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A B S T R A C T   

Electrical treeing is a leading cause to the eventual breakdown of dielectric polymers under high voltages. This 
paper presents a simulation scheme developed based on the phase-field regularized cohesive zone model (PF- 
CZM) for electrical tree modelling. By using the electrical analog of the crack propagation, the localized 
breakdown is modelled by the evolution of surface energy, and the electrical treeing is driven by the competition 
between the surface energy and the stored energy following the laws of thermodynamics. The microscopic 
Weibull distribution of the dielectric breakdown strength is the key factor resulting in the fractal structures of the 
electrical tree. The model developed is mesh independent and length-scale insensitive when the mesh size is no 
greater than 2.5μm. The validity of the model was confirmed through experiments, which strengthens its 
credibility. Three types of composites are designed and compared. The results indicate that the epoxy resin 
enhanced with 5 vol% silica and 1 vol% graphene sheet has a 3.5 % longer dielectric breakdown time and a 29.2 
% higher thermal conductivity than the pure epoxy resin. Overall, the model provides a valuable tool for un
derstanding the physics of electrical treeing and designing new dielectric materials with high withstand voltages.   

1. Introduction 

The prominence of global industrialization and the resultant global 
environmental issues has made carbon neutrality an essential part of 
global climate governance [1]. For this purpose, high-performance en
ergy-storage and transmission techniques have gained more attention. 
High-voltage dielectric polymers and its composites play an extremely 
important role in these techniques as the device components are usually 
operated under high-voltage conditions [2–7]. Dielectric breakdown 
often occurs when the dielectric polymers is in operation, limiting their 
applications [8]. Electrical treeing, caused by existing defects such as 
voids and impurities, is one of the major mechanisms that leads to 
breakdown in dielectric polymers when subjected to high voltages 
[9–11]. The localized high electric field caused by these defects can 
cause electrical trees to grow. The growth of the tree-like micro-channels 
is driven by partial discharges (PD), accompanied by impulse thermal or 
impulse mechanical breakdown [11]. Eventually, the dielectric 

breakdown occurs due to the formation of the conductive channels in 
the material. 

For the past several decades, numerous numerical models have been 
proposed to understand the electrical treeing mechanism [12–15]. The 
stochastic NPW (Niemeyer-Pietronero-Wiesmann) model was among 
the first attempts to model the fractal structure of the electrical tree [12]. 
In this model, the tree structures grow discretely, and the probability of 
the extension is proportional to the power η of the local electric field 
along the possible extension paths on the two-dimensional square lat
tice. The model can generate similar tree structures to those observed 
experimentally with controllable fractal dimension. However, the pre
dicted structure of the stochastic model is highly sensitive to the value of 
power η, which cannot be related to a specific physical process. The 
DAM (Discharge-Avalanche Model) is another popular electrical tree 
simulation model, in which the tree propagation is assumed to be caused 
by the electron avalanches along their path on a 2-D square lattice per 
unit step time [13]. However, some parameters in this model, such as the 
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fractal dimension and the characteristic time, are difficult to be deter
mined in practice, limiting the ability of this model to explain the 
mechanisms behind the discharge phenomena. 

The above models did not rely on Maxwell’s equations when 
modelling the treeing structures. Instead, the stochastic disturbances are 
introduced about the local electrostatic field as a seed for branching 
[14]. To quantitively discuss the discharge phenomena while consid
ering the electromagnetic field variables, Noguchi et al. [14] proposed a 
finite element analysis (FEA) model to simulate the dielectric break
down based on Maxwell’s equations, in which the breakdown was 
expressed as the local change of conductivity. This model has a major 
drawback in that the breakdown criterion is based on the critical value 
of the norm of electric fields, while the energy-based criterion is more 
realistic. Moreover, the model requires dual sets of geometries, the 
Delaunay tessellation and the Voronoi tessellation, to discretize Max
well’s system. This has increased the model complexity. Xia et al. [16] 
developed a thermodynamic framework to simulate the evolution of 
dielectric damage with respect to the electric field. The form of the 
dissipation potential for the dielectric damage is taken from mechanical 
damage potential. 

