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Abstract—We revisit a Renyi entropy based measure intro-
duced originally for image clustering [1], and study its application
to graph clustering. To effectuate Renyi entropy based graph
clustering, we propose a simulated annealing algorithm. We
explore our algorithm’s efficacy and limitations with the Karate
club graph [2], as well as some other real world network.

I. INTRODUCTION

Given N d-dimensional points x1, . . . ,xN in Rd, the prob-
lem of data clustering consists of assigning a label l ∈
{1, . . . , C} to each xi. The points with the same label l then
form a cluster, and the goal is to put in the same cluster points
which are “similar”, where similar means close with respect to
a given measure which describes the considered problem. It is
known [3] that one possible information theoretic formulation
for the clustering problem is to suppose that each cluster
corresponds to samples from a given probability distribution,
and separating the clusters becomes maximizing the distance
among distributions. There are standard information theoretic
measures that could be considered for this. For example, the
Kullback-Leibler divergence DKL(p||q) =

∫
p(x) log p(x)

q(x)dx
indeed characterizes how one probability distribution diverges
from another expected probability distribution, and the Bhat-
tacharya distance DB(p, q) = − ln

∫ √
p(x)q(x)dx measures

the similarity of two probability distributions. One issue in
using them for clustering though, is that they need to be
estimated without making too restrictive assumptions about
the data distribution. The mutual information I(X;Y ) between
two random variables X,Y quantifies the amount of informa-
tion obtained about one random variable given the other, this
is another information theoretic measure which has been well
studied for clustering, see e.g. [4], [5], [6], [7], [8].

In [1], an information theoretic measure was proposed for
clustering, based on Renyi quadratic entropy, which can be
easily computed once given data points. The aim of this paper
is to study this measure in the context of graph clustering (see
[9] for a survey of classical graph clustering techniques). The
contributions of this paper are then:

(1) to propose one possible adaptation of the entropy
measure from [1] for graph clustering (in Subsection II-C),

(2) to test this measure on small graphs (in Section II-C),
(3) and to combine this measure with a simulated anneal-

ing search, to scale the clustering to larger graphs. This is
elaborated in Section III, where we describe our clustering

algorithm and study its performance using the Karate club [2]
graph and some subgraph of the Bitcoin network. Early results
suggest that the entropy measure based clustering algorithm
provides a meaningful clustering, even for graphs where the
other tested classical clustering algorithms are not convincing.

II. AN ENTROPY-BASED MEASURE FOR CLUSTERING

A. A Sample-based Estimator for Renyi Entropy

The quadratic Renyi entropy of a vector x ∈ Rd is

H2(p) = − ln

∫
p2(x)dx

where p(x) is the pdf of x. When p(x) is unknown, but
samples are available, the pdf can be replaced by a sample-
based estimator. The probability P that a vector with pdf p(x)
falls in a region R of Rd is given by

P =

∫
R
p(x)dx.

If R is small enough to ensure that p(x) does not vary too
much within it, we can approximate P by

P ≈ p(x)

∫
R
dx (1)

where
∫
R dx is the volume of R. Now if we have N samples

x1, . . . ,xN which are independently drawn according to p(x),
and there are say k out of the N samples falling with R, then

P = k
N . (2)

Combining (1) and (2) yields

p̂(x) =
k/N∫
R dx

as an obvious estimate for p(x). If now R is a hypercube in
Rd with edge length h centered at x, then

∫
R dx = hd, and

we can introduce the following window function W which
indicates whether xi is inside R:

Wh(xi − x) =

{
1 if |xj−xij |

h ≤ 1
2 , j = 1, . . . , d

0 else.

The total number k of samples falling in R is thus given by

k =
N∑
i=1

Wh(x− xi)
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Fig. 1. Two shapes in the plane being distinguished by the considered
between-cluster evaluation function, with σ2 = 0.01.

and the Parzen window estimator [10] is given by

p̂(x) =
1

N

N∑
i=1

1

hd
Wh(x− xi).

Another typical choice for the window function Wh

is the Gaussian function given by Wσ(x − xi) =
1√
2πd

exp
(
− 1

2σ2 ||x− xi||2
)
, where the covariance matrix Σ

is simplified to be Σ = σ2Id and h = σ is a scale parameter,
for which

p̂(x) =
1

N

N∑
i=1

1

σd
Wh(x− xi)

=
1

N

N∑
i=1

1

σd
√

2πd
exp

(
− 1

2σ2
||x− xi||2

)
.

