0−1)/2,

|Tl,kb|2 ∼ 2c̄0(kb)γ0−1,

(4.79)
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which implies

Dl,k ∼ ν2 − 1

4
+ (1− ε3)

b

2|I|c̄0

(kb)1−γ0

− k2b2
Ä
1 + ε−1

1 2c̄0(kb)γ0−1
ä
∼ −2c̄0(1 + ε−1

1 )(kb)γ0+1.

(4.80)

By (4.67b) and the Cauchy-Schwarz inequality,

(kb)γ0+1 |u(b)|2 ≤ (kb)γ0

|Im(Tl,kb)|
¶
|Im(f, u)$|+ b2 |Im(hū(b))|

©
≤ ε7

2
k2‖u‖2

$ +
(kb)2γ0−2

2ε7|Im(Tl,kb)|2
‖f‖2

$ +
(kb)γ0+1

2
|u(b)|2 +

(kb)γ0−1

2|Im(Tl,kb)|2
|h|2.

(4.81)

Then by (4.79) and (4.81),

(kb)γ0+1 |u(b)|2 ≤ ε7k
2‖u‖2

$ + C
Ä
(kb)γ0−1‖f‖2

$ + |h|2
ä
. (4.82)

Thus, we derive from (4.71) that

‖
√
ru′‖2 + k2‖u‖2

$ + (kb)γ0+1|u(b)|2 ≤ C
Ä
‖f‖2

$ + |h|2
ä
. (4.83)

Therefore, we obtain (4.66) from (4.67a) and (4.83).

(iii) If ρ = ν
kb
∈ (ϑ1, ϑ2], we find from (4.30) that

kb− 3

 
kb

2
+O(k−1/3) < ν ≤ kb+

3

 
kb

2
+O(k−1/3). (4.84)

By (4.37),

Re(Tl,kb) ∼ −c̄1(kb)−1/3, Im(Tl,kb) ∼ c̄2(kb)−1/3, |Tl,kb|2 ∼ c̄3(kb)−2/3, (4.85)

where {c̄i} are some positive constants independent of k, l. We can follow the

same procedure as for Case (ii) (but with γ0 = 1/3) to derive

‖
√
ru′‖2 + k2‖u‖2

$ + (kb)4/3|u(b)|2 ≤ C
Ä
‖f‖2

$ + |h|2
ä
. (4.86)

Similarly, (4.66) follows from (4.67a) and (4.86).
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(iv) If ρ = ν
kb
∈ (ϑ2,∞), we find from (4.39) that Im(Tl,kb) decays exponen-

tially with respect to l, so we cannot get a useful bound of |u(b)| from (4.67b).

We therefore consider two cases:

(a) ν = kb+ c̄5(kb)γ1 with 1/3 < γ1 < 1; (b) ν ≥ η kb, (4.87)

for constant c̄5 ∈ (η−1, 1/ 3
√

2) and 1 < η < 1+1/ 3
√

2. Here, we show that Case (a)

can cover ρ ∈ (ϑ2, η). Indeed, similar to (4.76)-(4.77), we have ρ = 1 + c̄5(kb)γ1−1,

and

1

3
− ln( 3

√
2c̄5)

ln(kb)
+

ln(1 +O((kb)−2/3)

ln(kb)

= 1 +
ln((ϑ2 − 1)/c̄5)

ln(kb)
< γ1 < 1 +

ln((η − 1)/c̄5)

ln(kb)
.

(4.88)

This implies if c̄5 ∈ (η − 1, 1/ 3
√

2) and 1 < η < 1 + 1/ 3
√

2, then 1/3 < γ1 < 1 and

we can write ν in the form of (a).

In the first case, we derive from (4.39) that

Re(Tl,kb) ∼
√

2c̄5(kb)(γ1−1)/2, |Tl,kb|2 ∼ 2c̄5(kb)γ1−1,

Dl,k ∼ −2c̄5(ε−1
1 − 1)(kb)γ1+1,

(4.89)

where we recall that ε1 < 1. Noticing that

βl‖u‖2 − k2‖u‖2
$ ≥ (βl − k2b2)‖u‖2 ≥ 0, (4.90)

and Re(Tl,kb) < 0, we deduce from (4.67a) that

− kb2 Re(Tl,kb)|u(b)|2 ≤ |Re(f, u)$|+ b2 |Re(hū(b))|. (4.91)

Using (4.89), (4.91) and following the derivation of (4.81), we can get

(kb)γ1+1 |u(b)|2 ≤ ε8k
2‖u‖2

$ + C
Ä
(kb)γ1−1‖f‖2

$ + |h|2
ä
. (4.92)

We then derive from (4.71) that

‖
√
ru′‖2 + k2‖u‖2

$ + (kb)γ1+1|u(b)|2 ≤ C
Ä
‖f‖2

$ + |h|2
ä
. (4.93)
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Thus, we derive (4.66) for this case from (4.67a) and (4.93).

In the second case of (4.87), we observe from (4.39) that

Re(Tl,kb) ∼ −
ν

kb
, |Tl,kb|2 ∼

ν2

k2b2
, (4.94)

which implies

Dl,k ∼ ν2 − 1

4
+ (1− ε3)

bν

|I|
− k2b2 − ε−1

1 ν2 ∼ −c̄6 βl. (4.95)

Then, by (4.94) and (4.91),

βl|u(b)|2 ≤ ε8βl‖u‖2 + C
Ä
‖f‖2

$ + |h|2
ä
. (4.96)

We then derive from (4.71) that

‖
√
ru′‖2 + k2‖u‖2

$ + βl|u(b)|2 ≤ C
Ä
‖f‖2

$ + |h|2
ä
. (4.97)

Finally, we obtain (4.66) from (4.67a) and (4.97).

Thanks to the above lemma and the orthogonality of SPH, one can easily

derive the following improved result, where a factor of k1/3 is removed from the

upper bound of [77, Thm. 3.1].

Theorem 4.2. Let U be the solution of (4.63). If F ∈ L2(Ω) and H ∈ L2(S),

then we have

‖∇U‖Ω + k‖U‖Ω . ‖F‖Ω + ‖H‖L2(S). (4.98)

4.3 Estimates for Maxwell’s equations

In this section, we perform the wavenumber explicit a prior estimates for the

Maxwell’s equations (4.2)-(4.3). The key is to employ a divergence-free vector

harmonic expansion of the fields and reduce the problem of interest into two

sequences of decoupled one-dimensional Helmholtz problems. This decoupling

not only leads to a more efficient numerical algorithm, but also greatly simplifies

its analysis.
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4.3.1 Dimension reduction via divergence-free VSH ex-

pansions

Let {Y m
l } be the spherical harmonics, and

¶
Y m
l er,∇SY m

l ,T
m
l := ∇SY m

l × er
©

(where S is a unit spherical surface) be the vector spherical harmonics (see Section

4.1). The divergence-free VSHs that we shall use are introduced in [113], but it

appears that they are rarely discussed, if not at all, in mathematical literature.

Introduce the spaces

H(div; Ω) =
¶
E ∈ L2(Ω) : divE ∈ L2(Ω)

©
,

H(curl; Ω) =
¶
E ∈ (L2(Ω))3 : ∇×E ∈ (L2(Ω))3

©
,

equipped the graph norm defined as in [35, P. 52], and

H0(div; Ω) =
¶
E ∈ H(div; Ω) : divE = 0

©
,

H0(curl; Ω) =
¶
v ∈ H(curl; Ω) : v × er|r=a = 0

©
.

We have following important properties of solenoidal (or divergence-free) fields.

Proposition 4.1. For any E ∈ (L2(Ω))3, we expand it as

E = v0
2,0 Y

0
0 er +

∞∑
l=1

l∑
|m|=0

ß
vm1,l T

m
l + vm2,l Y

m
l er + vm3,l∇SY

m
l

™
, (4.99)

where we recall βl = l(l + 1) and

vm1,l = β−1
l 〈E,Tm

l 〉S, vm2,l = 〈E, Y m
l er〉S, vm3,l = β−1

l 〈E,∇SY
m
l 〉S. (4.100)

If E ∈ H(div0; Ω), then we haveÅ d
dr

+
2

r

ã
v0

2,0 = 0,
r

βl

Å d
dr

+
2

r

ã
vm2,l = vm3,l, (4.101)

and we can write

E = u0
0 Y

0
0 er +

∞∑
l=1

l∑
|m|=0

ß
um1,l T

m
l +∇×

Ä
um2,l T

m
l

ä™
, (4.102)
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where

u0
0 = v0

2,0 =
c

r2
, um1,l = vm1,l, um2,l = β−1

l rvm2,l, (4.103)

with c being an arbitrary constant.

Proof. Since div(vm1,l T
m
l ) = 0 (cf. (4.15)), we obtain from (4.196) and (4.17)-

(4.18) that

divE =
Å d
dr

+
2

r

ã
v0

2,0 +
∞∑
l=1

l∑
|m|=0

ßÅ d
dr

+
2

r

ã
vm2,l −

βl
r
vm3,l

™
Y m
l . (4.104)

Then the identities in (4.101) follow from divE = 0 immediately.

Note that the equation of v0
2,0 in (4.101) has the general solution: v0

2,0 = c/r2.

To derive (4.102) under (4.103), it suffices to show that

β−1
l ∇×

Ä
rvm2,l T

m
l

ä
= vm2,l Y

m
l er + vm3,l∇SY

m
l . (4.105)

It follows from a direct calculation using (4.15), that is,

β−1
l ∇×

Ä
rvm2,l T

m
l

ä
= vm2,l Y

m
l er + β−1

l ∂̂r(rv
m
2,l)∇SY

m
l

= vm2,l Y
m
l er +

r

βl

Å d
dr

+
2

r

ã
vm2,l∇SY

m
l .

(4.106)

Therefore, the expansion (4.102) is a direct consequence of (4.99), (4.101) and

(4.103).

