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Abstract

In psychology and social sciences, confirmatory data analysis and hypothesis testing
are in active use, but sometimes prior studies are not available under which researchers may
consider exploratory approach to analysing the data. Existing causal discovery methods
designed to explore directional relationships between variables are capable of handling
mainly observed variables but not latent. Latent variables are equally prevalent as some
psychological constructs are not directly observable. Some current methods to determine the
cause-effect sequences of latent variables (e.g., direction dependence analysis and structural
equation modelling with higher-order moment structures) have been under-utilized due to the
large sample size requirement and lack of statistical software support. To close the gap in the
literature of causal discovery and of structural equation modelling with latent variables, this
thesis develops a data-driven latent-variable causal discovery method — linear non-Gaussian
acyclic models for latent variables (LINGAM-LV). With the input of raw data and user-
specified measurement model, LINGAM-LV algorithms output the path models with latent
variables in the forms of directed acyclic graph based on the criteria of pathway directionality
and the balance between model complexity and model fit. This thesis proposes three types of
LINGAM-LV algorithms (i.e., ICA-LINGAM-LV, DirectLINGAM-LV and ParceLINGAM-
LV) and provides R codes for the implementation. A Monte Carlo simulation study follows
that varies sample sizes, non-normality, data missingness and model complexity. It is aimed
at evaluating the performance of the three algorithms with respect to path-related fit indices,
accuracy and root mean square error. The simulation results revealed that the LINGAM-LV
algorithms gave a promising performance in general; the performance of DirectLINGAM-LV
and ICA-LINGAM-LV were comparable while ParceLINGAM-LV was the worst. LINGAM-

LV algorithms provide insight into the causal relationships between latent variables without
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relying on priori hypotheses. Recommendations on using LINGAM-LYV in practice are
discussed.
Keywords: causal discovery, latent variable, non-Gaussianity, directional dependence,

structural equation modelling, exploratory.
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Chapter 1: Literature Review of Structural Equation Models
1.1 Motivation

Usage of latent variables has been proliferating in sciences, including psychology.
Generally speaking, latent variables are some hypothetical constructs that one cannot directly
measure or observe (Bollen, 2002). One way to model latent variables is through covariance-
based structural equation modelling (SEM). A latent-variable model usually consists of two
portions: i) a measurement model that addresses the relations between observed and latent
variables, and ii) a path model that primarily address the directional relationships between
latent variables. The path model often bears the responsibility of hypothesis testing in
confirmatory data analysis. Specifying a theoretically plausible path model for hypothesis
testing is imperative as the (dis)confirmation of the proposed hypotheses yield support to the
theories behind. Some non-statistical deductive methods such as elimination approach
(Henley et al., 2006) guide researchers to reason and justify the effects between variables and
the directions based on conceptual theories, previous studies and prior knowledge,

On some occasions, prior studies are not available. With no hypotheses being made,
the effects between latent variables and their direction in the path model can be ambiguous.
Between two variables, say conflict and negative emotion, it is possible that, conflict is not
related to negative emotion (less likely), conflict brings one negative emotion, or negative
emotion incites conflict. Certainly, one can test the effect and the direction with longitudinal
data. But what happens if, like most of the data collection, the study variables are measured
once only? Can model fit evaluation in SEM help with the problem? We will briefly go
through some issues of model fit evaluation in SEM.

Issue of Misspecification with Model Fit. In SEM, model fit indicates how well the
research model that one fits describes the given data. Yet, model fit cannot locate the source

of misspecification in the research model, if any (Mulaik et al., 1989). As a latent-variable
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model consists of a measurement model portion and a path model portion, if the fit is poor,
we have little idea as to which portion of the latent-variable research model is wrongly
specified and deserves attention to fix. What make things worse, if the directional
relationship between latent variables in the path model is falsely hypothesized, as far as the
measurement model portion is consistent with the given data, it can still yield an acceptable
fit. In contrast, if the causal relationship is perfectly correct, as far as the measurement model
portion is not consistent with the data, one can receive poor fit. The phenomenon lies on the
fact that traditional fit indices are not quite sensitive to the misspecification happening in the
path model, largely due to the disproportionately low number of model parameters in the path
model in comparison to that of the measurement model (e.g., McDonald & Ho, 2002).

Issue of Direction Dependence with Model Fit. Assigning directions to the effects
between variables, or the pathways in SEM, touches on an issue of direction dependence.
Direction dependence is a term that describes the cause-effect sequence between two
variables, as to which is the cause and which is the effect (von Eye & DeShon, 2012).
Nonetheless, assigning a wrong direction sometimes does not warrant a change in model fit.
In what follows, we will illustrate a phenomenon that a pathway in wrong direction
sometimes cannot be captured by the model fit nor the standardized parameter estimates.

Suppose we have two observed variables, say x; and x;. x; is the true cause and x; is

the true effect. Without loss of generality, we set their means to zero. Surrounding the two
variables, one can construct two models (M[xi—Xj] & M[xj—xi]), one contradictory to the

other.

RN PR ®
M[xl%x]]. X = 0% te;

40

M[xj—xi]: x; = vt e
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where Vi= COVE;Z’X) and y.. = m denotes the regression coefficients, and e denotes the

H y o]

residual. If the variables are standardized (i.e., \/;l = \/;J = 1), the point estimate of Vi and of

y;are equal, so are their t statistics (von Eye & De Shon, 2012). Regression itself does not
suffice to decide the causal direction between x; and x;.
The same ambiguity also applies to latent variables. Between two latent variables (»,

& nj), suppose 7, is the true cause. One can build two contradictory models, M[ni—#j] and

M[nj—nil.

M[ 7i—= 7j]: anﬂj,nﬁdf")

M[ 7j—= 7l n,= B+ dy
where f denotes the structural parameter and d is the disturbance term. Without loss of
generality, the two latent variables have zero means. Since the variance-covariance matrices

in M[ni—uj] is identical to that of M[#j—#i], the standardized point estimate of ﬁjl. and ﬂl./. are

the same, as are the fit statistics of the two models. In fact, M[#i—#j] and M[»j—#i] qualify
for equivalent models. Equivalent models refer to a pair of or multiple models that reproduce
and are compatible with the same set of variance-covariance matrices (Hershberger, 2006;
Raykov & Marcoulides, 2001; Stelzl, 1986; see also Asparouhov & Muthén, 2019; Bentler &
Satorra, 2010). In sum, the fit statistics and the standardized parameter estimates are of no use
in differentiating between the two models, nor telling which one is preferred. Judea Pearl
(2014) echoes the captioned idea that acceptable fit indicative of good match between data
and model does not sufficiently prove the robustness of the tested model nor the validity of

structural parameters and their direction dependence.
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Issue of Alternative Models with Model Fit. Obtaining a good model fit does not
mean that the research model is the only one that fits the data well. Relevant to the issue with
direction dependence, when a path model involves more than two variables, there are
multiple alternative models that could give a model fit as good as the research model (Pearl,
2014). Alternative models refer to those other than the research model that describe the given
data equally well or even better. Without testing alternative models, it is questionable to place
much confidence on the research model despite with good fit. Some reasons as to why
alternative models are left unexplored are the lack of theoretical foundation and the soaring
number of alternative models that grows with the increasing number of variables. Testing
many alternative models manually could be time inefficient. Of course, it is also possible that
alternative models are being tested yet not reported due to the space limit. In short, these
factors potentially render alternative models unexplored, and the gathered data will not be
used to its fullest potential.

More Methods for Direction Dependence. Given the three issues surrounding the
model fit evaluation in SEM, one cannot solely rely on model fit to find out the
presence/absence of the effect between variables and, if present, the cause-effect sequences.
At the time of writing, a few substitution can be found in the literature for identification of
direction dependence. Statistical methods take advantages of the mathematical characteristics
of latent variables to judge the direction, such as direction dependence analysis (Wiedermann
& von Eye, 2015), and SEM with higher-order moment structures (Shimizu & Kano, 2008).
Yet, these statistical methods have their own limitation. Direction dependence analysis can
only examine directionality in pairwise fashion (i.e., two variables at a time). SEM with
higher-order moment structures requires sufficiently large sample size to operate, e.g., about
5,000 observations in a three-factor model with 15 observed variables (Yuan & Bentler,

1998).
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1.2 Study Objectives

Increasingly, it is the responsibility of applied researchers to justify the directional
relationship using relevant literatures and prior studies (Henley et al., 2006). Sometimes,
there are insufficient or no prior studies to inform of the presence/absence of effects and the
directions; sometimes prior studies can give contradictory prediction of the effect. As
discussed earlier, model fit in SEM possesses some ability to detect the presence of pathways
in the path model but it is not a preferred option to determine the direction dependence. Some
current methods for direction dependence have limitation on a practical level. Most of the the
causal discovery methods to be reviewed later (e.g., PC algorithm & LINGAM algorithms)
that aim to discover the directional relationship between variables are accommodative of
observed variables but not latent variables. To the best of our knowledge, there is no
statistical tool available to detect the presence of effects between latent variables and at the
same time assign directions to the non-zero effects, without resorting to previous studies and
relevant substantive theories.

To fill in the gap in the literature of SEM and of causal discovery, this thesis draws as
inspiration the linear non-Gaussian acyclic model (LINGAM; Shimizu et al., 2006) and
develops a causal discovery approach for latent variables by adapting the existing LINGAM
to the context of latent-variable models. The newly proposed method is named LINGAM for
latent variables (LINGAM-LV). LINGAM-LV is intent on discovering a path model with
latent variables conditional on the user-specified measurement model that LINGAM-LYV fits
the given raw data the most in terms of two criteria. The first criterion is the accuracy of the
pathway directionality as derived from the data property of multivariate non-Gaussian
distribution. The second criterion is the balance between model complexity and model fit
based on regularization. The objective of this thesis is threefold: i) to derive three new

LINGAM-LYV algorithms for the latent-variable causal discovery, namely ICA-LINGAM-LV

17



(Shimizu et al., 2006), DirectLiINGAM-LV (Shimizu et al., 2011) and ParceLINGAM-LV
(Tashiro et al., 2014); ii) to develop R codes to implement the aforementioned algorithms,
and iii) to conduct a simulation study to evaluate and compare the performance of the three
algorithms.

Through the development of a new causal discovery approach for latent-variable
models, we contribute the literature of SEM and the model fit evaluation in two ways. First, it
is an exploratory statistical tool that does not require prior hypotheses concerning the path
model. With the raw data plus the measurement model one specifies, LINGAM-LV
algorithms discover path models that offer one insight into what the pattern of latent variables
and their causal relationships would look like from the data perspective. Sometimes, there is
insufficient prior knowledge to guide researchers to come up with a research model. When
the research model is absent, the proposed algorithm aids researchers in exploring potential
patterns, as a starting point of data analysis.

Secondly, the path model discovered by the LINGAM-LV algorithms can be thought
of as an alternative model to the research path model, if any. The acknowledgement of
alternative models aids researchers to improve their study design and/or set up follow-up
studies to rule out alternative models, thereby consolidating the theoretical foundation
(Henley et al., 2006). Otherwise, or if one chooses to ignore the existence of alternative
models, their results findings could be questionable.

We will review the literature of SEM and graphical models in the remainder of
Chapter 1, review the literature of causal discovery methods in Chapter 2, develop LINGAM-
LV and its algorithms in Chapter 3, conduct and report a simulation study in Chapters 4 and

5, and discuss the algoritms in Chapter 6.
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1.3 Introduction to Structural Equation Modelling

Structural equation model refers to a general latent-variable model in which statistical
assumptions (Bentler & Chou, 1987) include linearity and independent and identically
distributed (““i.i.d.”) observations. LISREL model (Jéreskog, 1973) or the Joreskog-Keesling-
Wiley model expresses a structural model into two portions: i) a measurement model and ii) a
path model. In what follows, we use the mathematical notations that letters in lowercase bold
(e.g., X) denote vectors and letters in uppercase bold (e.g., X) denote matrices. A
measurement model captures the relationships between observed and latent variables.
Suppose X = (X1, ..., Xp) " is a (p x 1) random (or unknown) vector of continuous observed
variables, where “T” is a transpose operator. Here, observed variables are presumably mean-
centred without loss of generality. A measurement model can be expressed in equation form
as:

Xx=An+e (1.1

wheren = (3, ..., np)T is a (g x 1) random vector of continuous latent variables with zero

means. Even though the LISREL model distinguishes between endogenous and exogenous
latent variables, the focus of this thesis is on causal discovery and thus no prior knowledge
guides one to determine the nature of latent variables as endogenous or exogenous. Thereby,
n is inclusive of endogenous and exogenous latent variables. € is a (p X 1) random vector of
measurement errors, which has zero mean and is uncorrelated with n (i.e., cov(g, n) = 0) and
is in normal distribution (Bollen, 1989). A is a (p x q) factor loading matrix matrix that
portrays linear relations between observed and latent variables. A path model primarily
addresses directional relationships between latent variables which can be expressed in
equation:

n=Bn+{ (1.2)
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where { is a (g x 1) random vector of disturbances on latent variables and is assumed not
correlated with n, with zero means and in normal distribution. B is a (q x q) matrix of
structural parameters. of which diagonal elements are restricted to zero, for it never allows a
latent variable to exert a direct effect on itself.
1.4 Graphical Model
1.4.1 Basic Components of Graphical Models

Using graphical models to picture the diagrams of SEM has been gaining popularity
with psychology (Borsboom & Cramer, 2013). Graphical model is a probability model that
uses a diagram to delineate the conditional dependence of variables and their causal relations
(Greenland et al., 1999). It is composed of two fundamental items: nodes denoting variables
and edges denoting connections between variables. A directed edge in graphical model is a
pathway connecting two variables that x has a direct effect on y (see Figure 1a). An
undirected edge is a non-directional association between two variables which symbolizes the
correlation between x and y (see Figure 1b). A head-to-head variable is defined as a variable
receiving two (or more) arrowheads, like h in Figure 1c. A tail-to-tail variable is defined as
the one extending two (or more) directed edges, like t in Figure 1c. A directed path in
graphical models refers to a sequence of directed edges formed between variables which
starts at x, via m and ends at y (see Figure 1d). One is reminded not to confuse the term
“directed path” used in graphical model with “pathway” in SEM. Technically speaking, a
pathway is equivalent to a directed edge. Multiple pathways that do not form loops are a
directed path. To circumvent confusion in the remaining of this thesis, we will adhere to the
term “pathway” for the direct effect and will avoid the term “directed path”. Interestingly, a
biological concept about kinships is often applied to describe relations between variables. In

Figure 1a, x is labelled as the parent of y, and y is the child of x. In Figure 1d, x and m are
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said to be the ancestors of y; m and y are the descendants of x (Greenland et al., 1999;
Lauritzen, 1996; Pearl, 1995).

Figure 1 Edges in Graphical Models

X —> y X —— y

1a) Directed edge 1b) Undirected edge

Tail-to-tail variable

—

X —> h «— t —> y

/

Head-to-head variable

1c) Head-to-head variable & tail-to-tail variable

X —» m—» Yy

[ J
I

1d) Directed path

The presentation of graphical models can be categorized into two types: directed
acyclic graph and undirected graph. By their names, directed acyclic graph (DAG) is the one
that expresses relations between variables using directed edges only. An undirected graph is
the one that describes relations between variables with non-directional edges only. In
psychology, an undirected graph serves to formalize network structures in Gaussian graphical
model in an emerging field called network psychometric (Epskamp et al., 2017). Yet,
undirected graph is out of the scope, and we will be focusing on DAG only.

1.4.2 Directed Acyclic Graph

Suppose x = (xl y .,xp)T isa (p x 1) random vector of observed variable. Let P be the

joint probability distribution for x. DAG (or the Spirtes-Glymour-Scheines model; Robins et
al., 2003) is a representation of the conditional independences in x in forms of recursive

product decomposition (Pearl, 1995):
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p
P = pr(xy, ...,xp) = npr(xi|parent(xi)) (1.3)

where “pr” denotes the probability density function and “parent (x;)” denotes a set of parents
of x; in the DAG. Should x; has no parent, pr(x; | parent(x,)) is simplified to pr(x;). In words, P
is a function of the product of conditional probability of variables in x given their parents.
Since x; cannot have children that are the parents of x; itself, the term pr(x; | parent(x;)) in
equation 1.14 captures a property of DAG known as recursiveness (Bollen, 1989) or
acyclicity (Lauritzen, 1996), by which directed edges cannot form loops (see VanderWeele &
Robins, 2007).

Rule of d-separation. DAG complies with the rule of d-separation, a vastly adopted
definition in graphical models The compliance with the rule of d-separation is to guarantee
that the DAG is a portrait of causal relationships (Geiger et al., 1990; Pearl, 2000). Briefly, a
set of variables as X is said to be d-separated from the other set of variables as Y by the third
set of variables as Z under one of the two circumstances: i) when a sequence of directed
edges formed between variables contains tail-to-tail variables and/or ii) when a sequence of
directed edges has head-to-head variables who are not elements of Z, nor have descendants
inside of Z.

Figure 2 A Directed Acyclic Graph to Illustrate d-separation

/\
.

X ———» X5

In Figure 2 that shows a sequence of directed edges with x2, X4 and xs, Xs is the respective

head-to-head variable because of the two consecutive links (X2 — X4 & X4 <— x3). In the same
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figure which has another sequence of directed paths with x2, X1 and Xz, X1 is the tail-to-tail

variable due to the two consecutive links (x2 <— x1 & X1— x3) on the trail. Suppose X = {x2},
Y ={xs} and Z = {x1}. Z d-separates X from Y as the path x> <— X1 — x3is blocked by x1 € Z.
Z d-separates X from Y in another way that the path x> — X4 <— x3 is blocked by x4 provided

that neither x4 nor its descendant, xs, is inside Z. Suppose Z’ = {X1, X5}, We can state that X
and Y are not d-separated by Z’ but are connected conditional on Z’ since the head-to-head
variable (i.e., x4) has a descendant, xs, inside Z’.

Causal Marko Condition. DAG follows two key assumptions: causal Marko
condition (CMC) and causal faithfulness condition (CFC) (Pearl, 2000; Spirtes et al., 2000).
CMC governs the probabilistic conditional independence between variables (Weinberger,
2018). It explicates that, if two sets of variables, say X and Y, are d-separated by a third set of
variables, Z, in a DAG, then X and Y are independent conditional on Z. When X and Y are d-
separated by parents of X, their conditional independence can be expressed as:

X 1Y | parent(X)
If conditional independence holds for every variable pair, CMC establishes in the DAG and P
is said to be Markov to the DAG. (Robins et al., 2003). It is necessary to assume CMC in
DAG for causal inference.

Causal Faithfulness Condition. CFC, also known as stability (Pearl, 2000) and
faithfulness (Spirtes et al., 2000), governs which variables are probabilistically dependent of
others conditional on a set of variables (Weinberger, 2018). Given a DAG in which variables
are d-separated and thus conditionally independent based on CMC, CFC makes inference one
step further by presuming that all other variables not being d-separated are dependent.
However, CFC does not always hold. Of many counterexamples against CFC, Weinberger

(2018) raises a classic epitome about cancellation.
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Figure 3 Schematic Representation of A Mediation Model

}7X7\ﬂA
X6 y > Xs

Note: o = a regression parameter describing the effect of variable xs on x7; S = a regression
parameter describing the effect of x7 on xg; y = a regression parameter describing the (direct)
effect of xe on xs. The multiplication of « by £ is the indirect effect of xs on xs which is
mediated by x7.

Figure 3 shows a mediation model with a predicting variable xs, a mediating variable
X7, and an outcome variable xs. If the magnitude of the indirect effect negatively equates to
that of the direct effect, that is, aff = —y, xs and xg will be independent despite the causal link
from Xe to xg. Because of that, DAGs usually do not demand CFC as an assumption, a
circumstance known as a lack of faithfulness. Still, without assuming CFC, a DAG remains a
representation of causal hypotheses surrounding variables which resembles a path model in
SEM.
1.5 Causal Inference in Structural Equation Modelling

SEM is an inference method that draws from three types of input (causal assumptions,
queries of interest & raw data) and produces three types of output (logical implications of
causal assumptions, claims & testable implications) (Pearl, 2014). Two types of input, the
causal assumptions and the queries of interest constitutes the diagram of a causal model for
hypothesis testing which can be displayed in the form of DAG. Figure 4 displays the
operational flow of SEM where it processes inputs of causal assumptions, queries of interest
and raw data. The integrity of output resides on the input (Pearl, 2000). Importantly, it is a
misconception that SEM establishes causal relations based solely on the magnitude of effects

between variables (Bollen & Pearl, 2013, p. 309). Instead, SEM infers causality when and
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only when accompanied with causal assumptions behind the proposed model. In the
following are descriptions of the input and output of SEM.

Figure 4 Structural Equation Modelling Inference Process

Input Output

Raw Data Structural | Logical implications
Causal :

: Equation - Conditional claims
assUmption "o ol model L Modelling
Queries of / 7y |, Degree of testable
interest implications

Feedback

1.5.1 Input of SEM

Causal Assumptions. Causal assumptions are a set of statements proposed and
defended in hypotheses development which are usually derived from scientific justification,
research paradigms, previous studies, prior knowledge, logics and alike (Bollen & Pearl,
2013). Precisely, one can categorize causal assumptions into two types. One is the strong
causal assumption under which the estimate of a parameter is fixed to a specific value, say
zero. The other is the weak causal assumption under which the estimate of a parameter
wanders within a range of values (e.g., above or below zero; see Bollen & Pearl, 2013).

Queries of Interest. Queries of interest concerns causal and counterfactual
relationships between variables that arouse researchers’ curiosities (Pearl, 2014). Queries are
usually about the direction of pathways (e.g., “Does variable X cause Y?”’) and the strength
(e.g., “What is the effect of X on Y?”).

Raw Data. Raw data can be gathered from either observational, quasi-experimental
or purely experimental sources. A decent match between the causal model and the raw data
implies that joint probability distribution of variables in the data conforms to the causal

assumptions.
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1.5.2 Output

Logical Implications. Logical implications are statements and conclusions of the
causal model estimation given that the causal assumptions hold (e.g., “variable X causes Y”).
Logical implications are not only applicable to the given data but also are generalizable to the
concerned populations and extendable to the theoretical and practical implications.

Conditional Claims. Conditional claims are numerical outputs of fitting causal model
into the raw data which give answers to queries of interest. Claims are made conditional on
the causal assumptions. Some examples of conditional claims are the parameter estimate of
the effect of X on Y, and the mean and variance of variables.

Testable Implications. Testable implications is the extent to which the raw data
agrees with the causal assumptions. Model fit quantifies the degree to which the causal model
matches the raw data. It is used to feedback the inference in SEM. If the model fit is good, the
corresponding causal assumptions is likely reasonable (Bollen & Pearl, 2013). In contrast, if
the model fit is poor, the causal assumptions are questionable. Obtaining a good model fit
from SEM is not meant to validate the causal assumptions but to give credibility to the causal
assumptions. If one repeatedly fit the same model to different datasets and still obtains good
fit, the credibility of the causal assumptions increases further (Bollen & Pearl, 2013).

As far as the causal assumptions stand, the structural coefficients in the model
equations can be used to describe cause-effect sequences (Bentler & Chou, 1987) and one can
interpret directional relations in the model as causality (Bollen & Pearl, 2013). Appendix 1
explains the difference in the operational definition between regression coefficients in linear
regression models and structural coefficients in structural equation models.

1.6 Misspecifications in Structural Equation Model
As mentioned earlier, model fit (from testable implications) indicates how well the

model describes the data. A poor model fit gives us a sign of misspecification happening in
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the model. Misspecification happens when i) one or more parameters are free to estimate
whose population values are actually zero (over-parameterization), ii) one or more parameters
are fixed at zeros and not allowed to estimate freely, yet whose population values are non-
zeros (under-parameterization), or iii) both over- and under-parameterizations take place at
the same time (Hu & Bentler, 1998). To correct the misspecification, knowing the location of
the under- and/or over-parameterization taking place in the model is paramount on a practical
level.

Some sources of misspecification in measurement models are i) the number of
common factors where the model is assigned either more or less latent factors than it should
be (Goretzko & Biihner, 2020), ii) cross-factor loadings (see Asparouhov & Muthén, 2009)
and iii) correlated uniquenesses that the item residuals could covary. Two sources of
misspecification in path models are i) the number of pathways and ii) pathway directionality.
Regarding the number of pathways, a missing pathway is classified as an under-
parameterization that the estimate of the structural parameter is fixed at zero or specific value
and yet the population value is not; a redundant pathway is classified as an over-
parameterization that the structural parameter is freely estimated whose population value is
zero. Regarding the pathway directionality, it happens when one assigns that variable x
causes y but the truth is y causes x. this phenomenon can be comprehended as an under-
parameterization and an over-parameterization that happen spontaneously between x and y.
Model fit is intent on alerting one the presence of misspecification. Yet, it gives little or no
information as to what kind of misspecification is in the poorly fitted model. The focus of this
thesis is on discovering path models but not measurement models, we will look into some
ways to identify the path-model misspecifications.

1.7 Ways to Identify Path-Model Misspecifications

1.7.1 Solutions to the Number of Pathways
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Since their appearance, global (or traditional) fit has been under criticism that they fall
short of adequate sensitivity to misspecification located in the path model (e.g., Anderson &
Gerbing, 1988; Mulaik et al., 1989), largely due to the difference in the number of parameters
between the path and measurement models. As the number of parameters in the path model is
usually disproportionately lower than that of the measurement model, the measurement
model dominates the sensitivity of global fit. Hence, regardless the path model is correctly
specified or not, global fit primarily reflects the fitness of the measurement model, paying
insufficient attention to the fitness of the path model (Mulaik et al., 1989). In respect to the
characteristic of global fit that has insufficient sensitivity against the misspecification in path
models, some fit indices are aimed at detecting the path-model misspecification which are
collectively known as path-related fit indices. Using the sequence of nested models, path-
related fit indices emerged in the early 1990s, of which we will introduce two: path-related
root mean square error of approximation (RMSEA-P) and path-related confirmatory fit index
(CFI-P).