The product of two such Gaussian distributions is [11, 8.1.8]

1

σd
√

2πd
exp(− ||x−xi||2

2σ2 ) 1

σd
√

2πd
exp(− ||x−xj ||2

2σ2 )

= 1√
(2σ2)d(2π)d

exp(− ||xi−xj ||2
4σ2 )Nx( 1

2 (xi + xj),
σ2

2 Id)

where Nx( 1
2 (xi + xj),

σ2

2 Id) denotes a multivariate Gaussian
distribution with mean 1

2 (xi+xj) and covariance matrix σ2

2 Id.
Thus taking the integral over the product simplifies to

1√
(2σ2)d(2π)d

exp(− ||xi−xj ||2
4σ2 )

and a Renyi entropy sample-based estimator Ĥ2(p) is then

− ln

∫
1
N

N∑
i=1

1
σdWσ(x− xi)

1
N

N∑
j=1

1
σdWσ(x− xj)dx

= − ln
1

N2

N∑
i,j=1

1

(2σ)d
√

(2π)d
exp(− ||xi−xj ||2

4σ2 ) = Ĥ2(p). (3)

B. Entropy Measures for Clustering

The quantity Ĥ2(p) in (3) is interpreted as a within-cluster
entropy [12], since if we consider a single cluster, associated to
a single pdf p(x), Ĥ2(p) computes an estimate of its entropy.

Fig. 2. Two clusters found on a lollipop graph (on the left) and on a ladder
graph (on the right), σ2 = 0.01.

However, if we use (3) but by summing over two different
clusters (there is a probability distribution p1(x), p2(x) asso-
ciated to each cluster), then as proposed in [1], [12], we get
a between-cluster entropy

D(p̂1, p̂2) = − ln
1

N1N2

N1∑
i=1

N2∑
j=1

1

(2σ)d
√

(2π)d
exp(− ||xi−xj ||2

4σ2 )

as a cluster evaluation function that estimates the distance
between two clusters, since the between-cluster entropy es-
timates the distance between sample-based estimation of their
distributions. This also gives an estimator of the “cross Renyi
entropy” − ln

∫
p1(x)p2(x)dx (which is close to, but differs

from the Bhattacharya distance).
This between-cluster entropy function was proposed in [1]

for image processing applications. Figure 1 illustrates how
it helps separating shapes in the plane, where an exhaustive
search is done to test all possible labellings for two clusters.

In the case of several clusters with respective pdfs
p1, . . . , pC , we have the generalized between-cluster entropy

D(p̂1, . . . , p̂C) = − ln
1

N2

N∑
i,j=1

δij

(2σ)d
√

(2π)d
exp(− ||xi−xj ||2

4σ2 )

where δij = 0 if both xi and xj belong to the same cluster
and 1 otherwise.

C. Entropy Measures for Graph Clustering

The between-cluster evaluation function depends on the
distance ||xi − xj ||2 between two data points. In the case
of graph clustering, given an undirected graph G = (V,E)
with set V of nodes and set E of edges, data points become
the nodes, and the distance between two nodes depends on
E. Typically, the distance between two nodes in a graph is
the number of edges in a shortest path, and we assume that
the graph is connected (otherwise, we consider the connected
components of the graph separately). If the graph is weighted,
then the weight of the edges can be taken into account, but
we will consider the case where the edges have no weight,
thus the distance d(u, v) between u and v is the length of
a shortest path between u and v. Figure 2 shows two small
graphs on which the between-cluster evaluation function has
been tried for two clusters. Numerical computations are done
using Networkx [13], and an exhaustive search is done to test
all possible node labellings for two clusters. Figure 3 illustrates
the behavior of the between-cluster evaluation function during
an exhaustive search for the lollipop graph with 7 nodes shown
on the left of Figure 2.
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Fig. 3. Fluctuation of the between-cluster evaluation function, for the lollipop
graph of Figure 2: on the left, the values taken by the between-cluster
evaluation function as a function of the labellings in an exhaustive search;
on the right, the same values (but) sorted in increasing order.

III. NUMERICAL RESULTS

An exhaustive search across all possible combinations of
clustering for a graph with n nodes, even for 2 clusters,
would require the enumeration of 2n−1 − 1 combinations,
discounting for the equivalent clusters obtained by interchang-
ing all the labels and the two single cluster cases, a solution
obviously impractical. We consider a simulated annealing
heuristic [14] instead. Simulated annealing is a widely used
randomized algorithm technique, which has also been utilized
in various graph algorithms, e.g., determine graph bisection
[15], thickness [16], coloring [17] and link prediction by
deanonymization [18] to name a few. The details of our
approach are contained in Algorithm 1.