Remark 4.1. Equivalently, we can reformulate (4.102) as

E = u0
0 Y

0
0 er +

∞∑
l=1

l∑
|m|=0

ß
um1,l T

m
l + ∂̂ru

m
2,l∇SY

m
l +

βl
r
um2,l Y

m
l er

™
, (4.107)

which allows for exact imposition of the divergence-free condition. Such a VSH

expansion turns out to be a very useful analytic and numerical tool for e.g.,

Maxwell equations and Navier-Stokes equations in spherical geometry (cf. [4,

113, 3, 35]).
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Recall that the capacity operator in (4.3) is defined by (cf. [3, (5.3.88)]):

Tb[Φ] :=
∞∑
l=1

l∑
|m|=0

®
− i

∂̂rh
(1)
l (kb)

h
(1)
l (kb)

φmT,l T
m
l + i

h
(1)
l (kb)

∂̂rh
(1)
l (kb)

φmY,l∇SY m
l

´
, (4.108)

where h
(1)
l is the spherical Bessel function of the first kind (cf. [87]), and

∂̂rh
(1)
l (kb) =

Å d
dr

+
1

r

ã
h

(1)
l (r)

∣∣∣∣
r=kb

. (4.109)

The expansion coefficients {φmT,l, φmY,l} are associated with the expansion:

Φ := ES|r=b =
∞∑
l=1

l∑
|m|=0

¶
φmT,l T

m
l + φmY,l∇SY m

l

©
, (4.110)

and given by

φmT,l = β−1
l

¨
Φ,Tm

l

∂
S
, φmY,l = β−1

l

¨
Φ,∇SY m

l

∂
S
. (4.111)

As F in (4.5) is a solenoidal field, we can expand it as (4.102) with the

coefficients f 0
0 and {fm1,l, fm2,l}. We also expand the data h ∈ L2

T (S) in (4.6) (the

space of tangential components) as

h =
∞∑
l=1

l∑
|m|=0

¶
hmT,l T

m
l + hmY,l∇SY m

l

©
, (4.112)

where the expansion coefficients are given by (4.111) with h in place of Φ.

Proposition 4.2. Denote

u1 = um1,l, u2 = um2,l, f1 = fm1,l, f2 = fm2,l,

h1 = hmT,l, h2 = k−1
Ä
Tl,kb + (kb)−1

ä
hmY,l,

(4.113)

for l ≥ 1. Then the Maxwell’s equations (4.2)-(4.3) reduce to −k2u0
0 = f 0

0 , and

the following two sequences of one-dimensional problems:

− 1

r2
(r2u′i)

′ +
βl
r2
ui − k2ui = fi, r ∈ I := (a, b),

u′i(b)− k Tl,kb ui(b) = hi, i = 1, 2,

(4.114)

but with different boundary conditions at r = a :

u1(a) = 0, u′2(a) + a−1u2(a) = 0. (4.115)



4.3 Estimates for Maxwell’s equations 127

Proof. We first consider (4.2). Recall that if divu = 0, then we have

∇×∇× u = −∆u. (4.116)

Using (4.14) and div
Ä
∇×(fTm

l )
ä

= 0, we derive from (4.102), (4.116) and (4.15)-

(4.16) that

∇×∇×
Ä
um1,lT

m
l

ä
= −∆

Ä
um1,lT

m
l

ä
= −Ll

Ä
um1,l
ä
Tm
l ,

∇×∇×∇×
Ä
um2,lT

m
l

ä
= −∇×

Ä
∆
Ä
um2,lT

m
l

ää
= −∇×

Ä
Ll
Ä
um2,l
ä
Tm
l

ä
,

(4.117)

where

Ll =
d2

dr2
+

2

r

d

dr
− l(l + 1)

r2
. (4.118)

Therefore, by using the expansions (4.102), we can reduce (4.2) to:

− (Ll + k2)w(r) = f(r) for {w, f} = {um1,l, fm1,l} or {um2,l, fm2,l}, (4.119)

for l ≥ 1 and r ∈ I. In addition, we have

− k2u0
0 = f 0

0 , as ∇× (u0
0 Y

0
0 er) = ∇× (f 0

0 Y
0

0 er) = 0, (4.120)

since E and F are solenoidal. This leads to the mode u0
0, so we only consider the

modes with l ≥ 1 and 0 ≤ |m| ≤ l. A direct calculation using (4.12)-(4.13) and

(4.15)-(4.16) leads to the reduction of the first boundary condition in (4.3):

um1,l(a) = 0 , ∂̂ru
m
2,l(a) = 0, where ∂̂r :=

d

dr
+

1

r
. (4.121)

We now turn to the DtN boundary condition (4.3). By (4.102) and (4.117),

∇×E =
∞∑
l=1

l∑
|m|=0

ß
∇×

Ä
um1,lT

m
l

ä
− Ll(um2,l)Tm

l

™
. (4.122)

Again from (4.12)-(4.13) and (4.15)-(4.16), we deriveÄ
∇×E

ä
× er

∣∣∣
r=b

=
∞∑
l=1

l∑
|m|=0

ßÄ
∂̂ru

m
1,l

ä
Tm
l + Ll(um2,l)∇SY m

l

™∣∣∣∣
r=b
,

ES
∣∣∣
r=b

=
∞∑
l=1

l∑
|m|=0

ß
um1,lT

m
l + ∂̂ru

m
2,l∇SY m

l

™∣∣∣∣
r=b
.

(4.123)
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Then, by (4.108) and (4.123),

−ikTb[ES] =
∞∑
l=1

l∑
|m|=0

®
− k ∂̂rh

(1)
l (kb)

h
(1)
l (kb)

um1,l(b)T
m
l

+ k
h

(1)
l (kb)

∂̂rh
(1)
l (kb)

∂̂ru
m
2,l(b)∇SY m

l

´
.

(4.124)

Consequently, by (4.112) and (4.123), the DtN boundary condition (4.3) reduces

to

∂̂ru
m
1,l(b)− k

∂̂rh
(1)
l (kb)

h
(1)
l (kb)

um1,l(b) = hmT,l, (4.125)

Ll(um2,l)(b) + k
h

(1)
l (kb)

∂̂rh
(1)
l (kb)

∂̂ru
m
2,l(b) = hmY,l. (4.126)

By the equation (4.119) (note: fm2,l(b) = 0 as the source field is assumed to be

compact supported), we have Ll(um2,l)(b) = −k2um2,l(b), so we can simplify (4.126)

as

∂̂ru
m
2,l(b)− k

∂̂rh
(1)
l (kb)

h
(1)
l (kb)

um2,l(b) =
1

k

∂̂rh
(1)
l (kb)

h
(1)
l (kb)

hmY,l. (4.127)

This ends the derivation.

4.3.2 A priori estimates for {um1,l, um2,l}

The weak form of (4.114)-(4.115) with i = 1 is to find u1 ∈ 0H
1(I) such that

Bml (u1, w) = (f1, w)$ + b2h1w̄(b) , ∀w ∈ 0H
1(I), (4.128)

and the weak form of (4.114)-(4.115) with i = 2 is to find v ∈ H1(I) such that

Bml (u2, w)− au2(a)w̄(a) = (f2, w)$ + b2h2w̄(b), ∀w ∈ H1(I), (4.129)

where the bilinear form Bml (·, ·) is defined in (4.65).

Observe that the weak form for u1 is the same as that of the Helmholtz

equation in (4.65), while (4.129) differ from (4.128) an extra term: −au2(a)w̄(a).

As a result, we can obtain the a priori estimates like Lemma 4.2 by using the

same argument.
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Theorem 4.3. Let u1 and u2 be solutions of (4.128) and (4.129), respectively.

If f1, f2 ∈ L2(Λ), then for all k ≥ k0 > 0 (for some fixed constant k0), and

l ≥ 1, 0 ≤ |m| ≤ l, we have

‖u′i‖2
$ + βl‖ui‖2 + k2‖ui‖2

$ . ‖fi‖2
$ + |hi|2, i = 1, 2. (4.130)

Proof. The estimates in Lemma 4.2 carry over to u1, so it suffices to consider

u2 and deal with the extra term herein. Following the proof of Lemma 4.2, we

take two test functions: w = u2 and w = 2(r − a)u2, and note that the term

“−au2(a)w̄(a)” vanishes for the second test function. Thus, we only need to deal

with the contribution from this extra term as follows:

‖u′2‖2
$ + βl‖u2‖+ k2‖u2‖2

$ − a|u2(a)|2 . ‖f2‖$ + |h2|. (4.131)

Using the Sobolev inequality (see, e.g., [47, (B.33)]), we obtain

a|u2(a)|2 ≤ a
Å

2 +
1

b− a

ã
‖u2‖‖u2‖1 ≤ a

Å
2 +

1

b− a

ãÄ
‖u2‖2 + ‖u2‖‖u′2‖

ä
≤ a−3

Å
2 +

1

b− a

ãÄ
‖u2‖2

$ + ‖u2‖$‖u′2‖$
ä
.

(4.132)

where we used the simple inequality:
√
A2 +B2 ≤ |A|+ |B|, and the fact $/a2 ≥

1. Thus,

a|u2(a)|2 ≤ 1

2
‖u′2‖2

$ + C‖u2‖2
$. (4.133)

Thus, by (4.131) and (4.133),

1

2
‖u′2‖2

$ + βl‖u2‖2 + k2
Ä
1− Ck−1

ä
‖u2‖2

$ . ‖f2‖2
$ + |h2|2. (4.134)

This leads to the desired estimate.

It is important to point out that as the expansion in (4.107) involves {∂̂rum2,l},
the direct use of Theorem 4.3 and the orthogonality of VSH only leads to an overly

pessimistic estimate: ‖E‖Ω = O(1). However, the expected optimal estimate

should be ‖E‖Ω = O(k−1). In view of this, we next derive an “auxiliary” equation

of ∂̂ru
m
2,l and apply the analysis similar to that for {um1,l, um2,l} in the previous

subsection.
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4.3.3 A priori estimates for ∂̂ru
m
2,l

Equation of ∂̂ru
m
2,l

Denote

v2 := βlu
m
2,l/r = βlu2/r, v3 := ∂̂ru

m
2,l = ∂̂ru2, hY := −kSl,kbh2 = hmY,l,

g2 := βlf
m
2,l/r = βlf2/r, g3 := ∂̂rf

m
2,l = ∂̂rf2,

(4.135)

where the DtN kernel pertinent to (4.108) is defined by

Sl,κ := − h
(1)
l (κ)

∂̂rh
(1)
l (κ)

= − h
(1)
l (κ)

h
(1)
l

′
(κ) + κ−1h

(1)
l (κ)

= − 1

Tl,κ + κ−1
, (4.136)

for l ≥ 1, κ > 0. Recall that Tl,κ is defined in (4.20).