The dielectric breakdown is a localized damage process that can be 
recognized as the electrical analogue of crack propagation in solids [17]. 
The theory of linear elastic fracture mechanics (LEFM), a topic in the 
subject of elastic fracture, is well developed based on the milestone work 
of Griffith [18]. Various computational models have been proposed, 
such as the phase-field model (PFM) [19–24], peridynamics [25,26], 
cracking particles method [27–29], etc. Inspired by the similarity be
tween dielectric breakdown and mechanical breakdown in the form of a 
brittle fracture, the PFM was introduced to simulate the electrical 
treeing and dielectric breakdown in recent years [2,30–35]. The PFM 
models the systems with sharp interfaces using a continuous phase-field 
variable that differentiates between multiple physical phases through a 
smooth transition [36]. An attractive advantage of the PFM is its ability 
to simulate crack nucleation, propagation, merging, and branching, 
purely based on energy minimization without additional ad-hoc criteria 
[37]. The crack propagation is automatically tracked by the evolution of 
the smooth phase field without the need to track the forepart of the 
crack. Meanwhile, compared to other computational techniques, PFM 
has the advantages of continuous representation of crack damage, ease 
of coupling with other physical phenomena. (Please refer to [38–40] for 
more details on the abovementioned methods). 

Shen et al. [32] developed a phase-field model to investigate the 
breakdown behaviour of polymer nanocomposites. Using this model, a 
sandwich-structured nanocomposite with higher energy density was 
designed. The phase-field model was further enhanced with multi- 
physics condition considered [31], and combined with machine 

learning to accelerate the simulation [30]. Zhu et al. [33] further 
developed the phase-field model by Shen et al. [32] by setting the 
parameter to be time- and position-dependent to produce the fractal 
electrical tree structure in nanocomposites. Cai et al. [2] simulated the 
electrical tree propagation in a parallel capacitor and a cylindrical 
capacitor by a phase-field model. The factors affecting the treeing 
morphology and the effect of fillers on electrical treeing were also dis
cussed using the model. 

The abovementioned PFMs are derived dominantly from the 
Ginzburg-Landau equation [41]. These models are unrelated to Grif
fith’s theory for the fracture toughness does not enter the corresponding 
equations [36]. The Ginzburg-Landau double-well function in the en
ergy functional used in these models makes it difficult to interpret the 
Γ-convergence results [42,43]. Furthermore, some parameters, such as 
the gradient energy coefficient and energy barrier coefficient, can hardly 
be determined for different materials, which has limited these models’ 
validation when comparing with experimental observations. On the 
other hand, the implementation of the stochastic nature of dielectric 
breakdown in the current models is not convincing due to the lack of 
theoretical rationale. 

Analogue to the computational fracture mechanics, this paper aims 
to develop a novel phase-field model to investigate the mechanism of 
electrical treeing based on the phase-field regularized cohesive model 
(PF-CZM) [44,45]. The dielectric breakdown is modelled as the 
competition between the electric energy stored in the bulk material and 
the surface energy for electrical tree propagation. The microscopic sto
chastic distribution of the dielectric breakdown strength is considered 
the key reason behind the fractal structures of the electrical trees. In the 
current work, such stochastic distribution is integrated in the model. The 
model parameters are characterized, and the analyses of mesh sensi
tivity and length-scale parameter sensitivity are conducted. Finally, the 
electrical treeing process is investigated, and three types of dielectric 
composites are designed and compared utilizing the newly developed 
model. 

2. Theoretical model 

2.1. Phase-field regularization 

To avoid the explicit modelling of sharp damage morphology, the 
phase-field method smears the sharp damage into a localization band 
with the phase-field variable [21,22,46]. The damage phase-field vari
able is defined as [45]: 

d(x) :=
{

d|d(x) ∈ [0, 1], ḋ(x) ≥ 0∀x ∈ R , d(x) = 1∀x ∈ S

}
(1) 

Fig. 1. Illustration of the geometric regularization of the sharp dielectric damage pattern. (a) A sharp dielectric damage. (b) A geometrically regularized dielec
tric damage. 
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where x is spatial coordinates, R is the regularized damage domain 
around the sharp damage domain S , (̇) represents the derivative of 
time. Considering a two-dimensional case as an example, Fig. 1 illus
trates the phase-field regularized dielectric breakdown damage. 

