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Summary 

In this thesis, we study the robust optimal attitude control problem of microsatellites 

with disturbances and an uncertain inertia matrix. This is a nonlinear control problem. 

As the emphasis is on the development of state-feedback attitude controllers that 
achieve optimality as well as disturbance attenuation, a brief survey is made of the 
Lyapunov stability and the disturbance attenuation problems of nonlinear systems. 

Using the unit quaternion to represent the attitude of spacecraft and by introducing 

the concept of extended disturbances, the inverse optimal control method is applied to 

address the attitude tracking control problem with external disturbances. It is shown 

by the argument of Lyapunov's method that the proposed attitude feedback controller 

is optimal with respect to a meaningful cost functional and achieves H^ disturbance 

attenuation without solving the associated Hamilton-Jacobi-Isaacs partial differential 

equation explicitly. On the basis of the system performance analysis in terms of the 

performance limitation, guidelines for selecting the controller gains are also given. 

For the attitude tracking problem with disturbances and an uncertain inertia matrix, 

it is addressed by combining the adaptive control method and the inverse optimal 

control approach. The method of backstepping is applied to construct the control 

Lyapunov function and a stabilizing control of a particular form. It is shown by the 

Lyapunov's method that the proposed adaptive feedback controllers are optimal with 

respect to a family of meaningful cost functionals and also achieve HQQ disturbance 

attenuation. Moreover, if certain conditions of the disturbances are satisfied, it is 

shown that the inverse optimal adaptive controller could achieve asymptotic attitude 

tracking with a global convergence of tracking errors to zero for all initial conditions. 

The proposed inverse optimal attitude control algorithms are demonstrated effective 

by numerical simulations, in which the input saturations are taken into account. 

Finally, to investigate the effects of control saturations in the attitude regulation, 

local H2- and i^-performance for linear systems with input saturations are analyzed 

and synthesized in the region of attraction using the linear matrix inequality approach. 

Using the LMI software, the proposed LMI algorithms are then applied to the linear 

attitude control problem with disturbances, structured parameter uncertainties and 

input saturations. 

Keywords : Attitude control, spacecraft, nonlinear systems, inverse optimal control, 

adaptive control, H^ disturbance attenuation, extended disturbances, uncertainty, sat­

uration nonlinearity, linear matrix inequalities, generalized H2 performance. 
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Chapter 1 

Introduction 

1.1 Motivation of Research 

Low earth orbit (LEO) satellites usually orbit close to the Earth with an altitude less 

than 1000km and are considered suitable for a number of applications such as mobile 

communications, remote sensing, earth observations and so on. Especially, due to their 

low orbit, LEO satellites provide an excellent platform for high-resolution imaging of 

the earth over a substantial field of view (FOV). Moreover, LEO satellites with large-

angle maneuvering capabilities can take immediate actions to point at and observe 

some special regions. 

The earliest satellites were very small and simple because of the limitations of satel­

lite technology and launch vehicle capacity at that time. After late 1960s, more and 

more large satellites were built owing to gradually maturing technology and growing 

demands. Since about late 1980s, the following reasons have changed this trend and 

re-energized the developments of small satellites. First, in the foreseeable future, no 

launch technology breakthroughs appear to be on the horizon to afford larger satellites. 

Second, small satellite cluster is a new application suitable for many space missions 

and replaces part of the space missions usually taken by larger satellites. Third, from 

a risk-sharing point of view, a number of smaller satellites have a significant reliability 

advantage over a bigger one. Fourth, small satellite is low in cost, small in size and 

cheap to launch and thus would be an economical choice due to the limited budget. 

Therefore, as a kind of modern small satellites, a microsatellite with mass < 100kg be­

comes a promising spacecraft for its advantages of reducing cost, risk and manufactur­

ing time and for the abilities of incorporating newly developed technologies, especially 

microelectronics, micromachine, new materials, new design methods and new attitude 

control theory. 

Due to these advantages mentioned, LEO microsatellites now play a more and more 

important role in various space missions, such as position location [2], earth observation 

[38], space science [75,133], communication [81], new technology demonstration [39] and 

so on, and are becoming a hotter research topic in universities and companies. 

Following the successful launch of the small satellite UoSAT-12 and the commission-
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1.2 Object of Study 2 

Table 1.1: General Descriptions of NTU Microsatellite 
Mission (1) Hyper-spectral imaging for earth observation 

(2) Communication service 
Mass < 100kg 
Orbit Equatorial orbit (the first choice) 

or Sun-synchronous orbit (the second choice) 
Attitude control type Three-axis attitude stabilizing control 
Attitude actuators Four reaction wheels, three magnetorquers 
Attitude sensors Three-axis magnetometer, sun sensor, earth sensor, 

star sensor, GPS (only for experiments), rate gryometers 

ing of the Merlion payload system1 on April 21, 1999, Nanyang Technological University 

(NTU) has planned to design and develop a fully owned microsatellite, X-Sat, and de­

termined the hyper-spectral imaging for earth observations as its primary mission. It 

is also required to provide communication services. The preferred altitude of the mi­

crosatellite is therefore in the range of 700~900km. Since the location of Singapore 

is near the equator, an equatorial orbit is preferred. However, due to the fact that 

the launch opportunities of small satellite to low equatorial orbit are quite limited, the 

sun-synchronous orbit is an alternative. General descriptions of this microsatellite are 

listed in Table 1.1. 

As part of the researches related to the NTU X-Sat microsatellite, the work presented 

in this thesis is fully devoted to the attitude control problem of microsatellites. 

1.2 Object of Study 

The functional block of a typical attitude determination and control system (ADCS) 

in a microsatellite is shown in Figure 1.1. The satellite dynamics block represents the 

attitude dynamics as well as the measurements from attitude sensors. The perturbation 

torques will inevitably affect the spacecraft attitude that will affect the measurements. 

The sensors data is the output of this block, while input excitations to this block 

are the torques provided by reaction wheels and magnetorquers. The sensors data 

is normally subject to sensors errors and noises and is refined by using the extended 

Kalman filter block. The filtered attitude is compared with the reference or target 

attitude in the controller block and then an appropriate control law is invoked to give 

the torque excitations to the attitude actuators (wheels and magnetorquers). 

In order to meet the requirements on attitude acquisition, maneuver, tracking and 

high-accuracy pointing performance, three-axis attitude control technology is usually 

applied to a satellite, leading to a typical (nonlinear) multi-input-multi-output (MIMO) 

control system. For the attitude control of spacecraft in the normal mode, it suffices 

to assume that the variations of Euler angles at the working point are small and 

1 The small satellite UoSat-12 [39] was designed and manufactured by Surrey University, Britain. 
The communication payload Merlion subsystem [22] was developed by Nanyang Technological Uni­
versity. 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



1.2 Object of Study 3 
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Figure 1.1: Attitude determination and control system 

thus we can linearize the attitude equations near the working point and apply linear 

control theories to the design of attitude controllers. However, when the spacecraft is 

in large-angle maneuver or attitude tracking, attitude equations are highly nonlinear 

and coupled. As such, we must consider nonlinear control methods for the large-angle 

attitude maneuver control and for the attitude tracking control problem. 

In the attitude control literature, the state-feedback design is quite common, for 

example, [1,25,57,64,65,101,125,128]. There are many types of sensors that could be 

used to measure the attitude and the angular rate of a spacecraft. For instance, sun 

sensors and star trackers provide the attitude information and rate gyros provide rate 

information. Thus, the states (the attitude and the angular rate) of an attitude control 

system can be measured effectively and accurately by contemporary technologies if 

appropriate sensors are selected with well-designed filters. Moreover, the state-feedback 

control provides an equal basis to judge the performance of different types of controllers 

designed by various control methods. 

It is recognized that observers or filters play an important role in ADCS. Although 

the measurements of attitude and angular rates are available for most satellites by using 

various sensors, there are indeed practical problems in processing these measurements 

data from various types of sensors. For instances, the gyrometers and star sensors pro­

vide measurements at different sampling frequencies with different accuracies, different 

delays and different drawbacks. One of the best solutions is to use some (extended) 

Kalman filters [13] to predict and correct measurements data from sensors. For exam­

ple, [6] used a star tracker, a three-axis magnetometer and a Kalman filter to provide 

accurate attitude information. In [140], a Kalman filter was employed for attitude 
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1.2 Object of Study 4 

determination that uses the sun sensor and magnetometer measurements to update a 

gyro propagated attitude solution. The attitude determination systems (ADS) of the 

MSX satellite [40] and the global imaging system 2000 satellite [131] contained star 

trackers for attitude information, ring-laser-gyros for rate information and other coarse 

sensors. The measurement data were processed within ADS in a double filter pro­

cess, a measurement mixing filter and a Kalman filter, to minimize the long-term and 

short-term noise errors. The angular rate measurements from the rate gyros are sam­

pled at a higher frequency while the attitude measurements from the star trackers and 

other coarse sensors are sampled at lower frequencies. The measurement-mixing filter 

provides an optimal mixture of attitude and rate measurements and the (extended) 

Kalman filter provides an optimal estimate of the attitude/rate from the measure­

ments and the dynamics models prediction. The detailed discussions of and solutions 

to the problems of processing measurement data from various types of sensors using 

Kalman filters can be found in [40,117,118,131]. Other filters for such an estimation 

include the state-dependent Riccati equation (SDRE) filter [23], in which the nonlinear 

attitude model predictions and the nonlinear measurements are parameterized into a 

linear structure with state-dependent coefficients. For example, this SDRE filter was 

used in [42] to estimate the angular velocity from attitude vector measurements. 

Having understood the practical attitude determination problems and the remedies 

of using sensors and gyrometers, we could assume that all states including the attitude 

and the angular velocity are available and measured accurately, and thus this thesis 

will focus on the design of attitude control laws. The attitude determination problem 

and the design of filter algorithms are beyond the scope of this thesis. 

Two other major problems in the attitude control of a microsatellite are the exter­

nal disturbances caused by the space environment and the parametric uncertainties 

of spacecraft's moment-of-inertia matrix. For LEO spacecraft below 1000km, gravity-

gradient torque, aerodynamic torque and residual magnetic torque are the major dis­

turbances. On the other hand, the fuel consumption, the movement of payload and the 

rotation of appendages (such as camera and solar arrays) usually cause variations of mo­

ments of inertia, which are considered as parametric uncertainties. For a microsatellite 

with mass < 100kg, its moments of inertia are usually less than 20kg-m2 [127, pp.336-

337], thus its attitude is quite sensitive to disturbances and parametric uncertainties. 

In the face of nonlinear dynamics, disturbances and parametric uncertainties, the 

robust control theory provides designers a systematic approach for the synthesis of an 

attitude controller. Attitude tracking control is a typical nonlinear control problem. 

Attitude stabilizing control and large-angle attitude maneuver control can be consid­

ered as two special cases of the attitude tracking control problem. As such, the primary 

objective of this thesis is to design state-feedback controllers that are robust to dis­

turbances and parametric uncertainties of the inertia matrix for the attitude tracking 

control problem and the attitude stabilizing control problem. Also, the optimality of 

these attitude controllers with respect to some meaningful (quadratic) cost functionals 

including control efforts and system errors is another important concern. 
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1.3 A n Overview 5 

1.3 An Overview 

In this thesis, the attitude tracking control of a rigid spacecraft with disturbances 

and parametric uncertainties is addressed. For such a problem, the variable structure 

control, nonlinear Hoo control and inverse optimal control method are good choices 

for the controller design. Adaptive control method is also suitable for addressing the 

parametric uncertainties. The linear attitude control problem subject to input satu­

rations, disturbances and uncertainties is also considered in this thesis. Therefore, we 

will briefly survey the literature on these topics in this section. 

1.3.1 Variable Structure Control 

It is well-known that variable structure control (VSC) [54, 102] is robust to dis­

turbances and parametric uncertainties. The main idea behind the variable structure 

control is to design suitable algorithms for changing the structure of the control system 

during the course of operation to exploit the desirable features of different structures. 

Under certain conditions a new behavior, known as sliding mode, can arise in such 

systems as a result of infinitely frequent switching between different structures. Sliding 

mode can occur under certain conditions in a dynamical system with discontinuous 

inputs. Such inputs can force the solution of the system to a hypersurface in the 

state space where the behavior of the system is dominated by lower-order dynamics 

and is invariant to external disturbances and parameter variations. In the case when 

the existence of a sliding mode cannot be guaranteed, the discontinuous control is re­

ferred to as the variable structure control algorithm. The use of both sliding mode 

and variable structure controllers also results in finite time responses. These proper­

ties have been extensively applied to design robust controllers for a wide variety of 

systems [54,102,119]. 

Since the variable structure controllers use highly frequent switchings to achieve the 

objective of maintaining the solution of the system on the sliding surface and because 

of the imperfection of switching devices, chattering of the signals in the system occurs 

in practice. This unexpected feature would be removed by replacing the sign function 

used in VSC with either a saturation function [27] or an approximate sign function [10]. 

This action leads to the solution of the closed-loop system being confined into a thin 

boundary layer around the switching surface, which was clearly stated in [102]. 

VSC has been successfully applied to spacecraft attitude control problems by many 

researchers. Authors of [24,32] developed nonglobal VSC algorithms using the minimal 

attitude representation. Vadali [119] was the first to design a global VSC algorithm 

for the attitude maneuver control, in which the sliding surface was determined by the 

use of optimal control theory for a special performance index. However, the analysis 

appears incomplete as the nonlinear attitude dynamics was neglected. When the input 

saturation nonlinearity was considered explicitly, a global VSC algorithm [10] was de­

signed for the attitude maneuver problem. Attitude tracking control is more difficult. 

Among those based on the attitude representation using unit quaternions, the VSC 

algorithm developed in [73] is not global because the scalar part of the unit quaternion 
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1.3 A n Overview G 

was restricted to be nonnegative so that the reciprocal of the vector part of the quater­

nion was used to implement the control law. A global VSC attitude tracking algorithm 

with input saturation was designed in [9] and the adaptive approach was used to tune 

the control gain. It is also simulated in Chapter 5 to make a brief comparison between 

the VSC algorithm in [9] and the H^ inverse optimal controller proposed in this thesis. 

1.3.2 HOQ Optimal At t i tude Control 

Optimal control of rigid bodies has a long history stemming from the interest in the 

control of rigid spacecraft and aircraft [26,104,121]. The main thruster of this research 

had been motivated by the time-optimal and fuel-optimal control problems [14,28,98]. 

The optimal regulation problem over a finite or infinite time horizon was treated in 

the past mainly for the attitude dynamics subsystem and for special quadratic costs 

[11,31]. The case of general quadratic costs had also been addressed in [116]. The 

main obstruction in constructing feedback control laws for optimal regulation control 

problem stems from the difficulty in solving the Hamilton-Jacobi equation, especially 

when the cost includes a penalty term on the control effort. In [90], the authors obtained 

closed-form optimal solutions for special cases of quadratic costs without penalty on 

the control effort. These control laws asymptotically recover the optimal cost for the 

kinematics but may lead to high-gain control. When the control penalty is included 

in the performance index, linear control laws have been constructed which provide an 

upper bound for a quadratic cost in some specified compact set of initial conditions. 

Suboptimal results can be obtained by minimizing this upper bound [90]. Alternatively, 

one can penalize only the high-gain portion of the control input. This approach is 

based on the optimal results of [58] and was used for both axis-symmetric [115] and 

nonsymmetric bodies [114]. 

Time-optimal attitude maneuver control was comprehensively surveyed in [98]. In 

theory, time-optimal control is a Bang-Bang control. To smoothen the control effort, a 

smoothing factor was introduced in [7] to design a smooth time-suboptimal control law. 

Quadratic optimal attitude maneuver control for the complete attitude problem, i.e., 

including the attitude kinematics, is more difficult and has been addressed in terms of 

trajectory planning [120] or feedback form [15,16,120]. All works mentioned above on 

the optimal attitude (maneuver) control is mainly for zero-disturbance attitude control 

system and these results are sensitive to disturbances and uncertainties. In the face 

of disturbances and uncertainties, the most advanced efforts towards designing stable 

optimal attitude controller have been made in [25,57,135] in the framework of nonlinear 

Hoo control theory [123] and in [18,83] in robotics in the framework of inverse optimal 

control theory [35,61]. 

Nonlinear state-feedback H^ suboptimal control 

Consider an affine nonlinear system 

x = f(x) + g2(x)u + gi(x)d, z = h(x) + D{x)u (1.1) 
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1.3 An Overview 7 

where x G Hn, u E Tlm, d E Kl; f(x), g^x), g2(x), h(x) and D(x) are smooth. 

The nonlinear H^ suboptimal control problem is to find a continuous state-feedback 

control u = a(x) for (1.1) such that the C2 gain of the closed-loop system from the 

disturbance d to the output z is < 7, i.e., JQ \\z(t)\\2dt < 72 JQ \\d(t)\\2dt + K(x0) is 

satisfied for all T > 0 and for any initial condition x(0) = x0 of (1.1), where K(x) is 

positive definite in x. 

By the work [123], the state-feedback control u = — ̂ ( f ^ ) 7 that is synthesized from 

the solution V(x) to the Hamilton-Jacobi-Isaacs (HJI) partial differential inequality 

dV . , N ldV 

dx 2 dx -sr/W + o^r - ^ i W ^ r -32(x)52(x)i -^- + -h(x)Th(x) < 0 (1.2) f : H V / i ' , v ' ~v~,~v~, J 5a; ' 2 
dTv 1 

solves the nonlinear ifoo control problem for the system (1.1). The nonlinear Hoo 

control problem and its characterizations will be reviewed in Section 3.4 in Chapter 3. 

The most challenging task in nonlinear H^ control is to solve the HJI inequality 

(1.2). Unfortunately, it is very difficult to do so and there are no general solutions to 

(1.2), and thus the applications of nonlinear H^ control remain open. Various methods 

have been proposed in an attempt to solve the HJI equation. For some particular 

choices of a control Lyapunov function candidate V(x) and an output 2, nonlinear H^ 

suboptimal control had been applied to the spacecraft attitude control problem [25,57, 

65,135], in which algebraic and geometric tools were employed to study a particular H^ 

suboptimal control problem by solving the associated HJI partial differential inequality. 

However, the H^ suboptimal control laws derived in [25,57,65,135] were designed to 

solve the attitude stabilizing control problem and the C2 gain 7 was restricted to 

be larger than a certain value. Furthermore, these attitude controls were obtained 

by solving the Hamilton-Jacobi-Isaacs partial differential inequality (1.2), which, in 

general, only guarantees an upper bound of the cost for zero initial conditions. A power 

series solution [100] of the HJI inequality was proposed for the H^ suboptimal control of 

wing rock motions by representing the state vector as a series of closed-loop Lyapunov 

functions. The concept of extended disturbances, including system error dynamics, 

was introduced in robotic attitude control system by [83,84] to solve the HJI equation 

for Euler-Lagrange systems. The state-dependent Riccati equation method [23,36] was 

also proposed to provide an approximate solution to the HJI equation in a local domain 

as details below. 

State-dependent Riccati equation (SDRE) method 

When it is impossible to get an exact analytic solution V(x) to the HJI (1.2), an 

approximate solution is obtained by the SDRE method in a local domain. Motivated 

by the linear H^ control [93, 138], which is characterized by the algebraic Riccati 

equation, the state-dependent Riccati equation method was proposed [23, 36] as an 

approximation of nonlinear optimal control and summarized as follows. 

Use the parametrization method to represent (1.1) as a system with state-dependent 
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coefficients 

x = A(x)x + B1(x)d + B2(x)u, y = C(x)x + D{x)u 

where f{x) = A(x)x, h(x) = C(x)x. It is required that {A, Bi} and {A,B2} are 

stabilizable and {A, C} is detectable for all x in some local region. Then, the nonlinear 

state-feedback controller 

u(x) = -i?-1(x)[ JB(x)TP(x) + D(x)TC(x)]x (1.3) 

is synthesized from the solution, P(x) = P(x)T > 0, to the frozen state-dependent 

Riccati equation 

ATP{x) + P(x)A + P(x) li~2BiBl - B2R~1B2
r) P(x) + CTC = 0. (1.4) 

where R{x) = R(x)T > 0 and C(x) = (I - DR^D^C. When let 7 in (1.4) be 7 = 00, 

the Hoc problem is transformed into a quadratic optimal control problem. Although 

in theory the control law (1.3) only guarantees the local asymptotic stability of the 

origin and the suboptimality of a cost function, it turns out to be quite effective in a 

number of practical applications [42,74,80,85,113]. Since the state-dependent Riccati 

equation (1.4) depends on the current state, the computation will be carried out online. 

However, this will increase the burden of on-board computer. Furthermore, complete 

information of attitude models is required and therefore the SDRE control is sensitive 

to parametric uncertainties of system model. 

Numerical approaches 

Besides these attempts to find analytical solutions, a numerical approach [49-51] was 

proposed by J. Huang as a more systematic way to find numerical solutions to the HJI 

equation or the HJI inequality. This method is based on the Taylor-series expansion and 

the Kronecker product mathematics [138]. Huang [51] applied this numerical approach 

to the HQO control of the pitch dynamics of a missile autopilot. The main obstruction 

of applications of this method in practice lies in its complex structure of the iterative 

algorithm and the fact that it requires a large amount of computations. 

1.3.3 Inverse Optimal Attitude Control 

Inverse optimal control approach is another alternative approach that was systemat­

ically proposed to derive nonlinear (robust) optimal feedback control laws in the past 

few years. Compared with the nonlinear Hoc control, the inverse optimality approach 

circumvents the hard task of solving a Hamilton-Jacobi equation and results in a state-

feedback controller optimal with respect to a family of meaningful cost functionals. 

This approach, originated by Kalman to establish certain gain and phase margin of 

linear quadratic regulators [3], was introduced into nonlinear control in [79], and had 

been long dormant until it was revived in [35] to develop a methodology for designing 
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robust nonlinear controllers. While [79] established a certain nonlinear "return differ­

ence" inequality which implies robustness to some input nonlinearities, the full analogy 

to linear stability margins was established in [99]. 

In parallel to nonlinear i / ^ , the framework of input-to-state stability (ISS) intro­

duced by Sontag [106] has triggered efforts towards designing input-to-state stabilizing 

controllers. ISS and its characterizations will be surveyed in Section 3.3 in Chapter 3. 

It was shown in [63] that input-to-state stabilizability is both necessary and sufficient 

condition for the solvability of an inverse optimal control problem. [63] also established 

a relationship between the inverse optimal control and the nonlinear H^ control. The 

inverse optimal control for the disturbance attenuation problem will be surveyed again 

in Section 3.5 in Chapter 3. Inverse optimal adaptive control was systematically for­

mulated in [61] for nonlinear systems with uncertainties. 

The first application of this approach to the attitude control problem was presented 

in [64], in which a nonlinear inverse optimal feedback controller based on Rodriguez pa­

rameters was proposed for the attitude stabilizing control problem of a rigid spacecraft 

without exogenous disturbances. The optimal feedback control law [64] is a regional 

solution because the attitude representation using Rodriguez parameters has a singu­

larity. Also, only the stabilizing control problem but not the attitude tracking problem 

was considered in [64]. For the trajectory tracking control of Euler-Lagrange systems, 

inverse optimal state-feedback controllers were designed in robotics [18,83,84] with the 

help of the introduction of the concept of extended disturbances. 

1.3.4 Adaptive attitude control 

Researches in adaptive control started in the early 1950's in a connection with the 

design of autopilots for high-performance aircraft, which operate in a wide range of 

speeds and altitudes and thus experience large parameter variations. These researches 

had been dormant for a long time until 1980's when a coherent adaptive control theory 

was developed. With the help of advances of the computer technology, these theoret­

ical advances have lead to many practical applications. Good introductory texts on 

adaptive control include [45,62,66,102] and many references therein. 

Adaptive control has been applied successfully to the attitude tracking control prob­

lem of spacecraft by many authors, for examples, [1,9,10,33,34,56,103,125]. Authors 

of [34,103] developed adaptive control schemes for the attitude tracking problem; how­

ever, due to the use of Rodriguez parameters, attitude representation singularities 

appear in the description of the physical orientation and therefore global results were 

not obtained. Based on the attitude representation using singularity-free modified 

Rodriguez parameters, an adaptive control algorithm was developed in [56] for atti­

tude maneuvers. Using the singularity-free unit quaternion to represent the attitude 

of spacecraft, [1,33,125] presented adaptive controllers. It was shown by Lyapunov 

functions that these adaptive controllers achieved global convergence of the attitude 

tracking errors to zero. In [125], only scalar control gains could be used. Also, it is not 

straightforward to extend the result [125] to other adaptive control schemes. In [33], 
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1.4 Contributions of the Thesis 10 

a control scheme was designed using the passivity theory and it allowed the control 

gain to be a matrix form. Applying nonlinearity cancellation technique, adaptive con­

troller [1] was designed to identify the inertia matrix and to achieve asymptotic attitude 

tracking. These adaptive tracking controllers above-mentioned were designed for space­

craft without external disturbances. Moreover, the degree of quadratic optimality of 

these adaptive controllers was not stated explicitly. 

In the presence of external disturbances, the adaptive control is more complicated. 

Using Euler angles to represent the attitude of spacecraft, an HijUaa suboptimal adap­

tive controller was presented in [134] for the attitude regulation problem with external 

disturbances. It is nonglobal due to the use of Euler angles to represent the attitude. 

Also, it is not for the attitude tracking problem. A global VSC adaptive attitude track­

ing algorithm was designed in [9] in which the adaptive approach was used to tune the 

control gain. Krstic [61] proposed a systematical design methodology on inverse op­

timal adaptive tracking control for nonlinear affine systems without disturbances. In 

Chapter 6, the results in [61,63] are extended to the design of inverse optimal adaptive 

control for nonlinear systems with disturbances and then the results are applied to the 

attitude tracking problem with disturbances and an uncertain inertia matrix. 

1.4 Contributions of the Thesis 

The thesis focuses on the design of robust state-feedback attitude controllers of 

microsatellites. The main results are presented in Chapters 4, 5, 6 and 7. 

In Chapter 4, complete attitude models are presented. Based on the attitude repre­

sentation using unit quaternions, the attitude tracking control problem is formulated. 

In Chapter 5, the attitude tracking control problem subject to external disturbances 

is addressed using the inverse optimal control method. The main contributions of this 

chapter relative to other related works are: 

• With the introduction of the concept of extended disturbance, the inverse opti­

mality approach is applied to solve the attitude tracking control problem subject 

to exogenous disturbances. This approach was used in robot control [18,83,84] 

for the trajectory tracking problem of Euler-Lagrangian systems but not in the 

attitude control literature for the attitude tracking problem of spacecraft with 

external disturbances. 

• The proposed inverse optimal controller is also H^ optimal with respect to the 

extended disturbance, thus achieving H^ disturbance attenuation. By compar­

ison, the #oo suboptimal controllers in [25,57,65,135] were designed for the at­

titude stabilizing problem but not the attitude tracking problem. Furthermore, 

the £2-gains 7 of those H^ suboptimal controllers were restricted to be larger 

than certain values. Under the H^ inverse optimal controller in this thesis, the 

£ 2 - g a m 7 of the closed-loop system is only required to be positive and can be 

chosen sufficiently small so as to achieve any level of H^ disturbance attenuation 

by a proper control effort. Moreover, the H^ inverse optimal controller for the 
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attitude tracking problem is indeed robust to a certain amount of parametric 
uncertainties because complete information of the inertia matrix is not required 
in the controller. 

• The proposed controller is a PD controller, and tuning guidelines for selecting the 

controller gains are established in Chapter 5 based on the performance analysis. 

PD controllers were designed in [25,57,65,125,135] and conditions were given for 

the PD control gains. However, how to tune the control gains on the basis of 

performance analysis was not analytically studied. 

In Chapter 6, the attitude tracking problem with disturbances and parametric un­

certainties is addressed explicitly by using the inverse optimal control method and the 

adaptive control approach. An adaptive term is added in the state-feedback controller. 

The contributions of this chapter are: 

• The adaptive control method and the inverse optimal control approach are com­

bined to account for the parametric uncertainties in the inertia matrix of the 

spacecraft and the optimality of the attitude controller for the attitude tracking 

control problem. The method of backstepping [35] is used to construct a control 

Lyapunov function and stabilizing control laws of particular forms. 

• For the zero-disturbance case, the proposed inverse optimal adaptive controller 

achieves global asymptotic attitude tracking for all initial conditions. In a com­

parison with the results reported in [1,33,103,125], the adaptive feedback control 

laws in Chapter 6 are inverse optimal with respect to a set of meaningful cost 

functional involving tracking errors and control efforts. 

• When external disturbances are considered in the attitude tracking control prob­

lem, an adaptive attitude tracking controller is proposed that is inverse optimal 

and achieves H^ disturbance attenuation without solving the associated HJI 

partial differential equation explicitly. 

In Chapter 7, robust attitude control with actuator's saturation nonlinearity is ad­

dressed via LMIs in a local region of attraction. The main contributions are: 

• Analysis and synthesis of general linear control systems with saturated inputs 

under the considerations of local Hi- and i/^-performance are formulated in 

terms of linear matrix inequalities (LMIs). 

• Using the LMI software, the local Hi- and iJoo-performance are analyzed and 

synthesized for the linear attitude control system with disturbances, uncertainties 

of moments of inertia and saturated controls. 

1.5 Outline of the Thesis 

The contents of the thesis are organized as follows. 
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Chapter 2: Mathematical Preliminaries 
In Chapter 2, we will present the basic mathematical materials and introduce the 

fundamental notations used throughout the thesis. 

Chapter 3: Stability and Robust Control 
In Chapter 3, we will survey some Lyapunov stability results and then the dis­

turbance attenuation problem for nonlinear systems. Input-to-state stabilization 

framework and (direct or inverse) differential optimal game approach are two 

disturbance attenuation methods that have received considerable attention. We 

first review the results on input-to-state stability and input-to-state stabilization. 

Then, the nonlinear H^ state-feedback control is reviewed. Compared with the 

nonlinear H^ control, the inverse optimal control approach achieves optimality 

without solving the associated Hamilton-Jacobi-Isaacs partial differential equa­

tion explicitly and is also reviewed in details. 

Chapter 4: Attitude Dynamic Models 
In Chapter 4, the kinematic and dynamic equations of the attitude motion are 

derived for a wheel-based attitude control system. Using the unit quaternion 

to represent the attitude orientation of spacecraft, the attitude tracking control 

problem is formulated for a rigid spacecraft with disturbances. 

Chapter 5: H^ Inverse Optimal Attitude Tracking Control 
In Chapter 5, the attitude tracking control problem with external disturbances is 

addressed using the inverse optimal control method and by introducing the con­

cept of extended disturbance. An H^ suboptimal controller is introduced first for 

the attitude tracking problem. Inverse optimal control approach is then applied 

to design a state-feedback control law that is optimal with respect to a mean­

ingful cost functional involving tracking errors, control efforts and extended dis­

turbances. The associated Lyapunov function satisfies a Hamilton-Jacobi-Isaacs 

partial differential equation. Hence, the controller also achieves H^ disturbance 

attenuation. System performance of the inverse optimal controller is analyzed in 

terms of performance limitation and guidelines for the selection of the controller 

gains are established on the basis of the performance analysis. Finally, numeri­

cal simulations are carried out to demonstrate the effectiveness of the proposed 

control algorithm and the tuning guidelines. 

Chapter 6: H^ Inverse Optimal Adaptive Attitude Tracking Control 
In Chapter 6, the attitude tracking control problem with disturbances and an 

uncertain inertia matrix is addressed using the adaptive control method and the 

inverse optimal control approach. Some theoretical results on inverse optimal 

adaptive control are presented and then applied to the attitude tracking control 

problem. The design of the feedback controller is separated into two stages by 

means of integrator backstepping. The resulting adaptive feedback controllers 

are optimal with respect to a family of meaningful cost functionals. For the zero-

disturbance tracking problem, a control Lyapunov argument is constructed to 

show that the inverse optimal adaptive controller achieves asymptotic attitude 
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tracking with a global convergence. An inverse optimal adaptive controller is 

also designed for the attitude tracking problem with external disturbances and 

i/oo disturbance attenuation is achieved. Numerical simulations illustrate the 

performance of the proposed control algorithms. 

Chapter 7: Linear Attitude Control with Saturated Inputs 
Chapter 7 is devoted to the analysis and the synthesis of local H2 and H^ perfor­

mance of the linear attitude control with input saturations, external disturbances 

and structured uncertainties of moments of inertia. These local performance are 

formulated via LMIs. With the small-angle assumption, the nonlinear attitude 

models are linearized to derive a linear input-output synthesis model with struc­

tured uncertainties of the moments of inertia. Then, using the LMI software, 

local H2 and H^ performance of the linear attitude control system are analyzed 

and synthesized in a local region of attraction via convex LMI optimizations. 

Chapter 8: Conclusions 
We conclude this thesis with a summary of the contributions, and propose several 

suggestions for future work which are interesting and important topics but have 

not been investigated in this thesis. 

Several supplementary results can be found in the appendices. 
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Chapter 2 

Mathematical Preliminaries 

This chapter sets forth the basic mathematical tools and fundamental definitions 
that are used throughout this thesis. It is not self-contained as it is assumed that the 
reader will be familiar with most of these mathematic preliminaries. General references 
are cited which contains fuller explorations of these related topics. 

In Section 2.1, some norms and normed spaces are defined. Section 2.2 presents 

some important definitions and conceptions. Section 2.3 gives the system definitions 

in terms of operators. Section 2.4 describes a class of saturation functions. Finally, 

linear matrix inequalities are briefly reviewed in Section 2.5. 

2.1 Signals and Spaces 

The set of all n-dimensional vectors 1 , where real num­

bers, defines the n-dimensional Euclidean space denoted by lZn. The one-dimensional 

Euclidean space consists of all real numbers and is denoted by 1Z. The subset {x : x G 

11, x > 0} is denoted by 7?.+ . Similarly, if Xi, • • •, xn are complex numbers, complex 

spaces C™ and C are defined accordingly. The integers are denoted by Z, with the 

subset { I : I 6 Z , I > 0 } denoted by Z+. 

The inner product of two vectors x G Tln and y G 1Zn is xTy = Y17=i xiV^ w n e r e the 
superscript "T" denotes the transpose1. 

Let X C 1Zn be a vector space and let x G X, a real-valued function ||x|| defined on 
X is called the norm of x if it satisfies the following properties: 

• | |x|| > 0 for all x G 7ln, \\x\\ = 0 if and only if x = 0 (positive definiteness); 

• ||a; + y\\ < \\x\\ + ||y|| for all x, y G TV1 (triangle inequality); 

• ||a:r|| = |a | ||rc|| for all a G H and x G 1Zn (homogeneity). 

A generic definition of signal sets is not sufficient for any non-trivial theory to be 

developed and there are many classes of such signal sets. We will only define the signal 

spaces and sets used in this thesis. 

1In the complex spaces Cn , we often use the superscript "*" to denote the conjugate transpose. 
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2.1 Signals and Spaces 15 

Definition 2.1. Let x G 7Zn. The vector p-norm of x is defined as 

\\x\\P=(\Xl\P+\X2\P + --- + \Xn\PY/P, 1<P<00. (2.1) 

In particular, when p = 1, 2, oo, we have 

||x||i = V * \xi\, \\x\\2 = VxTx, Hxlloo = max |xi|, 
*—* Ki<n 
»=1 

which are the three most commonly used vector norms in control theory. The norm 

||x||2 is often called the Euclidean norm of the vector x. In fact, the norm of a vector 

is a measure of the vector's "length". For example, ||x||2 is the Euclidean distance of 

x from the origin. Similarly, we can introduce some kind of measure for a matrix. 

Definition 2.2. An m x n matrix A = [a^] of real elements defines a linear mapping 

y = Ax from TV into lZm. The induced p-norm of A is defined by2 

I M I P = s u p M * = max | |Ax | | p (2.2) 
| |X| |p ||x|[p—1 

In particular, when p = 1, 2, oo, it follows that 

| |^4| | i= max Y ] | a y | , \\A\\2 = ^/K^JAFA}, \\A\loo = max Y^loyl, 
Kj<n L—' \<i<m «—' 

- J - »=1 - - j = l 

where XmaLX.{ATA) is the maximum eigenvalue of the square matrix ATA. 

Hereafter, we shall adopt || • || throughout the remainder of this thesis to denote 

the Euclidean 2-norm of the vector x by ||x|| = ||x||2 and the induced 2-norm of the 

matrix A by \\A\\ = \\A\\2- The following important properties of the induced p—norms 

of matrices are easy to show [59,138]: 

Lemma 2 .1 . Let A be an m x n real matrix and B be an n x q real matrix. Then, 

. p | | 2 < PIML4IU ^Plloo < H4I < vHWU ^ll^lli < U\\ < v^ll^li. 

• | |^45| |p < ||A||p | |B||p forp > 1. In particular, this gives | |A_1 | |p > H^H"1 if A 

is invertible. 

• \\UAV\\ = \\A\\ for any appropriately dimensioned unitary matrices U and V. 

Definition 2.3. For p G Z+ with 1 < p < oo, the Cp-norm is defined as: 

a ° ° \ I / P 

\\x(t)\\"dtj , l < p < o o (2.3) 
with x(t) £ TZm, and with the integral in (2.3) being the Lebesgue integral. The linear 

space /2p"[0, oo) is the set of all functions x : 1Z+ —• Tlrn such that the Cp-norm of x is 

2sup denotes supremum, the least upper bound; inf denotes infimum, the greatest lower bound. 
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2.2 Preliminary Definitions 16 

finite. The most commonly used space is C™[0, oo) which consists all square integrable 

Hm-valued functions. When p = oo; the ^oo-norm is defined as: 

IN lie = e s s supflkOOII}-
t£K+ 

The sets WPtq(N) will now be introduced, which are bounded subsets of £™[0, oo). 

Although they are somewhat nonstandard, their use seems to be necessary for the 

synthesis of a system, with motivation coming from the analysis in Chapter 7. 

Definition 2.4. The set yVp,q(N) is the intersection of two sets, £™[0,oo) H {w : 

\\w\\g<N}. 

Another important signal set to be defined here is the extended space. In order to 

define such signal sets, the truncation operator is needed and defined first. 

Definition 2.5. The truncation operator at time T, denoted by Pp, is defined by 

Definition 2.6. The extended space £™e[0, oo) consists of members x : 7Z+ —» lZm such 

that for all T > 0, the Cp norm of PTX is finite, that is, 

££[0, oo) = {x : TZ+^ TZm\ PTx G £™[0, oo)}. 

One of the most commonly referred such spaces is the set £<£[0, oo), which is a weaker 

condition of the set £™[0, oo) and can be applied to define and analyze the /Vgain f° r 

a nonlinear system even with bounded and persistent exogenous disturbances. 

2.2 Pre l iminary Definitions 

A subset S C TV1 is said to be open if, for every vector x G 5, one can find an e-

neighborhood of x, denoted by N(x,e) = {z € TZn\ \\z—x\\ < e}, such that JV(x, e) C 5. 

A set 5 is closed if and only if its complement in lZn is open. A set S is bounded if 

there is r > 0 such that | |x|| < r for all x & S. A set 5 is compact if it is closed and 

bounded. A set S is convex if, for every x, y G S and every real number 9, 0 < 9 < 1, 

the point 0x + (1 - 0)y G S. If x G X C Kn and y G Y C ftm, we say that (x,y) 

belongs to the product set X x Y cTZn x TZm. 

Continuity concepts are heavily used throughout. A function / : TZn —• 1Zm is said 

to be continuous at a point x if f(xk) —> f(x) whenever x^ —> x. Equivalently, / is 

continuous at x if, given e > 0, there is S > 0 such that 

||*-y||<*=HI/(*)-/(y)||<e. 

A function / is continuous on a set S if it is continuous at every point of S, and it is 

uniformly continuous on S if, given e > 0, there is 5 > 0 such that the inequality holds 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



2.2 Preliminary Definitions 17 

for all x, y E S. If Si, S2 and S3 are any sets, and f\ : S\ —> S2 and /2 : S2 —> S3 are 
functions, the function /2 o fx : Si —> S3, denned by 

( / 2 o / i ) ( . ) = / 2 ( / i ( - ) ) 

is called the composition of /1 and /2- The composition of two continuous functions 

is continuous. If S C 7£n and / : S —• 7£m, then the set of / (x) such that x G S is 

called the image of S under / and is denoted by / ( S ) . If / is a continuous function 

defined on a compact set S, then f(S) is compact. A function / defined on a set S 

is said to be one-to-one on S if whenever x,y E S and x ^ y, then f(x)^f(y). If 

/ : S —> 7£m is continuous and one-to-one function on a compact set S C lZn, then / 

has a continuous inverse function f~l on / ( S ) . A function f : 11 —> 1Zm is said to be 

piecewise continuous on an interval N <Z R if for every bounded subinterval iV0 C Af, 

/ is continuous for all x E No except, possibly, at a finite number of points where / 

may have discontinuous. 

An important lemma, known as Barbalat's lemma [59,102], states the convergence 

of an integrable uniformly continuous function to zero. 

Lemma 2.2 (Barbalat). Let f : 1Z —> 1Z be a uniformly continuous function on 

[0, 00). Suppose that limt_).00 J0 f{r)dr exists and is finite. Then f(t) —> 0 as t —> 00. 

Proof. If it is not true, then there is a positive constant ki such that for every T > 0 

we can find T\ > T with | / (Ti) | > k\. Since /(£) is uniformly continuous, there is a 

positive constant k2 such that \f(t + r ) — f(t)\ < ki/2 for all £ > 0 and all 0 < r < k2-

Hence, for all £ € [T1,T1 + k2], 

\f(t)\ = \f(t) + m) - 7(71)1 > |/(Ti)| - |/(£) - /(TOI > |fci. 

Therefore, | JT
X 2 f(t)dt\ = §T

X '2 | / (£) |d£ > \kik2, where the equality holds since 

/(£) retains the same sign for all £ G [Tj,Ti + k2}- Thus, the integral JQ f{r)dT cannot 

converge to a finite limit as £ —> 00, a contradiction. • 

A function / : 1Z —• 1Z is said to be differentiable at a point x if the limit 

J y ' h-*o h 

exists. Such a limit f'(x) is called the derivative of / at the point x. A function 

/ : lZn —» 72.m is said to be continuously differ'entiable at the point x0 if the partial 

derivatives dfa/dxj exist and are continuous at XQ for 1 < i < m, 1 < j < n. A 

function / is continuously differentiate on a set S if it is continuously differentiable at 

every point of S. A function which is continuous on its domain is said to lie in C°, and 

if it is continuously differentiable k times, it lies in Ck with k E Z+. For a given smooth 

function f(x) : 1Zn —* H, the gradient vector of / , denoted as V/ (x) and defined by 

vf(x)=\dMT=\^,..., -^r, 
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is represented as a column vector of elements of TJ£ for 1 < i < n. Similarly, for a 

smooth function / : 7Zn —> lZm, the Jacobian matrix ^ i s a n m x n matrix whose 
frir i' — 1 

Ox, 
element in the ith row and j t h column is g£S for i = 1, • • • , m and j = 1, • • • , n. 

Definition 2.7 (Lie Derivative). Zei V : 7?" —* 1Z be a smooth scalar function, and 

f : 1Zn —> lZn be a smooth vector field on TZn, then the Lie derivative ofV with respect 

to f, written as LfV, is a scalar function defined by 

LfV{x) = -dx~f{x) = WWfW- ^ 

The Lipschitz condition is an important conception used in nonlinear control. 

Definition 2.8 (Lipschitz Condition). Let V C TZm. A function f : 11 x V -> K 

satisfying 

\f(t,x)-f(tiy)\<L\\x-y\\ 

is said to be locally Lipschitz in x, and the positive constant L is called a Lipschitz 

constant. IfV = 1Z171, we shall say that f(t,x) is globally Lipschitz in x. 

Basic linear algebra is used in this thesis for the analysis and synthesis of an attitude 

controller. A real symmetric matrix P G 1Znxn is called positive definite, denoted by 

P > 0, if xTPx > 0 for all nonzero x e 1Zn. It is called positive semi-definite if the 

preceding strict inequality is relaxed to a non-strict one, i.e., xTPx > 0 for all nonzero 

x G VJ1. For a positive definite symmetric matrix P , let ||a:||p denote the quadratic 

form xTPx. A matrix P = [p^] G TZnxn, where pij is the (i,j)-entry of P, is said 

to be positive diagonally dominant (pdd for short) if P is positive definite and (row) 

diagonally dominant \pa\ > X ^ i \Pij\ f° r all 1 < z < n. A matrix is called Hurwitz 

if all its eigenvalues lie in the open left half plane. A matrix is neutrally stable if all 

its eigenvalues lie in the closed left half plane, without repeated eigenvalues on the 

imaginary axis or eigenvalues at the origin. A matrix is said to be unstable if at least 

one of eigenvalues lies in the open right half plane. A matrix B is called skew-symmetric 

if BT = -B. 