From the equation of u2 in Proposition 4.2, we can derive the following “aux-

iliary” equation.

Proposition 4.3. Let v3 = ∂̂ru2. Then we have

− 1

r2
(r2v′3)′ +

βl
r2
v3 − k2v3 −

2

r2
v2 = g3, r ∈ I,

v3(a) = 0, v′3(b)− k
Ä
Sl,kb − (kb)−1

ä
v3(b)− b−1v2(b) = hY .

(4.137)

Alternatively, we can replace the boundary condition at r = b in (4.137) by

v′3(b)− σl,kb
b

v2(b) =
hY

kbSl,kb
= −h2

b
, (4.138)

where

σl,kb := 1− k2b2

βl

Å
1− 1

kbSl,kb

ã
= 1− k2b2

βl

Å
1 +
Tl,kb
kb

+
1

k2b2

ã
. (4.139)

Proof. One verifies readily that

∂̂rv3 = ∂̂r(∂̂ru2) = r−2(r2u′2)′,

so by (4.114),

− ∂̂rv3 +
βl
r2
u2 − k2u2 = f2, r ∈ I. (4.140)
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Acting ∂̂r on both sides of the above equation, we obtain the first equation in

(4.137) by a direct calculation. Since v3(a) = ∂̂ru2(a), the boundary condition

v3(a) = 0 is a direct consequence of (4.115). Noting that u′2(b) = v3(b)− u2(b)/b,

we obtain from (4.136) and the boundary condition in (4.114) that

u2(b) +
Sl,kb
k
v3(b) =

Sl,kb
k
h2 = −hY

k2
. (4.141)

Taking r = b in (4.140) (note: f2(b) = 0), we obtain

u2(b) = −k−2
Ä
v′3(b) + b−1v3(b)− b−1v2(b)

ä
. (4.142)

Inserting (4.142) into (4.141) yields the boundary condition at r = b in (4.137).

The alternative boundary condition (4.138) can be obtained by eliminating

v3(b) in (4.137). More precisely, solving out v3(b) from (4.141), and using the fact

u2(b) = bv2(b)/βl, we can obtain (4.138)-(4.139) from (4.137).

Properties of the DtN kernel Sl,κ

By (4.136), we have that for integer l ≥ 1 and real κ > 0,

Re(Sl,κ) = − Re(Tl,κ) + κ−1

(Re(Tl,κ) + κ−1)2 + (Im(Tl,κ))2
, (4.143a)

Im(Sl,κ) =
Im(Tl,κ)

(Re(Tl,κ) + κ−1)2 + (Im(Tl,κ))2
, (4.143b)

which, together with (4.24), implies

Re(Sl,κ) > 0, Im(Sl,κ) > 0, for l ≥ 1, κ > 0. (4.144)

In Figure 4.2, we depict the graphs of Re(Sl,κ) and Im(Sl,κ) for various samples

(l, κ) ∈ [0, 120]× [1, 100], which shows a quite different behaviour, compared with

that of Tl,κ in Figure 4.1.

Thanks to (4.143) and the estimates in Theorem 4.1, we can analyze the

behaviour of Sl,κ.
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Figure 4.2: Graphs of real and imaginary parts of Sl,κ for various (l, κ) ∈ [0, 120] ×

[1, 100].

Theorem 4.4. Let θ0, ϑ1, ϑ2 and κ0 be defined as before. Denote ν = l+ 1/2 and

ρ = ν/κ. Then for any κ > κ0,

Re(Sl,κ) ∼ SRl,κ, Im(Sl,κ) ∼ SIl,κ, ∀ l ≥ 1, (4.145)

where

(i) for ρ = ν/κ ∈ (0, θ0),

SRl,k =
1

2κ

Å ρ

1− ρ2

ã2

, SIl,k =
1√

1− ρ2
; (4.146)

(ii) for ρ = ν/κ ∈ [θ0, ϑ1],

SRl,κ =
1

4ρ(1− ρ)κ

Å
1 +

1

2(1− ρ)

ã
, SIl,κ =

1»
2ρ(1− ρ)

; (4.147)

(iii) for ρ = ν/κ ∈ (ϑ1, ϑ2),

SRl,κ =
1

4c1

Åν
2

ã1/3

HR(t), SIl,κ =

√
3

4c1

Åν
2

ã1/3

HI(t), (4.148)



4.3 Estimates for Maxwell’s equations 133

where t = − 3
√

2 (κ− ν)/ 3
√
ν (note: |t| < 1), and

HR(t) :=
1 + 2c1t+ c2t

2

1− 2c1t+ (4c2
1 + c2/2)t2 + c1c2t3 + c2

2t
4/4

,

HI(t) :=
1− 2c1t

1− 2c1t+ (4c2
1 + c2/2)t2 + c1c2t3 + c2

2t
4/4

,

(4.149)

with c1, c2 given by (4.38);

(iv) for ρ = ν/κ ∈ [ϑ2,∞),

SRl,κ =
1√

ρ2 − 1

Å
1 +

1

2κ
√
ρ2 − 1

Å
1 +

1

ρ2 − 1

ãã
, (4.150)

SIl,κ =
e−2νΨ

√
ρ2 − 1

Å
1 +

1

κ
√
ρ2 − 1

Å
1 +

1

ρ2 − 1

ãã
, (4.151)

where Ψ is defined in (4.40).

Proof. Case (i) ρ = ν/κ ∈ (0, θ0). By (4.143) and (4.35),

Re(Sl,κ) ∼
ρ2

2κ

1− ρ2

(1− ρ2)3 + κ−2ρ4
∼ ρ2

2κ

1

(1− ρ2)2
,

Im(Sl,κ) ∼
(1− ρ2)2

√
1− ρ2

(1− ρ2)3 + 4κ−2ρ4
∼ 1√

1− ρ2
.

This leads to (4.146).

Case (ii) ρ = ν/κ ∈ [θ0, ϑ1]. By (4.143) and (4.36),

Re(Sl,κ) ∼
1

2κ

Å
1 +

1

2(1− ρ)

ãÅ 1

4κ2
(1 +

1

2(1− ρ)
)2 + 2ρ(1− ρ)

ã−1

∼ 1

4ρ(1− ρ)κ

Å
1 +

1

2(1− ρ)

ã
,

and

Im(Sl,κ) ∼
»

2ρ(1− ρ)
1

4κ2
(1 + 1

2(1−ρ)
)2 + 2ρ(1− ρ)

∼ 1»
2ρ(1− ρ)

,

so (4.147) follows.
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Case (iii) ρ = ν/κ ∈ (ϑ1, ϑ2). By (4.143) and (4.37),

Re(Sl,κ) ∼
3
»

2/ν
Ä
c1 + 2c2

1t+ 1
2

Ä
1− 16c3

1

ä
t2
ä
− 1/(2κ)Ä

3
»

2/ν
Ä
c1 + 2c2

1t+ 1
2

Ä
1− 16c3

1

ä
t2
ä
− 1/(2κ)

ä2
+
Ä

3
»

2/ν
√

3c1ρ(1− 2c1t)
ä2

∼ 1

c1

Åν
2

ã1/3 1 + 2c1t+ c2t
2

(1 + 2c1t+ c2t2)2 + 3ρ2(1− 2c1t)2

∼ 1

c1

Åν
2

ã1/3 1 + 2c1t+ c2t
2

(1 + 2c1t+ c2t2)2 + 3(1− 2c1t)2

=
1

4c1

Åν
2

ã1/3 1 + 2c1t+ c2t
2

1− 2c1t+ (4c2
1 + c2/2)t2 + c1c2t3 + c2

2t
4/4

.

where c2 = (1− 16c3
1)/(2c1) ≈ 0.3088. In the above derivation, we dropped the

term −1/(2κ), and used the factor ρ ≈ 1.

Similarly, we can derive

Im(Sl,κ) ∼
√

3

4c1

Åν
2

ã1/3 1− 2c1t

1− 2c1t+ (4c2
1 + c2/2)t2 + c1c2t3 + c2

2t
4/4

.

Thus, we obtain (4.148).

Case (iv) ρ = ν/κ ∈ [ϑ2,∞). Noticing from (4.39) that Im(Tl,κ) is exponen-

tially small in this range, we obtain from (4.143) and (4.39) that

Re(Sl,κ) ∼
Å»

ρ2 − 1− 1

2κ

Å
1 +

1

ρ2 − 1

ãã−1

=
1√

ρ2 − 1

Å
1− 1

2κ
√
ρ2 − 1

Å
1 +

1

ρ2 − 1

ãã−1

∼ 1√
ρ2 − 1

Å
1 +

1

2κ
√
ρ2 − 1

Å
1 +

1

ρ2 − 1

ãã
,

and

Im(Sl,κ) ∼
e−2νΨ

√
ρ2 − 1

Å
1− 1

2κ
√
ρ2 − 1

Å
1 +

1

ρ2 − 1

ãã−2

∼ e−2νΨ

√
ρ2 − 1

Å
1 +

1

κ
√
ρ2 − 1

Å
1 +

1

ρ2 − 1

ãã
,

where we used (1 − y)−1 ∼ 1 + y, (1 − y)−2 ∼ 1 + 2y for y ∼ 0. This ends the

proof.
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Remark 4.2. We plot in Figure 4.3 the graphs of two functions (solid lines) and

their first-order derivatives (dashed line) in (4.149). In fact, a direct calculation

leads to

d

dt
HR(t) = −8(4c1 + c2t)(−2 + 4c1t+ 4c2

1t
2 + 2c2t

2 + c1c2t
3 + c2

2t
4)

(4− 8c1t+ 16c2
1t

2 + 2c2t2 + 4c1c2t3 + c2
2t

4)2
,

d

dt
HI(t) =

8t(−16c2
1 − 2c2 + 16c3

1t− 4c1c2t+ 8c2
1c2t

2 − 2c2
2t

2 + 3c1c
2
2t

3)

(4− 8c1t+ 16c2
1t

2 + 2c2t2 + 4c1c2t3 + c2
2t

4)2
.