With the help of the above defined phase field d(x), the sharp damage 
topology ΓS can be regularized as [44–46]: 

ΓS =

∫

S

dA ≈

∫

R

ρ(d,∇d) dV = ΓR (d) (2)  

where ρ(d,∇d) is the damage surface density functional that approxi
mates the sharp damage surface ΓS with ∇d representing the spatial 
gradient of the phase-field d, ΓR is a regularized functional. According 
to the unified phase-field theory, the damage surface density functional 
is expressed as [45]: 

ρ(d,∇d) = cα

[
1
l

α(d)+ l|∇d|2
]

(3)  

where cα = 4
∫ 1

0

̅̅̅̅̅̅̅̅̅
α(β)

√
dβ is the scaling constant, l is the length-scale 

parameter characterizing the regularized damage band, α(d) is the 
geometric function which characterize the homogeneous evolution of 
the phase-field. To ensure that the regularized functional ΓR (d) is zero 
for the intact state (d(x) = 0), and ΓR (d) represents the sharp damage 
surface ΓS for the fully breakdown state (d(x) = 1), α(d) should satisfy 
∂α/∂d ≥ 0, α(0) = 0 and α(1) = 1. In this paper, a second-order poly
nomial function was selected for α(d): 

α(d) = 2d − d2 (4) 

When l approaches zero, the Γ-convergence is satisfied [45,47]: 

ΓS = lim
l→0

ΓR (d) (5) 

It is worth noting that despite the double-well function (α(d) =

d2(1 − d)2
), which is popular in the physics community, satisfying the 

properties of α(0) = α(1) = 0, it does not satisfy the property of 
∂α/∂d ≥ 0. The equivalence between the intact state (d(x) = 0) and the 
breakdown state (d(x) = 1) likely leads to the damage propagating in 
the incorrect directions [48]. 

2.2. Breakdown damage evolution 

The breakdown process is irreversible, thus the evolution of the 
breakdown damage is energy dissipative. With the damage regulariza
tion of Eq. (2), the damage surface energy is defined as [44–46]: 

Ud(x, d) =
∫

S

Gf dA ≈

∫

R

Gf ρ(d,∇d)dV (6)  

where Gf is the fracture energy per unit damage area. The variation of 
damage surface energy is derived as: 

δUd =

∫

R

Gf δρdV (7)  

The global stored energy functional with respect to the phase-field d(x)
and the electric field intensity E(x) of a dielectric solid body Ω under the 
electric field is expressed as: 

US(E, d) =
∫

Ω
We(E, d) dV =

∫

Ω
ω(d)We0(E, d)dV (8)  

where We(E, d) is the free energy density functional, We0(E, d) is the 
initial electric energy density, ω(d) is a monotonically decreasing 
function characterizing the energy degradation of the material during 
the breakdown process. 

The variation of the stored energy functional is derived as: 

δUS =

∫

Ω

(
∂We

∂E
• δE+

∂We

∂d
δd
)

dV (9) 

According to the laws of thermodynamics, the evolution of the 
damage phase-field should satisfy the following inequality: 

δUd = δUe − δUS ≥ 0 (10)  

where δUe is the external virtual power. 

2.3. Constitutive and governing equations 

The initial electric energy density We0(E, d) is expressed as: 

We0(E, d) =
1
2εD2 =

1
2

εE2, ε = ε0εr (11)  

where D and E are the electric displacement field and electric field, 
respectively. ε is the permittivity of the intact material, ε0 = 8.854 ×

10− 12C/(V • m) is the vacuum permittivity, and εr is the relative 
permittivity. 

According to the constitutive law of the dielectric solid, we have: 

E =
D
ε (12)  

E =
∂We

∂D
= ω(d) ∂We0

∂D
(13)  

With respect to the variation of the energy dissipation Eq. (7) and the 
stored energy Eq. (9), it can be derived from the thermodynamics laws 
Eq. (10) that: 
∫

Ω

[
Gf δρ+ω′(d)We0

]
dV = 0and

∫

Ω

(
∂We

∂E
• δE

)

dV = δUe (14)  

The above equations give the governing equation of the evolution of the 
damage phase-field in weak form. Subsequently, the strong form can be 
given as [44]: 
{
− ω′(d)We0 − Gf δdρ = 0, δd > 0
− ω′(d)We0 − Gf δdρ < 0, δd = 0

(15)  

where δdρ is the variational derivative of the damage surface density 
expressed as [45]: 

δdρ =
1
cα

[
1
l
α′(d) − 2lΔd

]

(16) 

To avoid the existing damage recovery after the local electric field 
decreases, a history state variable H, which drives the evolution of the 
breakdown damage phase field, is introduced [20,49]: 

H = max
(

Yc, max
τ∈(0,t)

Yτ

)