2.3 System Definitions 

In the operator theoretic (or input/output-based) approach, the signals are examined 

as inputs and outputs in some signal sets, while the actual system dynamics (expressed 

as differential or difference equations) are not the point of concern. As such, systems are 

thought of as operators on signal sets and not in terms of their state-space realizations. 

Definition 2.9. A system is an operator which maps a signal set U (the input set) 

into a signal set y (the output set). 

Definition 2.10. A system is said to be input/output stable if its domain of definition 

is the entire input set. 
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This definition of stability is a weaker condition than finite gain stability, which 

takes into account signal size. Then, we can define the extremely important concept 

of operator norms, which are a measure of "signal magnitude throughout" and can be 

used in stability analysis of the closed-loop control systems. 

Definition 2.11. The induced £p-norm of a stable system T from a space C™[0, oo) 

to another space £™[0, oo), denoted by | |T | | i p , is defined by 

HTM llTHUp , 0 ^ 
\W\LP= sup p . (2.6) 

u;€£™[0,oo) H^llLp 

The most commonly referred one is the induced ZVgain. Hereafter, we will focus 
on the induced £2-gain of continuous time systems. We will now give some properties 
of system operators. 

An operator T : 4 e [0 ,oo) -> ££[0, oo) is called causal if PTT = P^TPT for all 

T > 0. A causal operator T is bounded if there exists a constant c > 0 such that 

| |P rT(f) | |£ 2 < c||Pr-v||£2 for all T > 0 and v € ^ J O , oo). Finally, a system operator 

T is memoryless if it is causal and if (I — PT)T (I — PT) = (I — PT)T for all T. Formally, 

a system operator is linear if for all x, y in an input set, and for all a, j3 G 1Z, we have 

that T ( Q X + (3y) = aTx + /3Ty if ax + (3y also lies in the input set. 

In fact, many system operators are generated by a state space realization. This is 

extremely useful for nonlinear systems with memory, as it is then possible to gener­

ate the system outputs via simulations on a computer. Formally, a realization of a 

continuous time system T : w —> z is a set of differential equations over 1Z+ as 

*(*) = f(x(t),wr{t),t), x{t0) = x0, 

z(t) = h{x{t),w{t),t), 

with x{t) e Hn, w(t) e Kl and z{t) G Tlm. It is assumed that / (0 ,0 , i ) = 0 and 

/i(0,0, t) — 0 for all t G 1Z+. The operator defined by (2.7) with initial conditions x(t0) 

is said to be finite dimensional 

The following is a well known statement regarding the system properties of the 

operators generated by a finite-dimensional state space realizations. 

Proposition 2.3. A system operator T generated by a finite dimensional realization 

will be causal. In addition, if the functions f and h in (2.7) are independent of time t, 

T is shift invariant. 

Quite often when we study the state equation x = f(t,x), we expect to com­

pute bounds of the solution x(t) without computing the solution itself explicitly. The 

Gronwall-Bellman inequality [59, Lemma 2.1] is one of such tools that can reach that 

goal. Another one is the comparison lemma [59, Lemma 2.5] that compares the solu­

tion of the differential inequality v < f(t, v(t)) with that of the differential equation 

u = f(t, u). The lemma applies even when v(t) is not differentiable, but has an upper-

hand derivative D+v(t) which satisfies a differential inequality. 
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Lemma 2.4 (Comparison Lemma). Consider the scalar differential equation 

where f(t, u) is continuous in t and locally Lipschitz in u, for all t > 0 and for all 

u G N C R. Let [to,T) (T could be infinite) be the maximal interval of existence of the 

solution u{t), and suppose u(t) G N for t G [to,T). Let v(t) be a continuous function 

whose upper right-hand derivative D+v(t) satisfies the differential inequality 

D+v(t)<f(t,v(t)), v(t0) = uQ 

with v(t) G N for all t G [tQ,T). Then, v(t) < u(t) for all t G [t0:T). 

Proof. See Appendix A.l in [59] for details. We omit it here. • 

2.4 Saturation Nonlinearity 

Due to the capabilities of actuators, the output characteristics of the control efforts is 

always with a saturation nonlinearity. In Chapters 5 and 6 the saturation nonlinearity 

of reaction wheels (attitude actuators) will be considered only in numerical simulations; 

in Chapter 7 the local performance analysis and synthesis will be carried out for the 

linearized attitude control system subject to saturated inputs. 

The single-input saturation operator a is a memoryless operator with 1-dimensional 

input and output spaces, which is defined by 

(au)(t) = a(u(t)), t G n+, 

with a being a member of the class of saturation functions, which map TZ to a subset 

of TZ. The generic definition of the class of saturation functions is given as follows 

[17,71,72,89,94]. 

Definition 2.12. A function a : TZ —> 1Z is a saturation function if the following 

conditions hold: 

1. a is continuous, bounded and (1 + |x|)|(r'(a;)| is bounded for almost all x G TZ; 

2. xa(x) > 0 i / x ^ O , liminfx^0 ^~ > 0, and liminfI^-KM \<J(X)\ > 0. 

It is possible to show that these conditions are equivalent to some others, allowing 

other equivalent definitions of the saturation functions. The following characterization 

is taken from [17,71,72]. 

Lemma 2.5. A function a satisfies Condition 1 of Definition 2.12 if and only if it 

satisfies the following two conditions: 

1. a is globally Lipschitz; 
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2. there exists a constant C\ such that for all x, y 6 1Z, \x\\cr(x + y) — o{x)\ < C\\y\. 

Definition 2.13. The constant k > 0 is an S-bound for the saturation function a if 

there exist a, b > 0 and a measurable function r : TL —» [a, b] such that 

1. \a(t) -<r(s)\ < k\t-s\; 

2. \t\\a(t + s)-a(s)\ < k\s\; 

3. \cr{t) -T(t)a(s)\ < kta{t). 

(It was shown in [71,72] that such a bound always exists for a saturation function.) 

Among the class of saturation functions, the standard saturation function, denoted by 

<T0, is defined by 

a0(x) = sgn(x) min{|x|, 1}. (2.8) 

The usefulness of this standard saturation function is that it represents one of the 

simplest definitions of saturation functions in its class, and it is possible to exploit 

the fact that it is piecewise linear. It is non-differentiable, and sometimes it can be 

approximated by some smooth functions, for example, the function tanh(x). 

A nonlinear function </> : 1Z —• TZ is said to be monotonically non-decreasing if 

((j)(x) — <f)(y))(x — y) > 0 for all x,y G 71. The function </> € sector[0,A:] if 0(0) = 0 

and 0 < x(f>{x) < kx2 for all x. The stronger assumption </> € slope[0, k] means that 

0(0) = 0 and it satisfies 0 < 0 ( l^~.^w ) < k for all yx ^ y2. The operator 4> is odd if 

4>{-x) = -<p(x). 

If the saturation function a satisfies \o{s)\ < k\s\, then it has an S-bound. Hence, 

the standard saturation a0(s) defined in (2.8) is obviously with an S'-bound 1. Clearly, 

it is odd and also belongs to sector[0,1] and slope[0,1]. 

2.5 Linear Matrix Inequality 

In Chapter 7, we shall use the tools of linear matrix inequalities (often abbreviated 

as LMI's) to estimate local performance of the linearized attitude control system with 

saturated inputs. Linear matrix inequalities and LMI techniques had become an area 

of intense research interest, as they are believed to be an extension of the quite useful 

algebraic Riccati equation. Analytic solutions to the linear matrix inequalities generally 

do not exist, but the numerical schemes to find feasible solutions to these inequalities 

have been a hot subject of current research activities. In summary, three factors make 

the LMI techniques appealing and a powerful design tool: 

• a variety of design specifications and constraints can be expressed as LMIs; 

• once formulated in terms of LMIs, a problem can be solved exactly by efficient 
convex optimization algorithms; 
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• while most problems with multiple constraints or objectives lack analytical so­

lutions in terms of matrix equations, they often remain tractable in the LMI 

framework. This makes LMI-based design a valuable alternative to classical "an­

alytical" methods. 

A very useful reference, which is a good introduction to the LMI's problem, is the one 

written by Boyd [12]. The authors of [12] stressed that as long as analytic solutions 

are not necessarily demanded or not achievable, reduction of an analysis problem to a 

linear matrix inequality is sufficient in some sense to have "solved" the problem. 

A linear matrix inequality (LMI) is of the form: 

m 

F(x) = F0 + Y,XiFi(x) > 0 (2.9) 

where x G TZm is the variable and the matrices F; = Fj € j^nxn a r e g j v e n for a\\ 

i = 0,1,- • • ,m. The inequality symbol in (2.9) means that F(x) is positive definite. A 

non-strict linear matrix inequality is of the form F(x) > 0, which is the result of the 

relaxation of the condition on F(x) to be positive semidefinite. 

The LMI (2.9) is a convex constraint on x, i.e., the set {x : F(x) > 0} is convex. As 

a result, its solution set, called the feasible set, is a convex subset of TZm, and finding 

a solution x to (2.9), if any, is a convex optimization problem. Convexity guarantees 

that an LMI optimization problem can be solved numerically with a unique solution 

when one exists. 

It is possible to express the multiple linear matrix inequalities F^'(x) > 0, •••, 

F^(x) > 0 as a single LMI diag{F (1)(x), • • • , F ( p )(x)} > 0. As such, multiple coupled 

LMIs are treated as a single LMI without any difficulties. 

An important manipulation upon linear matrix inequalities is the use of Schur com­

plements, by which nonlinear (convex) inequalities are converted into an LMI form. A 

simple formulation is that the LMI 

• Q(x) S(x) I 
_ S(x)T R(x) \ 

with Q(x) = Q(x)T, R(x) = R(x)T, and S(x) dependent in an affine fashion upon x, 

is equivalent to: 

R(x) > 0, Q(x) - S{x)R{x)-1S(x)T > 0. 

For example, the famous inequality 

ATP + PA + PBR-1BTP + Q < 0 

is equivalent to the LMI 

" PA + ATP + Q PB] 

BTP -R < 
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with the variable P = PT and the given matrices Q — QT > 0, R = RT > 0. 

Four generic LMI problems are listed as follows. Finding a solution x to the LMI 

system (2.9) is called the feasibility problem. Minimizing a convex objective under LMI 

constraints is also a convex optimization problem. In particular, the linear objective 

minimization problem 

minimize cTx 

subject to F(x) > 0 

plays an important role in LMI-based design. The eigenvalue problem 

minimize A 
subject to XI - A(x) > 0, B(x) > 0 ^ ' ' 

where A and B are symmetric matrices that depend affinely on the optimization vari­

able x, is a convex optimization problem. Finally, the generalized eigenvalue minimiza­

tion problem 

minimize A 

subject to \B{x) - A(x) > 0, B{x) > 0, C(x) > 0 l ' ' 

where A, B and C are symmetric matrices dependent affinely on the optimization 

variable x, is quasi-convex and can be solved by similar techniques. 

Discussion of the computational aspects of LMIs is beyond the scope of this thesis. 

However, their solution appears to be computationally tractable. Algorithms exist that 

have been shown to be of polynomial complexity, and in fact seem to be quite efficient 

in practice. The simplest one in principle is the ellipsoid algorithm. Since late 1980's, 

the interior-point methods have been proposed which are much more efficient. For 

more details on the computational algorithms, the reader is referred to [12,37] and the 

references therein. 

(2.10) 
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Chapter 3 

Stability and Robust Control 

This chapter is fully devoted to the preliminaries of robust stability/stabilizing the­
ory and the disturbance attenuation problem of nonlinear systems with exogenous 
disturbances. It is a survey of some results taken from the literature [4,35,55,59,61, 
63,93,99,102,106,108,123] on stability and robust control. 

One of the oldest and most generic methods to analyze the stability of a nonlin­

ear system is via the use of Lyapunov functions, which is variously referred to as 

Lyapunov's Direct Method, and is summarized in Section 3.1 and intensively applied 

throughout this thesis. For nonlinear control systems, it often requires to search for 

both a Lyapunov function and a feedback control. This brings the concept of a control 

Lyapunov function, which will be briefly reviewed in Section 3.2. For the disturbance 

attenuation problem, two methods have attained considerable attention, and been heav­

ily developed in recent years. One is the framework of input-to-state stability (ISS), 

which relates the peak values of the disturbance and the system state. Some standard 

results on ISS and input-to-state stabilization are surveyed in Section 3.3. Another ap­

proach for the disturbance attenuation is the (direct or inverse) nonlinear differential 

game assignment method, which relates integral penalties on the disturbance and the 

state/control pair. In this thesis, we will focus on two well-developed robust optimal 

control methods, nonlinear H^ control and inverse optimal control, which are reviewed 

respectively in Sections 3.4 and 3.5. 

3.1 Lyapunov Stability and LaSalle Theorems 

Consider the nonautonomous system 

x = f(x,t) (3.1) 

where / : X x TZ+ —* TZn with X C 1Zn is locally Lipschitz in x and piecewise continuous 

in t. If / does not depend explicitly on the time t, that is, x = f(x), the system is said 

to be autonomous. 

Definition 3 .1 . xe G X is an equilibrium point of (3.1) if f(xe,t) = 0 for all t > 0; 

the origin x = 0 is the equilibrium point for (3.1) if / (0 , t) = 0 for all t > 0. 
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In this thesis, the following comparison functions are important and frequently used. 

Definition 3.2. A continuous function a : [0, a) —* 1Z+ is of class K, if it is positive 
definite, strictly increasing and a(0) = 0. It is said to belong to class K,^ if a = oo 
and a(r) —> oo as r —> oo. 

Definition 3.3. A continuous function {3 : [0, a) x 7l+ —» TV~ is said to belong to class 

K.C if, for each fixed t > 0, the mapping (3{s, t) is of class K. viith respect to s, and for 

each fixed s > 0, the mapping P(s, t) is decreasing with respect to t and (3(s, t) —» 0 as 

t —• oo. 

Our goal is to characterize and study the stability of the equilibrium point xe of 

the nonlinear system (3.1). Without loss of generality, we shall assume that the origin 

x = 0 is the equilibrium point and thus study the Lyapunov stability1 of the origin. 

First, we present definitions of Lyapunov stability. 

Definition 3.4. The equilibrium point x = 0 of (3.1) is stable if, for any e > 0, 

there exists S(e,t0) > 0 such that if \\x(t0)\\ < S(e,t0) then \\x(t)\\ < e for all t > t0. 

Otherwise, it is unstable. 

Definition 3.5. The equilibrium point x = 0 of (3.1) is uniformly stable2 if and only 

if there exist a class K, function 7(-) and a constant c> 0, independent of to, such that 

IW<)| |<7(l |z(*o)| |) , W>t0>0, V| |x(f 0 ) | |<c . 

/ / the equilibrium point x = 0 is uniformly stable for all c > 0 i.e., for all x(t0), then 
it is globally uniformly stable. 

Definition 3.6. The equilibrium point x = 0 of (3.1) is uniformly asymptotically sta­
ble3 if and only if there exist a class ICC function /?(•,•) and a positive constant c, 
independent of to, such that 

| | x ( t ) | |< /?( | |x ( to) IM-*o) , V i > t 0 > 0 , V | |x ( t 0 ) | |<c . 

If the equilibrium point x = 0 is uniformly asymptotically stable for all c > 0, it is then 

globally uniformly asymptotically stable. 

Definition 3.7. The equilibrium point x = 0 of (3.1) is exponentially stable if there 

exist two positive numbers a and A, such that | |x(r)|| < Q||x(i0)||e~A^~io^ for sufficiently 

small x(to) and for all t > to- It is globally exponentially stable if it is exponentially 

stable for all x(t0) G TZn. 

1 Lyapunov stability and Lyapunov theory for nonautonomous systems are well documented in 
literature. Nice references on these topics include [59,93,102,108]. 

2It was shown in [59] that Definition 3.5 is an equivalence of the definition of uniform stability 
in [93,102]: the equilibrium point x = 0 is uniformly stable if, for any e > 0, there exists 5(E) > 0 
independent of to such that if ||a:(io)|| < S(e) then ||x(i)|| < £ for all t > t0. 

3It was also shown in [59] that Definition 3.6 is an equivalence of the definition of uniform asymp­
totic stability in [93,102]: the equilibrium point x = 0 is asymptotically stable if it is stable and there 
exists S(to) > 0 such that x(t) —> 0 as t —> oo for ||x(to)|| < S(to). 
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The Lyapunov/LaSalle stability theorems that follow are standard and can be found 

in many references on stability theory, for instance, the texts [55,59,62,93,102,108]. 

We start with a theorem on uniform asymptotic stability, and present two theorems 

on global uniform stability and global uniform asymptotic stability. 

Theorem 3.1. Let x = 0 be an equilibrium point for (3.1) and X C lZn be a domain 

containing the origin x = 0. Suppose that V : X x 1Z+ —> 1Z+ be a continuously 

differentiate function such that 

W1(x)<V{x,t)<W2(x) (3.2) 

dV dV 
— + — / ( * , x ) < - W 3 ( x ) < 0 (3.3) 

Vt > 0 and Vx G X, where W\(x), W^OO and Ws(x) are continuous positive definite 
functions on X. Then the equilibrium x = 0 is uniformly asymptotically stable. 

Proof. See [59, Theorem 3.8, Lemma 3.4 and Lemma 3.5] for details. • 

When Wi(x) and W2{x) are class /Coo functions and Ws(x) is relaxed to be a contin­

uous function, it follows the well-known LaSalle-Yoshizawa theorem on global uniform 

stability. Furthermore, if W^{x) is a class /C function, then the LaSalle-Yoshizawa 

theorem becomes the well-known Lyapunov theorem on global uniform asymptotic 

stability. 

Theorem 3.2 (LaSalle-Yoshizawa). Let x = 0 be an equilibrium point for (3.1). 

Suppose that V : lZn x 1Z+ —* 1Z+ be a continuously differentiable function such that 

7i(IN|)<V(x,i)<72(IN|) 
dV dV 

aF + -s-/(*,.)S-i«M«)<o 
for all t > 0 and for all x G 7ln, where 7i(-) and 72(-) are class /C^ functions and 

Ws(x) is a continues function. Then the equilibrium x = 0 is globally uniformly stable 

and limt_,oo W/3(x(^)) — 0-

Proof. It is a standard result on global uniform stability. For a complete proof, see [59, 

Theorems 4.4 and 4.5] (see also [61, Theorem 1.5]). The convergence of Wz(x) to zero 

is attained by Barbalat's Lemma 2.2. • 

Theorem 3.3 (Lyapunov Theorem). Let x = 0 be an equilibrium point for (3.1). 

Suppose that V : 1Zn x 1Z+ —» TZ+ be a continuously differentiable function such that 

7 l(|N|)<y(x,r)<72(IN|) 
dV dV 

•sr+«•/(«..) s -73(iwi) 
Vi > 0 and Vx G TZn, where 7i(-) and 72(0 are class /Coo functions and 73(-) is a class 
/C function. Then the equilibrium x = 0 is globally uniformly asymptotically stable. 
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Proof. It is a standard result on the global uniform asymptotic stability. For a proof, 

see [102, Theorem 4.1] (see also [59, Theorem 3.8 and Corollary 3.3]). • 

A function V(x, t) satisfying the left inequality of (3.2) is said to be positive definite. 

A function V(x, t) satisfying the right inequality of (3.2) is said to be decrescent. If, in 

a certain neighborhood of the equilibrium point, V(x,i) is continuously differentiate, 

positive definite and V(x,t), its derivative along the trajectories of the system, is 

negative semi-definite, then V(x, t) is called a Lyapunov function. 

Note that Theorems 3.1, 3.2 and 3.3 are only sufficient conditions for the Lyapunov 

stability, that is, if a given Lyapunov function candidate fails the Lyapunov stability 

test, it tells us nothing. However, converse Lyapunov theorem [59,102] tells us that such 

a function necessarily exists if the system is stable. These results are also applicable 

to autonomous nonlinear systems. 

3.2 Control Lyapunov Function 

The seemingly obvious concept of a control Lyapunov function (CLF), introduced 

by Artstein [5] and Sontag [105], made a tremendous impact on stabilization theory. 

It converted stability descriptions into tools for solving stabilization tasks. Artstein 

[5] also showed that the existence of a control Lyapunov function is a necessary and 

sufficient condition for the stabilization of a nonlinear control system. 

Consider two finite-dimensional Euclidean spaces: the state space X and the control 

space U. Consider a nonlinear system of the form 

x = f(x,u,t) (3.4) 

where x G X is the state vector, u G W i s the control input and / is a smooth function. 

Let x(t) — (p(t;t0,x(t0),u) denote the trajectories of (3.4) with the control u, starting 

at t0. For a given Lyapunov function candidate V(x,i), its time derivative for the 

system (3.4) is written as V(x,t) = % + ^f(x,u,t). 

One way to stabilize this control problem is to select a Lyapunov function V(x, t) and 

then try to search for a feedback control u — a(x, t) that renders V(x, i) negative. This 

search of both V(x, t) and u(x, t) brings the concept of a control Lyapunov function. 

Definition 3.8. A smooth positive definite radially unbounded function V(x, t) : X x 

1Z+ —>• 71+ is called a control Lyapunov function (CLF) for (3.4) if 

r dV dV -\ 
•mf{ — + irf(x,u,t)\<0, VxeX,x^0. 
u&u I at ox ) 

For the nonlinear systems affine in the control u 

x = f(x)+g(x)u, / (0) = 0 (3.5) 

where g(x) is also a smooth function. For a given CLF candidate V(x), it follows that 

V(x,t) = LfV + LgVu. There are nice properties for such nonlinear affine systems. 
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Lemma 3.4. A smooth positive definite radially unbounded function V(x) is a CLF 

for (3.5) if and only if LgV = 0 => LfV < 0 whenever x ^ 0. 

From this lemma, the set where LgV = 0 is significant, because in it the uncontrolled 

system has the property LfV < 0. However, if LfV > 0 when LgV = 0, then V{x) is 

not a CLF and cannot be used for a feedback stabilization design. 

When V(x) is indeed a CLF, there are many control laws that render V(x, t) negative 

definite, one of which is called a "universal" formula proposed by Sontag [107]: 

u = aa(x) = \ ~ ~ \\l9v\\* (L9V)Ti LgV^0 , 3 6 x 
[ 0 LgV = 0 

By Theorem 3.3, this formula as(x) is globally asymptotically stabilizing the system 

(3.5) because it gives V — — y/{LfV)2 + | |LgV||4, which is negative definite by Lemma 

3.4. A further characterization of the stabilizing control law as(x) is that it is smooth 

away from x = 0; moreover, a3(x) is continuous on the whole 1Zn if and only if the 

CLF V(x) satisfies the small control property; see [61,107] for details. 

Definition 3.9 (Small control property). A CLFV(x) is said to satisfy the small 

control property if, for each e > 0 there exists a 5(e) > 0 such that, if x ^ 0 satisfies 

\\x\\ < 5, then there is some control law u = ac(x) with \\ac(x)\\ < e such that 

LfV(x) + LgVac(x) < 0, Vx ^ 0. 

By standard converse Lyapunov theorem, if (3.5) is stabilizable, a CLF exists. The 

construction of a CLF is a hard problem, which has been solved for special classes of 

systems. There is still no general CLF formula for any general systems. For a larger 

class of systems, CLF's may be constructed by backstepping [35,62]. 

The following theorem establishes the equivalent relationship between the existence 

of a CLF which satisfies the small control property and the stabilizability by a contin­

uous control law which is smooth away from the origin. See [35,62,107]. 

Theorem 3.5 (Sontag). The system (3.5) is stabilizable by a feedback continuous at 

the origin and smooth away from the origin if and only if there exists a CLF with a 

small control property. 

3.3 Input-to-State Stabilization 

To formulate a nonlinear disturbance attenuation problem, we need an appropriate 

definition for the "gain" of a nonlinear system. One might consider using standard 

input/output definitions for the gain of an operator between signals spaces (such as 

£2 or Coo), but such definitions may be inadequate for several reasons: l)the gain 

definition should reflect the fact that, for nonlinear systems, relationships between 

inputs and outputs depend on signal sizes, 2)the definition should also incorporate the 

nonlinear effects of initial conditions, and, 3)methods should exist for completing the 
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defined quantities. Motivated by such considerations, Sontag introduced input-to-state 

stability (ISS) in his landmark paper [106]. 

For a general autonomous nonlinear system 

x(t) = f{x,d), (3.7) 

where x is the system state, d is a locally essentially bounded disturbance and / is 

continuous with / (0 ,0) = 0 and locally Lipschitz in x and d. 

Definition 3.10. The system (3.7) is input-to-state stable (ISS) with respect to d if 

there exist functions 7 G K.^ and /? G ICC such that for all initial states x(to) and for 

all d € £00, every solution x(t) of (3.7) starting from to satisfies 

| | *WH</?( | | * ( t6 ) | | , * -<b)+ 7(ll*| |) (3-8) 

for all t > to, where \\dt\\ = ess sup{||rf(s)|| : s G [to,t]}. 

It was showed in [59,69,111] that a necessary and sufficient condition4 for the ISS 

property is the existence of an ISS-Lyapunov function for the autonomous system (3.7), 

that is, there is a positive definite radially unbounded smooth function V : Rn —> R 

with 

ai(IMI) < V(x) < a2(\\x\\) 

such that 

VV(x)Tf(x,d)<-a3(\\x\\) + X(\\d\\)i Vx,d (3.9) 

for some /Coo functions cti(-), a2(-), a3(-) and x(-). An alternative characterizations 

using 0:4(0), p(-) G /C is 

\\x\\>p(\\d\\)^VV(xff(x,d)<-a,(\\x\\). 

Then, the ISS-gain 7(-) in (3.8) is the composition •j(-) = a^1 o a 2 o p(-). 

An important situation not covered by (3.8) is when the input d(t) is unbounded, 

but has a finite energy. Motivated by this problem, Sontag [109] introduced the concept 

of integral input-to-state stability (IISS). 

Definition 3.11. The system (3.7) is integral input-to-state stable (IISS) with respect 

to d if for some functions a, 7 G /Coo and f3 G ICC, for all initial states x(to) and all 

d, the following estimate holds: 

a(| |x(t) | |) < 0(| |z(tb)| | , t) + [ l(\\d(s)\\)ds, Vt > 0. 
Jo 

Definition 3.12. The system (3.7) is 0-GAS if the 0-disturbance system x = / (x ,0) 

is globally asymptotically stable (GAS). 

4For non-autonomous nonlinear systems x(t) = f(x,d,t), it was shown in [59] that the existence 
of an ISS-Lyapunov function V(x,t) is only a sufficient condition for the ISS property. 
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Definition 3.13. The system (3.7) is zero-output dissipative if there exist a positive 
definite radially unbounded smooth function V : Rn —> R and a class fC^ function u(-) 
such that W(x)Tf(x,d) < u(\\d\\) for all x and d. 

Remark 3.1. It was showed in [4,68,69,109] that the IISS property is equivalent to the 

existence of an IISS-Lyapunov function which differs from the ISS Lyapunov function 

in that as(-) in (3.9) is only positive definite but not necessarily of class /C^. Another 

sufficient and necessary condition stated in [4] is that the system (3.7) is IISS if and 

only if it is 0-GAS and zero-output dissipative. While ISS implies IISS, the converse 

is not true. ® 

The ISS (and IISS) concept of stability is rapidly becoming standard in the nonlinear 

control community, and many alternative stability definitions proposed in the litera­

ture have recently been shown equivalent to ISS. Moreover, Lyapunov functions are the 

powerful tools for computing the functions 7,/? in Definition 3.10 and a, 7,/? in Defi­

nition 3.11. Therefore ISS is the framework of choice for the formulation of nonlinear 

disturbance attenuation problems. Other frameworks that have received considerable 

attention in the literature include the differential game assignment problems formu­

lated by nonlinear H^ control [59,123,124,138] and inverse optimal control [35,61,63], 

which will be surveyed in the next two sections. Now, we proceed to consider the input-

to-state stabilization for the disturbance attenuation problem with control inputs. For 

the integral input-to-state stabilization, the readers could refer to [4,68,69]. 

Consider a nonlinear system of the form 

x = f(x) + gi(x)d + g2(x)u (3.10) 

where x G TZn is the state vector, d € lZq is the exogenous disturbance to be rejected 

and u G TZm is the control input. We assume that f(x), gi(x) and 52(2) are smooth 

functions and x = 0 is the equilibrium point of the nonlinear system, i.e., / (0) = h(0) = 

0. Let the solution to (3.10) be x(t) = (p(t;t0,xo,u) resulting from u = k(x) for the 

initial state x0 = x(t0). We say that (3.10) is input-to-state stabilizable if there exists 

a control law u = a(x) continuous everywhere with a(0) = 0, such that the closed-loop 

system is ISS with respect to d. 

Definition 3.14. A smooth positive definite radially unbounded function V : Rn —> R 

is called an ISS-control Lyapunov function (ISS-CLF) for (3.10) if there exists a class 

/CQO function p(-) such that the following estimate holds for all x ^ 0 and all d 6 VJ: 

| | x | |>p( | | d | | )=> M{LfV + LgiVd + Lg2Vu}<0. (3.11) 
u€7t m 

From Definition 3.14, it is noted that the set Lg2V{x) = 0 is critical because in it 

we require that LfV + | |^SlV
r | |/J -1(||x||) < 0, which means that LfV must be negative 

enough to overcome the effect of disturbances bounded by ||d|| < p_ 1( | |x | | ) . 

The following theorem [59,61,63,69,111] establishes the equivalence between the 

input-to-state stabilization and the existence of an ISS-CLF. 
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Theorem 3.6. The system (3.10) is input-to-state stabilizable if and only if there ex­

ists an ISS-CLF with small control property. 

3.4 Nonlinear H^ Optimal Control 

In the previous section, we have reviewed briefly the definitions and some results on 

the input-to-state stability and the input-to-state stabilization for nonlinear systems. 

Another approach that has attained considerable considerations for disturbance atten­

uation is the so-called "nonlinear H^ control" [55,112,123,124]. Both input-to-state 

stabilization and nonlinear H^ control fall under the general theory of dissipative sys­

tems [132]. Sontag [110] discussed the connection between ISS and dissipativity. Van 

de Schaft [123] systematically formulated the L2-gain analysis and the nonlinear H^ 

control for a class of nonlinear systems within the framework of dissipativity. 

Consider the system (3.10) with an output signal y 

x = f(x) + gl(x)d + g2(x)u, xeX,den\ueKm 

y = h{x), 

where h(x) is smooth and f(xe) = h(xe) = 0 where xe = 0 is an equilibrium point. 

Definition 3.15. The nonlinear state-feedback H^ control problem is to find 

a smooth state-feedback control 

u = a(x) , a(xe) = 0 (3.13) 

for (3.12) such that the C2-gain of the closed-loop system from the disturbance d to the 

block vector of the output y = h(x) and the input u = a(x) is not larger than j , i.e., 

there exist a smooth matrix R(x) such that R(x) = R(x)T > 0 for all x, and a positive 

function K(x), 0 < K(x) < oo with K(xe) = 0, such that 

[ (IIVWIP + \Ht)\\\)dt < 7
2 j T \\d(t)\\2dt + K(x0) (3.14) 

is satisfied for allT > 0 and for any initial condition x(to) = x0 of (3.12). 

Analogous to the linear state-space H^ optimal control theory, the nonlinear state-

feedback Hoc optimal control problem was stated in [123] as follows. 

Definition 3.16. The nonlinear state feedback Hoc optimal control problem 
is to find, if exists, the smallest value 7* > 0 such that for 7 > 7* there exists a state 

y feedback (3.13) such that the C2-gain from d to 
R1/2 

u 
is less than or equal to 7. 

The definition is somewhat different from the definition used in linear Hoo control 

where it is required that the closed-loop system is asymptotically stable. In the non­

linear case, the asymptotic stability is often implied by the finite gain property of the 
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closed-loop system, and we will find it easier to consider first the H^ problem formu­
lated in Definition 3.16 without any priori conditions on the closed-loop stability. We 
start with the following theorem [123,124]. 

T h e o r e m 3.7. Consider the nonlinear system (3.12) with disturbances. Given 7 > 0 

and a smooth matrix R{x) = R(x)T > 0 for all x € X. Suppose that there exists a Cr 

(k > r > 1) solution V : X —> 1Z+, with V(x) > 0 for all x, to the Hamilton-J acobi-

Isaacs partial differential equation 

or to the Hamilton-Jacobi-Isaacs partial differential inequality 

lgigl~92R-1gl)(-^) +^hTh<0, V(xe) = o. 

Then, the closed-loop system for the Cr~l state-feedback 

u = -R(x)LTV(x) 

8xf + 2dx\-y2i 

(3.15) 

(3.16) 

(3.17) 

solves the state feedback H^-suboptimal control problem with L^-gain < 7. Moreover, 

K(x) = 2V(x) satisfies the conditions given in Definition 3.16. 

Proof. By "completing the squares" and using (3.15) or (3.16), we have [123] 

dV dV dV 

2 1 
< -
- 2 

R-^{Lg2Vy -Rl'2u 
1 , 

2 ' 
d--2^yy 

7 

--u-Ru+-Y 

where y = h(x). Choosing u as in (3.17) and integrating with respect to t from t = 0 

to t = T, we obtain 

||y(i)||2 + u{tf'Ru{tj}dt < J ^\\d{t)\\2dt + 2V{x0)-2V{x(T)), VT > 0, 

and the worst-case disturbance d* — \(LgiV} . Since V(x) > 0, we conclude that 

(3.14) is satisfied with K{x) = 2V(x) and the £2 gain of the closed-loop system from 

d to (DI/2-J is n ° t larger than 7. • 

With minor modifications on Theorem 3.7, we obtain the following corollary that is 

very useful to the analysis of H^ inverse optimal control in later sections. 

Corol lary 3.8. Consider the nonlinear affine system (3.12). Let the constant 7 > 0 

and the matrix R(x) = RT(x) > 0 for all x. Suppose that there exists a smooth solution 
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V(x) > 0 to the Hamilton-Jacobi-Isaacs partial differential inequality 

&V_ dV_ 

dx dx 
1 T r,-! r l fdV\T 1 

-gl9i -g2R-1g1
2^—J +-h1h<0, V(xe) = 0, (3.18) 

i/ien i/ie closed-loop system with the feedback 

u = -2R-\x){Lg2V)T (3.19) 

/ms £/ie C2-gain less than or equal to 7 from d to (01/2 )• TTie "worst-case" disturbance 
is given by d* = ^{LgiV)T. 

Proof. The proof is analogous to that of Theorem 3.7 and therefore is omitted. Note 

that (3.14) is satisfied with K(x) = 4V(x). • 

With regard to the (global) asymptotic stability of the closed-loop system, the next 
theorem summarizes it as follows. 

T h e o r e m 3.9. [123] Suppose there exists a solution V > 0 to (3.15) or (3.16). As­

sume that the system x = f(x) with outputs y = h(x) and u = —gT(x)(dV/dx)T(x) 

is zero-state observable5. Then V{x) > 0 for all x 7̂  xe and the closed-loop system 

(3.12)(3.17) (with d = 0) is locally asymptotically stable. Assume additionally that V 

is proper6, then the closed-loop system is globally asymptotically stable. 

The converse of Theorem 3.7 and Corollary 3.8 is formulated as follows [43,123]. 

Suppose that there exist a smooth matrix R(x) = R(x)T > 0 and a smooth feedback 

control u = l(x) with l(xe) = 0 such that the £2-gain of the closed-loop system 

x = f{x) + gi{x)d + g2(x)l(x), 

y = h(x), u = l(x) 

[from d to (fii/2u)] is < 7. Assume additionally that (3.20) is reachable7 from x0. Then 
the storage function Va{x) and supply function VT(x) of the forms 

Va{x) = - .C & T>0\ f (72|H|2 ~ M2 ~ IH|2^' (3-21) 

uec2elo,T), T>O z Jo 
i ( 0 ) = x 

Vr{x)= .c. nmlt <o\i tfM2 ~ M2 ~ M2
R)dt. (3.22) 

ue£2e(t-i,o), t_i<o z j t _ 1 
i=v (0 , t_ i , x 0 , u ) 

5The definition of zero-state observability can be found in [43,123] and the references therein. The 
system x = f(x) + g(x)u with output y = h(x) is zero-state observable if for any trajectory such that 
u(t) = 0, y(t) = 0 implies x(t) = XQ. 

6A positive function V is called proper if, for each c > 0, the set {x € X\Q < V(x) < c} is compact. 
7The system x = f(x, u, t), x € X, is reachable if for any x £ X there exist a i > 0 and an input u 

such that x = tp(i,to,xo,u), where ip(t,to,xo,u) denote the solutions to x = f(x,u,t) with the input 
u and the initial condition XQ. 
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for (3.20) are well defined. Assume that Va or VT is smooth. Then V = Va or V = Vr 

satisfies the HJI inequality (3.16). Furthermore, the closed-loop system for the feedback 
u = — R(x)~l(Lg2V)T also has £2-gain < 7. 

In general, the HJI partial differential inequality (3.16) only guarantees a suboptimal 

solution. In order to find an optimal controller, we always expect to solve the HJI 

partial differential equation (3.15). Then, the work remains is to find an appropriate 

control Lyapunov function (CLF) V(x) to solve the HJI equation (3.15) or the HJI 

inequality (3.16), which is the most challenging task in solving the nonlinear H^ control 

problem for a nonlinear system. Unfortunately, there is no general analytical formula 

on how to construct a CLF V(x) to solve (3.15) or (3.16), and the applications of 

nonlinear H^ control have been studied only for some special nonlinear systems. If we 

hope to use Va or Vr to design the Hoo control, we must face two challenging tasks: the 

smoothness of Va and Vr is not readily given; also, verifying the reachability is generally 

a difficult task. The state-dependent Riccati equation (SDRE) method is reviewed in 

Section 1.3.2 in Chapter 1 as an approximation result of (3.15) with a locally asymptotic 

stability. Alternatively, the numerical algorithm developed by Huang [49-51] is a more 

systematic approach to (3.15). 

However, it was shown in [122,123] that there exists at least one locally smooth 

solution V > 0 to (3.15) if the £2-gain is less than 7. Denote the linearization of (3.12) 

at the equilibrium point xe as 

where 

x = Ax + B1d + B2u, xeHn,uenm,deKq, 

y = Cx, ye W, 

A = —(xe), Bl=g1(xe), B2=g2(xe), C =—(xe). 

(3.23) 

OX OX 

From linear H^ theory [30,138,139], the following two theorems [122,123] are quite 

standard and establish the local existence of a smooth solution V to (3.15). 

T h e o r e m 3.10. Assume that (C, A) is detectable. Let 7 > 0. Then there exist a real 

matrix R = RT > 0 and a linear feedback 

u = Fx (3.24) 

such that the closed-loop system (3.23)(3.24) [with inputs d to outputs (^2-)] is asymp­

totically stable and has L2-gain < 7 if and only if there exists a solution P > 0 to the 

algebraic Riccati equation 

ATP + PA + P[j-2B!Bl - B2R~lBl]P + CTC = 0. (3.25) 

Furthermore, the L2-gain is less than 7 if and only if there exists a solution P > 0 to 

(3.25) such that all the eigenvalues of A — B2R~XB2P + ^~2B\BjP lie in the open 

left-half of the complex plane, denoted by a(A — B2R~lB^P + ry~2B1BlP) 6 C~. 
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Moreover, if P > 0 is a solution to (3.25), then if we choose 

F = -R-'B^P (3.26) 

the closed-loop system (3.23)(3.24) is asymptotically stable and has Li-gain < 7 [respec­
tively < 7 if there exists a solution P to (3.25) and a(A-B2R~1BjP + j'2B1B'[P) G 

c-y. 
Theorem 3.11. Consider the system (3.23) and assume that (C,A) is detectable. Let 

7 > 0. Suppose there exist a real matrix R = R > 0 and a feedback u = Fx such that 

the Li-gain of the closed-loop system [from d to (#1/2-)/ is less than 7 and the closed-

loop system is asymptotically stable. Then there exists a neighborhood X of xe and a 

smooth function V > 0 defined on X such that V is a solution to HJI partial differential 

equation (3.15). Furthermore, the feedback u = — R~lg^(x){K^)T for (3.12) has the 

property that the closed-loop system has locally L^-gain < 7 in the sense that 

f (\\y(t)\\2 + \\u(t)\\2
R)dt < 7

2 / \\d(t)\\2dt with x0 = xe 
Jo Jo 

for all T > 0 and all d G C^(0,T) such that the state-space trajectories x(t) starting 
from x0 = xe G X do not leave X (i.e., the state-feedback H^ control problem for 7 is 
solved on the local region X). 

3.5 Inverse Optimal Gain Assignment 

Compared with the nonlinear H^ control, the inverse optimal method [35,63] solves 

the nonlinear optimal gain-assignment problem with respect to a family of meaningful 

cost functionals without solving the associated HJI partial differential equation ex­

plicitly. Moreover, Krstic showed in [63] that the input-to-state stabilization problem 

and the inverse optimal gain-assignment problem are equivalent. Precisely, an inverse 

optimal control problem for a nonlinear system is solvable if and only if the nonlinear 

system is input-to-state stabilizable. These nice properties make the inverse optimal 

control method also appealing for the disturbance attenuation problem. 

Definition 3.17. The inverse optimal gain-assignment problem for the system 

(3.10) is solvable if there exist a positive constant (3, a class K.^ function p whose 

derivative p' is also a class K,^ function, a positive definite symmetric matrix R(x), a 

positive semidefinite radially unbounded functions l(x), a smooth nonnegative function 

E(x), and a feedback control u = a{x) which minimizes the cost functional 

Ja{u) s u p j l i m \E{x{t))+ I (l(x)+uTR{x)u-p(\\d\\))dT}} (3.27) 
dGD I t^oo L J0 J J 

where V is the set of locally bounded functions ofx. 

The cost functional (3.27) puts penalties on both the state and the control as well 

as the disturbance. The state weight l(x) may be positive semidefinite and the control 
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weight R(x) is not allowed to vanish anywhere in TV1. The penalty on the disturbance 

p(||d||) is allowed to be non-quadratic. However, when p(||d||) is quadratic, for example, 

P(ll^ll) = 72|l^l|2 f° r 7 > 0, it is possible to establish a relationship between the inverse 

optimal control method and the nonlinear H^ control approach. In fact, this is what 

we will do for the nonlinear attitude control problem in Chapters 5 and 6. 

Before further development of the main results on inverse optimal control [63], the 

following notations are needed: For a class K^ function p(-) whose derivative exists 

and is also a class K.^ function, £p denotes the transform 

lp(r) = r(Pr1(r)-p((Pr1(r)) (3.28) 

where (p')-1!7") stands for the inverse function of -^jjp-- Using integration, it is easy to 
show that £p is equivalent to the Legendre-Fenchel transform £p(r) = J^(p')~1(s)ds. 
See Appendix C for more properties of the Legendre-Fenchel transform £p{r). 

Krstic [63] provided a sufficient condition for the solvability of the inverse optimal 

gain assignment problem by the following theorem. Since the theorem is heavily applied 

to our attitude control problem, we repeat the proof here for comprehension. 

Theorem 3.12. [63] Consider the auxiliary system of (3.10) 

x = f(x) +9i(x)ep(2\\LgiV\\)^^ + g2(x)u, (3.29) 

where V(x) is a control Lyapunov function candidate; p is a class /C^ function whose 

derivative p' is also a class K,^ function. Suppose that there exists a matrix-valued 

function Ri{x) = E%(x) > 0 such that the control law 

u = a(x) = -R2\x){Lg2V)T (3.30) 

globally asymptotically stabilizes (3.29) with respect to V(x). Then the control law 

u = a*(x) = -(3R^(x)(Lg2V)T (3.31) 

with (5 > 2 solves the inverse optimal gain assignment problem for the nonlinear system 

(3.10) by minimizing the cost functional 

Ja(u) = sup ( lim \2{3V(x(t)) + f (l(x) + uTR2(x)u - / ^ ( f t W l ) (3.32) 
dev I *^°° L Jo ^ A / J J 

for any X € (0,2], where 

l(x) = - 2(3LfV - 2p\£p{2\\LgiV\\) + p2Lg2VR^(L92V)T. (3.33) 

Proof. Since the feedback control law u = a{x) in (3.30) stabilizes the auxiliary system 

(3.29), there exists a continuous positive definite function W(x) such that 

LfV + £p(2\\LgiV\\) - Lg2VR^(Lg2V)T < -W(x,6) < 0, 
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which brings 

l(x) > W(x) + 0(2 - X)£p(2\\LgiV\\) + 0(13 - 2)Lg2VR2
l(Lg2Vf. 