One verifies that

min{HR(t)} = HR(t = −1) ≈ 0.2493, max{HR(t)} = HR(t ≈ 0.8004) ≈ 1.9291,

min{HI(t)} = HI(t = 1) ≈ 0.2479, max{HI(t)} = HI(t = 0) = 1.

Thus, we roughly have 0.2493 ≤ HR(t) ≤ 1.9291 and 0.2479 ≤ HI(t) ≤ 1.
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Figure 4.3: Graphs of (a) HR(t) and d
dtH

R(t) (dashed line), and (b) HI(t) and d
dtH

I(t)

(dashed line) for |t| < 1.

A weak form of (4.137) is to find v3 ∈ 0H
1(Λ) such that“Bml (v3, w) := (v′3, w

′)$ + βl(v3, w)− k2(v3, w)$

= b v2(b)w̄(b) + 2(v2, w) + b2hY w̄(b) + (g3, w)$

+ kb2
Ä
Sl,kb − (kb)−1

ä
v3(b)w̄(b), ∀w ∈ 0H

1(Λ),

(4.152)
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Figure 4.4: (a) Re(Sl,κ) (solid line) against SRl,κ; (b) Im(Sl,κ) (solid line) against SIl,κ

with κ = 30, 50, 70, 90 (note: “+” for ρ = ν/κ ∈ (0, θ0), “�” for ρ ∈ [θ0, ϑ1], “◦” for

ρ ∈ (ϑ1, ϑ2) and “∗” for ρ ∈ [ϑ2,∞)).

where $ = r2. Alternatively, we can use the equivalent boundary condition

(4.138)-(4.139), and modify (4.152) as: find v3 ∈ 0H
1(Λ) such that“Bml (v3, w) := (v′3, w

′)$ + βl(v3, w)− k2(v3, w)$ = b σl,kbv2(b)w̄(b)

+ 2(v2, w) + (g3, w)$ + b2 hY
k Sl,kb

w̄(b), ∀w ∈ 0H
1(Λ).

(4.153)

Theorem 4.5. Let θ0 and {ϑi}2
i=1 be the same as in (4.27)-(4.28). If g2, g3 ∈

L2(Λ), then we have that for all k ≥ k0 > 0 (for some fixed constant k0), and

l ≥ 1, 0 ≤ |m| ≤ l,

‖v′3‖2
$ +βl‖v3‖2 +k2‖v3‖2

$ ≤ Cl,k

Å 1

βl
‖g2‖2

$ + ‖g3‖2
$

ã
+C

Å
1 +

β2
l

k4

ã
|hY |2, (4.154)

where C is a generic positive constant independent of k, l,m and v3, and

Cl,k = C


1, if ρ = ν/(kb) ∈ (0, θ0] ∪ (ϑ2,∞),

(kb)1−γ, if ρ = ν/(kb) ∈ (θ0, ϑ2].

(4.155)

Note that for ρ ∈ (θ0, ϑ2], we have ρ = 1+ξ(kb)−γ or ν = l+1/2 = kb+ξ(kb)γ−1,

for 1/3 ≤ γ < 1, and some constant ξ.
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Proof. Taking w = v3 in (4.152), we obtain

‖v′3‖2
$ + βl‖v3‖2 − k2‖v3‖2

$ − kb2 Re(Sl,kb)|v3(b)|2 + b|v3(b)|2

= bRe(v2(b)v̄3(b)) + 2Re(v2, v3) + b2 Re(hY v̄3(b)) + Re(g3, v3)$,
(4.156a)

−kb2 Im(Sl,kb)|v3(b)|2 =b Im(v2(b)v̄3(b)) + 2Im(v2, v3)

+ b2 Im(hY v̄3(b)) + Im(g3, v3)$.
(4.156b)

Next taking w = 2(r − a)v′3 in (4.152), and following the derivation of (4.68)-

(4.69), we can obtain

b2|I||v′3(b)|2 + (βl|I|+ b)|v3(b)|2 + 2a‖
√
rv′3‖2 + 2k2

∫ b

a

ï
1− a

r

ò
|v3|2r2dr

=
Ä
k2b2|I|+ kb2 Re(Sl,kb)

ä
|v3(b)|2 + 2Re(v2, v3) + Re(g3, v3)$

+ bRe(v2(b)v̄3(b)) + b2 Re(hY v̄3(b)) + 2b|I|Re
Ä
v2(b)v̄′3(b)

ä
+ 2b2|I|Re

Ä
hY v̄

′
3(b)
ä

+ 4 Re(v2, (r − a)v′3) + 2 Re(g3, (r − a)v′3)$

+ 2kb2|I|Re
¶
(Sl,kb − (kb)−1)v3(v)v̄′3(b)

©
.

(4.157)

Then we can derive the estimate similar to (4.71) (by noting that Sl,kb − (kb)−1

should be in place of Tl,kb and the term of the left endpoint r = a is not involved):

b2|I||v′3(b)|2 +Dl,k|I||v3(b)|2 + a‖
√
rv′3‖2 + k2‖v3‖2

$

≤ C
Ä
‖v2‖2

$ + |v2(b)|2 + ‖g3‖2
$ + |hY |2

ä
,

(4.158)

where

Dl,κ := βl − (1− ε3)|I|−1 kb2 Re(Sl,kb)− k2b2
Ä
1 + ε−1

1

∣∣∣Sl,kb − (kb)−1
∣∣∣2ä. (4.159)

Thus, it remains to bound the term Dl,κ|I||v3(b)|2 (note: it is negative for some

range of l), and to estimate the terms of v2 by using that of u2 in Theorem 4.3

and its proof. Following the proof of Theorem 4.3, we proceed with several cases.

(i) If ρ = ν
kb
∈ (0, θ0) for fixed 0 < θ0 < 1, we find from (4.146) that both

kbRe(Sl,kb) and Im(Sl,kb) behave like constants. Thus, from (4.156b), we can

obtain the bound like (4.74):

k2b2 |v3(b)|2 ≤ εk2‖v3‖2
$ + C

Ä
‖v2‖2

$ + |v2(b)|2 + ‖g3‖2
$ + |hY |2

ä
. (4.160)
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Noting from (4.146) and (4.159) that

Dl,κ ∼ βl − Ck2b2, (4.161)

we infer from (4.158) that

b2|I||v′3(b)|2 + βl|I||v3(b)|2 + a‖
√
rv′3‖2 + k2‖v3‖2

$

≤ C
Ä
‖v2‖2

$ + |v2(b)|2 + ‖g3‖2
$ + |hY |2

ä
.

(4.162)

Recall from (4.135) that h2 = −hY /(k Sl,kb), u2 = rβ−1
l v2 and f2 = rβ−1

l g2. Then

by (4.75),

‖v2‖2
$ + |v2(b)|2 ≤ C

Å 1

k2
‖g2‖2

$ +
β2
l

k4
|hY |2

ã
≤ C

Å 1

βl
‖g2‖2

$ +
β2
l

k4
|hY |2

ã
. (4.163)

Thus, using (4.156a), (4.160), (4.162), (4.163) and the Cauchy-Schwarz inequality,

we can obtain the desired estimate (4.154).

(ii) If ρ = ν
kb
∈ [θ0, ϑ1], we start with (4.78), and find from (4.147) that

Re(Sl,kb − (kb)−1) ∼ 1

8c̄2
0

(kb)1−2γ0 , Im(Sl,kb) ∼
1√
2c̄0

(kb)(1−γ0)/2, (4.164)

where 1/3 ≤ γ0 < 1. Thus, we have from (4.161)-(4.164) implies

Dl,k ∼ −C(kb)3−γ0 . (4.165)

As with (4.80)-(4.82), we can derive

(kb)3−γ0 |v3(b)|2 ≤ εk2‖v3‖2
$ + C

Å
(kb)1−γ0(‖v2‖2

$ + ‖g3‖2
$) + |v2(b)|2 + |hY |2

ã
.

Therefore, we have

‖
√
rv′3‖2 + k2‖v3‖2

$ + (kb)3−γ0|v3(b)|2

≤ C
Å

(kb)1−γ0(‖v2‖2
$ + ‖g3‖2

$) + |v2(b)|2 + |hY |2
ã
.

(4.166)

Like (4.163), we derive from (4.83) (note: h2 = −hY /(k Sl,kb), u2 = rβ−1
l v2 and

f2 = rβ−1
l g2) and (4.164) that

k1−γ0‖v2‖2
$ + |v2(b)|2 ≤ C

Å 1

k1+γ0
‖g2‖2

$ +
β2
l

k4
|hY |2

ã
≤ C

Åk1−γ0

βl
‖g2‖2

$ +
β2
l

k4
|hY |2

ã
.

(4.167)
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Thus, as with the previous case, we can obtain the desired estimate.

(iii) If ρ = ν
kb
∈ (ϑ1, ϑ2), we have the range of (4.84). Using (4.148)-(4.149),

we can actually show that in this range the bound is the same as (4.93) with

γ0 = 1/3 :

‖
√
rv′3‖2 + k2‖v3‖2

$ + (kb)8/3|v3(b)|2

≤ C
Å

(kb)2/3(‖v2‖2
$ + ‖g3‖2

$) + |v2(b)|2 + |hY |2
ã
.

(4.168)

Similarly, we can bound the terms involving v2 by (4.167) with γ0 = 1/3.