(17)  

where Yτ is the electric energy density at the time τ, and Yc is the critical 
breakdown energy density, which is critical for the initiation of the 
breakdown damage as expressed in following: 

Yc =
1
2
ε0εrE

2
b (18)  

where Eb is the nominal dielectric breakdown strength. 
The dielectric polymers should prevent electrical conduction under 

the ideal conditions. However, low-level conduction is often inevitable 
at high fields [50]. Therefore, coupled with the law of charge conser
vation, the governing equations for the dielectric breakdown damage 
phase-field model are given as: 

Q. Wang et al.                                                                                                                                                                                                                                   
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⎧
⎨

⎩

∇ • J +
∂q
∂t

= 0

− ω′(d)H − Gf δdρ = 0
(19)  

where J = σE = − σ∇V is the electric current density, with σ being the 
electrical conductivity. E and V are the electric field and the electric 
potential, respectively. 

The above governing equations achieve the following Neumann 
boundary conditions: 
{

E • n = Emon∂Ωm
∇d • n = 0on∂Ω (20)  

with Ωm the boundary of the electrode and n the outward unit normal 
vector of the boundary. 

Meantime, the following initial conditions will be fulfilled: 
{

V(x, t = 0) = V0(x)
d(x, t = 0) = d0(x)

(21)  

where the initial phase-field variable d0(x) can be used to model pre- 
existing breakdown damage by setting d0(x) = 1 locally. 

2.4. Degradation function 

The degradation function characterizes the deterioration of the 
stored energy functional with respect to the damage phase-field. There 
are multiple popular degradation functions used in phase-field model
ling. They should have the properties of [20,43]: 
⎧
⎪⎪⎨

⎪⎪⎩

ω′(d) < 0
ω(0) = 1
ω(1) = 0
ω′(1) = 0

(22)  

In this paper, the following degradation function is employed in accor
dance with Wu [45]: 

ω(d) =
(1 − d)2

(1 − d)2
+ a1d • (1 − 0.5d)

(23)  

where a1 = 4Gf/
(
πε0εrE2

b l
)
. 

3. Numerical implementation 

The governing equations presented in Section 2 are implemented in 
the finite element analysis (FEA) software COMSOL Multiphysics 6.0. 

The PDE interface, ODE and DAE interface, and the AC/DC module are 
coupled to solve the phase-field variable, history state variable and the 
electric potential, respectively. A needle-plane configuration is consid
ered in this study. To save computational cost, a 2-D area from the 
needle tip to the plane electrode is extracted as the computational 
domain. Furthermore, the whole computational domain is divided into 
two sub-domains of which the electrical trees are expected to grow in the 
central sub-domain, whose element size is small enough to guarantee an 
accurate estimation of the fracture energy. The dimension of the model 
is shown in Fig. 2. 

The staggered algorithm, which proved to be robust, was employed 
to solve the nonlinear algebraic governing equations [51] (as depicted in 
the flow chart of Supplementary Fig. 1). For each new time step, the 
initial values of the variables are set based on the results solved in the 
previous solution. Then, the electric potential, ϕj+1

i , for the given time 
step i and iteration step j + 1 is solved by the Newton-Raphson method 
with respect to the results of the previous iteration [52]. Subsequently, 
the history state variable Hj+1

i is solved with the updated electric po
tential ϕj+1

i . The phase-field variable dj+1
i is then obtained with ϕj+1

i and 
Hj+1

i . The convergence criterion is verified to ensure that the error is 
within the tolerance requirement. If the convergence criterion is not 
satisfied, the calculation will go through another round of iteration. Else, 
the calculation will move to the next time step until the calculation is 
completed. 

4. Parameters characterization 

4.1. Dielectric breakdown strength 

Dielectric breakdown strength is one of the most critical parameters 
in this model. It was found that the breakdown test results vary with test 
specimens under the same testing conditions; therefore, the breakdown 
strength data should be more appropriately presented as a statistical 
distribution. Although the Normal distribution is well known and its 
parameters are easily calculated, it is not usually suitable for electrical 
breakdown data. The Weibull distribution, which is built on the weakest 
link assumption, is the most widely accepted for solid insulation 
breakdown. 