Since f3 > 2, R2(x) > 0 and W(x) is positive definite, l(x) is also positive definite. 

Therefore, the cost functional Ja(u) defined in (3.32) with l(x) given by (3.33) is a 

meaningful cost functional, which puts penalties on x(t), u(t) and d(t). Substituting 

l(x) into (3.32), letting v = (u — a*) and applying the transform (3.28), we have 

Ja(u) = sup ( lim \2/3V(x(t)) - 2/3 f (LfV + LgiVd + Lg2Vu)dr 

+ / [f32Lg2VR2\Lg2V)T + 2f3Lg2Vu + n r / ? 2 n)d r 

+ f (2(5LgiVd - (3\lp(2\\LgiV\\) - / ? A p ( M ) ) d r ' 

= sup ( lim hf5V(x{t)) -2(3 [ dV < ' -T 

d <- '-*00 L Jo 

-2\\\LgiV\\{Pr\m9M) + M{pT\m9M))-M~))dr 
roo /'Co 

= 2pV{xQ) + / (u - a*)TR2(u - a*)dt + /?A sup / n(d, cf )d£, 
'0 d Jo 

where <i* is the "worst-case" disturbance given by d* = X(p')^1(2\\LgiV\\) .J1 y,, and 

the notation U(d,d*) is defined as 

n(^)-p(W)-Kf)-/(ieil)gir--, 
By £p(p'(r)) = r(p')(r) — p(r) (shown in Appendix C), it follows that 

+ / vTR2vdT + (3 I [2LgiVd 
o Jo Jo 

A J \\d*\\ X 

By the Young's Inequality (shown in Appendix C), we have that 

nW,)<_-^)-^))^^)+^)H 
and U(d,d*) = 0 if and only if d = d*. Thus supdf0°° II(d, d*)di = 0. Hence, the 

minimum of the cost functional Ja(u) defined in (3.32) is reached with u = a*(x), 

and the feedback control law (3.31) minimizes the cost functional (3.32). The value 

function8 of (3.32) is J*(x) = 2(3V(x). D 

Remark 3.2. The parameter /3 > 2 in Theorem 3.12 represents a design degree of 

freedom. The parameter A € (0,2] indicates that the same control law is inverse 

8The "value function" [61,62] is a function of the state x and is valued as the minimum of the cost 
functional Ja(u) when the initial time is set as t, instead of to, for all t > 0. 
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optimal with respect to an entire family of different cost functionals. Implicitly, the 
associated Lyapunov function V(x) solves a family of HJI partial equations 

LfV - ^Lg2VR^(Lg2V)T + ^p(2| |L f f lV||) + ^ = 0. 

A nice characterization proved by Krstic [63] on the inverse optimal control is that 

the solvability of the inverse optimal gain assignment problem for the nonlinear system 

(3.10) is equivalent to the input-to-state stabilizability of (3.10). 

Theorem 3.13. If the system (3.10) is input-to-state stabilizable, then the inverse 

optimal gain assignment problem is solvable. 

Proof. See [63, Theorem 3.2] (see also [61, Theorem 2.10]). (Theorem 3.13 tells us how 

to construct a stabilizing control (3.30) in Theorem 3.12 using the Sontag's formula for 

any nonlinear systems that is input-to-state stabilizable.) D 

Theorem 3.14. / / the inverse optimal gain assignment problem for the system (3.10) 

is solvable, then the system is input-to-state stabilizable. 

Proof. See [63, Theorem 3.3] (see also [61, Theorem 2.12]). • 

Another nice characterization is that an inverse optimal controller has infinite gain 

margin, which implies that the controller remains stable in the presence of a certain 

class of input uncertainties. Without proof, we recall the following theorem [63, The­

orem 4.2] on stability margin. 

Theorem 3.15. If a controller solves the inverse optimal gain assignment problem for 

(3.10) with B,2(x) = I, then it is input-to-state stabilizing for the system 

x = f(x) + gi{x)d + g2(x)a(u + y) 

x = /(x) + <KxK y = Hx) 

where a € [1/2, oo) and the xsystem is strictly passive. 
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Chapter 4 

Dynamic Models of At t i tude 
Control System 

4.1 Introduction 

In this chapter, the models of attitude kinematics and dynamics are presented for 

the attitude control system (ACS) of a wheel-controlled satellite, and subsequently the 

attitude tracking control problem is formulated. The structure of the attitude control 

system is shown as in Figure 4.1. This chapter contains only the dynamic models that 

will be applied in this thesis. More comprehensive explorations can be found in the 

texts [53,88,101,117,118,126] and the references therein. 

It is known that the basis for modelling attitude kinematics and dynamics is the 

reference coordinate frames and the orientation vectors. The definitions of several 

coordinate frames will be presented in Section 4.2. The mathematical representations 

of the attitude vector using the Euler angles and the unit quaternions will be presented 

in Section 4.3, in which the attitude kinematics is derived correspondingly. Based on the 

Euler theorem, attitude dynamics is presented for the wheel-controlled attitude control 

system in Section 4.4, in which the models of wheels and geomagnetic field are also 

briefly introduced and a magnetic unloading algorithm is then designed for managing 

angular momentum of the wheels. In Section 4.5, nonlinear attitude tracking control 

problem is formulated using the unit quaternions to represent the attitude. 

Before formulating the dynamic models for the attitude control system, some basic 

notations are required to be introduced first. Let 50(3) be the Lie group of orthogonal 

matrices of order 3 and determinant 1, where the direction cosine matrix lies, i.e., 

C E 50(3) if and only if CTC = I3 and det(O) = 1. Let 5(3) be unit sphere in R\ 

where the unit quaternion lies, and T5(3) be the tangent bundle of 5(3). Let V be a 

normed linear vector space of dimension 3 and be endowed with an inner product, in 

which the reference frames are defined. Another important linear operator, the cross-

product matrix, denoted by a x , is heavily applied throughout this thesis and defined 

as follows. 

Definition 4.1. A linear operator ax : V? —> TZ3x3 induced by the real vector a = 
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Figure 4.1: The s tructure of the a t t i tude control system 

[ai,a2,a3}
T is called a cross-product matrix and defined as 

a = 

0 
a3 

-a2 

- a 3 

0 
(Xi 

a2 

— CLi 

0 
(4.1) 

The name "cross-product matr ix" comes from the fact tha t the cross product of two 

3-dimensional vectors a € 1Z3 and b € TZ3 is expressed as a linear operation axb — axb. 

The linear operator a x is a skew-symmetric matr ix and has the following important 

properties listed in the lemma below: 

L e m m a 4 . 1 . For all a G TZ3 and b E1Z3, it follows that: 

Property 1: 

Property 2: 

Property 3: 

Property 4: 

Property 5: 

Property 6: 

Property 7: 

( a x f = - a x ; 

axb = —bxa , axa 

aTbxa = 0 ; 

(a + b)x =ax +bx : 

axbx = baT - aTbI3 

(axb)x =baT -abT; 

\\ax\\ = \\a\\ = v a T 
a . 

Proof. Proper ty 1 follows from a x being skew symmetric; property 2 is obtained from 

the facts tha t a x b = —b x a and a x a = 0; property 3 is due to the result tha t the 

quadrat ic form of a skew-symmetric matr ix is identically zero; property 4 is due to the 

linearity of the operator ax in a; property 5 follows from the cross-product implication 
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that 

ax (b x c) = axbxc = (a- c)b - (a • 6)c = (6aT - aTbI3)c 

for all c e K 3 ; property 6 is obtained from the fact that 

(ax b) x c= (axb)xc = (a • c)6 - (6 • c)a = (6aT - abT)c 

for all c e IIs; from Definitions 2.1 and 2.2, property 7 can be easily verified for the 

induced 2-norm of the matrix ax and the vector norm of a. • 

4.2 Reference Coordinate Frames 

To make a difference, we use symbols in bold to denote coordinate frames and the 

vectors related to these coordinate frames. A coordinate frame system in V is given by 

a set of orthonormal basis vectors that obey the right hand rule, say, {e r x , e^ , erz}, and 

can be considered as a linear operator TT : TZ3 —*• V (a row of three vectors) defined 

by J-r = [erx, e^ , erZ]T. In this thesis, there are three reference coordinate frames of 

interest, namely, an inertial reference frame Tj, an orbital reference frame T0 and a 

body reference frame J-b, which are defined as follows: 

• Orbital reference frame T0: A local vertical local horizontal (LVLH) reference 

frame is defined with the center of mass of the spacecraft as its origin. The 

LVLH frame has a set of unit vectors {x0, y0, z0}, with z0 pointing toward the 

center of mass of the earth, x0 along the velocity direction of the spacecraft, and 

y0 completing an orthogonal right-handed Cartesian frame system, shown as in 

Figure 4.2(a). 

• Inertial reference frame T\: For an earth-orbiting spacecraft, an inertial co­

ordinate system is commonly defined with the center of mass of the earth as its 

origin and whose direction in space is fixed relative to the solar system. Its basic 

directions {X ,Y, Z} in space is inertial with respect to the solar system, where 

X points toward the Vernal Equinox, Z is the axis of rotation of the earth in 

a positive direction (north) and Y completes an orthogonal right-handed frame 

system, shown as in Figure 4.2(b). 

• Body reference frame Tb'- It is an orthogonal right-handed frame system with 

its origin located at the center of mass of the spacecraft and with a set of mutually 

perpendicular unit vectors {a%, yb, Zf,}. The frame Tb is fixed to the spacecraft 

and commonly used to represent the attitude of the spacecraft with respect to 

other reference frames, such as T0 and Tj. 

Discussion of the orbit control problem is beyond the scope of this thesis. However, 

for the attitude control problem, it suffices to assume that the spacecraft is moving in a 

Keplerian orbit [53,101] for simplicity of analysis. With this assumption, the location 

of the satellite in orbit can be perfectly determined by six classical orbit parameters 

[a0, e0, i0, fi0, u0,90]
T, as illustrated in Figure 4.2(b). In the inertial reference frame Fj, 
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(a) Orbit Reference Frame (b) Inertial Frame and Orbit Parameters 

Figure 4.2: Orbit reference frame T0 and inertial frame Ti 

the orbit plane is denned by the right ascension of the ascending node, denoted Q0, 

and the orbit inclination i0. On an elliptic orbit with a large semi-radius a0 and with 

an eccentricity e0, position of the spacecraft mass center 0o is defined by the radius 

vector r and the true anomaly 0O, which is combined with UJ0 into the orbit argument 

u0 = u0 + 90, where ui0 is the argument of perigee, the angle between the ascending 

node and the orbit perigee rp in the orbit plane. More detailed interpretations can be 

found in the textbooks [53,101]. 

4.3 Kinematic Equations of Att i tude Motion 

The attitude operator is defined as a linear transformation bringing a given reference 

frame Tr to a body fixed frame T\,. This transformation is of the form 

c6r = j y 7 , (4.2) 

where * denotes the adjoint of a linear transform. It follows from the definition that 

Cjr — Clr and ||C(,r|| = 1. The orthonormality of the basis vectors implies that Cbr 

is orthogonal, i.e., C^Cbr = 1$. There are three eigenvalues for Cbr '• {l,eJ '*,e--? '*}. 

Let the eigenvector corresponding to the eigenvalue 1 be e = [el5 e2, e3]. By the Euler 

theorem, Cbr is equivalent to an angular rotation about the axis e over the angle <3>. 

This equivalence will be applied later-to define a unit quaternion q. 

This coordinate frame representation C^ is known as the attitude matrix, which has 

9 elements subject to 6 constraints imposed by the orthogonality. We may need sim­

pler representations. The minimal number needed to represent attitude orientations 

is 3 without constraints. The commonly used minimal-parameter representations in­

clude Euler angles, Rodriguez parameters and Euler axis/angle parameters. However, 

minimal-parameter representations are only a locally one-to-one and onto mapping of 

an attitude matrix, and there are always singularities at some spacial orientations. The 
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Figure 4.3: Euler angles and coordinate transformation 

minimal number of parameters that can globally represent attitude without singulari­

ties is 4 with one constraint, such as the unit quaternion (also called Euler parameters). 

Among those mathematical representations of the spacecraft attitude, the most effi­

cient and commonly used ones are based on the Euler angles and the unit quaternion. 

Attitude representation using the Euler angles is simpler and has a more obvious ge­

ometrical interpretation but also has singularities. Compared to the Euler angles, the 

attitude representation using the unit quaternion is free of singularities but has no clear 

geometric meanings. 

4.3.1 Attitude Kinematics in terms of Euler Angles 

The Euler angles, known as the roll angle <p, the pitch angle i? and the yaw angle tp, 

are in general defined by three successive angular rotations from the orbital reference 

frame T0 to the body frame T\,. In this thesis, we perform the angular transformations 

•0 —>• 99 —> T9 successively, shown as in Figure 4.3: 

1. Rotate the frame {xo,y0,zQ} about z0 through the yaw angle tjj to the frame 

2. Rotate the frame {x',1/,2!} about x' through the roll angle ip to the frame 

K,y",^'}. 

3. Rotate the frame {x", y", z"} about y" through the pitch angle •d to the frame 

{xb, yb,Zb}. 

Then, the resulting complete coordinate transformation can be expressed as 

Xb 

Vb 

Zb . 

= Cbo(<p, 0, tp) 

-

XQ 

Vo 

. Zo 

or 

XQ 

Vo 

Zn 

C£faW) 
xb 

Vb 
zb 
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where the rotation matrix Cb0(tp, i9, ip) (also called the direction cosine matrix) in terms 
of three Euler angles is given by 

Chn — 

cos t?cos ip — sin $sin < ŝin ip cos i?sin ip + sin i9sin ipcos ip —sin $cos (p 

—cos if sin ip cos (pcos tp sin (p 

sin i?cos ip + cos $sin ysin ip sin i9sin ̂  — cos tfsin ipcos ip cos i?cos ip _ 
(4.3) 

As a consequence of three succussive angular rotations, the Euler angular velocity 

of the body frame T\, relative to the LVLH frame T0 is given by 

Wfco — 

0 1 Tcos i? 0 — sin d 

•d + 0 1 0 

0 J [sini? 0 cos1?? 

cos^ 0 —sint?cos<£ 

0 1 sin ip 

_sin •& 0 cos $cos <p 

+ 
cos i9 0 — sin #' 

0 1 0 

sin •# 0 cos •d 

1 

0 
0 

0 0" 

cos ip sip 
— sin <p ap_ 

"0" 

0 u\ 
(4.4) 

Let w and tOoi denote the angular velocities of the body frame Tb and the orbital 

frame T0, respectively, with respect to the inertia frame Ti and let both of them be 

expressed in the body frame Tb- By the definition of the orbital frame T0 in a circular 

orbit, the angular velocity of T0 with respect to Ti is expressed in the frame T0 by 

u)Q = [0, - n 0 , 0] , (4.5) 

where no is the mean motion given by TIQ = # and T0 is the period of the orbit motion 

of the spacecraft. 

By the differential equation of a rotation matrix C, it follows that Cbo — —^bo^bo 

and C0i = —uj^Coi, (see Appendix C). Since Cu = Cb0C0i, it follows that 

CO : = U>bi — ^bo + l^ai — ^bo + Cfco^O 

Thus, substituting Eqs.(4.3) and (4.4) into Eq.(4.6) yields 

(4.6) 

L w3 J 

ip cos i? — ip sin $ cos <p — no(cos d sin ^ + sin -d sin y? cos ip) 

$ + ip sin ip — no cos </? cos •0 

99 sin $ + ip cos 7? cos ip — no(sin $ sin ip — cos i9 sin <p cos •0) 

(4.7) 

Conversely, it follows the attitude kinematics in terms of the three Euler angles 

•d 

W\ cos °d + w% sin d + no sin ip 

W2 + tan v?(wi sin 1? — W3 cos 1?) + no cos ^ / cos 93 

(u;3 cos $ — w\ sin 1? — no sin ip cos •0)/ cos <p 

(4.8) 

from which we see that singularities occur at <p = ±90°. Precisely, the Euler angles # 

and ip lie in the same plane when ip = ±90°, resulting in the difficulty in determining 

fl and ip validly. Having singularities is the main disadvantage of the attitude repre-
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sentation using the Euler angles. When the angles <p, •& and ip are assumed small, we 
can linearize the equations of the attitude kinematics as 

Cbo — 

1 
"0 
0 

i> 
l 

-tp 

-tf 
<P 
1 

7 

(jjx 

U2 

_ w 3 . 

= 

" (p - n07p 

"& ~n0 

_ ip + n0(p 

(4.9) 

4.3.2 Att i tude Kinematics in terms of Quaternion 

Compared with the Euler angles, attitude representation using the unit quaternion 

is free of singularities and has a constraint. It has been stated that the rotation matrix 

Cbr in (4.2) is equivalent to an angular rotation about e = [ei,e2 ,e3]T over an angle 

$ , which transforms the reference frame TT {TT may be either T0 or T{) to the body 

frame J7/,. Then, elements of the quaternion q = [q\,q2,93, qi]T can be defined as 

ft = e iSin(-) , 94 = cos ( - ) , * = 1,2,3, 

where qv = [qi, q2, q^]T is called the vector part of q and q± is the scalar part of q. Clearly, 

the quaternion [q^, g4]T is a redundant system with a nonlinear algebraic constraint 

QvQv + ql = I- (4.10) 

The rotation matrix Cbr associated with the angular displacement q = [q£,q4]T is 

now expressed as 

Cbr(q) = (ql - qUv)h + 2qvq
T

v - 2g4?„x• (4.11) 

Differentiating the quaternion vector q brings the attitude kinematics in terms of 

the unit quaternion q (cf. Appendix A): 

9v = 2 ^ 3 + ?* Vftr = 2 (94 /3 + Qv)(^ ~ Cbr{q)uJr 

<?4 = -^v^br = - - ^ ( ^ - Cbr{q)Uri), 

(4.12) 

where Lobr is the angular velocity of the body frame T\, with respect to a reference frame 

Tr] u)T{ is the angular velocity of the reference frame Tr with respect to the inertial 

frame Tj\ both of them are expressed in the body frame Tb-

\ITT is chosen as J7/, then ujri in Eq.(4.12) is absolutely zero, uiri = 0. If Tr is chosen 

as J-0, then uri is given by uri = Cbo(q)ojQ and the attitude kinematics Eq.(4.12) can 

be finally represented as (See Appendix B for the detailed derivations) 

Qv = 2 ( ^ /3 + q*)u - l(q4h ~ 9 * H , 

?4 = - ^ ( w - u;0). 
(4.13) 
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With the choice of Tr being T0, there exists a rather direct relationship between the unit 

quaternion q = [qi,q2,Q3,Q4\T and three Euler angles (in the 3-1-2 rotation sequence): 

$ . (p ib i? tp tb 
Qi = cos — sin — cos sin — cos — sin —, H 2 2 2 2 2 2 ' 

$ <p ib d . tp . tb 
<72 = sin — cos — cos — 1 - cos — sin — sin —, H 2 2 2 2 2 2 ' 

i? tp ib d tp ib 
q3 = sin — sin — cos — + cos — cos — sin —, H 2 2 2 2 2 2 ' 

•d tp ip •& tp ib 
q* = cos — cos — cos sin — sin — sin —. H 2 2 2 2 2 2 

At this point, we may ask: What single angular displacement q = [q^,q^\T cor­
responds to two successive angular transformations, first q' = [{q'v)

T, q'4]
T and then 

Q" = [(Q")1'i Qi]T^ These two transformations can be expressed in the quaternion ter­
minology by C(q') for the first rotation and by C(q") for the second one. Then, the 
following expression holds 

C(q) = C(q")C(q'). (4.14) 

The resulting quaternion q can be extracted from C(q). Fortunately, it is much easier 

to perform a direct quaternion multiplication, resulting in the answer being 

Q4 = -(q'vYq'v 
r ( 4 1 5 ) 

4.4 Dynamic Equations of Att i tude Motion 

4.4.1 Dynamic Equations of At t i tude Motion [53,101,126] 

A typical spacecraft structure consists of two principal parts: rigid center body and 

flexible solar panels. The solar panels are appended to the center body by gimbals, 

so that the panels could be rotated toward the sun from any orbit location. To gain 

satisfactory control accuracy, three or more reaction wheels - known as momentum 

exchange devices - are mounted in the satellite as attitude actuators to provide almost 

continuous torques for controlling the attitude. 

Attitude dynamical equations of a spacecraft can be established by Euler's momen­

tum equation 

dH« 

dt 

dHs 

dt 
+ uxHs = Tc + Td, (4.16) 

B 

where the subscripts "/" and " 5 " denote the derivatives with respect to the inertial 

frame Ti and the body frame TB-, respectively; Hs denotes the total angular momentum 

Hs G 7?.3 of the spacecraft system in the body frame JFb; uj e T2.3 is the angular 

velocity of the spacecraft with respect to the inertial frame Tj; Td 6 7Z3 and Tc G 1ZS 
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are the external disturbance torques and the external control torques respectively. 

For simplicity of analysis, we assume that the spacecraft's transitional and rotational 

dynamics are decoupled and addressed independently. With this assumption, we have 

the total angular momentum Hs of the spacecraft as 

Hs = Hb + Hw + Hp = Ju + CWJWQW + 5pfjp, 

where the subscripts uw" and "p" denote the wheel and the solar panel respectively. 

Then, we obtain the Euler's equations of motion for spacecraft attitude as 

JCJ + CwJwhw + 6T% + cux {JUJ + CwJwnw + S^fjp) = TC + Td, (4.17) 

rip + 2£poy7p + a\r]p = 8POJ} (4.18) 

where ttw G Wlw is the angular velocity of the wheels with respect to the body of 

spacecraft; r\i of r]p G TZ""1 is the amplitude of the ith flexible mode of the solar panels. 

With regard to vector dimensions, nw denotes the number of reaction wheels, nv is 

the number of flexible modes of the solar panels. Formal definitions of the different 

matrices are as follows: 

J G 7£3x3 - overall inertia matrix of the integrated satellite system; 

Jw G 7?."u,xn"' - inertia matrix of the wheel arrays; 

Cw €.TZ3xrlw - configuration matrix of the wheel arrays; 

5P G TZnr>x3 - flexible modes coupling matrix; 

£p G TZnvxn*> - flexible modes damping matrix, diagonal; 

Op G TZnvxnv - flexible modes frequency matrix, diagonal. 

4.4.2 Model of Reaction Wheels [101] 

Inside a spacecraft, a symmetric rotating body produces an angular torque when 

accelerated about its axis of rotation. Since the momentum caused by the rotation 

is internal to the spacecraft, its increase does not change the overall momentum of 

the system but merely transfers the momentum changes to the spacecraft. This is the 

principle of conservation of angular momentum. 

The reaction wheels may be mounted in the satellite with its rotational axis in any 

direction relative to the body frame T\>. For controlling attitude in space, at least 

three reaction wheels are required and we assume that the number is m (m > 3). Let 

Cw denote the configuration matrix of the wheels. Then, the momentum vector of all 

wheels inside the satellite can be expressed in the body frame as 

" w [-^-wxt H-wyi ^wz\ ^w^w^^w 

where Jw = diagfJ^, • • • , JWm] and Qw = diag[Qi, • • • , f2m]. The complete dynamical 

model of a reaction wheel in torque command mode is shown as in Figure 4.4. To enable 

the linear transfer function analysis, the blocks describing the dry friction Fj and the 

saturation nonlinearity are omitted. Then, the transfer function from the commanded 
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1 u* 

Attitude 
Dynamics 

Figure 4.4: Wheel model in torque command mode 

torque uw to the reactional torque hw can be written as 

hw(s) (K/RM)S 
GJs) = 

u „ )̂ (*+i fc) [ s+i(5+^: 
With the valid assumption that B —> 0 and by choosing K 3> KVKMI Jw, the transfer 
function Gw(s) is simplified to 

Gi, 
hw(s) 1_ 

U„,(s) T„,S + 1 
(4.19) 

where TW = RM/K is called the time constant, which is small. For a good reaction 

wheel assembly, rw may be of the order of milliseconds and can be neglected if necessary. 

Then, the dynamic equation of the wheels can be rewritten as 

Let uc be the control torque vector computed from the control laws and uw be the 

input signal to drive the reaction wheels. Let T^ denote the control torque input to 

the attitude control system for controlling the spacecraft attitude. Then, we can set 

up the following allocation implications for the wheel array assemblies 

J-cw '^w'^wi l^w ^w \Syw^-/
w) ^ c -

4.4.3 Environmental Disturbances 

An analysis of external disturbances which are caused by space environment and have 

serious effects on the satellite's attitude is a prior to the design of an attitude control 

system. In general, gravity-gradient torque, aerodynamic torque, solar radiation torque 

and magnetic torque are the primary environmental disturbances considered in the 

attitude control system of a spacecraft. Here, we only present the results taken from 

the texts [53,101,118,126] and readers can refer to these texts for more details. 
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Gravity-Gradient Torque 

Gravitational torque is generated when the vector of gravity, which depends mainly 

on the satellite's attitude and mass properties, does not pass through the center of mass 

of the spacecraft. Under the assumption that the spacecraft is moving in a Keplerian 

orbit and the earth is spherical, the gravity-gradient torque can be expressed as 

3/i/ 
Tgd=-—rxJr 

where r indicates the position of the spacecraft and r = 11 r\ | is the disturbance from the 

center of mass of the earth to that of the spacecraft; fi = 398600.5km3/s2 is a constant, 

and J is the inertia matrix. In the LVLH frame T0, r is given by r = [0, 0, — r]T. By 

the rotation matrix (4.3), we can estimate the gravity-gradient torque Tgd in the body 

frame jPj in terms of the three Euler angles as 

Tgi = firC^s - h)COST?sin<pcosip, 

Tg2 = f#(Ja - J\) sin0cost?cos2 <p, (4.20) 

Tg3 = f£(Ji - J2) sin-d sirup cos ip, 

in which those terms related to the off-diagonal elements of J are ignored. 

Aerodynamic Torque 

The rapid spacecraft motion through the tenuous upper atmosphere causes the aero­

dynamic torque. For an LEO spacecraft with altitude less than 500km, the aerody­

namic toque is predominant among all external disturbances caused by the space envi­

ronment. Between the altitude of 120km and 800km, we can consider atmospheric air 

as a flow of free molecules that generates atmospheric drag when spacecraft is moving 

on its orbit. Atmospheric drag causes a satellite to slow down and thus the satellite al­

titude will lower to gain velocity The aerodynamic drag is assumed to be proportional 

to air density and the square of the relative air velocity 

Fa = \pv2CdAV0. 

Then, the aerodynamic torque can be estimated as 

Tad = Lcpx Fa, (4.21) 

where Cd and p are the drag coefficient and the atmosphere density respectively; Vo is 

the unit vector along the air flowing velocity; L^ is the vector offset from the center 

of mass of the spacecraft to the center of aerodynamic pressure; A is the spacecraft's 

area perpendicular to Vo; v is the flight rate of the spacecraft. 

Residual Magnetic Torque 

This torque arises from the interaction of the residual magnetic moments of the 

spacecraft with the earth's magnetic field. The primary sources generating such mag-
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netic torques are the onboard residual magnetic moments, eddy currents and hysteresis. 

Among these, the onboard residual magnetic moment is usually the predominant source 

of the magnetic torques. Assume that the residual magnetic moment is A M and the 

geomagnetic field in body reference frame is expressed by B. (The geomagnetic field 

model will be introduced later.) Then the residual magnetic torque Tmd is given by 

Tmd = AMxB. (4.22) 

Solar Radiation Torque 

The solar radiation torque is generated by the exchange of moments between ra­

diation particles and satellite surfaces. The total radiation force acting on the whole 

surfaces of the satellite can be written as [53] 

2 
Fs = p(ca + crd)ApSQ + p(2crsApp + -cTdAp)N0 (4.23) 

where p is the incident momentum flux, p « 4.51 x 10~6N/s2 for LEO satellites; ca 

is the absorption coefficient of surface under sun shining, crd the diffuse reflection 

coefficient, crs the specular reflection coefficient, ca + crs + crd = 1; So is the unit 

energy flux vector from the Sun to the satellite, No is the unit inward surface normal 

vector. Ap = §A H(cos a) cos ad A and App = §A //(cos a) cos2 ad A are two integrating 

functions with respect to the whole surface area A, where a is the angle of incidence 

of the solar radiation, measured with respect to the normal; H(x) is the Heaviside 

function, H(x) = 1 if x > 0, else H(x) — 0. 

Let Lsp denote the vector offset from the center of mass of the satellite to the center 

of solar radiating pressure. Then, the solar radiation torque can be estimated as 

Tsd = Lsp x Fs. (4.24) 

4.4.4 Geomagnetic Field and Magnetic Unloading 

In the attitude control system, the geomagnetic field affects the system performance 

in a dual way: the interaction with the residual magnetic dipolar moment of the space­

craft generates disturbance torque, which will deteriorate the system performance; on 

the other hand, with a well-designed algorithm, the interaction with three magnetor-

quers will generate beneficial torques to remove part of the unexpected excess angular 

momentum of the wheels, which will improve the system performance. 

Geomagnetic Field Model 

The predominant portion of the geomagnetic field, B, can be expressed as the gra­

dient of a scalar potential function V, 

B = - W , (4.25) 
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Figure 4.5: Analysis of magnetic momentum unloading 

where V is represented by a series of spherical harmonics 

oo n D 4.1 

V(r,\,ee) = RoJ2J2 Pn(^s9e){ [ C Z ( Y Y + ( 1 " C?n)(^Y~ ]<CcosmA 
n = l m=0 

•tm fRo\n+1 

« ( £ ) * +<»-c£K?J hm sin mA } 
where RQ is the equatorial radius of the earth, RQ = 6378.15km; n is the order of the 

magnetic field model to be calculated; P™(cos6e) is the Legendre function (Schmidit 

normalized); g™ and h™ are Gaussian coefficients of the IGRF model, m < n; r is the 

geocentric distance from the earth center to the spacecraft; 6e is the co-elevation of 

the satellite (south positive); A is the east longitude from Greenwich; C ^ and C™n are 

small correcting coefficients. In practice, the correcting coefficients C[£ and C™n are 

very small. Hence, it is reasonable to simplify the analysis of V to 

oo „ . n 

V(r,X,6e) = R*Y,{y) E (C<^rnX + h^ammXJP^(cos9e). (4.26) 
n = l m = 0 

In general, the larger the order n is, the more accurate the model is with respect to 

the actual magnetic field B; see [126, Appendix H] for the detailed computations of the 

model of the magnetic field. Actually, the magnetic field B changes nearly periodically 

as the spacecraft orbits the earth. For simplicity of analysis, the magnetic field B can 

be approximated by a dipole [126] and thus its magnitude is approximated by 

1511 = 
VE , 

l + 3sin20m)1 / 2 (4.27) 

where /j£ = 8.1 x 1015Tm3 and 6m is the magnetic latitude measured from the geo­

magnetic equator. 

Momentum Management of the Wheels 

External disturbances acting on the spacecraft induce an accumulation of momentum 

in the momentum exchange devices such as wheels. This excess momentum might bring 

the wheels to improper working conditions. Moreover, the existence of excess angular 

momentum in the satellite might cause control difficulties when attitude maneuvers in 
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space are executed, because this superfluous momentum provides the spacecraft with 

unwanted gyroscopic stability. For these reasons, three-axis stabilized spacecraft with 

a capacity of maneuvering are basically zero-bias-momentum systems and the excess 

momentum must be unloaded when it exceeds some predetermined limiting values. 

We assume that three magnetorquers are installed along the three axes of the body 

frame T^ as actuators to dump the wheel. Magnetorquers generate magnetic moments 

whose interaction with the geomagnetic field produces necessary torques to remove 

the excess momentum. The strategy for this momentum unloading approach is quite 

simple, as shown in Figure 4.5. 

Let Mmax denote the maximal magnetic moment of a magnetorquer and km be the 

unloading control gain. Suppose that h is the actual wheels' momentum vector, hc is the 

desired momentum vector and B is the magnetic field vector. Then, AHW = Cw(h — hc) 

is the additional momentum to be removed in the frame T\, and a momentum-unloading 

algorithm is designed as 

M = km(AHwxB)/\\B\\2 

Tm = MxB = -km[B2AHw - B(B • AHW)}/\\B\\2 

where Tm is the magnetic torque provided for unloading the excess momentum. If 

Mi > Mmax , let Mj = Mmax for i = 1,2,3, the elements of M. The control gain km is 

often obtained by the trial-and-error method. 

Physically, with the unloading algorithm (4.28), the magnetic torque Tm can only 

unload the momentum error component AH± that is perpendicular to the magnetic 

field B at a given time, shown as in Figure 4.5. Fortunately, the component AH\\ 

paralleling to B at this given time can be removed at some other time because the 

magnetic field B in the body frame changes almost periodically when the satellite is 

moving around the earth. Thus, an average removal of the excess momentum takes 

place. The effectiveness of magnetic momentum unloading depends very much on the 

specific orbit in which the satellite is moving. For equatorial orbits, the efficiency is 

quite low. Also, when the angle e in Figure 4.5 is small, the effectiveness of magnetic 

momentum-unloading is low in the sense that the magnetorquers may produce larger 

disturbances in the direction of Ai/y than the useful unloading torques in the direction 

of AH±. In practice, we often take the following remedy: if the angle e is larger 

than a predetermined value, such as 45 degrees, the magnetic unloading algorithm is 

activated; otherwise, it is not activated. Moreover, such a remedy helps to improve the 

effectiveness of the power that is to drive the magnetoquers. 

4.5 Att i tude Tracking Control Problem 

In Section 4.4, we have presented complete dynamic models for a wheel-based atti­

tude control system. The attitude control problem for microsatellites is unlike that for 

large satellites. For large satellites with large flexible appendages, the lightly damped 

flexible modes should be a major concern. For a microsatellite, the solar panels are 
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in general small with a considerable rigidity. Hence, it suffices to assume that the 

microsatellite is compact and to model it as a rigid body at the initial design stage for 

simplicity of analysis. With the rigid-body assumption and by letting 

u = —Hw + Tc + Tm — ui Hw, 

d = Tgd + Tad + Tmd + Tsd, 

we can simplify the attitude dynamics (4.17) into a rigid body as 

JUJ = -ujxJu; + u + d (4.29) 

with the constant, positive definite inertia matrix of the form 

J = 
Jll Jl2 Jl3 

J12 J22 J22, 

Jl3 J23 J33 

(4.30) 

In attitude control systems, the reference frame TT in Eq.(4.12) is commonly chosen 

to be the orbit (LVLH) frame T0 to maintain the attitude of spacecraft stable with 

respect to the LVLH frame. With such a choice, the attitude kinematics is represented 

by (4.13) (see Appendix B). To formulate the attitude control problem, we let The de­

note the body frame in which the desired attitude motion of the spacecraft is described. 

Then, the attitude tracking control is to assure that the two frames Ty, and T\,c coincide 

eventually, that is, Tb —* Tbc as t —> 00. 

Let the unit quaternion qc = [q^, qc4\
T satisfying q^qcv + QcA = 1 represent the target 

attitude of the spacecraft in the body frame T\,c with respect to the orbital frame T0, 
and let LUC G 7l3 be the desired angular velocity of the body frame T^ with respect 
to the inertia frame T\ and be expressed in the frame T\,c. From (4.13) we have the 
following differential equations of the desired attitude motion 

= 5(904/3 + q ^ c - 2(^04/3 - 9 ™ H , 
(4.31) 

2 ^ 9 c 4 = -\<£„{U)C-U}Q) 

Remark 4 .1 . Conversely, if the desired attitude quaternion qc is known, then we can 

obtain the desired angular velocity u>c of The with respect to JF/ by 

wc = 2(<?c4 - q^qcv - 2qcvqc4 + Cco(qc)u}o, 

and its time derivative u>c by 

wc = 2(gc4gct) - qc4qcv) ~ ^q^Qcv - ^cCco{qc)^o, 

where the direction cosine matrix Cco(qc) = (q^4 — qjvqcv)h + 2qcvQlv ~ ^q&iClZv relates 
the frame The to the frame Ti. (See Appendix A.) ® 

At this point, we can define a quaternion error qe to express the attitude orientation 
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error between the spacecraft quaternion q and the target quaternion qc. According to 

(4.14), we can write 

C(qe) = Cbo(q)[Cco(qc)]-1- (4.32) 

By the quaternion multiplication (4.15), Eq. (4.32) leads to the quaternion error vector 

qe = [eT, rr]T being expressed as 

e = qC4qv - q^qv - qiqCv, . . 
T [4:.66) 

v = qcvqv + qiqa-

Clearly, the quaternion error qe = [eT, n]T satisfies the nonlinear algebraic constraint 

e
T

e + r]2 = l: eeK3,neK (4.34) 

and corresponds to the direction cosine matrix C(qe) = C(e, rj) 6 5*0(3) that relates 

the frame T\> to the frame T\,c 

C(e, 17) = (1 - 2eTe)/3 + 2eer - 2r/ex. (4.35) 

It is observed that both (e, rj) and (—e, —77) stand for exactly the same physical attitude 

orientation, resulting in the same C(e,rj) 6 S0(3). Note that 

V / ; (4.36) 
e = 0 «=*• 17 = ± 1 . 

Hence, (6,77) = (0,1) and (e, 77) = (0, —1) both correspond to C(e, rj) = I3. 

The angular velocity error cue is defined as 

coe = u - C(e, ?])wc, (4.37) 

which represents the relative angular velocity of Tb with respect to The and is expressed 

in the frame T\,- It follows from [101, Chapter 4] that 

CTC = 1, | |C| | = 1, C = -LU*C. 

To state the attitude tracking control problem in Definition 4.2, the following as­

sumption is required. 

Assumption 4.1. The target angular velocity u>c(t) audits derivative uc(t) are bounded 

for allt > 0 with known bounds, that is, there exist some known, finite constants cw\ > 0 

and cW2 > 0 such that cw\ = sup{||cjc(£)||} and cW2 = sup{||cjc(t)||} for all t > 0. 

Definition 4.2. With Assumption 4-1, the attitude tracking control problem is 

to find a continuous feedback control 

u = a(e,r),u>e,u)c,uc) 
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such that C(e, rj) —+ J3 and u>e —> 0 as £ —* oo. 

Lemma 4.2. [137] Two coordinate systems T\, and T\,c, corresponding to q and qc 

respectively, coincide if and only if the error vector e in (4-33) is zero, i.e., e = 0. 

From (4.36) it follows that C(e, 77) —> I3 if and only if e —> 0. By Lemma 4.2, the 

attitude tracking control problem is solved if and only if e —> 0 and ue —> 0 as t —> 00. 

Note that 77 —»• ±1 when e —• 0 as t —» 00. 

Substituting (4.31)-(4.37) into (4.13) and (4.29) and applying C = -w e
xC and 

Lemma 4.1, we obtain the following differential error equations for the attitude tracking 

control problem (see Appendix B) 

e = \{r)h + e x H , (4.38) 

r) = - | e T o ; e , (4.39) 

JCo = - (ue + CUJC)
 xJ(ue + CUJC) + J(a>e

x Cuoc - Cuc) +u + d. (4.40) 

The attitude tracking control problem is thus transformed into the problem of stabi­

lizing the error system (4.38 4.40). 

Remark 4.2. With Assumption 4.1, if a controller stabilizes the error system (4.38-

4.40), then it makes the original system (4.13) and (4.29) stable. ® 

Remark 4.3. For the attitude stabilizing control problem, we wish to keep the Euler 

angles and the Euler rates near zeros, thus we can let tpc = $ c = ipc = 0 and <pc = -dc = 

ipc = 0, that is, u)c = UJQ, CJC = 0 and qc = 0, where LU0 is defined by (4.5). ® 

Remark 4.4. For the large-angle attitude maneuver problem, it follows that uic = 0, 

<̂ c = Cco(qc)uj0 and qc = constant, where Cco(qc) is defined in Remark 4.1. Thus, 

both the attitude stabilizing control and the large-angle attitude maneuver control can 

indeed be considered as special cases of the attitude tracking control problem. <g> 

Summary 

We have presented the attitude kinematics and dynamics for the attitude control 

system shown in Figure 4.1, which can be used for the attitude maneuver/tracking 

control and for the attitude stabilizing control. In practice, the attitude determination 

and the attitude control are two decoupled tasks. Hence, in the attitude control, 

precise attitude information is assumed available from well-designed attitude sensors 

and attitude determination algorithms, and state feedback will be used for the attitude 

control. This simplifies the design problem in practice. Also, it is quite common not to 

consider the attitude determination problem in the design of attitude controllers. Our 

major concerns of the thesis are the design of attitude controllers and the corresponding 

performance analysis, which will be presented in the next few chapters. 
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Chapter 5 

HOQ Inverse Optimal At t i tude 
Tracking Control 

5.1 Introduction 

The present generation of space missions requires attitude control systems to pro­

vide capabilities of attitude maneuver, tracking and pointing, while the equations that 

govern large-angle attitude maneuvers or tracking in the presence of exogenous distur­

bances are nonlinear and highly coupled. As such, control system design must consider 

the nonlinear dynamic models. 

Based on the direct use of nonlinear system model and nonlinear control theory, var­

ious nonlinear control algorithms have been proposed for solving the attitude control 

problem. These include nonlinear feedback control [102,125,128], feedback lineariza­

tion [78], variable structure sliding control [119], linearly bound control [8], nonlinear 

adaptive control [1] and nonlinear H^ control [57], etc. Due to its inherent robust 

property with respect to disturbances and model uncertainties, nonlinear H^ optimal 

control method [123] is a potential approach for solving the nonlinear attitude control 

problem. However, the practical application of nonlinear Hoo optimal control still re­

mains open due to the difficulty in solving the associated Hamilton-Jacobi-Isaacs (HJI) 

partial differential equation. Various methods have been proposed in an attempt to 

solve the HJI equation. One of the methods that provides approximate solutions is 

the state-dependent Riccati equation (SDRE) method [23,52], albeit only suboptimal-

ity and local stability can be guaranteed. Algebraic and geometric tools [25,65,135] 

were employed to study a particular H^ suboptimal control problem by solving the 

associated HJI partial differential inequality. Note that the derived HOQ suboptimal 

control laws [25,65,135] were designed to solve the attitude stabilizing control problem 

and the £2 gain 7 was restricted to be larger than a certain value. A power series 

solution [100] to the HJI inequality was proposed for the Hoo suboptimal control of 

wing rock motions by representing the state vector as a series of closed-loop Lyapunov 

functions. The concept of extended disturbances, including system error dynamics, was 

introduced in robotics by [83,84] to solve the HJI equation. Besides these attempts to 

find analytical solutions, a numerical approach [49-51] based on Taylor-series expan-
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sion was proposed as a more systematic way to find the numerical solution to the HJI 
equation or the HJI inequality. 

As stated in Chapter 2, the inverse optimality approach is another approach to 

achieve robust optimal control without solving the associated Hamilton-Jacobi-Isaacs 

partial differential equation in a direct way. In this chapter we follow the inverse op­

timal control method [35, 63] to derive an H^ optimal control law for the nonlinear 

attitude tracking problem of a rigid spacecraft with external disturbances. The first 

application of this approach to the attitude control problem was presented in [64], in 

which a nonlinear inverse optimal feedback controller based on Rodriguez parameters 

was proposed for the attitude stabilizing control problem of a rigid spacecraft in the 

absence of exogenous disturbances. The optimal feedback control in [64] is a regional 

solution because the attitude representation using Rodriguez parameters has a singu­

larity Also, only the stabilizing control problem but not the attitude tracking problem 

was considered in [64]. An H^ inverse optimal PID controller [18] was designed for 

the trajectory tracking control problem of robotic manipulators that are described by 

Lagrangian equations. 

Using the singularity-free unit quaternion to represent the attitude of spacecraft, in 

this chapter we apply the inverse optimal control method and introduce the concept 

of extended disturbances to solve the attitude tracking control problem. The robust 

inverse optimality approach requires the knowledge of a control Lyapunov function and 

a stabilizing control law for an auxiliary nonlinear system. The proposed controller 

is inverse optimal with respect to a set of cost functionals involving tracking errors, 

control efforts and extended disturbances. We present an inverse optimal feedback 

controller which is also H^ optimal with respect to extended disturbances. Compared 

with [25,57,65,135], the £2 gain 7 for this H^ inverse optimal controller is only required 

to be positive and can be chosen sufficiently small instead of 7 being larger than certain 

values, thus the feedback controller can achieve any disturbance attenuation level. Also, 

the performance analysis is carried out for the H^ inverse optimal attitude controller 

in terms of performance limitation, and tuning rules are presented for selecting the 

control gains. 