(iv) If ρ = ν
kb
∈ [ϑ2,∞), we find from (4.151) that Im(Sl,kb) decays expo-

nentially with respect to l. However, since Re(Sl,kb − (kb)−1) > 0, we do not

have (4.91) to bound the term Dl,k|I||v3(b)|2 (note: Dl,k < 0), as opposite to the

estimate of u2 in Theorem 4.3. For this purpose, we use the equivalent boundary

condition (4.138)-(4.139). Correspondingly, we modify the weak form (4.152) as

(v′3, w
′)$ + βl(v3, w)− k2(v3, w)$ = bσl,kbv2(b)w̄(b) + 2(v2, w)

+ (g3, w)$ + b2 hY
k Sl,kb

w̄(b) , ∀w ∈ 0H
1(Λ).

(4.169)

Taking w = v3 in (4.169),

‖v′3‖2
$ + βl‖v3‖2 − k2‖v3‖2

$ = bRe(σl,kb v2(b)v̄3(b))

+ Re(g3, v3)$ + 2Re(v2, v3) + b2Re
Å hY
k Sl,kb

v̄3(b)
ã
,

(4.170)

Next taking w = 2(r− a)v′3 and following the same procedure in deriving (4.68)-

(4.69), we have

b2|I||v′3(b)|2 + (βl − k2b2)|I||v3(b)|2 + 2a‖
√
rv′3‖2

+ 2k2
∫ b

a

Å
1− a

r

ã
|v3|2r2dr = 2b|I|Re{σl,kb v2(b)v̄′3(b)}+ 2Re(v2, v3)

+ 4 Re(v2, (r − a)v′3) + bRe{σl,kbv2(b)v̄3(b)}+ 2Re(g3, (r − a)v′3)$

+ Re(g3, v3)$ + 2b2|I|Re
Å hY
k Sl,kb

v̄′3(b)
ã

+ b2Re
Å hY
k Sl,kb

v̄3(b)
ã
.

(4.171)
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Using the Cauchy-Schwarz inequality, we can derive

|v′3(b)|2 + (βl − k2b2)|v3(b)|2 + ‖
√
rv′3‖2 + k2‖v3‖2

$

≤ C
ß
|σl,kb|2

Ä
1 + (βl − k2b2)−1

ä
|v2(b)|2 + ‖v2‖2

$ + ‖g3‖2
$

+
1

(kb)2 |Sl,kb|2
Ä
1 + (βl − k2b2)−1

ä
|hY |2

™
.

(4.172)

We first consider the range (a) in (4.87), i.e., ν ∼ kb+c̄5(kb)γ1 for 1/3 ≤ γ1 < 1

and some constant c̄5 > 0. From (4.139) and (4.150), one verifies

βl − k2b2 ∼ 2c̄5(kb)1+γ1 , |σl,kb| ∼ 2c̄5(kb)γ1−1

|Sl,kb| ∼ |Re(Sl,kb)| ∼
1»

2c̄5(kb)γ1−1
.

(4.173)

Then we obtain from (4.172)-(4.173) that

k2‖v3‖2
$ ≤ C

Å
(kb)2(γ1−1)|v2(b)|2 + ‖v2‖2

$ + ‖g3‖2
$ + (kb)−(1+γ1)|hY |2

ã
. (4.174)

Recalling that h2 = −hY /(k Sl,kb), u2 = rβ−1
l v2 and f2 = rβ−1

l g2, we have from

(4.93) and (4.173) that

‖v2‖2
$ + (kb)2(γ1−1)|v2(b)|2 ≤ C

Å 1

βl
‖g2‖2

$ +
β2
l

k4
|hY |2

ã
. (4.175)

As v3 ∈ 0H
1(I), one verifies readily that

|v3(b)| ≤
∫ b

a
|v′3(r)|dr ≤ C‖v′3‖$. (4.176)

Thus, using (4.170) and the Cauchy-Schwarz inequality, we can obtain the same

upper bound as (4.174) for ‖v′3‖2
$ + βl‖v3‖2. This leads to the desired estimate

for this case.

We then consider the range (b) in (4.87), i.e., ν > η kb with η > 1. Once

again, from (4.139) and (4.150), we get

|Sl,kb| ∼ |Re(Sl,kb)| ∼
kb

ν
√

1− η−2
, |σl,kb| ∼ 1− η−2. (4.177)

It is evident that

βl‖v3‖2 − k2‖v3‖2
$ ≥ (βl − k2b2)‖v3‖2 ≥ βl(1− η−2)‖v3‖2. (4.178)
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Using the Cauchy-Schwarz inequality, and (4.176)-(4.178), we have from (4.170)

that

‖v′3‖2
$ + βl‖v3‖2 ≤ C

Å
|v2(b)|2 + β−1

l ‖v2‖+ β−1
l ‖g3‖2

$ +
βl
k4
|hY |2

ã
. (4.179)

Then by (4.66), (4.97) and the fact that h2 = −hY /(k Sl,kb), u2 = rβ−1
l v2 and

f2 = rβ−1
l g2,

|v2(b)|2 + β−1
l ‖v2‖2 ≤ C

Å 1

βl
‖g2‖2

$ +
β2
l

k4
|hY |2

ã
. (4.180)

Then we can derive the desired estimates.

Remark 4.3. It is seen from (4.130) that ‖u′2‖$ = O(1), while by (4.154),

‖u′2‖$ = O(k−1
»
Cl,k) by noting that v3 = ∂̂ru2.

4.4 Main result on a priori estimates of E

Now, we are in a position to derive a prior estimates for the Maxwell’s equations.

A weak form of (4.2)-(4.3) is to find E ∈ V := H0(curl; Ω)∩H0(div; Ω) such that

B(E,Ψ) :=
Ä
∇×E,∇×Ψ

ä
Ω
− k2

Ä
E,Ψ

ä
Ω
− ikb2

¨
TbES,ΨS

∂
S

=
Ä
F ,Ψ

ä
Ω

+ b2
¨
h,ΨS

∂
S
, ∀Ψ ∈ V.

(4.181)

Its well-posedness can be established using the property: Re〈TbES,ES 〉S > 0

(see, e.g., Nédélec [3, Chapter 5] and Monk [35, Chapter 10]).

By [3, (5.3.47)], the surface divergence of h (with the expansion (4.112)) can

be expressed as

divS h = −
∞∑
l=1

l∑
|m|=0

βl h
m
Y,l Y

m
l , so ‖divS h‖2

L2(S) =
∞∑
l=1

l∑
|m|=0

β2
l

∣∣∣hmY,l∣∣∣2. (4.182)

Theorem 4.6. Let E be the solution to (4.181). If F ∈ L2(Ω), h ∈ L2
T (S) and

divS h ∈ L2(S), then we have E ∈ H0(curl; Ω) and

‖∇ ×E‖Ω + k‖E‖Ω ≤ C
Ä
k1/3‖F ‖Ω + ‖h‖L2

T (S) + k−2‖divSh‖L2(S)

ä
, (4.183)

for all k ≥ k0 > 0 (k0 is some positive constant), and C is a positive constant

independent of k and any function.
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Proof. With the notation in (4.135), we can rewrite the field E in (4.107) as

E = u0
0 Y

0
0 er +

∞∑
l=1

l∑
|m|=0

¶
um1,l T

m
l + vm2,l Y

m
l er + vm3,l∇SY

m
l

©
, (4.184)

where we recall (cf. Proposition 4.2): −k2u0
0 = f 0

0 . Thus, by the orthogonality

and (4.11),

‖E‖2
Ω = ‖u0

0‖2
$ +

∞∑
l=1

l∑
|m|=0

βl

ß
‖um1,l‖2

$ + β−1
l ‖vm2,l‖2

$ + ‖vm3,l‖2
$

™
. (4.185)

Working out ∇×E via (4.184) and (4.15)-(4.16), we obtain from (4.11) that

‖∇ ×E‖2
Ω =

∞∑
l=1

l∑
|m|=0

βl

ß
‖∂̂rum1,l‖2

$ + βl‖um1,l‖2 + ‖vm2,l/r − ∂̂rvm3,l
∥∥∥2
™
, (4.186)

Noting that βl + 2 ≤ 2βl (as βl ≥ 2), and

‖∂̂rum1,l‖2
$ ≤ 2

Ä∥∥∥(um1,l)′∥∥∥2

$
+ ‖um1,l‖2

ä
,

we obtain from (4.185)-(4.186) that

‖∇ ×E‖2
Ω + k2‖E‖2

Ω ≤ ‖u0
0‖2
$ +

∞∑
l=1

l∑
|m|=0

βl

ß
2
Ä
‖(um1,l)′‖2

$ + βl‖um1,l‖2
ä

+ k2‖um1,l‖2
$

™
+
∞∑
l=1

l∑
|m|=0

βl

ß
2‖vm2,l‖2 + k2β−1

l ‖vm2,l‖2
$

™
+
∞∑
l=1

l∑
|m|=0

βl

ß
4
Ä
‖(vm3,l)′‖2

$ + ‖vm3,l‖2
ä

+ k2‖vm3,l‖2
$

™
.

Similarly, using the orthogonality of VSH, we have

‖F ‖2
Ω = ‖f 0

0‖2
$ +

∞∑
l=1

l∑
|m|=0

βl

ß
‖fm1,l‖2

$ + β−1
l ‖gm2,l‖2

$ + ‖gm3,l‖2
$

™
,

‖h‖2
L2
T (S) =

∞∑
l=1

l∑
|m|=0

βl
¶∣∣∣hmT,l∣∣∣2 +

∣∣∣hmY,l∣∣∣2©. (4.187)

Recall from (4.135) that hm2,l = −hmY,l/(k Sl,kb), um2,l = rβ−1
l vm2,l and fm2,l = rβ−1

l gm2,l.

Then by Theorem 4.3 with i = 2,

‖vm2,l‖2 + k2β−1
l ‖vm2,l‖2

$ ≤ C
¶
β−1
l ‖gm2,l‖2

$ + k−4β2
l |hmY,l|2

©
, (4.188)
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where we use the fact |Sl,kb|−2 ≤ Cβl/k
2 for all the ranges of l, k in the proof of

Theorem 4.5. We further derive from Theorems 4.3-4.5 and (4.188) that

‖∇ ×E‖2
Ω + k2‖E‖2

Ω ≤ k−2‖f 0
0‖2

$ + C
∞∑
l=1

l∑
|m|=0

βl

ß
‖fm1,l‖2

$ +
∣∣∣hmT,l∣∣∣2™

+ C
∞∑
l=1

l∑
|m|=0

βl

ß
β−1
l ‖g2‖2

$ + k−4β2
l |hmY,l|2

™
+
∞∑
l=1

l∑
|m|=0

βl

ß
Cl,k
Ä
β−1
l ‖g2‖2

$ + ‖g3‖2
$

ä
+ C

Ä
1 + k−4β2

l

ä
|hmY,l|2

™
.