In this paper, the stochastic distribution of the dielectric breakdown 
strength at the microscopic level is considered as the key to cause the 
fractal structures of the electrical trees. The distribution of the micro
scopic breakdown strength is assumed to obey the Weibull distribution. 
Iddrissu [50] has statistically measured the dielectric breakdown 
strength of Araldite® LY 5052 epoxy (EP) resin (cured with Aradur ® HY 
5052 hardener, both supplied by Huntsman) with properly tailed test 
cell system. The cumulative density function (CDF) for the two- 
parameter Weibull distribution of the 200 μm epoxy under alternating 
current (AC) condition is expressed as follows [50]: 

F(k; α, β) = 1 − e
−

(

k
α

)β

withα = 188.72kV/mm, β = 15.57 (24)  

where k is the measured breakdown strength of the sample, α is the scale 
parameter representing the strength value corresponding to F(k) = 63.2 
%, and β is the shape parameter representing a measure of the spread of 
the distribution. 

To achieve the microscopic stochastic distribution of the breakdown 
strength in the FEA, each element is assigned with a random breakdown 
strength value sampled from the Weibull distribution. As the element 
size is quite small (micro level), a microscopic stochastic distribution 
can be realized. The breakdown strength of each element is given as: 

En
b = α

[

ln
(

1
1 − F

)]1
β

(25)  

Fig. 2. Dimensions of the finite element model.  
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where En
b is the breakdown strength of the nth element, F is randomly 

distributed in the interval [0,1], and relates to the element index n. Since 
F and 1 − F follow the same probability density function (PDF), both can 
be denoted as the same: 

En
b = α

[

ln
(

1
F

)]1
β

withF = r(n,ϖ) (26)  

where r(n,ϖ) is a pseudorandom function built in the COMSOL soft
ware, and ϖ is an arbitrary random seed. Fig. 3 shows the example of 
implementation of the stochastic Weibull distribution of dielectric 
strength in the finite element model. 

4.2. Permittivity 

Permittivity is another important material property characterizing 
the electric polarizability of the dielectric polymers. The dielectric fre
quency responses (DFR) of the epoxy resin samples (Araldite ® LY 5052 
with Aradur ® HY 5052 hardener) are measured in our lab using the 
insulation diagnostic analyser (IDAX 300, Megger). Eight samples are 
fabricated and measured (see Supplementary Fig. 2). The values of 50 
Hz are selected and averaged as the relative permittivity of the resin 
εM = 3.45, because the frequency of 50 Hz is widely used in alternating 
current power systems. The dielectric property of the material will 
degrade during the growth of electrical tree. The evolution of the 
permittivity is expressed in following: 

ε(d) = εM

ω(d) + η (27)  

where η = 0.001 for which the corresponding permittivity is 1000 times 
of its original value for the fully damaged phase [32,34]. It is also 
numerically tested that η = 0.001 is sufficiently small to reflect the po
larization of the material. 

4.3. Conductivity 

The conductivity of the epoxy resin samples is also measured using 
the electrometer (6517B, Keithley) in our lab. The samples have an 
average resistivity of 236.7TΩ • cm, or a corresponding conductivity of 
σM = 4.22× 10− 13S • m. Similar to the permittivity, the conductivity 
will also degrade with the dielectric breakdown process, and the 
breakdown path will become conductive. The evolution of the conduc
tivity is defined as: 

σ(d) = ω(d)σM + [1 − ω(d) ]σB (28)  

where σB is the conductivity of the fully breakdown phase. In this paper, 
σB is taken as 4.22× 10− 10S • m. 

4.4. Fracture energy 

The fracture energy of the LY 5052 epoxy resin specified in the 

Fig. 3. Weibull distribution of the breakdown strength. (a) Spatially stochastic distribution, (b) Cumulative distribution function and probability density function of 
the Weibull distribution for the breakdown strength. 

Fig. 4. Comparison of dielectric breakdown strength between numerical and experimental results. (a) Experimental setup. (b) Weibull plot.  
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technical datasheet as 192 – 212 J/m2, and a middle value of Gf = 202J/
m2 is taken for the current study. 

4.5. Length-scale parameter 

Wu [46] and Tushar et al. [53] determined the length-scale based on 
the Griffith’s theory. The Irwin’s characteristic length, lch = E0Gf/f2

t , 

describes the length of the fracture process zone ahead of the crack tip, 
with E0 and ft being the Young’s modulus and tensile strength, respec
tively. Analogous to this, the internal length of the phase field model for 
the dielectric breakdown is modified as: 

lch =
Gf

ε0εrE2
b
= 1.86 × 10− 4m (29)  

To ensure that the convexity of the degradation function, the length- 
scale parameter should satisfy l ≤ 0.85lch [46]. It is also necessary to 
consider that l≪lch to resolve the Γ-convergence Eq. (5). It is worth 
noting that the above relationship indicates that the length-scale 
parameter is inversely proportional to the square of the electric field 
strength. However, this deduction still requires further experimental 
validation. In this paper, the length-scale parameter is chosen as l =

5μm, and the maximum element size of h ≤ l/2 is used for the sake of 
numerical robustness. 