Algorithm 1 Simulated annealing based graph clustering
1: for every node in the graph do . Initialization
2: Choose a label uniformly at random . Create l0

. Number of label choices is predetermined by
the number of clusters being sought

3: for chosen # of times do . Annealing
. other termination criteria may be used instead
. At iteration t ≥ 0, make a transition from the overall
labelling lt at t to the labelling lt+1 at t+ 1 as follows:

4: Select a node v ∈ V uniformly at random
5: Assign v a different label chosen uniformly at random,

to obtain new overall labelling lnew

6: Assign ∆ = D(lnew)−D(lt)
. D(.) is the between-cluster entropy

7: if ∆ ≤ 0 then
8: Set lt+1 = lnew . Accept the new labelling
9: else . The case when ∆ > 0

10: With probability e−β∆: Set lt+1 = lnew

With probability 1− e−β∆: Set lt+1 = lt

. parameter β determines the rate of decay
11: for chosen # of times do . Optional: post-processing
12: ∀ node X s.t. X is in a cluster boundary:

Move X to best neighbor cluster if it reduces D(.)
13: ∀ node X s.t. X has multiple neighbors:

Assign all neighbors the same cluster as X
if doing so reduces D(.)

Algorithm 1 assumes a predefined number of clusters, that

Fig. 4. A clustering with 4 labels: on the left, an interesting (though not
optimal) clustering found by the simulated annealing algorithm; on the right,
the best clustering found (so far). Specific nodes (may) have different colorings
in the two representations. Given the symmetry of the network, the clustering
shown on the right is the expected one, given that the central node could have
belonged to any of the four clusters. We indicate this expected clustering with
dotted lines in the left figure.

is, of distinct labels, and mutually disjoint clusters (not fuzzy
ones), meaning that at any time point, a unique label is
assigned to any node to indicate which cluster it belongs to.
The guessed clustering at any step t of the algorithm is denoted
by lt. We initialize the labels uniformly at random (to obtain
the labelling l0). Then, at every step, we pick a node uniformly
at random and alter its label to any of the other possible labels
uniformly at random, to obtain a new candidate clustering
corresponding to lnew. If the new clustering decreases the
between-cluster evaluation function, then we found a better
clustering, chosen for the next round. However, even if the
new clustering increases the evaluation function, thus yielding
a worse clustering, it may still be considered as the new
candidate - but with a probability that decays exponentially
with the difference ∆ = D(lnew) − D(lt) of the entropy
measures. The rate of decay is parameterized (by β). The
rationale behind allowing such “bad choices” occasionally is
at the heart of the simulated annealing heuristic to extricate the
search from being trapped in local extrema. We will discuss
the optional post-processing step afterwards, together with the
results shown in Figure 6. The rest of the results discussed
are derived from solely the simulated annealing, without the
(optional) post-processing step.

We first tested our algorithm with some synthetic graphs. In
Figure 4 we demonstrate multiple (four) clusters obtained in a
network which comprises four lollipop graphs interconnected
with a star at the center. Since the annealing approach is a
randomized algorithm which does not carry out an exhaustive
search, the results obtained from different runs of the algorithm
can be different, and they may diverge from the optimal. We
notice this in the left graph of Figure 4, where the obtained
result is visibly sub-optimal. One usual remedy is to run the
algorithm multiple times, with distinct initializations, and pick
the best result from multiple runs of the algorithm, the one we
obtained is shown on the right of Figure 4.

Having validated the proposed approach with some simple
synthetic graphs, we next study it using a small real social
network — the Karate club graph [2], because it is a canon-
ically studied graph in the clustering literature [19], with a
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Fig. 5. A clustering of the Karate club graph [2] with two labels.

well understood ground truth. The clusters obtained with our
algorithm are shown in Figure 5 1. When compared with
several existing clustering techniques (using implementations
available in Python through sklearn.cluster [20]), including k-
means, affinity propagation, spectral and agglomerative clus-
tering – the clusters we obtain by our method agree with
the results from these other techniques, but for the node
10. In fact, in different runs of our algorithm, the node 10
fluctuates across the two clusters. We show this particular
instance because of three reasons: (i) to emphasize the non-
determinism of the randomized approach, (ii) it so happens
that as per our between-cluster entropy measure, the other
possible clustering is in fact marginally (0.347%) worse,
and (iii) most interestingly, node 10 had indeed no strong
affiliation with either of the factions [2], though the person had
eventually joined the faction represented by the left cluster (in
yellow). But this sort of “error” is not surprising. For instance,
node 9 had in fact a slight leaning towards the left cluster, and
our clustering is “correct” (and even agrees with the results
from all the above mentioned clustering algorithms), but node
“9” still had finally joined the faction represented by the cluster
on the right (green nodes). Quoting [2]: ‘This can be explained
by noting that he was only three weeks away from a test for
black belt (master status) when the split in the club occurred.
Had he joined the officers’ club he would have had to give
up his rank and begin again in a new style of karate with a
white (beginner’s) belt, ...’.