Finally, the desired estimate follows from (4.182), (4.187) and the above.

4.5 Spectral-Galerkin approximation

In this section, we consider the analysis of spectral-Galerkin approximation to

(4.181). We look for the approximation of E in the form

EL
N = −k−2f 0

0 Y
0

0 er +
L∑
l=1

l∑
|m|=0

¶
uN,m1,l Tm

l +∇×
Ä
uN,m2,l Tm

l

ä©
, (4.189)

where uN,m1,l := uN1 and uN,m2,l := uN2 are respectively the solutions of the spectral-

Galerkin schemes:

(i) Find uN1 ∈ 0PN := 0H
1(I) ∩ PN (where PN is the space of polynomials of

degree at most N) such that

Bml (uN1 , φ) = (f1, φ)$ + b2h1φ̄(b), ∀φ ∈ 0PN , (4.190)

(ii) Find uN2 ∈ PN such that

Bml (uN2 , ψ)− auN2 (a)ψ̄(a) = (f2, ψ)$ + b2h2ψ̄(b), ∀ψ ∈ PN . (4.191)

Here, the bilinear forms Bml is defined in (4.65). It is evident that by Proposi-

tion 4.1, the expansion in (4.189) preserves the divergence-free property of the

continuous field.
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Theorem 4.7. Theorem 4.3 hold when uN1 , u
N
2 are in place of u1, u2 in (4.130),

respectively.

Remark 4.4. The algorithm in the recent work [112] was based on VSH expan-

sion in [3], so the divergence-free condition could only be fulfilled approximately.

Moreover, one had to deal three components where two were coupled. In a nut-

shell, the above algorithm is much more efficient.

4.5.1 Error estimates

As before, we start with the schemes (4.190)-(4.191) in one dimension. To describe

the errors more precisely, we introduce the weighted Sobolev space

Xs(I) :=
ß
u ∈ L2(I) : [(r − a)(b− r)]

l−1
2 u(l) ∈ L2(I), 1 ≤ l ≤ s

™
, s ∈ N,

with the norm and semi-norm

‖u‖Xs(I) =
Å
‖u‖2 +

s∑
l=1

∥∥∥[(r − a)(b− r)]
l−1
2 u(l)

∥∥∥2
ã1/2

,

|u|Xs(I) =
∥∥∥[(r − a)(b− r)]

s−1
2 u(s)

∥∥∥.
Following the proof of [77, Thm 4.2] (but using the improved estimates in Theo-

rem 4.3), we have the following error estimate for the scheme (4.190).

Lemma 4.3. Let u1 and uN1 be the solution of (4.128) and (4.190), respectively,

and define eu1N = u1 − uN1 . If u1 ∈ 0H
1(I) ∩ Xs(I) with integer s ≥ 1, then for all

k ≥ k0 (where k0 is a certain constant ), we have

∥∥∥(eu1N )′
∥∥∥
$

+
»
βl‖eu1N ‖+ k‖eu1N ‖$ .

Ä»
βl + k2N−1

ä
N1−s|u1|Xs(I), (4.192)

where βl = l(l + 1) and $ = r2 as before.

Now, we turn to (4.191). Consider the orthogonal projection π1
N : H1(I) →

PN defined by Ä
(π1

Nv − v)′, φ′
ä
$

+
Ä
π1
Nv − v, φ

ä
$

= 0, ∀φ ∈ PN . (4.193)
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Noting that the weight function $ is uniformly bounded below and above, we

follow the argument in [47, Ch. 3], and derive the following estimate.

Lemma 4.4. For any v ∈ Xs(I) with s ∈ N, we have

‖(π1
Nv − v)′‖$ +N‖π1

Nv − v‖$ . N1−s|v|Xs(I). (4.194)

Lemma 4.5. Let u2 and uN2 be the solution of (4.129) and (4.191), respectively,

and define eu2N = u2 − uN2 . If u2 ∈ Xs(Λ) with s ∈ N, then for all k ≥ k0 (where

k0 is a certain constant ), then the estimate (4.192) holds when u2 and eu2N are in

place of u1 and eu1N , respectively.

Proof. Let êN = uN2 −π1
Nu2 and ẽN = u2−π1

Nu2. Then eu2N = ẽN − êN . By (4.129)

and (4.191),

Bml (eu2N , ψ)− aeu2N (a)ψ̄(a) = 0

=Bml (ẽN , ψ)− aẽN(a)ψ̄(a)− Bml (êN , ψ) + aêN(a)ψ̄(a), ∀ψ ∈ PN .

Thus, by (4.193),

Bml (êN , ψ)− aêN(a)ψ̄(a) = Bml (ẽN , ψ)− aẽN(a)ψ̄(a)

= βl(ẽN , ψ)− (k2 + 1)(ẽN , ψ)$ − a ẽN(a)ψ̄(a)

− kb2Tl,kbẽN(b)ψ̄(b), ∀ψ ∈ PN .

(4.195)

Compared with the analysis for (4.190), the only difference is the presence of

the extra term “−a ẽN(a)ψ̄(a)”, which is akin to the situation in the proof of

Theorem 4.3. We omit the details, as one can refer to the proofs of [77, Thm 4.2]

and Theorem 4.3.

We now estimate the error between the electric field and its spectral ap-

proximation in (4.189)-(4.191). We first introduce suitable functional spaces to

characterize the regularity of the electric field. For any E ∈ L2(Ω), we write

E = v0
2,0(r)Y 0

0 er +
∞∑
l=1

l∑
|m|=0

¶
vm1,l(r)T

m
l + vm2,l(r)Y

m
l er + vm3,l(r)∇SY m

l

©
. (4.196)
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We introduce the anisotropic Sobolev space H t(S;Hs
$(I)) for t ≥ 0 and integer

s ≥ 0, equipped with the norm:

‖E‖Ht(S;Hs
$(I)) =

Ç
‖v0

2,0‖2
Hs
$(I) +

∞∑
l=1

l∑
|m|=0

β1+t
l

ß
‖vm1,l‖2

Hs
$(I)

+ β−1
l

∥∥∥vm2,l∥∥∥2

Hs
$(I)

+ ‖vm3,l‖2
Hs
$(I)

™å 1
2

.

(4.197)

Note that H0(S;H0
$(I)) = L2(Ω). Here, we are interested in the divergence-free

fields. In this case, like Proposition 4.1, we can rewrite E ∈ H0(curl; Ω) in the

divergence-free form:

E =
c

r2
Y 0

0 er +
∞∑
l=1

l∑
|m|=0

¶
um1,l(r)T

m
l +∇×

Ä
um2,l(r)T

m
l

ä©
, (4.198)

where c is an arbitrary constant, and for l ≥ 1,

vm1,l(r) = um1,l(r), vm2,l(r) =
βl
r
um2,l(r), vm3,l(r) =

Å d
dr

+
1

r

ã
um2,l(r) . (4.199)

Note that we can substitute (4.199) into (4.197) to express the norm in (4.197)

in terms of {um1,l, um2,l}.

Theorem 4.8. If E ∈ H0(curl; Ω) ∩ L2(S;Hs
$(I)) ∩Hs(S;L2

$(I)) with s ∈ N,

then

‖E −EL
N‖Ω . (1 + k−1N)(L+ k2N−1)N−s

∥∥∥E∥∥∥
L2(S;Hs

$(I))

+ L−s
∥∥∥E∥∥∥

Hs(S;L2
$(I))

,
(4.200)

for all k ≥ k0 with k0 being a positive constant.

Proof. By (4.102) and (4.189),

E −EL
N =

L∑
l=1

l∑
|m|=0

¶
(um1,l − u

N,m
1,l )Tm

l +∇×
Ä
(um2,l − u

N,m
2,l )Tm

l

ä©
+

∞∑
l=L+1

l∑
|m|=0

¶
um1,l T

m
l +∇×

Ä
um2,l T

m
l

ä©
:= S1 + S2,

(4.201)
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where S2 counts the error from truncating the VSH series. It is clear that by the

orthogonality of VSH, (4.197) and (4.199),

‖S2‖2
Ω =

∞∑
l=L+1

l∑
|m|=0

βl
¶
‖um1,l‖2

$ +
∥∥∥∂̂rum2,l∥∥∥2

$
+ βl‖um2,l‖2

©
≤ L−2s

∥∥∥E∥∥∥2

Hs(S;L2
$(I))

.

(4.202)

Next, by (4.185), Lemma 4.3, Lemma 4.5 and (4.199),

‖S1‖2
Ω .

L∑
l=1

l∑
|m|=0

βl

ß
‖um1,l − u

N,m
1,l ‖2

$

+
∥∥∥(um2,l − uN,m2,l )′

∥∥∥2

$
+ βl

∥∥∥um2,l − uN,m2,l

∥∥∥2
™

.
L∑
l=1

l∑
|m|=0

βl
Ä»
βl + k2N−1

ä2
k−2N2−2s|um1,l|2Xs(I)

+
L∑
l=1

l∑
|m|=0

βl
Ä»
βl + k2N−1

ä2
N−2s|um2,l|2Xs+1(I).

(4.203)

By (4.199) and a direct calculation,

|um2,l|2Xs+1(I) . ‖∂s+1
r um2,l‖2

L2(I) = ‖∂sr(∂̂rum2,l)− ∂sr(um2,l/r)‖2
L2(I)

. ‖∂sr(∂̂rum2,l)‖2
L2(I) + ‖∂sr(um2,l/r)‖2

L2(I)

= ‖∂srvm3,l‖2
L2(I) + β−2

l ‖∂srvm2,l‖2
L2(I).