Fig. 5. The maximum electric field strength during the breakdown process of different element size h with l = 5μm.  

Table 1 
Comparison of computational cost of different element sizes.  

l/h h/μm Elements Degrees of freedom Peak electric field/(kV/mm) 

1 5 8.8× 104 5.3× 105  230.8 
2 2.5 3.4× 105 2.0× 106  253.4 
3 1.67 7.4× 105 4.4× 106  262.4 
4 1.25 1.3× 106 7.8× 106  265.8  

Fig. 6. The maximum electric field strength during the breakdown process of different length-scale parameter l with h = 2.5μm.  
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5. Results and discussion 

5.1. Model validation 

To validate the developed phase-field model, Monte Carlo simula
tions of dielectric breakdown were performed and compared with the 
experimental results [50]. The experimental setup consists of a pair of 
sphere electrodes and a plate epoxy sample (LY 5052) of 0.2 mm as 
shown in Fig. 4(a). A one-dimensional model is established to simulate 
the dielectric breakdown process. A ground boundary condition (BC) is 
applied to one side of the model, while the other side is applied with an 
electric potential which increases from 0 V to the fully breakdown 
voltage at a ramp rate of 1 kV/mm. Thirty simulations with different 
random seeds were conducted, and stochastic breakdown electric field 
strength were obtained. The Weibull statistical results are shown in 
Fig. 4(b), in which the calculated scale parameter and shape parameter 
are 186.3 kV/mm and 46.74, respectively. The experimental result, 
which has a scale parameter of 188.7 kV/mm, is similar to the simulated 
result, validating the accuracy of the model. The predicted value of the 
shape parameter is larger than the experimental value of 15.57, indi
cating that the numerical results have a smaller variation across the data 
set. This can be attributed to that the insufficiency of artificial 

Fig. 7. Evolutions of the electrical tree and electric field during the breakdown process. (a) to (h) are eight snapshots of the breakdown path and the electric field 
correspond to the eight points of (i) the relationship between the average electric field and the cumulative charge density. 

Fig. 8. The reverse growth of the electrical tree: (a) to (d) correspond to the 
amount of cumulative charge of 0.0920, 0.0924, 0.0927 and 0.0930C/m2 

respectively. 
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perturbation in the simulation model, while the experimental results are 
susceptible to various factors, including the test conditions, environ
mental conditions, etc. Overall, the comparisons verified that the model 
can accurately predict the breakdown strength of dielectric materials 
and present the stochastic characteristics of breakdown strength. 

5.2. Mesh sensitivity analysis 

A current source is applied to the tip of the needle to simulate the 
charge accumulation Q, which linearly increases with time as Q = It, 
while the bottom electrode is grounded. The applied current density is 
100 A/m2. The mesh sensitivity of the phase-field model is studied by 
varying the element size h with a constant length-scale parameter l. The 
maximum electric field strength during the breakdown process of 
different cases is compared in Fig. 5. The results are basically consistent 
except for the case of h = 5μm, whose peak electric field strength is 
apparently lower than the other cases. This indicates that the element 
size h should not be greater than 2.5μm to resolve the damage regula
rization. However, a smaller element size will result in greater 

computational cost. For the case of h = 1.25μm, the simulation time is 
over 142 h on a Dell Precision 7560 workstation (CPU: Intel(R) i7- 
11800H @ 2.3 GHz; RAM: 3200 MHz 21 GB). Table 1 lists the compu
tational cost of different cases, where the computational cost increases 
dramatically with the decrease of element size, while the peak electric 
field converges gradually. 

5.3. Length-scale parameter sensitivity analysis 

The most popular phase-field models, such as AT2 [19,21] and AT1 
[54], are known to be length-scale parameter sensitive. In these models, 
the length-scale parameter is interpreted as a material property, while 
the Γ-convergence is neglected [55]. In contrast, the PF-CZM is length- 
scale parameter insensitive for brittle fracture and quasi-brittle fracture 
[45,53,56]. This section aims to study the length-scale parameter 
sensitivity of the presented model by varying the length-scale parameter 
l with a constant element size h = 2.5μm. The results are consistent 
when l varies from 3μm to 6μm, as shown in Fig. 6. The bulge of the l =
5μm case near 0.056C/m2 may be caused by the stochastic propagation 

Fig. 9. The evolutions of the phase field damage variable along the breakdown path.  