This chapter is organized as follows. In Section 5.2, the concept of extended distur­

bances is introduced to formulate the nonlinear H^ inverse optimal control problem. 

In Section 5.3, results in [25,57] are extended to the attitude tracking control problem 

to design a nonlinear floo-suboptimal controller by solving the HJI inequality explic­

itly for a given 7 > 1 and some special choices of the output function. In Section 

5.4, an H^ inverse optimal feedback controller is derived using the inverse optimal 

control method. Performance estimates of the inverse optimal controller are analyzed 

and guidelines are established in Section 5.5 for selecting controller gains. Numerical 

simulations in Section 5.6 illustrate the control algorithms in this chapter. Finally, 

conclusions for this chapter follow in Section 5.7. 
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5.2 Formulation of Nonlinear H^ Inverse Optimal 
Control Problem 

In formulating the H^ disturbance attenuation problem, we will apply the concept of 

extended disturbances, which includes system error dynamics, to simplify the synthesis 

of the attitude control problem. The concept of extended disturbances was developed 

in robotics in [18,83,84] to solve the HJI partial differential equation for the trajectory 

tracking problem of Euler-Lagrange systems of the form: 

M(q)q + C{q, q)q + g(q) + d(t) = r, 

where q G TZn is the generalized coordinates of Euler-Lagrange systems; r G lZn is the 
input; d G 7Zn is the disturbances; g(q) denotes the gravity forces; M(q) G TZnxn is the 
generalized inertia matrix, which is symmetric and positive definite; C(q,q) G TZnxn. 
For such a Euler-Lagrange system, the associated HJI partial differential equation can 
be transformed into a differential Riccati equation. 

For attitude representations using minimal parameters such as the Euler angles 

and the Euler-Rodriguez vector, it was shown in [96,102,134] that the attitude control 

system can be represented as a Euler-Lagrange system. However, there are singularities 

at some special orientations for the attitude representation using minimal parameters 

and hence global results are not available. For attitude representations using the unit 

quaternion, it is not suitable to reformulate the attitude control system as a Euler-

Lagrange equation because the unit quaternion is a redundant system with a nonlinear 

algebraic constraint. Therefore, we could not expect to design a controller by solving 

the differential Riccati equation as done in [18,83,84]. However, with the introduction 

of the concept of extended disturbances into the attitude control and by applying 

extensively the properties of the matrix ax given in Lemma 4.1, it is still possible for 

us to design an optimal controller for the attitude tracking control problem. 

In Chapter 4, we derived the following differential error equations for the attitude 

tracking problem 

Jue = -UJX Ju>e + u + [d + JUJXCUC - JCcuc - (Cuc)
xJcue - (cue + Cu;c)

x
 JCUJC], 

fj = ~ 2 e 7 W (5.1) 

Define the extended disturbance d(C,ue,ujc,Luc) as 

d := d + JLUXCUJC - JCu)c - (Ccoc)
x Juje - (u>e + CUJC)X JCLUC (5.2) 

and denote the state vector x as 

x = [ eT r] uI ] . (5.3) 
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Then, we can rewrite the nonlinear error differential equation (5.1) as 

x = f{x) + 9i{x)d + g2{x)u 

with the following smooth matrix functions 

(5.4) 

/ ( * ) = 
UVh + e-)cue 

ljr 
e uP 

-J 1w?Jue 

92(x) = 

033 

O13 

J - 1 
9i{x) = 

033 

0l3 
J - 1 

where O33 and O13 are the zero matrices of the indicated dimensions. Thus, the attitude 

tracking problem is transformed into the problem of stabilizing the error system (5.4) 

with respect to the extended disturbance d(C,u}e,u)c,u>c). 

Note that x is not an independent state vector due to the fact eTe+r)2 = 1. Therefore, 

our control goal is to let e —» 0 and u>e —> 0 as t —> 00, instead of that x —• 0 as t —•> 00. 

In Chapter 3, the nonlinear H^ control problem is defined in Definition 3.15 and 

the inverse optimal control problem is defined in Definition 3.17. Analogously, we can 

define the nonlinear H^ inverse optimal control problem for the system: 

x = f(x) + g1{x)d + g2(x)u, xeX C 1Zn,d g 1T,u G ftm, 

h(x) 
R2(x)ll2u{x) 

zeW, 
(5.5) 

where f(x), gi(x), g2(x) and h(x) are all Ck functions with k > 2; the continuous 

matrix R(x) is positive definite and symmetric, R(x)T = R(x) > 0 for all x. 

Definition 5.1. [63] The H^ inverse optimal control problem for the nonlinear 

system (5.5) is solvable if there exist two continuous matrices R\(x) and R2(x) such 

that Ri(x) = Rj(x) > 0 and R2(x) = R?(x) > 0 for all x, positive semi-definite 

radially unbounded functions l(x) and E(x), and a feedback control u = a(x) that is 

continuous with a(xe) = 0 and minimizes the cost functional, 

Ja(u) = sup ( lim \E(x(t)) + / (l(x) + uTR2(x)u - dFR^dr] } 
dzv <• * ^ ° ° L J o v / J J 

where T> is the set of locally bounded functions of x. 

The state-dependent weight Ri (x) is required to take finite values for all finite values 

of the state x. Also, a smaller Ri(x) means a better disturbance attenuation. It is 

obvious that when R\(x) = j2Ir and Ja(u) > 0, Definition 5.1 covers the nonlinear Hoo 

control problem in Definition 3.15. The function E(x(t)) is to avoid imposing explicitly 

an additional constraint that x —» 0 as t —> 00. For the attitude tracking problem, 

since 77 and e are not independent of each other, we can use this E(x) to avoid imposing 

the assumption that n —> 1 as t —> 00 because (77, e) = (±1,0) stands for the same 

physical attitude. We only require the asymptotic convergence of e to zero. 
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5.3 An HQO Suboptimal Att i tude Controller 

As formulated in Chapter 3, the //QO disturbance attenuation problem of nonlinear 

systems can be formulated as an //oo-suboptimal control problem in the sense of Defini­

tion 3.15. In this section, by applying Theorem 3.7 and using the extended disturbance 

(5.2), we extend the results in [25,57] for the attitude regulation problem to design 

an i/oo-suboptimal control law by solving the HJI inequality (3.16) explicitly for the 

attitude tracking control problem (5.4). 

Define the output function for the attitude tracking problem (5.4) as 

z = 
\pxu

T
eJue + p2(2 arccos |??i)2]1/2 

(5.6) 
92 

with some positive constants p\ and p2- Using the Lyapunov function candidate 

V = -aujJjLue + bcujje + c(l - nf + ceTe 

to solve the HJI partial differential inequality (3.16), we obtain the following theorem 

that establishes an //oo-suboptimal control law for solving the attitude tracking con­

trol problem with respect to the extended disturbance d(C,u}e,ujc,ujc) in the sense of 

Definition 3.15. 

Theorem 5 .1. Let 7 > 1 and 

»-{^ <") 

then, the state-feedback control 

u = —au)e — be (5.9) 

solves the nonlinear state-feedback H^-suboptimal control problem (defined in Defini­

tion 3.15) for the system described by (5.4) and (5.6) on TS(3) with respect to the 

extended disturbance d(C,Lue,ujc,ujc) in (5.2). 

In addition, the closed-loop system (5.4), (5.9) is locally asymptotically stable at the 

equilibrium point (e, n,uie)e = (0,1,0) when d(C,ue,ujc,Luc) = 0 for all t > 0. 

Proof. Theorem 5.1 is analogous to [25, Theorem 2], but it is extended to address the 

attitude tracking problem and has a minor improvement to get the condition (5.8). It 

should be noted that Lemma 4.1 and the inequality |a;J 1/(77/3 — ex)i±ie\ < | |J|| | |u;e | |2 are 

applied such that the constraint a > A/ +(2_Y) m [25] is relaxed to (5.8). Readers 

can easily follow [25] to complete the proof. Therefore, we omit it here. • 

Furthermore, since both (e,r),uje) = (0,1,0) and (e,n,uie) = (0 , -1 ,0 ) stand for the 
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same physical orientation in space, the control law proposed in (5.9) is global for the 

attitude tracking problem presented in Definition 4.2. 

If we use the nonlinear system (5.1) directly to design a controller, we have the 

following derivative of V: 

• dV. dV . dV . 
V = — e + —77 + — ue 

oe or] oive 

= ceTcue + -bcujj(r]l + ex)ue + (ae + buje)
T(u + d) 

+ (ae + buje)
T
 [JLU*CLUC - JCuc - (u>e + Cuc)

x J(uje + CLJC)] , 

from which it is observed that the presence of the reference signals ujc(t) and Coc(t) 

makes it very difficult to solve the HJI partial differential inequality (3.16) using a 

static feedback control law u = — (Lg2V{x))T = —auje — be. Therefore, we conclude 

that the introduction of the extended disturbance d(C,uje,ujc,Luc) helps us to alleviate 

greatly the difficulty in solving the HJI partial differential inequality (3.16) and makes 

it possible for an i/oo-suboptimal control problem to be solvable in such a manner. 

From Theorem 5.1 it is also noted that the £2-gain from the extended disturbance 

d to the output vector z is required to be 7 > 1 and only suboptimality is achieved. 

The constraint 7 > 1 is imposed by the solvability of the HJI inequality (3.16) with 

the output penalty vector (5.6). In next section, an H^ inverse optimal state-feedback 

control law will be designed, in which the limitation of 7 > 1 will be removed and thus 

the proposed inverse optimal controller is also less restrictive. 

The effects of the extended disturbance d(C:ue,Luc,(Jjc) on the system performance 

under the state-feedback H^ control (5.9) can be analogously analyzed as the perfor­

mance analysis of an Hoo inverse optimal attitude controller in Section 5.5. 

5.4 HQO Inverse Optimal Control for the Att i tude 
Tracking Problem 

As stated in [35,61-63], the inverse optimality approach circumvents the task of solv­

ing the Hamilton-Jacobi-Isaacs partial differential equation and results in the proposed 

controller inverse optimal with respect to a family of meaningful cost functionals. Now 

we proceed to apply the inverse optimal control method to the design of an inverse 

optimal control law for the attitude tracking control problem. 

The main tool for stability analysis and synthesis is the Lyapunov direct method 

[59,62,102] with a judicious choice of the Lyapunov function candidate. Motivated by 

the consideration of the total energy of the attitude control system (5.1), we choose 

the control Lyapunov function V of the form: 

V(x) = \uJT
eJuje + bujje + 2c(l - 77), (5.10) 

where b should be small enough to ensure that V is positive definite, and c > 0. The 
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energy candidate V consists of three parts: the kinetic energy |wj ja ; e , an artificial 

potential energy c(l — rf) and an inner-product term of the angular momentum Jue 

and the position error e. The purpose of this cross term is to establish a locally 

exponential convergence and to facilitate the adaptive control in next chapter. Without 

this product term, stability can still be shown by using the LaSalle invariance principle 

[59, Section 3.2], but the locally exponential stability is lost. Also, if without the 

product term, it seems impossible to design a robust control of the static feedback 

form u = —R^1(Lg2V)T for the attitude tracking problem with disturbances. 

Since 2(1 — rf) = \\e\\2 + (1 — rf)2 and eTe + rf = 1, therefore it follows that 

V(x) = -uJJuJe + buj^Jt + ceTe + c(l - r])2 = -xTQvx + c(l - rj)2 

for the notations 

x = 
t 

UJ,, 
Qv = 

2c/3 bJ 
bJ J 

(5.11) 

Standard matrix analysis then gives a sufficient condition for V to be positive definite 

2c/3 > b2J, (5.12) 

which ensures that Qv > 0. 

Therefore, applying the properties of the matrix ax in Lemma 4.1, we have the 

following Lie derivatives of V of (5.10) along the solutions of the system (5.4): 

LfV = - W J J ( T 7 / 3 + ex)ue + ceTuje - beTLJ*Juje 
2 
b 
—i 
2 

= n(A%J(.'0h ~ ex)we + ceTuje, (5.13) 

LgiV = ui +be', 

L32V = uFe+beT. 

Also, let Xj denote the maximum eigenvalue of the inertia matrix J of the spacecraft, 

and | | J | | denote the induced 2-norm of J . It follows that 

A J =A r a a x ( J ) = | | J | | . 

Before presenting an inverse optimal control law in Theorem 5.3, we first propose a 

PD controller that stabilizes an auxiliary system of the nonlinear attitude system (5.4) 

on (5(3) x ft3) \ (0, - 1 , 0 ) by the following theorem. 

Theorem 5.2. The PD control law 

u -R^\x)(L92V)T = - ( * ! + -2k2)(ue + be) (5.14) 
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with the matrix R^ix) being 

i?2-
1(x)=(fc1 + l/c2)/; (5.15) 

globally asymptotically stabilizes the auxiliary system 

e 
V 
"t . 

= 

' \{r)h + e*)we ' 
1 T 

— J~lU)*JuJe 

1 

7 

" 033 " 
0l3 

L J~l J 
(LgiV)T + 

' 033 

0l3 

L J ' 1 
a (5.16) 

about the equilibrium point (e,r),uje) = (0,1,0) on (S(3)x7?.3)\(0, —1,0) if the controller 

gains in (5.10) and (5.14) satisfy the following conditions: 

ko-1 
6 > 0 , c = 2b(k1 + ^ - ^ fc1>_Ai--L_i> k2>\ 

Furthermore, if the initial condition at to = 0 satisfies 

i?(0) > - 1 + ^ [\^(0)Jue(0) + buJ(0)Je(0) 
1 . 

+ 2 > 

(5.17) 

(5.18) 

where Sv is a sufficiently small constant, 5^ > 0, then e and uje —> 0 exponentially. 

Proof. If we consider a class /Coo function p(r) = 72r2, it follows that p'(r) = 2j2r, 

(p ')_ 1( r) = 5^> ^ ( r ) = / o V ) _ 1 ( s ) d s = $ a n d M 2 r ) = $• W e c a n then construct 
an auxiliary system as follows: 

x(t) = f{x) + ±9l(x)(LgiV)T + g2(x)u, 

which is the state representation of (5.16). 

Since eTe + n2 = 1, it can be shown by Definition 2.2 and Lemma 2.1 that 

l t o / 3 - c * | | = |to/3 + e x | | = l, 

(5.19) 

\wTJ{nh ~ex)w\< w\ 
(5.20) 

Applying the inequality (5.20) and Lemma 4.1, we have the following derivative of V 

along the solution of the system (5.16): 

V = LfV + ±(LgiV)(LgiV)T + LgiVu 

= -u}Jj(r}I3 -ex)u;e + ceTue + — | L e + 6e|l + (u)e + be)Tu 
z 

<^lk||2 + [c+^)eT^ + ~{\\ue\\
2 + b2\\e\\2)+{ue + be)Tu 

= (l*i + ^ ) l k l | 2 + ^ | | e | | 2 + ( c + ^)eTcue + (ue + be)Tu. (5.21) 

We design the control law u(x) to be of a PD form, given by (5.14), and select 
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the controller parameters b, c, k\, k2 satisfying the constraint (5.17). Clearly, such 
parameters guarantee (5.12) such that the Lyapunov function V in (5.10) is positive 
definite since 

2c/3 = 46(fcj + ^ - = ^ ) / 3 > 262 | |M||/3 > b2M. 

Hence, 

V ' < ( ^ + i)|WP + ^| |e|P+(c+^),V-(*1 + | ) |k+k| |^ 
< -AJIill2, 

where the vector x = [eT,u;J]T is given as in (5.11) and At > 0 is defined by 

• f, b , fo-1 b2(k2-l) , t 2 l A6 = min{A; 1 - -A J + - ^ , V * ,+k1b
2). 

It follows from Lemma 2.2 that x(t) —> 0 as i —* oo, i.e., e —> 0 and uie —> 0 as 

£ —> oo. By Lemma 4.2, this corresponds to zero attitude error and zero rate error for 

the auxiliary system (5.16). 

Since ||e||2 + rj1 = 1, the derivative value V = 0 implies two equilibrium points 

(e,?7,u;e)e = (0, ±1,0) on 5(3) x ft3, standing for exactly the same physical attitude 

orientation. However, it is clear that (0, —1,0) is an unstable equilibrium point [125], 

because it is a local maximum of V(e, 77, ue) on >S(3) x 7Z? and V < 0 whenever | |x| | ^ 0. 

We therefore conclude that 77 —> 1 as t —* 00 whenever the initial condition x(0) ^ 

(0, —1,0) and the PD control law (5.14) results in the global asymptotic stability of 

the auxiliary system (5.16) on (5(3) x ft3) \ (0, - 1 , 0 ) . 

If the initial condition (5.18) is satisfied, we have 

V(x(t)) < V(x(Q)) < Ac - 6V = VUp, -1 ,0 ) ) - 5,, 

implying that x(i) is bounded away from the unstable equilibrium point (0, —1,0) for 

all t > 0. Then there exist finite coefficients cv > 0, Xi > 0 and A2 > 0 such that 

(1 - T,-)2 < Cr?e
Te, 

V(*)>Ai | | x | | 2 , 

V(x) < -coJJue + buT
eJt + (c + c„)||e||2 < A2||x||2. 

Therefore, it follows 

V<-^V. 
A2 

Hence, by the comparison Lemma 2.4 and from V(x) > Ai||x||2, we can conclude that 

e —> 0 and uie —> 0 exponentially. • 

Remark 5.1. Given any initial conditions, the control law (5.14) will make the errors 

e and uoe of the auxiliary system (5.16) converge to zeros asymptotically, but x(i) might 
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be arbitrarily close to (e, n, ue)e = (0, —1,0) for some t before it converges to the desired 

equilibrium point (0,1,0). On the other hand, (0 , -1 ,0 ) corresponds to an unstable 

equilibrium point as any small perturbation will cause a rotation of 360° to n = + 1 . 

This situation is avoided if (5.18) is satisfied by choosing k± large enough (because 

c = 2bki if k2 = 1) or u>e(0) = 0. In fact, in most attitude tracking control applications, 

the initial angular velocity u>e(0) is zero or sufficiently small (by choosing the initial 

velocity u>c(0) to be the actual initial velocity u;(0)), which brings the system (5.16) to 

converge to (6,77, uie)e = (0,1,0) exponentially. ® 

It may appear that the control laws presented here create a continuous, globally 

asymptotically stable vector field on 50(3) x 1Z3. This is not possible, as pointed 

out in [60,125]. Indeed, their implementation would require memory since the sign 

ambiguity in the unit quaternion q cannot be solved from the attitude matrix and the 

attitude kinematic equation (4.8). This means that the control law does not generate 

a vector field on 50(3) x 71s. However, on 5(3) x K3, then we do have a globally 

asymptotically stable vector field in the closed-loop when the kinematics in (5.16) in 

terms of q is used instead of that in terms of Euler angles in (4.8). 

Note that the state penalty function l(x) in Theorem 3.12 can be positive semidefi-

nite, which also corresponds to a meaningful cost functional without loss of the inverse 

optimality. Applying Theorem 3.12 and Theorem 5.2, we will obtain the following 

theorem on designing the inverse optimal attitude tracking control law. 

Theorem 5.3. / / we let (3 = \ = 2, then the state feedback PD control law 

u = Pa(x) = -2(fc1 + - § W + 6e) (5.22) 

with the parameters b, c, fcj, k2 and R2(x) being given in Theorem 5.2, solves the inverse 

optimal gain assignment problem for the attitude tracking control problem with respect 

to the extended disturbance d(C,u)e,uc,u>c) by minimizing the cost functional 

Ja(u) = sup ( lim Uv(x(t)) + / (l(x) + uTR2{x)u - 7 2 | | d | | 2 W l }, (5.23) 
dev l * - * ° ° L Jo V J i) 

where l(x) is a positive semidefinite state penalty function defined by 

l(x) = -4LfV - ^2\\LgiV\\2+4Lg2VR^(L92V)T. (5.24) 

Furthermore, the control law (5.22) is also H^ optimal for the closed-loop attitude 

system with respect to the extended disturbance d(C,u>e,uic,ujc) and the H^, performance 

index (5.23). 

Proof. This theorem is a consequence of Theorem 3.12 and Theorem 5.2. From the 

derivations in Theorem 5.2, we observe that R2(x) is positive definite and 

l(x) > i(h - b-Xj + ^ ) | K H 2 + 462(fc1 + ^ ) | | e | | 2 , (5.25) 
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which shows that l(x) is positive semidefinite on <S(3) x 1Z3 (precisely, l(x) is positive 
definite in e and uje). Therefore, Ja(u) is a meaningful cost functional for the attitude 
tracking control problem, penalizing the tracking errors e and uje as well as the control 
effort u and the extended disturbance d(C,cue,ujc,iuc). 

Substituting l(x) into the cost functional Ja(u) in (5.23), we have the optimal cost 

Ja(u) = 4F(x(0)) and the "worse-case" extended disturbance 

<f (x) = A ( p ' ) - 1 ( 2 | | L 9 1 F | | ) & ^ = ^2(LgiV(x))T (5.26) 
\\LgiV\\ V 

(see Theorem 3.12 for the detailed computations). The class /Coo function p whose 

derivative p' is also a class /Coo function is defined in the same way as in the proof of 

Theorem 5.2, i.e., p(r) = 7
2 r 2 , (p ' )~V) = ft-

From Ja(u) = 4V(x(0)), it follows that 

f (l(x) + uTR2(x)u]dt < 72 / ||d||2d£ + 4V(i(0)) (5.27) 

for all T > 0, which implies that the closed-loop system for the feedback control law 

(5.22) has C2 gain less than or equal to 7 from the extended disturbance d(C, u>e, UJC, Cuc) 

to the block vector of tracking errors x(t) and control inputs u, thus H^ disturbance 

attenuation is achieved. 

In addition, the Lyapunov function candidate V(x) solves the following Hamilton-

Jacobi-Isaacs partial differential equation 

dV . , , dV 

dx dx L7 
1 

/ (x ) + — -g1{x)g{{x)-g2{x)R2
1g2

l{x) — + -l(x) = 0 
fdV_\T 1 
\dxJ 4 

Therefore we conclude that the inverse optimal PD control law (5.22) shows H^ opti­

mally with respect to the extended disturbance d(C, LOS,UJC,UJC) and minimizes the H^ 

performance index (5.23). 

Furthermore, if the extended disturbance d(C, u>e,LUc,u>c) G £2[0,oo), it follows from 

(5.27) that e G £2(0, 00), cve G £2(0, 00), CJC G £2(0, 00) and cjc G £2(0, 00). We conclude 

that e —* 0 and uie —> 0 as £ —> 00, thus asymptotic attitude tracking is achieved with 

a global convergence of tracking errors to zero for all initial conditions. • 

Remark 5.2. When k2 = 1, by applying (5.13), (5.15) and (5.17), it is observed that 

the state penalty function l(x) in (5.24) can be rewritten as 

l(x) = 4fci||L92y||2 - ALfV = xTQ(x)x 

with the weighting matrices Q(x) and R2(x), 

" Ahb2 0 
Q(x) = R2(x) = (h + \)-%, 

ryZ • 0 4k1-2br1J + bJex - bex J 

being positive definite for each x = [eT,r],ujJ]T. Note that x = [eT,cuJ]T. ® 
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Therefore, the system error certainly depends on the gains k\, b and 7. As shown 

in the performance analysis in Section 5.5, the error is approximately proportional to 

the magnitude of ki and a smaller 7 brings a smaller system error. Therefore, if we 

are to reduce the system error, we can enlarge ki in the weight Q(x) and decrease 7 in 

the weight R2{x), producing a bigger control effort. Conversely, if ki is reduced, then 

a smaller control effort and a bigger error will be produced. 

Remark 5.3. Compared with the feedback linearization approach [78] or the feedfor­

ward compensation [125, Theorem 2] where complete information of the inertia matrix 

J is always required, the Hoo inverse optimal control (5.22) is not model-sensitive 

because it does not employ feedforward compensations to cancel the quadratic non-

linearities regarding wc in the model, namely S(we)Jwc, S(wc)Jwe and S(wc)Jwc. 

Instead, they are considered as parts of the extended disturbance d(C, uje,u)c,ujc) given 

by (5.2) and will be analyzed in Section 5.5. Therefore, the control law (5.22) does not 

require complete information of the inertia matrix J, ensuring that the controller is 

fairly robust to parametric uncertainties. Note that the controller gains of (5.22) only 

require the largest eigenvalue of the inertia matrix J , which is always available or can 

be easily estimated in practice even when the complete inertia matrix is unknown. ® 

For nonlinear systems with disturbances or in the case of the trajectory tracking 

problem, IISS [4,67,109] is a useful theoretical tool to analyze the stability of the closed-

loop system; recall Section 3.3 for some preliminaries and see [4,109] for examples. 

The stability of the closed-loop attitude tracking control system (5.4) with the inverse 

optimal control law (5.22) is summarized within the framework of IISS by the following 

Lemma. 

Lemma 5.4. The attitude trajectory tracking full-state (e,r],uje)-system under the in­

verse optimal PD control law of (5.22) is integral-input-to-state stable (IISS) on (5(3) x 

7£3) \ (0, —1,0) with respect to the extended disturbance d(C,u>e,u)c,ujc). 

Proof Employing the state-feedback control law (5.22) into the error differential equa­

tion (5.4), we obtain the derivative value V(x,t) by 

V = LfV{x) + LgiVd - 2Lg2VR2
1(x)(Lg2V)T 

= -\l(x) - ±\\LgiV(x)\\2 + LgiV(x)d(t) - Lg2V{x)R^\x)(L92V{x))T. 

Using the Young's inequality [41], it follows that 

L9lVd< ^\\d\\2 + ±-2\\L9lV\\\ 

where the equal sign "=" is satisfied only when d(C,uje,ujc,u>c) — d*(x) = \{LgiV)T. 

Therefore, 

V < -\l{x) - Lg2VR-2\x){L92V)T + ^\\d\\2. (5.28) 
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Note that R,2(x) is positive definite symmetric and l(x) is positive definite on (5(3) x 

71s) \ (0, —1,0). As analyzed in the proof of Theorem 5.2, the full-state system is 0-

GAS on («S(3) x 1Z3) \ (0 , -1 ,0 ) if the extended disturbance d = 0. It is zero-output 

dissipative because, if we let the output be h(x) = 0, then V < ^-||rf||2. Hence, it is 

IISS with respect to the extended disturbance d(C, uie,u>c,djc). D 

5.5 Performance of Inverse Optimal Control 

Although the inverse optimal control law (5.22) guarantees the property of IISS of the 

closed-loop attitude control system, it does not provide a global asymptotical stability 

due to the presence of external disturbances and the tracking references. The static 

state-feedback control law in Theorem 5.1 establishes the H^ optimality with respect 

to the extended disturbance d(C, u>e, UJC,6JC). Therefore, it is necessary to analyze the 

effects of d(C,uje,ujc,ujc) on the system performance. In this section, we will introduce 

the concept of performance limitation in [18] to analyze the performance of the inverse 

optimal attitude tracking controller (5.22). The performance analysis of the controller 

in Theorem 5.1 can be done similarly, thus omitted here. 

5.5.1 Performance Analysis 

The extended disturbance d(C,ue,u)c,ujc) defined by (5.2) can be divided into two 
parts regarding the tracking error ue: 

d(C,uJe,ujc,ujc) = hi(C,uc,u}c)ue + h2{C,d,uc,uc), (5.29) 

where 

MCwc.wc) = (JCwcV - (Cucyj- J(OJC)X, 

/i2 (C, d, uc, LUC) = d — JCLOC — (Cuc)
 X JCUJC. 

To formulate an upper bound of the Euclidian norm of the extended disturbance in 

(5.29), we need an additional assumption besides Assumption 4.1: 

Assumption 5.1. The external disturbance d(t) is bounded with a known bound for 

all t > 0, that is, there exists a known, finite and positive constant Cd such that Q = 

supt>0{||d(t)||}. 

Satisfying assumption 4.1 is important if the proposed control can solve the attitude 

tracking control problem. The requirement of the external disturbance d(t) in Assump­

tion 5.1 is rather minimal. We emphasize that the H^, inverse optimal control (5.22) 

is not restricted to disturbances with J^° \\d(t)\\2dt < oo and J^° \\d(uje,t)\\
2dt < oo 

because any bounded (and persistent) extended disturbance, consisting of the external 

disturbance d and the tracking reference signals wc and wc, is allowed in the H^ inverse 

optimality approach [63] and the IISS analysis [4]. The control law (5.22) guarantees 
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(a). Ml vs \\at (b). |K |vs \d\\ 

Figure 5.1: Functions p0(||^e||) and p0
1(IMII)-

the boundedness of the tracking errors e and we for any bounded extended disturbance 

d(C,we,u>c,u)c). 

With Assumptions 4.1 and 5.1, there must exist some finite, positive, time-varying 

coefficients c\, c2 and c^ such that 

\\d(C,u;e,u;c,djc)\\
2 = ^ {h[hx)ue + 2ul

e {h[h2) + h2
2h2 

< ci\\ue\\
2 + c2\\we\\ + c3 

or some finite, positive, time-varying coefficients ($i and f32 such that 

| |d(C,u;e,u;c,^c)||2 = Lol{hJh1)uje + 2ul(hJh2) + hT
2h2 < A||a;e | |2 

Such coefficients can be chosen as 

(h 

(5.30) 

(5.31) 

c1 = \\hjh1\\<9\^\ UJ, 

>cll4, c2 = 2\\hjh2\\ < 6A,||a;c||||rfc|| = GX^W^Wd^ + 3A2||u;c||
2 + 3A 

c3 = \\hlh2\\ < 3\\d\\2 + 3A2||wc||
2 + 3A2||u;c||

4, (by Schwartz inequality [41]) 

/?i = 2 | | / i f / i l | | < 1 8 A 2 | k | | 2 

(52 = 2\\h%h2\\ < 6||d||2 + 6A2||wc||
2 + 6A2||u;c||

4. 

The inequality (5.30) or (5.31) implies a relation between the Euclidian norm of the 

extended disturbance d and that of the error ue, shown as in Figure 5.1(a): 

\\d(C,LJe,u)c,uc)\\ < p0(||we | |), 

which implies that the norm of the extended disturbance d is bounded below by a 
function of the norm of the tracking error ue. It is clear that p0(| |^e||) is a n increasing 
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and monotone function, which implies an inverse relationship 

Pj1(l|d(C,We,W«U'c)||) < ||we|| 

where Po'1(||d||) is not a class /C^ function in the case of the trajectory tracking control 

or in the presence of the external disturbance because PQ1^) is increasing but not 

strictly increasing when C3 7̂  0 or /32 7̂  0, as shown in Figure 5.1(b). 

If there exists no external disturbance, d(i) = 0, then the 0-GAS property holds for 

the regulation control problem (corresponding to u>c = u>c = 0 and qc = 0) because 

Ci = C2 = C3 = 0 and then V < 0. However, the static PD controller (5.22) cannot 

guarantee the GAS either in the trajectory tracking or in the existence of external 

disturbance. This fact brings a performance limitation [18] of the inverse optimal 

controller. 

The control performance is determined by the gain values of the controller. There­

fore, it is important to set up a relation between the gain values and the system errors, 

which is found by examining points that satisfy V = 0. 

Theorem 5.5. Choose fc2 = 1. Suppose that Xc is the minimum eigenvalue of the 

matrix 

<2c = 
(2h + ±)b2h (fci + £)M3 

(*i + $)bh (2*i + A - |Aj - £c!)/3 
(5.32) 

Let the performance limitation \\X\\PL be defined as the Euclidean norm of the vector x 

that satisfies V — 0. If the inverse optimal control law (5.22) with fc2 = 1 is applied to 

the attitude tracking control system (5.4) and Xc > 0 is satisfied, then its performance 

limitation is upper bounded by 

MI™ < 8Ai 
c2 + Jc\ + — \cc3 , (5.33) 

r 
where C\ = sup{ci(t) : t > 0}, c2 = sup{c2(r) : t > 0} and c3 = sup{c3(i) : t > 0} with 

C\(t), c2(t) and 03(f) defined by (5.30). 

Proof. Applying (5.25) with A;2 = 1, we can rewrite V in (5.28) as 

V < -(fci - ^ I k l l 2 - fci62||e||2 - (fc, + 1 ) 1 ^ + 6e||2 + ^ | | J | | 2 

By (5.32) and (5.30), it follows that 

2 2 2 
V < -xTQcx + ^-(ciHwell + c3) < -A c | |x | |2 + ^ c 2 | | x | | + ^ c 3 , (5.34) 

where Ac is the minimum eigenvalue of the matrix Qc. By the definition of the perfor­

mance limitation, the inequality (5.34) brings the performance limitation of (5.33). D 

Remark 5.4. Either in the case of trajectory tracking or in the presence of external 
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disturbances, C\, c2 and C3 are not always zeros and thus there exists a bound for the 

system error. The inequality (5.33) can be considered as an upper bound of the system 

error for all time and then can be used as a formula to predict the performance of the 

closed-loop system for various values of the controller gains. <S> 

Remark 5.5. Since the right-hand side of (5.33) is monotonically decreasing with Ac, 

the inequality holds if Ac is replaced by any smaller positive value. The minimum 

eigenvalue Ac of the matrix Qc in Theorem 5.5 satisfies 

• 2 

Ac > min {b2ku (J* - -Xj - j<k)}. (5-35) 

This can be seen by dividing the matrix Qc into two parts expressed by 

b2h bl3~ 
0 0 ' 

Clearly, the minimum eigenvalue of the second part of Qc is zero. Hence, Ac satisfies 

the inequality (5.35). (£> 

Remark 5.6. Suppose that ||u;c(£)|| < c4, where c4 = sup{||o;c(t)|| : t > 0} is a 
positive constant. Then it follows from (5.31) that /3i < J3\ = 18A2c"4 and 

IN|2</?1|N|2 + /32<A||u;e||
2 + /32. 

Substituting these into V in (5.28), we have 

V < - (h - ^A^IKH2 - M2||e||2 - (*, + y2)\\ue + M2 + j INI 2 

< - {h - \\i - j A ) l k l l 2 - fci^lHI2 + ^ A . (5.36) 

As shown in (5.31), (32 consists of the magnitude of the reference signals uc{t) and ujc(t) 

and the external disturbance d(t). If 

b 7 2 -

it can be deduced from (5.36) that the closed-loop system is (UC,LJC,d)-to-(e,ue) stable 

in the sense of input-to-state stability. In addition, iiuc(t), d)c(t), d(t) G C%[0,00), then 

the £2-gain from (52 to (e,u;e) is finite and e, uje G £2[0,00). ® 

5.5.2 Selecting Control Gains 

After analyzing the performance estimates of the closed-loop system with the inverse 

optimal controller (5.22), we turn to present some guidelines for selecting the control 

gains. Without loss of generality, we can always choose fc2 = 1. The parameter b 

is chosen small enough to assure that the Lyapunov function V in (5.10) is positive 

definite. By appropriately choosing k\ and 6, we can choose Ac > b2k\ as follows. 

Qc = 
hbzl3 

(ki - ^Xj - xcl)-^3 
+ (fcl + -2) 

T ,lh 
0 

h 
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Suppose that ||o;c|| < c4. It follows Ci < C\ = 9A2c2. If we choose the gain k\ to 

satisfy the constraint condition 

-Y2 9 -72 

^ > T C i = 7 7 2 A 2 c 2 > ^ C l , (5-37) 

and the inequality 

„2 

fci - ^ - ^ c j > b%, (5.38) 

then, it follows from (5.35) that 

Xc>b2ku (5.39) 

and the following constraint of the parameter b should be imposed: 

b< 
l r A,- /A 

2fci L 2 +Vi+4^(^-TC_I) (5.40) 

The choice of (5.38) is reasonable as the gain b can be chosen sufficiently small. 

From (5.37), we note that (fci/72) should be larger as the supremum of ||wc||
2 goes 

up, which means that (y/ki/j) should be proportional to c4 = sup{||u;c(£)|| : Vi > 0}, 

that is, 

y/fri/j a c4. (5.41) 

A 
If we choose ki large enough such that 4&i(fci — \ci) » -f, the constraint (5.40) can 

be approximated by 

6 < — ^4*2 - fcl72c! « 1, 

which gives an upper bound for the gain 6, albeit such choices are too conservative for 

both b and k\. In general, it is unnecessary to require ki sufficiently large such that 

4fc1(fc1 — \ci) 3> I A2. Since the gain b can be chosen sufficiently small, together with 
(5.38) we could choose 

b a (2/Aj)A:i (5.42) 

with a scale that is less than 1, which implies that the gain b is chosen proportional 

to the gain h\. With an appropriate choice of the scale for (5.42), Ac > b2ki can be 

assured. 

Using the inequality y/xl + x?, < | |xi | | + ||x2|| for all Xi,x2 € TZ and substituting 

(5.39) into (5.33), we can rewrite the performance limitation (5.33) as follows: 
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which implies 

>wi»s5(DW+f(5)(*)- <w> 
from which we can conclude that the performance limitation | | 5 | | P L in (5.33) can be 

considered as a performance estimate with respect to the magnitudes of the gains fci 

and 7: For a fixed 7, a bigger k\ results in a smaller error x. A smaller 7 also brings a 

smaller error x. A small C2-g&m 7 effects the performance by increasing the attenuation 

of the external disturbances and reference inputs. 

Therefore, conditions (5.37), (5.41), (5.42) and (5.43) establish the relations between 
the attitude tracking error x and the controller parameters k\, 7 and b. Hence, we can 
consider (5.41) and (5.42) as guidelines for selecting the gains fci and b in the inverse 
optimal control law (5.22). 

5.6 Simulation Results 

In this section, a micro-satellite is assumed rigid and simulated to demonstrate the 

performance of the H^ inverse optimal tracking controller (5.22). The structure of the 

attitude control system of the microsatellite is illustrated as in Figure 4.1 and the re­

lated main parameters are listed as in Table 5.1. Detailed specifications of the reaction 

wheel MicroWheel 1000 (Dynacon Inc.) and the magnetorquer MT-5-2 (Microcosm 

Inc.), respectively, can be found at http://www.dynacon.ca/pdf/files/productpdf-14.pdf 

and http://www.smad.com/ie/ieframessr3.html. 

5.6.1 External Disturbance Estimation 

With the moments of inertia listed in Table 5.1, the product terms Ji2, J13 and J23 
are much smaller than J1; J2 and J3 so the effects induced by these product terms on 
gravity-gradient torque (4.20) can be neglected. Applying the expression (4.20) yields 
the worst-case gravity-gradient torque as 

Tgi = 1.62 x 10"5Nm, Tg2 = 6.47 x 10~6Nm, Tg3 = 0.98 x HT5Nm. 

According to the values listed in Table 5.1, the distance from the center of the earth 

to the spacecraft is r = 7178km; the velocity of the microsatellite is v = 7451.8m/s 

and the atmospheric density p = 1.17 x 10~14kg/m3, see [53] [126, pp.820] [118, pp.58]; 

the area of the center body is Af, = 0.6 x 0.8 = 0.48m2; the area of the solar panels is 

assumed to be Aa = 1.5m2; the offset from the center of mass to the center of pressure 

is conservatively taken to be Lcp = 0.1m; the drag coefficient is Cd = 2.0. Thus, by 

(4.21), the worst-case aerodynamic disturbance becomes 

Ta = 0.5 x 1.17 x 10"14 x 74522 x (1.5 + 0.48) x 2 x 0.1 = 1.3 x 10~7Nm. 
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Table 5.1: Microsatellite main parameters 
Mission 
Mass 
Inertia moments (kg-m2) 

Principal moments of inertia 
Products of inertia 
Variation range 

Size (cm) 
Orbit 

Altitude 
Inclination 
Orbital rate 

Attitude control type 
Reaction wheel 

Speed range 
Momentum capacity 
Wheel torque 
Operation mode 

Magnetorquer 
Linear dipole moment 
Saturation moment 
Voltage 

Hyper-spectral imaging for earth observation 
< 100kg 
(Initial estimates) 
Ji = 16.0, J2 = 10.0, J3 = 20.0 
Jl2 = 0.1, J13 = 0.3, J23 = 0.5 
10% 
60 x 60 x 80 
Sun-synchronous orbit (Circular) 
800 km 
87.0 deg 
0.00104 rad/s 
Three-axis control by three reaction wheels 
Danacon MicroWheel 1000 
±10000 rpm 
0.2 ~ 1.0 Nms (configurable) 
±0.03 Nm 
Torque control mode 
MT5-2 (Microcosm Inc.) 
5.0 A-m2 

6.5 A-m2 

5 V 

With the assumption of the geomagnetic field as a dipole and by (4.27), the maximal 

magnitude of the geomagnetic field turns out to be B = 4.38 x 10_5T. Assume that the 

residual magnetic moment of the microsatellite is A M = l.OA-m2 in each axis. From 

(4.22) the worst-case magnetic disturbance torque is given by 

Tmd = AMxB = 4.38 x 10 -5Nm. 

The magnetic field B is cyclic that appears in a summation of sinusoids with basic 

frequency n0 and other higher-order frequencies kno for some other integers k > 1 

[118, 126]. (All values of k are always hard to completely determined.) Hence the 

residual magnetic torque Tmd is also almost periodic because the residual magnetic 

moment A M can always be assumed constant when a satellite is manufactured. 

By the fact that ca + crs + crd = 1 and by choosing both Ap and Aw in (4.23) to 

be its maximum A « 2m2, the worst-case solar radiation pressure in (4.23) can be 

conservatively estimated as Fs = y/EpA = 2.0 x 10~5N. The offset from the center 

of mass to the center of solar pressure is taken to be Lsp = 0.1m (which is often 

too conservative for a well-designed microsatellite). Thus, by (4.24), the worst-case 

solar-radiation disturbance is estimated as 

Ts = 0.1 x 2.0 x 10~5 = 2.0 x 10"6Nm. 

From the worst-case analysis above, it is observed that the predominant sources 
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of external disturbances for a LEO spacecraft with altitude 800km are the gravity-

gradient torque and the residual magnetic torque, while the solar radiation torque and 

the aerodynamic torque are much smaller than the former two disturbances. 

On the other hand, as a result of the operation of some payloads, the induced load 

disturbances are intense but of exceedingly short duration, which are properly con­

sidered as impulsive disturbances with strength O.lNm and duration 0.2second acting 

on all the three axes, which will correspondingly result in an increment of angular 

momentum by about 0.02Nms onto each wheel. 

Therefore, we use the sum of the worst-case disturbances as the external disturbances 

d(t) considered in the numerical simulations 

d(t) = 

3.2 x 10~5 + 3.0x 10-5sinn0 i +0.1(5(180,0.2) 

2.2 x 10-5 + 3.0x 10- 5 s inn 0 i -0 .15(180, 0.2) 

2.6 x 10"5 + 3.0 x 10~5smn0 t + 0.15(180,0.2) _ 
Nm, (5.44) 

where 5(to, Ai) denotes an impulsive disturbance with magnitude 1 and duration Ai, 

activated at the time to-

As analyzed in Section 4.4.4, the magnetic unloading torque Tm is designed for the 

control purpose of removing the excess angular momentum of the wheels, which is 

accumulated by external disturbances. In this sense, we may say that the magnetic 

unloading torque Tm cancels or rejects a part of external disturbances, especially the 

constant terms, to improve the system performance. 

In practice, the magnetic unloading algorithm is designed for the long-term manage­

ment of the wheels' angular momentum. In most cases, attitude tracking and attitude 

maneuver are carried out in a short time. Wheels can afford the accumulation of the 

angular momentum for a short time. Therefore, in the simulations of this chapter, 

we do not take this unloading algorithm into account and thus the magnetorquers are 

disenabled. 

5.6.2 Numerical Simulations 

Using the moments of inertia listed in Table 5.1, it follows that Xj = \\J\\ = 20.05. 

The desired angular velocity UJC of the spacecraft is designed as 

LUr = 

0.03sin(27rf/400) 

-0.03sin(37rt/400) 

-0.02 sin(27rt/400) 

• r a d / s (5.45) 

with c4 = sup{||wc(£)||} = 0.047 and is plotted in black lines in Figure 5.2. The target 

quaternion qc can then be computed by integrating (4.31) with the initial condition 

qc(0) = [0, 0, 0, 1]T and is plotted in black line in Figure 5.3. 