RMSEA-P. RMSEA-P is an absolute fit that presents the degree of misfit in the path
model per degree of freedom, or literally how distant a fitted path model is away from its
saturated path model (i.e., SS). RMSEA-P features an elevated sensitivity to the
misspecification in the path model (McDonald & Ho, 2002), which is specified as:

RMSEA-P = |max K(X%_X%s)' (dfT_ dfss)) ’ Ol (1.4)
(dfy=df ) *(N-1)

where X% and Xés are chi-square test statistics for the theoretical model (T) and structural

saturated model (SS), respectively (see Appendix 2 for their definitions); dfr and dfss are their
degrees of freedoms (dfr > dfss). If dfr = dfss, RMSEA-P is set to zero.
CFI-P. CFI-P is a relative fit index that presents one minus the ratio of the non-

centrality parameters between the fitted path model to its independence path model (i.e.,

28



structural null model, SN). In other words, it is indicative of the discrepancy in fit between a
fitted path model and its SN. As derived from the non-centrality structural covariance index
(NSCI; Williams & Holahan, 1994), CFI-P has a heightened sensitivity to the path model

misspecification whose expression is:

(1.5)

CFL-P =mi Kl— Gi150)- (= dss) )1]

(XéN_Xés)_ (deN_ dfss)

Recommended Cut-off. Despite the methodological soundness of RMSEA-P and
CFI-P, few studies were conducted on their recommended criterion values to decide whether
a path model is acceptable. Scholars (e.g., Bolkan & Goodboy, 2015; Lance et al., 2016;
Williams & O’Boyle, 2011) consistently interpreted the values of RMSEA-P using the
guidelines for the traditional RMSEA. According to the interpretation that O’Boyle and
Williams (2011) used, a path model with the RMSEA-P value below or equal to 0.05 is
described as a close fit, between 0.05 and 0.08 as a reasonable fit, between 0.08 and 0.10 a
mediocre fit, and above 0.10 a poor fit. For CFI-P, Lance and colleagues (2016) advise that
CFI-P greater than 0.99 is indicative of an acceptable model fit.
1.7.2 Solutions to Pathway Directionality

Incorrectly specifying pathway directionality risks reporting spurious findings,
drawing a conflicting conclusion, and misguiding future research (Henley et al., 2006). We
will review three ways to identify the directions of pathways in the current literature:
elimination approach, direction dependence analysis and SEM with higher-order moment
structures.

Elimination Approach. Elimination approach (Henley et al., 2006) is a five-step
theoretically based deduction approach that makes use of scientific literatures and substantive
theories to alleviate the risk of assigning wrong directions to the effects in a model (Raykov

& Marcoulides, 2001; Raykov & Penev, 1999). The five steps are:
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1. Being aware of the potential effect of equivalent models,

2. Locating potential equivalent models,

3. Judging whether equivalent models are theoretically plausible,

4. Eliminating some if not all equivalent models via the study design, and;

5. Discussing the limitation of retaining some equivalent models if they cannot be ruled

out as alternative interpretation to the study.
Elimination approach is proved to be useful in confirmatory empirical studies with prior
studies to refer to. Yet, it is of no use with exploratory studies where researchers have no
previous studies to count on.
Direction Dependence Analysis. Direction dependence analysis (DDA; Wiedermann

& von Eye, 2015) is a battery of statistical means to validate causal relationships. Unlike
elimination approach, DDA demands no prior studies to determine the cause-and-effect
sequence. Instead, DDA exploits the asymmetric distributions of measured variables (Dodge
& Rousson, 2000; 2001). The underlying assumption in DDA is that, the true cause variable
is non-normal distribution and the error term of the true effect variable is in normal
distribution. The consequence is that, the true effect variable is less deviated from the normal
distribution than the true cause variable does. If the direction is assigned correctly, then the
effect variable would have a distribution more normal than the cause variable, so do the error
term. If the direction is wrong, then the effect variable would have a distribution more
deviated from normal than the cause variable does; the error term would inherit the non-
normality from the respective effect variable as well. Apart from the first-order moment (i.e.,
mean vector) and the second-order moment (covariance matrix), DDA takes into account the
third-order moment (skewness) and the fourth-order moment (kurtosis) when it comes to

measuring and comparing the non-normality between two variables and between the
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corresponding error terms from least square regressions. The skewness for a variable x

(denoted by ¢x) and the kurtosis (denoted by dy) are expressed as:
3
(=E|(-n)] (1.6)

4
0. =E|(x-n)| (1.7)
where “E” denotes the expectation operator and ux denotes the mean value of x. When x is

regressed on y, we obtain from the error term of x, e”’. The skewness for ¢’ (denoted by Cexy)

and the kurtosis (denoted by dexy) are:

3

o= (1-92)'¢ (1.8)

o= (1-92) 0, 19

xy
where pﬁy denotes the Pearson correlation between x and y. According to the decision rules
for the measured variables set by DDA, if {x is greater (smaller) than {yand ox is greater
(smaller) than oy in absolute values, it suggests that x (y) is the cause (Wiedermann &
Sebastian, 2020). Regarding the decision rules for the error terms, if (exy is greater (smaller)
than (eyx and dexy IS greater (smaller) than deyy, it suggests that x (y) is the cause (Wiedermann
& Sebastian, 2020). It is possible that the decisions drawn from the variables and from the
error terms are inconsistent.

In addition to the two scenarios that i) x causes y and ii) y causes x, DDA considers
the third that a latent confounding variable causes both x and y. To detect the presence of
latent confounding variables, it studies the independence between the cause variable and the
error term which is quantified by Hilbert-Schmidt independence criterion (Gretton et al.,

2007) and Brownian distance correlation (Székely et al., 2007). If x and ef;”) are not

independent. and y and ef) are not independent, it infers the presence of latent confounding

variables (Wiedermann & Sebastian, 2020).
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Lately, DDA has been adapted to latent-variable models (e.g., Pollaris & Bontempi,
2020; von Eye & Wiedermann, 2014) where the true scores on latent variables are
approximated by their factor scores computed from the results of principal component
analysis (PCA). The performance of DDA in both observed-variable and latent-variable
contexts appears promising, with its implementation on SPSS (Wiedermann & Li, 2018) and
R being available for researchers. Sadly, DDA is designed to test two variables at a time. For
more than two variables, transitivity is necessary. Besides, statistical tests in DDA may give
contradictory results (e.g., Wiedermann & Sebastian, 2020) and are not warranted to yield
consistent conclusions.

Structural Equation Modelling with Higher-Order Moment Structures. Standard
SEM harnesses the first-order and the second-order moments in model estimation while it
does not gather information from the third- and fourth-order moments. That is mainly
because the two higher-order moments add nearly no information on top of the first- and
second-order moments. Another reason is that the higher-order moments can be
computationally demanding. Therefore, SEM safely assumes multivariate normality.

However, the multivariate normality assumption imposes limitations on SEM. For
example, estimation of non-linear effects requires information beyond the first- and second-
order moments (Mooijaart & Bentler, 2010; Mooijaart & Satorra, 2012). To determine the
directions of effects, Shimizu and Kano (2008) propose a variant of SEM that capitalizes on
higher-order moment structures which is dubbed as “non-normal SEM”. In non-normal SEM,
asymptotically distribution-free method (Browne, 1984) is responsible for the parameter
estimation. Fit statistics obtained from non-normal SEM enable researchers to find out the
effect directions. Despite its appealing feature, non-normal SEM managed to attract little
usage in empirical studies (e.g., Takahashi et al., 2012). At least three reasons hinder non-

normal SEM from broad applications. First, the risk of encountering a non-identifiable model
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increases as additional unknown parameters are needed in the estimation of higher-order
moment structures (Mooijaart, 1985). Second, non-normal SEM demands a sufficiently large
sample size (Mooijaart & Satorra, 2012). Taking asymptotically distribution-free approach as
an estimation procedure, non-normal SEM demands a sample size of 5,000 to generate
reliable parameter estimates for a factor-analysis model with 15 observed variables and three
latent variables (Yuan & Bentler, 1998). Asymptotically distribution-free approach is thus not
recommended when the sample size is below the number of unique, non-duplicated elements
of the sample covariance (Bentler & Yuan, 1999). Last, neither commercial nor open-source
statistical software is compatible with non-normal SEM. To the best of our knowledge, EQS
(version 7 or newer; Mooijaart & Bentler, 2010) is the only software that implements SEM

with selected third-order moments for latent interactions.
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Chapter 2: Literature Review of Existing Causal Discovery Methods

Causal discovery methods are a collection of algorithms that aims to infer the causal
relationship. The input is mainly a raw data. The output is a discovered model which is
usually presented in the form of DAG. The goal is to derive a causal graph portraying the
causal associations as close to the true DAG as possible. The reason of preferring DAG over
other graphs is the capability of presenting conditional independence assumptions (Pearl,
1995). In the following, we will briefly review two dominant forces of causal discovery
methods: Gaussian causal discovery methods and non-Gaussian causal discovery methods.
2.1 Gaussian Causal Discovery

PC algorithm, fast causal inference algorithm and greedy equivalence search
algorithm are some Gaussian causal discovery methods that assume CMC, CFC and linearity
(where variables are linear functions of constants and other variables), not least Gaussian
distribution.
2.1.1 PC Algorithm

PC algorithm, named after Peter Spirtes and Clark Glymour (1991), is a constraint-
based algorithm to offer a skeleton or a search architecture. With the aid of PC algorithm,
other Gaussian discovery algorithms are able to decide the conditional independence of
variables and discover a causal diagram. PC algorithm does not assume the presence of latent
confounding variables. Assume four variables (x, z, w and y) whose true causal graph is
shown in Figure 5a. The operation of PC algorithm is as below.

1. Construct a fully completed undirected graph where undirected edges are added to
link every pair of variables possible. A graph with four variables constitutes a
maximum of six undirected edges (see Figure 5Db).

2. Prune undirected edges between variables if they are (conditionally) independent

when taking other variable(s) into account. In Figure 5c, for example, an undirected
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edge between x and z is eliminated because x 1L z; an undirected edge between y and z
is eliminated asy 1L z | x.

3. Assign directions to undirected edges according to some orientations, such as v-
structure. For example, with the orientation of v-structure, add arrowheads to the path
X—W-Z to become X — W « z.

Figure 5 Illustration of Causal Discovery with PC Algorithm
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pruned because of independence undirected edges.

between some variables.
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5e) Two possible DAGs

After running PC algorithm, directions of some edges remain unknown where arrowheads are
possible at either end, such as edge y—w. Keep in mind that these edges are not undirected
edges but edges with undecided directions. By convention, they are temporarily represented
by bidirectional edges (see Figure 5d). Due to the presence of edges with unknown directions,

PC algorithm produces a set of possible DAGs, rather than one definite DAG. Back to the
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example, an edge with undecided direction gives two possible DAGs (see Figure 5e). See
Glymour et al. (2019) for the details of PC algorithm.
2.1.2 Fast Causal Inference Algorithm
Fast causal inference (FCI) algorithm (Spirtes et al., 2000) is a constraint-based

algorithm whose merit is the generalizability to causal graphs with latent confounding
variables. FCI algorithm can accommodate the presence of latent confounders and locate
them to some extent. The output of FCI algorithm does not necessarily conform to DAG as it
allows the presence of latent confounding variables in violation of DAG assumptions.
Figure 6 Illustration of Causal Discovery with FCI Algorithm
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between some variables

Let Figure 6a be the true causal diagram of four variables (x, w, y and z) with u being a latent
confounder. Below illustrates how FCI algorithm operates:

“ 2

1. Construct a complete undirected graph where the mark at the end of edges
indicate that it can either be an arrowhead or an arrow tail (see Figure 6Db).
2. Prune edges between variables if they are independent, either unconditionally or

conditionally (see Figure 6c¢).

3. Assign directions to undirected edges based on some orientations (e.g., v-structure).
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In Figure 6d, the bidirectional edge between x and z flags the presence of latent confounders.
The remaining “o” marks suggest that FCI algorithm cannot decide whether an arrowhead or
an arrow tail is best in the position. For example, the edge between w and y can be either a
directed edge extending from w to y, a directed edge from y to w, or a latent confounding
variable linking to both w and y.
2.1.3 Greedy Equivalence Search Algorithm

Greedy equivalence search (GES) algorithm (Chickering, 2002) is a score-based
algorithm that aims to maximize some quasi-Bayesian score function, typically BIC, whilst
the previous two algorithms are based on conditional independence tests. GES algorithm is
summarized in brief by two phases:
1. In the forward phase, GES algorithm substantiates an empty graph and incrementally
adds directed edges to it which improves the score most. The graph complexity rises
in the meantime. The forward stage is halted if no improvement in the score is
possible by adding more directed edges.
2. In the backward phase, GES algorithm gradually eliminates existing directed edges
that most improves the score. The graph becomes less and less complex in the
meantime. The backward phase will halt once no further improvement in the score
can be made.
Like PC algorithm, GES algorithm entails an assumption of no latent confounders in the true
causal graphs.
2.1.4 Issues with Gaussian Causal Discovery Methods

In these Gaussian causal discovery algorithms, observed variables are presumed in
Gaussian distribution. They take advantage of the d-separation properties to determine the
conditional independence between observed variables. However, it is possible that multiple

causal graphs share the same d-separation properties. As a result, rather than a definite DAG,
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these algorithms predict a set of possible DAGs, or a group of “Markov equivalent” causal
graphs, all of which possess the identical set of conditional independences.

More information is needed to narrow down the number of the predicted causal
graphs. As reviewed earlier, understanding the properties of the asymmetry between variables
enables researchers to resolve the cause-effect issue (Glymour et al., 2019; Wiedermann &
von Eye, 2015) and assign directions to those edges with undecided directions. Two
statistical tools discussed previously (DDA and non-normal SEM) unanimously contend that
the Gaussianity assumption obstructs algorithms from accessing information relevant to
causality from the third- and fourth-order moments. DDA and SEM with higher-order
moments shed the light into the possibility that abandoning the assumption of Gaussian
distribution empowers the causal discovery algorithms in the way that they can deduce one
causal diagram from the given data, rather than multiple “Markov-equivalent” causal
diagrams.

2.2 Non-Gaussian Causal Discovery

Non-Gaussianity is viewed as a preferred way to describe empirical, non-synthetic
data than normal distribution (Bono et al., 2017; Micceri, 1989). In one analysis, 5% of data
from empirical research relating to psychology and education had approximate normal
distributions (Blanca et al., 2013). Non-Gaussian causal discovery makes use of the
information including those from higher-order moment structures to determine the cause-
effect sequences of variables. The representative is linear non-Gaussian acyclic model
(LINGAM). LINGAM (Shimizu et al., 2006) is a non-Gaussian variant of SEM and Bayesian
networking for causal inference. Four properties of LINGAM are linearity, non-Gaussianity,
directedness (all connections between variables are unidirectional) and acyclicity. In
acyclicity, one can sequence all variables in the system in a causal order where ancestors (i.e.,

earlier variables) cause descendants (later variables); yet descendants never lead to ancestors
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and loops are forbidden. Unlike the Gaussian causal discovery algorithms, LINGAM
algorithms output one causal graph in the form of DAG (Pearl, 2000; Spirtes et al., 2000) in
which the conditional independences of observed variables are governed by CMC but not
CFC (Zhang & Spirtes, 2016). That is, it does not assume that any two observed variables
which are not d-separated must be dependent. The independence of two observed variables is
tested in spite of no d-separation between. Also, the discovered causal graph is said to be
causally sufficient (Spirtes et al., 2000), meaning that all common causes of observed
variables are taken into account in the graph. Hidden variables outside of the model are not
presumably a source of observed variables in the causal graph.

In the data generation process, suppose X is a (p x 1) random vector of observed
variables, with a set of the observed variable subscripts as U = {1, ..., p}. Without loss of
generality, observed variables in x have zero means. In LINGAM, the linear function of an

observed variable x; , for all i € U, is specified as:

X = Z % e (2.1)
k() <k(i)

where k(i) denotes the causal order of x,. In equation 2.1, the expression k(j) < k(i) means that
Xi Is regressed on every x;j as long as the causal order of x; is ahead of xi. The linear relation of
X in a matrix form is expressed as:

x=Ix+e (2.2)
where T" is a (p x p) regression coefficient matrix and e is a (p x 1) random vector of error
terms. Due to acyclicity, I' is permutable to strict lower triangularity. Strict lower
triangularity refers to a feature of the matrix which has zero-value elements above and on the

diagonal. e is assumed to be in non-Gaussian distribution and are independent:

p
pr(er,..., ep) = npr(ei) (2.3)
i=
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where “pr” denotes the density function of the joint probability distribution. From equation
2.3, the orthogonality of error terms alludes to the absence of latent confounding variables in
a DAG (Spirtes et al., 1993).

Figure 7 illustrates the operational flow of LINGAM with four variables (Xa, Xb, X, Xd).
The true causal diagram is in Figure 7a and the causal order (denoted by K) would be k(d) <
k(b) < k(c) < k(a). According to K, Xq is the first variable (or the variable with no parent); Xa is
the last variable (or the variable with no child). xq is an ancestor of x, since k(d) < k(b). To
derive the T" with the dimension of (4 x 4) from the data, LINGAM algorithms first sequence
the four variables in a causal order (see Figure 7b). With list K, the algorithms use regression
with regularization to derive a I" in strict lower triangularity (Bollen, 1989; see Figure 7c)
which can be illustrated as a DAG (see Figure 7d). We will continue with the example of the
four observed variables (Xa, Xb, Xc, Xd), Or the four-variable case, for the purpose of illustration
in the remaining of Chapter 2.

Figure 7 Illustration of Causal Discovery with LINGAM Algorithm
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Over the past few decades, the development of LINGAM algorithms has been in

proliferation. Some are designed to tackle conventional regression with observed variables,
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including ICA-LINGAM (Shimizu et al., 2006), Pairwise LVLINGAM algorithm (Entner &
Hoyer, 2011), DirectLINGAM (Shimizu et al., 2011) and ParceLINGAM (Tashiro et al.,
2014). More algorithms advance to tackle complex models such as longitudinal models
(Hyvérinen et al., 2010; Moneta et al., 2013), those with latent confounding variables (e.qg.,
Maeda & Shimizu, 2020; Mooij et al., 2009) and non-linear models (Hoyer et al., 2008). This
thesis examines three basic algorithms: ICA-LINGAM, DirectLiINGAM and ParceLINGAM.
Each has their unique mechanism to sequence variables into a causal order. Pairwise
LVLINGAM algorithm is not considered here as it cannot handle more than two variables
without transitivity and does not estimate regression coefficients between variables.
2.2.1 ICA-LINGAM for Observed Variables

Independent component analysis-based LINGAM (ICA-LINGAM; Shimizu et al.,
2006) is a causal inference algorithm that identifies LINGAM for observed variables with
independent component analysis (ICA). ICA (Jutten & Herault, 1991) is an unsupervised
method that involves the linear decomposition of multivariate non-gaussian data into
components that are statistically independent (Hyvérinen & Smith, 2013). ICA-LINGAM
involves three steps: i) identification of LINGAM with ICA, ii) permutation of unmixing
matrix to strict lower triangularity, and iii) adaptive lasso regression.

Step 1: Identification of LINGAM with ICA. The reduced form of equation 2.2
about the linear functions of observed variables is:

x=(I-T)"le (2.4)

where | is an identity matrix and the superscript “—1” refers to the inverse of a matrix.
Equation 2.4 fits the definitions of a standard ICA model. ICA is aimed at separating
observed variables into independent error terms with reference to equation 2.4. Suppose s is a
random vector of (h x 1) independent components where a < p. A standard linear ICA model

is expressed as:
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X=A,,S (2.5)
where Aica is a (p x h) mixing matrix estimated by ICA. To identify a LINGAM with ICA, we
restrict the number of independent components to be equal to that of the observed variables
(i.e., h = p). Subsequently, Aica becomes a squared matrix with a full column rank. The
inverse of Aica is a (h x p) unmixing matrix Wica (i.€., Ajc, = Wicw), With which one can
rewrite equation 2.5:

x=Wils (2.6)
At this stage, we are unable to resolve equation 2.4 with equation 2.6 with the relation that
Wica equates to (I — I'), due to two indeterminacies one obtains from ICA: permutation
indeterminacy and scaling indeterminacy. Permutation indeterminacy is an uncertainty that
the sequence of independent components in s is arbitrary and unknown; thus, the order of
independent components is not warranted to be in line with the order of observed variables in
x (Comon, 1994; Hyvdrinen & Oja, 2000). Scaling indeterminacy is an uncertainty that the
values of variances in independent components are unknown (Hyvérinen & Oja, 2000). We
will look into the two indeterminacies in detail as follows.

To have a clear view of permutation indeterminacy, we consider a vector of observed
variable as x = (x,, xy, X, x4) . Under the effect of permutation indeterminacy, the sequence
of s resulted from ICA is unknown, meaning that s can be either (x4, x., x, x,) T or (xy, X4, X,,
x.)T or alike. What’s more, the variable sequences in the row of Aica and in the column of
Wica are unknown as well. To illustrate the undesirable impact of having an unknown
sequence in s, suppose an ideal mixing matrix as A for four observed variables:

Qaa Qab Qac Aad
Aba Abb Abc Abd

Aca Ach Acc Acq
Ada Qdp Qdc Qdd
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where element aj; describes the relation between xi and x;, for i, j = {a, b, c, d}. In the target
A, the row corresponds to the column. Because of permutation indeterminacy, one of the

many possible Aica looks like this.

As a result, we have no idea as to whether the row of Aica corresponds to its column. Thus,
Aica is not identified. The same applies to Wica.
A mathematical solution to both permutation indeterminacy and scaling

indeterminacy is:

W,.. = PDW,, 2.7)
where P is a (h x p) permutation matrix, D is a (p x p) diagonal matrix, and W, is a (p x p)
unmixing matrix being corrected with its column order corresponding to its row order. In
other word, Wy, is free of permutation and scaling indeterminacies. See Appendix 3 for the

way to derive the solution shown in equation 2.7. Substituting Wy, into the relation that W =

| - T, one has:

"

—

Wica =1-T, (2.8)
where T'ica IS @ (p x p) adjacency matrix that has row and column orders corresponding to the
order of observed variables in x. However, one should not confuse T'ica with I' as T'ica iS not
yet to be permuted to strict lower triangularity.

Step 2: Permutation to Strict Lower Triangularity. The second step of ICA-
LINGAM algorithm is to permute the unmixing matrix I'ica obtained from equation 2.8 to
strict lower triangularity so as to match the definition of I in LINGAM. The permutation of

the unmixing matrix [ica IS expressed in equation as:

~ ~ <T
l—‘ica =P l—‘icaP (29)
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where P is a (p x p) unknown permutation matrix which differs from P in equation 2.7, and
PT is the transpose of P. As a result, T, is a (p X p) unmixing matrix in strict lower
triangularity. In practice when |p| > 2, searching a P can be computationally demanding and
sometimes may not be feasible. As such, Shimizu et al. (2011) propose a method to
approximate the permutation to ease the computation which involves repeated removal of
elements in Tica and repeated testing. Appendix 4 proves details of the said method. Once the
permutation on Tica to strict lower triangularity is completed, we obtain a complete list K that
describes the causal order of observed variables in x.

Step 3: Adaptive Lasso Regression. In the causal order as derived in Step 2, earlier
variables may or may not have direct effect on later variables, since being an ancestor is a
necessary yet not sufficient condition of being a parent. To see if the direct effect of ancestors
on their descendents is present or not, we take adaptive least absolute shrinkage and selection
operator lasso regression (Tibshirani, 1996; Zou, 2006) or adaptive lasso regression in short.
Adaptive lasso regression features a regularization technique that selects a model with high
interpretability and at the same time maintains an optimal prediction of parameter estimates.

The estimator of adaptive lasso regression is specified as (Zou, 2006):

p-1 2 pm1
Yy = argmﬂin X; — Zyijxj + AZ Wijl]/ijl (2.10)
j=1 j=1

where A denotes the regularization parameter and wij denotes the data-driven weight term
corresponding to x; and ;.

LINGAM algorithms make use of adaptive lasso regressions to derive I' from the
causal order of observed variables. Specifically, a series of adaptive lasso regressions are
performed in which regressors and outcome variables are assigned in accordance with the
causal order. To illustrate, we present how to run adaptive lasso regression on the four-

variable case used earlier. Suppose we have a complete causal order as K (see Figure 7b) and
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substantiate I' = {yl.j} asa (4 x 4) matrix for i, j = {a, b, ¢, d}. Since an observed variable is

prohibited to have a direct effect onto itself, we set y.. to zero and the I' becomes:

Vo Vb Yae Yad /0 Vb Vac yad\

p=[ b Too Tbe Toa | Voo 0 e Vbdl

Tea Teb Vee Ved Yo 7eb 0 Ved
Yda Vab  Tde Vad \y W Yo P O/

In the given K, the first variable xq is said to be the true source and thus no regression is run
on it. We can safely set all elements in the fourth row of I" to zeros.
/ 0 yab yac yad\
r=l"a O 7 Tna

yca ycb 0 ycd
0 0 0 0

Provided in K that k(d) < k(b), to find out if X4 has a direct effect on x», we run an adaptive

lasso regression and replace y, , in I with the obtained regression parameter (3, ,). As Xa and

Xc are children of X, we set y, and y,  to zeros in the second row of I'. T now becomes:

0 yab yac Zad
ro[0 0 0 7,
yca ycb 0 ycd

0 0 0 0

We move to the third variable in K, xc. Since k(d) < k(b) < k(c), we are interested in whether
X4 and xp each has a direct effect on xc. We conduct adaptive lasso regressions where X is

regressed on X4 and Xo. The two obtained regression parameters, y_, and 7, replace y , and
V.q IN T At the same time, y_ is set to zero as Xa is a child of xc and will never have a direct

effect to its parent. Now, we renew I to:

0 J)ab yac yad\
po[0 0 0 7,
\O ycb 0 ycd /
0 O 0 0
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At last, the fourth and last variable, Xa, is the child of all the other three observed variables.
Again with adaptive lasso regression, we regress Xa 0n Xd, Xo and xc, from which the obtained

regression parameters (,,, 7,, & 7,.) replace those in I'.

0 _ab Vac Vad
r—[0 0 0 7

0 _cb 0 )7cd

0 O 0 0

Because of regularization in adaptive lasso regression, it is possible that the estimate of either

Vb Vet Taa» Toar 7o, @NA/Or 7, is penalized to zero. After running adaptive lasso regression,

the finalized I" can be permuted in strict lower triangular (Bollen, 1989):

0O 0 0 O
g 0 0 0
)_)cd )_)cb 0 0

\yad yab yac 0 /

Table 1 gives the algorithm overview of ICA-LINGAM. For those who are interested
in the technical details of the algorithm, please visit Appendix 6. ICA-LINGAM inherits
issues of ICA. Even though ICA always achieves global maxima and yields an optimum
solution in separating two unknown sources, it is unreliable when separating more than two
(Comon, 1994). It infers that, for models with more than two observed variables, ICA-
LINGAM does not guarantee to generate the best possible solution but may deduce incorrect

causal orders of variables. In response to the concern, some other LINGAM algorithms

choose not to use ICA in model identification.
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Table 1 Algorithm Overview of ICA-LINGAM

Input: Data matrix

Step 1: Estimate an unmixing matrix with independent component analysis, where the
number of independent components is set to the number of observed variables.

Step 2: Permute the unmixing matrix to the one filled with non-zero diagonal elements.

Step 3: Standardize the permuted unmixing matrix.

Step 4: Obtain the causal order of observed variables.

Step 5: Estimate a matrix of regression coefficients with adaptive lasso regression.

Output: A matrix of regression coefficients between observed variables

2.2.2 DirectLINGAM for Observed Variables

DirectLiNGAM (Shimizu et al., 2011) is a causal discovery algorithm that identifies
LINGAM for observed variables using least square regressions on pairs of observed
variables. DirectLINGAM is a top-down approach in discovering the causal order of
observed variables in the sense that it begins by finding the first variable and ends by finding
the last variable. When one variable is determined, its effect on the rest of the variables is
removed. Once the causal order is complete, it follows with adaptive lasso regressions.
DirectLiINGAM endorses the difference in mutual information as a statistical independence
measure (Hyvérinen, 1998).