The next issue we wanted to investigate was how the
algorithm performs in the ‘wild’, for an arbitrary graph which
may or not even have very well defined clusters to begin with.
We have experimented with subgraphs from the Bitcoin trans-
actions network (undirected version), and report our results
and insights using a subgraph comprising of 178 nodes. The
results for 2 and 5 clustering are shown in Figure 6. We also
show k-means, Ward’s agglomerative (with Euclidean affinity)
and spectral clustering.

We ran our simulated annealing algorithm for 2000 gen-
erations, and repeated the experiments ten times with distinct
random initializations. We report the best result obtained from
the ten runs. That is 20000 samples as opposed to 2177 samples
an exhaustive search would have involved. This is to elaborate

1The code used can be found at https://github.com/feog/Bitcoin-Analysis

Fig. 6. We show the clusterings of a Bitcoin transactions subgraph of 178
nodes. The plots are organized as follows. On the left: 2-clusters; on the right:
5-clusters. From top to bottom: entropy-based simulated annealing only,
simulated annealing with post-processing, k-means, agglomerative (Ward’s),
spectral clustering algorithms. These plots are drawn using Gephi [21].
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on the earlier comment that one can execute the randomized
search multiple times, and pick the best result, because an
individual run is relatively inexpensive. We used the best result
so obtained to further run the post-processing for ten rounds.

In the absence of an established and accepted ground truth
(unlike for the Karate club graph case) for the given graph,
we discuss the current results qualitatively, and based on
the visualization of the clusters. Inspecting the clustering
results with simulated annealing, we notice two interesting
(and possibly intertwined) issues with our algorithm (we
highlight some instances in our plots): There are islands of
“sub-clusters” isolated from other nodes supposedly belonging
to the same cluster, and embedded inside another cluster.
In the extreme case there are isolated nodes. We see such
artefacts also from the clustering results from other standard
algorithms we tested. Secondly, there are certain regions of
the graph, where we notice that if these regions were indeed
studied in isolation, there would have been clusters. Yet, when
studying the overall graph, we may not want to view these
“local” artefacts, particularly if we seek a predefined number
of clusters. For the former issue (isolated nodes or islands):
given that our simulated annealing carries out a random walk
over the search space, by changing the labelling of one node
at a time, it may take a very long time to chance upon outliers.
In fact, while they are very fast in reaching a reasonably good
(approximate) solution, such randomized algorithms are in
general known to get very slow as they get close to the optimal.
For the second issue (localized clustering artefacts): We are
at the moment unsure of the behavior of the between-cluster
entropy function, but it certainly does not explicitly discern
local versus global differences, and hence may indeed be
treating such localized artefacts as separate clusters. Another
way to look at this is that, there are just more clusters in
the graph than what we are searching for with the parameter
choice indicated in the algorithm, which can probably be used
to dynamically adjust the parameter itself (something we have
not explored yet). Accordingly, we propose some (optional
stage in Algorithm 1) heuristic post-processing which make
localized decisions based on individual nodes’ neighborhood.
The essential ideas of the heuristics applied are as follows:
Explore whether reallocation of nodes with neighbors from
other clusters to one of those neighboring clusters improve the
entropy measure; for nodes with multiple neighbors, determine
whether assigning all its neighbors to the same cluster as
itself improves the measure. We do see the current post-
processing heuristics improve the quality of results - but some
of the previously mentioned artefacts linger (some instances
are highlighted in our plots). Overall, for the two clustering
case - only our approach (both variants) resulted in meaningful
clusters. For the five cluster case, in additional to ours, the
spectral clustering also produced reasonable clusters (and our
post-processing heuristic would have further improved its
results too). We speculate that for the given graph, our entropy
measure favors, and accordingly the algorithm discerns more
than five clusters. Further exploration of these issues - as well
as quantifying the quality of obtained clusters by other metrics

are parts of our ongoing work.

IV. CONCLUDING REMARKS

In this paper we demonstrate one way to adapt Renyi
entropy measure for graph clustering, and propose a practical
clustering algorithm using simulated annealing. We demon-
strate the efficacy but also limitations of the current algorithm;
the latter defining our immediate next steps, namely - deter-
mine the suitable number of clusters dynamically, enhance
computational scalability by combining the algorithm with
hierarchical clustering, and improve post-processing heuristics
if still needed. Exploration of parameters σ for the Parzen
window estimator and β in the simulated annealing, a more
rigorous benchmarking with wider range of data sets as well
as algorithms, and generalization of the proposed approach for
directed graphs are other aspects for future study.
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