The initial conditions of the quaternion q and the angular velocity w are given by 

q(0) = [0.3, -0.2,0.3,0.8832]T, w(0) = [0.01, -0 .01 ,0 .0 l f rad /s . (5.46) 
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Figure 5.2: Time responses of the angular velocities u> and uic. The black lines stand 
for the target angular velocity u>c, the colored lines denote u> 
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Figure 5.3: Time responses of the unit quaternions q and qc. The black lines stand for 
the target quaternion qc, the colored lines denote q. 

The gain k? in the controller (5.22) is chosen as k<i = 1. The gain k\ is chosen such 

that ki > \^2\2JC\, the value of b is then determined by (5.40) and (5.42). 

Firstly, we choose a set of gains, 7 = 1, fci = 4.0, k% = 1 and b = 0.13, to demonstrate 

the tracking performance of the H^ inverse optimal controller (5.22). Figures 5.2 and 

5.3 depict the time responses of the angular velocities to, LVC and the unit quaternions q 

and qc, from which it is observed that under the control law (5.22), the actual angular 

velocity u> and quaternion q track the target attitude motion (described by UJC and 

qc) well with satisfactory tracking errors, shown in Figure 5.4. Figure 5.5(a) shows the 

convergence of the scalar part r\ of the error quaternion. The control effort u calculated 

by the control algorithm (5.22) is plotted in Figure 5.5(b). The actual control torque 

that is provided by the reaction wheels and fed into the attitude control system is 

depicted in Figure 5.6(a), in which the control torque Twi, i=l,2,3, is bounded by a 

restricted range [—0.03,0.03]Nm that is the torque capacity of the wheels listed in Table 
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( a ) T r a c k i n g e r r o r a> (b ) T r a c k i n g e r r o r e. 
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Figure 5.4: Tracking errors u)e and e with 7 = 1, k\ = 4. 
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Figure 5.5: The error rj and the control effort u given by (5.22) with 7 = 1, k\ = 4. 
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Figure 5.6: Wheel torque Tw and wheel angular momentum Hw with 7 = 1, k\ = 4. 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



5.6 Simulation Results 78 

(a) The norm Ulco l|2+||e|l2>1'2 

k n = 4 
k 1 = 8 
k = 1 6 

t 

Co
stf

un
c 

8 

T 

ti 

5 

<\ 

3 

2 

1 

( b > Cost function jJ[l<x)-n-iXR2u]dt 

r " k i = 8 

k1 = 16 

• 

t 
200 3 0 0 4 0 0 500 600 TOO SOO 

Time [second] 
200 4 0 0 6 0 0 

Time [second] 

Figure 5.7: The norm ||x| | and the cost function JQ [l(x) + uTR.2u]dt with different fej. 
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Figure 5.8: Errors uie\ and t\ in the interval [fOO, 800]seconds with different k\ 

5.1. The time history of the angular momentum of the reaction wheels is illustrated in 

Figure 5.6(b). 

Next, we fix the /Vgain 7 = 1.0 and change the magnitude of the gain fci from 4.0 

to 8.0 and finally to 16.0 to show the relationship between the gain k\ and the system 

error. After the conditions (5.40) and (5.42) are applied, we prefer to fix b = 0.13 to 

illustrate the direct relationship between the system performance and the control gain 

k\. Under the control law (5.22) and with these values of k\ and b, the closed-loop 

system enters into the steady tracking within 100 seconds as before. The norm of 

the tracking errors | |x|| = \/eTe + ujju>e and the cost function L[l(x) + uTF(^u\ds are 

plotted in Figure 5.7. The steady tracking error ei and UJCX in the interval [100, 800] 

seconds for different values of the gain k\ are depicted as in Figure 5.8. From Figures 

5.7(a) and 5.8, it is observed that the norm ||x||, the steady-state tracking errors ei and 

a;el decrease considerably as the gain k\ increases. A larger gain k\ results in a smaller 

tracking error x. For example, as k\ increases as 4.0 —> 8.0 —> 16.0, the maximum 
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value of the norm | |x| | is reduced as 0.0089 —» 0.0049 —• 0.0025 and the maximum 

of ei as 0.0069 -> 0.0038 -* 0.0020. From Remark 5.2, larger value of fcj brings a 

larger state weighting matrix Q(x) and a smaller control weighting matrix R-2(x). For 

the systems with the same nonzero initial condition (5.46), this brings a larger cost 

function J0[l(x) + uTR2u]ds, as depicted in Figure 5.7(b). 

Lastly, we fix the gain k\ = 4, and change the magnitude of the £2 gain 7 from 

1.0 to 0.5 and finally to 0.25 to show the relationship between the £ 2 gain 7 and the 

system error x. By the tuning rule (5.42), the value of b is kept unchanged, b = 0.13. 

With the controller (5.22), the closed-loop system achieves steady tracking within 100 
seconds as in the previous case. The norm of the tracking errors ||x|| and the cost 

function J0[l{x) + uTRu]ds are plotted in Figure 5.9; the steady-state tracking errors 

t\ and u>el in the interval [100,800] seconds are plotted as in Figure 5.10. From Figures 

5.9 and 5.10 it is seen that the steady-state tracking error x decreases considerably as 7 

decreases, which brings a smaller cost J0[l{x) + uTRu]ds. For example, as 7 is reduced 

from 1.0 to 0.5 and then to 0.25, the maximum of the norm ||x|| is reduced from 0.0089 

to 0.0055 and then to 0.0023 and the attitude error tx from 0.0069 to 0.0042 and finally 

to 0.0017. 

5.6.3 A Comparison 

Compared with the existing techniques for attitude control, one advantage of our ap­

proach is the flexible trade-off between the tracking performance and the control effort, 

which usually leads to a more economical control for a good tracking performance. To 

further illustrate this point, a computer simulation is presented to compare our H^ 

inverse optimal controller with the variable structure controller (VSC) in [9], where 

the attitude tracking problem was also considered with external disturbances, and the 

VSC was proved to be globally stable under certain conditions and was proposed as 

u = -u m sgn(s) , s = cue + ke, 

A (5.47) 
k = -7fetiTO 2Jsgn(fc)|ei| + e ^ g n ^ ) ] , 

i=l 

where s is the sliding surface; um is the maximum control torque with the constraint 

um > d~+ AjP, where u = supt{||o;c(£)||2 + ||wc(i)||} and d = max{sup t{||di(i)||}} for 

i = 1, 2,3. With this VSC control law, lim t_00u;e(t) —• 0 and lim^oo k(t)e(t) —• 0. To 

avoid the convergence of e(t) to a nonzero constant, one needs to choose 7^ sufficiently 

small such that limt_00 k(t) is nonzero. The adaptation of the control gain k is to avoid 

imposing a stringent and conservative constraint on k. In simulations, we let 7^ = 0.001 

and k(0) = 0.132 for the VSC (5.47). To avoid too much chattering, the sign function 

sgn(sj) is replaced by an approximate sign function r^h$ with 5 = 1.0 x 10 - 7 . 

It should be noted that the constraint on um is indeed conservative in practice. For 

example, for the disturbance model (5.44), we have that d = 0.1 and v — 0.0023. As 

such, um should be larger than 0.147, which is beyond the control capability of the 

reaction wheels listed in Table 5.1. From simulations it is observed that the control 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



5.6 Simulation Results 80 

( a ) T h e n o r m <||oa | | z -H |eH Z > 1 / 2 ( b ) C o s t f u n c t i o n j I [ l ( x ) + u T R u ] d l 

^ 1 -55 

2 0 0 4 0 0 6 0 0 
T i m e [ s e c o n d ] 

Figure 5.9: The norm ||x|| and the cost function fQ [l(x) + uTR,2u]dt with different 7. 
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Figure 5.f0: Tracking errors o>el and ei in the interval [100,800] seconds for different 7 

(5.47) with a smaller um, for instance, um = 0.04, can eventually achieve the attitude 

tracking of the target angular velocity subject to the external disturbances modelled 

by (5.44) and the initial conditions given by (5.46), but needs a much longer settling 

time ts. To illustrate this point, we let b = 0.13, k\ = 16 and 7 = 1 for our H^ inverse 

optimal control (5.22). If we choose the initial conditions (5.46) for the tracking control 

problem, the VSC (5.47) with um = 0.04 can achieve attitude tracking with a horribly 

long settling time, ts = 1170 seconds, while the VSC (5.47) with um = 0.03 cannot 

work well, as shown in Figure 5.11(a). However, if we reduce the initial condition 

q(0) in (5.46) to q(Q) = [0.15,-0.10,0.15,0.972], the VSC (5.47) with um = 0.03 can 

achieve attitude tracking with a much longer setting time (ts = 764seconds) than our 

Hoo inverse optimal control (ta = 70seconds), as shown in Figure 5.11(b). Note that 

the H^ inverse optimal control is bounded by um = 0.03 in the simulations for a fair 

comparison. Therefore, we can say that the VSC (5.47) is sensitive to initial conditions. 

Next, we choose zero initial conditions for u(0) and q(0), i.e., u(0) = [0,0,0] r 
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and q(0) = [0,0,0,1]T, to make a further comparison on the tracking errors. It is 

known [102] that by frequently switching the control torque between ±u m , the variable 

structure control achieves extremely high performance. For our H^ inverse optimal 

controller, we can make the flexible trade-off between the tracking performance and 

the control power. For example, let um = 0.03Nms for the VSC (5.47), let b = 0.13, 

7 = 0.1 and k\ = 850 for our HQO inverse optimal control (5.22) and let the H^ inverse 

optimal control be bounded by um = 0.03 too for a fair comparison. Figure 5.12 plots 

the norm of the tracking error \\x\\ and the control effort u, from which we see that the 

VSC has a slightly better tracking performances than the H^ inverse optimal control 

(the mean values of | |x|| under the VSC control is 1.7 x 10~5 and that under the H^ 

control is 2.2 x 10~5), while the VSC would require a control power of 3u^, which is 

much higher than that required by the H^ inverse optimal controller. From further 

simulations we also notice that the H^ control (5.22) with a smaller 7 or a larger k\ 

will be saturated more often, which brings the H^ control (5.22) with a smaller 7 or 

a larger k\ closer to the VSC control (5.47). 

Another advantage of our H^ inverse optimal controller over the VSC is that the 

PD controller (5.22) is of a simpler form and thus easier to be implemented in practice. 

5.6.4 Some Comments 

1. For a large-angle maneuver or an attitude tracking to be achieved in a short time, 

the magnetic unloading algorithm can be disconnected, as the wheels can afford 

the accumulation of momentum for a short time without destabilizing the control 

system. However, for long-term operations, the unloading is necessary. 

2. In practice, when we design the target motions to be tracked, we should take into 

account the input saturation of the reaction wheels. Also, we should try to avoid 

long-time saturations of the wheel's angular momentum. 

3. If a large-angle maneuvers are required to be achieved in the shortest time, one 

can design a time-optimal or a time-suboptimal trajectory for the attitude ma­

neuver to take full advantage of the control torques. For example, one-axis time-

optimal trajectory can be designed as the figure below: 

t 
k 

2 i 3 
t 

The motion of (p is divided into three stages: acceleration, holding and deceler­

ation. This idea of trajectory planning is motivated by the work [56], where a 

near-time-optimal trajectory was planned in this way. 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



5.6 Simulation Results 82 

3 0 . 1 5 

_£ 0 . 1 

H ^ c o n t r o l 
V S C w i t h u = 0 . 0 3 

i n i t i a l c o n d i t i o n s : 
q ( 0 ) = [ 0 . 1 5 , - 0 . 1 0 , 0 . 1 5 . 0 . 9 7 2 ] 
w { 0 ) = [ 0 . 0 1 , - 0 . 0 1 , 0 . 0 1 ] T 

400 SOO 1200 
Time [second] 

200 4 0 0 600 SOO 10OO 1200 
Time [second] 

Figure 5.11: Convergence comparison between VSC control and H^ inverse optimal 
control for different initial conditions. 
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Figure 5.12: A comparison between VSC control and H^ inverse optimal control for 
zero initial conditions. 
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5.7 Conclusions 

With the introduction of the concept of extended disturbance, the robust inverse 

optimal control method has been applied to the attitude tracking control problem of 

rigid spacecraft with external disturbances. The proposed state-feedback control law 

is inverse optimal with respect to a meaningful cost functional that involves penal­

ties on tracking errors and control efforts. The associated control Lyapunov function 

solves a Hamilton-Jacobi-Isaacs (HJI) partial differential equation, thus, nonlinear H^ 

optimality with respect to the extended disturbance is achieved without obtaining 

a direct solution to the associated HJI equation and H^ disturbance attenuation is 

also achieved. Such a state-feedback law is in the form of a Proportional-Derivative 

state-feedback controller, which is easy to be implemented in practice. Performance 

estimates have been given in terms of the performance limitation. Based on the per­

formance analysis, tuning rules have been established as guidelines for selecting the 

proportional and derivative gains. Numerical simulations have been carried out to 

demonstrate the control algorithms and the tuning rules. 
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Chapter 6 

Hoc Inverse Optimal Adaptive 
At t i tude Tracking Control 

6.1 Introduction 

In most practical situations, the inertia matrix of a spacecraft may be uncertain or 

may change due to the motion of onboard payload, the rotation of solar arrays or the 

fuel consumption, etc. Thus, we would like the nonlinear attitude control system to 

be able to adapt to parameter uncertainties in the mass properties and have a robust 

capability to reject or attenuate external disturbances. As stated in Remark 5.3, the 

Z/oo inverse optimal control law proposed in Chapter 5 is robust to parametric uncer­

tainties because no complete information of the inertia matrix is required in the H^ 

inverse optimal controller. In this chapter, we address these parametric uncertainties 

directly by applying the adaptive control method, and design an inverse optimal adap­

tive controller for the attitude tracking control problem with external disturbances and 

a constant but uncertain inertia matrix. 

Adaptive control [45,62,66] has been applied successfully to the attitude tracking 

control problem of spacecraft by many scholars, for example, [1,9,10,33,34,56,103,125]. 

Authors of [34,103] developed adaptive control schemes for the attitude tracking prob­

lem; however, due to the use of Rodriguez parameters, singularities appeared in the 

attitude representation so global results were not obtained. Based on the attitude rep­

resentation using singularity-free modified Rodriguez parameters, an adaptive control 

algorithm was developed in [56] for attitude maneuvers. Using the singularity-free unit 

quaternion to represent the attitude of spacecraft, [1,33,125] presented adaptive con­

trollers. It was shown by Lyapunov functions that these adaptive controllers achieved 

a global convergence of the attitude tracking errors to zero. In [125], only scalar control 

gains could be used. Also, it is not straightforward to extend the result [125] to other 

adaptive control schemes. In [33], the control scheme was designed using passivity 

theory and it allowed the control gain to be of a matrix form, but the controller was 

not for the case of an uncertain inertia matrix. By applying nonlinearity cancellation 

technique, an adaptive controller [1] was designed to identify the inertia matrix and 

to achieve asymptotic attitude tracking. All these adaptive tracking controllers above-
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mentioned were designed for spacecraft without external disturbances. Moreover, the 
degree of optimality of these adaptive controllers was not stated explicitly. 

As stated in the previous chapters, nonlinear H^ optimal control [123] is a po­

tential approach for solving the attitude tracking control problem due to its inherent 

robustness with respect to external disturbances and uncertainties, while its practical 

applications remain open due to the difficulty in solving the associated Hamilton-

Jacobi-Isaacs partial differential equation. On the other hand, inverse optimal control 

approach [35,63] is an alternative approach to circumvent the hard task of solving the 

HJI equation and results in the proposed feedback controllers optimal with respect to 

a family of meaningful cost functional. 

In this chapter, we combine both the adaptive control method and the inverse opti­

mal control approach to account for the parametric uncertainties on the inertia matrix 

of the spacecraft and the optimality of the attitude controller for the the attitude 

tracking control problem with disturbances. The method of backstepping [35] is used 

to construct a control Lyapunov function and stabilizing control laws of particular 

forms. For the zero-disturbance case, the proposed inverse optimal adaptive controller 

achieves globally asymptotic attitude tracking for all initial conditions. In comparison 

with the results reported in [1,33,103,125], the adaptive feedback control laws in this 

chapter are optimal with respect to a family of meaningful cost functional involving 

tracking errors and control efforts. When external disturbances are considered, an 

adaptive attitude tracking control law is proposed that is optimal and achieves H^ 

disturbance attenuation without solving the associated HJI equation directly. 

This chapter is organized as follows. In Section 6.2 theoretical results on the inverse 

optimal adaptive control are proposed. In Section 6.3, the theoretical results in Sec­

tion 6.2 are utilized to design inverse optimal adaptive control law to solve the attitude 

tracking problem with disturbances and an uncertain inertia matrix. Numerical sim­

ulations are carried out in Section 6.4 to demonstrate the performance of the optimal 

adaptive control algorithms. Finally, conclusions follow in Section 6.5. 

6.2 Inverse Optimal Adaptive Control 

6.2.1 Stable Adaptive Control 

We consider the nonlinear uncertain system 

x = f{x) + F(x)9 + g(x)u (6.1) 

where x G Kn, u £ ftm, the mappings f(x) £ Tln, F(x) £ fc"xp and g(x) £ Tlnxm 

are smooth, and 9 £ W is a constant unknown parameter vector. Let 9 denote an 

estimate of 9 with an error 9 = 9 — 9. 

Definition 6.1 (Adaptive Control Problem). We say that adaptive control prob­

lem of the system (6.1) is solvable if there exist a function a(x,9) smooth on (1Zn \ 

{0}) x W with Q(0 , 9) = 0, a smooth function r(x, 9) and a positive definite symmetric 
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matrix T G 7Zpxp such that the dynamic feedback controller 

u = a(x,9) (6.2) 

9 = TT(XJ) (6.3) 

guarantees that the solution (x(t),9(t)) is globally bounded, and x(t) —> 0 as t —* oo, 

for any value of the unknown parameter vector 9 G W. 

The approach adopted here to stabilize (6.1) is to replace first the problem of adap­

tive stabilization of (6.1) by a problem of non-adaptive stabilization of an auxiliary 

system and then design an adaptive controller based on the results obtained from the 

auxiliary system. This allows us to study adaptive stabilization in the framework of 

control Lyapunov functions. 

Definition 6.2. [61] A smooth function Va(x,9) : TV1 x F - > 7l+, positive definite, 

decrescent, and radially unbounded in x for each 6, is called an adaptive control Lya­

punov function (ACLF) for (6.1) if there exist a positive definite symmetric matrix 

T G %P*P and a continuous function W(x, 6) positive definite in x for each 6 G W 

such that Va(x,9) satisfies1 

'dVa\T> 
MA-di[f{x) + F{x){e + r{-w) )+9(x)u}}<-W(x,6) (6.4) 

for the auxiliary system 

x = f(x) + F(x) (e + r ( ^ ) T ) + g(x)u. (6.5) 

Lemma 6 .1 . [61] A function Va(x, 9) : lZn x 7 i p - > 7Z+, positive definite, decrescent, 

and radially unbounded in x for each 9 G W, is an ACLF for (6.1) if and only if, for 

all x T̂  0, it follows that 

§sW = o ^ f [/W + FW(S + r ( f )T)] <-^(x,e) (6.6) 

When an adaptive control Lyapunov function is known, the next theorem [62, The­

orem 4.3] shows how to design an adaptive controller. 

Theorem 6.2. The following two statements are equivalent: 

1. There exists a triple {a, Va, T} such that a(x, 9) globally uniformly asymptotically 

stabilizes (6.5) at x = 0 for each 9 G W with respect to the Lyapunov function 

Va(x,9). 

2. There exists an ACLF Va(x,9) for (6.1) with a small control property. 

Moreover, if an ACLF Va(x,9) exists, then (6.1) is globally adaptively stabilizable. 

throughout the chapter, we will drop the arguments in —°i^' and —"if' , and write shortly 
11 and Tfi1. However, we will keep the arguments in f(x), F(x), g\{x) and g2{x). 
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In the proof of Theorem 6.2, if Va(x, 6) is an ACLF, a Sontag-type control law 

a = " - » 
<gLg\\2 \dx9) . ax^T^u, (57) 

lfe/1 N |-Sf9|| 

0, ^ 9 = 0 

is designed, where f(x,9) = f(x) + F9 + FT(^.)T with a constant matrix r = TT > 0. 

With the control (6.7), it is easy to verify that (6.4) is satisfied with the continuous 

function W(x,8) = \/\\^f\\ + H T ^ H I which, by Lemma 6.1, is positive definite 

in x for each 9. By the results in [107] and the small control property, the control (6.7) 

is smooth on (TV \ {0}) x TV and continuous everywhere on TV x TV. 

Consider the following Lyapunov function candidate 

V(x, 9) = Va(x, 9)+l-{9- 9)TT-\9 - 9). (6.8) 

With the control law (6.7) in which 9 is replaced by 9, and choosing T(X, 9) in (6.3) as 

r)V T 

T{X,9)=[^F{X)]\ (6.9) 

it follows that V < -W(x,6) for all 9 E TV. Thus the equilibrium x = 0, 9 = 0 of 

the closed-loop system (6.1), (6.2) and (6.3) is globally uniformly stable, 9 and x are 

bounded for all t > 0, and by Theorems 3.2 and 3.3, x —> 0 as t —> oo. 

The adaptive control law constructed in Theorem 6.2 consists of a continuous state-

feedback control law u = a(x, 9) given by (6.7) and a parameter update law 9 = Tr(x, 9) 

with the tuning function (6.9). 

The control law a(x, 9) stabilizes the auxiliary system (6.5) but may not stabilize 

the original system (6.1). However, its certainty equivalence2 form a(x, 9) is a globally 

adaptively stabilizing control law for the original system (6.1). Hence, if the certainty 

equivalence approach is to be applied to a nonlinear system, the system should be 

modified to require a control law which anticipates parameters estimation transients. 

This is achieved by incorporating the tuning function r into the control law a. Indeed, 

the formula (6.7) for a depends on r via %fcf{x, 9) = f f / ( x ) + T(X, 9 ) T [9 + T(^)T]. 

Using (6.9) to rewrite the inequality (6.4) as 

^ [/(*) + F(x)9 + g(x)a(x, 9)] + ^ r ( x , 9) < -W(x, 9), 

it is not difficult to see that the control (6.7) containing ^f(x,9) prevents r from 
destroying the nonpositivity of the Lyapunov derivative. 

2The " certainty equivalence" thinking [62] in adaptive control is divided into two steps. One first 
performs a design for the case when the exact value of 6 is known to get a feedback control ac(x,0) 
with respect to a known CLF Vc{x, 6). The certainty equivalence idea is to replace 6 by an estimate 

6 obtained from the parameter update law 9 = FT(X,6) for an adaptation matrix T > 0. The goal is 
to select u and r with respect to a CLF candidate V(x,6) = Vc(x,6) + ^9TY~l6. 
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6.2.2 Inverse Optimal Adaptive Control 

Definition 6.3. The inverse optimal adaptive control problem for the system 

(6.1) is solvable if there exist a positive constant j3, a smooth nonnegative function 

E(x) > 0, a positive definite symmetric matrix R(x,9), a real-valued function l(x,9) 

positive definite in x for each 6, and a dynamic feedback controller (6.2) (6.3) that solves 

the adaptive problem and also 'minimizes the cost functional 

J 0 ( M ) = Urn {[£ | |£ | | r - i + E(x)] + / (l(x,§) + uT i?(x,^)w)(ir}, (6.10) 

for each 9 E Kp. 

Definition 6.3 is a bit different from Definition 5.12 in [61] in that a smooth nonneg­

ative function E(x(t)) that penalizes the terminal state x(oo) is introduced in (6.10). 

This definition of optimality puts penalty on x and u as well as on the terminal values 

of 9{oo) and x(oo). Even though 9 is not guaranteed to have a limit in the general 

adaptive case, the existence of lim^oo ||^||p-i is assumed implicitly if the adaptive 

control problem is solvable. The absence of an integral penalty on 9 in (6.10) should 

not be surprising because adaptive feedback controls, in general, do not guarantee the 

parameter convergence to the true value. In the next theorem, we present such an in­

verse optimal adaptive controller for the uncertain nonlinear system (6.1) in the sense 

of Definition 6.3. 

Theorem 6.3. Suppose that there exist an ACLFVa(x,9) for (6.1), a positive definite 
symmetric matrix R(x,9) for all 9, a positive definite symmetric matrix T € lZpxp and 
a feedback control law 

u = a(x,9) = -R-1(x,9)^g(x)) 

that stabilizes the auxiliary system (6.5). Then the dynamic feedback control law 

u = a*(x,6) = pa(x,§), V/3 > 2 

together with the parameter update law 

e = rr(x,e) = r[-^F(x)j 

minimizes the cost functional Ja in (6.10) with E(x) = 0, where 

Proof. It is a straightforward extension of Theorem 5.13 in [61] to the MIMO case with 
some necessary modifications. Therefore, we omit the proof here. • 

Remark 6.1. The freedom in selecting the parameter 3 > 2 in Theorem 6.3 means 

that the inverse optimal adaptive controller has an infinite gain margin. The ACLF Va 
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solves the following family of Hamilton-Jacobi-Bellman partial differential equations 

parameterized in /3 > 2: 

OVa 
dx 

,w + nx)e + Fix)T{^f] - 1 ( f , ( „ ) * - . ( £ * „ ) ' + ^ 1 . o 

The role of the term F ( x ) r ( ^ ) is to take into account the time-varying parameter 

adaptation and make the control law optimal in the presence of an update law. <g> 

Corollary 6.4. / / there exists an ACLF Va(x, 6) for the system (6.1), then the inverse 

optimal adaptive control problem is solvable. 

With Theorem 6.3, the problem of inverse optimal adaptive control is reduced to 
the problem of finding an ACLF for the nonlinear uncertain system (6.1). As stated 
in [35,61,62], the recursive Lyapunov design known as robust backstepping helps to 
alleviate the difficulty in constructing such an ACLF for a nonlinear system. Moreover, 
it helps to design a controller that is smooth everywhere. 

Theorem 6.5. Suppose the nonlinear system (6.1) is globally adaptively stabilizable 

with an ACLF Va(x, 0), a smooth control law a(x,6) and a smooth tuning function 

T(X,6), and (6.4) is satisfied with W(x,0) = xTQ(x,6)x, where £l(x,Q) G TZnxn is 

positive definite and symmetric for all x and 6. Assume that f(x), F(x) and Fi(rr,£) 

are smooth and vanish for x = 0. Then the inverse optimal adaptive control problem 

with E(x, £) = 0 for the augmented system 

x = f(x) + F(x)0 + g(x)£, 

£ = u + F1(x,£)d, 

is also solvable with a smooth dynamic feedback control law. 

It should be noted the augmented system in [61, Lemma 5.20] is augmented only by 

an integrator £ = u and can be considered as a special case of the more general system 

(6.11). A stable adaptive controller was designed for the augmented system (6.11) 

in [62, Lemma 4.7 and Corollary 4.9] using the nonlinearity cancellation technique, 

which is, in general, not guaranteed to be optimal. Applying the "nonlinear damping" 

technique [59], Theorem 6.5 establishes the inverse optimality for a class of adaptive 

control systems. It is obtained by extending both [61, Lemma 5.20] and [62, Lemma 

4.7 and Corollary 4.9] to the MIMO case with certain necessary modifications, and the 

proof is outlined as follows. 

Proof. Since the system (6.1) is globally adaptively stabilizable, then there exist an 

ACLF Va(x,6) and a positive definite symmetric matrix Q(x, 0) such that the contin­

uous function W(x, 0) = xTQ(x,9)x is positive definite in x for each 9 and (6.4) is 

satisfied with a smooth control law a(rc, 6). 

Choose a control Lyapunov function Vi(x,£,6) as 

Vfa&d) = Va(x,6) + i ( £ - a{x,e))2 (6.12) 
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to design the control law dt\ and the tuning function T\ for the augmented system 

(6.11). Consider the auxiliary non-adaptive system 

(6.13) 
x = / (*) + F(x) (6 + T ( ^ ) T ) + g{x)Z, 

C = a1 + F 1 (x ,e)(^ + r ( ^ ) T ) , 

and define z = £ — a(x,9). Letting two matrices ^i(x,9) and \&2(a;, 0) satisfy 

. , (^n(«.^.-^-| l /+«+H-§r(|F) ' 

along the solution of the system (6.13) we can express the derivative of V\ as 

Vi < -W(x,9) + zT*i(x,9)TQ(x,6)1 / 2x + zT[$>2(x,9)T + *(x,0)]z. 

Since a(x,6), f(x), F(x), F^x ,^ ) , Q£-(x,9), ^ ( x , 0 ) are smooth in x for all 0 and 

vanish for x = 0, we conclude that ^ i (x , 0) and ^2(x,9) are also smooth. Then, the 

choice of the smooth dynamic feedback controller 

with the matrix R(x,^,9) satisfying 

dVj [ 0 

a(x,0LiJ 
F 

F, ' - '(£'+£*' 
(6.14) 

(6.15) 

ir1(x,£,0) = c/n + tff * , (*a + *£) r\2 

+ 2c 
> 0, Vc>O,:r ,£,0, 

renders 

Vi<-7:\\n1/2x\ r-
By Theorem 6.3, it is seen that the smooth dynamic feedback control 

u1=al=Pa1(x,£,0), V/?>2, (6.16) 

together with the parameter update law (6.15), is inverse optimal and minimizes the 

cost functional 

Ja(u) =p lim {[\\6\\l-i +2V1(x(t),£(t),6(t))] + I [l(x,U)+ujR(x,^e)Ul]}dr 
t—>oo I. JO J 
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for each 9 G Rp, where 

dVi -dV^r 
l(x, e, 9) =P(P - 2)(£ - afBT\i - a) - 2(3-^ [f + F§ + Fr(^) + tf 

- * % 

fdVx\Ti 

Thus, we conclude that the inverse optimal adaptive control problem for the augmented 

system (6.11) is also solvable with the smooth dynamic feedback control law (6.16) and 

the parameter update law (6.15). • 

A repeated application of Theorem 6.5 leads to the following result for a class of 

single-input parametric strict-feedback systems. 

Corollary 6.6. The inverse optimal adaptive control problem for the parametric strict-

feedback systems is solvable, 

±i = xi+i + <pi(xi, • • • , Xi)T9, i = 1,2, • • • , n - 1 

xn = u + <j>n(x1,--- ,xn)
T9. 

(6.17) 

6.2.3 Robust Inverse Optimal Adaptive Control 

In Theorems 6.3 and 6.5, we have addressed the inverse optimal adaptive control 

problem for the zero-disturbance nonlinear system (6.1). We then extend these results 

to nonlinear uncertain systems with disturbances and proceed to consider the inverse 

optimal adaptive control problem for the nonlinear uncertain system 

x = f{x) + F(x)9 + 9l(x)d + g2{x)u, (6.18) 

where the state x G 7£n, the control effort u G 7£m and the disturbances d G 7lq; the 

mappings f(x) G Kn, F(x) G Tlnxp, gx(x) G TZnxq and g2(x) G Hnxm are smooth in 

Cfc, k > 1; 9 G W is a constant, unknown parameter vector. 

Definition 6.4. The inverse optimal adaptive gain-assignment problem for 

the system (6.18) is solvable if there exist a positive constant f3, a class /Coo function 

p whose derivative p' is also a class /Coo function, a positive definite symmetric matrix 

R(x,9), a smooth nonnegative function E(x,9) > 0 for each 9, a real-valued function 

l(x,9) positive definite in x for each 9, and a dynamic feedback controller (6.2), (6.3) 

that is continuous everywhere and minimizes the cost functional 

Ja{u) = s u p l i m lp\\6(t)\\l-i+E(x(t),6(t))+ f [l(x,6) + uTR(x,6)u-p(\\d\\)]dT\ 
dgX)*^00 l Jo J 

for each 9 G W, where T> is the set of locally bounded functions of x. 

Definition 6.4 is analogous to Definition 3.1 in [63] and the difference lies in that the 

parameter adaptation for 9 is considered in Definition 6.4. The next theorem provides 

a sufficient condition for the solvability of the inverse optimal adaptive gain-assignment 

problem for the system (6.18) in the sense of Definition 6.4. 
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Theorem 6.7. Consider the auxiliary system 

= f(x) + F(x)(e + r(—) ^+gl{xyp(2\\LgiV\\)y^/- + g2(x)U, (6.19) 

where V(x,0) is a CLF candidate; the junction p is a class /Coo function whose deriva­

tive p' is also a class /Coo function andip is defined by (3.28). Suppose that there exists 

a matrix R2{x, 9) = R%{x, 9) > 0 for all 9 G W such that the feedback control law 

u = a(x, 9) = -R2{x, 9)-l{Lg2V)T (6.20) 

asymptotically stabilizes the auxiliary system (6.19) with respect to V(x, 9). Then, the 
dynamic feedback control 

u = a*(x, 9) = -/3R2(x, 9)-l(Lq2V)T, V/? > 2 
i ~ (6-21) 
6 = TT(X,0) = T{LFV)T 

solves the inverse optimal adaptive control problem for the nonlinear uncertain system 

(6.18) by minimizing the cost functional 

Ja(u) = sup{ lim [p\\e{t)\\2
r-1+2pV{x(t),9(t)) 

- — * - • " •no 

I (l{xJ)+uTR2{xJ)u-p\p(^)yr\} (6.22) + 

for any A G (0,2] and for all 9 G 1ZP, where T> is the set of locally bounded functions of 

x and the state weight l(x,9) is given by 

l(x,9) = p2Lg2VR2\L92V)T - 2(3L}V - 2(3LFV\§ + r ^ Y ] - p\£p(2\\LgiV\\). 

(6.23) 

Theorem 6.7 is an important extension of Theorem 3.1 in [63], as the adaptive 

control problem of uncertain parameters is also considered here to form an inverse 

optimal adaptive control problem. When r — 0, the parameter 9 is assumed known 

and the problem defined in Definition 6.4 is reduced to a non-adaptive inverse optimal 

problem, which was already studied in [63]. The proof is based on that of [63, Theorem 

3.1], with certain significant modifications for the adaptive case. 

Proof. Since the feedback control law u = a(x,9) in (6.20) stabilizes the auxiliary 

system (6.19), it follows from Definition 6.2 that there exists a continuous function 

W(x,8) positive definite in x for each 9 G 7£p such that 

LfV + LFV 9 + r(%Y] +W\\L9iV\\)-Lg2VR^\L92V)T < -W{x,6) < 0, 
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which brings 

l(x,§) > W(x,0)+P(2 - \)£p(2\\LgiV\\) + (3(P-2)Lg2VR~l(Lg2V)T. 

Since (3 > 2, R2(x, 9) > 0 and W(x, 9) is positive definite, l(x, 9) is also positive definite 
in x for each 9 G W. Therefore, the cost functional Ja(u) defined in (6.22) with l(x, 9) 
of (6.23) is a meaningful cost functional, which puts penalties on the state x(t), the 
control input u(t) and the disturbance d(t). 

Substituting l(x,9) into Ja(u) defined in (6.22) and applying the dynamic feedback 
control law (6.21), along the trajectories of (6.18) we get 

Ja(u) = sup < lim 
d «• 

Jo 

t—>oo 

t 

P\\9(t)\\U+2(3V(x(t)J(t)) 

dV\T 
LfV + LFV9 + LgiVd + Lg2Vu - LFV9 + LFVr(-^ 

\d9' J 
(IT 

pt 11 J | I 

+ y (2f3LgiVd-/3\tp(2\\LgiV\\) - / ? A p ( U ) ) d r 

= sup < lim /? 

+ / uTi22t;dT+ / (2/3L9 1V rd-/3A£p(2| |L s iy| |)-/?Ap(^))dr]J 
/ 'OO 

= /?||0(O)||£_i + 2/3V(x(O),0(O)) + / vTR2vdr 

2
v-i+2pV(x(t),9(t))-2(3 J (^-x + ~9-LFV9)dT 

89 

o 

+/3sup{ jr
0O(2 i s iv ( i-Ap'(Ml)»i+MM )_MM! )) ( iT}, 

where v = u - a* and d* = \(p')-1(2\\LgiV\\) 

A ' A 

\\L31V\\ is the "worst-case" disturbance 

and we have made use of the property £p(r) = r(p')~1(r) — p((p')_1(r)). (See the proof 
of Theorem 3.12 and Appendix C.) It was also shown in the proof of Theorem 3.12 
that (see also [63, Theorem 3.1]) 

sup 
d u: 2LgiVd - AP'(!LJ!)!LJN + Ap(iL-li) - \p( 

A 
dr\ <0 

and the equal sign "=" is satisfied if and only if d = d*. Hence, the minimum of the 
cost functional Ja{u) in (6.22) is reached with u = a*(x,8), and the dynamic feedback 
control law (6.21) minimizes the cost functional (6.22). The value function of (6.22) is 

Jl{x) = f3\\d{t)\\U+2pV{x{t\e{t))- • 

Remark 6.2. The Lyapunov function V(x, 9) indeed solves the following family of 
Hamilton-J acobi-Isaacs partial differential equation 

LfV 4- LFV 
d9> J 

+ \ip{2\\LgiV\\) - ^Lg2VR-2\Lg2V)T + l^p- = 0 
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parameterized by (/?, A) G [2, oo) x (0,2]. It is seen from the proof of Theorem 6.7 that 
the achieved disturbance attenuation level is 

/ [l(x,9)+uTR2(x,9)u] </3A f p(M)dT + p\\9(0)\\l-1+2pV(x(0),d(0)) 
Jo Jo A 

for all T > 0. ® 

With the inverse optimal adaptive control (6.21), the next theorem establishes that 

the closed-loop system is integral-input-to-state stable (IISS). 

Theorem 6.8. / / the inverse optimal adaptive gain assignment problem is solvable for 

the system (6.18), then (6.18) is integral-input-to-state stabilizable. 

Proof. Let /? = A = 2. For the adaptive control Lyapunov function 

V2(x,9) = V(x,6) + l-9TT-l~6, 

applying (6.23), along the solutions of the system (6.18) with the inverse optimal 

adaptive control law (6.21) we have 

V2 = LfV + LgiVd + Lg2Vu + LFV9 + -^T{LFV)T - 9T{LFV)T 

89 

= -ll(x,§) - Lg2VR-2\Lg2V)T + p(^f-). 

Since l(x,9) is positive definite in x for each 9 G TV and radially unbounded, and p(-) 

is a class /C^ function, by Definition 3.11, Remark 3.1 and the results in [4,69], we can 

conclude that the closed-loop system with the inverse optimal adaptive control (6.21) 

is integral input-to-state {d-to-x) stable for each 9. • 

6.3 Inverse Optimal Adaptive Control for Att i tude 
Tracking Problem 

In this section, we present inverse optimal adaptive feedback control laws that solve 

the attitude tracking control problem of spacecraft. The inverse optimality approach 

requires the knowledge of a control Lyapunov function and a feedback control law of a 

particular form. We construct both of them via the method of backstepping [35,62]. 

6.3.1 Problem reformulation via backstepping 

Observe that the error system in (4.38)-(4.40) is indeed a nonlinear cascade inter­

connection, that is, the kinematics subsystem (4.38)-(4.39) is stabilized only indirectly 

through the angular velocity vector uje. Stabilizing control laws for such cascade struc­

tures can be efficiently designed using the method of backstepping. By this method, u>e 

in (4.38)^(4.39) is considered as a virtual control input and a control law u,i is designed 
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to stabilize the kinematics subsystem. Subsequently, the actual control u is designed 

to stabilize the dynamics subsystem (4.40) without destabilizing the kinematics sub­

system (4.38)-(4.39) by forcing cue —> u>d. 

Step 1. Control of the kinematics subsystem: Consider uje in the kinematics sub­

system (4.38) and (4.39) as a virtual control input and design the control law 

ujd = -Ke, (6.24) 

where K € 7£3x3 is symmetric and positive definite. With this control law, the vector 

e converges to zero asymptotically for all initial conditions e(0), and the scalar 77 —>• 1 

as t —> 00 whenever the initial condition 77(0) 7^—1. 

We first proceed to show that 77 —> 1 as t —> 00 whenever 77(0) 7̂  —1. Let k\ and k2 be 

the minimum and maximum eigenvalues of K, i.e., k\ = \m[n(K) and k2 = Amax(-ftT). 

Applying the virtual control law (6.24) to (4.39) and using the constraint condition 

eTe + rj2 = 1, we have 

By Lemma 2.4 (the comparison principle), it follows that r](t) satisfies the following 

inequalities 

_ 2[1 - V(0)]e-klt
 < (t) < 1 _ 2[ l -q(0)]e- f c* 

1 + r?(0) + [1 - T](0)]e-k^ ~ l{ ' - 1 + 77(0) + [1 - 77(0)]e-fc2t 

for all t > 0. (The first one is obtained from 77 < — |/ci(l — fj2) by letting 77 = —77.) 

When 77(0) = - 1 , it follows that rj(t) = - 1 for all t > 0. Whenever 77(0) ^ - 1 , we 

conclude that n{t) > - 1 for all t > 0 and 77(c) > 0 for all t > max{0, ^-ln ^ § y } with 

limt^oo 77(f) = 1. In particular, when k\ = k2 and 77(0) 7̂  —1, r](t) is strictly increasing 

for all t > 0, i.e., 77^) < T](t2) for all 0 < ti < t2. 

Applying the fact that 77(c) —> 1 as t —* 00 whenever 77(0) 7̂  — 1, we continue to 

show the global asymptotic stability of e = 0 under the control law (6.24). We select 

the following Lyapunov function with a constant c > 0 for the kinematics subsystem 

Va = ceTe + c(l - 77)2 (6.25) 

whose derivative is 

Va = ceTujd = -ceTKe < -cfci||c||2 < 0. (6.26) 

Then the global asymptotic stability of e = 0 follows for all initial conditions e(0). 

Both (e, 77) = (0, +1) and (e, 77) = (0, —1) stand for exactly the same physical attitude 

orientation. Therefore, we can conclude that the attitude motion under the control law 

(6.24) is globally asymptotically stable. 

Step 2. Control of the full rigid-body models: We consider that the inertia matrix 

J G lZ3x3 is constant, but is unknown or poorly known. In this case, we can replace 
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it with an estimate and update the estimate by an adaptive scheme. To isolate the 

uncertain parameter, a linear operator L : 1Z3 —> 7Z3x6 acting on the vector a = 

[ai, a2, as\T is defined by 

L(a) = 
ai 0 0 0 as (22 
0 <22 0 as 0 ay 
0 0 as a-2 a\ 0 

.27) 

and the parameter vector 9 € TZ6 is defined as 

then it follows that 

: ~ [Ju 'hi J33 J23 J\3 J\2\ 

Ja = L(a)6. 

(6.28) 

(6.29) 

Let 9 denote the parameter estimate of 9 and 9 be the estimation error defined by 

9 = 9-9. (6.30) 

We also adopt the following notations: 

z = ue - ud = uje + Ke, 

uc = H(UC,UJC)9, 

ue = u + uc = u + H(uc, UJC)9, 

H(UJC,LJC) = -(JJ*L((JJC) - L(u>c) 

(6.31) 

(6.32) 

(6.33) 

(6.34) 

Then it follows that 

Jz= [F(e,r],uie,u!c,toc) + G(e,r),u)e)]9 + H(u>c,uc)9 + ue + d, (6.35) 

e = \[rlIs + ex]{z~Ke)) (6.36) 

i] = -\eT{z-Ke)) (6.37) 

where the matrix-valued functions F(e,rj,uje,ujc,ujc) G 7£3x6 and G(e,r),ue) G 7£3x6 are 

given by 

F = L{LU*CUC) - L(CIUJC) - (ioe + Cuc)
xL{ue) - u*L{Cxuc) 

-{ue + Clujc)
xL{Cuc)) (6.38) 

G = \L(K(r,Is + ex)oje), (6.39) 

C{e,ri) e ft3x3 is defined by (4.35), and Ci(e,77) G 7Y3x3 is given by 

d (e, 77) = C(e, 77) - I3 = -2e T e / 3 + 2eeT - 2r/ex. (6.40) 

Thus, the stabilizing control problem of UJC in (4.40) with the control input u is trans-
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formed into the control problem of stabilizing z defined in (6.35) with an auxiliary 

control input ue. When z —» 0, we have that u>e —> uia and then the kinematics sub­

system (6.36) and (6.37) is asymptotically stable as analyzed in Step 1, that is, e —» 0 

and subsequently ue —> 0 as t —• oo according to (6.31). 

The control effort uc in (6.32) is called the adaptive feedforward compensation, 

which is independent of the tracking errors e and ue. Once ue is designed, we can also 

obtain the actual control input u = ue — uc by (6.33). 