Determination of the First Variable. Again, suppose x as a (p x 1) random vector of
observed variables with the corresponding set of observed variable subscripts as U, {1, ...,
p}. Define x" as a (p' x 1) random vector of observed variables which is a duplicate of x (i.e.,
X' := Xx) and define U' = {1, ..., p'} as the respective set of observed variable subscripts. To
complete a causal order of observed variables as K, DirectLiNGAM begins with identifying

which is the cause and which is the effect between a pair of observed variables in X'

47



In a scenario where we desire to find out the cause between two observed variables (x;

a

and x;) in X', we regress x; on x; which gives error term e;”; we regress x; on x; which gives

error term ej(’). According to Shimizu et al. (2011), xj'- is exogenous if and only if x; is
independent of ejm . The implication is that, when the independence between x; and ej(’) IS

greater than the independence between xj'- and el.(]) , it suggests that x; is the true cause, not x]
As independence is not the same as correlation (Darroch & James, 1974), we need an
independence measure to monitor the level of independence which is mutual information
(Hyvérinen, 1998). Mutual information is viewed as the amount of information mutually
shared between two variables in the units of differential entropy. Let the mutual information
between variables x and y be MI(x, y). Surrounding the two regressions about x; and xj the
difference in mutual information (denoted by AMI) can be expressed as:

AMI=MI (x}, ) -MI(x;, &) = H(x) + H (") - (H(x;) T H(eJ@)> (2.11)
where var(u) and H(u) are the variance in and the one-dimensional differential entropy of
variable u. As shown in equation 2.11, AMI is a function of one-dimensional differential
entropies, for the proof of which please see Appendix 5. Since one-dimensional differential

entropy does not have an explicit density function, Hyvarinen (1998) introduces an

approximation:

2

2
H(u) = % (1+1log 2m) -k [E{log cosh(u)}- y)*- k, IE {(u)exp (— %)}l (2.12)

where constants ki =~ 79.047 and k. ~ 7.413 are derived from the Taylor approximation of
logarithmic function; y = 0.375 is the expected value of log cosh in a standardized Gaussian
distribution. In equation 2.12, the first term represents the entropy of the standardized
Gaussian distribution; the second and third terms combined in absolute term are measures of

non-Gaussianity. H(u) achieves its maximum value when variable u is in a perfect Gaussian
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distribution. The sign of AMI indicates which variable between x; and x]T is exogenous. If AMI
> 0 (AMI < 0), the mutual information carried between xj'- and el.(’) is greater (smaller) than that
of x;and ejﬁ) , meaning the level of independence between x]T and el.(/) is lower (higher) than that

of x; and ej(’) . It leads to a conclusion that x; (x;)is the cause.

Up till now, we have considered a pair of observed variables. Given more than two
observed variables in x' (i.e., p' > 2), we have more than one AMIs. Hyvérinen and Smith
(2013) propose a M criterion that gathers multiple AMIs and search the exogenous observed
variable in x'. The M criterion for an observed variable, say, x;, can be expressed as:

!

p
M(x}; U'\Q) = z min{0, AMI}?

j’ii’,j’=1

!

p
- Z min {0, M (x), e”) - Mi(x;, ej(”)}2 (2.13)
jl#i’j'=1
where U"\ i refers to the set of observed variable subscripts (U") excluding subscript i and
“min” is the minimization function. The possible range of the M criterion is from zero to
positive infinite. To ease the interpretation of the M criterion, we removed the constant of

negative one at the front from the original equation in Hyvarinen and Smith (2013). If the M
criterion approaches positive infinite, it means that, when x; is paired against each of the x,
the respective AMI is greater than zero at all times and x; is always the cause of x] Asa
result, x; is regarded as the exogenous variable in x'. On the contrary, the more the M criterion
approaches zero, the more likely the AMI is smaller than zero and the less likely x; is the
exogenous variable in x'. Of observed variable in X', one with the maximum M criterion, say
x,,, qualifies for the first variable.

Removing the Effect of the First Observed Variable from the Rest. Let x,, in X' be

the first variable from the M criterion. We let K be an empty list (i.e., K := @). The variable
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subscript of x,,, m, enters the tail of K. Before searching for the next (second) variable in the
causal order, it is essential to isolate the unwanted effect of x,, from the rest of observed

variables in x'. One way is to run least squares regressions of x,, onx; (i=1,2, ..., p' for all i

(m).

i

# m) and retrieves the error term as e

(m) _ ’ —_ !
€ TX- yimxm

where y. is the estimate of the regression coefficient of x; on x,,. According to Lemma 2 in

Shimizu et al. (2011), if one substitutes ef’") for x;, a LINGAM still holds. With the lemma,

(m)

we can safely use e;"” as a replacement for x; which is not under the influence of x,,.

Collating multiple ef’") from the least squares regressions gives a [(p' — 1) x 1] random vector

of error terms as e™:

T
em= (e, e e )

vieor €y Epi s €
We redefine x" as e and exclude any variable subscript in K from U' (i.e., U' :== U'\ K). As
long as the number of variable subscripts in U is greater than one, DirectLINGAM continues
searching the first variable in x". If the number of variable subscripts in U" is reduced to one,
the remaining subscript would enter the tail of K. K is now complete as the causal order of
observed variables. Table 2 gives an overview about the algorithm of DirectLINGAM and
Appendix 7 provides the technical details of DirectLINGAM.

Taking the four-variable case as an example, we begin with an empty list K and a set
of variable subscript U' = {a, b, ¢, d}. Let us say the M criterion indicates that X4 is the
exogenous variable, with which we update K and U':

K: k(d); U'={a, b, c}
Since the causal order of xq has been determined, it will no longer be included in the M

criterion. The mission of M criterion is now changed to finding out the exogenous variable
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between xa, Xpb and X (but not xq4). Assuming X is detected as the exogenous variable between
Xa, Xb and xc, we have K and U’ updated the second time:
K: k(d) <k(b); U ={a, c}
The pool of observed variables for M criterion is once again reduced to between X, and xc.
Assuming Xc is detected as the exogenous variable between the two, we have K and U’
updated the third time:
K: k(d) < k(b) < k(c); U' = {a}
Since one variable subscript remains in U', it is pointless to search for any exogenous variable
with the M criterion. Simply we insert the remaining subscript “a” from U’ to the tail of list
K:
K: k(d) < k(b) < k(c) < k(a); U' =@ (i.e., empty)
Having a complete list of causal orders as K been obtained, DirectLiINGAM moves on to

adaptive lasso regression which results in a matrix of regression coefficients as I.
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Table 2 Algorithm Overview of DirectLiINGAM

Input: Data matrix

Step 1: Set a list of observed variables as U and set an empty list as K. Repeat
Step 1.1: Determine the first observed variable of list U, based on the values of
mutual information. First variable is defined as the one with no parent.
Step 1.2: Remove the effect of the first observed variable from the rest of
observed variables on list U with least squares regressions.
Step 1.3: Drop the first observed variable from list U and add it to the end of list
K.
Step 1.4: If list U has only one observed variable, break and add the remaining
observed variable to list K. List K is complete as the causal order of observed
variables.

Step 2: Estimate a matrix of regression coefficients with adaptive lasso regression.

Output: A matrix of regression coefficients between observed variables

2.2.3 ParceLiINGAM for Observed Variables

ParceLINGAM (Tashiro et al., 2014) is an observed-variable causal discovery
algorithm. While DirectLINGAM is taking a top-down approach, ParceLINGAM is a bottom-
up approach in the way that it begins searching for the last variable, the second last variable,
back to the first variable at the end. It had been first developed to discover the causal order of
observed variables in LINGAM with latent confounding variables (Hoyer et al., 2008). Yet
this thesis will focus on the use of ParceLINGAM in discovering the causal order of variable
in standard LINGAM without latent confounding variables involved.

As usual, suppose x as a (p x 1) random vector of observed variables and U = {1,
2, ..., p} as the respective set of observed variable subscripts; let K as an empty list of the

causal order of observed variables (i.e., K := @). We define x" as a (p' x 1) random vector of
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observed variables which is a duplicate of x (i.e., X' :== Xx), and define U'={1, ..., p'} as the
corresponding set of observed variable subscripts. Consider a linear regression model that an

observed variable, say X', is regressed on the rest of the observed variables in x":

where yjj is the parameter that x; is regressed on the other observed variable x]f; el.('i) is the
error term. For the simplicity’s sake, we let x'(_,) be a [(p'—1) x 1] vector of observed
variables which is x* excluding x;. Tashiro and colleagues (2014) articulate that x; is the last

observed variable if and only if x'(_l.) is independent of el.("i). As far as p' is greater than two,

x'(_l-) is a vector and thus testing for the independence between x'(_l) and ef"i) involves multiple

(-1

pairwise independence tests, one xj'- from x'(_l.) against ¢, at a time. An independence

measure introduced earlier, mutual information, is not applicable in this case since mutual
information in forms of one-dimensional differential entropies can only deal with one
regressor and one error term.

To handle multiple regressors, ParceLINGAM endorses Hilbert-Schmidt
independence criterion (HSIC) with the Fisher’s (1932) probability combination method (see
Entner & Hoyer, 2011) as the independence measure. HSIC (Gretton et al., 2005, 2007) is a
kernel method often used in machine learning that maps data from the (lower-dimensional)
input space to the (higher-dimensional) reproducing kernel Hilbert space. The mathematical
operation of HSIC is way too technical and beyond the scope of this thesis. We will solely
touch on its surface below. Assume two variables, u and v. Let U be an input space of which
u is an element (i.e., u € U) and F be a reproducing kernel Hilbert space with respect to U.
Let ¢ be a kernel function (or feature mapping) that maps u from U to F (¢: U — F) such that

#(u) is an element of F (i.e., #(u) € F). Let V be an input space of which v is an element (i.e.,
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v € V) and G be a reproducing kernel Hilbert space with respect to V. Let ¢ be a kernel
function that maps v from V to G (p: V — G) such that ¢(v) is an element of G (i.e., p(v) €
G). The cross-covariance operator between ¢ and ¢ (denoted by cov(¢, ¢)) is expressed as:
cov(¢, ) = E{[$()- E(4())|®[¢ ()~ E(p(M) ]} (2.15)
where @ denotes the Kronecker product. The square of the Hilbert-Schmidt norm of the

cross-covariance operator is the definition of HSIC:

HSIC(u, )= || cov(g. 9) | HS)2 (2.16)

where P(u, v) denotes the joint probability distribution of variables u and v; « || . || L is the

operator of the Hilbert-Schmidt norm. The decision rule is that, if the value of HSIC(u, v) is
not statistically different from zero as evidenced by the p-value (i.e., prsic(u, v)) greater than
the alpha level of 0.05, it suggests that u is not dependent on v.

Given multiple xj’ in x}_l), we undergo multiple pairwise independence tests using

HSIC against ef“'), resulting in multiple p-values of HSIC. Since these probability values are
in a uniform distribution, Fisher’s method is a proper strategy to combine the probability
values (Kost & McDermott, 2002). Fisher’s method is to aggregate multiple p-values to a

joint independence measure between x}_i) and ef’i):

p -1
Xfisic+Fisher (Xf—i):elg_i)) =-2 Z log[pHSIC (X}{'e'g_i))] (2.17)
=1

The statistic follows a chi-square distribution, with the degrees of freedom equal to [2 x (p’—

1)] and the p-value as prsic+Fisher. The null hypothesis is that ei(_[) is independent of every xj’ in
xg_l). According to Tashiro et al. (2014), for an observed variable x'm that has the greatest-

possible prsic+Fisner, it implies x,_;, and e5," have the lowest-possible likelihood to be
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dependent, suggesting that x,, qualifies for the last variable in x’. Mathematically, x,, is

defined as:
' ' 1(=1)

X = Arg MaX Pysic+Fisher (X(—i)'e P ) (2.18)
where “max” is the maximization function that selects a x, with the highest prsic-risher from
x’. Once the x,, is located, its subscript, m, enters the head of K. After that, we update x’ as
x}_m) and exclude any subscript in K from U’ (i.e., U’ := U \ K). Should the length of U’ be

greater than one, ParceLINGAM continues searching the next (second) last variable in x’. If
the length of U’ equals one, the remaining subscript in U is placed to the head of K. K is now
complete as the causal order of variables. Table 3 shows the overview of how the algorithm
of ParceLINGAM operates and Appendix 8 provides the technical details.

Taking as an example the four-variable case (xa, Xb, Xc and Xq4) we repeatedly used, we
start off with an empty list as K and a set of variable subscript U' = {a, b, ¢, d}. Let us say
HSIC points out X, is the last variable among the four. We update K and U' accordingly:

K: k(a); U' = {b, c, d}
We run the HSIC over again without taking xa into account, since the position of the causal
order of xa has been identified. This time, HSIC indicates that x. is the last variable between
Xb, Xc and xq. Thus, K and U' are revised to:
K: k(c) <k(@); U' ={b, d}
For the rest of the observed variables whose position in the causal order is yet to locate (xp &
Xd), we run the independence test whose results show xs is the last variable. Now, K and U
become:
K: k(b) < k(c) < k(a); U' = {d}
ParceLINGAM will cease to proceed due to one subscript remaining in U'. We complete K by
adding that subscript to the head of K.
K: k(d) <k(b) < k(c) <k(@);U' =0
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Table 3 Algorithm Overview of ParceLINGAM

Input: Data matrix

Step 1: Set a list of observed variables as U and set an empty list as K. Repeat
Step 1.1: Determine the last observed variable of list U, based on Hilbert-
Schmidt independence criterion test statistics. Last variable is defined as the one
with no child.
Step 1.2: Drop the last observed variable from list U and add it to the top of list
K.
Step 1.3: If list U has only one observed variable, break and add the remaining
observed variable from list U to the top of list K. List K is complete as the causal
order of observed variables.

Step 2: Estimate a matrix of regression coefficients with adaptive lasso regression.

Output: A matrix of regression coefficients between observed variables
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Chapter 3: Present Study
3.1 Adapting LINGAM to Latent VVariable Models

Chapter 2 revisited the existing method for observed-variable causal discovery. The
non-Gaussian approach is preferred to the Gaussian approach in the sense that the former
approach generates one DAG as output, instead of multiple. This chapter is to develop a non-
Gaussian causal discovery method for latent variables. In social sciences and psychology,
many phenomena take places under the influence of implicit and unobserved entities. Latent-
variable models are vital in encapsulating the abstraction of constructs which are not directly
observable (Bollen, 2002). We extend LINGAM and introduce the linear non-Gaussian
acyclic model for latent variables (LINGAM-LV) for latent-variable causal discovery,
provided that the measurement model has been correctly specified by users (Anderson &
Gerbing, 1988). As an extension of LINGAM, LINGAM-LYV inherits from the four
properties: linearity, non-Gaussianity, directedness and acyclicity. As with LINGAM for
observed variables, LINGAM-LV observes CMC but not CFC. It means that, if a set of
factors as X and the other set of factors as Y are d-separated by a set of factors as Z, they are
independent conditional on Z. If X and Y are not d-separated, LINGAM-LV will test for their
independence without assuming that X and Y are dependent.

In the adaptation of LINGAM to structural equation models, we have to keep in mind
their differences which we summarize into two points. First, in LINGAM-LV, the structural
coefficient matrix as B can be permuted in strict lower triangularity and the relationships
between latent variables are unidirectional. In structural equation models, the relationship
between latent variables can be as either unidirectional or non-directional. Second, in
LINGAM-LV, residuals in the structural equations () and measurement errors in the
measurement equations (&) are assumed in multivariate non-Gaussian distributions (Shimizu

et al., 2009). In structural equation models, they are assumed in multivariate normal
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distributions. We will propose and describe the three LINGAM algorithms (ICA-LINGAM,
DirectLINGAM & ParceLINGAM) that operate in the context of latent-variable models in the
following.
3.2 ICA-LINGAM for Latent Variables
ICA-LINGAM for latent variables (ICA-LINGAM-LV) uses ICA with additive errors
to find out the causal order of the latent variables. We will describe the algorithm of ICA-
LINGAM-LV in four steps: i) identifying LINGAM-LV using ICA with additive errors, ii)
permutating unmixing matrix to strict lower triangularity, iii) generating causal order, and iv)
running regularized structural equation modelling.
3.2.1 Step 1: Identification of LINGAM for Latent Variables using ICA with Additive
Errors
From equation 1.2, the expression of the structural equations can be reduced to:
n=>0-B)"¢ (3.1)
Putting the reduced form of the structural equations (equation 3.1) into the measurement
equations (see equation 1.2), one obtains:
x=A(I-B)'{+¢ (3.2)
Standard ICA model does not take into account the error of measurement (€). We require a
variant known as ICA model with additive errors (Shimizu et al., 2009), also known as the
noisy ICA model. Suppose s is a (h x 1) random vector of independent components. The
definition of the ICA model with additive errors is:

X=Aj,ste (3.3)
where Aica is @ (p X h) mixing matrix and e is a (p x 1) random vector of additive errors.
When p is large, ICA model with additive errors is computationally demanding. As a remedy,
Shimizu and colleagues (2009) suggest a substitute which combines principal component

analysis (PCA) with a standard ICA using a “FastICA” algorithm (Hyvarinen, 1999). If the
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data is incomplete, iterative PCA (Josse & Husson, 2012; Josse & Husson, 2016) as an
imputation method is performed prior to ICA with additive errors. Iterative PCA is
compatible with non-zero correlations between variables and does not demand the
assumption of multivariate Gaussian distribution (Dray & Josse, 2015).

To identify a LINGAM-LV using ICA with additive errors, we have to set the number
of independent components to be equal to the number of latent variables (i.e., h = q). It is
apparent that equation 3.2 matches the definition of an ICA model with additive errors, with
the relation about Aica:

A, =A0-B)"! (3.4)
Under the equality constraint that h = g, Aica IS @ non-squared mixing matrix wherein the row

is not on par with the column (p+q). The unmixing matrix as Wica no longer defined as the
inverse of Aic. but:

Wi = (ATAk) " (ATA) (3.5)
By doing so, Wica is corrected to be a (h x q) squared matrix which is helpful in causal
determination. As in the standard ICA model, the solution from ICA model with additive
errors is vulnerable to permutation and scaling indeterminacies. A consequence brought by

the two indeterminacies is that, of Wic,, the sequence of latent variables in the row is arbitrary

but the sequence in the column is known and follows n. To illustrate, let us say a n be:

n=0r,n1.1,)"
and the known sequence of latent variables is {a, b, ¢, d}. Because of the permutation
indeterminacy, the sequence of latent variables in the row of Wica is unknown. It can be either
{b, a, d, c}, {d, c, b, a} or others. It is very likely that the row of Wica does not correspond to

the column.
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With the assistance of equation 2.7 (i.e., Wi, = PDW'ica), we can stave off two
indeterminacies from Wic.. The resultant Wy, is a (q x q) permutated unmixing matrix in
which the sequence of latent variables in its row corresponds to the sequence of latent
variables in its column. The ICA-estimated matrix about the connection strength for latent

variables as Bica can be obtained by:

B =1- Wy, (3.6)
Next step is to permute the Bica in strict lower triangularity. That makes sure that the solution
from ICA with additive errors meets acyclicity which is a property of LINGAM.
3.2.2 Step 2: Permutation of Unmixing Matrix to Strict Lower Triangularity
The second step is to permute the Bica from the first step to strict lower triangularity
such that the permuted matrix suits the definition of B in LINGAM for latent variables.
Substitute Bica into Iica in equation 2.9, we have the mathematical expression of permuting

Bica to a strictly lower triangular matrix:

ﬁica = FPBicaﬁT (37)

where P denotes a (q x q) permutation matrix. The resultant unmixing matrix B, is a (q x q)
unmixing matrix in strict lower triangularity. With q > 2, we take a method by Shimizu et al.
(2011) that approximates the permutation of Bic, to alleviate the computation process. In the
method, we replace Tica With Bicaand replace p with g. After the permutation, the causal
order of latent variables is known which can be presented using a list as K.

As stated earlier, ICA manages to separate two sources correctly but not more than
two, as it struggles with the local maximum as opposed to the global maximum (Himberg et
al., 2004). To reduce the odds of being stuck at suboptimal local maximum, ICA-LINGAM-
LV runs ICA with additive errors multiple times. At each time, ICA generates randomly a
new set of starting values which could make ICA-LINGAM-LV deducing K differently. With

multiple Ks gathered, we compare and select the K with the greatest frequency as the final. If
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a tie occurs, the algorithm generates additional Ks, until the point at which the most frequent
K can be located. All in all, one complete causal order of latent variables is resulted.
3.2.3 Step 3: Regularized Structural Equation Modelling

The causal order infers that latent variables at the earlier positions are the ancestors of
those at the later positions. Yet, the causal order does not tell how directed edges connect
between latent variables. That is, just because a latent variable #i is ahead of the other latent
variable #; in the causal order (i.e., k(i) < k(j)) does not necessarily implies that #i extends a
pathway to #;. To find out the causal relationship between latent variables under the guidance
of their causal order obtained from Step 2, LINGAM-LYV algorithms undergoes regularized
structural equation modelling (RegSEM).

RegSEM (Jacobucci et al., 2016) is the integration of a standard structural equation
modelling which involves a statistical technique called regularization. Regularization
(shrinkage or penalization) is a method that makes use of some cost functions to
incrementally penalize the size of some model parameters in an iterative manner, leading to a
relatively more parsimonious models to ease result interpretation. However, overly penalizing
the size of model parameters can cause model misfit. RegSEM aims at striving a balance
between model parsimoniousness and model fit with information criteria (e.g., BIC) and fit
indices (e.g., RMSEA) to monitor the change in model parsimoniousness and model fit. The
major advantage of RegSEM over a standard SEM is the increased flexibility in lowering
model complexity and simultaneously avoid poorly fitted models (Jacobucci et al., 2016).

The cost function of RegSEM (denoted by Fregsem) is:

FRregsem = Famr + 4P () (3.8)
where Fme denotes the fit function of maximum likelihood estimation, 4 denotes the
regularization parameter (or penalty) ranging from zero to positive infinity, and “P(.)”

denotes a function of aggregating model parameters which changes with various

61



regularization methods, such as lasso (Tibshirani, 1996) and adaptive lasso (Zou, 2006). The

definition of FmL is:
Fyp=log[=(0)] +1r (S x =7 (6)) - log|S| - p (3.9)

where 0 is a set of model parameters, X(0) is the model-implied covariance matrix, and S is
the sample covariance matrix. When 4 is set to zero, Fregsem = FmL. RegSEM s
implementable in a R package called “regsem” (Jacobucci et al., 2021). Due to its
computational complexity, standard errors of parameters are not available (Liang &
Jacobucci, 2020).

With the complete causal order of latent variables as K, ICA-LINGAM-LV harnesses
RegSEM to detect causal relationships between the latent variables. In the following we will
demonstrate how ICA-LINGAM-LV operates with RegSEM. Suppose x =

(Xa1X02X3 X0 1 Xb2:Xb3 X1 Xe2-Xe3.Xd1 Xaz-Xq3) | IS & vector of 12 observed variables and

T. . .
n= (’7a”7b”7c»’7 d) is a vector of four latent variables; The measurement model is a four-factor

model wherein 7, is loaded on three observed indicators, Xa1, Xa2 and Xa3; 7 is loaded on Xpa,
Xb2 and Xp3; 77¢ is loaded on Xc1, Xc2 and Xc3; 74 is loaded on xqd1, Xd2 and xgs. In the path model,
nd 1s an exogenous latent variable which has a direct effect on #q and on #c; 7 has a direct
effect on #¢; and 7. has a direct effect on #a (The path diagram is the same as shown in Figure
7a, except for the observed variables are replaced with the latent variables). The causal order
is thereby K: k(d) < k(b) < k(c) < k(a). We substantiate B = {b,j} as a (4 x 4) null matrix for all
I,j=(a, b, c, d). As latent variables cannot have a direct effect upon themselves, we set the

diagonal elements in B to zeros:

baa bab bac bad 0 bab bac bad
g=|bpa bob Doc Dboa|_[bba O bpc Dua

bca bcb bcc bcd bca bcb 0 bcd

bga bap bdc bag bga bap bac O
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nd is identified as the first variable amongst the four. It has no reason to regress 74 on any
other variables and thereby we set all elements in the fourth row to zeros, after which B looks
like:

0 bab bac bad
bpa 0 by bpg
bca bcb 0 bcd

0 0 0 0

B =

Next, since k(d) < k(b), we are to test the presence of the causal effect of 74 on 7y, we
construct a latent-variable model where the measurement model has two common factors, 74
and 7y, along with the corresponding observed indicators (i.e., Xd1, Xd2, Xd3, Xb1, Xo2 & Xp3). In
the path model, 4 has a direct effect on 7 and the estimate of the structural parameter by
RegSEM is denoted by by, which may or may not be penalized to zero. Since neither 5a nor

nc are in the model, we set bga and bgc to zeros. B is updated to:

0 bab bc bad

a
B=| 0 0 0 by
bca bcb 0 bcd

0 0 0 0

Moving on to the third variable, 7, since k(d) < k(b) < k(c), we are intrigued in whether 7 is
regressed on #p and #q. This time, we construct a new latent-variable model. The
measurement model has three common factors (¢, 74 & #p) and nine corresponding observed
indicators (Xc1, Xc2, Xc3, Xd1, Xd2, Xd3, Xb1, Xb2 & Xb3). In the path model, #4 and #» each has a
direct effect on #c, whose structural coefficients estimated by RegSEM are denoted by b4
and b, respectively. No pathway is specified between 74 and 7 here. Since #, is absent from

the model, we set be, to zero. Thus B becomes:

0 bab bac l_’ad
g=|0 0 0 by
0 by O by
0 O 0 0

na as the last variable is regressed on #b, 7c and #4. Once again, we construct a new latent-

variable model. This time, the measurement model has all four common factors and all 12
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observed indicators where the four factors are loaded onto their corresponding observed
indicators. In the path model, 74, 7o and 7. each has a direct effect on #a, whose structural

coefficients estimated by RegSEM are denoted b,4, b,;, and b,., respectively. B now looks

like:
0 Eab Bac l}ad
B0 0 0 by
0 by, O  beg
0 O 0 0

As far, we have performed three rounds of RegSEM. In each round, only one latent variable
was set as an endogenous latent variable and RegSEM selectively penalizes those structural
coefficients in the same row of B. To allow RegSEM for simultaneously penalizing six
structural coefficients present in B, we undergo one more RegSEM. In the specification of the
latent-variable model for the final round of RegSEM, the measurement model is a four-factor
model that contains all four common factors and all 12 observed indicators, with the four
factors being loaded onto the corresponding observed indicators. The specification of the path
model follow what B describes. That is, 74 extends one pathway to 7, and one pathway to 7c;
np extend a pathway to 7c; 7 extends a pathway to 7q. No covariance is allowed between
latent variables here. In doing so, we allow RegSEM to penalize all six structural coefficients
(Bods Ded, Depys Pags Pap, & b,.) in the same model. The finalized B is the output of ICA-

LINGAM-LV which is in strict lower triangular (Bollen, 1989) for one can easily permute the

finalized B to:
0 0 0 0
o bpa 0 0 0
bcd bcb 0 0
bad bab bac 0

The overview about the algorithm ICA-LINGAM-LYV is shown in Table 4 and the technical

detail is present in Appendix 9.
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Table 4 Algorithm Overview of ICA-LINGAM-LV

Input: Data matrix and factor loading matrix from factor-analysis model
Step 1: Repeat N times to accumulate a total of N causal orders of latent variables.
Step 1.1: Estimate an unmixing matrix with independent component analysis with
additive errors, where the number of independent components is set to the number
of latent variables.
Step 1.2: Permute the unmixing matrix to the one filled with non-zero diagonal
elements.
Step 1.3: Standardize the permuted unmixing matrix.
Step 1.4: Obtain the causal order of latent variables.
Step 2: Select a causal order of all with the highest frequency. If a tie happens, repeat
Step 1.
Step 3: Estimate a matrix of structural coefficients between latent variables with
regularized structural equation modelling.