(4.204)

As the weight $ is uniformly bounded below and above for r ∈ (a, b), we derive

from (4.197), (4.199) and (4.203)-(4.204) that

‖S1‖Ω . (1 + k−1N)(L+ k2N−1)N−s
∥∥∥E∥∥∥

L2(S;Hs
$(I))

. (4.205)

A combination of (4.202) and (4.205) leads to the desired estimate.

Remark 4.5. Note that the estimate in (4.200) is in the L2-norm, not in the

usual energy norm. For the continuous problem, we were able to obtain the bound

for the energy norm through a further estimate of ∂̂ru
m
2,l in Subsection 4.3.3. How-

ever, this approach does not carry over to the discrete problem, as the second test

function does not belong to the finite dimensional space for the spectral-Galerkin
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approximation of (4.152). We shall derive below a sub-optimal error estimate in

the energy norm through a different approach.

In what follows, we will derive a bound for the error ∇× (E −EL
N).

Theorem 4.9. If E ∈ L2(S;Hs
$(I)) ∩ Hs−1(S;H1

$(I)) ∩ Hs(S;L2
$(I)) with

s ≥ 3, then∥∥∥∇× (E −EL
N)
∥∥∥
w,Ω

. L1−s¶‖E‖Hs−1(S;H1
$(I)) + ‖E‖Hs(S;L2

$(I))

©
+
Ä
N + (1 + kN−1)(L+ k2N−1)

ä
N1−s

∥∥∥E∥∥∥
L2(S;Hs

$(I))
,

(4.206)

for all k ≥ k0 with k0 being a positive constant, where w = (b− r)(r − a).

Proof. For notational convenience, let euilm = umi,l − uN,mi,l (i = 1, 2). By (4.201),

(4.11) and (4.16)-(4.15),∥∥∥∇× (E −EL
N)
∥∥∥2

w,Ω

.
L∑
l=1

l∑
|m|=0

βl
¶
‖r∂̂reu1lm‖2

w + βl‖eu1lm‖2
w + ‖rLl(eu2lm)‖2

w

©
+

∞∑
l=L+1

l∑
|m|=0

βl
¶
‖r∂̂rum1,l‖2

w + βl‖um1,l‖2
w + ‖rLl(um2,l)‖2

w

©
:= T1 + T2.

(4.207)

We first estimate T2. It is clear that by (4.197) and (4.199),

‖r∂̂rum1,l‖2
w + βl‖um1,l‖2

w . ‖vm1,l‖2
H1
$(I) + βl‖vm1,l‖2

L2
$(I),

‖rLl(um2,l)‖2
w = ‖r∂̂2

ru
m
2,l − βlr−1um2,l‖2

w = ‖r∂̂2
ru

m
2,l − βlr−1um2,l‖2

w

= ‖r∂̂rvm3,l − vm2,l‖2
w . ‖vm3,l‖2

H1
$(I) + ‖vm2,l‖2

L2
$(I),

(4.208)

so we have

T2 ≤
∞∑

l=L+1

l∑
|m|=0

βl
¶
‖vm1,l‖2

H1
$(I) + ‖vm2,l‖2

L2
$(I) + ‖vm3,l‖2

H1
$(I)

©
+

∞∑
l=L+1

l∑
|m|=0

β2
l ‖vm1,l‖2

L2
$(I)

. β1−s
L+1

¶
‖E‖2

Hs−1(S;H1
$(I)) + ‖E‖2

Hs(S;L2
$(I))

©
.

(4.209)
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We next turn to estimating T1. We see that it is necessary to obtain H2-

estimate of eu2lm. To simplify the notation, we will drop l,m from the notations if

no confusion may arise. Taking v = w(r)ê′′N(∈ PN) with w(r) = (r− a)(b− r) in

(4.195), and using integration by parts, we obtain

Bml (êN , wê
′′
N) = −((r2ê′N)′, wê′′N) + βl(êN , wê

′′
N)− k2(r2êN , wê

′′
N)

= βl(ẽN , wê
′′
N)− (k2 + 1)(r2ẽN , wê

′′
N).

(4.210)

Using integration by parts again, we derive from a direct calculation that

− Re
Ä
(r2ê′N)′, wê′′N

ä
= −‖rê′′N‖2

w − 2Re
Ä
rê′N , wê

′′
N

ä
= −‖rê′′N‖2

w +
∫ b

a
|ê′N |2(rw)′dr;

Re(êN , wê
′′
N) = −‖ê′N‖2

w − Re
∫ b

a
êN ê′Nw

′dr

= −‖ê′N‖2
w −

1

2
|êN |2w′

∣∣∣b
a

+
1

2

∫ b

a
|êN |2w′′dr

= −‖ê′N‖2
w +

b− a
2

Ä
|êN(a)|2 + |êN(b)|2

ä
− ‖êN‖2;

− Re(r2êN , wê
′′
N) = ‖rê′N‖2

w +
1

2
|êN |2(r2w)′

∣∣∣b
a
− 1

2

∫ b

a
|êN |2(r2w)′′dr

= ‖rê′N‖2
w −

b− a
2

Ä
a2|êN(a)|2 + b2|êN(b)|2

ä
− 1

2

∫ b

a
|êN |2(r2w)′′dr,

and further by the Cauchy-Schwartz inequality,

|(ẽN , wê′′N)| ≤
∫ b

a
|(wẽN)′||ê′N |dr ≤

1

2
‖ê′N‖2 +

1

2
‖(wẽN)′‖2

≤ 1

2
‖ê′N‖2 + c

Ä
‖ẽN‖2 + ‖ẽ′N‖2

ä
;

|(r2ẽN , wê
′′
N)| ≤

∫ b

a
|(r2wẽN)′||ê′N |dr ≤

1

2
‖ê′N‖2 +

1

2
‖(r2wẽN)′‖2

≤ 1

2
‖ê′N‖2 + c

Ä
‖ẽN‖2 + ‖ẽ′N‖2

ä
.

Thus, we obtain from (4.210) and the above estimates that

‖rê′′N‖2
w . (βl + k2)

Ä
‖êN‖2

H1(I) + ‖ẽN‖2
H1(I)

ä
. (4.211)
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Recall that êN = uN2 − π1
Nu2, ẽN = u2 − π1

Nu2 and eu2N = ẽN − êN , so we derive

from Lemma 4.3 and Lemma 4.5 that

‖r(eu2N )′′‖2
w . ‖r(ẽN)′′‖2

w + (βl + k2)
Ä
‖eu2N ‖2

H1(I) + ‖ẽN‖2
H1(I)

ä
. ‖(u2 − π1

Nu2)′′‖2 + (βl + k2)(
»
βl + k2N−1)2N−2s|u2|2Xs+1(I).

(4.212)

In order to estimate ‖(u2−π1
Nu2)′′‖2, we need to use the orthogonal projection

π2
N : H2(I) → PN , and recall its approximation result (cf. [47, Ch. 4]): for any

v ∈ Xs(I),

‖π2
Nv − v‖Hµ(I) . Nµ−s|v|Xs(I), µ = 0, 1, 2, s ≥ 2. (4.213)

Applying the inverse inequality (cf. [47, Thm 3.33]) and the above approximation

result , we obtain

‖(π1
Nv − π2

Nv)′′‖ . N2‖(π1
Nv − π2

Nv)′‖ . N3−s|v|Xs(I), s ≥ 2.

Therefore, we have

‖(π1
Nv − v)′′‖ ≤ ‖(π1

Nv − π2
Nv)′′‖+ ‖(v − π2

Nv)′′‖ . N3−s|v|Xs(I). (4.214)

From (4.212) and (4.214), we have

‖(eu2N )′′‖2
w .

¶
N4 + (βl + k2)(

»
βl + k2N−1)2

©
N−2s|u2|2Xs+1(I). (4.215)

Now, we are ready to estimate T1 in (4.207). Using Lemma 4.5, we obtain

‖rLl(eu2lm)‖2
w . ‖(eu2lm)′′‖2

w + β2
l ‖e

u2
lm‖2

.
¶
N4 + (βl + k2)(

»
βl + k2N−1)2

©
N−2s|um2,l|2Xs+1(I).

(4.216)

Therefore, we derive from Lemma 4.3, (4.216) and (4.204),

T1 .
L∑
l=1

l∑
|m|=0

βl
Ä»
βl + k2N−1

ä2
N2−2s|um1,l|2Xs(I)

+
L∑
l=1

l∑
|m|=0

¶
N4 + (βl + k2)(

»
βl + k2N−1)2

©
N−2s|um2,l|2Xs+1(I)

.
¶
N2 + (1 + k2N−2)(L+ k2N−1)2

©
N2−2s

∥∥∥E∥∥∥2

L2(S;Hs
$(I))

.

(4.217)

A combination of (4.207), (4.209) and (4.217) leads to the desired estimate.
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4.6 General scatterers through transformed field

expansion

We consider now a general scatterer enclosed by

D =
¶
(r, θ, φ) : 0 < r < a+ g(θ, φ), θ ∈ [0, π], φ ∈ [0, 2π)

©
,

for some a > 0 and given g. Let us choose the radius b of the artificial spherical

boundary such that b > maxθ,φ{a+g(θ, φ)}, and consider the Maxwell’s equations

(4.2)-(4.3) in the domain Ω̂ = {a+g(θ, φ) < r < b}. An effective approach to deal

with scattering problems in general domains with moderately large wave numbers

is the so-called transformed field expansion [84]. It has been successfully applied

to various situations, including in particular acoustic scattering problems in 2-D

[118] and 3-D [119].

In our recent work [112], we applied the TFE approch to the Maxwell’s equa-

tion (4.2)-(4.3) in Ω̂. We outline below the essential steps of this approach, and

refer to [112] for more details.

• The first step is to transform the general domain Ω̂ = {a + g < r < b} to

the spherical shell Ω = {a < r′ < b} in (4.4) with the change of variables:

r′ =
(b− a)r − b g(θ, φ)

b− a− g(θ, φ)
, θ′ = θ, φ′ = φ. (4.218)

With this change of variable, the Maxwell’s equation (4.2)-(4.3) in Ω̂ is

transformed to a Maxwell’s equation in Ω which can still be written in the

form (4.2)-(4.3) with the understanding that all new terms (induced by the

transform) are included in F and h (cf. [112, (3.6)]). With a slight abuse of

notation, we shall still use r to denote r′ and the same notations to denote

the transformed functions.