In summary, we need to design a dynamic feedback control law 

ue = a(e,ri,uje,6:uc,ujc) 

and an adaptive parameter update law 

9 = TT(e,rj,uje,9,ujc,d;c) 

to stabilize the full-model system (6.35), (6.36) and (6.37) with an uncertain parameter 

vector 6 ell6. 

6.3.2 Control design: zero-disturbance case 

First, we consider the zero-disturbance case, d — 0, which is a special case, but has 

some interesting and important properties such as optimality, asymptotic property and 

global convergence. Compared to the nonzero-disturbance case discussed in Section 

6.3.3, under the inverse optimal adaptive controller proposed in Theorem 6.10, the 

attitude tracking problem without external disturbances is solvable asymptotically in 

the sense of Definition 4.2 with a global convergence of tracking errors to zero for all 

initial conditions. Next theorem presents an adaptive feedback controller that achieves 

globally asymptotic attitude tracking in the sense of Definition 4.2. 

T h e o r e m 6.9. Suppose that Assumption 4-1 is satisfied and the external disturbance 

d[t) in (6.35) isd = 0. Let the constant matrices K G K3x3, KX G ft3*3 and T G ft6x6 

be symmetric and positive definite and let c > 0. Then the dynamic feedback control 

ue = a(e,n,uje,9,ujc,Luc) = - ^ ( e , ^ , ^ , ^ , ^ , ^ ) - 1 ^ + Ke), (6.41) 

§ = T[F(e, 77, we, uc, Cuc) + G(e, r?, ue) + H{uC} Cjc)]
T(ue + Ke), (6.42) 

with .R(e,77,ue,9,UJC,U)C) satisfying 

R-\e^uJ,uc,uc) =Ki + 1*1**1 + Itfatff1**, (6.43) 

solves the adaptive attitude tracking control problem asymptotically, that is, e —> 0 and 

ue —• 0 as t —> 00. Furthermore, 9 is bounded for allt>0 and 0 —> 0 as t —> cx>. 

Here, the symmetric matrix-valued function ^2(^,11:^,9) G 7£3x3 is given by 

* 2 (e , 77, cje, 9) = $>%(€, 77, ue, 9) + * 2 (e , 77, we, 6); 
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the smooth functions ^i(e,r],u)e,8,ujc,ujc) G TZ3xS, ^2(e,n,ue,9) G ft3*3, C2(e,rj,ujc) G 
7?.3x3 and C3(e, 77, wc) G 7£3x3 are defined by 

* [ = c-V2[(ue + Ca;c)x J + J(Ca;c)x - (JCuc)
x - \JK{r)h + ex) 

+ cK-1 + {JCuc)
xC2K-1 - UJXJC2K-1 - JCzK-l]Kl>\ (6.44) 

* 2 = \JK(Vh + e x ) - K J, (6.45) 

C2 = 2tTLJcIz - 2uce
T + 2r,ujx , (6.46) 

C3 = 2tTuch - 2uce
T + 2r]ux; (6.47) 

the matrix J is of the form (4-30), obtained from the estimate 9; the matrices H(UJC,LUC), 

F(e,r},uje,ujc,u}c) and G(e,r],LUe) are given as in (6.34), (6.38) and (6.39) respectively. 

Proof. Define an adaptive control Lyapunov function candidate for the nonlinear sys­

tem (6.35) (6.36) and (6.37) with an unknown parameter 6 as follows: 

V2 = ceTe + c(l - nf + \zTJz + l^T^O. (6.48) 

Along the trajectories of (6.35), (6.36), (6.37) and (6.42) we have 

V2 = 2ceTe - 2c(l - 77)77 + zTJz - 9TT~l9 

= ceT(z - Ke) + zT[ue + (F + G)0] + 9T[{F + G + H)Tz - r ] 

= -ceTKe + zT [ce + ue + {F + G)9]. (6.49) 

To render V2 negative, one natural choice like the adaptive feedback control laws 

in [1,125] is 

ue = -K2z - (F + G)6 - ce, 

which cancels all the nonlinear terms in the right-hand side of (6.49), where K2 G lZ3x3 

is a positive definite symmetric matrix. However, this feedback control law based 

on nonlinearity cancellation is not guaranteed to be inverse optimal in general. In 

fact, some information in these nonlinear terms is useful to facilitate us to design an 

optimal controller. To solve the attitude tracking control problem with an inverse 

optimal adaptive controller, we employ the "nonlinear damping" technique as follows. 

Suppose that the matrices C2(e,ri,uc) and C3(e,rj,ioc) are defined as in (6.46) and 

(6.47) respectively such that 

C\LOC = C2e, C\(xjc = C3C 

From (6.28) and (6.29), it follows that L(a)9 = Ja for all a G V?. Applying the matrix 

F(e1r),ue,u}c,uc) in (6.38), the matrix G(e,rj, uje) in (6.39) and the properties of ax in 

Lemma 4.1, we can rewrite (6.49) as 

V2 = -ceTKe + zT[ce + ue- {uje + Cu>c)
xJ(z - Ke) + {JCUJC)X{Z - Ke) - JCxCoc 

- J{Cuc)
x(z - Ke) + \JK{nh + ^)(z - Ke) - LOXJC1LOC + (JOu^C^] 
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= -ceTKe + zTlue + cK~l + {ue + Cujcyj - {JCucy - -JK{rjI3 + ex) 

- l Ke + J{Cuc)
x + {JCLucyC2K-1 - UJXJC2K~1 - JC3K 

+ [^JK(rjh + ex) -<«£ j]z] +zTHlZ, 

where Hx = (Juic)
x — (Cu>c)

x J — J(CUJC)X . It can be easily shown that Hi = —Hf due 

to the fact that J is symmetric and (Juic)
x and (CUJC)X are skew-symmetric. Therefore, 

zTHlZ = 0 for all z£K3. 

Introducing the smooth matrices \l>i(e,r},ue,d,ojc,u}c) € lZ3x3 as in (6.44) and 

*2(e,?7,we,0) € Tl3x3 as in (6.45) and letting ^ 2 = * £ + *2, we have 

V2 = -ceTKe + zTue + ^zT^Kl'2t + zT^f2z. (6.50) 

Then, the choice 

ue = a(e,r],ue,8,u)c,u)c) = -R(e,r],uje,9,uc, Wr 

with R(e,T],Lue,9,u)c,ujc) satisfying (6.43) renders 

2 2 2 
y/cK^e-^z 

< --eTKe - -zTKlZ, 
~ 2 2 

^(i^-^fXf 1^-^ 

(6.5i; 

which shows that V2 is negative semidefinite. Since K\ E H3x3 is a positive definite 

symmetric matrix, the smooth matrix R(e,r],uje,0,uc,u)c) € 1Z3x3 is also positive defi­

nite and symmetric. As V2(e,r],ue,6) is nonincreasing and bounded below, i.e., for all 

t > 0, 

0 < V2(e{t),rj(t),u,{t),6(t)) < K2(e(0), 77(0)^(0), 0(0)), 

and 6 is a constant, it follows that the signals e(i), rj(t), u)e(t), z(t), 9{t) and 6(t) 

are all bounded for all t > 0. Also, uc(t) and cjc(t) are bounded by Assumption 4.1. 

Therefore, H(UC,UJC), G(e,r},aje) and F(e,r),u>e,uc,ujc) are bounded and consequently 

i(t) and i( t) are bounded for all t > 0, which implies that e(t) and z(i) are continuous 

functions. Integrating both sides of (6.51) with respect to t from 0 to oo and applying 

V2(e,rj,uje,6) > 0, we have 

Jo 
(ceTKe + z1 Kxz)dt < 2V2(e(0), 7/(0), w,(0), 0(0)). 

Using the Barbalat's Lemma 2.2, we conclude that e —* 0 and z —>• 0 as £ —> oo. As 

a result, o;e —> 0 as t —• oo. Hence, the dynamic feedback control law (6.41) and the 

adaptive parameter update law (6.42) stabilize the attitude error system (4.38), (4.39) 

and (6.35) with an uncertain parameter 9 and zero external disturbance, d = 0, and 

thus the adaptive attitude tracking control problem is solved and asymptotic tracking 
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is achieved with the tracking errors e, ue converging to zeros. 

As the matrices H(LUC,LUC), G(e,r),uje) and F(e,r},uje,ujc,ujc) are bounded and z —* 0, 

it follows that 9 —* 0 as t —• oo, which means that there exists a finite constant limit 

for 9 as t —> oo, i.e., lim^oo 9(t) — 9 for a finite constant 9. • 

Remark 6.3. In the absence of external disturbances, d = 0, both (e, 7/, ue, 9) = 

(0, ±1,0,0) are the equilibrium points of the system (6.35), (6.36), (6.37), and (6.42), 

which describes the adaptive attitude tracking control problem. Both of them stand 

for exactly the same physical attitude orientation. However, it was shown in [125] 

that the point (e,r],uje,9)e = (0 , -1 ,0 ,0 ) is an unstable equilibrium point. On the 

other hand, it can be seen from the proof of Theorem 6.9 that the equilibrium point 

(e,r),uie,9)e = (0,1,0,0) is uniformly stable [102, Theorem 4.1] under the dynamic 

adaptive control laws (6.41) and (6.42). ® 

Remark 6.4. Under the assumption that d = 0 and with the control laws (6.41) and 

(6.42), the tracking errors e and LU£ converge to zeros asymptotically, which ensure that 

the attitude tracking is achieved with a global convergence for any initial conditions. 

As analyzed in Step 1, z —* 0 implies that ue —• io& as t —> oo. The parameter update 

law (6.42) represents a scheme for adjusting the adaptive parameter 9. Although the 

derivative value of the adaptive parameter 9 —> 0 as t —> oo, 9 = 9 — 9 does not 

necessarily converge to zero as t —> oo. <g> 

Replacing K by k\Iz in (6.42), R~l by £2/3 and K by /C3/3 in (6.41), where the 

scalars ki,k2,ks > 0, and omitting some high-order terms in the states e and u)e, we 

obtain a simplified adaptive attitude tracking controller as those in [1,125]: 

(6.52) 
d = rH(ve,ue)

T(ue + kie) 

ue = -k2{uje + k3e) 

Using the control Lyapunov function 

V = k ( k i + fc3)[(l - T?)2 + eTe] + kxt
rJuje + \uFe Jue + \eTT-l6 

and the Schwartz inequality 

\wTJ(r)I3 ± e x H < ||J|HM|2, 

and making full use of the properties of ax in Lemma 4.1, we have the following 

derivative of V(x) along the solutions of the system (6.35), (6.36), (6.37) and (6.42): 

V = k2(h + k3)e
Tuje + (cue + kxe)T{F9 + ue) + -kxu%J(r]I3 + ex)we 

= -fc2 | |^e||2 - fcifc2&3||e||2 + TjhuJJivh + t*)^ + (u)e + A;ie)r[ja;e
xC'a;c 

- (ue + CUJC)
 x Jue - (u>e + C2e)x

 JCUJC - a;x JC2e - JC3e] 
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= -fc2||o;e||
2 + j«%J{rih - e * H + uT

e[{JCucyC2 - u>*JC2 - JC3]< 

+ k1e
T[(JCuc)

x-J(Ccuc)
x-{Cuc)

xJ}u;e-k1k2h\\e\\2 

+ kxe
T [(JCLOC)XC2 - u* JC2 - JC3]e 

< 
UJ, 

<-' 
f 

T k2-\kx \j - \ Xj (2/xAc2 + Ac3 + 3/ifci) 

•|Aj(2/iAC2 + Ac3 + 3/xfci) hk2k3 - fc1Aj(2|*Ac2 + Ac3) 
| We 

llel 

where Aj is the largest eigenvalue of J, Xc2 = sup{\\C2(e(t),rj(t),Loc(t))\\ : \/t > 0}, 

Ac3 = sup{\\C3(e(t),r)(t),ujc{t))\\ : \ft > 0}, /i = sup{||wc(t)|| : Vt > 0} and C2, C3 are 

defined by (6.46) and (6.47) respectively. If let 

2k2 - kiXj > 0, 

k2k3 - Aj(2/xAc2 + Ac3) > 0, 

4(/c2 - i / cA^^ i / c s^ - kiXj(2iiXC2 + Ac3)] - A (̂3^A;i + 2^Ac2 + Ac3)
2 > 0, 

then V < 0. Thus, asymptotic attitude tracking is achieved for this simplified controller 

(6.52). From the foregoing derivations, we see that the adaptive attitude tracking 

control laws (6.41) and (6.42) relax these constraints on the gains of the simplified 

controller (6.52) and allow the gains K and K\ to be some matrices rather than some 

scalars, hence the designer has much more freedom in selecting K and K\. Furthermore, 

knowledge of the largest eigenvalue Aj of the inertia matrix J is not required in designing 

the controller (6.41)(6.42). In fact, few priori information of the inertia matrix J is 

required in designing the dynamic feedback controller (6.41) (6.42) and the inverse 

optimal adaptive controllers in Theorems 6.10 and 6.11. 

With the dynamic feedback control law (6.41) (6.42) and by applying Theorems 6.3 

and 6.5, we can easily construct a dynamic feedback control law that solves the inverse 

optimal adaptive control problem for the spacecraft attitude tracking by the following 

theorem: 

Theorem 6.10. Suppose that the external disturbance d = 0 and Assumption 4-1 is 

satisfied. Together with the adaptive parameter update law (6.42), the dynamic feedback 

control law 

ue = a*(e,r],ue,9,ujc,uic) = f3a(e,T},u)e,9,u)c,u)c) = -f3R~l(uje + Ke), (6.53) 

with any (3 > 2, solves the inverse optimal control problem for the attitude tracking 

control system (6.35), (6.36) and (6.37) by minimizing the cost functional 

4 = 0 Um (\\0{t)|\l-i+4c[l -n(t)])+ I {l(e,r],cje,e,ujc,uc) + u^Rueyt (6.54) 

for each 8 € R6, where the state weight l(e,rj,uje,9,ujc,ujc) is defined by 

l(e,n,L>e:9,u}c,u}c) = -2(5[ctTuje + (ue + Ke)T(F(e,ri,ue,ujc,ujc) + G(e, n, ue))9] 

+ (32(ue + Ke)TR(e, n, we, 0, wc, ^ V e + Ke), (6.55) 
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and R(e,rj,uje,6,uc,uc) is defined by (6.43); T G lZ6x6 is symmetric and positive def­
inite; H(u>c,(l)c), F(e,T),u>e,u)c,u>c) and G(e,n,ioe) are given as in (6.34), (6-38) and 
(6.39) respectively. 

Proof. From the proof of Theorem 6.9, we have that 

ctTuje + zT[(F + G)6 - R^z] < -W(e, rj,we) 

with W(e, r),uje) = | e T K e + ^zTK\z positive definite in e and z, which implies that 

l(e, i/, we, d, wc) > 2/3W(e, r), we) + (3((3 - 2)zTR~1z, 

from which it is observed that Z(e, n,uje,9,ujc,Luc) is positive definite in e and we, and 

positive whenever (e, we) ^ (0,0) for each 0 € 7£6. Therefore, the cost functional Ja(u) 

in (6.54) is a meaningful cost functional, penalizing the tracking errors e and uie as well 

as the control effort ue. 

Substituting l(e, rj, we, 6, wc, wc) in (6.55), z = uie + Ke and 

v = ue — a* = ue — /3a = ue + (3R~lz 

into the cost functional Ja(u) in (6.54) and applying the fact that 2(1 — rf) = ||e||2 + (l — 

rj)2, we have the following expression of the cost functional Ja(u) along the solutions 

of the attitude tracking error system (6.35), (6.36), (6.37) and the adaptive parameter 

update law (6.42): 

Ja = fi ]lim (||£(*)||r-i + 4c[l - »?(*)]) + / {^ 2 z T i ? -^ - 2/3zT(F + G)6 

- 20ceTue + {v- PRTlz)TR{v - (3R-lz)\dt 

= (5 lim (| |0(t) | | r-i + 4c[l - T)(t)}) + f vTRvdt 
i—oo V / J0 

- 2/3 J \ceTuje + zT[(F + G)6 + H6 + ue] - zT{F + G + H)()\dt 

+ 20 I {zT(v - (5R-1z) + (3zTR~1z - vTz\dt 

= P lim (\\0(t)\\U + 4c[l - V(t)]) 

f°° d / 1 1 - ~\ f00 

- 2 / 3 / — (c(l-r])2 + ceTe + -zTJz + -9Tr-1e)dt+ / uTfludt 
Jo dt\ 2 2 / J0 

/>oo 

= /3||^(0)||r-i + 4c/?[l — 77(0)] +/?z(0) rJz(0) - / ? lim z(t)TJz(t) + / wTi?wft. 
t—»co 

Substituting ue — fla(e,n,LUe,9,ujcluc) into V2 in (6.50), we can conclude that the 

dynamic feedback control law (6.53) and the adaptive parameter update law (6.42) 

also solve the adaptive attitude tracking problem of the system (6.35), (6.36) and 

(6.37), i.e., lim t_00 e(£) = 0, lim^oo z(i) = 0 and limt_0Owe(£) = 0. It follows that 

limt^oo z(t)TJz(t) = 0. Hence, we conclude that the minimum of the cost functional 
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Ja(ue) is reached only if v = 0, that is, the control law ue = a* — j3a in (6.53) is 

inverse optimal and minimizes the cost functional (6.54). The value function of (6.54) 

is J*(e,r],uje,9) = 2pV2(e,ri,uje,6). • 

When the external disturbance d(t) is assumed zero, under the adaptive feedback 

control laws (6.42) and (6.53), the attitude tracking errors e and u>e converge to ze­

ros asymptotically for any initial conditions, which ensure that asymptotic attitude 

tracking is achieved with a global convergence. 

Remark 6.5. The parameter (3 > 2 in Theorem 6.10 represents a degree of freedom 

for the design. From the proof of Theorem 6.10, we can also obtain an £ 2 bound on the 

attitude tracking errors e, ue and the control efforts ue for the inverse optimal adaptive 

attitude tracking control laws (6.42) and (6.53) by the following inequality 

dt<\\e(0)\\U+ic[l-r,(0)} + \\z(0)\\2j: 

which implies that the attitude tracking errors e, ue G £2(0, 00). <g> 

6.3.3 Control design: with external disturbances 

In Theorem 6.10, we presented an inverse optimal adaptive control law to solve 

the adaptive attitude tracking control problem without external disturbances, d = 0. 

When the external disturbance d(t) exists, employing the inverse optimal approach and 

Theorems 6.3, 6.5 and 6.7, we can present a dynamic feedback control law that solves 

a robust inverse optimal assignment problem by the following theorem. 

T h e o r e m 6.11. Suppose that Assumption 4-1 is satisfied. Let the constant matrices 

K € TZ3x3, K\ G 7?.3x3 and V G 7\L6x6 be symmetric and positive definite, and c > 0. 

Suppose the matrices H(CJC,UJC), F(e,r),ue:ujc,ujc), G(e,n,uje) and tyi(e,ri,uie,8,U)c,d!c) 

are as defined in (6.34), (6.38), (6.39) and (6.44) respectively. The matrix ^ ( e , rj, cve, 6) 

of (6.45) is redefined as 

*2(e,77,u>e,§) = -AJ{r)h + ex) - \u>* J + ^ / 3 . (6.56) 

for some given 7 > 0. Then the state-feedback control 

ue = a(e,n,u)e,0,uc,ujc) = -R(e,r],uje,9,ujc,ujcy
1(uje + Ke), (6.57) 

together with the adaptive parameter update law (6.42), globally adaptively stabilizes an 

auxiliary system that consists of (6.36), (6.37) and the following equation 

Jz = [F(e, 77, u>e, UJC, cuc) + G(e, n, ue)]9 + H(uc, cuc)9 + ue + z/j2 (6.58) 

with respect to the adaptive control Lyapunov function 

V2{e, 77, coe, 0) = ceTe + c(l - nf + \zTJz + \oTY-% 

ceTKe + zTK1z ue Rue 
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that is, e —> 0 and ue —* 0 as t —> oo /or all initial conditions. Then, the dynamic 
feedback control law 

ue = a*(e,77,we,0,wc,wc) = / lR(e , 77, we,0,wc,wc)_1(we + Ke), V/? > 2, 
x (6.59) 
9 = r[F(e, 77, we, wc, wc) + G(e, 77, we) + #(w c , u;c)]

r(a;e + Ke) 

solves an adaptive inverse optimal control problem for the attitude tracking control 

system (6.35), (6.36), (6.37) and (6.42) by minimizing the cost functional 

J, '.(tie) = sup { Urn [2(5V2{t{t),n{t),oje{t),9{t)) 
JcTi t—»00 d€V 

+ J (/(€, 77, We, (9, Wc, Wc) + U^Ue - ^~|\d\ |2) <ft] } (6.60) 

for each 9 £ i?6, where V is the set of locally bounded functions of z; the weight matrix 

R(e,7],uje,9,u}c,0Jc) is of the same form as (6.43) with the smooth matrix ty2(e,T],u)e,9) 

being replaced by (6.56); and the state weight l(e,w,ue,9,ujc,Luc) is given by 

28 
l(e, 77, we, 9, wc, wc) = -2/3[ceTwe + z r ( F + G)0] + p2zTR~1z - -~zTz. (6.61) 

Proof. The first part of the proof is similar to that of Theorem 6.9 and the second part 

is analogous to that of Theorem 6.7. We outline the proof briefly. Along the solutions 

of the system (6.36), (6.37), (6.58) and (6.42) we have 

V2 = -ceTKe + zT [ce + ue + (F + G)9 + \z]. 

Applying the matrices F(e,r),tue,ujc,ujc) in (6.38), G(e,rj, we) in (6.39), defining the 

smooth matrices ^i(e,7?, u;e,#,wc,wc) as in (6.44) and ty2(e, 7?, we,0) as in (6.56) and 

letting ^2 = ^2 + ^2i we can rewrite V2 as 

V2 = -ceTKe + zTue + y/czTVjK1/2e + zT^2z. 

Then the feedback control law 

7je = a(e, 77, we, 6/, wc, wc) = - |^Ai + — h J 2 

yields V2 < -\eT Ke - \zrKxz = W{e, z) < 0. 

Hence, as analyzed in Theorem 6.9, we can conclude that, under the adaptive feed­

back control laws (6.57) and (6.42), the auxiliary system (6.36), (6.37) and (6.58) is 

asymptotically adaptively stable, i.e., e —> 0, we —* 0 and 2 —> 0 as t —> 00 for any 

initial condition. It follows that 

ceTue + zT[{F + G)9 + \ z - R-lz] < -W(e, z) 
T 
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which implies that 

l(e,j],uje,e,ujc,cuc) >2(3W(e,z)+(3(p-2)zTR-lz, 

from which we conclude that l(e, rj, u)e, 9, LOC,UJC) is positive definite in e and u>e for each 
6 G lZe. Therefore, the cost functional Ja(ue) in (6.60) is a meaningful cost functional 
for the attitude tracking control problem, penalizing both the attitude tracking errors 
e, u)e and the control effort ue as well as the external disturbance d(t). 

Substituting l(e, rj,uie, 9,OJC,LJC) in (6.61), z = u)e + Ke and v = ue — a* = ue — [3a = 

ue + /3R~1z into the cost functional Ja(ue) in (6.60), we obtain the following expression 

of Ja(ue) along the trajectories of the system (6.35), (6.36), (6.37) and (6.59): 

t—»oo 
Ja{ue) = sup\ lim 2pV2(e(t),r](t),ue(t),6(t))+ / vTRvdr 

-2(3 I (ce ru e + zr[F6 + G6 + H9 + ue + d] - zT{F + G + H)8)dr 

(2(3 2PzTd+^\\d\\')dr]} 

= sup{ lim 2pV2(e(t),r](t),uje(t),9(t)) H d dr 

- 2(3 f — (c(l - r/)2 + of + \zTJz + -eTJe)dt + I vTRvdr 
Jo dt\ 2 2 / J0 

2/^ (6(0) , J7(O),We(O),0(O))+ / vTRvdt 
Jo 

00 R^/2 
1 '•'-" ^J-sup 

2 i Uo 
- d dt 

It is clear that 

and the "worst-case" disturbance d*{e,uie) is given by 

sup 
d 

poo 

-
- Jo 

2 
—z- -d 

2 -i 

dt 
-1 

d*(e,LUP (ue + Ke). (6.62) 

Hence, the minimum of the cost functional Ja(ue) is reached only if v = 0, that is, the 

dynamic feedback control law ue = a*(e, 7], u>e, 9, u>c, u>c) in (6.59) is inverse optimal and 

minimizes the cost functional (6.60). The value function of (6.60) is J*(e,r],oje,6) = 

2pV2(e,ri,u;e,8). D 

Remark 6.6. The parameter [3 > 2 in Theorem 6.11 represents a degree of freedom 
for the design. Also, applying the inverse optimal attitude control law (6.59) and 
the adaptive parameter update law (6.42), along the trajectories of the system (6.35), 
(6.36) and (6.37) we obtain the derivative value V2 as 

V2 < — e ' K e - z 1 

- 2 7^ 2 
z + z1 d. 

It follows from the Young's inequality [41] that zTd < -xlMII2 + "W7 z<. where the equal 
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sign is satisfied only if d(t) = d*(e,u>e) = \ z . From (6.43) it follows that R 1 > K\. 

Therefore, 

V2<-leTKe-Wf±zTKlZ + £\\d\\>. 

Then there must exist finite constants c5 > 0 and c6 > 0 such that 

V2<-cM2-c«\\ue\\
2 + ^\\d\\\ (6.63) 

which implies that the closed-loop system under the adaptive control law (6.59) (6.42) 

is d-to-(e,u;e)-stable in the sense of input-to-state stability [59]. In turn, it follows 

from the definition of input-to-state stability that the inverse optimal adaptive control 

law (6.59) (6.42) guarantees the boundedness of the tracking errors cue and e for any 

bounded (and persistent) external disturbance. We emphasize that the inverse optimal 

adaptive control (6.59) (6.42) is not restricted to disturbances with bounded energy 

/0°° ||d(t)||eft < oo but any bounded (and persistent) external disturbances are allowed. 

Integrating both sides of (6.63) with respect to t from 0 to oo, we can present an 

£2 bound on the tracking errors e and ue for the attitude tracking control problem by 

the following inequality 

/ [4C5||e||2 + 4c6 | |u;e | |2]d£<72 / \\d\\*dt + 4V2(e(0), 77(0)^(0), 0(0)) (6.64) 
Jo Jo 

for all T > 0. Hence, the dynamic control laws (6.59) and (6.42) are robust to external 

disturbances and the £2 gain from the external disturbance d(t) to a block vector of 

the attitude tracking errors (e,uje) is bounded by —, 7 

2^/min{c5,c6} 

Since Ja = 2/3V2(e(0),77(0), we(0), 0(0)), it follows 

I [l(e,V,u;e,9,Ljc,djc)+ulRue]dt<^- J \\d\\2dt + 2/3V2(e(0),77(0),we(0),9(0)) 

for all T > 0. If we let (3 = 2 and define an output vector h(e, 77, uje, 8, ioc, uc) such that 

hTh = l(e,r},UJe,9,ujc,u)c) 

then the £2 gain of the closed-loop attitude control system from the external distur­

bance d(t) to the output block (Ri/2u ) is not greater than 7 in the sense of Definition 

3.15. Thus, Hoc disturbance attenuation is achieved for any given attenuation level 

7 > 0 at the cost of a larger control ue for a smaller 7. 

Furthermore, if d(t) € £2(0, 00), we conclude that e, uoe G £2(0, 00). It follows from 

(4.38) and (4.40) that e, uie 6 £2(0, 00). Using Barbalat's Lemma 2.2, we conclude that 

e —» 0 and tue —» 0 as t —> 00. As such, asymptotic attitude tracking is achieved with 

a global convergence for all initial conditions. <g> 
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6.3.4 Convergence of Adaptive Parameters 

As stated in Remark 6.4, the parameter update law (6.42) represents a scheme 

for adjusting the adaptive parameter 9 and the estimation error 9 = 9 — 9 does not 

necessarily converge to zero as t —» oo. However, 9 can converge to 9 under certain 

conditions on the reference inputs uc{t) and uc(t). 

Consider the dynamic feedback controller (6.41) and (6.42) in the zero-disturbance 

case, d = 0. Expanding (6.42) and only keeping one-order terms in the error states e 

and Lue (and ignoring those high-order terms in e and ue), we can simplify the adaptive 

parameter update law (6.42) to that given by (6.52), i.e., 

9 = TH(ujc,djc)
T(ue + Ke), H{cuc,uc) = -UJ*L{UJC) - L{CJC). 

Lemma 6.12. Assume that uc is -periodic and let 

G = {X:H(Luc(t),uc(t))X = 0 V * > 0 } . 

Under the control laws (6.4-1)(6.42), 9 — 9 —> G as t —> oo. 

Proof. Its proof was done in [1] and we reproduce it here for comprehension. Let 

x = [Z
T\e

T\n,9T]T and let EQ = {x : V2 = 0} with V2{t,r),u)e,6) given by (6.48). Let 

x(t;x0,to) denote the solution of the system (6.35), (6.36) and (6.37) with the adaptive 

update law (6.42) at time t > to, where x0 = x(t0) is the initial condition at time to-

Let L = {(x,t) E E0x [0, oo) : x(t, x, i e E0 for all t > i} and N = {x(t; x, t) : (x, t) G 

L,t > i}. Note that N C EQ. By the fact that eTe + rj2 = 1, it follows from (6.35), 

(6.36), (6.37) and (6.42) that N is given by 

N = {(z,e,r),e) : z = 0,e = 0,ry = {-1, l} ,0 g G}. 

It now follows from Theorem 2.8 of [82] that 9-9 -^G as t ^ oo. • 

Direct applications of Lemma 6.12 lead to the following two propositions [1] to 

partially or completely identify the inertia matrix J. 

Proposition 6.13. Assume that u>c is constant. If UJC = [0, u>c2l 0]T , where uc2 ^ 0, 

then, under the dynamical control laws (6.41) and (6.42), #4 —-> 64, and 6Q —* 9& as 

t —* 00. Furthermore, ifujc = [0, 0, LOC3]
T, where uc3 7̂  0, then, under the control laws 

(6.4I) and (6.42), §4 —* 9A, and 95 —» 95 as t —> 00. 

Proposition 6.14. Assume that UJC is periodic. Let 0 < t\ < t2 < • • • < tn and 

suppose that 

rank 
if(Wc(*l),Wc(*l)) 

_ H(u)c(tn),LUc(tn)) 

= 6 (dimensions of 9). (6.65) 

Then, under the control laws given by (6.4I) and (6.42), 9 —> 9 as t —> 00. 
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Hence, the inertia matrix J can be completely identified if the reference signal uc{t) 

is periodic and the condition (6.65) is satisfied. Note that Propositions 6.13 and 6.14 

on the convergence of 9 is certainly valid for Theorems 6.9 and 6.10 where the external 

disturbances are assumed zero, d = 0. When in the presence of external disturbances, 

the tracking errors e and uje are not necessarily guaranteed to converge to zeros globally 

as t —> co, which results in that the adaptive parameter 9 might not converge to its 

true value 9 even though the condition (6.65) is satisfied. However, when the external 

disturbance d(t) € £2(0,00), the inertia matrix J may also be finally identified if the 

condition (6.65) is satisfied for a periodic signal u)c(i), that is, 9 —> 9 as t —• 00. 

6.4 Simulation Results 

A microsatellite is simulated to demonstrate the performance of the inverse opti­

mal adaptive controllers for the attitude tracking control problem. The structure of 

the attitude control system is illustrated in Figure 4.1, with the controller block sub­

stituted by the inverse optimal adaptive controller proposed in this chapter. Without 

considerations of the attitude determination, the control chart to simulate the adaptive 

attitude tracking control problem is shown as in Figure 6.1. 

The desired attitude motion of the spacecraft is described in the body frame T\>c. 

We assume that the desired angular velocity uc(t) to be tracked is given in the body 

frame J-^ by 

uc(t) 

0.03sin(27rf/200) 
0.03sin(37ri/200) 
0.0asin(l7rt/200) 

rad/s, 

plotted in dotted lines in Figure 6.2. Then the target unit quaternion qc is obtained by 

integrating (4.31) with the initial condition qc(0) = [0, 0, 0, 1]T. With this choice of 

the reference signal u>c(t), it is easy to check that the rank condition (6.65) is satisfied 

so that it is possible to identify completely the inertia matrix J from the adaptive 

parameter #, according to Proposition 6.14 . 

With the values of moments of inertia listed in Table 5.1, the spacecraft is assumed 

to have the inertia matrix 

J = 

16.0 0.10 0.30 

0.10 10.0 0.50 

0.30 0.50 20.0 

kg-m2, 

which is unknown to the controller in the body frame Ty,. So we construct an adaptive 

parameter vector 9 as in (6.28) with the true value 

9 = [16.0, 10.0, 20.0, 0.50, 0.30, 0.10]. (6.66) 

In the numerical simulations of the inverse optimal adaptive attitude tracking con-
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error generator 

Figure 6.1: SIMULINK chart for adaptive attitude tracking control. 

trollers, we assume that the initial attitude orientation and the initial angular velocity 

of the rigid spacecraft in the body frame JFfe, and the initial value of the adaptive 

parameter 9 are given by 

q(0) = [0.15, -0.15, 0.15, 0.9657]T, 

w(0) = [0.01, -0 .01 , 0.01]r rad/s, 

0(0) = [15, 15, 15, 0, 0, 0]Tkg • m2. 

The convergence rate and the transient performance of the adaptive parameter 9 

depend mainly on the magnitude of the gain matrix F in the adaptive update law 

(6.42). For a larger gain T, the estimate 9 has a shorter converging time, but due to 

the initial error conditions ge(0), u;e(0) and 9(0), its transient performance is also worse 

with larger overshoots, which not only deteriorates the performance of e and uie, but 

may also fail to guarantee that the estimate J constructed from 9 is always positive 

definite (as we expected). For a smaller gain F, although the transient of 9 is mild, 

it will take much more time for 9 to converge to its true value. On the other hand, 

in numerical simulations we find out that the input saturation will also degrade the 

transient performance of 9 since the control torques provided by the reaction wheels 

are limited. By the "trial-and-error" method, we choose the matrix T as T = 8000/6-

At first, we consider the zero-disturbance case and thus disenable the magnetic 

unloading algorithm for the angular momentum management of reaction wheels. Ap­

plying the inverse optimal feedback control law (6.53) and the adaptive parameter 

update law (6.42) with the following controller gains 

P = 2.0, c = 0.5, K = 0.15/3, Kx = 2.O/3, r = 8000/6, (6.67) 
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Figure 6.2: Angular velocities u and u>c. Solid lines denote u>, and dotted lines stand 
for uc. 

we illustrate the simulation results as in Figures 6.2—6.7, from which we conclude that 

asymptotic attitude tracking can be achieved when the inertia matrix J in the body 

frame Tb is uncertain. Figure 6.2 depicts the time histories of the angular velocities 

u> and tuc, Figure 6.3 plots the time trajectories of the attitude tracking errors e and 

uje, from which it is seen that the inverse optimal adaptive controller (6.53) and (6.42) 

achieves asymptotic attitude tracking with satisfactory tracking errors u>e and e and 

with a rapid convergence of the tracking errors to zero. Figure 6.4 plots the time 

histories of the control efforts ue and u = ue — uc, which are given by the inverse optimal 

controller (6.53) and (6.33) respectively and thus have no bounds on their magnitudes. 

Using the control signals uw = u + u x Hw to drive the reactions wheels, the actual 

wheel torque Tw = Hw is shown in Figure 6.5(a), which is applied for controlling the 

attitude. The resulting angular momentum of the reactions wheels Hw is plotted in 

Figure 6.5(b). Figures 6.6 indicates that the estimate of the adaptive parameter 0 

converges to its nominal value 0, i.e., 0 —> 0 in accordance with Lemma 6.14. The 

largest and the smallest eigenvalues of the estimated inertia matrix J are shown in 

Figure 6.7(a), converging to their true values Araax(J) = 20.048 and Amin(J) = 9.974. 

With the inverse optimal controller (6.53), the resulting control matrix R^1 in (6.43) is 

shown in Figure 6.7(b) by its largest and smallest eigenvalues Amax(i2_1) and Amin(i?_1). 

It is seen from these numerical simulations that the attitude tracking is achieved rapidly, 

while the convergence of the adaptive parameter takes a much longer time. 

Next, we consider the tracking control problem in the presence of external dis­

turbances d(t) defined by (5.44) in Section 5.6. Disenabling the magnetic unloading 

algorithm proposed in Section 4.4.4 and applying the robust inverse optimal adaptive 

control laws (6.59) and (6.42) with the control gains given by (6.67) and 7 = 1, we 

present the simulation results as in Figures 6.8 and 6.9. The time histories of the 

tracking errors e and u>e and the parameter estimate 0 are plotted in Figure 6.8, from 
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Figure 6.3: Tracking errors e and ue in the zero-disturbance case. 
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Figure 6.5: Wheels' torque Tcw and momentum Hw in the zero-disturbance case. 
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Figure 6.6: Adaptive parameter vector 6 in the zero-disturbance case. 

s 
!fi 
i, SP 

g 
& 
P! 
i 
s 

I 

2 2 

2 0 

1 8 

1 6 

1 4 

1 2 

1 0 

( a ) E i g e n v a l u e s o f J 

—— m a x i m a l e i g e n v a l u e 
| m i n i m a l e i g e n v a l u e 

I 

-

-

( b ) E i g e n v a l u e s o f R 

-4000 SOOO 1 2 0 0 0 
T i m e [ s e c o n d ] 

m a x i m a l e i g e n v a l u e 
m i n i m a l e i g e n v a l u e 

5 0 0 0 1 0 0 0 0 
T i m e [ s e c o n d ] 

Figure 6.7: Eigenvalues of the estimated inertia matrix J and the control gain R 1. 

which it is observed that the system is finally destabilized. This is due to the fact that 

the presence of external disturbances results in an accumulation of angular momentum 

of reaction wheels to their saturating limits shown in Figure 6.9(a), and finally make 

the wheels saturated at most time, depicted as in Figure 6.9(b), such that the wheels 

provide insufficient torques to control the attitude and eliminate the gyroscopic effects. 

Therefore, it is necessary to activate the magnetic unloading algorithm for the wheel's 

angular momentum management in the presence of external disturbances. When the 

magnetic unloading algorithm is enabled, the simulation results are shown as in Figures 

6.10 and 6.11, from which we conclude that l)the magnetic unloading alleviates the ac­

cumulation of the wheels' angular momentum and thus enhance the stability, and 2)the 

adaptive feedback tracking control laws (6.59) and (6.42) can achieve the adaptive at­

titude tracking with satisfactory tracking errors LUE and e and with a good convergence 

in the presence of external disturbances. Further analysis of Figure 6.11 shows that 
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Figure 6.8: Tracking errors e, uie and the adaptive parameter vector 9 under external 
disturbances without magnetic unloading. 
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Figure 6.9: Wheel angular momentum Hw and wheel torque Tw under external distur­
bances without magnetic unloading. 
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Figure 6.11: Parameter 9 under external disturbances with magnetic unloading. 

due to the external disturbances, there is a steady-state error between the estimate 8 

and the true value 6 in (6.66), given by 6SS = [0.025, 0.015,0.018,0.010,0.002,0.001]T. 

Finally, to illustrate the capacity of disturbance attenuation, three different attenua­

tion levels are considered, 7 = 1.0, 7 = 0.5 and 7 = 0.25. Figure 6.12 plots the histories 

of a;ei and ei, the first components of the tracking errors cue and e respectively. Figure 

6.13(a) shows the control effort ui, the first element of u given by (6.33). Figure 6.13(b) 

evaluates the control gain R~l in (6.43) by its minimal eigenvalue Amin(i?~1). As ex­

pected, a smaller 7 yields a better performance of attenuating the external disturbance 

d(t) at the cost of a larger control effort and a larger control gain i?_ 1 . 

6.5 Conclusions 

An attitude tracking control system is indeed a nonlinear cascade system. Therefore, 

stabilizing such a system can be efficiently achieved using the method of backstepping. 

Employing the adaptive control method and the inverse optimal control approach, this 
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Figure 6.13: Control effort u\ and the value Am;n(i?
 l) for different attenuation levels. 

chapter has presented two inverse optimal adaptive feedback control laws to solve the 

attitude tracking control problem of rigid spacecraft with an uncertain inertia matrix. 

In the zero-disturbance case, the proposed inverse optimal adaptive controller achieves 

asymptotic attitude tracking of the desired attitude motions, which has a global conver­

gence of the tracking errors to zero for all initial conditions. The control law is inverse 

optimal with respect to a family of meaningful cost functionals that consist of penalties 

on both the tracking errors e, ue and the control effort ue. When external disturbances 

are considered, we have presented a robust adaptive attitude tracking control law which 

is not only inverse optimal with respect to a set of meaningful cost functionals that 

include penalties on the tracking errors, control efforts as well as external disturbances, 

but also forms a closed-loop attitude control system that has a finite £2 gain from the 

external disturbances to the tracking errors. Any given level of H^ disturbance atten­

uation can be achieved with an appropriate control effort. Such optimal control laws 

have been obtained without solving the associated Hamilton-Jacobi-Isaacs equation 

directly. Numerical simulations have been carried out to illustrate the performance of 

the proposed attitude tracking algorithms. 
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Chapter 7 

Local Synthesis of Linear Systems 
with Actuator Saturations 

7.1 Introduction 

Using the nonlinear attitude equations, by far we have designed robust optimal con­

trollers in Chapters 5 and 6, respectively, for the attitude tracking control problem of 

spacecraft with disturbances and uncertainties. In designing these controllers, actua­

tor's saturation nonlinearity is not taken into account explicitly in the synthesis because 

a nonlinear control problem involving input saturation nonlinearities, however, turns 

out to be very hard to obtain an analytic result. On the other hand, it has been well 

known that, when the actuator's saturations occur, the system performance under the 

controller designed without considering input saturations may seriously deteriorate. 

For general nonlinear systems without disturbances, Sontag [70] proposed a univer­

sal formula on designing a bounded control law, and then this universal formula was 

extended to ISS (and integral-ISS) disturbance attenuation problems with bounded 

controls [67]. However, it should be noted that in [67, 70] the input saturation con­

straint IMIoo < 1 w a s restricted into a spherical constraint \\u\\ < 1 to avoid the 

actuator's saturation and therefore only a small part of the available control capacity 

is used, which leads to a low-gain controller and thus a slower response of the closed-

loop system. Analogously, by restricting the saturation nonlinearity into \\u\\ < 1 

to avoid the saturation, the SDRE technique was applied to nonlinear systems with 

bounded controls [52,74] to design a locally stable low-gain controller. 

Thus, one may ask: for a given stabilizing controller obtained without the consid­

eration of the input saturation nonlinearity, whether is it still stabilizing when the 

saturation occurs in the inputs and then how large is the region of attraction for the 

closed-loop system? Furthermore, whether can we synthesize robust controllers that 

allow the saturation to make a full use of the actuator's control capability? Unfortu­

nately, it seems impossible to describe analytically and exactly the region of attraction 

and obtain analytical results on designing robust controllers for high-order nonlinear 

systems with saturated controls. However, even when an analytical solution is not 

available, we may use numerical approaches (such as the LMI approach) and the lin-
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Figure 7.1: Interconnection of linear systems with saturations and uncertainties. 

earized system models to estimate the region of attraction and design locally robust 

controllers for the system interconnection shown in Figure 7.1, where a(-) denotes the 

saturation nonlinearity and the operator A(-) denotes uncertainties. 

There are several tools for robust stability analysis/synthesis of systems with non-

linearities and uncertainties shown in Figure 7.1. /^-analysis [29] was developed in the 

frequency domain and therefore can be applied to uncertainties A that have a fre­

quency domain description but is not suitable for nonlinearities, such as a saturation, 

which cannot be described in the frequency domain. Nonlinearities can be analyzed 

in the framework of Integral Quadratic Constraints (IQC) [76,77,87], which provides 

a powerful tool for the analysis of robust stability of systems with uncertainties, non-

linearities and time-varying parameters and can be used in both of the frequency and 

the time domains. However, within the IQC framework, it is required that the non­

linear/uncertain operator be bounded and the LTI transfer function Go(s) be a stable 

proper transfer function without poles in the closed right half plane, i.e., Go(s) G RH^. 