Fig. 10. Microscopic images of the electrical tree. (a) Image captured by 3D acquisition function. (b) Image captured by 2D observation.  

Q. Wang et al.                                                                                                                                                                                                                                   



Materials & Design 235 (2023) 112409

9

process of the electrical trees. Except for this point, the peak electric field 
values are similar for the four different length-scale parameters, indi
cating that the presented model has inherited the length-scale parameter 
insensitivity of PF-CZM. 

5.4. Electrical treeing process 

Considering l = 5μm and h = 2.5μm as an example, the evolutions of 
the electrical tree and electric field are shown in Fig. 7. Eight snapshots 
corresponding to the eight points indicated in Fig. 7(g) during the 
breakdown process are captured. The electrical tree starts growing from 

the needle tip, where the electric field is the highest. Next, the primary 
breakdown path propagates towards the bottom electrode with multiple 
thin secondary paths branching towards the sides. Meanwhile, it can be 
observed that the electric field of the breakdown path is relatively low 
while the area surrounding the ends of the breakdown have a higher 
electric field as the material properties of the breakdown phase have 
degraded and the high electric field cannot be sustained. It is also found 
that the electrical tree has a slow initial growth followed by an accel
erated propagation, until a branch reaches the bottom electrode before 
the branch is widened. The branch widening was also reported by 
Vogelsang et al. [57]. It is interesting to note that before the primary 
breakdown path fully bridges to the bottom electrode, a reverse break
down path growing from the bottom electrode in the direction of the top 
electrode was captured before both paths meet and widened, as shown 
in Fig. 8. The reverse growth phenomenon was experimentally observed 
by Zheng et al. [58], which indicates that the presented model is able to 
reproduce the experimental phenomenon. 

The evolutions of the phase field damage variable of five points 
which are vertically distributed along the breakdown path evenly are 
shown in Fig. 9. Similar to the tree growth model proposed by Dissado 
and Fothergill [59], the evolution of the phase field can be identified by 
three stages. In the first stage, the phase field is zero, indicating that the 
material is still intact. Subsequently, in the second stage, the phase field 
increases rapidly which correlates to the tree propagation stage. Finally, 
in the last stage, the growth of the phase field slows down as it ap
proaches the value of one, staying still after which. 

The simulated electrical tree has only a few main branches because 
the current model is two-dimensional while the electrical tree grows in 
3-dimensional structures of the solid insulation. Fig. 10 shows the im
ages of the electrical tree observed by a digital microscope (DSX1000, 
Olympus) in our lab. The sample was manufactured using the LY 5052 
epoxy resin, and an Ogura needle was embedded in the sample whose 
dimensions are the same to Fig. 2. The schematic experimental setup is 
as shown in Supplementary Fig. 3. The electrical tree sample was 
immersed in a silicone oil tank to avoid the air breakdown. The high 
voltage source was generated by a breakdown tester (D149-DI, 

Fig. 11. Comparison of the structures of electrical trees obtained by (a) phase 
field simulation and (b) experimental observation. 

Fig. 12. Design and comparison of dielectric materials. (a) Microstructures of dielectric composites. (b) Normalized breakdown time and breakdown patterns.  
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HIPORONICS) and applied on the end of the Ogura needle. A digital 
microscope was set beside the oil tank for real-time monitoring of the 
electrical treeing process. After the electrical treeing, the sample was 
observed by the digital microscope with a higher magnification 
(DSX1000, Olympus) to capture the details of the electrical tree struc
tures. Fig. 10(a) is captured by the advanced algorithms integrated in 
the microscope which enables the branches of different depths of field to 
be captured in a 2D image. However, only one main branch can be 
clearly captured in a conventional 2D optical observation, as shown in 
Fig. 11(b), which indicates that the simulated electrical treeing structure 
is rational for the 2D case. 