• The second step is to assume g(θ, φ) = εf(θ, φ) and expand the solution E

in ε:

E(r, θ, φ) =
∞∑
n=0

En(r, θ, φ)εn. (4.219)
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Similarly, we can expand F (the original source function) and h as

F (r, θ, φ) =
∞∑
n=0

F n(r, θ, φ)εn, h(θ, φ) =
∞∑
n=0

hn(θ, φ)εn. (4.220)

One can then derive a recursion formula for En (for n ≥ 0):

∇×∇×En − k2En = F n +Gn, in Ω; (4.221)

En × er = 0, at r = a; (4.222)

(∇×En)× er − ikTb

î
(En)S

ó
= hn, at r = b, (4.223)

where Gn and hn are given by explicit recurrence formulae in [112, Ap-

pendix B].

• The third step is to obtain approximation EL
n,N (in the form of (4.189))

to En (for 0 ≤ n ≤ M) by solving the above Maxwell’s equations (4.221)-

(4.223) in the spherical shell Ω using the decoupled method presented in

Section 4.5. Then, we define our approximation to E by

EL,M
N (r, θ, φ) =

M∑
n=0

EL
n,N(r, θ, φ) εn. (4.224)

Next, we shall use the general convergence theory developed in [114] to give

an error estimate for E −EL,M
N . Using essentially the same argument as in the

proof of [114, Thm 5.5] for the Helmholtz equation, we can prove the following

bounds.

Proposition 4.4. Let F ∈ (Hs−2(Ω))3, f ∈ Hs(S) and h ∈ (Hs−3/2(S))2 for an

integer s ≥ 2. Then, the expansion (4.219) converges strongly, i.e., there exists

C1, C2 > 0 such that

‖En‖(Hs(Ω))3 ≤ C1

Ä
‖F ‖(Hs−2(Ω))3 + ‖h‖(Hs−3/2(S))2

ä
Bn, (4.225)

for some B > C2‖f‖Hs(S).
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On the other hand, it can be shown that the space with the norm in (4.197)

satisfies H t(S;Hs
$(I)) ⊆ (Hs+t(Ω))3. Therefore, with the above result and The-

orems 4.8-4.9 at our disposal, we can then apply Theorem 2.1 in [114] to obtain

the following:

Theorem 4.10. Let E be the solution of the Maxwell’s equations in Ω̂ and EL,M
N

be its approximation defined in (4.224). Then, under the condition of Proposition

4.4 and Theorems 4.8-4.9, we have

‖E −EL,M
N ‖Ω̂ . (Bε)M+1

+
¶
(1 + k−1N)(L+ k2N−1)N−s + L−s

©
(‖F ‖(Hs−2(Ω̂))3 + ‖h‖(Hs(S))2),

and

‖∇ × (E −EL,M
N )‖w,Ω̂ . (Bε)M+1 +

¶Ä
N + (1 + kN−1)(L+ k2N−1)

ä
N1−s

+ L1−s©Ä‖F ‖(Hs−2(Ω̂))3 + ‖h‖(Hs(S))2
ä
,

for any B > C2‖f‖Hs(S), where C2 is the constant in Proposition 4.4.

4.7 Numerical results

We first provide some numerical results to demonstrate the high accuracy of the

proposed method. We use the exact multiple solution of (4.2)-(4.3) (cf. [3]) as

the reference solution. For example, we can take

E =
M0∑
l=1

l∑
|m|=0

ß
h

(1)
l (kr)Tm

l (θ, ϕ) +∇×
Ä
h

(1)
l (kr)Tm

l (θ, ϕ)
ä™
, (4.226)

which is formed by a linear combination of the transverse electric and magnetic

multipole solutions. We then approximate the exact field by the spectral-Galerkin

approximation:

EM0
N (r, θ, ϕ) =

M0∑
l=1

l∑
|m|=0

ï
uml,N(r)Tm

l (θ, ϕ) +∇×
Ä
vml,N(r)Tm

l (θ, ϕ)
ä ò
, (4.227)

where {uml,N , vml,N} are computed from (4.190)-(4.191).
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In the computation, we take a = 2, b = 4 and M0 = 10. In Figure 4.5 (left), we

plot the relative discrete L2-error:
∥∥∥E−EM0

N

∥∥∥
l2(Ω)

¿
‖E‖l2(Ω), against various N for

k = 10, 40, 80, 200 from left to right. Observe that the error decays exponentially,

as soon as N enters the asymptotic range, which is for this case roughly N > k.

Nevertheless, the round-off errors become severe for very large N and dominate

the convergence rate.
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Figure 4.5: Left: Relative discrete l2-errors against N for k = 10, 40, 80, 200. Right:

Relative discrete l2-errors against N for k = 10, 40, 80.

We next consider an exact solution generated by g at r = a. To be more

pricise, the electric field E takes the form

E =
M1∑
l=1

l∑
|m|=0

ß
gm1,lh

(1)
l (kr)Tm

l (θ, ϕ) + gm2,l∇×
Ä
h

(1)
l (kr)Tm

l (θ, ϕ)
ä™
,

where

gm1,l = − 1

l(l + 1)h
(1)
l (ka)

∫
S
(g · ∇SY m

l ) dS,

gm2,l =
a

l(l + 1)h
(1)
l (ka)(ρl(ka) + 1)

∫
S
(g · Tm

l ) dS.

Note that we can compute gm1,l and gm2,l using Spherepack [117]. In the compu-

tation, we take a plane incident wave: g = eikx. In order to have good approx-

imation using Spherepack, we choose M1 = 60. We plot in Figure 4.5 (right),

the discrete relative L2-errors against N for k = 10, 40, 80, which indicates a very

similar exponential convergence as with the first example.



Chapter 5
Conclusion and Future Works

In this chapter, we give a summary of the works done in this thesis and explore

some relevant topics for further investigation.

5.1 Conclusion

(i) In Chapter 2, we proposed from a new perspective, the CBCs for the ideal

circular and elliptic cylindrical cloaks, which, together with an accurate

spectral-element solver, demonstrated that the cloaks can achieve perfect

concealment of incoming incident waves with very mild conditions on the

incident frequency. We also illustrated the perfect cloaking effect, when the

incoming wave is generated by a source exterior to the cloaking device.

(ii) In Chapter 3, we presented an accurate and efficient spectral-element solver

for time-harmonic Helmholtz equations in general inhomogeneous media.

We focused on several applications arisen from transformation electromag-

netics which included the polygonal invisibility cloaks and concentrators,

and circular rotators. We introduced new ideas of how to seamlessly in-

tegrate local elements and global DtN boundary condition. We proposed

155



156 Conclusion and Future Works

new cloaking boundary conditions for accurate simulation of perfect polyg-

onal invisibility cloaks. The proposed method also provided a reliable tool

to study the interesting phenomena when defects and other media were

embedded or placed in a perfect cloak.

(iii) In Chapter 4, we are devoted to wavenumber explicit analysis of three-

dimensional time-harmonic Maxwell’s equations in an exterior domain.

First, we considered the special case with the scatterer being a sphere:

(a) We reduced the Maxwell’s system into two sequences of decoupled

one-dimensional problems by using divergence-free vector spherical

harmonics. This reduction not only led to a more efficient spectral-

Galerkin algorithm, but also greatly simplified its analysis.

(b) We derived wavenumber explicit bounds for the (continuous) Maxwell’s

system with (exact) transparent boundary conditions, and wavenum-

ber explicit error estimates for its spectral-Galerkin approximation.

(c) We derived optimal wavenumber explicit a priori bounds and error

estimates for the Helmholtz equation, which improved the results in

[77].

Then, we applied the transformed field expansion (TFE) approach[84] to

deal with general scatterers. By using the general framework developed

in [114], we derived rigorous wavenumber explicit error estimates for the

complete algorithm for general scatterers. To the best of our knowledge,

these are the first such estimates for Maxwell’s system with transparent

boundary conditions. Note that the scattering problems with transparent

boundary conditions at an artificial boundary can not be dealt with the

usual approach in [81, 76, 78, 82, 80], for the underlying domain is not of

star shape, the method presented here provides a viable approach to deal

with an important class of scattering problems with transparent boundary

conditions at an artificial boundary.
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5.2 Future works

We explore some relevant topics for further investigation in this section.

(i) In Chapter 3, we introduced new ideas of how to seamlessly integrate local

spectral elements and global DtN boundary condition and proposed new

cloaking boundary conditions for accurate simulation of perfect polygonal

invisibility cloaks. One of the future works is to extend these ideas to three-

dimensional polyhedral cloaks simulations. In fact, we provide some insights

in Section 3.4 on how to integrate the spectral-element solver with three-

dimensional DtN boundary condition involving global spherical harmonic

coefficients.

(ii) In Chapters 2-3, we conducted both rigorous mathematical study and nu-

merical experiments for invisibility cloaks of various types. These could

shed light on the study of simulation of inside-out (or inverse) cloaks for

electromagnetic waves proposed by Zharova et al. [120]. The challenges

resides in (a) the material parameters are singular; (b) the wave oscillates

infinitely inside the inverse cloak. Moreover, the underlying coordinate

transformation induces absorbing non-reflecting media as a matching layer

for numerical simulations of wave problems. These could be explored as

well in the future.

(iii) In Chapter 4, we reduced the time-harmonic Maxwell’s equations into two

sequences of decoupled Helmholtz equations using divergence-free vector

spherical harmonics and proposed efficient spectral-Garlerkin solvers. These

could be extended to the simulation of spherical dispersive invisibility cloaks

and the time-domain Maxwell’s equations will be reduced to two sequences

of 1-D wave equations with convolution terms.
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[42] F. Ihlenburg and I. Babuška. Finite element solution of the Helmholtz equation

with high wave number, part I: the h-version of FEM. Comput. Math. Appl.,

30:9–37, 1995.
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