For our problem, it is shown later that the linearized attitude control system has un­

stable poles in the right half-plane such that there are no global results with bounded 

controls, and it is not suitable to use the IQC theory for stability analysis. Basing on 

the dissipative theory, Romanchuk [89] developed a less conservative condition on the 

computation of the induced L2-norm for linear systems subjects to disturbances and 

input saturations. However, the problem of searching for a valid dissipative function 

remains open for high-order systems. Some other methods on robust stability analysis, 

such as the small gain theorem, the circle criterion and the Popov criterion and so on, 

can be referred to [59,86,89,102] and the references therein. 

In the face of disturbances and parametric uncertainties, robust control theory pro­

vides engineers a systematical approach for analysis and synthesis of attitude con­

trollers. It is well known that H2 control and H^ control are two main streams of ro­

bust control theory [95,138]. The time-domain interpretation of H2 norm is a measure 

of the root-mean-square value of the performance output driven by unit impulse or unit 

intensity white noise, and H^ norm is a measure of the robust stability with respect to 

disturbances and uncertainties. For linear systems without input constraints, the H2 

and Hoo control theories have been applied to the attitude control problem successfully, 
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Figure 7.2: Linear Systems with actuator saturations. 

for examples, [95,129,130,136]. When the saturation nonlinearity is considered, these 

problems become much more complicated. However, they can be formulated in the 

time domain in terms of linear matrix inequalities for some local results. 

In this chapter, we will study the linear attitude control problem subject to external 

disturbances, structured moment-of-inertia uncertainties and actuator saturation non-

linearities. We attempt to estimate the region of attraction of the origin and formulate 

the analysis/synthesis problem of local H2- and i/^-performance in terms of LMIs for 

linear systems with saturated controls by applying the properties of the saturation 

nonlinearity. Using the LMI software, the results obtained are applied to the linear 

attitude control problem of a microsatellite. 

This chapter is organized as follows. In Section 7.2, set invariance conditions are 

presented for a local stability analysis. In Sections 7.3 and 7.4, respectively, the analy­

sis/synthesis problems for the local H2- and i^oo-performance are formulated in terms 

of LMIs. The synthesis models are formulated in Section 7.5 for the linear attitude 

control problem with disturbances and structured uncertainties of moments of inertia. 

Local analysis and local synthesis are performed in Section 7.6 for the linear attitude 

control problem with saturated controls, disturbances and structured parametric un­

certainties. Conclusions follow in Section 7.7. 

7.2 Stability Analysis 

Consider the linear system with a saturated control input shown in Figure 7.2: 

x = Ax + BxW + B2u, (7.1) 

u = a{Fx), (7.2) 

y = dx + Dx2u, (7.3) 

z = C2x + D21w + D22u, (7.4) 

where x G 1Zn, u G TZm, w G Kq, y € TZny and z G TZn'\ the feedback matrix F is 

designed such that A + BF is Hurwitz. Let / , be the zth row of the matrix F,i G [1, m], 

and let u denote the maximal control capability. Then, a(Fx) denotes the saturation 

function vector 

a(Fx) = [CT(/IX), cr(/2x), • • • ,o-(/mx)]T , 
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and the scalar a(fix) is a saturation function defined by 

a(fix) = sgn(fix) min{lZ, \fzx\}, i - 1, • • • , m. (7.5) 

Assumption 7.1. The following assumptions are made: 

(Al). (A,B{) is stabilizable and (C\,A) is detectable; 

(A2). (A,B2) is stabilizable and (C2,A) is detectable; 

(A3). D\2 has full column rank; 

(A4)- D2\ has full row rank. 

The assumption D\\ = 0 in the output y guarantees that the closed-loop linear trans­

fer matrix is in TC2 (recall that a real rational stable transfer matrix is in H2 if and 

only if it is strictly proper), thus making H2 performance synthesis feasible. Assump­

tion (Al) is clearly necessary for the existence of stabilizing controllers. Assumption 

(A2) is made for technique reasons. Assumptions (Al) and (A2) together guarantee 

that the control and the filtering Riccati equations associated with the standard H2 

problem of linear system admit positive semidefinite solution. Assumption (A3) is ac­

tually a restatement that R12 = D{2Di2 > 0, which guarantees that the H2 problem 

is nonsingular. Assumption (A4) guarantees that the i / ^ problem is nonsingular with 

•D21-D21 > 0. A special choice D22 = 0 will simplify the analysis of the output z. The 

resulting linear systems were extensively studied in the literature, for example [95,138], 

without considerations of saturations. In this chapter, we will consider the general case: 

D22 7̂  0. Assume that D22 has full column rank, i.e., R22 = D\2D22 > 0. 

For a matrix H G lZmxn, let hi denote the ith. row of H and then define a region as 

C(H,u) = {x G Kn : \hix\ <u:ie [1,m]}, (7.6) 

Let r G Ti™ be a vector whose components specify the allowable input amplitudes to 

the actuators. Then, we define a region TZr as 

KT = {x: \nx\ < ru i = 1, • • • ,m} = C(F, r) (7.7) 

Definition 7.1. Any set V C 7lr such that whenever x(0) G V and w = 0 we have 

x(t) G TZr and lim t^0Ox(t) = 0 will be called an r-level guaranteed region of attraction. 

The largest set T> C TZn for which x(t) —> 0 as t —• 00 whenever x(0) G T> and w = 0 

is called the region of attraction1. 

Finding the exact region of attraction analytically might be difficult or even impossi­

ble. However, Lyapunov function can be used to estimate the region of attraction. Let 

P G TZnxn be a positive definite matrix and define the Lyapunov function candidate as 

V(x) = xTPx. Denote an ellipsoid as 

S(P, p) = {x G Tln : xTPx < p). (7.8) 

xThe region of attraction is also called the region of asymptotic stability, the domain of attraction 
or the basin [59, pp.109]. 
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The ellipsoid £(P,p) is said to be a (contractively) invariant set if the derivative 

V(x) < (<)0 for all x G £(P,p)\{0}. 

7.2.1 A set invariant based on the circle criterion 

A multivariable circle criterion was presented in [59] in the frequency domain via the 

transfer function. In [86], it was represented in terms of some matrix inequalities and 

applied to estimate the region of attraction of the origin for system (7.1) with w = 0. 

Lemma 7.1 (Stability region via circle criterion). Assume that(F,A,B) is con­

trollable and observable. Given an ellipsoid S(P,p), if there exist positive diagonal 

matrices K\,Ki € 1Znxn with K\<I and K\ + K2 > I such that 

(A + BKXF)TP + P(A + BKiF) + \{FTK2 + PB)(K2F + BTP) < 0 (7.9) 

and £(P, p) C C(KiF, u), then £(P, p) is a contractively invariant set and hence inside 

the region of attraction. 

A similar condition based on the circle criterion was presented in [44] and solved 

with the LMI software. Since the matrix inequality (7.9) in Lemma 7.1 is not jointly 

convex in K\, K2 and P, these matrices have to be optimized separately by fixing some 

of them and thus there is no guarantee to obtain a globally optimal solution. 

7.2.2 An improved estimation of the region of at tract ion 

Denote the ith column of B2 as b2i and the ith row of F as /,. Then B2F = YllLi bufi-

Consider an auxiliary feedback matrix H G 'JZmxn and denote the ith. row of H as /ij. 

For two matrices F, H G Hmxn and a vector v G 1Zm, denote 

M(u,F,H) 

v\h + (1 ~ vi)hi 

vmfm + (1 - vm)K 

v £ V, (7.10) 

where V = {v G 11™ : v{ = 0 or 1, ie[l,m]}. 

With the introduction of an auxiliary matrix H G Jlmxn such that |/ijx| < u for all 

i G [1, m], an improved estimate of the region of attraction is presented as an invariant 

set by the following lemma. 

Lemma 7.2. [48] Assume that w = 0. Given an ellipsoid £(P,p), if there exists a 

real matrix H G 7?.mXn such that 

P{A + B2M(v,F,H)) + (A + B2M(v,F,H))TP<0, Vi/ G V, (7.11) 

and £{P,p) C C(H,u) for all x G £(P,p), then £(P,p) is a contractively invariant set 

and hence inside the region of attraction. 
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Proof. Although given in [48], we repeat the proof here for comprehension. Let the 

Lyapunov function be V = xTPx. It follows that 

m 

V = xT(PA + ATP)x + 2xTPB2o-(Fx) = xT(PA + AT P)x + 2 ] T xT Pb^^x) 

For each term xTPb2i, 

• i£xTPb2i > 0 and /jX < — u, then xT Pb^a^fix) = —xTPb2iu < xTPb2ihiX. Here 

we note that — u < hiX for all x 6 £(P, p); 

• if xTPb2i > 0 and /^x > — u, then o~i(fix) < fax and xTPb2iUi{fix) < xTPb2ifiX] 

• if xTPb2i < 0 and /jX > ft, then xTPb2iai(fix) = xTPb2iu < xTPb2ihiX. Here we 

note that /iiX < 1 for all x G E(P,p); 

• if xTPb2i < 0 and / ,x < u, then ai(fix) > fax and xTPb2iO~i(fix) < xTPb2ifiX. 

Combing all the four cases, we have 

xTPb2iOi{fix) < max{xTPb2ifiX,xTPb2ihix} 

for every x 6 £(P,p) and each z G [l,m]. Choose a vector ^ G V as follows: if 

xTPb2ihiX < xTPb2ifiX, then let Vi — 1, otherwise we let v{ — 0. It follows that 

m 

V < / ( P i + ATP)x + 2 Y2xTpbii[vifi + (1 - î)/ii]a; 

< xT(P(A + B2M(^, F, H) + (A + B2M{v, F, H))TP)x. 

If (7.11) is satisfied, it follows that in the region £(P, p), V < 0 for all i ^ O . • 

It is evident from [48,59] that the condition (7.9) in Lemma 7.1 is more conservative 

than (7.11) in Lemma 7.2 and thus leads to a less conservative estimation of the region 

of attraction of the origin. 

The estimation of the largest region of attraction in Lemma 7.2 can be formulated 

as a convex optimization problem by maximizing the volume of the ellipsoid £(P,p), 

but usually we should also take its shape into consideration. Let XR be a prescribed 

bounded convex set. For a set N C TZn, define 

aR{N) = sup{a > 0 : aXR C N}. (7.12) 

Clearly, if aR(N) > 1, then XR C N. Choose the shape XR as the ellipsoids 

XR = £(R, 1) = {x G Kn : xTRx < 1}. 

Among all ellipsoids satisfying the sufficient conditions given in Lemma 7.2, we would 

like to choose the solution such that aR(£(P,p)) is maximized. This convex optimiza-
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tion problem can be formulated as 

sup a 
P>0,H,p,a 

s.t. (a) P(A + B2M(v,F,H)) + (A + B2M(v,F,H))TP<0, \/ueV 

(6) aXR C £(P, p) C C(H, u). (7.13) 

7.2.3 Enlargement of the region of at tract ion 

Taking the control gain as an additional optimization parameter, we can choose a 

feedback matrix F to maximize the region of attraction. Similar to (7.13), the convex 

optimization problem to enlarge the region of attraction for (7.1) with w(t) = 0 is 

formulated as follows. 

sup a 
P>0,H,F,p,a 

s.t. (a) P(A + B2M(v,F,H)) + (A + B2M(v,F,H))TP<01 \fueV 

{b)aXRcS(P,p)c£(H,u). (7.14) 

Remark 7.1. As stated in [46,48], the optimal value of (7.14) is the same as that 

obtained by a simpler optimization problem 

sup a 
P>0,F,p,a 

s.t. (a) P(A + B2F) + (A + B2F)TP<0, (7-15) 

{b)aXRcS(P,p)c£(F,u). 

Therefore, if our only purpose is to enlarge the region of attraction, we might as 

well solve the simpler optimization problem (7.15). The resulting invariant ellipsoid 

will lie in the linear region of the saturation function a(Fx). If other performance 

requirements are involved, we might choose the optimization parameter H in (7.14) 

equal to the optimal value of (7.15), namely H = F*, and then with a known domain 

£(H,u), we may choose the controller from all the F 's that satisfy (7.14) to optimize 

the other performance requirements. (g) 

7.2.4 Disturbance rejection bound 

Due to the saturation nonlinearity, the system (7.1) with saturated control a(Fx) 

cannot reject all kinds of disturbances. In robust control, the disturbance inputs are 

usually described by their energy. Therefore, we would like to estimate the largest 

disturbance rejection bound in a finite region. 

Definition 7.2. The number f3w € 1Z+ will be called an r-level disturbance rejection 

bound if whenever \\w\\\ < j3w and x(0) = 0, we have l im (^0 0x(i) = 0 and x(t) G !Zr 

for all t>0. The largest such number will be denoted by /3W. 
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Via the LMI optimization approach, next proposition establishes an estimate of the 
bound (3W for the system (7.1) with saturated input a(Fx). 

Proposition 7.3. For the system (7.1) with x G C(F,r), i.e., \fa\ < T{ fori G [l,m], 

a disturbance rejection bound /3W can be computed as /3W = 1/t*, where t*r is the optimal 

value of the following LMI optimization problem in the variables P — PT, H and tr: 

min tr 
tT>0,P>0,H 

s.t. (a) P(A + B2M{y, F, H)) + (A + B2M{v, F, H)f P + PB^P < 0, Vz/ G V, 

(6) S(P, l/tr) C C{F, r) , £(P, 1/tr) C C(H, u). (7.16) 

Furthermore, whenever \\w\\% < \/tr and x(0) = 0, x(t) will never leave £(P, l / t r ) . 

Proof. Let V = xTPx. With the result in Lemma 7.2, it follows that there exists a 

real matrix H such that for all x G £(P, l/tr) C C(H,u), we have 

V < xT[P(Ax + B2M(v, F, H)) + {Ax + B2M(v, F, H))TP + PB1B'[P}x + wTw, 

where v G V with ut taking values 0 or 1. If x(0) — 0 and | | ^ | | | 2 < l / t r , (7.16a) implies 

that 

V(x(t)) = XTPX < \\Ptw\\l2 < l/U 

for all t > 0, where Pt is the truncation operator defined by (2.4). Hence, x(t) G 

S(P, l/tr) for all t > 0. 

Then, we determine the minimum of xTPx subject to the constraints \fix\ = ri for 

i G [l,m], which is a convex optimization problem and has a unique minimum. Using 

the Lagrange multiplier method, we obtain 

mm{xTPx: flx = rl} = r2
l{flp-lff)-\ 

X 

Consequently, we can choose the maximal disturbance rejection bound f3w as 

Pw = l/tr= minrJifiP-1/?)-1 

ie[l,m] 

by minimizing the value of tr with respect to P, which implies that 

V̂  G [1,m], fiP~xfJ < r\tr ^ Vi G [1,m], l/tr < min{xTPx : fa = n}. 
X 

On the other hand, we have the equivalence: 

Vi G [l,m], l / t r < min{xTPx : fa = r{} ^=> S(P, l/tr) C C{F,r). (7.17) 
X 

To see this, note that £(P, l/tr) C C(F,r) if and only if all the hyperplanes fa = rt, 

Vz G [1, m], lie completely outside the ellipsoid £(P, l/tr), i.e., at each point x on the 

hyperplanes fa = i r , , we have xTPx > \/tT. D 
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Corollary 7.4. / / | / ;x | < u for each i = 1 , . . . , m, the largest disturbance reject bound 

Pw for the system (7.1) can be computed as 

pw= wmuHfiP-1/?)-1, 
i€[l,m] 

P(A + B2F) + {A + B2F)TP + PBxBjP < 0, 8(P, $w) C C(F, u) 

7.3 Local H^ Performance Analysis and Synthesis 

7.3.1 H2 performance analysis 

In most applications, it is desirable to keep the peak amplitude of the output y(t) 

below a certain level. For linear systems without input saturations, the H2 performance 

can be formulated by | |^w(s)| |2, where Tyw(s) is the linear transfer matrix from the 

generalized disturbances w to the performance output y, 

l-yw\S) ~ 
A + B2F 5, 

0 Cx + D12F 

It is well known [95,138] that the norm ||7yu;(s)||2 can be computed as 

| | 7 U s ) | | 2 = T r a c e d + D12F)S1(C1 + Dl2F)T), 

where S\ — Sf > 0 solves the Lyapunov equation 

(A + B2F)S1 + S^A + B2F)T + B,B^ = 0. (7.18) 

The solvability of (7.18) by a positive definite symmetric matrix Si is a sufficient and 

necessary condition for the existence of the norm ||Tyu;(s)||2. (See [30,138,139].) 

However, for linear systems with saturated inputs as in (7.1), it is not feasible to 

use the transfer matrix Tyw(s) to define the H2 performance. If the disturbance input 

w(t) is still quantified by its finite energy, we can consider the so-called generalized 

tf2-norm [91,92,97] defined by 

\\Tyw\\2 = sup { j j ^ : x(0) = 0,t > 0, f \\w(T)\\2dr < (3W\. (7.19) 
*• Mollis ^0 J 

This measures the peak amplitude of the output signal y(t) over all energy-bounded 

inputs w(t) in the time-domain. We define our H2 optimal problem as follows. 

Definition 7.3 (Local generalized i72-norm bound). Any number a2 G TZ+ such 

that whenever \\w\\\2 < (3W and x(0) = 0 we have x(t) EV for all t > 0, lim^oo x(t) — 

0 and ||y(£)||2 < ^2/0 IIM7")!!2^ for all t >0, is called a generalized H2-norm bound 

in the finite region V. The smallest such number is denoted by a2. 

Exploiting the slope condition of the saturation function, the next theorem presents 

a sufficient condition for the local existence of the generalized H2 performance. 
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Lemma 7.5. Suppose that @w = p, i.e., | |w|li2 < p. If there exist a positive definite 
symmetric matrix P, a positive diagonal matrix S\, two real matrices H and H, and a 
positive constant a2 satisfying the inequalities 

P(A + B2M(is,F,H)) + (A + B2M(v,F,H))TP + PB1BTp<0, V g V, (7.20) 

( d + D12H)T(C1 + D12H) - a2P * 
Dj2(d + Dl2H) + S1(F~ H) Dl2D12 - 2SX 

< 0 , (7-21) 

£(P,p) C C(H,u) and £(P}p) C £(H,u), then a2 is a generalized H2-norm for the 

system (7.1)-(7.3) in the finite region E(P,p). 

Proof. Let V = xTPx. With the result in Lemma 7.2, it follows that 

V = 2xTP{Ax + Bxw + B2a(Fx)) 

< xT[P{Ax + B2M{v, F, H)) + {Ax + B2M{y, F, H))TP + PB^P^ + wTw, 

where i / e V with v{ taking values 0 or 1. If (7.20) is satisfied, it follows that 

V(x(t)) = xTPx< \\Ptw\\l2 <p, V i > 0 , 

where Pt is the truncation operator defined by (2.4). Since £(P, p) C C(H, u), it follows 

that o-(Hx) — Hx for all x G £(P, p). Thus, we can rewrite the output y as 

y = (C1 + Dl2H)x + D12[a{Fx) - a{Hx)\. 

Obviously, 

V y — a2x
TPx x 

Aa 

(Ci + DnHfi^ + D12H) - a2P 

D'[2(C1 + D12H) DT.D 12-^12. 

X 

Aa 

with the notation A<T=<J(FX) — a(Hx). Since the saturation function o~(Fx) defined 

by (7.5) belongs to sector[0,1] and is monotonically non-decreasing, the inequality 

[a{Fx) - aiHx^SiiaiFx) - a(Hx)] < [a(Fx) - a(Hx)]TSi(F - H)x 

is satisfied for any positive diagonal matrix 5, implying 

x 
Aa 

0 -{F - HfSi 

-S^F-H) 25i 
x 

Aa 
< 0 . 

Hence, if (7.21) is satisfied for some positive diagonal matrix 5, we have 

\\y(t)\\2 < a2x(t)TPx(t) = a2V{x{t)) < a2\\Ptw\\l2 

for all t > 0, where Pt is the truncation operator. Therefore, we conclude that the peak 
amplitude of the output y(t) is under a certain level for all t > 0. • 
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Remark 7.2. If C\Dyi = 0 and £>f2D12 is positive diagonally dominant, using the 

properties of the pdd matrices2, it is easy to verify that (7.21) can be replaced by 

( d + Dl2F)T{Cx + DUF) < a2P. (7.22) 

These two additional constraints that CfDn = 0 and Dj2Di2 is pdd are achievable 

if the designer has the freedom to select the matrices C\ and Di2. However, such 

a replacement brings some conservatism to the performance analysis because a more 

conservative inequality a(Fx)TD'(2Di2a(Fx) < xTFTDj2Di2Fx, instead of the less 

conservative one a(Fx)T Dj2Di2a(Fx) < a(Fx)TDj2Di2Fx, is applied to derive (7.22). 

Remark 7.3. When the system (7.1) works in its linear region, \ftx\ < u, it is obvious 

that M(u,F,H) can then be reduced to F by choosing H = F. Furthermore, if 

the system (7.1) is linear without input constraints, it was shown in [91,97] that the 

sufficient condition (7.20)(7.22) is also a necessary condition for the generalized H2 

performance ||y(i)||2 < a 2 | | H l i 2 to hold. However, when there exist input saturations, 

constraint (7.20) (7.21) is only a sufficient condition, but not a necessary condition. 

7.3.2 LMI of H2 performance analysis 

When p —• 0, the constraint £(P,p) C C(H,u) will be removed and the region of 

attraction will be covered by the linear region of the system, which is not our major 

concerns. Since the energy level /3W of the disturbances is usually predetermined by 

the designer and the largest disturbance rejection bound of the system (7.1) is limited 

by the saturated controls, we could in this case fix the value of p to be such a bound 

in the analysis. Among all the ellipsoids satisfying the H2 performance conditions, we 

would like to search for the positive definite solution P to (7.20) (7.21) such that the 

H2 performance a2 is minimized, which is formulated as an optimization problem: 

mm a2 
P,H,H,Si,a2 

s.t. (a) P = PT > 0, Q 2 > 0, Si > 0 is diagonal, 

(b) P{A + B2M{v, F, H)) + (A + B2M{v, F, H))TP + PBiB^P < 0, W e V, 

( d + Di2H)T{Ci + Dl2H) - a2P * 
(c) 

Df2(C, + D12H) + Si(F - H) DT
l2Di2 - 2Sj _ 

< 0 , 

(d) £(P, p) C C(H, fi), S(P, p) C C(H, u) 

By the Schur Complements, the LMI (7.23c) is equivalent to 

(7.23) 

Si(F 

-P 

- H)/a2 

Ci + Di2H 

(F- - H)TSi/a2 

-2Si/a2 

Du 

(Ci + DUH)T] 
D\2 

-a2I 

< 0 . (7.24) 

2It was shown in [19-21] that the inequalities a{x)TSa{x) < a(x)Sx < xTSx are satisfied for all x 
if and only if S is positive diagonally dominant (pdd for short), where a(x) is a saturation function, 
monotonically non-decreasing. 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



7.3 Local H2 Performance Analysis and Synthesis 127 

If Cf[Di2 = 0 and Dj2Du is positive diagonally dominant, (7.23c) can be replaced 
by (7.22). By the Schur complements, (7.22) is equivalent to 

(d + DuFf 
> 0, Cf Du = 0, Dj2D12 is pdd. (7.25) 

( d + DnF) a2I 

The constraint £(P,p) C C(H,u) is equivalent to a minimization problem 

min{xT.P:r : hiX = u} > p, i — 1,2, • • • ,ra. 

To see this, note that £(P, p) C C(H, u) if and only if all the hyperplanes h^x = ±u, 

z = 1, 2, • • • , m, lie completely outside the ellipsoid £(P, p), i.e., at each point x on the 

hyperplanes /i,x = ±u, we have xTPx > p. The minimization min{xTPa; : htx = u} 

is a convex optimization problem and has a unique minimum. Applying the Lagrange 

multiplier method, we obtain 

min{xTPx : hiX = u} = u2(hiP~1h[)_1. 

Consequently, the constraint £{P,p) C C(H,u) is equivalent to 

phiP^hJ < u2 u2/p htP-

p-lh U T > 0 , VzG[l ,m]. (7.26) 

Similarly, the constraint £(P,p) C C(H,u) is equivalent to 

phiP~lhJ < u2 u •/p kP-1 

P~lh? P-
> 0 , V z e [ l , m ] , (7.27) 

where hi is the z'-row of the matrix H. 

Denote p = 1/p. To make the LMI optimization problem (7.23) more tractable, let 

Q = P~\ G = HQ, G = HQ, Tx = (Si /oa)"1 . 

Also let the z'th row of G be gj and the z'th row of G be gt, i.e., 

5i = hiQ = hiP'1, 9i = hiQ = hiP~1. 

Thus, we can transform (7.23) into a convex LMI optimization problem as 

min a2 

Q,T1,G,G,a2 

s.t. (a) Q = QT > 0, a2 > 0, 7i > 0 is diagonal, 
{b) AQ + QAT + B2M(u, FQ, G) + M{u, FQ, G)1'B\ + BXB\ < 0, Vi/ G V, 

- Q QFT-GT QCl + GTDl2 

(c) F Q - G -2Tj rxI>f2 

. CXQ + D12G D12Ti - a 2 / 

< 0 , 
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(d) 
- 2 ~ 

up 
T 

9i 

9, 
Q >o, 

u2p 
~T 
9i 

9i 

Q 
> 0 , €[1, m . (7.28) 

If C[Dl2 = 0 and Dj2D12 is a pdd matrix, (7.28c) can be replaced by 

(<0 ( d + D12F)Q a2I 
> 0 . (7.29) 

Remark 7.4. When the system (7.1) is linear without input constraints, the LMI 

(7.28d) is removed and the matrix M(u,FQ,G) in (7.28b) is reduced to FQ. Thus, 

the optimization problem (7.28) becomes a standard generalized ^ -op t ima l problem. 

In this case, it was shown in [97] that the solvability of (7.28) is a necessary and 

sufficient condition for the existence of the generalized H2-novm performance a2. <g) 

7.3.3 Local H2 Performance Synthesis 

Having analyzed the H2 performance when the feedback matrix F is given, we may 

ask: can we design a H2 optimal controller F* to minimize the H2 performance level? 

To answer this question, we take the controller gain F as an additional optimization 

parameter and choose an optimal feedback matrix F* that corresponds to the minimal 

H2 performance level a2. Similar to (7.28), by using a new parameter Y to replace 

FQ, the resulting optimization problem is formulated as follows. 

mm a2 
Q,G,G,Y,Ti,a2 

s.t. (a) Q = QT > 0, a2 > 0, T\ > 0 is diagonal, 

(b) AQ + QA1 + B2M(u, Y, G) + M(u, Y, G)1 B\ + BXB\ < 0, Vi/ G V, 

(c) 

(d) 

-Q YT-GT QCJ + GTDT
12 

Y -G -2Tj 
L CiQ + Dl2G DnT, 

TXD\2 < 0 , 

u2p gr 

Q >o, 
u2p & 

-a2I 

> 0 , i € [ l , m ] (7.30) 

The H2 optimal control matrix F* will be recovered by F = YQ 1. 

If CjDi2 = 0 and D\2DX2 is pdd, (7.30c) can be replaced by 

Q 
CiQ + Dl2Y 

QC1+YTDT 
12 

a2I 
> 0 , CjD12 = 0, Dj2D12 is pdd. (7.31) 

Remark 7.5. When (7.1) is linear without input saturations, the constraint (7.30d) 

is removed and the matrix M(v, Y, G) in (7.30b) can be reduced to Y. Thus, the LMI 

problem (7.30) becomes a standard H2-optimal control problem [97]. In this linear 

case, it was shown in [91,92,138] that the existence of an H2 optimal control F for the 

system (7.1) with the control inputs u = Fx is a necessary and sufficient condition for 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



7.4 Local Hoo Performance Analysis and Synthesis 129 

the solvability of the following LMI optimization problem: 

mm a2 
Q>o,y,Q2>o 

s.t.(a) AQ + QAT + B2Y + YTBZ + B1Bl < 0, (7.32) 

-Q (C1Q + D12Y)T 

CXQ + Dl2Y -a2I 
(6) 

Then, the optimal control F* is recovered by F* = YQ~X 

< 0 . 

7.4 Local i/oo Performance Analysis and Synthesis 

The HQO norm 7 is a measure of robust stability of input-to-output systems with 

respect to disturbances and uncertainties. Let Tzw denote an operator from the dis­

turbances w to the output z. Then, the constraint HT^H^ < 7 can be interpreted 

as a disturbance rejection performance and is also useful to enhance robust stabil­

ity. Specially, it guarantees that the closed-loop system remains robustly stable for 

all perturbations w — A(z) with H A ^ < I /7 . A smaller H^ gain 7 implies better 

disturbance attenuation performance and better robust stability. 

7.4.1 Analysis: A sufficient condition 

Definition 7.4. Any number 7 G 1Z+ such that whenever \\w\\\ < j3w and x(0) = 0, 

we have x(t) € V for all t > 0, lim^oo x{t) = 0 and | |Z | |L2 < 7 2 | |Hl i 2
 w^ ^e ca^ed 0, 

local L2-gain in the finite region T>. The smallest such number will be denoted by 7. 

The next lemma establishes a sufficient condition for the existence of the local C2-

gain in the finite region £(P, p) C C(H, u). 

Lemma 7.6. Given^f2 > \\D2\D2\W. If there exist apositive definite symmetric matrix 
P, a positive diagonal matrix S2 and two real matrices H and H satisfying 

< 0, (7.33) 
PA + ATP + r2cic2 * * 

BfP + ^DjA -I + T2D^D2l * 
T2Dl2C2 + S2{F - H) T2Dl2D2l -2S2 + T2Dl2D22 

8{P}P) c C{H,u), E{P,p) C C(H,u), (7.34) 

where C2 = C2 + D22H andA = A + B2M(u, F, H), Mv € V, then, \\z\\l2 < 72 | |HI£2 

in the finite region 8(P,p) C C(H,u). 

Proof. Since £(P,p) C C(H,u), it follows that a(Hx) = Hx for all x G S(P,p). Thus, 
we can represent the output function z as 

z = (C2 + D22H)x + D21w + D22[a(Fx) - a(Hx)}. 
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Let V = xTPx, and denote C2 = C2 + D22F2 and ACT = a(Fx) - a(Hx). With the 

results in Lemma 7.2, for all x £ E(P,p) C C(H,u), it follows that 

V = xT(PA + ATP + 7-2GTC'2)x + 2xT(PB1 + 1-
2C%D2l)w + 2xTPB2a(Fx) 

+ 2-/-2wTD^D22Aa + wT(-y-2D^D21 - I)w + 2j~2xTC2
TD22Aa 

+ 21-
2{Aa)TDT

22D22ka - 7 - 2 | | z | | 2 + \\w\\2 

x 1 T \PA + ATP + T2ClC2 * * 1 [ x ' 
w BjP + T2DlxC2 j-2DlD21-I * w 

Aa\ [T2Dl2C2 + S2{F-H) T2D^2D2l T2Dj2D22 - 2S2\ [Aa 
< 

+ 2{AayS2Aa - 2{Aa)1 S2(F - H)x - ~/-2\\z\\2 + \\w\\2, 

where A — A + B2M(u, F, H) for all v € V. Since the saturation function a(Fx) 
defined by (7.5) belongs to sector[0,1] and is monotonically non-decreasing, it follows 
that the inequality 

[a(Fx) - a(Hx)}1 S2[a(Fx) - a(Hx)] < \a{Fx) - a(Hx)]TS2(F - H) x 

is always satisfied for any positive diagonal matrix S2. Hence, if (7.33) is satisfied, it 

follows that in the region £(P,p) C C(H,u), 

tV ^ -211 Il2 , ii 112 
V < —7 \\z\\ + \\w\\ , 

which means that the closed-loop system is locally C2 stable in the finite region £(P, p) 

from the input w to the output z with a finite £2~gain 7, i.e., there exists a finite 7 > 0 

such that H-zlll, < 7 2 | |Hl! 2 in the finite region £(P,p). D 

Remark 7.6. If D^D22 = 0, C2D22 = 0 and Dj2D22 is pdd, then it is easy to verify 

that (7.33) can be replaced by 

PA + ATP + T2ClC2 + T2FTDl2D22F PB, + <y-2C?D21 

B\P + T2DT
2lC2 -I + 7 -^21^21 J 

< 0 . (7.35) 

This is possible if the designer has the freedom to choose the matrices C2, D2\ and D22. 

However, such a replacement brings some conservatism to the local Hoc performance 

analysis because a more conservative inequality a(Fx)T D22D22a(Fx) < xTFTD22D22Fx, 

instead of the less conservative one a(Fx)TD^2D22a(Fx) < a(Fx)TD^2D22Fx, is used 

to derive (7.35) if Dj2D22 is pdd. 

7.4.2 Optimization using LMI approach 

The sufficient condition (7.33) can be rewritten as 

PA + ATP PBi (F-H)TS2 

BfP -I 0 

S2(F - II) 0 -2S2 

1 
••y * 

D£ 
Dl2 

[ C2 D2l D22 ) < 0. (7.36) 
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By Schur complements, the inequality (7.36) is equivalent to 

P(A + B2M(v,F,H)) + (A + B2M(v,F,H))TP * * * 

BfP - / 0 * 

S2(F-H) 0 -2S2 * 

(C2 + D22H) D21 D22 - 7
2 / 

< 0 . (7.37) 

Let 
Q = P~\ G = HP~\ G = HP~\ T2 = S2~\ 

and let the zth row of G be g{ and the ith row of G be (ji, i.e., 

9i — hiQ, gi = hiQ. 

Then, we can represent the H^ optimization problem as a convex LMI problem 

mm 7 
Q,T2,G,Ga 

s.t. (a) Q = QT > 0, 7 > 0, T2 > 0 is diagonal, 

(b) 

(c) 

Tr>T AQ + QA1 + B2M + M1 B, 

FQ-G 

C2Q + D22G 

u2p gz 

gj Q 
>o, 

u2p ^ 

gj Q 

* 
- / 

0 
D21 

>o 

* 
0 

- 2 T 2 

D22T2 

i e 

* 
* 

* 

-72/_ 

[l,m 

<o, 

(7.38) 

with M = M(u, FQ, G) for all v € V. 

Remark 7.7. If DT
2lB22 = 0, C2

TL>22 = 0 and DT
22D22 is pdd, the LMI (7.38b) could 

be replaced by 

AQ + B2M{v,FQ,G)) + QAT+ M{v,FQ,G)TB2
r * * ' 

Bj -I * 
C2Q + D22FQ D21 - 7

2 / 

< 0, Vv G V. 

Remark 7.8. If the system is linear without input saturation, namely u = Fx, (7.38c) 

is removed and then the H^ performance analysis can be done by solving the LMI in 

Remark 7.7 with the matrix M(u, FQ, G) being replaced by FQ. <g) 

7.4.3 Synthesis 

Having analyzed the Hoo performance when the feedback matrix F is given, we turn 

to the design of an H^ controller to minimize the local L2-gain. Taking the controller 

gain F as an additional optimization parameter, we can choose a feedback matrix F 

to minimize the L2-gain 7. 

Similar to (7.28), by using a new parameter Y to replace FQ, the resulting opti-
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mization problem is formulated as follows. 

min 7 
Q,T2,Y,G,G,j 

s.t. (a) Q = QT > 0, 7 > 0, T2 > 0 is diagonal, 

~AQ + QAT + B2M(u,Y,G) + M{v,Y,G)TBZ * * * 

Bf - 1 0 * 

Y-G 0 -2T 2 * 

C2Q + D22G D21 D22T2 - 7
2 / 

. n r „-2 s - i 

> 0 , i € [ l , m ] . 

The B^-optimal control gain F will be recovered by F = YQ"1. 

(b) < 0 , 

u2p g{ 

[ 9l Q\ 
> 0, 

u2p & 

[gf Q\ 
(7.39) 

Remark 7.9. If D^D22 = 0, CjD22 = 0 and B\2D22 is pdd. Then, (7.39b) can be 

replaced by 

AQ + B2M(u,Y,G)) + QAT + M{^Y,G)TB^ * * -

Bf - / * < 0, Vz/ G V. (7.40) 

Remark 7.10. If the system is linear without input saturation, (7.39c) is removed 

and then the Hoc optimal control can be obtained by solving the LMI (7.40) with the 

matrix M(v, Y, G) being replaced by Y. <g> 

7.4.4 Mixed ^/-^oo suboptimal controller 

The LMI formulations of closed-loop system specifications under H2 and H^ per­

formance considerations have been summarized as above with different matrices P's . 

The LMI formulation of the mixed H2/Hao suboptimal controller synthesis is based 

on the Lyapunov shaping paradigm [97] by seeking for a common Lyapunov matrix P 

to fulfill the LMI constraints. Undoubtedly, it brings some conservatism. However, 

such conservatism is paid by the following merits. First, it makes a large set of LMIs 

become more easily tractable. Second, the common Lyapunov matrix P is shaped by 

the LMI optimization until either all specifications are met or all degrees of freedom 

are exhausted. The mixed H-i/H^ suboptimal control problem is defined in a local 

region as follows. 

Definition 7.5. Assume that | |Hl i 2 ^ A» and x(fy = 0- ^ e "mixed H2/HOQ control 

problem is to find a control F to minimize a2 such that | |y(i)| |2 < Q^HHli2 subject to 

the constraint \\z\W < J2\\w\\l2 for a 9iven 72 > ll-^Ii-^ill-

Combing the optimization problems (7.30) and (7.39), in the finite region £(P,p) C 
£(H,u), we can formulate the local mixed HijH^ suboptimal control problem into 
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the following LMI optimization problem: 

niin a2 
Q,G,G,Y,Ti,T2,a2 

s.t. Q = Q > 0, Q2 > 0, T\ and T2 is positive diagonal, (7-41) 

(7.30c), (7.396), (7.39c), (7.42) 

in which 7 is given. With this optimization, the mixed Hi/H^ suboptimal controller 

is recovered by F = YQ~l. Note that (7.30b) is implied by (7.39b). 

Specially, if CjD12 = 0, C^D22 = 0, D^D22 = 0, Dj2D12 and Dj2D22 are pdd, the 
optimization problem (7.41) is replaced by 

mm 
Q,G,V>2 

&2 

s.t. (7.31), (7.40), (7.39c), Q = QT > 0, a2 > 0. (7.43) 

When the input/output system (7.1)-(7.4) is linear without input saturation non-

linearity, the constraints £(P,p) C C(H,u) and £(P,p) C C(H,u) are removed and 

thus it is obvious that M(u, Y, G) is reduced to Y. Then, the optimization problem 

(7.43) becomes a standard mixed HifE^ optimal control problem [30,91,92,97] for 

linear systems, i.e., to find a positive definite symmetric matrix Q and a matrix Y such 

that for a given 7, the control law F = YQ~X minimizes 

mm a2 
Q>0,Y,a2 

s.t. (a) 

(b) 

YTDT
l2 Q QCf 

CXQ + D12Y a2I 

AQ + QAT + B2Y + YTBl 

C2Q + D22Y 

> 0 , 

Bx QCJ + YTDJ2 

-I Dl 
D21 - 7

2 / 

(7.44) 

< 0 . 

7.5 Synthesis Models of Linear Att i tude Control 

7.5.1 Structured uncertainty modelling 

The following procedure for modelling structured uncertainty is motivated by the 

works of [129,130,136]. Consider a dynamical system described by 

Ex = Fx + Gdd + Guu 

where x, d, and u are the state, disturbance input and control input vectors respectively; 

Gd is the disturbance input distribution matrix; Gu is the control input distribution 

matrix; and the matrices E and F are subject to structured parameter variations. 

Suppose that there are / independent, uncertain parameters variations 5i, and as-
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sume that the perturbed matrices E and F can be linearly decomposed as follows: 

i l 

E = E0 + AE = E0 + Y, A#A = E0 + £ M^S^N® = E0 + MEUENEj 
»=i t= i 
i i 

i = l i = l 

where q is the rank of A£7j, t>* is the rank of AF», n ^ and Up are diagonal matrices 

with 5i as their diagonal elements. Let 

n = diag{nij,nF}, i 
NEx 
NFx 

d = -ILz, 

where d is called the fictitious disturbance input, z the fictitious output, and II the gain 

matrix of the fictitious internal feedback loop, which are caused by the uncertainties 

in the matrices E and F. Then it follows 

EQX — F0x + Gjd + Gdd + Guu, 

where the matrix Gg is the fictitious disturbance distribution matrix and defined by 

Gd=[ME -MF). 

7.5.2 Linearized dynamical models of spacecraft 

Taking the three principal axes of the spacecraft as the three axes of the body frame 

Tb and ignoring those (much smaller) off-diagonal elements, we assume, for simplicity 

of analysis, that the inertia matrix is of a diagonal form 

J = diag{ J ! , J 2 , J 3 } . 

Suppose that three reaction wheels that are mounted along the three principal axes 

of the spacecraft are identical and the fourth wheel is installed as a backup and used 

only in the fault cases. The dynamic model of the reaction wheels had been presented 

in Section 4.4.2 as a first-order low-pass model (4.19), where the time constant TW is 

very small. The bounded wheel torques Hwi are fed into the attitude control system 

to control the attitude, where Hwi G [—um, um] with um = 0.03Nm, i — 1,2,3. 

To linearize the attitude dynamics, we assume that the roll angle ip, the pitch angle 

d and the yaw angle ip are small such that sin$ RJ i?, simp « ip and simp ~ ip. With 

this small-angle assumption, the angular velocity u can be linearized as 

u>i = ip- n0ip, 

UJ2 = i? - no, (7-45) 

u3 = tp + n0tp, 
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and the gravity-gradient torque Tgd in (4.20) can be approximated as 

Tgx = 3nl(J3 - J2)<p, 

Tgy = 3nl(J3 - Ji)tf, 

Tgz = 3n2
0{J2 - Jx)&l> » 0. 

(7.46) 

Assume that the microsatellite is rigid. As such, we ignore the dynamic equations 

of flexible modes. Substituting (7.45) and (7.46) into (4.17) and neglecting the motion 

of the flexure modes yields a linearized attitude dynamics as follows [53,101]: 

Jx(p - n0(Ji - J2 + J3)ip + 4no(J2 - J3)(p = -Hwl + Tdl + n0HW3, 

J2$2 + Zn\{3x - J3)i? = -Hw2 + Td2, 

Jz4>z + n0(Ji - J2 + J3)<^ + n2
0(J2 - Ji)ip = -Hw3 + Td3 - n0HWl, 

where the disturbance vector Td = [ T ^ i , ^ , ^ ] 7 is defined by 

(7.47) 

T,= 
Tmdi 4- Tadi + Tsdl + Tml - Hw3d + Hw2{i> + nQip) 

Tmd2 + Tad2 + Tsd2 + Tm2 - Hwl(tp + riQip) + Hw3((f - n0ip) 

Tmdz + Tadz + Tsd3 + Tm3 + Hwi<& - Hw2(ip - n0i/j) 

We denote Hw = [Hwi,Hw2,Hw3]
T and define the vector Tc = [Tci,Tc2jTc3]

T as 

Tc = —Hw + u, with u 

0 
0 
-n0 

0 n0 " 
0 0 
0 0 

Hw\ 
Hw2 

. Hw3 

(7.48) 

Then, our objective is to design a feedback control Tc to stabilize the attitude control 

system (7.47). Once Tc is known, we could use uw = u — Tc to drive the reaction wheels. 

According to the parameters listed in Table 5.1, the angular momentum Hwi is 

bounded by ± lNms and the wheel torque Hwi is constrained into the limit [—um,um] 

with um = 0.03Nm for i = 1,2,3. Since the orbital angular velocity % is given by 

no = 1.038 x 10~3rad/s, the term noHwi is much smaller than the limit um and thus 

we can use ±um as the limits of the attitude controls Tci, i = 1,2,3. 

It is observed from (7.47) that the linear pitch dynamics decouples from the linear 

roll/yaw dynamics. Therefore, the control laws for the pitch channel and the roll/yaw 

channel could be designed independently. 