With the help of the embedded random seed in the presented phase 
field model, Monte Carlo simulations can be carried out to obtain the 
random structures of the electrical tree. Fig. 11 presents the comparison 
of the simulated electrical tree structure and the microscopic image. The 
length-scale parameter l = 6μm and the random seed ϖ = 1000 are 
taken in the simulation, while the other parameters are the same to the 
previous. The high similarity in the electrical treeing structures can be 
observed in Fig. 11. Subsequently, the fractal dimensions of the elec
trical trees obtained by the simulation and experiment were calculated 
using the image processing software Avizo 3D. The fractal dimensions of 
simulated and experimental electrical trees are 1.3873 and 1.3843, 
respectively. The excellent agreement validates the rationality of the 
proposed model in predicting the electrical treeing structures. 

5.5. Dielectric composites design 

In this section, different types of dielectric composites are designed 
and compared by the developed phase-field model, as shown in Fig. 12. 
Type 1 is a pure epoxy (EP) resin. Type 2 is an EP enhanced with silica in 
a volume fraction of 5 % (EP/SiO2). Type 3 is an EP enhanced with silica 
sphere (5 vol%) and graphene sheet (1 vol%) (EP/SiO2/G). Type 4 is an 
EP enhanced with silica sphere (5 vol%) and oriented graphene sheet (1 
vol%) (EP/SiO2/oG). For each material, a two-dimensional cross-section 
parallel to the YZ plane was taken to conduct the dielectric breakdown 
analysis. A concentrated current density source with the same magni
tude was applied at the centred-top of each material, and the breakdown 
time was recorded. Fig. 12(b) compares the normalized breakdown time 
of different materials with respect to the breakdown time of the Type 1 
pure EP. Using Type 1 pure EP as the baseline, Type 3 EP/SiO2/G and 
Type 4 EP/SiO2/oG has a breakdown time 3.5 % and 2 % longer than the 
baseline. Conversely, Type 2 EP/SiO2 has a breakdown time 1 % shorter 
than the baseline. The results highlighted the positive effect of intro
ducing graphene sheet in EP to resist dielectric breakdown. The 
conductive graphene sheet can “guide” the propagation of the break
down pattern, making the breakdown path longer and thus prolonging 
the breakdown time. 

In addition, by introducing graphene filler, the effective thermal 
conductivities of the dielectric composites also improved significantly. 
Based on the results of the finite element homogenization analysis (see 
Supplementary information), compared with the Type 1 pure EP, the 
thermal conductivities of Type 2 EP/SiO2 and Type 3 EP/SiO2/G 
increased by 10.1 % and 29.2 % respectively. The transverse thermal 
conductivity of Type 4 EP/SiO2/oG (parallel to the graphene sheets) 
increased by 41.1 %, while the longitudinal thermal conductivity 
(perpendicular to the graphene sheets) increased by 12.5 %. 

6. Conclusions 

This paper presents a novel phase field model for simulating the 
electric treeing phenomenon in dielectric polymers. An advantage of the 
model is that all the parameters can be determined experimentally or 
numerically, which offers a potential to quantitatively study the 
breakdown mechanism of solid dielectric materials. Particularly, the 
microscopic stochastic dielectric breakdown strength, which is statisti
cally measured via the Weibull distribution and embedded in the model, 

can be regarded as the cause of the fractal structures of the electrical 
tree. The analyses of mesh sensitivity and length-scale parameter 
sensitivity are conducted in this paper. The results show that when the 
mesh size is no greater than 2.5μm, the developed model is mesh- 
independent and length-scale parameter insensitive. The electrical tree 
predicted by the model exhibits a fractal shape, which has a high simi
larity to the morphology of the experimentally observed electrical trees. 

Three types of composite materials, respectively enhanced with sil
ica, graphene, and oriented graphene, have been designed and 
compared based on the developed model. The results demonstrated that 
the epoxy resin enhanced with 5 vol% silica and 1 vol% graphene sheet 
(EP/SiO2/G) has the longest dielectric breakdown time, which is 3.5 % 
longer than the pure epoxy resin. Epoxy enhanced with 5 vol% silica and 
1 vol% oriented graphene sheet (EP/SiO2/oG) also has a 2 % increase in 
breakdown time, while the epoxy enhanced with 5 vol% silica (EP/SiO2) 
decreased by 1 %. Additionally, the thermal conductivity has also been 
improved by introducing the graphene sheet. A maximum improvement 
of 41.1 % was achieved when compared with pure epoxy resin. 

In a nutshell, this model provides a numerical tool to understand the 
breakdown mechanism of the dielectric polymers under high voltage 
stress, and to guide the design of dielectric composites reinforced by 
filler. 
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