Output: A matrix of structural coefficients between latent variables

3.3 DirectLINGAM for Latent Variables

DirectLiINGAM for latent variables (DirectLiINGAM-LV) is an estimation method
that identifies a LINGAM for latent variables. DirectLINGAM-LV relies on the differences in
mutual information as an independence measure to determine the causal order of latent
variables from top down. Once the causal order of the latent variables is complete,
DirectLINGAM-LV ends with regularized structural equation modelling to discover the
structural coefficient matrix.
3.3.1 Factor Score Approximation

The original DirectLINGAM makes use of mutual information as an independence

measure to sort out the causal order of observed variables. The computation of mutual
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information requires the true scores on the observed variables. Yet we encountered a
challenge when applying DirectLINGAM to latent-variable models since the scores on latent
variables are not observable.

As a solution, we use factor scores to approximate the true scores on latent variables.
Factor scores are the regression estimates of the true scores on the latent variables which can
be calculated through various approaches. This thesis will look at three approaches which are

Thurstone (1937), Bartlett (1937) and ten Berge et al. (1976), in chronological order. Let f=

T
( 1> fq) as a (q x 1) random vector of factor scores on the latent variables (and

T
n= (771,. s 77q) is the vector of the true scores on the latent variables). f approximated by

Thurstone / Bartlett / ten Berge et al. are dubbed as £ 7112 119 The respective expressions

are:
) = (A®)TX 'x (3.10)
14T
@-[A(ATU2A) ] £x (3.11)
InNT
3= (cqﬁ) T x (3.12)
where X is a (p x p) covariance-variance matrix of observed variables, and
U” =1-diag(A®A") (3.13)
U2 =di (1) di < : ) (3.14)
=dlag|— ) —aa .
202 S\ diag(A®A")
1 A
C=Xx72L(L"ZL) 2 (3.15)
1
L=A®2 (3.16)

Grice (2001) reviews various factor-score approximation approaches and concludes that the

three approaches each has their own strength. Neither of the three wholly outperform the
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others but are equally promising. Therefore, the three approaches will be used to approximate
factor scores in DirectLINGAM-LV.

The usage of factor scores comes with caution. Factor-score indeterminacy is the fact
that the scores on the common factors and the scores on the unique factors (or measurement
errors) cannot be uniquely determined solely by the observed variables (McDonald &
Mulaik, 1979). Although factor analysis (e.g., CFA) offers a solution to the measurement
model, it is not sufficient to uniquely identify the latent variables as well as the measurement
errors (Mulaik, 2005). In theory, one can construct an infinite set of scores on the latent
variables that behave just like what the solution of the factor-analysis model (e.g., A, @, €)
describes. Factor-score regression has been under criticism (Estabrook & Neale, 2013) for the
factor-score estimated structural parameters can be biased (e.g., Hayes & Usami, 2020).
Therefore, factor scores are not involved in estimating the causal relationships between latent
variables. They will be used to determine the causal order of latent variables only in
DirectLINGAM-LV.

3.3.2 Determine the First Latent Variable in Causal Order

1 ) J) T - -
Define f = (fl, fq) asa (q' x 1) random vector of factor scores which is a

duplicate of f (i.e., f* := f). As will be discussed in the following, the number of factor scores
in * will decrease in the iterative process when more latent variables have their positions
being identified in the causal order of the latent variables. To preserve f, we duplicate f and

name it as f'. From now on, any changes will be applied to the duplicated f".
Between two factor scores (fl andj;.’) in >, we wish to locate which is the cause. By running

a

factor-score regressions between the two, we obtain an error term e;” corresponding to f, and

an error term ej@ corresponding toﬁ. From Shimizu et al. (2011), it is proved that a fi' is said

to be exogenous if the fi' is independent of e]@. They further suggest that, if the independence
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@

between f;i' and e 0

is greater than that of fj' and e/) , fi' is regarded as the cause between the

two As in DirectLINGAM, the independence is quantified with mutual information (Ml;

Hyvarinen, 1998). MI between fi' and e]@ is denoted by MI(f;, ejm). The difference between
MI(f;, ej(’)) and MI (f]‘ e?)) is indicative of which is the cause between /; and ];

— 0 CoD) = ' ) ' ®
AMI = MI (];., ¢! )—MI(fi, ¢! ) —H(];) +H(e[ )— H(f) —H(ej ) (3.17)
where H(u) denotes the one-dimensional differential entropy of variable u. The interpretation

of AMI is as follows. If AMI > 0, it infers that the level of independence betweenfl'. and ej@ is
greater than that that between];'. and el@, leading to a conclusion thatfl'. is the cause. If AMI <

0, we draw an opposite conclusion thatj;'. is the cause. In short, AMI is suggestive of which is

the cause between two factor scores.

To search the first variable from all, DirectLINGAM-LV conducts pairwise

comparison of a variablef; against every other variablejj'. in f*, resulting in multiple AMIs. M

criterion for af;. that collates multiple AMIs can be expressed as (Hyvérinen & Smith, 2013):

!

q
M(f{; U\i) = Z min(0, AMI)?

jEL=1

!

q

= > min (o, MI(f,e) - mi(fy, ej(”))2 (3.18)

j#i,j=1
where U' is a set of g' latent-variable subscripts from f'; U'/i represents q' — 1 subscripts in U’
excluding i. “min” is the minimization function. The possible range of M criterion is from

zero to positive infinite. If the M criterion for fi' becomes positively infinite, AMIs are always
larger than zero and the level of independence between f, and ejw is consistently greater than

)

the level of independence between ]: and e;”, meaning fl is always the cause. It concludes that
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the corresponding latent variable #i is likely an exogenous latent variable. If the M criterion

forﬁ comes close to zero, it implies that AMIs are not always at positive values andﬁ is less

likely to be the cause off; between the pair, leading to a conclusion that the corresponding

latent variable #i is less likely an exogenous latent variable.
3.3.3 Remove the Effect of the First Latent Variable from the Rest

From f*, let us say a factor score is found to have the greatest possible value of M
criterion which we denote as f;n. f;n is viewed as the exogenous variable in f'. We substantiate
an empty list as K to keep track of the causal order of the latent variables in n (i.e., K :== @).
The subscript of f}'n, which is “m”, enters the tail of K, indicating that #m holds the first
position in the causal order. Prior to searching for the second latent variable in the causal
order, it is necessary to remove the undesirable effect of f}’n from all other factor scores in f'.

To do so, we run least square regressions off;n on every otherfl'. inf' (i=1,...,q foralli#

(m) :

m) in which we retrieve the error term as e;
( ) . I} _ 1
el'm _f;' - yimfm

where 7, is the estimate of the regression coefficient of £, on . . Shimizu et al. (2011) in their

(m)

i

captures the essence of fl without being influenced by f;n. ef

Lemma 2 state that e ™ js a
preferable score representing fl based on which one continues to search for the second latent
variable coming after #m in the causal order. Collating a total of g' — 1 error terms from the

least square regressions constitutes a ' — 1 random vector as e:

T
elm = (eEM) olm o (m e({n))

soves Cppls G2 e 0 €
f'is redefined as e™ and we exclude the latent variable subscript “m” from U’ (i.e., U' == U"\

m). So the number of subscripts in U" is now reduced by 1.
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As far as the number of subscripts in U" is greater than 1, DirectLINGAM-LV continues
searching the exogenous latent variable with the redefined f'. If the number of subscripts in
U’ equates to 1, the remaining latent variable subscript goes to the tail of K. K is completed
that represents the causal order of the latent variables in . With the completed K,
DirectLINGAM-LYV ends with running a series of RegSEM and discovers the causal
relationship between latent variables which can be presented with a structural coefficient
matrix in strict lower triangular. Table 5 is the overview of DirectLINGAM-LV and
Appendix 10 shows the technical details.

To illustrate how DirectLINGAM-LV manages to determine the causal order of latent
: o T .. . T
variables, imagine we have an = (77,,n,.n1,.7,) Which is approximated by = (., /. f..f,) -

Define f' :=f, with U' = {a, b, ¢, d} as a set of the latent variable subscripts. We start off with
an empty list as K. Amongst the four factor scores in f', it has shown that:

max (M(fa’ U'\a), M(]i; U\b), M(f;; U\c), M(fd; U\d)) ZM(de; U\d)
an indication that #q is the exogenous latent variable. With such information, we update K
and U’ by adding the latent variable subscript “d” to the end of K and removing “d” from U":

K: k(d); U'={a, b, c}

With the position of #q in the causal order being determined, we conduct least square
regressions of #a, of 7 and of ¢ on 54. From each of the three regressions, we obtain three

error terms, egd), eﬁd) and egd), respectively, and collate them to form a (3 x 1) vector of error

1 T
terms as f = (efid), eid), eﬁd))

which is isolated from the effect off'd. In the newly defined f', we
have:

max (M(egd); U \a), M(e(d); U \b), M(egd); U \c)) = M| (egd); U \b)
a sign that #» is the second latent variable in the causal order. Thus, we can update K and U’

to:
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K: k(d) <k(b); U ={a, c}
Then, we run least squares regressions of e ) and of e(d) on eﬁd) and obtain two error terms,

¢ and Y. f is once again redefined to f = (e(Gl ) (db)) which is not under the influence

(5 is found to be the

of e]gd) In f that has been redefined the second time, the M criterion of e,
greatest and thus 7. is the third latent variable in the causal order, with which we renew
update K and U’ to:
K: k(d) < k(b) < k(c); U' = {a}
Since we have only one subscript remaining in U', that subscript “a” will insert to the tail of
K, leaving U" in barrel.
K: k(d) <k(b) <k(c) <k(@);U' =0

It results in K as a causal order of the four latent variables.
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Table 5 Algorithm Overview of DirectLINGAM-LV

Input: Data matrix, factor loading matrix and factor covariance matrix from factor-
analysis model
Step 1: Set a list of latent variables as U and set an empty list as K. Compute the factor
scores on latent variables and replace the true scores on latent variables with
their factor scores. Repeat
Step 1.1: Determine the first latent variable of list U, based on the mutual
information. First variable is defined as the one with no parent.
Step 1.2: Remove the effect of the first latent variable from the rest of latent
variables on list U with least squares regressions.
Step 1.3: Drop the first latent variable from list U and add it to the end of list K.
Step 1.4: If list U has only one latent variable, break and add the remaining
latent variable to the end of list K. List K is complete as the causal order of latent
variables.
Step 2: Discard the factor scores. Estimate a matrix of structural coefficients between
latent variables with regularized structural equation modelling.

Output: A matrix of structural coefficients between latent variables

3.4 ParceLiINGAM for Latent Variables

ParceLINGAM for latent variables (ParceLINGAM-LV) is the third algorithm this
thesis introduces that identifies LINGAM for latent variables. ParceLINGAM-LV uses HSIC
(Gretton et al., 2005; Gretton et al., 2007) with the Fisher (1932)’s probability combination
method as an independence measure to determine the causal order of latent variables from
bottom up. As with DirectLiINGAM-LV, ParceLINGAM-LYV also requires the factor scores

for the independence measure.
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Suppose n = (;11..., nq)T is a (q x 1) vector of latent variables and f=( 1fq)T isa
vector of the corresponding factor scores, with U = {1,..., g} as a set of the latent-variable
subscripts. Let K be an empty list. To preserve f in the repeated iteration, we duplicate f as f',
with U' = {1,..., q'}. In ', the relationship of af; with other factor scores can be described

with a linear regression model:
q'-1
f = Z yiifi + eV (3.19)
JEUF\K,i#j
for all i € U', where y_. is the regression coefficient off. onf. forall je U',i #j; and s
ij i J !

the error term. In equation 3.19, we can express the regressors with a vector of

, , , , AT
= (f =fl1=fl+1=fq) . Tashiro et al. (2014) prove that a variable is considered the last

variable in the causal order if and only if its regressors are independent of the error term.
Referring to equation 3.19, we make an approximation that a latent variable #; is viewed as
the last latent variable if and only the regressors of its factor score f, (denoted by f'(_,)) are
independent of ¢/ . Since the number of the regressors can be more than one,
ParceLINGAM-LV runs multiple independence tests of HSIC (Gretton et al., 2005, 2007). At

each time, it tests for the independence between one of the]§ in f'(_l, and ef”’. The HSIC
between a ]; and ¢! is denoted by HSIC (] el ) whose p-value is pHSIC(]j, ¢[™). As long as
we have more than one ]: in f}_,-), ParceLINGAM-LYV uses Fisher’s (1932) probability

combination method to gather the p-values of HSIC. HSIC in association with Fisher’s

method forms a joint independence measure which is expressed as:

q'-1

Xﬁ51c+Fisher(fE—i)'ei(_l)):_2 Z log[pHSIC(fj,'ei(_l))] (3.20)
jelpiz
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The HSIC test statistic with Fisher’s method (denoted by xZ;c+gisher) IS IN a chi-square
distribution, with the degrees of freedom equal to [2 x (q' — 1)]. The respective p-value is
presented as prsic+Fisher. IN its null hypothesis, ef") is independent of every factor score in
f'(_,-). Tashiro et al. (2014) introduce a way to interpret pusic+risner. FOr @ variable with the

greatest-possible prsic+risher, it Suggests the least likelihood that its set of regressors are

dependent on the error term. The concerned variable is said to be the last variable in the

causal order. In our case, if a factor score f;n has the greatest prsic+Fisher in f', it means f'(_m) is

of the least probability to be dependent on e,(,;’"), yielding a conclusion that the corresponding

nm is the last latent variable in the causal order.f;n can be located through:

fm = arg iéll}?{(K pHSIC+Fisher(f(,—i)' ei(_l)) (3.:21)

With fn . being identified, the subscript “m” enters the head of K. Then, we update f' to be f'(_m)

(e, f:= f'(_m)) and remove the subscript “m” from U'. If the number of latent-variable
subscripts in U' exceeds one, ParceLINGAM-LV continues searching the second last variable
in f'. Should the number of latent-variable subscripts in U" equal one, the remaining subscript
in U" goes to the head of K. Subsequently, K is complete as the causal order of the latent
variables in n. Table 6 gives the overview of ParceLINGAM-LV and Appendix 11 shows the
technicality.

To illustrate how ParceLINGAM-LV is in search for a causal order of latent variables,
conceive a (4 x 1) random vector of latent variables as n = (na,nb,nc,n C‘)T, approximated by a

T . . .
vector of factor scores as f= (fa oo, ,fd) , with a set of the latent-variable subscripts as U =

{a, b, c, d}. We substantiate an empty list as K. Let us say it has indicated that fa owns the
greatest prsic+Fisher amongst the four factor scores in f, meaning #a is the last latent variable in

the causal order. The subscript “a” enters the head of K from U:
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K: k(a); U ={b, c, d}
As fa is out of consideration, we perform the independence test again for f,, fc and fq, the
results of which have shown that 7. is the last latent variable among the three and is the
second last latent variable of all. We update K and U accordingly:
K: k(c) <k(@); U'={b, d}
Between f, and fq, the HSIC in association with Fisher’s method shows that f, possesses the
greatest pHsic+Fisher. #7d 1S Viewed as the third last variable of all. We revise K and U to:
K: k(b) < k(c) <k(a); U' = {d}
We complete the causal order of the four latent variables by adding the latent-variable
subscript remaining in U’ to the head of K.

K: k(d) <k(b) <k(c) <k(a);, U =0
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Table 6 Algorithm Overview of ParceLINGAM-LV

Input: Data matrix, factor loading matrix and factor covariance matrix from factor-

analysis model

Step 1: Set a list of latent variables as U and set an empty list as K. Compute the factor
scores on latent variables and replace the true scores on latent variables with
their factor scores. Repeat
Step 1.1: Determine the last latent variable of list U, based on Hilbert-Schmidt
independence criterion test statistics. Last variable is defined as the one with no
child.
Step 1.2: Drop the last latent variable from list U and add it to the top of list K.
Step 1.3: If list U has only one latent variable, break and add the remaining
latent variable to the top of list K. List K is complete as the causal order of latent
variables.

Step 2: Discard the factor scores. Estimate a matrix of structural coefficients between

latent variables with regularized structural equation modelling.

Output: A matrix of structural coefficients between latent variables
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Chapter 4: Method

4.1 Study Design

The simulation study covers three aspects which are data missingness, data non-
normality and sample size. Parameters were estimated using maximum likelihood estimation
with robust standard errors (“MLR”) method as previous studies found that MLR method is
robust to the violation of the multivariate normality assumption (Yuan & Bentler, 2000;
Yuan, 2005) with small and medium sample sizes.
4.1.1 Population Model

The choice of population models that are conceptually meaningful and commonly
countered in practice warrants the external validity of a simulation study (Gerbing &
Anderson, 1993). The current study considered three. Population Model 1 (PM1) was a
causal chain model commonly used in simulation studies (e.g., Chen, 2008; see Figure 8).
Population Model 2 (PM2) was a mediation model adopted from an empirical study (Wei et
al., 2003; see Figure 9). Population Model 3 (PM3) was a multiple-indicator cross-lagged
panel model (Hamaker et al., 2015; Rogosa, 1980; see Figure 10). To take into account the
wording effect, item residuals from the same item across three time points were allowed to

covary (Little, 2013).

77



Figure 8 Path Diagram of Population Model 1
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Figure 10 Path Diagram of Population Model 3
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of item residual variances and covariances is set to 0.51 and 0.10, respectively.
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4.1.2 Data Missingness

The simulation considered two typical patterns of data missingness: i) “complete
data” where no data is missing, and ii) incomplete data with 10% missing completely at
random (MCAR). Missing at random (MAR) and not missing at random (NMAR) were
excluded to keep the scale of the simulation study manageable.
4.1.3 Data Non-normality

We planned to test four severity level of data non-normality which were i) normally
distribution (“normality™), ii) mild non-normality, iii) moderate non-normality, and iv) severe
non-normality. Based on a systematic review on 194 empirical studies summarized by Cain
and colleagues (2017), we drew on the 25" / 50" / 75" percentile of multivariate skewness
and multivariate kurtosis (see Cain et al., 2017, Table 2) to represent the mild / moderate /
severe non-normality in this simulation study. The value of multivariate skewness and
multivariate kurtosis specified for the population models is shown in Table 7.

Table 7 Multivariate Skewness and Multivariate Kurtosis

Population Non- Multivariate  Multivariate ~ Multivariate  Multivariate
Model normality skewness of  skewness of kurtosis of kurtosis of
observed latent observed latent
variables variables variables variables
PM1 Normal 0 0 255 15
Mild 1 1 287 47
Moderate 3 3 316 76
Severe 15 15 346 106
PM2 Normal 0 0 224 24
Mild 1 1 256 56
Moderate 3 3 285 85
Severe 15 15 315 115
PM3 Normal 0 0 624 48
Mild 1 1 656 80
Moderate 3 3 685 109
Severe 15 15 715 139

Note: The values of multivariate kurtosis shown are uncentered, which can be centered on p
(p + 2) where p is the number of variables.
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4.1.4 Sample size

We considered four sample sizes: 100, 200, 500 and 1,000. Sample size of 100 is
typically required as the minimum sample size for conducting SEM analysis. Sample size up
to 1,000 symbolizes an infinitely large sample.

The whole simulation study consisted of a total of 32 conditions: (i) two data
missingness (complete data & incomplete data with 10% MCAR), (ii) four data non-
normalities (normal, mild, moderate & severe) and (iii) four sample sizes (100, 200, 500 &
1,000). Under each of the 32 simulation conditions, we generated 500 artificial datasets based
on the configuration of three population models.

4.2 Data Generation

Data generation was implemented in R (v4.1.0; R Core Team, 2021). We first
generated the scores on latent variables, followed by the scores on observed variables. The
variances in latent exogenous variables and the error terms of latent endogenous variables
were simulated with a R function of “mnonr” from the R package of “mnonr” (v1.0.0; Qu &
Zhang, 2020) which allows for the specification of the expected values of multivariate
skewness and of multivariate kurtosis together with the sample size (Qu et al., 2020). Then
the scores on latent endogenous variables were computed with equation 1.2. After that, item
residual variances, or the variances in the residuals of observed item indicators, were
simulated with the same function of “mnonr” where we input the corresponding expected
values of multivariate skewness and kurtosis, from which the scores on observed variables
would result using equation 1.1. Subsequently, we collated the scores on observed variables
into a matrix form while abandoning the scores on latent variables. At last, to simulate the
two patterns of data missingness, we took the multivariate amputation approach (Schouten et
al., 2018). For the generated datasets with 10% MCAR, we ran the “ampute” function in the

R package of “mice” (v3.13.0; van Buuren, 2021) wherein we specified the missingness
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proportion as 0.1 and the missing data patterns as “MCAR” in. For the generated datasets
with no missing data, we skipped the “ampute” function. As a quality check, the generated
datasets were fitted into the correctly specified measurement models with CFA in lavaan
(v0.6.8; Rosseel, 2012). Of those running into improper and nonconverging solutions, we
discarded them. Following the common practice of simulation studies (e.g., MacKinnon et
al., 1995), we generated 500 datasets per condition. The generated dataset was then analysed
by each of the LINGAM-LV algorithms. Please refer to Appendix 16 for the R codes for data
generation.
4.3 Data Analysis

In PM1, 500 artificial datasets were generated for each of the 32 simulation
conditions. Each of the 500 artificial datasets went through the following. With CFA, the
measurement model of PM1 was first fitted into the artificial dataset, from which we obtained
a factor loading matrix and a factor covariance matrix. Then, the artificial dataset together
with the two matrices were then entered into DirectLINGAM-LV and ParceLINGAM-LV.
The artificial dataset and the factor loading matrix were also fed into ICA-LINGAM for it
does not require a factor covariance matrix in its computation. With the input in place, we
executed the three LINGAM-LV algorithms, each of which output a discovered path model.
The above procedure was repeated for each of the 500 replications. We gathered all the
discovered path models by the three algorithms. It allowed us to evaluate the performance of
the algorithms by comparing the configuration of the discovered path models against the
actual model (or the path model of PM1). For those discovered models that completely
matched the actual model, we went on to compare the parameter estimates of the pathways in
the discovered models with the population value of the pathways in the actual model. We
repeated the same operation on PM2 and PM3. LINGAM algorithms were prepared and are

implementable in R, the code for which can be found in Appendix 16. For R documentation
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on LINGAM algorithms, please refer to Appendix 12. Table 8 summarizes hyperparameters
the algorithms used in the simulation.

Table 8 Hyperparameters Specified in the Simulation Study

Hyperparameters Specified value
Penalty type “alasso”
Number of penalty value to test 10
Change in penalty values per iteration .03

For ICA-LINGAM-LV only
Type of ICA “fastiICA”
Maximum iteration of ICA 1000

4.4 Performance Criteria

Making comparison of the discovered models by the algorithms against the actual
models allows us to evaluate the performance of the algorithms. To see how close the
configuration of the discovered model is to that of the actual model, we used path-related fit
indices and accuracy as performance indicators. For those discovered path models that
exactly match the actual path model, we used root mean square error to examine the
difference between the parameter estimates of the pathways by the algorithms and the
population values from the actual model.
4.4.1 Path-related Fit Indices

RMSEA-P and CFI-P were to monitor the fitness of the discovered path models.
According to the recommended cut-off values by Williams and O’Boyle (2011), RMSEA-P
below or equal to 0.05 indicates a close fit, between 0.05 and 0.08 as a reasonable fit,
between 0.08 and 0.10 as a mediocre fit, and above 0.10 as a poor fit. For CFI-P, we followed
Lance et al. (2016)’s guideline that CFI-P greater than 0.99 is interpreted as a perfect fit.
4.4.2 Accuracy

Between the discovered path model by the algorithms and the actual path model, a
(non-zero) pathway can be classified into one of the four possibilities: true positive, true

negative, false positive and false negative. True positive (TP) happens when the pathway is
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present in both models. True negative (TN) happens when the pathway is absent from both
models. False positive (FP) happens when the pathway is present in the discovered model but
not in the actual model. False negative (FN) happens when the pathway is absent from the
discovered model but is present in the actual model. Table 9 summaries the four possibilities
into a (2 x 2) confusion matrix. TP, TN, FP and FN are elemental to the computation of
evaluation metrics for binary classification tasks. Accuracy is a typical evaluation metric that

this thesis reports.

R B TP + TN
CeUracy = TP ¥ TN + FP + FN

(4.1)

Table 9 Confusion Matrix for Binary Classifier on a Pathway

Discovered model
Presence of pathway  Absence of pathway
Presence of pathway True positive False negative
Absence of pathway False positive True negative

Actual model

4.4.3 Root Mean Square Error
RMSE is the discrepancy in the estimates of structural parameters between the
discovered and the actual model, provided that the accuracy of the discovered model reaches

100%. RMSE is expressed in Forbenius norm as:

RMSE :\/tr {(BActual - l’§)T(BActual - ﬁ)} (4-2)

where “tr” refers to the trace of a square matrix, B is the structural parameter matrix of the

discovered model, and B, ., iS the structural parameter matrix of the actual model.
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Chapter 5: Results

5.1 Preliminary Analysis

A correctly specified measurement model is a prerequisite of running LINGAM-LV
algorithms. To check if the measurement models specified in this simulation study were
correct, we make use of two normative fit indices: global RMSEA and global CFI. Figures 11
and 12 plot the mean values of the global RMSEA and of the global CFI by condition and by
population model over 500 replications, from which the values of RMSEA were below the
standard cut-off values of 0.05 (Hu & Bentler, 1999) and the values of CFI were above the
cut-off of 0.95 (Hu & Bentler, 1999). It suggests acceptable fits of the measurement models
and thus a successful data generation.