7.5.3 Synthesis model of roll/yaw channel 

For the roll/yaw channel, define the state vector X\, the control input vector U\ and 

the disturbance input d\ as 

Xi = dx = 
Tdl 

Td3 
U] = 

Tcl 

Tc3 

(7.49) 
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Thus, we can represent the dynamic model of the roll/yaw attitude channel (ip-ip 
channel) into the following matrix form: 

EiXi = Di&i + Fi%i + Gi\d\ + Guiix 

where the matrices E\, D\, F\, G\\ and Gu are given by 

D1 = 

(7.50) 

£i -

Fi = 

Ji 0 

0 J3 

4n2
0(J3 - J2) 0 

0 ng(Ji - J2) J 

0 n0(Ji + J3 - h 
n0{Ji + J3 - J2) 0 

1 0 

0 1 
G\2 G u = 

1 0 

0 1 

Besides the external disturbances, moment-of-inertia variations are the major source 

of uncertainty for microsatellite attitude control design. The principal moment of 

inertia Jj can be expressed as a nominal value J* plus a perturbation matrix AJj<5;, 

Ji = Jl + AJi5u \6t\<l, 1 = 1,2,3 (7.51) 

where AJj is the variation envelope of J, and <5j is the normalized uncertainty. The 

variations AJj<5j will cause perturbations in the matrices E\ and Fi, which will be 

expressed as addition-type uncertainties: 

Ex = E10 + A £ i = Ew + ME1UE1NEU 

A = £>io + A A = D10 + M d n ^ i V ^ , 

F = F10 + A F = F10 + MF 1nF 1 iVF 1 , 

(7.52) 

with the following matrices 

F 10 
Ji 0 
0 J3 

Afisi = nB1 = 
'<*i 0 

0 53 
iV 

AJi 0 

0 AJ 3 

UD1 = dia,g{5i,5i,52,52,53,8z}, UF1 = diag{5i,<52,52, J 3}, 

AJi 0 - A J 2 

El 

iVF1 = 

Ao = 

0 4 0 
1 0 1 

"1 0 1 
0 1 0 

1 n 

0 _ ) 

0 1 0" 
1 0 1 

MDl = n0 
0 

0 

MF1 = n2
Q 

0 n0(Ji + J3- J2 

n0(J2 - J\- h) 0 

AJi 0 AJ2 

0 - A J 2 0 4z 

AJi 0 - A J 2 

~4nl(J3 - J2 

-

1 0 
0 1. 

? 

0 AJ3 

AJ3 0 

\Jz 
0 3 

F 10 0 
0 

For the roll/yaw attitude control channel, let 

Ai = 
IEI 
0 
0 

0 

nDi 
0 

0 " 
0 

n F 1 . 
Z\ = 

" NEIXI 

NDIXI 

. NF1Xi 

d\ = —Ai^i. (7.53) 
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rfi 

di 

Ul 

A: 

Nominal System 
G0(s) 

a(Fx) 

Z\ 

y 

X = 
Xi 

Figure 7.3: Systematical configuration of perturbed system. 

Substituting (7.52) into (7.50) and applying (7.53) yields 

Ewxi = D10X! + FioXi + G^di + Gndi + G12ux 

where Ggx is the fictitious disturbance distribution matrix and defined by 

G d\ 
[M FA M D\ M Fl • 

(7.54) 

(7.55) 

It is noted that all the momentum-of-inertia uncertainties are modelled into the 

fictitious disturbances d2 and there are no uncertainties contained in the matrices E\o 

and i*io. The interconnection of the nominal system, the uncertainties and saturations 

is shown in Figure 7.3, where Ai is the normalized gain matrix of the moment-of-inertia 

uncertainties, Z\ is the output from the nominal system to the uncertainty block A1 ; 

d\ = A(zx) is the input from the uncertainty block Ai to the nominal system. 

The robust stability requirement with respect to the uncertainty Aj is represented 

by Z\. Therefore, we can choose the H^ measurement as 

z = z\. (7.56) 

The effect of the moment-of-inertia uncertainties appears in the perturbation d\. (7.53) 

shows the relation of the H^ constraint (measure of robust stability) z, perturbation 

di and uncertainty block A ^ According to the small gain theorem [59,95,138], if there 

exists a controller satisfying ||z/di||oo < 1, then the closed-loop system will be robustly 

stable for any uncertainty ||A||oo < 1/7- If a smaller 7 exists, the closed-loop system 

remains stable for a larger uncertainty. 

On the other hand, in a viewpoint of H2 control, we hope to keep another output 

vector below a certain level. To reach this goal, we define a controlled output vector 

(the H2 cost) of the form 

y 
Gx/z 

0 

Xi 

ii 

0 

D xjz 

A „ 
Mi = C i + Duu1: (7.57) 

where the matrices C\ and D12 are chosen such that C\D\2 = 0 and Dj2D\2 = Ry, is 
positive definite. If the system state vector x, the disturbance input w and the control 
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input u for the roll/yaw attitude channel are chosen as 

x = 
Xi 

Xi 
, w = 

di 

<k 
U = U\, 

together with (7.54), (7.56) and (7.57), we have the following input/output intercon­

nection (as shown in Figure 7.2) for the roll/yaw system 

x = Ax + Biw + B2u, 

y = Cix + Dnu, 

z = C2x + D21w + D22U 

(7.58) 

with the matrices 

A = 

Cx = 

C\ 

0 / 
Ew Fw Ew Dm 

Gx/z 
0 

Bi = 
0 0 

-1 
y10 ^dl ^ 1 0 ^10 Gjj E10 Gn 

Bo 
0 

E10 G\2 

A 2 = D x/z 
NEIE10 FW NE\EW DW 

0 ND1 

NF1 0 

Do, =NmE7n
1 

El&lQ 

G j i 

0 

0 

Gn] 
0 

0 . 
,D22 = 

NEIE10 G12 

0 
0 

By straightforward computations, it is obvious that C^D2\ 7̂  0, C2D22 ^ 0 and 

Dj2D22 is a positive diagonal matrix given by D^2D22 = diag{Jf2, J3"2}. 

Note that the disturbance w contains not only the external disturbances T^\ and T^ 
but also the perturbations di caused by parametric uncertainties. Then, our objective 
is to perform an analysis/synthesis for a saturated state-feedback control u = a(Fx). 

7.5.4 Synthesis model of pitch channel 

Define the control input u2l the disturbance d2 and the state vector x2 for the pitch 

attitude control as follows: 

u2 = Tc2, d2 = Td2, x2 = [ ti •&] . 

Then, we have the following model of the pitch attitude control 

E2x2 = F2x2 + G2id2 + G22u2, 

where the matrices E2, F2, G2\ and G22 are given by 

£2 = 
1 0 

0 J2 
, F2 = 

0 1 

. 3 n 2 ( J 3 - J i ) 0_ 
, G21 — n 

1 
, G22 — n 

1 

(7.59) 

(7.60) 

Under the uncertain variations (7.51), perturbations exists in the matrices E2 and 
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F2, which is expressed as addition-type uncertainties: 

E2 = E20 + A.E2 — E20 + ME2^-E2NE2, 

F2 = F20 + AF2 = F20 + MF2liF2NF2 

with the following matrices 

Eon — MFo = 
1 0 

0 J2 

NE2= [ 0 1 ] , nE2 = 52, 

0 0 

0 

AJ 2 
Fori — 

0 1 

MF2 = 

Letting 

Ao 

SnlAJi 3n2
0AJ3 

UE2 0 

0 n F 2 

n F 2 = 
<5i 0 
0 S3 

NF2 = 
1 0 

1 0 

Z2 
NE2X2 

NF2X2 

d2 = - A 2 2 2 , 

and substituting (7.61) and (7.62) into (7.60) yields 

x2 — E2Q F20X2 + E20 Gj2d2 + E20 G2\d2 + £30 G22w2, 

where Gj2 is the fictitious disturbance distribution matrix and defined by 

Gd- = [ME2 M F2\ 

(7.61) 

(7.62) 

(7.63) 

(7.64) 

Analogous to the derivations of the roll/yaw channel, defining 

x = x2, z = —Z2, w = [ d\ d\\ , 

we obtain the following synthesis model for the attitude control of pitch channel 

x = Ax + Biw + B2u, u = a(Fx), 

y = Cix + D12u 

z = C2x + D2iw + D22U 

where the corresponding matrices are given by 

A = E20 F2o, Bi = E2Q [Gd~2 G21], B2 = E20 G22, 

(7.65) 

c,= 

c2 = 

Cy 

0 

'NE2l 
A 

D12 = 

"20 ^ 2 0 

^F2 
, D2 

0 

i = N 

, D^2Di2 is pdd, 

E2-E'20 
Gj2 G21 

0 0 • £>22 = 
NE2E20 G22 

0 

Similarly, it is quite easy to verify that C2
TD2X =£ 0, C2D22 ^ 0 and D22D22 = J-- 2 
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7.6 Att i tude Performance Analysis and Synthesis 

7.6.1 Analysis of system models 

For the open-loop linear system model (7.65) of the pitch channel, the characteristic 

equation is given by 

J2s
2 - 3n2

0(J3 - Jx) = 0. (7.66) 

By the nominal parameters listed in Table 5.1, it follows that the eigenvalues of A in 

(7.65) are given by s = ±1.0955n0, where n0 = ^§ = 1.038 x lCT3rad/s is the mean 

orbital rate of the microsatellite. Clearly, the open-loop system (7.65) has an exponen­

tially unstable eigenvalues, s = 1.0955n0, and therefore it is not globally asymptotically 

controllable with any bounded control inputs. 

Similarly, it is easy to find out that the open-loop characteristic equation for the 

roll/yaw channel (7.58) is given by 

AJ3s
4 + (2U + 2J2 J3 - JJ2 + J\ - ZJl)nls2 + 4(J1 - J2){J3 - J2)n

4
0 = 0. (7.67) 

With the nominal parameters listed in Table 5.1, the four eigenvalues of A in (7.58) 

are given by s = —0.7778n0 ± 0.5110noj and s = 0.7778n0 ± 0.5110n0j. Clearly, the 

system (7.58) has a pair of unstable poles, s = 0.7778n0 ± 0.5110n0j, and thus it is 

also not globally asymptotically controllable with any bounded control inputs. 

Any bounded feedback laws designed for control systems having unstable poles would 

not work globally. However, there is a bounded and convex null controllable region for 

such a system. Hu and Lin [46] exploited the null controllable region, the reachable set 

and the region of attraction for such systems with bounded controls and concluded that 

for a first- or second-order system, the region of attraction can be exactly determined, 

but an exact description of the region of attraction seems impossible for a general 

high-order system. Our objective is to estimate the region of attraction, with least 

conservatism, for our linearized attitude control system with bounded controls and 

then to analyze robust performance within a subset of the estimated domain. 

Remark 7.11. The moments of inertia given in Table 5.1 have the following physical 

interpretations. For many earth-observation satellites, solar arrays are installed along 

the pitch axis (yt) so that they can track the Sun while the payloads such as the 

camera can point toward the earth (along the z& axis) with a clear field of view for 

observing the earth. Therefore, when the solar arrays are deployed, the value of J2 

is the smallest among the three principal moments of inertia Jx, J2 and J3. For a 

gravity-gradient stabilized satellite, J\ > J3. However, it is not necessarily the case 

for a three-axis stabilized satellite [53,101], allowing more flexibility in the satellite 

design. In our example in Table 5.1, we have chosen J\ < J3 because, as analyzed in 

(7.66), this corresponds to a more interesting control problem: there are unstable poles 

in the linearized attitude models so that any bounded control laws are not global. 

Nevertheless, the theoretical results in the previous sections remain useful for other 
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choices of the inertia matrix in obtaining local results. ® 

Pitch channel analysis 

Thus far, we have formulated the synthesis models for the pitch channel and the 

roll/yaw channel independently. The H2 penalty y and the H^ penalty z for pitch 

channel (7.65) are given by 

y = [ cqd Cqti cuu ] , 

z= [ d •d $]T. 
(7.68) 

It is stated in Section 7.5 that the output function z is used to measure the robust 

stability with respect to parametric uncertainties and external disturbances and the 

output function y to estimate the generalized i72-norm performance. We use the Q(x) 

and R(x) in Remark 5.2 with k\ = 4, b — 0.15 and 7 = 1 (it is not the same as the 7 

defined in this chapter) to formulate the H2 performance output y in (7.65) and obtain 

the coefficients cq, cq and cu as 

cq = 0.30, cq = 3.6056, c„ = 0.4472. (7.69) 

The uncertainties of the moments of inertia are considered to be within ±10% of the 

nominal values and are penalized into z through the matrix Gj in (7.64). 

With the parameters listed in Table 5.1, the matrices in (7.65) are given by 

A = 

d = 

c2 = 

0 1 " 

1.2njj 0 _ 

' c , 0 " 
0 cq 

. 0 0 . 

1 

= 

" 1.2ng 0 " 
- 1 0 

1 0 . 

B,= 

' 0.30 

0 
0 

, D21 = 

0 

3.1 -

0 
3.6056 

0 

" 0.1 

0 
0 

0 

0A8n2
0 

D 12 

0 

-0.6n2
0 

0 
0 

0 

0.1 
, B2 = 

0 
0 

0.4472 

0 

0.1 

(7.70) 

0 
0 

-0.6ng 
0 

0 

0.1 

0 

0 

D< 22 

0.1 

0 

0 

Corresponding to the choices of cq, cq and cu, the controller is given by 

ua = - 0 . 7 5 0 - 10i? ==• F = [ - 0 . 7 5 - 1 0 . 0 ] , (7.71) 

which is the linear form of the inverse optimal controller (5.22) in the pitch channel. 

Obviously, A + BF is Hurwitz with eigenvalues -0.0817 and -0.9183. 

Roll /yaw channel analysis 

Similarly, we take the components, which correspond to the roll/yaw channel, of the 
weighting matrices Q(x) and R(x) in Remark 5.2 with kx = 4, b = 0.15 and 7 = 1 to 
formulate the H2 output function y in (7.57) and obtain the matrix coefficients cq, cq 
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and Cu as 

0.3 0 
0 0.3 

3.3466 0 

0 3.1623 
Cu 

0.4472 0 
0 0.4472 

(7.72) 

The H2 penalty y and the H^ penalty z for the roll/yaw channel (7.58) are then 

expressed as 

y = [ cqid cqzi> cqid cq3i> cUliti cU3u3 ] , 
_ . . . • . T 1 (7.73) 

It is stated in Section 7.5 that z is used to measure the robust stability with respect to 

parametric uncertainties and external disturbances. The uncertainties of the moments 

of inertia are considered to be within ±10% of the nominal values and are penalized 

into z through the fictitious disturbance distribution matrix Gj in (7.55). 

The controller F is given by 

Ui = -0.75tf - lOtf 

u3 = -0.75ip - l(ty 
F = 

-0.75 
0 

0 
-0.75 

-10 0 

0 - 1 0 
(7.74) 

which is the linear form of the inverse optimal control (5.22) in the roll/yaw channel. 

With this control law F, the matrix A + B2F is Hurwitz with eigenvalues —0.53783, 

-0.40814, -0.08717 and -0.09186. 

7.6.2 Performance analysis 

Region of attraction 

Let w = 0. It is known that solving the LMI problem (7.13) with different shape 

references XR = S(R, 1) yields different invariant ellipsoids E(P/p, 1). Our objective is 

to develop a union of invariant ellipsoids for different shapes R's, which forms a larger 

invariant set within the region of attraction [47]. 

For the pitch channel (7.65) with the control F in (7.71), we first choose R = Ri = I 

to solve the LMI problem (7.13) and get 

a* = 0.0606, P/p = 
1.6707 12.6992 

12.6992 272.1434 
H = - [0.0288 0.4853] 

such that atR.(8(—,1)) defined by (7.12) is maximized and the ellipsoid £(—,1) is an 

invariant set, which is plotted in the red line in Figure 7.4. If we choose R = R2 = —, 

solving the LMI (7.13) yields a* = 1 and the same ellipsoid £( — , 1). To make a 

difference, we choose R = R2 = (Xg ^o) n e a r * ^ s ellipsoid £ ( - , 1 ) to form a new 

shape XR to solve the LMI (7.13) again and obtain a new invariant ellipsoid, as shown 

in the blue line in Figure 7.4. To form the envelop, we define R = aR\ + (1 — a)R2 with 

1 > a > 0. If choose a = 0.3,0.4,0.5,0.6,0.7, the resulting ellipsoids are plotted in 
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3.2138 

-0.3478 

24.9054 

0.4358 

0.0403 -

0.0003 

-0.3478 

4.2459 

-0.1052 

33.8153 

-0.0017 

0.0464 -

24.9054 0.4358 

-0.1052 33.8153 

595.2041 -1.8057 

-1.8057 850.8455 

0.7101 0.0067 ' 

-0.0011 0.8475 _ 

black lines in Figure 7.4. Thus, the union of all ellipsoids in Figure 7.4 forms a larger 
invariant set for the pitch channel. 

Similarly, for the roll/yaw channel (7.58) with the control F in (7.74), solving the 

LMI problem (7.13) with the shape reference XR = S(R, 1), R = I, we get a* = 0.0343 

such that the ellipsoid £ ( - , 1 ) is an invariant set and a R(6 (-,!)) is maximized with 

P/p = 

H = 

Since the roll/yaw channel is of 4-dimensional and coupled, the graphics like Figure 7.4 
is not presented. However, we can also choose different .R's to form a union of different 
invariant ellipsoids for the roll/yaw channel. 

Disturbance rejection bound 

Corresponding to the control F 's in (7.71) and (7.74) respectively, solving the LMI 

optimization problem (7.16) with the saturation level um = 0.03 yields the estimated 

largest disturbance reject bound f3w — 1/t* with t* = 217.1883 for the pitch channel 

and t* = 477.9661 for the roll/yaw channel. To work out these maximal disturbance 

rejection bounds f3w = 1/t*, we solve the LMI (7.16) by fixing r for each iteration to 

get a value tr and then repeat solving the LMI problem (7.16) for another larger r until 

tr approaches a limit t*, as shown in Figure 7.5. 

From Figure 7.5, we also observe that when the actuators are forced to work in 

the linear region, that is, r = um, the LMI problem in Corollary 7.4 can be solved 

to obtain t*r = 1194.4463 for the pitch channel and t*r = 1597.2254 for the roll/yaw 

channel, meaning that the results got from Corollary 7.4 are much more restrictive 

than those values obtained from Proposition 7.3. 

More computations on solving (7.16) show that the maximal disturbance rejection 

bound (3W increases as the saturation level um goes up, as shown in Figure 7.6. Using 

fitting techniques, the relationship between f3w and um can be evaluated as quadratic: 

j3w = 5.1155«^ for the pitch channel (7.65) with the control F in (7.71) and (3W = 

2.3245i4 for the roll/yaw channel (7.58) with the control F in (7.74). 

Generalized H2 performance analysis 

If the actuator's saturation nonlinearity is not considered in the system, i.e., u = Fx, 

by solving the LMI problem in Remark 7.4, the optimal value of the generalized H2-

norm bound a2 is given by a2 = 0.3394 for the pitch channel (7.65) with the control F 

in (7.71) and a2 = 0.4029 for the roll/yaw channel (7.58) with the control F in (7.74). 

However, the input saturation nonlinearity will seriously deteriorate the generalized 
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0.2 0.4 0.6 0.8 

Figure 7.4: Union of the invariant ellipsoids for the pitch attitude channel (#-#). 

0.03 0.06 0.09 0.12 0.15 0.18 0.21 0.24 0.27 0.3 0.33 0.36 

Figure 7.5: The value tr vs the input amplitude r, where um — 0.03. 

Using the fitting techniques, the relationship 
between p and u can be est imated as 

p = 5.11 55u for pitch channel 

P = 2.3245U for roll/yaw channel 

Roll/yaw channel 
Pitch channel 

Saturat ion level u 

Figure 7.6: Disturbance rejection bound (3W vs the saturation level tt, 
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H2 performance a2. For instance, if letting p = (5W = 5 .1155^ for the pitch channel 

to solve the LMI optimization problem (7.28), we have a*2 = 6.4598 and 

P = 
0.0344 0.2280 

0.2280 5.1111 
H = - [0.0560 0.9776] , 

H = [0.0024 0.0467] , 
S = 0.0308. 

For the roll/yaw attitude channel, choosing p = j3w = 2.3245u^ and solving the LMI 

problem (7.28) again with the control F in (7.74) yields a*2 = 5.0508 and 

P = 

H = 

H = 

0.2220 

-0.0007 

0.4254 

0.0017 

-0.1934 

-0.0005 

-0.0007 

0.0407 

0.0001 

0.2676 

0.0006 

-0.0938 

0.4254 0.0017 

0.0001 0.2676 

18.5214 -0.0451 

-0.0451 7.2629 

-2.5221 -0.0145 " 

0.0028 -1.7023 

0.0004 0.0001 0.0060 0.0005 ' 

0.0001 0.0185 0.0005 0.1735 _ 

7 

J 

c _ 
! >-> " 

0.0387 
0 

0 
0.0387 

It is easy to check that Cj D\2 = 0 and D\2DX2 is pdd for both the pitch channel 

channel and the roll/yaw channel. Replacing (7.28c) by (7.29) and solving the LMI 
problem, we have that a2 = 6.4597 in the pitch channel and a\ = 5.0506 in the roll/yaw 

channel, both of which are very close to the results got from (7.28). 

More computations show that if we reduce the value of p = (3W, the H2 performance 

a2 is getting better, as shown in Figures 7.7(a) and 7.7(c) for the pitch channel and 

the roll/yaw channel respectively. As a matter of fact, when p is sufficiently small, the 

attitude control system will work in the linear region, that is, \fix\ < um for i = 1,2,3. 

This happens when p < 0.9302u^ for the pitch channel and p < 0 .6957^ for the 

roll/yaw channel, which are obtained by solving the LMI problem in Corollary 7.4. On 

the other hand, if we fix the value of p and allows a larger saturation level um , the H2 

performance will also be improved, as shown in Figures 7.7(b) and 7.7(d). 

H^ performance analysis 

If the actuator's saturation nonlinearity is not considered, i.e., u = Fx, solving the 

LMI in Remark 7.8 gives the minimum of the i^oo-performance as 7 = 2.6667 for the 

pitch channel (7.65) with the control F of (7.71) and 7 = 4.2164 for the roll/channel 

channel (7.58) with the control F given by (7.74). However, when the input saturation 

is included, the saturation nonlinearity will degrade the H^ performance 7. 

If let 7 —> 00, we note that (7.33) implies (7.16a). Therefore, we conclude that the 

largest value p* = 5 . 1155^ for the pitch channel is the critical choice of p corresponding 

to 7 = 00. It is shown in Figure 7.8(a) that when the magnitude of p approaches the 

maximal value p* = 5.1155u^, the local i^oo-norm 7 will tend to 00; if the magnitude 

of p decreases, the H^ norm 7 decreases and thus the robust stability of the pitch 

channel is enhanced for the control F in (7.71). 
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Similarly, the maximum p* = 2 . 3 2 4 5 ^ for the roll/yaw channel is the critical choice 

of p corresponding to 7 = 00. It is shown in Figure 7.8(b) that when the magnitude of 

p approaches the maximum p* — 2.3245?/^, the local //oo-norm 7 will finally explode; 

if the magnitude of p is reduced, the H^ performance is better and thus the robust 

stability are improved for the control (7.74). 

7.6.3 Attitude Control Synthesis 

Thus far, we have analyzed the robust performance for a given controller F. In 

general, the predesigned control is not guaranteed to be optimal for the linear attitude 

control problem subject to the input saturation. For such systems, it is hard to obtain 

an optimal control analytically. However, we could search for some "optimal" controls 

via the numerical approaches to further improve the system performance. As such, 

we turn to perform control synthesis using the LMI approach for the synthesis models 

(7.58) and (7.65) with some coefficients given in Subsection 7.6.1. 

Enlargement of the region of attraction 

To enlarge the region of attraction, we let w — 0. With the shape reference XR = 

£(R, 1), R = I, we solve the LMI problem (7.15) for the pitch channel (7.65) and get 

a* = 2.6363 such that the ellipsoid £ (^ ,1 ) is invariant and aXR is maximized with 

P/p = 
1.8658 x 1CT7 1.6341 x 10"4 

1.6341 x 10"4 1.4389 x 10"1 F = - [1.2950 x 1(T5 1.1372 x 1(T2] . 

Again, solving the LMI problem (7.15) with the shape reference XR = £(1,1) for the 

roll/yaw channel (7.58) gives a* = 1.7465 such that the ellipsoid £(-, 1) is an invariant 

set and aXR is maximized with 

P 

P 

F 

8.2377 x 1(T7 -1.2208 x 10" 3.5604 x 10-4 3.6380 x 10" 
-1.2208 x 10"8 5.7416 x 10"8 -6.9697 x 10"5 6.6642 x 10"5 

3.5604 x 10"4 -6.9697 x 10"5 2.4606 x lO^1 7.7929 x 10^2 

3.6380 x 10~4 6.6642 x 10"5 7.7929 x 10~2 2.5358 x lO^1 

-2.4189 x 10~5 3.5198 x 10"6 -1.4547 x lO"2 

-2.5139 x 10"5 -1.9199 x 10"6 -9.1711 x 10"3 

-6.7160 x 10~3 

-1.4114 x 10"2 

Remark 7.12. The enlarged region of attraction is only meaningful in a mathematical 

sense, while, in practice, it is not very useful because the linearization of the attitude 

dynamics and kinematics on the basis of the small-angle assumption is not valid any 

more and we have to use nonlinear attitude models directly to design an attitude 

controller in such a large region. <g> 

Remark 7.13. Since the system is not globally stabilizable with bounded controls and 
the estimate of the region of attraction £(P,p) has the constraint £(P,p) C C(F,um), 
F will be made small to enlarge the region of attraction under the requirement that 
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Figure 7.7: Local H2 performance analysis. 
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A + B2F is Hurwitz. As the positive real part of the eigenvalues of A is very small, 

such an enlargement of the region of attraction will bring an extremely low-gain control 

F. To avoid such small F 's , we could make an additional requirement that all the 

eigenvalues of A + B2F have real parts smaller than — <5, i.e., Re(X(A + B2F)) < —5, 

which can be represented into an LMI as 

P(A + B2F) + (A + B2F)TP + 26P < 0, 

where 5 is a positive real number given by the designer. (g) 

Generalized H2 performance synthesis 

If the actuator's saturation nonlinearity is not considered in the system, u = Fx, by 

solving the LMI problem (7.32), the optimal value of the generalized H2-norm bound a2 

is given by a2 = 0.3241 for the pitch channel and a2 = 0.3660 for the roll/yaw channel. 

However, the input saturation nonlinearity will deteriorate the H2 performance a2. 

For instance, letting p = 5.1155u^ for the pitch channel to solve the LMI optimization 

problem (7.30), we have a2 = 0.9097 and 

P = 
0.1021 0.0000 

0.0000 15.0272 
F = - [0.0679 1.5027] 

Note that similarly to the enlargement of the region of attraction, we may set H = 

H = F in the H2 synthesis problem to achieve the same optimal a2. There is a need 

to have different F , H and H only if there are some additional requirements on F. 

For the roll/yaw attitude channel, choosing p = 2 .3245^ and solving the LMI 

problem (7.28) again yields a2 — 0.7815 with 

P = 

0.1220 

0.0006 

0.0175 

•0.0373 

0.0595 

0.0034 

0.0006 

0.1209 

0.0604 

-0.0036 

-0.0128 

-0.1290 

0.0175 

0.0604 

31.7241 

-1.7908 

-3.5806 

-0.0028 

-0.0373 

-0.0036 

-1.7908 

18.8430 

0.2722 

-2.3388 
F = 

More computations show that, if we fix the value of p and increase the value of um, 

the H2 performance will be improved. For example, if we fix p = 5.1155 x 0.032 for the 

pitch channel and p = 2.3245 x 0.032 for the roll/yaw channel respectively, the changes 

of the generalized H2 performance via the saturation level shown below: 

roll/yaw 

pitch 

u-m 

Oil 

a2 

0.03 

0.7815 

0.9097 

0.031 

0.6597 

0.8178 

0.032 

0.5748 

0.7469 

0.033 

0.5184 

0.6897 

0.035 

0.3817 

0.6021 

0.04 

0.3660 

0.4679 

0.05 

0.3660 

0.3539 

0.06 

0.3660 

0.3245 

Alternatively, we could reduce the magnitude of p and the generalized H2 perfor-
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mance a2 will also be improved. A smaller energy of the disturbance w is considered 

and therefore a better performance is obtained, as shown in the following table: 

roll/yaw1 

pitch 

P 
« 2 

P 
a2 

2-3t& 
0.7595 

5.0t& 
0.8750 

2-2t& 
0.6770 
4.6*4, 
0.7708 

2-1*4, 
0.6078 
4.2t4, 
0.6841 

2-0t& 
0.5529 

4.CH& 
0.6455 

1.8< 
0.4765 
3.5*4, 
0.5591 

i-K 
0.4264 

3.CH4, 
0.4846 

1 4u2 

0.3927 

2-0*4 
0.3676 

l-Oug. 
0.3660 

1.0*4, 
0.3245 

jf/oo performance synthesis 

For the systems (7.58) and (7.65) without input saturation, i.e., u = Fx, the mini-

mums of i/oo-gain are given by 7 = 0.1414 for the pitch channel (7.65) and 7 = 0.1179 

for the roll/yaw channel (7.58), by solving the LMI in Remark 7.10. However, when 

the input saturation is included, the H^, performance 7 will be deteriorated by the 

saturation nonlinearity. 

To see this, we choose p = 5.1155*4, for the pitch channel3 (7.65). Solving the 

LMI problem (7.39), we get that 7 = 27.5159, which is much larger than 0.1414, 

implying a worse robustness to uncertainties. If the magnitude of p is reduced, the H^ 

performance would be better, as shown in Figure 7.9(a). 

Similarly, we choose p = 2.3245*4, for the roll/yaw channel (7.58). Solving the LMI 

problem (7.39), we have that 7 = 28.3126. More computations show that the H^ 

performance would be better if p is smaller, as shown in Figure 7.9(b). 

7.7 Conclusion 

In this chapter, the analysis/synthesis of local robust performance under the H2 and 

Hoo norm considerations in a local region of attraction is studied for linear systems with 

saturated controls and disturbances. With the introduction of an auxiliary matrix H 

such that 11/fa; I |oo < u, the analysis and the synthesis are formulated in terms of 

linear matrix inequalities (LMIs) with a less conservatism. The theoretical results are 

then applied to the analysis/synthesis problems for the linear attitude control of a 

rigid spacecraft with disturbances, structured parameter uncertainties and saturated 

controls. All LMI optimization problems are solved using the LMI software. 

3Note that the relation p = 5.1155u^, has nothing to do with the synthesis problem. It is for a 
particular F given in (7.71). However, we keep using it here just to make a comparison to see how 
much robust stability could be improved by redesigning the control F. 
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Chapter 8 

Conclusions and Recommendations 

8.1 Conclusions of This Thesis 

We will now summarize the results obtained in this thesis by highlighting my con­

tributions. Suggestions for future work are proposed at the end. 

In this thesis, we have studied the attitude control problem of microsatellites that 

are assumed rigid spacecraft with external disturbances and an uncertain inertia ma­

trix, and achieved optimality of the proposed attitude controllers as well as the Hoo 

disturbance attenuation. 

The kinematic and dynamic equations of the attitude motion were derived in Chap­

ter 4 for a wheel-based attitude control system. Using the unit quaternion to represent 

the attitude of spacecraft, the attitude tracking control problem was formulated for a 

rigid spacecraft with disturbances. Large-angle attitude maneuvers and attitude reg­

ulation problems can be considered as special cases of the attitude tracking control 

problem. 

With the introduction of the concept of extended disturbances, the inverse optimal 

control method was applied in Chapter 5 to the attitude tracking control problem with 

external disturbances. The Lyapunov method was applied to construct a stabilizing 

control of a particular form and an optimal feedback controller that is optimal with 

respect to a meaningful cost functional involving tracking errors, control efforts and 

extended disturbances. By the arguments of the Lyapunov method, it was shown that 

the associated Lyapunov function satisfied a Hamilton-Jacobi-Isaacs partial differential 

equation and hence i/oo disturbance attenuation was also achieved with an arbitrary 

attenuation level 7. On the basis of the system performance analysis of the inverse 

optimal controller in terms of performance limitation, rules were established for the 

selection of the controller gains. 

The inverse adaptive control problem of nonlinear systems with disturbances was 

also examined and the results were applied to the attitude control problem. Under 

parametric uncertainties of inertia matrix and external disturbances, the adaptive con­

trol method and the inverse optimal control approach were combined in Chapter 6 to 

address the attitude tracking control problem. The inverse optimal adaptive control 

required the knowledge of a control Lyapunov function and a stabilizing control of a 
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particular form, both of which were constructed by using the method of integrator 

backstepping. The proposed adaptive feedback controllers are optimal with respect 

to a family of meaningful cost functionals involving the tracking errors and the con­

trol effort. Again, without solving the HJI inequality/equation directly, the controller 

achieved H^ disturbance attenuation with an arbitrary level 7. For the tracking con­

trol problem with £2-type disturbances, it was shown by the Lyapunov argument that 

the inverse optimal adaptive controller achieved asymptotic attitude tracking with a 

global convergence of tracking errors to zero for all initial conditions. 

By the tools of linear matrix inequalities (LMIs), linear systems with the actuator's 

saturation nonlinearity were examined in Chapter 7 for local estimates of the system 

performance in terms of the domain of attraction, the local Hoo performance and the 

local H2 performance. With the help of an auxiliary matrix H such that ||.Halloo < u in 

a finite region, the analysis/synthesis problem was formulated as some LMI problems. 

Based on the small-angle assumption, the attitude models were linearized to derive 

an input-output system model for robust stability analysis and synthesis. Using the 

synthesis models and the LMI software, robust H2 control and H^ control are analyzed 

and synthesized in a local domain of attraction via some convex LMI optimizations. 

8.2 Recommendations for Future Work 

Finally, we point out several related directions which deserve further investigations. 

• If the structural dynamics of the flexible solar panels is considered in the attitude 

control system, the design of robust optimal state-feedback controllers becomes a 

more complicated task because, in general, the flexible modes are unmeasurable 

and therefore cannot be used in the state-feedback control. Also, the design 

might become more restrictive. However, it is still beneficial to carry out an 

investigation to such an optimal control in terms of the attitude error and the 

angular velocity error. 

• The optimal adaptation problem of time-varying uncertain parameters is surely 

much more complicated than the case in this thesis where the uncertain param­

eters are assumed constant. This problem and its application to the attitude 

control have not been touched by this thesis, but are certainly worth looking at. 

• Further investigations to linear systems with saturation nonlinearity for some 

less conservative local results is still a topic of interest. With the introduction of 

an auxiliary matrix H such that Hi/xHoo < u, it may be possible to formulate 

the analysis/synthesis via tractable LMIs for some quadratic functions of the 

saturation to get a less conservative estimate. 

• For some choices of the principal moments of inertia, such as J\ > J3, it is ver­

ified [53,101] that the linearized attitude control system of each control channel 

has two poles on the imaginary axis and input saturations, which forms an inter­

connection of a saturation nonlinearity and a neutrally stable system with poles 
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on the imaginary axis, as generalized by the interconnection | TTTI 1- Since 

the LTI part G(s) is only neutrally stable, the analysis framework of integral 

quadratic constraints (IQC) cannot be applied directly for the (robustness and) 

stability analysis. By means of an appropriate feedback loop transformation, the 

neutrally stable part can be encapsulated with the saturation nonlinearity into 

a new bounded nonlinear operator, which also has an almost-continuous homo-

topy. The most challenging task is to derive a valid IQC, which is still under 

investigation. 
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Appendix 

A. Angular Velocity and Rotational Kinematics [53] 

If two reference frames Ta and Tb are rotating with respect to each other, the frame 
Ta has an angular velocity with respect to T\, and vice versa. We shall denote the 
former angular velocity by 0ba and define the latter by ujab similarly. The order of the 
subscripts is important. By symmetry, 

Uba + Uab = 0. 

Let Cba denote a rotation matrix for the angular rotations from the frame Ta to the 

frame Tb- Then, 

^ = ^CL (A.l) 

Denoting time derivatives in Ta by an overdot, it follows that !Fa vanishes and that, 
from vector calculus [53, Section B.4], 

Tl = ujba x J%. (A.2) 

Let ujba be the component of uiba m -^6, that is, 

Uba = ^ba^b- (A.3) 

Taking J^-derivatives of (A.l), we have 

0 = Ultf X TlCha + TlCba = rfKaCba + Cba). 

Therefore, we conclude that 

^aCba + Cba = 0 = » < = - ( X C £ . (A.4) 

The last expression follows from the orthonormality condition C^JJba = h-

There are three eigenvalues for the rotation matrix Cba, namely, {l ,e J*, e - ^*} . Let 
the eigenvector corresponding to the eigenvalue 1 be e = [ei,e2,e3]T. By the Euler 
theorem, the rotation matrix Cba is equivalent to an angular rotation about e over the 
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angle $ and can be rewritten as [53,101,126] 

Cba = cos $ / 3 + (1 - cos $ ) e e r - sin $ e x . (A.5) 

Starting from (A.4) and (A.5), we proceed to derive the expression of uba in terms 

of e and <£. The identities 

eTe = 1; eTe = 0; exe = 0; exe — -exe; exex=eeT; 

eeTex +exeeT = - e x ; eeT - eeT = (e xe) x 

are very useful in reducing the expression (A.4) to its desired form: 

uba — ̂ e * ~ C1 - c o s $ ) ( e x e ) x + s i n $ e x . 

It follows immediately that 

Uba = 4>e — (1 — cos$)e xe + sin<J>e. 

(A.6) 

(A.7) 

(A.8) 

Next, we proceed to find the equations for e and <j> when uba is known. Premultiply 
(A.8) by eT and use the identities for e to reduce the results to 

$ = eTwba. (A.9) 

To complete the derivation, we need e in terms of u)^. By multiplying (A.8) with ex 

and using the property e x e x = eeT — eTeIz in Lemma 4.1 and these identities in (A.6) 

again, it follows that 

extoba = (1 — cos$)e + s in$e x e . 

Again, multiplying (A. 10) by ex gives 

exexuiba = (1 - cos$)e xe - sin$e. 

(A.10) 

(A.ll) 

The last two equations (A.10) and (A.ll) can be viewed as two algebraic equations 
in the two unknowns e and exe. Solving (A.10) and (A.ll) for e yields 

s in$ 

1 - cos <& 
e x e x 

uba — cot—exex 
uba 

(A.12) 

From the definition of the unit quaternion q = [gj, q4]
T, 

qv = e sin 2" 
Q4 = COS 

2' 
(A.13) 

the rate of change of the unit quaternion is found by differentiating (A.13). Inserting 

$ of (A.9) and e of (A.12) into qv and q4 and applying e x e x = eeT — eTeI3 and those 
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identities in (A.6), we have 

$ 1 • $ 1 
qv = esin - + - $ cos - e = -(g* + gJaHa , 

U • * l T 
qi = --9sm- = --qvujba-

(A.14) 

By explicitly inverting (A.14), it follows 

uba = 2{qAh-q*)qv - 2qvq4. (A.15) 

From (A.5) and (A. 13), it follows that the rotation matrix Cba can be represented 
in terms of the quaternion q as 

Cba{q) = (ql - qUv)h + 2qvq
T

v - 2g49*. (A.16) 

B. Derivations of (4.13), (4.38) and (4.39) 

Derivation of (4.13) 

Let Cuai be the angular velocity of the frame Ta with respect to an inertia frame J-j 
and let ua be the components of ujai in T*. Similarly, let ujbi be the angular velocity of 
the frame Tb with respect to an inertia frame T\ and let Ub be the components of uJbi 
in T\,- Then, it follows that 

Uba =Ub~ Cba{q)Ua- (B-17) 

Since q\ + qT
vqv = 1, q£qv = 0 and q£q* = qvq^ - q^qvh, it follows that 

fo£ + q4h)Cba(q) = (g„x + qdz)[{ql ~ qUv)h + 2qvql - 2q4q*} 

= q4{ql - qUv)h + 2q4qvqZ - 2q\q* + {ql - qfqv)qZ - 2qAq*q* 

= q±{ql ~ qlqv)h + 2qAqvql - q* - 2qA(qvq^ - q^qJz) 

= qi{q\ ~ qlqv)h + 2q4q^qvI3 - g* = qj3 - q*, 

and 

qlCba{q) = <£[{& ~ qUv)h + 2qvq^ - 2q4q*} = qT
v{q2

A - q^qv)I3 + 2qT
vqvq

T
v = £. 

Therefore, substituting (B.17) and (A.16) into (A.14), we have 

Qv = T:(QV + Q4h)[wb - Cba(q)ua] = -(g* + q4h)u}b - M ~ 7 J 3 H , 
1 i 1 2 (B.18) 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



A P P E N D I X 167 

Derivations of (4.38) and (4.39) 

Let UJCO denote the angular velocity of the body frame Tbc with respect to the orbital 

frame T0 and be expressed in the frame Tbc. Let C^, denote the rotation matrix for 

angular rotations from T0 to T^. Clearly, uc = uco + C^q^oJo, with ui0 defined by 

(4.5). By the implications (4.6) and (4.32), it is easy to verify that 

ue = u - Cbc(qe)u)c = ubo + Cbo(q)u0 - C&c(<?eVco - Cbc(qe)Cco(qc)uj0 

= <^bo — Cbc(qe)uJco. 

Since e re + rf = 1 and the rotational matrix Cbc(qe) — Cbc{e,n) is given by 

C = Cbc(e, 77) = (n2 - eTe)I3 + 2eeT - 2Ve\ 

it is easy to check that eTC = eT and (77/3 + ex)C — (77/3 — ex) = 0. Therefore, 

differentiating (4.33) and applying (4.13), (4.31), (4.33) and Lemma 4.1 yields 

fl =qlqcv + q^Qv + <7c4<?4 + <?4<7c4 

=\ [QV(QZ, + icih) - q^qlvl^co + \ [<?£,(<?* + 94/3) - ^ J ] ^ 

= - \eT{ubo - OJCO) - \eT{C - h)uco = -\tTuje, (B.19) 

and 

« ={qCih - (icv)<iv ~ Qcvqi - {q±h - <?*)<?<*, + qvqc\ 

=\[{qah - q^){qJz + 9*) +1^]^ - \\{q±h - g * ) ( W 3 + QZ,) + g«g«]<4* 

=\[q<Aq\h - QiQ^v + 9c4<7* - qvqTco + qlqcvh + qcvqZ]ubo 

- \ [qciqih + QiQ^ - qciq
x - q^ql + qlqcvh + <?w£,]wco 

=5[(gC4Q4 + qyQcv)h + (qC4qv - qiq™ - q^qv)
x)u)bo 

- \ [(9o4?4 + QvQcv)h - {qC4qv - qtqcv - q^qv)
x]^co 

=1(77/3 + ex)ujbo - K77/3 - ex)o;co 

=1(77/3 + ex){ujbo - CLOCO) + \ [(77/3 + e x )C - (77/3 - ex)]u;co 

=i(7//3 + e x H . (B.20) 

Thus, the differential equations (4.38) and (4.39) follow for the quaternion vectors. 

C. Legendre-Fenchel Transform and Young's Inequal­

ity 

For a class K,^ function p whose derivative exists and is also a class £<*, function, £p 

denotes the Legendre-Fenchel transform [61,63] 

tp(r)=r(p')-1(r)-p((Pr1(r)), (C.21) 
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where (p') x(r) stands for the inverse function of -
dr 

Lemma C. l . If j and its derivative p' are class K,^ functions, then the Legendre-
Fenchel transform satisfies the following properties: 

(a) £p(r) = ripT'ir) - p({p>)-1 (r)) = f {PT\s)ds (C.22) 
Jo 

(b) Up = p (C.23) 

(c) Ip is a class JC^ function (C.24) 

(d) £p(p'(r))=rp'(r)-p(r) (C.25) 

Proof, (a) Integrating by parts, we get 

HpT^ds = r{p')-\r) - f sd{{p')~\s)) 
Jo Jo 

= r ( p ' ) " 1 ( r ) - f p{(pTl{s))d{{Pr\s)) 
Jo 

= r ( p ' ) - X ( r ) - fr
Qd(p{{p')-x{sj)), (C.26) 

which completes the proof. 

(b) Immediate by differentiating the second expression in (a), and then inverting 

and integrating the result. 

(c) Obvious from the second expression in (a) because (p')_ 1 is a c l a s s -̂00 function. 

(d) Follows by direct substituting into (C.22). • 

Lemma C.2 (Young's Inequality [41]). For any two vectors x andy, the following 

inequality holds 

xTy<p(\\x\\) +£p(\\y\\), (C.27) 

and the equality is achieved if and only if 

y = p'(IMI)pp that is, x = (P 'r1(| |y| |)^. (C.28) 

Corollary C.3. For any two vectors x and y, the following inequality holds 

AP 1 

x r y < - 1 1 * 1 1 " + — | |y |r , (C.29) 

where 5 > 0 and the constants p > 1 and q > 1 satisfy (p — l)(q — 1) = 1. 
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