Figure 11 Global RMSEA of Measurement Models over 500 Replications
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Figure 12 Global CFI of Measurement Models over 500 Replications
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5.2 Population Model 1

PM1 was a causal chain model with three latent variables. In general, the discovered
models by the algorithms yielded acceptable fits. Figure 13 illustrates the mean values of
RMSEA-P of the discovered path models over 500 replications per condition, from which the
range of RMSEA-P was from 0.009 to 0.025, suggesting a close fit. We observe a slight
decline and improvement in RMSEA-P with the increase in sample size. When the sample
size was at its smallest of 100, the values of RMSEA-P reached its highest. When the sample
size was as large as 1,000, the values of RMSEA-P dropped to its lowest. Data missingness
and data non-normality conditions virtually had no impact on the change in RMSEA-P.
RMSEA-P of the discovered path models by the three algorithms were close to one another,
with their discrepancies further narrowing down with the increase in sample size. The values

of RMSEA-P of the algorithms overlapped when the sample size was 1,000.
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Figure 13 RMSEA-P on Population Model 1
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Figure 14 illustrates the mean values of CFI-P which ranged from 0.992 to 0.999
across the algorithms, suggesting a perfect fit. With the increase in sample size, the values of
CFI-P mildly went up and improved. The value of CFI-P was virtually the same for the three
algorithms. Figure 15 plots the mean value of accuracy over 500 replications which ranged
from 0.704 to 1. In general, the accuracy level increased and improved with the rise in sample
size. The accuracy level attained its lowest when the sample size was as small as 100. The
accuracy level reached its highest when the sample size was as high as 1,000. Data
missingness and data non-normality conditions had little impact on the change in accuracy
level with the increase in sample size. We observed one exception, however. When the
sample size was at 1,000 and data non-normality was severe, the accuracy of the discovered
path model by ParceLINGAM-LV uncharacteristically declined and did not follow the same
raising trend as the other two algorithms did. We will revisit such pattern of ParceLINGAM-

LV closely in the discussion section. Amongst the three algorithms, the accuracy of the
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discovered path models by ICA-LINGAM-LV came close to that of DirectLINGAM-LV.

Yet, the accuracy of ParcelLINGAM-LV was the lowest among the three.

Figure 14 CFI-P on Population Model 1
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Figure 16 depicts the mean of RMSE on PM1 over the replications that produced the
discovered path model that exactly matched the actual model. The range of RMSE was from
0.031 to 0.217. The highest (and poorest) RMSE happened when the sample size was 100 and
the data was normal with no missing value. Overall, RMSE dropped and improved when
sample size increased from 100 to 1,000. We observed no difference in RMSE between the
algorithms.

Figure 16 Root Mean Square Error on Population Model 1
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On a practical level, we are interested in the likelihood that a discovered model
completely matches the actual path model; if they do not match, we reckon what types of
mistakes the algorithms would commit. To give an overview, we gathered a pool of 16,000
(=500 replications x 32 conditions) discovered path models. From the pool we listed three of
the most frequently models being discovered in Figure 17. In it, the numeric values outside
(within) the parenthesis next to the arrow refer to the mean (standard deviation) of the
parameter estimates of the respective pathway. The absence of pathways assumes zero values

of the structural parameters. DirectLINGAM-LV had 89.5% chance of discovering the true
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model, seconded by ICA-LINGAM-LV (87.9%) and ParceLINGAM-LV (72.2%). From
Figure 17, there were less than 30% of the discovered path models from three algorithm that
did not match the actual path models in full. Of them, we spotted three typical errors. A
wrong directed edge extended from F1 to F2 which should have been from F2 to F1; a wrong
directed edge extended from F3 to F1 which should have been from F1 to F3; a redundant
pathway was added from F2 to F1. Yet, the occurrence of these errors was relatively low on
PM1. Moreover, the likelihood of discovering the actual model increases with the increase in
sample size. Appendix 14 shows for the top three most frequently discovered path models by

the algorithms on population models by sample size.
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Figure 17 Three Most Frequently Discovered Path Models on Population Model 1

ICA-LINGAM-LV

61(.11)

60 (.10)

1st: 87.89% (n = 14061)
RMSEA-P: M =.02; SD = .04
CFI-P: M =1.00; SD =.01
(Complete match)

53 (.20)

62 (.14)

2nd: 6.83% (n = 1093)
RMSEA-P: M =.00; SD = .00
CFI-P: M =1.00; SD = .00
(F2-F1 pathway in wrong
direction)

43 (.14)

37(11)

48 (.16)

3rd: 2.19% (n = 351)
RMSEA-P: M =.00; SD = .00
CFI-P: M =1.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)

DirectLINGAM-LV

60 (.11)

60 (.10)

1st: 89.52% (n = 14323)
RMSEA-P: M =.02; SD = .04
CFI-P: M =1.00; SD =.01
(Complete match)

46 (.14)

38(11) @

43 (13)

2nd: 3.73% (n = 598)
RMSEA-P: M =.00; SD = .00
CFI-P: M = 1.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong

57 (.18)

61(.14)

3rd: 2.72% (n = 435)
RMSEA-P: M = .00; SD =.00
CFI-P: M =1.00; SD = .00
(F2-F1 pathway in wrong
direction)

direction)
ParceLINGAM-LV
.60 (.10) 46 (.13) 53 (.18)
@ avsl (@) ()
.60 (.09) 42 (13) .60 (.13)

1st: 72.20% (n = 11552)
RMSEA-P: M =.02; SD = .04
CFI-P: M =1.00; SD = .01
(Complete match)

2nd: 9.99% (n = 1599)
RMSEA-P: M =.00; SD =.00
CFI-P: M =1.00; SD =.00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)

3rd: 7.01% (n = 1121)
RMSEA-P: M =.00; SD =.00
CFI-P: M =1.00; SD = .00
(F2-F1 pathway in wrong
direction)

91



Note: The percentage refers to the likelihood that the corresponding path model being
discovered, equivalent to n / 16,000 x 100%, where n = is the number of simulated datasets
that were fed to the algorithm to give the corresponding path model; 16,000 is the total
number of simulated datasets (= 2 data missingness x 4 data non-normality x 4 sample sizes
x 500 replications). Above each of the arrows, the number outside the parenthesis refers to
the average of the parameter estimates (over n) and the number within the parenthesis refers
to the standard deviation of the parameter estimates. M = mean; SD = standard deviation.
5.3 Population Model 2

PM2 was a mediation model with four latent variables: attachment anxiety (ANX),
attachment avoidance (AVO), perceived coping (COP) and psychological distress (DIS). It
has one more latent variable than PM1. Figure 18 shows the mean of RMSEA-P for three
algorithms. The range of RMSEA-P was 0.009 to 0.071. When the sample size was as small
as 100, the value of RMSEA-P was its highest above the standard threshold of 0.05, a sign of
a reasonable fit. With the increase in sample size, RMSEA-P dropped below 0.05 level,
indicating a close fit. Also, when the sample size was small, the level of data non-normality
had some slight detrimental effect on RMSEA-P. Provided the sample size of 100, the more
severe the non-normality was, the higher the value of RMSEA-P was. We found no
conspicuous effect of data missingness on the values of RMSEA-P. Types of the algorithms
played a role in RMSEA-P. While controlling for data missingness, non-normality and
sample size, the values of RMSEA-P by ParceLINGAM-LV were systematically higher and
worse than those of ICA-LINGAM-LV and DirectLINGAM-LV. The values of RMSEA-P by

ICA-LINGAM-LV and DirectLINGAM-LV virtually overlapped.
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Figure 18 RMSEA-P on Population Model 2
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Figure 19 shows the mean of CFI-P on PM2. The range of CFI-P was from 0.966 to
0.999. In the smallest-possible sample size of 100, the values of CFI-P hit their lowest point,
suggesting a poor fit. When sample size went up, the values of CFI-P gradually increased.
When sample size was 500 or above, the values of CFI-P passed through the cut-off of 0.99,
suggesting a perfect fit. Conditions of data missingness and of non-normality did not have a
visible impact on the change in CFI-P. However, the choice of algorithms did have. The
values of CFI-P by ParceLINGAM-LV was consistently lower and worse than those of ICA-
LINGAM-LV and DirectLINGAM-LV, while we controlled for all other simulation
conditions. The values of CFI-P by ICA-LINGAM-LV were virtually identical to those of

DirectLiNGAM-LV.
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Figure 19 CFI-P on Population Model 2
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Figure 20 shows the accuracy mean of three algorithms on PM2 where the lowest
value of accuracy was 0.610 and the highest was 0.963. Not a single condition brought the
accuracy level to 100%. Sample size had a substantial influence on accuracy. When the
sample size was at its smallest, the accuracy level dropped to its lowest value. With the
increase in sample size, the accuracy level climbed steadily until the sample size was 500.
When sample size passed through 500 to 1,000, the accuracy level plateaued out and was
capped at around 0.9. An increase in the non-normality level mildly pushed up the rate of
change in accuracy with sample size. We found data missingness of no apparent impact on
accuracy. The accuracy of the discovered path models by ParceLiINGAM-LV was the poorest
amongst the three. The accuracy of ICA-LINGAM-LV and of DirectLINGAM-LV was

virtually indistinguishable.
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Figure 20 Accuracy on Population Model 2
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Figure 21 shows the mean of RMSE on PM2. The range of RMSE was 0.176 to

0.299. An increase in sample size led to the decline in RMSE. RMSE was at its greatest when

the sample size was as small as 100. RMSE was its lowest at the sample size of 1,000. The

severity of non-normality mildly sped up the decline in RMSE with sample size. Yet we

witness no effect of data missingness on RMSE. RMSEs were very close between the

algorithms.
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Figure 21 RMSE on Population Model 2
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Regarding the likelihood of discovering the actual model, the summary is in Figure
22. Models discovered by DirectLINGAM-LV had 37.2% success rate of hitting the actual
path model, followed by ICA-LINGAM-LV (35.9%) and ParceLINGAM-LV (19.3%). Some
common mistakes made by the algorithms included the missing pathway from AVO to DIS

and a redundant pathway from AVO to ANX.
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Figure 22 Three Most Frequently Discovered Path Models on Population Model 2

ICA-LINGAM-LV

86 (.12)

1st: 35.93% (n = 5749)
RMSEA-P: M = .01; SD =.03
CFI-P: M = 1.00; SD = .00
(Complete match)

2nd: 13.73% (n = 2198)
RMSEA-P: M = .06; SD = .04
CFI-P: M =.98; SD=.03
(AVO-DIS pathway missing)

86 (.09)

3rd: 12.81% (n = 2050)
RMSEA-P: M =.01; SD = .02
CFI-P: M =1.00; SD = .00
(AVO-ANX pathway extra)

DirectLINGAM-LV

1st: 37.21% (n = 5954)
RMSEA-P: M = .01; SD =.03
CFI-P: M =1.00; SD =.00
(Complete match)

96 (.23)

2nd: 13.74% (n = 2199)
RMSEA-P: M = .06; SD = .04
CFI-P: M =.98; SD = .03
(AVO-DIS pathway missing)

86 (.09)

3rd: 7.34% (n = 1175)
RMSEA-P: M =.01; SD = .02
CFI-P: M =1.00; SD =.00
(AVO-ANX pathway extra)

ParceLINGAM-LV

1st: 19.33% (n = 3092)
RMSEA-P: M =.01; SD = .03
CFI-P: M =1.00; SD =.00
(Complete match)

35 (.08) 34 (.09)

43 (.09)

2nd: 6.40% (n = 1024)
RMSEA-P: M =.02; SD = .03
CFI-P: M =1.00; SD =.01
(ANX-DIS pathway extra,
AVO-COP pathway missing,
and COP-DIS pathway in
wrong direction)

3rd: 5.68% (n =908)
RMSEA-P: M = .06; SD = .04
CFI-P: M =.98; SD = .01
(AVO-DIS pathway missing)
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5.4 Population Model 3

PM3 was a cross-lagged panel model with latent variables. Figure 23 depicts the mean
value of RMSEA-P on PM3. RMSEA-P ranged from 0.009 to 0.057. With the increase in
sample size, RMSEA-P gradually dropped and improved. When the sample size was as low
as 100, RMSEA-P was above the 0.05 threshold, suggesting a reasonable fit. When the
sample size went up to 1,000, RMSEA-P declined and passed through the 0.05 threshold,
suggesting a close fit. The non-normality condition had an impact of the rate of change in
RMSEA-P with sample size. Specifically, the more severe the non-normality of the data was,
the higher the rate of decrease in RMSEA-P with the increase of sample size. Between the
algorithms, we observed RMSEA-P of DirectLINGAM-LV was the lowest (and the greatest).
ICA-LINGAM-LV was the second lowest, and ParceLINGAM-LV was the highest.

Figure 23 RMSEA-P on Population Model 3
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Figure 24 shows the mean value of CFI-P on PM3. The range of CFI-P was from

0.962 to 0.999. Overall, the rise in sample size brought up the values of CFI-P. When the
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sample size was at its smallest of 100, CFI-P was underneath the .99 threshold, suggesting a
poor fit. When the sample size was at its greatest of 1,000, CFI-P passed through the .99
threshold, an indication of an almost perfect fit. The severity of data non-normality
influenced the rate of change in CFI-P with sample size. When the non-normality of the data
became increasingly severe, CFI-P climbed up at a higher rate with the increase in sample
size. Between the algorithms, CFI-P of DirectLINGAM-LV was apparently higher than those
of ICA-LINGAM-LV and of ParceLINGAM-LV. Whether CFI-P of ICA-LINGAM-LV was
better than that of ParceLINGAM-LV depended on the sample size. When the sample size
was under 200, ParceLINGAM-LV outperformed ICA-LINGAM-LV in CFI-P. When the
sample size rose above 200, the lead reversed and this time ICA-LINGAM-LV outperformed
ParceLINGAM-LV.

Figure 24 CFI-P on Population Model 3
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Figure 25 shows the mean of accuracy on PM3. The range of accuracy was from

0.665 to 0.997. As usual, the accuracy level rose and improved with the increase in sample
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size. The data non-normality affected the rate of improvement in accuracy. In particular, the
more severe the non-normality, the higher the rate at which the accuracy improved with the
increase of sample size. Between the algorithms, the accuracy of the discovered path models
by DirectLINGAM-LV was systematically the highest, followed by ICA-LINGAM-LV.
ParceLINGAM was in the last place.

Figure 25 Accuracy on Population Model 3
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Figure 26 illustrates the mean of RMSE on PM3. The range of RMSE was from 0.094
to 0.313. With the increase in sample size, we saw a sharp decline in RMSE. The choice of

the algorithm virtually had no effect on the value of RMSE.
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Figure 26 Root Mean Square Error on Population Model 3
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Regarding the likelihood of discovering the actual model, while DirectLINGAM-LV
had a 55.2% success rate, ICA-LINGAM-LV (34.6%) and ParceLINGAM-LV (24.3%). We
observed two common mistakes made by the algorithms: a redundant pathway extending
from F1[T1] to F2[T1] and a pathway in wrong direction from F1[T2] to F2[T1] which

should have been from F2[T1] to F1[T2] (see also Figure 27).

101



Figure 27 Three Most Frequently Discovered Path Models on Population Model 3

ICA-LINGAM-LV

1st: 34.58% (n = 5533)
RMSEA-P: M = .01; SD = .02
CFI-P: M =1.00; SD = .01
(Complete match)

2nd: 9.42% (n = 1507)
RMSEA-P: M =.01; SD = .01
CFI-P: M =1.00; SD = .00
(F1[T1]-F2[T1] pathway extra)

3rd: 3.94% (n = 631)
RMSEA-P: M = .01; SD =.02
CFI-P: M =1.00; SD = .00
(F2[T1]-F1[T2] pathway in
wrong direction)

DirectLINGAM-LV

1st: 55.23% (n = 8838)
RMSEA-P: M = .01; SD =.02
CFI-P: M =1.00; SD =.01
(Complete match)

2nd: 4.45% (n = 712)
RMSEA-P: M = .01; SD = .01
CFI-P: M =1.00; SD =.00
(F1[T1]-F2[T1] pathway extra)

3rd: 3.23% (n = 517)
RMSEA-P: M =.01; SD =.01
CFI-P: M = 1.00; SD = .00
(F2[T1]-F1[T1] pathway extra)

ParceLINGAM-LV

1st: 24.29% (n = 3886)
RMSEA-P: M = .01; SD = .01
CFI-P: M =1.00; SD = .00
(Complete match)

2nd: 2.69% (n = 430)
RMSEA-P: M = .06; SD =.02
CFI-P: M = .97; SD = .02
(F2[T1]-F1[T2] pathway in
wrong direction)

3rd: 2.22% (n = 355)
RMSEA-P: M = .07; SD = .04
CFI-P: M =.97; SD = .03
(F1[T1]-F1[T2] pathway in
wrong direction)
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Chapter 6: Discussion
6.1. Study Overview

In psychology where some constructs are hidden and not directly measurable, latent-
variable models are statistical methods of substantial use (Bollen, 2002), in particular SEM.
In the evaluation of the fitness between models and data, SEM is vulnerable to (at least) three
issues: (i) unable to pinpoint the source of misspecification, (ii) short of sensitivity to
misspecification located at the path model portion, and (iii) having no information of the
existence of alternative models. The consequence is that, one cannot solely reply on the
model fit to justify the layout of the research model, including the directional relationships
between latent variables. Instead, one is advised to consult the relevant literature and prior
studies (Henley et al., 2006). However, not every empirical study is in nature confirmatory
and sometimes previous studies are scant or even do not exist, under which it is difficult to
make hypotheses and build a model for hypothesis testing. One solution is to turn to
exploratory approaches. By far, exploratory data analysis available for causal discovery is
confined to observed variables, such as PC algorithm (Spirtes & Glymour, 1991), FCI
algorithm (Spirtes et al., 2000) and LINGAM (Shimizu et al., 2006). To the best of our
knowledge, no exploratory tools have been developed for causal discovery in the context of
latent-variable models.

To fill the void of latent-variable causal discovery, this thesis developed a new
exploratory approach called linear non-Gaussian acyclic model for latent variables
(LINGAM-LV). LINGAM-LYV is aimed at discovering causal relationships between latent
variables. It requires the data and a user-specified measurement model as input. Then,
LINGAM-LV sequences the latent variables in a causal order. Afterward, it undergoes
RegSEM (Jacobucci et al., 2016). The product is a discovered path model in the form of

DAG. This thesis built three algorithms to implement LINGAM-LV. The algorithms are ICA-
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LINGAM-LV, DirectLINGAM-LV and ParceLINGAM-LV. What makes each of the
algorithms distinctive is their unique mechanism of sequencing the causal order of latent
variables. In a nutshell, ICA-LINGAM-LV uses ICA to identify LINGAM-LV;
DirectLINGAM-LYV takes advantage of mutual information; ParceLINGAM-LV takes HSIC
(Gretton et al., 2005). The R codes to implement the captioned algorithm are available in
Appendix 16.

As the concept of LINGAM-LV and its three algorithms have not been studied, this
thesis conducted a Monte-Carlo simulation to examine the performance of the algorithms. In
the setup, we considered two patterns of data missingness (complete data & incomplete data
with 10% MCAR), four severity of data normality (from normal to severely non-normal),
four sample sizes (from 100 to 1,000). To enhance the generalizability of the study finding,
the simulation study covered three types of population models widely adopted in psychology
(i.e., causal chain model, mediation model & cross-lagged panel model). Four performance
indicators were RMSEA-P, CFI-P, accuracy and RMSE.

6.2 Summary of Study Findings
6.2.1 Sample Size

The results of our simulation study revealed that sample size was a major factor of the
performance of the algorithms. That is, when the sample size increased from 100 to 1,000,
the mean values of RMSEA-P and of CFI-P improved, accuracy raised and RMSE declined
while controlling for the severity of non-normality, the type of population models and the
type of algorithms. The finding echoed with previous studies in which sample size was
positively correlated with the sensitivity of RMSEA-P (O’Boyle & Williams, 2011), the
sensitivity of CFI-P (Lance et al., 2016) and accuracy (Entner & Hoyer, 2008; Shimizu et al.,
2006). Also, sample size was found negatively related to RMSE (Shimizu et al., 2011;

Tashiro et al., 2014). According to asymptotic statistical theory (see Bentler & Chou, 1987)
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with the assumption of random sampling, when the size of a sample becomes infinitely and
arbitrarily large, it reduces the discrepancy between the scores on observed variables and
their population values, so does the latent variables; it leads to the improved causal
sequencing of latent variables in LINGAM and also the improved performance of simplifying
the path model in RegSEM.
6.2.2 Non-normality

On average, the performance of the algorithms went up with the severity of non-
normality. Precisely, non-normality affected the rate of change in the performance of the
algorithms with the increase in sample size. When the non-normality level rose, the rate of
change in the performance or the slope became steeper. The effect of non-normality had been
documented in previous studies (e.g., Tashiro et al., 2014). To better understand the positive
effect of non-normality on the performance, we revisit a core assumption of LINGAM — non-
Gaussianity. When the data distribution is deviated away from normality, it provides
information from third- and higher-order moment structures that covariance matrices,
equivalent to the second-order moments, cannot capture (Shimizu, 2014). The information is
useful in determining the causal relationship between two variables in the sense that, when
two error terms are in non-Gaussian distributions and one of them has a distribution more
non-normal than the other, the distribution of the corresponding two variables differ. By
comparing the distributions of the two variables, the algorithms gain insight into which is the
cause and which is the effect. When the non-normality level increases, the amount of
information relating to causal relationships would rise, creating a more optimal and beneficial
environment for the algorithms to discover the causal. As said, sample size is also a
facilitative factor of the algorithms’ performance. When the severe non-normality meets up
with large sample size, the performance of the algorithms would rise exponentially. Even if

the non-Gaussian assumption is breached, the performance of the algorithms did not
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deteriorate to a great extent, according to the study finding. It infers that the algorithms
preserve some capability of handling normal data. Data missingness did not impact the
performance conspicuously, however. Future studies may consider other data missing
patterns (e.g., MAR & MNAR).

6.2.3 Algorithm

DirectLINGAM-LV seemed to be the winner between three which outperformed ICA-
LINGAM-LV and ParceLINGAM-LYV in nearly every simulation conditions. In terms of the
ability to discover the true model, DirectLINGAM-LV was the highest with 89.5% in PM1,
37.2% in PM2 and 55.2% in PM3. Compared with DirectLINGAM-LV, ICA-LINGAM faced
a drop by 1.6% in PM1, 1.3% in PM2 and 20.7% in PM3; ParceLiINGAM encountered a
great fall by 17.3% in PM1, 17.9% in PM2 and 30.9% in PM3. It suggests that the lead of
DirectLINGAM-LYV over the other two expanded when the number of latent variables
increased from three (in PM1) to six (in PM3). It means, with more latent variables included
in a path model, the advantage of using DirectLINGAM-LV over other algorithms became
more apparent. Interestingly, in a small sample size of 100 together with normal distribution,
ICA-LINGAM-LV outcompeted DirectLINGAM-LYV in terms of accuracy which applied to
all population models. Under other simulation conditions, the performance of ICA-LINGAM-
LV was not that far behind that of DirectLINGAM-LV, not as much as when compared with
ParceLINGAM-LV. ParceLINGAM-LV was regarded as the worst performer among the
three.

The relatively poor performance of PareLINGAM-LYV is likely linked to its objective.
ParceLINGAM is originally designed to handle hidden confounding variables that affects
more than one known observed variables in the system. To achieve the objective,
ParceLINGAM endorses the bottom-up strategy in determining the causal order which was

shown to be robust against latent confounding variables in LINGAM (Tashiro et al., 2014).
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However, in LINGAM-LV where latent confounding variables are assumed to be accounted
for by residual terms in the structural equations, the bottom-up strategy can be a liability as it
increases the odd of searching a wrong parent.
6.2.4 Anomaly in ParceLINGAM-LV

An anomaly in ParceLINGAM-LV caught our attention. Typically, the performance
of ParceLINGAM-LV improved with sample size, no matter how deviant the data
distribution was from normal. Yet, ParceLINGAM-LV performed poorly in simulation
conditions (e.g., PM1 + sample size of 100 + non-normal data). Inspecting the causal order
offered us some insight into the anomaly. Given complete data with severe non-normality and
at a sample size of 100, ParceLINGAM-LV had 244 out of 500 replications (48.8%) that
produced a correct order in response to PML1 (i.e., k(F2) < k(F1) < k(F3)). It had 50.8%
chance (254 / 500) of giving an incorrect order (i.e., k(F1) < k(F2) < k(F3)), with a trivial
0.4% likelihood (2 / 500) of giving another incorrect order (k(F2) < k(F3) < k(F1)). Recall
that ParceLINGAM-LV endorses a bottom-up strategy in determining the causal order. That
is, it searches the last variable at the beginning and back to the first variable. The simulation
results showed that ParceLINGAM-LV had no issue with identifying F3 as the last variable,
with 498 out of 500 attempts (99.6%) successfully locating F3 as the last. But when it came
to determine which was the second last variable between F1 and F2, ParceLINGAM-LV
placed roughly fifty percent chance of picking F1 as the second last variable. The same did
not happen when the sample size was 500 or under, nor when the data was relatively less
deviant from Gaussian distribution. For example, when sample size was 500 while keeping
other conditions unchanged, ParceLINGAM-LYV yielded a correct order in 446 out of 500
attempts (89.2%). When the data non-normality condition was set to moderate while keeping
other conditions intact, the algorithm produced a correct causal order in 444 of 500 attempts

(88.8%). One plausible explanation to the anomaly was that, in deciding the regressor
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between two factor scores where Fisher’s method of combining p-values is not applicable,
HSIC might not perform up to the expectation under the severe non-normality and small
sample size. This issue may not be unique to PM1 but probably happened in other population
models. Yet, the increasing number of latent variables rendered the exponential rise in the
number of possible causal orders, making less noticeable the incorrect sequencing between
first two latent variables in a causal order with many variables.

6.3 Contributions, Implication and Recommendation

6.3.1 Theoretical Contribution

This thesis developed LINGAM-LV and its algorithms that enrich the variety and
comprehensiveness of the exploratory data analysis, precisely the causal discovery methods.
LINGAM-LYV is one of the first causal discovery methods for latent variables. Different from
the traditional causal discovery methods, LINGAM utilizes the non-Gaussian distribution of
data to derive the directional relationships between observed variables and LINGAM-LV
extends to the relations between latent variables. Before the development of LINGAM-LV,
researchers have limited options to justify the causal relationships between latent variables
such as prior studies. The introduction of LINGAM-LV and its algorithms allows researchers
to explore causal relationships even without prior hypotheses.

LINGAM-LV algorithms can be treated as a follow-up of other exploratory data
analysis, such as exploratory graph analysis (EGA; Golino et al., 2020). EGA is intended to
determine the number of latent variables and their relationships with observed variables,
without prior hypotheses. Combining EGA with LINGAM-LV, for example, enables one to
explore the number of latent variables and the directional relationship between the latent
variables from scratch.

The development of LINGAM-LV also contributes to the literature of SEM. In SEM,

the integrity of the results interpretation in the research model is under the threat of the
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alternative models that researchers do not consider. Yet, testing every possible alternative
model can be a tedious task and the workload rises rapidly as the number of variables
increases. LINGAM-LYV algorithms can produce a path model in an automatic manner which
can be treated as the most representative alternative model from the data perspective. It
benefits researchers greatly by saving time on searching alternative models and comparing
them against the research model. With LINGAM-LYV algorithms, researchers can streamline
the procedure by comparing the discovered model against the research model.
6.3.2 Practical Contributions

This thesis provides researchers with R codes to implement the algorithms which can
be found in Appendix 16. A user’s guide on how to use the algorithms on R is in Appendix
15. Despite the complexity of the principle behind LINGAM-LV algorithms and the
mathematical equations involved, the R codes automates the operation of the algorithms in
the way that users enter the dataset, the factor loading matrix and the factor covariance matrix
to the algorithms, and they will return the discovered path models within a short period of
time which depends on the number of latent variables specified. The R codes given in this
thesis makes LINGAM-LV algorithms accessible to applied researchers. For those who are
interested in quickly exploring the pattern of latent variables in their dataset, the R codes for
LINGAM-LV algorithms are of great assistance.
6.3.3 Implication

Amid the growing popularity of confirmatory data analysis, the development of
LINGAM-LV serves as a reminder to long forgotten statistical orientation of exploratory data
analysis. Confirmatory data analysis (e.g., SEM) aims to confirm or disapprove of the
hypotheses derived from theories. Due to the increased awareness of the replicability of study
findings (Shrout & Rodgers, 2018) which was catalysed by a replication crisis (Open Science

Collaboration, 2015), confirmatory data analysis is viewed to be a dominating research
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approach. Yet, overwhelmingly emphasizing the importance of replicability comes with
criticism. Baumeister (2016) argues that the over-emphasis on confirmation stifles discovery
and creativity and makes empirical studies less cost-effective. Finkle et al. (2017) comment
that replicability and discovery are two equally important is ways to achieve a high-quality
science.

Despite the growing use of confirmatory data analysis, exploration remains crucial
(Bentler, 1986). Exploratory data analysis is a toolbox operating under the philosophical
framework that discovers the patterns of the variables (Fife & Rodgers, 2022). Exploratory
data analysis demands no a priori hypotheses, no specification of sample sizes and no
statistical plan in advance. In lieu of a binary choice, data analysis can fall into somewhere
along a continuum with exploratory data analysis at one end and confirmatory data analysis at
the other (Tukey, 1973). LINGAM-LV algorithms are close to the realm of exploratory data
analysis. Strictly speaking, LINGAM-LV algorithms are exploratory data analysis that is built
on the confirmatory data analysis in the way that they require pre-specified measurement
models. In this regard, one can view LINGAM-LYV algorithms as a “semi-exploratory data
analysis.” The development of LINGAM-LYV is a response to the criticism against over-
emphasis on confirmatory data analysis by raising the awareness that one can explore the
latent-variable pattern with the given data. It reminds us that even though replicating previous
findings is one way of doing research, discovering is another way that is equally, if not less,
important.

6.3.4 Recommendation

Based on the simulation results, we advised using DirectLiINGAM-LV and ICA-
LINGAM-LYV to discover path models from scratch. One should avoid ParceLINGAM-LV
for the time being. Some empirical studies (e.g., Kotoku et al., 2020) demonstrated that the

path analysis models discovered by DirectLINGAM and ICA-LINGAM are in consensus. If
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the discovered path models by the two algorithms are the same, it adds confidence to the
discovered path model that it is more likely produced by the underlying causal mechanism,
instead of by chance. Even though DirectLINGAM-LV predominantly outperformed ICA-
LINGAM-LV in the simulation study, ICA-LINGAM-LYV is advantageous over
DirectLINGAM-LV in accommodating various forms of measurement models. Since ICA-
LINGAM-LV does not involve computation of factor scores, it opens up possibilities that
ICA-LINGAM-LV applies to some forms of measurement models such as bifactor models
(Reise, 2012) and models with latent method factors (Horan et al., 2003).
6.4 Limitation and Future Direction
6.4.1 Causal Mechanism or by Chance

A path model discovered by the algorithms can happen either by chance, or because
of the underlying causal mechanism or an interpretable process behind that reflects a causal
mechanism about latent variables. As such, we cannot confidently proclaim that the
discovered path model genuinely captures the causal mechanism of latent variables from the
data. One way to improve the credibility of the discovered path model is to by cross-
validation (Picard & Cook, 1984). In it, a number of observations were repeatedly drawn
form the original dataset and fed onto the algorithms (Fife & Rodgers, 2021), to see if the
product is discovered differently. Cross-validation allows for the validation of the discovered
path model. The future development of LINGAM-LV algorithms can incorporate cross-
validation. Another way to eliminate the random chance from influencing the algorithm is
through prior knowledge. DirectLiINGAM and ParceLINGAM for observed variables accept
prior knowledge with which they adjust the process of causal order determination (see
Shimizu et al., 2011, p. 1234), while ICA-LINGAM does not due to ICA. In prior knowledge,
one can specify the relationship between two variables in three possible way : i) one variable

has a direct effect on the other variable, ii) two are not related, and iii) no information is
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available. Because of the scope of this thesis, we did not incorporate prior knowledge as part
of DirectLINGAM-LV and ParceLINGAM-LYV. Future studies are recommended to expand
the utility of the R code for LINGAM-LV algorithms by giving users an option to add prior
knowledge such that the influence of prior knowledge on the performance of the algorithms
can be evaluated.
6.4.2 Linearity

Path models discovered by the algorithm presume linear relations between latent
variables. Although it is not as common, it is possible to have non-linear relationships. In
SEM of latent interaction and quadratic effects (Bollen & Paxton, 1998; see also Marsh et al.,
2013), some examples of modelling non-linearity include product-indicator unconstrained
approach (Marsh et al., 2004) and latent moderated structural equations (Klein &
Moosbrugger, 2000). In the early development of LINGAM, Hoyer and colleagues (2009)
pioneered to generalize the linear framework of LINGAM to non-linear models. The
allowance of interaction between latent variables adds complexity to the identification of
LINGAM-LV, which this thesis did not consider. Much more work is needed to integrate the
non-linear LINGAM into the latent-variable causal discovery.
6.4.3 Unidirectionality

In latent-variable models for hypothesis testing, some directional relationships are not
specified as their cause-effect sequences are not hypothesized, or are not of substantive
interest. Instead, the involved latent variables are allowed to covary (as indicated by bi-
directional curved arcs). In LINGAM, all pathways are restricted to be one-directional. To
add flexibility to LINGAM, one is advised to change some direct effects in the discovered

model to correlation with theoretical justification.
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6.4.4 Non-Reciprocity

LINGAM does not tolerate reciprocity or feedback loop, even though reciprocity is
one way to describe relationships between variables in practice. Back to the stimulation
study, PM3 was designed to address the issue which itself was a cross-lagged panel model to
explain reciprocal effects between two variables. At this stage, we informed LINGAM-LV of
six unrelated latent variables without mentioning the temporal relationships. The missing
piece of information contributed to the reduced performance of the LINGAM-LV algorithms.
SEM with longitudinal data have several vastly studied models at its disposal (see also
McArdle, 2009), including dynamic structural equation models (Asparouhov et al., 2018) and
general cross-lagged panel model (Zyphur et al., 2020). In future studies, we can consider
borrowing the diagram of the above models to construct prior knowledge for LINGAM-LV
algorithms and examine how the prior knowledge about temporal relationship affects the
performance.
6.4.5. Estimation Method

The simulation study adopted MLR as the estimation method in RegSEM as RegSEM
is not ready to handle estimators other than maximum likelihood on R (Jacobucci et al.,
2021). Future studies may consider other estimation methods. While maximum likelihood
estimation goes well with continuous data, other estimators are advised when dealing with
non-normal data and ordered categorical data (e.g., Beauducel & Herzberg, 2006; Savalei &
Rhemtulla, 2013), including diagonally weighted least squares (DWLS) and weighted least
square means and variance adjusted (WLSMYV) estimators. Bayesian structural equation
modelling (Muthén & Asparouhov, 2012) is yet another rigorous approach to SEM that uses

Bayesian analysis where information priors are part of the model estimation.
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6.5 Conclusion

In the contemporary literature, latent-variable causal discovery methods are by far
scarce and underdeveloped. To fill in the gap, we proposed linear non-Gaussian acyclic
model for latent variables (LINGAM-LV). It is an exploratory statistical model to identify
directional relationships between latent variables. This thesis developed three algorithms to
run LINGAM-LV (i.e., ICA-LINGAM-LV, DirectLINGAM-LV & ParceLINGAM-LV). The
algorithms require the raw data along with the user-specified measurement model as input.
Then, the algorithms sequence the latent variables in a causal order and output a path model
that keeps misspecification to the minimum. Each algorithm has the unique way to sequence
the causal order. The intent of the algorithms is to offer one insight into how the path model
looks like from the data perspective. By running LINGAM-LV algorithms, one can heed to
the data about the pattern of the latent variables. We hope that researchers will find useful the
algorithms delineated, in conjunction with R codes given in the appendices and take

advantage of the discovered path models as a stimulus of exploration and creativity.
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Appendices
Appendix 1: Operational Definition of Structural Coefficients
Pearl (2009) addresses that the operational definition of regression coefficients
(denoted by y) in linear regression models is not the same as that of structural coefficients
(denoted by p) in structural equation models. Consider a linear regression model between two

observed variables, say x; and x;, that:

Xi =VijXj + el.(j) (Al.1)
The interpretation of yj is:

vij = E[xi|x; =J + 1] — E[x;|x; = J] (A1.2)
Literally, yij is the change in the conditional expected value of xi by one-unit increase in x;
from value J to J + 1. It does not enforce any cause-effect concept onto x; and xj. A structural
equation between two latent variables, say #i and #j, can be specified as:

n = Buyn; + & (A1.3)

The meaning of Sij is:

Bij = E[mi|do(n; =J + 1)] = E[ni|do(n; =J)] (A1.4)
where “do(n; = J)” is an operator about a deliberate action or an external force of holding #; at
level J. In words, i is the change in the controlled expectation (not conditional expectation)
of i given that the magnitude of the external force applying onto #; increases from value J to
J + 1. It treats the change in #; as a hypothetical intervention, whatever it is gathered from an
experimental study or an observational study. It enforces the idea that #; exerts a causal effect

on z; provided that the set of causal assumptions behinds is acceptable (Pearl, 2009, p. 161).
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Appendix 2: Sequence of Nested Models
A2.1 Definition of Nested Models

To better understand the development of path-related fit indices, this appendix will
revisit the concept of nested models to describe the relationship between two models, say
Models A and B. Nesting is defined in two ways (Mulaik et al., 1989). One is the covariance
matrix nesting (Bentler & Bonett, 1980) by which the nested relationship means the set of
covariance matrices of Model A is a subset of the set of covariance matrices of Model B. The
other is the parameter nesting (Bentler & Bonett, 1980) by which the nested relationship
means the model parameter vectors of Model A is identical to that of Model B except for
some parameter being constrained to equalities or known values (e.g., zeros) in Model A. All
in all, covariance matrix nesting is a less restrictive definition of nesting while parameter
nesting is a more restrictive definition (Mulaik et al., 1989). For simplicity’s sake, we use
nested in a less restrictive sense; that is, nested always means covariance matrix-nested,
unless specified otherwise.

Consider that Model A is nested within Model B which in turn nested within a third
model called Model C. Models A, B and C form a sequence of nested models, the idea that is
believed to be first advocated by Roy (1958). A sequence of nested models (or the hierarchy
of models) is the result of ordering multiple models by covariance-matrix nesting. According
to Mulaik et al. (1989), the sequence of nested model goes from a saturated model to the
measurement model, and stop at a null model. At one extreme, a saturated model refers to the
most constrained model that allows observed variables to correlate with each other and thus
the least constraint, resulting in a perfect fit to the observed covariance matrix of the data. At
the other extreme, a null (or independence) model refers to the least constrained model that
observed variables are constrained from correlating. The sequence of nested models have

been applied to the development of fit indices.
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A2.2 Hierarchy of Nested Models

With the number of proposed fit indices growing, scholars started to categorize and
name models along the sequence of nested models. Williams and Holahan (1994) review the
proposed fit indices at the time and give labels to some models along the sequence of nested
models to facilitate communication. They distinguish two types of saturated models. A
completely saturated model (CS) is the most constrained model that allows all observed
variables to correlate. A structural saturated model (SS) is a somewhat constrained model
that allows all possible pathways connecting latent variables to estimate. SS shares the same
degrees of freedom with the measurement model. The difference between the two is that, a
mix of directional pathways and correlations between latent variables are present in SS whilst
only latent variable correlations are present in the measurement model. In the middle of the
sequence is a theoretical model (T), the hypothetical latent-variable model that users propose
for hypothesis testing. T is said to be parameter-nested within SS, and T is covariance matrix-
nested within the measurement model. A structural null model (SN) is a relatively free model
nested within T where all possible pathways are fixed to zero, with latent exogenous
variables allowed to covary with each other. An absolute null model (AN) is the least
constrained model where observed variables are uncorrelated. See Williams and O’Boyle’s
(2011)’s paper for the discussion on the sequence of nested models.

From the simulation study design that follows, we use PML1 to illustrate the sequence
of nested models. Given that PM1 has 15 observed endogenous variables (x1 to x15), one
latent exogenous variable (i.e., F2) and two latent endogenous variables (F1 & F3), the

expression in matrix form is (see Mulaik, 2009):

n_ .M §1 . 1A 0717

[x] =A [X] +T [Y] * 0O v [s] (A2.1)
where n is a (g2 x 1) random vector of latent endogenous variables, x is a (p2 %X 1) random
vector of observed endogenous variables, & is a (q: % 1) random vector of latent exogenous
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variables, y is a (p1 x 1) random vector of observed exogenous variables, { is a (g2 x 1)
random vector of disturbances on latent endogenous variables, € is a (p2 X 1) random vector
of disturbances on observed endogenous variables. (The total number of observed variables is
p1+ p2 = p, and the total number of latent variables is g1+ g2 = g.) Ais a [(qz + p2) % (2 +
p2)] matrix of structural coefficients that relate endogenous variables to other endogenous
variables, I' is a [(g2 + p2) % (qr + p1)] matrix of structural coefficients that relate endogenous
variables to other exogenous variables. A is a (g2 x ¢2) diagonal matrix of structural
coefficients that relate latent endogenous variables to the corresponding disturbances denoted
by ¢, W is a (p2 X p2) diagonal matrix of structural coefficients that relate observed
endogenous variables to the corresponding disturbances denoted by €. Typically, the
connection strength of the structural coefficients linking endogenous variables to their
disturbances is set to one which makes A and ¥ an identity matrix. Please note that we use a
different set of notations here for the illustration of the sequence of nested models where the
exogenous variables are distinguished from the endogenous variables. Yet, in the main text,
we stick to the expressions in equations 1.1 and 1.2 which do not require the differentiation
between latent endogenous and latent exogenous variables as such information is not given in
the causal discovery of latent variables.

Using PM1 as an illustration of the hierarchy of nested models, we set p1 = 0, p2 = 15,
qu=1and q2=2, leadingtoy =@, x=(xa, ... x15)",n = (F1, F3)", &= (F2)", £ = (dr1, dr3)”

and € = (ey, ...,e15)". The expression of T with respect to PM1 in matrix form is:

B 0 B 0
nj _ [Pm n ng § I 071¢
R ={an ol R+ [a% ollel+lo VI
where By is @ (g2 x g2) matrix of structural coefficients between latent endogenous variables,

Bnz is a (g2 x qu) matrix of structural coefficients connecting latent endogenous variables to

latent exogenous variables, Axy IS a (p2 X g2) matrix of factor loadings connecting observed
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endogenous variables to latent endogenous variables, Axz is a (p2 % 1) matrix of factor

loadings connecting observed endogenous variables to latent exogenous variables.

B = [bF3F1 0] 060 8] LU [bFle] [0.(?0]’

Aap 0 0.70 0 1 [Ax1p2] 10217
Axa 1 0 070 0 0 0
Azpr 0 0.70 0 0 0
AxaF1 0 070 0 0 0
Adesp1 Axsps 0.70 0.21 0 0
0 0 0 0 Axe,F2 0.70
0 0 0 0 Ax7 F2 0.70
Ag=| 0 o [=] o 0 |, Axe =] Agr | =0.70]
0 0 0 0 deors | 070
0 0 0 0 Avor,| [0-70
Axi1F1 Ax11,F3 0.21 0.70 0’ 0
0 Ax12.F3 0 0.70 0 0
0 Asrs 0 0.70 0 0
ol Lo ol o]
0 /1x15,F3 ] | ) O ] )
_ _ _ {F1F1 0 ] __[0.64
Var(® = [rzre] = [100], Var@) = "5 = [0 9 Jand

diag[Var(g)] = (€x1,x1» Ex2,x21 €x3,x3r Exa,x4) s €x15,x15)T =
(0.2895,0.51,0.51,0.51, ...,0.51)T
SS with respect to PM1 is the same as that of T, except that all possible pathways are allowed
to freely estimate. In the expression of SS, almost all matrices are duplicates from those of T

but:

bFl,FZ]
bgs r2

Bn; =
SN with respect to PM1 is close to that of T, except that all possible pathways have their
estimates fixed to zero. In the expression of SN, all matrices look the same as those of T
except for:

0 0

BTITI = [0 0

=0

135



In CS with respect to PM1, all latent variables are absent (i.e., g1 =g2=0,n1 = 0,& = @) and
all observed variables are allowed to covary. Thereby, several matrices become null:

By =0,Bys=0,A =0. A =0
As a result, the expression of CS can be simplified to x = Ie where var(g) is a non-diagonal
(p2 x p2) matrix filled with non-zero elements throughout, not just along the diagonal. In AN
with respect to PM1, all latent variables are absent and all observed variables are not

permitted to covary. It leads to the expression of AN as x = I& where

. T .
d1ag[var(s)]=(ex1,x1,exz,xz,,. . -98x15,x15) . If one arranges the five models from the sequence of

nested models by the number of free parameters, we obtain CS >SS > T > SN > AN.
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Appendix 3: Solutions to Permutation and Scaling Indeterminacies

Let Wica be a (p' x p) squared mixing matrix estimated from ICA, where the length of
p' is equal to the length of p,. Yet, the sequence of variables in p' does not correspond to that
of p and thus Wica is not identified. A solution to the permutation indeterminacy is to take
advantage of the properties of DAG by permuting Wica to a form in which all its diagonal
elements are of zero values. The respective permutation on Wica is expressed as:

PW,., = PPW,, (A3.1)
where P is a (p x p') permutation matrix; P is another (p' x p) permutation matrix, the same as
in equation 2.7. The chosen P is able to neutralize P (i.e., PP = 1). W, is a (p X p) unmixing
matrix which has a correct order correspondence between its row and its column (Note that
its two dimensions, the two ps, are without apostrophe). In other words, W, is free of
permutation indeterminacy.

Resolving Scaling Indeterminacy. Due to scaling indeterminacy that the variances in
error terms (i.e., var(s)) are unknown, ICA fixes the variances itself to unity (Shimizu et al.,
2011). Let D be a (p x p) scaling matrix that contains the diagonal elements of Wj., such that:

D = diag(Wica)

If one divides Wi, by D, it gives:

W, W, _
== =W, (A3.2)
D dlag(Wica)
It means that standardization is applied to every row of Wj, and thus yields W, whose

diagonal elements are at numerical value ones. By setting variances in independent
components to unity, scaling indeterminacy is resolved. Combining equation A3.1 with A3.2,
one obtains:

Wica = PDW,

which gives equation 2.7.
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Appendix 4: Approximation for Matrix Permutation to Strict Lower Triangularity
Suppose T'icabe a (p x p) matrix obtained from ICA that is not in strict lower
triangularity. Shimizu et al. (2011)’s method is to find out a permuted Iica in the form of strict
lower triangularity through the iterative removal of elements in I'ica and continual testing Tica
for strict lower triangularity. It can save time during the permutation on T'ica, in particular
those of large dimensions. The proposed method begins with setting the p(p + 1)/2 smallest
elements in absolute values in [ica to zero. Using the four-variable case (Xa, Xb, Xc, Xd) as an
example, whose true causal diagram is shown in Figure 7a, let us say the respective T'ica be:
(V:aa V:ab V:ac }"adw 0 12 22 11
L= Yba Yob Ybe Yod|_ [08 0 03 2.1

! ! ! !

_\yca Y Y Vcd/_ 01 13 0 1.5
Via Vo Ve V'ag 0.7 02 05 0

In forcing 10 (=4 (4 + 1) / 2) smallest elements in absolute values in Tica to zero, we set six
qualified elements to zero values as the four diagonal elements in the original T'ica are already

at zero values:

! ! ! !

Yaa Yab Yac Vad 0 1.2 22 1.1
r. = Y'Iba V'Ibb V'Ibc Vlbd 0 0 0 21
yca ycb ycc ycd 0 13 0 15
Vaa Y'ab Yae Y'aa 0 0 0 0

Assume an empty list as K and define a I'ica which is equal to T'ica (i.€., I"ica := T'ica).
For any row with zero-value elements in I"ica, the corresponding variable is the first variable
in the causal order for it has no parent. Its index is loaded onto the tail of K and its row and
column in I'ica be removed. Back to the four-variable case, since the 4" and last row of I'ica
has elements all at zero values, the corresponding variable, xq, is then determined as the first
variable; its subscript, d, enter the tail of K such that K now is:
K: k(d)

Once the causal order of Xg is identified, I'ica shrinks to:
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l-‘Iicaz V’ba V’bb y’bc =10 0 0
V’ca V’cb V’cc 0 13 0

Yaa Yab V'ac (0 1.2 2.2)

The test continues searching the next variable. Should it succeed, the index of the next
variable will enter the end of K and the dimensions of I"*ica reduce further by one. If the test
fails to search any row with zero-value elements at any point, it adjusts I'ica by setting its next
smallest elements in absolute value to zero. Then the test resumes by letting K := @ and I'ica
:= I'ica. The process repeats until one element remains in I''ica and K has (p — 1) indices
arranged in a causal order. With the index of the remaining variable in I'"ica added to its tail,
K is completed as the causal order of variables that shows which variables are ancestors and
which are descendants. In the four-variable example, the second row of I'*ica has all elements
at zero values so the corresponding variable, xb, is the second variable whose variable
subscript, b, enters the tail of K. K is updated to:

K: k(d) < k(b)

And the I'ica further shrinks by one more dimension to:

; ’ ’ 0 22
=G )= %)
Repeating the process, we find Xc to be the third variable in the causal order which updates K
to:
K: k(d) < k(b) < k(c)
The search pauses as K has three variable subscripts at the moment (d, b and c). The
remaining variable subscript, a, enters the end of K to complete K:
K: k(d) < k(b) < k(c) < k(a)
Given k(d) < k(a), we can only conclude that xq is an ancestor of x, but are not certain if xq

has a direct edge onto Xa.
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Appendix 5: Prove of Mutual Information as A Function of One-dimensional Entropies
This appendix is to approve how mutual information can be expressed with one-

dimensional differential entropies (Hyvérinen, 1998). Assume two observed variables, x; and

x;. Between the two, we run two regressions and obtain two error terms, e,@") for x; and ej(l) for

xj For x;, the mutual information (MI) between the regressor xj'- and the error term ef” IS:

MI (x).e?) = H(x) + H () - 1 (x7.¢?) (A5.1)
For x] the MI between the regressor x; and the error term ejw IS:

MI(x;.e”) = H(x)) + H(e”)- H(x;.e”) (A5.2)

where H(u) denotes the one-dimensional differential entropies of variable u, and H(u, v)
denotes the two-dimensional differential entropies of variables u and v. Since H(u, v) is more
computationally demanding in comparison to H(u), it is preferable to avoid H(u, v) in the

calculation of MI. Hyvarinen and Smith (2013) suggest a solution with an equality that:

H(x],e(])> H( X;,e (l)) (A5.3)
To show that the equality in A5.3 holds, consider first a linear transformation from xj'. and ef’)
to variables u and v:

H(u,v) = H(le-,el@) +log|det A| (A5.4)

' ' ' 1 0
where( )—A( (])> The relation that< ) A( (])) holds when A is set to (Vij 1>.

1
Vi

H(xjf,x{)zH( (]) +log|det( (1))|=H(xj, .(J))+log1— (], (]))

By the same principle,

0
Substituting x x; and ( 1) for u, vand A, respectively, one has:

H(x{,x]f) = H(x{,ej(i)) + log

det(éi (1))| H(x e )+log1—H( j(i))
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Given the symmetric property of the two-dimensional differential entropy that:
H(u,v) = H(v,u) (A5.5)
It is clear that:
H (x;,ei(j)) = H(x]f,x{) = H(xi’,xjf) = H(x{, ej(i))
With equation A5.3, the difference in MI between equations A5.1 and A5.2 (denoted by
AMI) is:

am1 = Mi(x],e?) - mi(x}, )
- ) 4 (69) < (5.9 - - () ()
= H(x) +H (ef”) ~ HGD) — H(¢")

which resembles equation 2.12. This prove is also applicable to factor scores, simply by

replacing observed variables (e.g., x;) with factor scores (e.g., fl)
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Appendix 6: Algorithm of ICA-LINGAM
Input: A (N x p) data matrix as X where N is the number of observations and p is the number
of observed variables.

1. Givena (p x 1) random vector of observed variables as x, define U= {1, ... p}asa
set of observed-variable subscripts. |U| denotes the length of U.

2. Subtract the means from observed variables in x. Apply a fast ICA algorithm that uses
hyperbolic tangent function to decompose p observed variables into p independent
components. From the solution of the fast ICA algorithm, retrieve a (p x p) mixing
matrix as A,.,, the inverse of which is a (p X p) unmixing matrix as W,., where
Wie=Ajca

3. Find the unique permutation of rows of W;_, that seeks to minimizes Ziﬁ such that

the permuted matrix as W,., has non-zero elements along its diagonal.

4. Divide each row of W,,, by the corresponding diagonal element to obtain W;ca (ie.,
Wiei=Wieo/diag(Wie,).

5. Subtract one from all diagonal elements in Wi, to yield T, (i.€., Tiu=1-Wi,).

6. Initialize an empty list as K := @ that represents the causal order k(i) of the observed

variables in x, where i=1, 2, ..., p. To determine K, find the unique permutation

matrix as P of 'y, that yields a matrix as T',,,=PT';,P . The resultant T',., comes close
to a strictly lower triangular structure as much as possible. In practice, to speed up the
process of the matrix permutation to strictly lower triangularity, Shimizu et al.
(2011)’s approximate method is used. Set the p(p + 1)/2 smallest elements in absolute
value of T';, to zero. Repeat

a. Testif Iy, is permutable to be in strictly lower triangularity. If yes, break and

return the permuted T',., which is T',.
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b. Set the additional smallest element in absolute value of T';, to zero.
7. Substantiate a (p x p) null matrix as I'. Let U" := U. Repeat

a. Define xi where k(i) < k(j) for all j € U’ (i #)).

b. Gather x,={x;,} where k(h) < k(i) for all h € U (i # h). Should x» be empty, skip
to Step 7d.

c. Run an adaptive lasso regression of x; on x;,. Gather a vector of regression
coefficients for x,, to the row corresponding to x; in I".

d. LetU':==U"\iIf|U|=0, break and return I".

Output: A (p x p) regression coefficient matrix I'.
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Appendix 7: Algorithm of DirectLINGAM
Input: A (N x p) data matrix as X where N is the number of observations and p is the number
of observed variables.

1. Givena (p x 1) random vector of observed variables as x, define U ={1, ... p} asa
set of observed-variable subscripts. |U| denotes the length of U. Initialize an empty list
as K := @ that represents the causal order k(i) of the observed variables in x, where i =
1,2,...,p. Let x:=xand U=U.

2. RepeatforallieU

a. Perform the least squares regression of x; on le» for all j € U' (i #J) and retrieve

the error as eff). Compute the independence between the regressor and the
error in terms of the mutual information (MI) which is a function of one-

dimensional differential entropies (H):
MI (x},e?)) ZH(th) + H(el.(")) —H(xjt,el@)

b. Perform the least squares regression of xJT onx; forall j € U' (i #]) and retrieve

the error as e]@. Compute the independence between the regressor and the

error:
MI(x,'-,e}i))ZH (xl) + H| (ej("))— Hi (x;,e}i))
c. Subtract MI(x;,e}i)) from MI (xj'-,el.('. )) to yield AMI:
AMI=MI (7,67 ) - MI(x;.e”).
d. Compute the M criterion for x; by aggregating all AMIs for x; against every x;

forallje U (i #)):

,
M(x; )= 2' min (0, AML)

J#ij=1
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e. Find an observed variable with the maximum value of M criterion in X" and
denote it as x,,. Add the corresponding variable subscript, m, to the tail of K.

f.  Perform the least squares regressions of x; on x,, for all i € U’ (i #m) and
retrieve a vector of the error terms as r™. Update x":=r™and U':= U"\m. If |
U'|=1, break and add the remaining variable subscript to the tail of K.

3. Substantiate a (p x p) null matrix as I'. Reset U":= U. Repeat:

a. Define x; where k(i) <k(j) for all j € U" (i #})).

b. Gather x,={x;} where k(h) < k(i) for all h € U (i # h). Should x, be empty,
jump to Step 3d.

c. Run an adaptive lasso regression of x; on x,. Gather a vector of regression
coefficients for x,, to the row corresponding to x; in I

d. Update U= U"i. If |U'| =0, break and return I".

Output: A (p x p) regression coefficient matrix as I
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Appendix 8: Algorithm of ParceLINGAM
Input: A (N x p) data matrix as X where N is the number of observations and p is the number
of observed variables.
1. Givena (p x 1) random vector of observed variables as x, define U= {1, ... p}asa
set of observed-variable subscripts in x. |U| denotes the length of U. Initialize an
empty list as K := @ that represents the causal order k(i) of the observed variables in X,
wherei=1,2,...,p. Let X":=x and U":=U.
2. RepeatforallieU
a. Gather every xj'- forallje U (i #]j) as x'(,l). Run the least square regression of
x; on x,.; and retrieve the residual as rf’i).

b. Compute the Hilbert-Schmidt independence criterion (HSIC) test statistic for

x, i )

every x; within x,_, and " as HSIC( T

c. Gather all HSIC test statistics using the Fisher’s combination method, where

Pysic (’?}: ”,'(71)> is the p-value of XZHSIC (x}, ,,l(*l))

X2HSIC+Fisher(Xl(—i)’ r i(_i)) =22, log {p HSIC (xj v _i))}

d. Find ax,, whose x'(_m) and r,(,,_ ") are independent the most by:

' _ ' (71'))
Y= atg maxp HSIC+Fisher<X(*l7’r i
: } 2
Where pyq e pigher 1S the p-value of yiqr e pior-

e. Add the subscript m to the top of K. Update x := x'(_m) and U:=U\m. If |U’| =

1, break and return K.
3. Substantiate a (p % p) null matrix as I'. Reset U":=U. Repeat:

a. Define x; where k(i) < k(j) forall j € U' (i #]).
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b. Gather x,={x,} where k(h) < k(i) for all h € U (i # h). Should x, be empty,
jump to Step 3d.

c. Run an adaptive lasso regression of x; on x,. Gather a vector of regression
coefficients for x,, to the row corresponding to x; in I

d. Update U= U"i. If |U'| =0, break and return I".

Output: A (p x p) regression coefficient matrix as I
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Appendix 9: Algorithm of ICA-LINGAM-LV

Input: A (N x p) data matrix as X, a (p x q) factor loading matrix as A, where N is the

number of observations, p is the number of observed variables and q is the number of latent

variables.

A designated number of iterations in independent component analysis (ICA) as Njc,.

1. Givena (p x 1) vector of observed variables as x and a (q x 1) vector of latent

variables as n, define U = {1,..., q} as a set of latent-variable subscripts inn. |U |

denotes the length of U.

2. Repeat N, times (n=1, ..., Ni,,)

a.

Apply a fast ICA algorithm along with hyperbolic tangent function, taking X
as a data input and specifying g as the number of independent components,
which generates a (p % ) mixing matrix as A;.,. Compute a (g % g) unmixing
matrix as W,., with the relation that Wica=(ATAm)_1 (ATA).

Find the unique permutation of rows of W;., that seeks to minimizes Ziﬁ
such that the permuted matrix as W,., has non-zero elements along its

diagonal.

Divide each row of W,, by the corresponding diagonal element to obtain Wyica
(i.e., Wiq=Wco/diag(Wic,))-

Subtract one from all diagonal elements in W;ca to yield B,_, (i.e., B;.,,=I —
Wiea).

Initialize an empty list as K™ :=@ that represent the causal order k(i) of the
latent variables in n, where i =1, 2, ..., g. To determine l((”), find the unique

permutation matrix as P of By, that yields a matrix as B,.,=PB,,P . The

resultant B;_, comes close to a strictly lower triangular structure as much as
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possible. To speed up the process of the matrix permutation to strictly lower
triangularity, Shimzu et al. (2011)’s approximate method is used. Set the q(q +
1)/2 smallest elements in absolute value in B, to zero. Repeat
i. Testif B;., is permutable to be in strictly lower triangularity. If yes,
break and return the permuted B,., which is B;,.
ii. Set the next smallest elements in absolute value of B, to zero.
3. Gatherall K™ foralln=1, ..., N, from which select a K™ with the most frequency
and rename it to K. If a tie happens, go back to Step 2 and run an additional Nic. time.
4. Initialize a (g % g) null matrix as B. Let U:=U. Repeat
a. Define n, where k(i) < k(j) for all j € U" (i #)).
b. Gather n(h):{nh} where k(h) < k(i) for all h € U (i # h). Should n, be empty,
skip to Step 4d.

¢. Runaregularized structural equation modelling of », on LI Gather a vector
of structural parameters on 'l(h)t o the row corresponding to ., in B.

d. Update U= UNi. If |U'| = 0, break and return B.

5. Run aregularized structural equation modelling of i, where the directional relations
between latent variables are specified in accordance with B. The respective
measurement model copies the one that generated A. Retrieve a (q x q) structural
parameter matrix as B.

Output: A (g x q) structural parameter matrix B
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Appendix 10: Algorithm of DirectLINGAM-LV

Input: A (N x p) data matrix as X, a (p x q) factor loading matrix as A and a (g % q) factor
covariance matrix as @, where N is the number of observations, p is the number of observed
variables and q is the number of latent variables.

1. Givena (p x 1) vector of observed variables as x and a (q x 1) vector of latent
variables as n, define U = {1,..., q} as a set of latent-variable subscripts inn. |U |
denotes the length of U. Initialize an empty list as K := @ that represents the causal
order k(i) of the latent variables inn, wherei=1,2, ..., q.

2. Compute the estimated scores on latent variables, the equivalent of factor scores as
T
f=( 1,fq) based on X, A and ®. Let f:=f and U":=U. Repeat for all i € U’
a. Run the least squares regression off; onjj forall i, j € U' (i #)) and retrieve

the error as e?). Compute the independence between the regressor and the
error with the mutual information (MI) which is a function of one-dimensional

differential entropies (H):
(AN ! 0 0]
M1 (7)<t () +#1 () -1 (")
b. Run the least squares regression ofji. onf; forall i, j € U' (i #])) and retrieve

the error as e]@. Compute the independence between the regressor and the
error with Ml:
O\ £ @ @
MI(fi’ejl )_H(fi )+H(ejl )_H(fi € )
c. Subtract MI(f e(i)) from MI (f e(/)) to yield the difference in MIs as AMI:

AMI=MI (767 ) - Mi(f:.e”)

d. Compute the M criterion for /; that aggregates all AMIs for /; against every j§
forall j € U' (i £ j):
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p
M(f)=- 2 min(o, AMI [/,];])2
J#ij=1

e. Find a latent variable with the maximum value of M criterion in f' and denote

itas fn . add the corresponding latent-variable subscript, m, to the tail of K.
f. Perform least squares regressions offl'. onf;n forall i € U’ (i #m) and retrieve

the vector of residuals as r™. Update f':=r™ and U"=U"m. If |U'| = 1, break
and add the remaining latent-variable subscript to the tail of K.
3. Initialize a (g x g) null matrix as B. Reset U:=U. Repeat

a. Define n, where k(i) < k(j) forall j € U' (i #)).

b. Gather "(h):{”h} where k(h) < k(i) for all h € U (i # h). Should 1, be empty,
skip to Step 3d.

¢. Runaregularized structural equation modelling of », on LI Gather a vector
of structural parameters on 1, o the row corresponding to #, in B.

d. Update U= UNi. If |U'| = 0, break and return B.

4. Run a regularized structural equation modelling of n, where the directional relations
between latent variables are specified in accordance with B. The respective
measurement model copies the one that generated A and ®. Retrieve a (g % q)
structural parameter matrix as B.

Output: A (g x ) structural parameter matrix as B
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Appendix 11: Algorithm of ParceLINGAM-LV

Input: A (N x p) data matrix as X, a (p x q) factor loading matrix as A and a (g % q) factor
covariance matrix as @, where N is the number of observations, p is the number of observed
variables and q is the number of latent variables.

1. Givena (p x 1) vector of observed variables as x and a (q x 1) vector of latent
variables as n, define U = {1,..., q} as a set of latent-variable subscripts inn. |U |
denotes the length of U. Initialize an empty list as K := @ that represents the causal
order k(i) of the latent variables inn, wherei=1,2, ..., q.

2. Compute the estimated scores on latent variables, the equivalent of factor scores as
T
f=( 1,fq) based on X, A and ®. Let f:=f and U":=U. Repeat for all i € U":
a. Gather everyjj'. forall j € U' (i # j) as f_;). Run a least square regression of £

on f_;, and retrieve the error term as .

1

b. Compute the Hilbert-Schmidt independence criterion (HSIC) test statistic for
every fj within £y and r” as 2 (Jj rl.(‘i)).
C. Gather all HSIC test statistics using the Fisher’s combination method, where

XIZrISICJrFisher(f(—i)’ r ,( _i)) =-2%,,;log {pHSIC (J; d l( _i))}

d. Finda f}'n whose f'(_m) and r,(,,"") are independent the most by:

3 _ ] (_1))
J,~arg maxp HSIC+Fisher(f(-i)’ i

Where pyqic.pigher 1S the p-value of X2H31c+Fisher'

e. Add the latent-variable subscript m to the top of K. Update f':=f'(_m)and
U:=U"m. If |U'| = 1, break.
3. Initialize a (g % q) null matrix as B. Reset U":=U. Repeat
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a. Define 5, where k(i) < k(j) for all j € U’ (i # ).

b. Gather "(h)={’7h} where k(h) < k(i) for all h € U (i # h). Should 1, be empty,
skip to Step 3d.

¢. Runaregularized structural equation modelling of ;, on Ny Gather a vector
of structural parameters on 1, o the row corresponding to #, in B.

d. Update U= UNi. If |U’| = 0, break and return B.

4. Run aregularized structural equation modelling of i, where the directional relations
between latent variables are specified in accordance with B. The respective
measurement model copies the one that generated A and ®. Retrieve a (g % q)
structural parameter matrix as B.

Output: A (g x q) structural parameter matrix as B
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Appendix 12: R Documentation of LINGAM Algorithms

LINGAM-LYV algorithms introduced in this thesis were coded with the R6 class. One can conceive
LINGAM-LV algorithms as some objects in the form of R6 classes. These objects receive inputs (e.g., data and
hyperparameters) and produce outputs (e.g., causal orders and discovered path models). We had prepared a total
of six R6 classes, each for one LINGAM algorithm (i.e., ICA-LINGAM, DirectLINGAM, ParceLINGAM, ICA-
LINGAM-LV, DirectLINGAM-LV & ParceLINGAM-LV). Let N be the number of observations, p be the
number of observed variables, and g be the number of latent variables.

ICALINGAM
R6 class “ICALiNGAM” is to implement ICA-LINGAM with four editable fields:
max_k A single number that specifies the maximum attempt to search the
causal order (Default: 3).
max iter A single number that specifies the maximum iteration of ICA
(Default: 1000).
type ica A character that assigns a R package between “fastICA” and
“ica” to run ICA (Default: “fastICA”)
lasso_engine A character that assigns a R package between “glmnet” and
“lars” to run the lasso regression (Default: “glmnet”).
Method “fit ()” initiates the algorithm, in which argument “x” is a (N x p) data frame. “ICALiNGAM”
outputs three fields:
causal order A (p x 1) vector of numbers that sequences the observed variables in
a causal order.
intercept A (p x 1) vector of observed variable intercepts.
adjacency matrix  Adiscovered (p X p) regression coefficient matrix.
DirectLINGAM
R6 class “DirectLiNGAM” is to implement DirectLiNGAM with one editable field:
lasso_engine A character that assigns a R package between “glmnet” and
“lars” to run the lasso regression (Default: “gIlmnet”).
Method “£it () ” initiates the algorithm, in which argument “x” isa (N x p) data frame. “DirectLiNGAM”

outputs three fields:
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causal order

intercept

adjacency matrix

ParceLINGAM

A (p x 1) vector of numbers that sequences the observed variables in
a causal order.
A (p x 1) vector of observed variable intercepts.

A discovered (p x p) regression coefficient matrix.

R6 class “ParceLiNGAM” is to implement ParceLINGAM with two editable fields:

alpha

lasso_engine

A single number that specifies the uncorrected threshold value for the
Fisher’s independent test (Default: 0.001).
A character that assigns a R package between “glmnet” and

“lars” to run the lasso regression (Default: “glmnet”).

Method “£it () ” initiates the algorithm, in which argument “x” is a (N x p) data frame. “ParceLiNGAM”

outputs three fields:

causal order

intercept
adjacency matrix

ICALINGAM_LV

A (p x 1) vector of numbers that sequences the observed variables in
a causal order.
A (p x 1) vector of observed variable intercepts.

A discovered (p x p) regression coefficient matrix.

R6 class “ICALiNGAM LV” is to implement ICA-LINGAM-LV with eight editable fields:

lambda

model pure

model other

max_k

max iter ica

A (p x q) factor loading matrix.

A (g x 1) vector of characters that specifies pure measurement model
in which each of the elements is a lavaan model syntax describing the
relationship of a latent variable with the corresponding observed
variables. The order of elements follows the column of “1ambda”.
A character that specifies lavaan model syntax about configuration of
the measurement model that is not yet declared in “model_pure” (e.g.,
cross-factor loading).

A single number that specifies the number of attempts to search the
causal order (Default: 3).

A single number that specifies the maximum iteration of ICA

(Default: 1000).
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type ica

regsem penalty

regsem nlambda

regsem_jump

A character that assigns a R package between “fastICA” or “ica”
to run ICA (Default: “fastICA”).
A character that specifies a penalty type used in a R package of

EEINNT3 EEINT3 EERNT3 EEINT3

regsem (“none”, “lasso”, “ridge”, “enet”, “alasso”,
“diff lasso”)(Default: “alasso”).

A single number that specifies the number of penalty values to test in
“cvregsem” function in “regsem” package (Default: 20).

A single number that specifies the change in penalty values per

iteration in “cvregsem” function in “regsem” package

(Default: .03).

Method “$fit () initiates the algorithm, in which argument “x” is a (N x p) data frame that specifies the

observed data. “ICALINGAM_LV” outputs two fields:

causal order

adjacency matrix

DirectLINGAM_LV

A (q x 1) vector of numbers that sequences the indices of latent
variables in a causal order, where the indices correspond to the
column of “lambda”.

A discovered (g x q) structural parameter matrix whose row and

column follow the column of “lambda”.

R6 class “DirectLiNGAM LV~ is to implement DirectLiNGAM-LV with nine editable fields:

lambda
phi

model pure

model other

fsa

A (p x q) factor loading matrix.

A (q x q) factor covariance matrix.

A (q x 1) vector of characters that specifies pure measurement model
in which each of the elements is a lavaan model syntax describing the
relationship of a latent variable with the corresponding observed
variables. The order of elements follows the column of “lambda”.
A character that specifies lavaan model syntax about configuration of
the measurement model that is not yet declared in “model pure”
(e.g., cross-factor loading).

A vector of characters that specifies the factor scores approximation

approaches used in “psych” package (“Thurstone”,
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fsa user

regsem penalty

regsem nlambda

regsem_jump

“tenBerge”, “Anderson”, “Bartlett”, “Harman”,
“components”) (Default: “Thurstone”, “Bartlett” &
“tenBerge”).

A character that specifies one factor score approximation approach to
endorse if the causal orders estimated are not consistent (Default:
“tenBerge”).

A character that specifies a penalty type used in “regsem” package

EEINNT3 EEINT3 EERNT3 EEINT3

“none”, “lasso”, “ridge”, “enet”, “alasso”,

“diff lasso”) (Default: “alasso”).

A single number that specifies the number of penalty values to test in
“cvregsem” function in “regsem” package (Default: 20).

A single number that specifies the change in penalty values per

iteration in “cvregsem” function in “regsem” package (Default:

0.03).

Method “fit ()” initiates the algorithm, in which argument “x” is a (N x p) data frame that specifies the

observed data. “DirectLiNGAM LV” produces two fields:

causal order

adjacency matrix

ParceLINGAM_LV

A (q x 1) vector of numbers that sequences the indices of latent
variables in a causal order, where the indices correspond to the
column of “lambda”.

A discovered (g x q) structural parameter matrix whose row and

column follow the column of “lambda”

R6 class “ParceLiNGAM LV” is to implement ParceLINGAM-LV with ten editable fields:

lambda
phi

model pure

A (p x q) factor loading matrix.

A (q x q) factor covariance matrix.

A (q x 1) vector of characters that specifies pure measurement model
in which each of the elements is a lavaan model syntax describing the
relationship of a latent variable with the corresponding observed

variables. The order of elements follows the column of “lambda”.
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model other

fsa

fsa user

regsem penalty

regsem nlambda

regsem_jump

alpha

A character that specifies lavaan model syntax about configuration of
the measurement model that is not yet declared in “model pure”
(e.g., cross-factor loading).

A vector of characters that specifies the factor scores approximation
approaches used in “psych” package (“Thurstone”,
“tenBerge”, “Anderson”, “Bartlett”, “Harman”,
“components”) (Default: “Thurstone”, “Bartlett” &
“tenBerge”).

A character that specifies one factor score approximation approach to
endorse if the causal orders estimated are not consistent (Default:
“tenBerge”).

A character that specifies a penalty type used in “regsem” package

LR I3 EEINT3 LEINT3

“none”, “lasso”, “ridge”, “enet”, “alasso”,

“diff lasso”) (Default: “alasso”).

A single number that specifies the number of penalty values to test in
“cvregsem” function (Default: 20).

A single number that specifies the change in penalty values per
iteration in “cvregsem” function (Default: 0.03).

A single number that specifies the uncorrected threshold value for the

Fisher’s independent test (Default: 0.001).

Method “fit () ” initiates the algorithm, in which argument “x” isa (N x p) data frame that specifies the

observed data “ParceLiNGAM LV” output two fields:

causal order

adjacency matrix

A (g x 1) vector of numbers that sequences the indices of latent
variables in a causal order, where the indices correspond to the
column of “lambda”.

A discovered (q x q) structural parameter matrix whose row and

column follow the column of “lambda”
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Appendix 13: Mean and Standard Deviation of Performance Indicators

A13.1 Mean and Standard Deviation of RMSEA-P on PM1

ICA-LINGAM-LV _ DirectLiNGAM-LV  ParceLINGAM-LV

Missingness  Non- Sample
Normality  Size M SD M SD M SD
MCAR Normal 100 .022 .052 .019 .047 .016 .046
None Normal 100 .024 .051 .017 .043 .019 .049
MCAR Mild 100 .018 .044 .021 .048 .017 .047
None Mild 100 .026 .053 .027 .055 .017 .046
MCAR Moderate 100 .025 .056 .023 .051 .017 .046
None Moderate 100 .026 .055 .028 .058 .021 .050
MCAR Severe 100 .019 .046 .025 .060 .019 .049
None Severe 100 .020 .047 .023 .049 .017 .042
MCAR Normal 200 .019 .037 .018 .036 .016 .034
None Normal 200 .018 .037 .017 .036 .012 .031
MCAR Mild 200 .019 .038 .020 .039 .013 .032
None Mild 200 021 .041 .023 .042 .016 .037
MCAR Moderate 200 021 .040 .021 .039 .016 .036
None Moderate 200 .020 .039 .021 .040 .017 .037
MCAR Severe 200 021 .038 .022 .039 .016 .034
None Severe 200 017 .036 .019 .037 .015 .033
MCAR Normal 500 014 .026 .015 .026 .014 .025
None Normal 500 .015 .027 .015 .027 .015 .028
MCAR Mild 500 .015 .028 .016 .028 .014 .027
None Mild 500 .015 .026 .016 .027 .014 .026
MCAR Moderate 500 014 .025 .015 .026 .014 .025
None Moderate 500 012 .024 .012 .024 .011 .024
MCAR Severe 500 .017 .028 .016 .027 .016 .028
None Severe 500 .015 .028 .016 .028 .015 .028
MCAR Normal 1000 .010 .018 .010 .018 .010 .018
None Normal 1000 .010 .019 .010 .019 .010 .019
MCAR Mild 1000 011 .020 .011 .020 .011 .019
None Mild 1000 .013 021 .013 .021 .012 .021
MCAR Moderate 1000 .010 .017 .010 .017 .010 .017
None Moderate 1000 .009 017 .009 .017 .009 .017
MCAR Severe 1000 011 .020 .011 .020 .011 .020
None Severe 1000 011 .020 .011 .020 .011 .020
Note: N = 500.
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A13.2 Mean and Standard Deviation of RMSEA-P on PM2

ICA-LINGAM-LV  DirectLiINGAM-LV  ParceLINGAM-LV

Missingness Non- Sample
Normality Size M SD M SD M SD
MCAR Normal 100 .050 .063 .054 .069 .057 .068
None Normal 100 .061 .066 .065 .075 .065 .072
MCAR Mild 100 .052 .066 .050 .068 .059 .074
None Mild 100 .058 .068 .055 .070 .063 .079
MCAR Moderate 100 .050 .068 .049 .065 .064 .076
None Moderate 100 .056 .068 .056 .070 071 .079
MCAR Severe 100 .055 .068 .053 .064 .064 .070
None Severe 100 .058 074 .048 .067 .068 .078
MCAR Normal 200 .048 .052 .045 .051 .053 .056
None Normal 200 .049 .053 .046 .053 .055 .060
MCAR Mild 200 .043 .057 .040 .047 .060 .062
None Mild 200 .044 .051 .042 .049 .054 .063
MCAR Moderate 200 .039 .047 .038 .044 .057 .059
None Moderate 200 .039 .045 .037 .043 .057 .060
MCAR Severe 200 .042 .051 .037 .044 .055 .059
None Severe 200 .043 .049 .038 .045 .055 .058
MCAR Normal 500 .024 .034 .024 .033 .041 .045
None Normal 500 .025 .035 .027 .038 .043 .049
MCAR Mild 500 .025 .034 .025 .033 .046 .045
None Mild 500 .025 .033 .023 .032 .045 .046
MCAR Moderate 500 .023 .031 .023 .033 .036 .041
None Moderate 500 .022 .033 .021 .029 .038 .043
MCAR Severe 500 .024 .034 .023 .032 .035 .037
None Severe 500 .024 .036 .022 .032 .035 .039
MCAR Normal 1000 011 .023 012 .023 .015 .027
None Normal 1000 .008 .020 .009 .021 .013 .027
MCAR Mild 1000 .009 .019 .008 .018 .035 .040
None Mild 1000 .009 .022 .009 .022 .032 .043
MCAR Moderate 1000 .009 017 .009 017 .019 .031
None Moderate 1000 .008 .018 .008 .018 .021 .034
MCAR Severe 1000 011 .026 011 .026 .020 .035
None Severe 1000 .008 .018 .008 .018 .018 .032
Note: N = 500.
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A13.3 Mean and Standard Deviation of RMSEA-P on PM3

ICA-LINGAM-LV  DirectLINGAM-LV  ParceLINGAM-LV

Missingness  Non- Sample
Normality Size M SD M SD M SD
MCAR Normal 100 .056 .048 .050 .051 .049 .049
None Normal 100 .056 .050 .051 .052 .057 .052
MCAR Mild 100 .057 .049 .042 .047 .051 .050
None Mild 100 .061 .053 .043 .048 .057 .052
MCAR Moderate 100 .056 .049 .036 .042 .054 .051
None Moderate 100 .058 .052 .034 .045 .055 .050
MCAR Severe 100 .054 .048 .031 .043 .049 .049
None Severe 100 .057 .051 .027 .038 .051 .052
MCAR Normal 200 .059 .037 .040 .038 .056 .040
None Normal 200 .063 .038 .039 .038 .057 .041
MCAR Mild 200 .056 .039 .028 .034 .055 .041
None Mild 200 .056 .041 .030 .035 .059 .043
MCAR Moderate 200 .045 .040 .021 .031 .051 .040
None Moderate 200 .049 .043 .018 .028 .052 .042
MCAR Severe 200 .042 .039 .018 .026 .045 .042
None Severe 200 .048 .045 .017 .027 .050 .042
MCAR Normal 500 .044 .035 .019 .025 .046 .033
None Normal 500 .045 .037 .021 .027 .046 .035
MCAR Mild 500 .029 .032 .012 .017 .050 .035
None Mild 500 .034 .036 .013 021 .052 .036
MCAR Moderate 500 .021 .027 011 .016 .038 .033
None Moderate 500 .024 .030 .010 .016 .044 .036
MCAR Severe 500 .022 .028 012 .017 .033 .032
None Severe 500 .020 .028 .012 .016 .032 .033
MCAR Normal 1000 .021 .029 .013 .020 .027 .029
None Normal 1000 .018 .026 .010 .017 .026 .029
MCAR Mild 1000 011 017 .008 .012 .036 .034
None Mild 1000 .010 .015 .007 011 .037 .037
MCAR Moderate 1000 .010 .018 .009 .012 .026 .028
None Moderate 1000 .010 .016 .008 .013 .025 .029
MCAR Severe 1000 .010 016 .008 011 .020 .025
None Severe 1000 011 .016 .009 .013 .018 .023
Note: N = 500.
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A13.4 Mean and Standard Deviation of CFI-P on PM1

ICA-LINGAM-LV  DirectLINGAM-LV  ParceLINGAM-LV

Missingness  Non- Sample
Normality Size M SD M SD M SD
MCAR Normal 100 .994 .018 .995 .017 .996 .016
None Normal 100 .994 016 .996 .014 .995 .018
MCAR Mild 100 .996 .016 .994 .017 .994 027
None Mild 100 .994 016 .993 .019 .995 017
MCAR Moderate 100 .992 .034 .994 .020 .995 .019
None Moderate 100 .994 017 .993 .019 .995 .016
MCAR Severe 100 .995 017 .992 .036 .994 .020
None Severe 100 .995 .015 .995 .016 .996 012
MCAR Normal 200 .997 .009 .997 .008 .997 .008
None Normal 200 .997 .008 .997 .007 .998 .006
MCAR Mild 200 .996 .010 .996 011 .998 .007
None Mild 200 .996 .010 .996 .010 .997 .008
MCAR Moderate 200 .996 .010 .996 .009 .997 .008
None Moderate 200 .997 .009 .996 .009 .997 .009
MCAR Severe 200 .996 .010 .996 .010 .997 .009
None Severe 200 .997 .007 .997 .008 .998 .007
MCAR Normal 500 .998 .004 .998 .004 .998 .004
None Normal 500 .998 .004 .998 .004 .998 .004
MCAR Mild 500 .998 .005 .998 .005 .998 .005
None Mild 500 .998 .004 .998 .004 .998 .004
MCAR Moderate 500 .998 .004 .998 .004 .998 .004
None Moderate 500 .999 .004 .999 .004 .999 .004
MCAR Severe 500 .998 .005 .998 .004 .998 .005
None Severe 500 .998 .004 .998 .004 .998 .004
MCAR Normal 1000 .999 .002 .999 .002 .999 .002
None Normal 1000 .999 .002 .999 .002 .999 .002
MCAR Mild 1000 .999 .002 .999 .002 .999 .002
None Mild 1000 .999 .002 .999 .002 .999 .002
MCAR Moderate 1000 .999 .002 999 .002 .999 .002
None Moderate 1000 .999 .002 .999 .002 .999 .002
MCAR Severe 1000 999 .003 999 .003 .999 .003
None Severe 1000 .999 .002 .999 .002 .999 .002
Note: N = 500.
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A13.5 Mean and Standard Deviation of CFI-P on PM2

ICA-LINGAM-LV  DirectLINGAM-LV  ParceLINGAM-LV

Missingness  Non- Sample
Normality Size M SD M SD M SD
MCAR Normal 100 977 .038 975 .044 971 .050
None Normal 100 977 .036 972 .045 973 .047
MCAR Mild 100 974 .053 976 .057 970 .060
None Mild 100 975 .048 975 .053 .968 .069
MCAR Moderate 100 977 .049 978 .045 .966 .063
None Moderate 100 .978 .038 977 .049 .966 .067
MCAR Severe 100 979 .036 .978 .040 974 .037
None Severe 100 975 .052 979 .049 .967 .067
MCAR Normal 200 .985 .023 .986 .023 .983 .025
None Normal 200 .986 .024 .987 .020 .983 .026
MCAR Mild 200 .986 .032 .988 .020 979 .030
None Mild 200 .987 022 .988 021 .983 .026
MCAR Moderate 200 .989 .020 .989 .017 979 .031
None Moderate 200 .989 .020 .990 .018 981 .028
MCAR Severe 200 .987 .025 .989 .022 .980 .033
None Severe 200 .987 021 .989 .028 .982 .032
MCAR Normal 500 .995 .009 .996 .008 991 .014
None Normal 500 .996 .008 .995 .009 990 .014
MCAR Mild 500 .995 .009 .995 .008 .989 .015
None Mild 500 .996 .007 .996 .007 .990 014
MCAR Moderate 500 .996 .007 .995 .012 991 .013
None Moderate 500 .996 .008 .997 .007 .992 .013
MCAR Severe 500 .995 .009 .996 .008 .992 013
None Severe 500 .996 .009 .996 .007 .992 .012
MCAR Normal 1000 999 .004 999 .005 .998 .006
None Normal 1000 .999 .003 .999 .004 .998 .006
MCAR Mild 1000 999 .003 999 .002 .993 011
None Mild 1000 .999 .008 .999 .008 .994 .010
MCAR Moderate 1000 999 .002 999 .002 .996 .008
None Moderate 1000 .999 .003 .999 .003 .996 .008
MCAR Severe 1000 .998 013 .998 .013 .996 014
None Severe 1000 .999 .003 .999 .003 .997 .008
Note: N = 500.
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A13.6 Mean and Standard Deviation of CFI-P on PM3

ICA-LINGAM-LV  DirectLINGAM-LV  ParceLINGAM-LV

Missingness  Non- Sample
Normality Size M SD M SD M SD
MCAR Normal 100 .963 .044 .969 .041 972 .039
None Normal 100 .967 .043 973 .038 .969 .039
MCAR Mild 100 .960 .049 974 .040 .970 .041
None Mild 100 .962 .046 .978 .035 970 .037
MCAR Moderate 100 .961 .047 .980 .032 .966 .044
None Moderate 100 .963 .045 .982 031 971 .036
MCAR Severe 100 .965 .043 .982 .033 971 .039
None Severe 100 .963 .047 .986 .026 971 .046
MCAR Normal 200 .968 .031 .982 .023 972 .029
None Normal 200 .968 .030 .984 021 974 .028
MCAR Mild 200 .968 .033 .989 .019 973 .029
None Mild 200 971 .031 .989 .019 973 .029
MCAR Moderate 200 975 .031 991 .020 975 .028
None Moderate 200 974 .033 .994 .013 976 .028
MCAR Severe 200 977 .030 .994 012 .978 .028
None Severe 200 974 .032 .994 .012 977 .027
MCAR Normal 500 .980 .022 .995 011 .983 .019
None Normal 500 .981 .025 .994 011 .984 .017
MCAR Mild 500 .988 .018 .997 .006 .980 .020
None Mild 500 .986 .025 .996 016 .980 .020
MCAR Moderate 500 .993 .015 .998 .004 .985 .018
None Moderate 500 991 .016 .998 .004 .983 .020
MCAR Severe 500 992 .014 997 .007 .987 .017
None Severe 500 .993 .020 .998 .004 .989 .016
MCAR Normal 1000 .992 .016 997 .009 .992 .012
None Normal 1000 .994 .012 .998 .006 .993 .010
MCAR Mild 1000 .998 .006 .999 .002 .987 .016
None Mild 1000 .998 .005 .999 .002 .987 .022
MCAR Moderate 1000 .997 .017 .999 .002 .992 .013
None Moderate 1000 .998 .006 .999 .003 .993 .012
MCAR Severe 1000 .998 .009 .999 .002 .994 011
None Severe 1000 .998 .006 .999 .004 .995 .009
Note: N = 500.
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A13.7 Mean and Standard Deviation of Accuracy on PM1

ICA-LINGAM-LV  DirectLINGAM-LV  ParceLINGAM-LV

Missingness Non-Normality ~Sample

Size M SD M SD M SD
MCAR Normal 100 .819 234 .755 246 711 252
None Normal 100 .829 229 .748 .259 704 .260
MCAR Mild 100 .846 215 877 210 728 .249
None Mild 100 .862 .209 .888 195 735 244
MCAR Moderate 100 .880 194 910 176 .748 .238
None Moderate 100 .908 174 919 175 781 242
MCAR Severe 100 .900 175 916 173 .801 .233
None Severe 100 .890 .183 .938 146 .816 222
MCAR Normal 200 921 172 917 181 .835 237
None Normal 200 .920 .180 .909 190 .828 .236
MCAR Mild 200 .939 154 .962 124 .828 .228
None Mild 200 .957 128 971 113 .840 .228
MCAR Moderate 200 .965 JA11 .978 .091 .876 .208
None Moderate 200 .959 120 970 112 .860 212
MCAR Severe 200 .981 .084 .990 .064 .886 197
None Severe 200 .956 122 .983 .080 .900 191
MCAR Normal 500 979 .093 974 .108 .967 124
None Normal 500 .980 .090 .982 .093 974 110
MCAR Mild 500 .992 .055 .998 .032 .957 .138
None Mild 500 991 .056 1.000 .008 .953 .143
MCAR Moderate 500 .992 .053 1.000 .006 .963 127
None Moderate 500 .996 .038 .999 .024 961 129
MCAR Severe 500 .996 .037 .999 022 .963 115
None Severe 500 .997 .030 1.000 .008 .964 .108
MCAR Normal 1000 .997 .041 .996 .043 .996 .045
None Normal 1000 .998 .029 .993 .057 .998 .032
MCAR Mild 1000 1.000 .000 1.000 .000 .993 .055
None Mild 1000 1.000 .000 1.000 .000 .995 .050
MCAR Moderate 1000 1.000 .000 1.000 .000 972 .081
None Moderate 1000 1.000 .006 1.000 .006 .966 .093
MCAR Severe 1000 1.000 .006 1.000 .006 871 126
None Severe 1000 .999 .024 1.000 .000 .860 124

Note: N = 500.
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A13.8 Mean and Standard Deviation of Accuracy on PM2

ICA-LINGAM-LV  DirectLiNGAM-LV  ParceLINGAM-LV

Missingness Non- Sample
Normality Size M SD M SD M SD
MCAR Normal 100 732 164 .642 .168 .610 .168
None Normal 100 .755 163 .658 .168 .610 170
MCAR Mild 100 732 .156 733 161 .600 173
None Mild 100 735 163 746 162 .617 .168
MCAR Moderate 100 .756 .156 .764 154 .636 .165
None Moderate 100 .756 156 77 .148 .642 .169
MCAR Severe 100 737 163 .784 148 .665 157
None Severe 100 748 162 791 147 .669 167
MCAR Normal 200 .809 .160 776 181 .695 182
None Normal 200 817 153 778 73 .675 175
MCAR Mild 200 .840 147 .853 137 .662 176
None Mild 200 .836 153 .854 146 .656 181
MCAR Moderate 200 .855 144 .885 120 725 167
None Moderate 200 873 131 .889 116 729 A74
MCAR Severe 200 .863 136 .886 115 744 .165
None Severe 200 871 130 .897 .106 761 162
MCAR Normal 500 910 132 .924 119 .815 167
None Normal 500 915 131 925 123 .819 176
MCAR Mild 500 .942 .096 .949 .085 770 176
None Mild 500 .951 .081 .955 .080 776 172
MCAR Moderate 500 .960 .066 .962 .061 .836 161
None Moderate 500 .956 071 .960 .062 .841 153
MCAR Severe 500 .954 .084 .966 .061 .867 .145
None Severe 500 .950 .082 .962 .059 .863 142
MCAR Normal 1000 .939 .091 951 071 .904 126
None Normal 1000 941 .083 .953 .058 919 .105
MCAR Mild 1000 .960 .043 .959 .050 .821 .155
None Mild 1000 .958 .050 .959 .044 .849 151
MCAR Moderate 1000 .963 .043 .965 .037 .900 123
None Moderate 1000 .960 .040 .959 .042 .903 .109
MCAR Severe 1000 .960 .043 .961 .040 .910 .106
None Severe 1000 .960 .042 961 .039 .908 .108
Note: N = 500.
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A13.9 Mean and Standard Deviation of Accuracy on PM3

ICA-LINGAM-LV  DirectLiNGAM-LV  ParceLINGAM-LV

Missingness Non- Sample
Normality Size M SD M SD M SD
MCAR Normal 100 726 114 .695 145 .665 .140
None Normal 100 727 123 701 139 .673 139
MCAR Mild 100 747 115 795 138 674 137
None Mild 100 745 110 790 142 .680 131
MCAR Moderate 100 767 113 .852 129 .683 141
None Moderate 100 767 123 .868 115 .695 136
MCAR Severe 100 .769 119 .885 .109 718 136
None Severe 100 774 120 .893 107 717 132
MCAR Normal 200 .769 119 .827 149 731 .148
None Normal 200 72 120 .837 147 728 144
MCAR Mild 200 .799 112 910 107 719 .145
None Mild 200 .802 119 915 .108 717 136
MCAR Moderate 200 .852 118 .950 077 758 131
None Moderate 200 .856 113 .963 .069 178 135
MCAR Severe 200 872 111 .963 .066 .810 .128
None Severe 200 .868 119 975 .052 .816 129
MCAR Normal 500 .884 117 .967 .076 .848 128
None Normal 500 .881 119 .963 .083 .859 131
MCAR Mild 500 .934 .097 991 .032 .832 129
None Mild 500 .928 .098 991 .032 .824 136
MCAR Moderate 500 .963 .081 .995 .023 .884 J21
None Moderate 500 .957 .084 .996 .017 .873 117
MCAR Severe 500 961 .083 .997 017 919 .100
None Severe 500 972 .067 .997 .012 .924 .097
MCAR Normal 1000 .955 .082 .983 .048 920 .107
None Normal 1000 .958 .078 .983 .042 .925 .104
MCAR Mild 1000 .983 041 .994 016 .893 118
None Mild 1000 .983 .036 .994 011 .899 A11
MCAR Moderate 1000 .990 .028 .995 .009 .943 .083
None Moderate 1000 .986 .035 .994 .013 .942 .082
MCAR Severe 1000 .989 031 .995 .009 .960 .069
None Severe 1000 .986 .036 .993 .010 .964 .064
Note: N = 500.
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A13.10 Mean, Standard Deviation and Number of Replications of RMSE on PM1

ICA-LINGAM-LV

DirectLINGAM-LV

ParceLINGAM-LV

Missingness  Non- Sample
Normality Size M SD N M SD N M SD N

MCAR Normal 100 199 122 296 202 127 235 200 .116 196
None Normal 100 191 105 303 190 117 240 183 .119 199
MCAR Mild 100 204 133 313 202 128 359 207 130 207
None Mild 100 198 136 332 193 130 364 191 112 209
MCAR Moderate 100 217 128 349 210 .130 385 207 132 215
None Moderate 100 194 127 379 195 130 400 193 122 258
MCAR Severe 100 207 132 363 203 127 391 200 .132 268
None Severe 100 189 131 352 184 116 412 179 114 281
MCAR Normal 200 139 .078 407 140  .079 407 139 .078 329
None Normal 200 133 .070 411 132 .070 401 135 .069 321
MCAR Mild 200 146 081 423 145 .079 452 143 .080 310
None Mild 200 132 .075 446 132 .074 465 130 .074 330
MCAR Moderate 200 141 .082 447 142 .083 466 142 .081 360
None Moderate 200 127 .078 441 128  .079 459 127 .080 343
MCAR Severe 200 144 080 474 142 078 487 139 077 371
None Severe 200 138 .080 440 135  .078 476 131 076 387
MCAR Normal 500 082 .044 474 083 .044 472 .084 .044 467
None Normal 500 .078 .045 475 079 .045 479 079 .045 472
MCAR Mild 500 .086 .045 488 085 .045 497 .085 .044 454
None Mild 500 079 .047 487 079  .046 498 .078 .046 449
MCAR Moderate 500 .081 .048 489 081  .047 499 .080 .047 459
None Moderate 500 .079 .050 493 .079  .050 497 .078 .048 456
MCAR Severe 500 .084 .047 495 084  .047 499 .083 .046 446
None Severe 500 .085 .046 495 085  .047 498 .083 .045 442
MCAR Normal 1000 057 .031 496 057 .031 494 .056 .031 495
None Normal 1000 .055 .028 497 055 .028 493 .055 .028 498
MCAR Mild 1000 .058 .033 500 058 .033 500 .058 .033 492
None Mild 1000 .057 .033 500 057 .033 500 .056 .032 495
MCAR Moderate 1000 063 .035 500 063 .035 500 .063 .036 444
None Moderate 1000 .058 .033 499 .058 .033 499 .057 .031 436
MCAR Severe 1000 059 .032 499 059 .032 499 .060 .034 244
None Severe 1000 059 .031 498 059 .031 500 .057 .031 219
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A13.11 Mean, Standard Deviation and Number of Replications of RMSE on PM2

ICA-LINGAM-LV

DirectLINGAM-LV

ParceLINGAM-LV

Missingness  Non- Sample

Normality Size M SD N M SD N M SD N
MCAR Normal 100 297 186 44 227 114 15 265 130 9
None Normal 100 272 106 60 257 .091 26 248 .088 13
MCAR Mild 100 227 104 118 228  .098 107 216 111 51
None Mild 100 235 112 121 251 122 105 250 .110 40
MCAR Moderate 100 208 .084 268 205  .085 281 206 .084 147
None Moderate 100 196 .087 276 197 .084 284 192 .080 171
MCAR Severe 100 181 .069 211 179 .070 219 180 .072 175
None Severe 100 176 .069 195 179 .072 209 182 .071 175
MCAR Normal 200 275 132 33 286 131 45 299 158 14
None Normal 200 263 .130 49 276 144 58 273 120 18
MCAR Mild 200 240 123 155 240 119 163 233 .096 38
None Mild 200 238 .095 143 242 113 163 257 102 36
MCAR Moderate 200 .207 .087 300 .207  .088 310 212 .085 110
None Moderate 200 200  .079 300 201 .079 311 202 .083 110
MCAR Severe 200 181 071 218 181 .070 219 180 .073 94
None Severe 200 184 .070 225 184  .070 225 184 .068 129
MCAR Normal 500 254 101 48 263 116 55 292 235 17
None Normal 500 248 111 47 .262 128 59 262 135 17
MCAR Mild 500 241 103 163 249 125 183 242 091 64
None Mild 500 230 .105 174 234 .104 187 241 116 66
MCAR Moderate 500 208 .091 323 208 .091 327 211 .091 176
None Moderate 500 199 .078 299 199  .079 304 195 .079 163
MCAR Severe 500 177 .066 242 177 .066 243 179 070 171
None Severe 500 179 065 221 179 .065 220 180 .067 163
MCAR Normal 1000 263 142 47 .284 139 72 315 181 18
None Normal 1000 259 .108 53 257 127 79 267 139 25
MCAR Mild 1000 242 122 161 .246 122 179 248 114 67
None Mild 1000 239 105 175 229  .096 192 210 .086 78
MCAR Moderate 1000 204 .083 330 205  .086 346 204 .090 207
None Moderate 1000 202 .084 299 202 .085 314 199  .076 190
MCAR Severe 1000 182 .067 226 182 .067 228 181  .065 169
None Severe 1000 181  .062 225 180  .061 226 179 060 171
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A13.12 Mean, Standard Deviation and Number of Replications of RMSE on PM3

ICA-LINGAM-LV

DirectLINGAM-LV

ParceLINGAM-LV

Missingness  Non- Sample

Normality  Size M SD N M SD N M SD N
MCAR Normal 100 272 .091 12 309 112 20 293 110 14
None Normal 100 288 .104 14 296 .049 12 246 054 6
MCAR Mild 100 234 .062 36 223 .063 121 211 .068 40
None Mild 100 234 .069 35 212 .068 128 195  .058 28
MCAR Moderate 100 164 .051 192 154 .050 389 153  .050 144
None Moderate 100 148 .047 195 140  .046 382 133 .043 167
MCAR Severe 100 106  .033 270 106 .032 354 107 .032 250
None Severe 100 097 .031 232 097  .031 324 .098 .030 240
MCAR Normal 200 313 125 19 .304  .080 53 288 077 6
None Normal 200 289  .067 14 278  .083 61 217 074 8
MCAR Mild 200 243 .087 42 236 .070 204 241 073 30
None Mild 200 229  .076 64 222 .066 219 198 078 21
MCAR Moderate 200 156 .047 291 155 .048 435 152 .050 105
None Moderate 200 161 128 274 154 105 440 141 043 116
MCAR Severe 200 106 .034 301 104 .032 371 105 031 192
None Severe 200 099 .029 276 097  .029 359 .096 .029 182
MCAR Normal 500 317 .100 16 294 .097 91 309 110 16
None Normal 500 293 .090 33 278 .090 105 322 082 13
MCAR Mild 500 223 .080 104 228 186 269 212 .065 37
None Mild 500 221 .075 104 220 074 314 213 070 62
MCAR Moderate 500 162 .053 364 154 .050 451 150 .051 198
None Moderate 500 155 .052 355 148 .049 458 145 046 170
MCAR Severe 500 107 .035 331 103 .033 385 103 .034 275
None Severe 500 096 .031 285 095  .029 355 095 .030 256
MCAR Normal 1000 289  .097 28 302 .087 133 310 .091 24
None Normal 1000 285 .084 27 294 .091 132 307 .096 17
MCAR Mild 1000 235 .076 125 228  .076 292 227 074 70
None Mild 1000 224 .078 138 220  .075 345 211 073 75
MCAR Moderate 1000 163 .055 367 167 214 460 165 .283 255
None Moderate 1000 156  .055 376 148 .052 447 143 .048 258
MCAR Severe 1000 105 .033 328 104 .033 390 102 031 311
None Severe 1000 096 .029 285 095  .029 339 .094 .030 300
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Appendix 14: Three Most Frequently Discovered Path Models by Sample Size

This appendix supplements the main text with the three most frequently discovered
path models from LINGAM-LV algorithms by sample size (i.e., N = 100, 200, 500, 1,000).
Given the total number of simulated datasets by sample size was 4,000, the percentage shown
below each of the path models represents the likelihood that the corresponding path model
was being discovered by the algorithm, and “n” denotes the number of simulated datasets that
was fed into the algorithm to discover the corresponding path model. The numeric value
above the arrow refers to the average parameter estimate (over n) and the one within the

parenthesis refers to the standard deviation of the parameter.
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ICA-LINGAM-LV

62(.17)

61 (16)

1st: 67.13% (n = 2687)
RMSEA-P: M = .03; SD =.06
CFI-P: M = .99; SD =.02
(Complete match)

54 (.22)

62 (.16)

2nd: 17.28% (n = 691)
RMSEA-P: M =.00; SD = .00
CFI-P: M =1.00; SD =.00
(F2-F1 pathway in wrong
direction)

Three Most Frequently Discovered Models on PM1 at Sample Size of 100

44 (.16)

38 (12)

48 (17)

3rd: 5.65% (n = 226)
RMSEA-P: M = .00; SD =.00
CFI-P: M =1.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)

DirectLINGAM-LV

62 (.18)

61 (.16)

1st: 69.65% (n = 2786)
RMSEA-P: M =.03; SD = .06
CFI-P: M =.99; SD = .02
(Complete match)

45 (.16)

39(12) @

44 (.15)

2nd: 9.48% (n = 379)
RMSEA-P: M = .00; SD =.00
CFI-P: M = 1.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)

56 (.19)

60 (.16)

3rd: 7.93% (n = 317)
RMSEA-P: M = .00; SD =.00
CFI-P: M = 1.00; SD = .00
(F2-F1 pathway in wrong
direction)

ParceLINGAM-LV

61(.17)

61 (.16)

1st: 45.83% (n = 1833)
RMSEA-P: M = .03; SD =.06
CFI-P: M =.99; SD =.02
(Complete match)

54 (.20)

60 (.15)

2nd: 17.50% (n = 700)
RMSEA-P: M =.00; SD =.00
CFI-P: M =1.00; SD =.00
(F2-F1 pathway in wrong
direction)

46 (.16)

39(.12) @

43 (.16)

3rd: 17.00% (n = 678)
RMSEA-P: M =.00; SD =.00
CFI-P: M =.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)
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ICA-LINGAM-LV

60 (.12)

61(.11)

1st: 87.23% (n = 3489)
RMSEA-P: M =.02; SD =.04
CFI-P: M =1.00; SD = .01
(Complete match)

52(.16)

61 (.10)

2nd: 8.00% (n = 320)
RMSEA-P: M =.00; SD =.00
CFI-P: M =1.00; SD =.00
(F2-F1 pathway in wrong
direction)

Three Most Frequently Discovered Models on PM1 at Sample Size of 200

43 (.10)

36 (.09)

A7 (.13)

3rd: 2.68% (n = 107)
RMSEA-P: M =.00; SD =.00
CFI-P: M =1.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)

DirectLINGAM-LV

60 (.12)

61 (11)

1st: 90.33% (n = 3613)
RMSEA-P: M =.02; SD = .04
CFI-P: M =1.00; SD = .01
(Complete match)

A7 (11)

37 (.08) @

42(11)

2nd: 4.58% (n = 183)
RMSEA-P: M =.00; SD = .00
CFI-P: M =1.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong

57 (.14)

61(.10)

3rd: 2.72% (n = 103)
RMSEA-P: M =.00; SD = .00
CFI-P: M =1.00; SD = .00
(F2-F1 pathway in wrong
direction)

direction)
ParceLINGAM-LV
60 (.12) 46 (.12) 52 (.14)
© mon| @D &
61 (.11) 41(12) .60 (.10)

1st: 68.78% (n = 2751)
RMSEA-P: M = .02; SD = .04
CFI-P: M =1.00; SD = .01
(Complete match)

2nd: 16.98% (n = 678)
RMSEA-P: M = .00; SD =.00
CFI-P: M =1.00; SD =.00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)

3rd: 9.38% (n = 375)
RMSEA-P: M =.00; SD =.00
CFI-P: M =1.00; SD =.00
(F2-F1 pathway in wrong
direction)
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ICA-LINGAM-LV

60 (.07)

160 (.06)

1st: 97.40% (n = 3896)
RMSEA-P: M =.02; SD = .04
CFI-P: M =1.00; SD = .01
(Complete match)

53(.11)

60 (.05)

2nd: 1.88% (n = 75)
RMSEA-P: M =.00; SD =.00
CFI-P: M =1.00; SD = .00
(F2-F1 pathway in wrong
direction)

Three Most Frequently Discovered Models on PM1 at Sample Size of 500

45 (.08)

37 (.05)

(.06)

@70

3rd: 0.45% (n = 18)
RMSEA-P: M =.00; SD = .00
CFI-P: M =1.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)

DirectLINGAM-LV

60 (.07)

.60 (.06)

1st: 98.48% (n = 3939)
RMSEA-P: M =.02; SD = .03
CFI-P: M = 1.00; SD =.00
(Complete match)

.46 (.06)

35 (.07) @

.46 (.06)

2nd: 0.78% (n = 31)
RMSEA-P: M = .00; SD =.00
CFI-P: M =1.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong

61 (.09)
22 (.06)

46 (.11)

©, @0

3rd: 0.28% (n =11)
RMSEA-P: M =.00; SD = .00
CFI-P: M =1.00; SD = .00
(F2-F3 pathway extra)

direction)
ParceLINGAM-LV
60 (.07) 45 (.07)
@ aua| (€D )
.60 (.06) .40 (.08) .60 (.07)

1st: 91.13% (n = 3645)
RMSEA-P: M =.02; SD = .03
CFI-P: M =1.00; SD = .01
(Complete match)

2nd: 5.50% (n = 220)
RMSEA-P: M = .00; SD =.00
CFI-P: M = 1.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)

3rd: 1.88% (n = 75)
RMSEA-P: M = .01; SD = .02
CFI-P: M = 1.00; SD = .00
(F2-F1 pathway missing)
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Three Most Frequently Discovered Models on PM1 at Sample Size of 1,000

ICA-LINGAM-LV

60 (.05)

60 (.05)

1st: 99.73% (n = 3989)
RMSEA-P: M = .01; SD = .02
CFI-P: M = 1.00; SD = .00
(Complete match)

53 (.11)

60 (.05)

2nd: 0.18% (n=7)
RMSEA-P: M = .00; SD =.00
CFI-P: M = 1.00; SD = .00
(F2-F1 pathway in wrong
direction)

57 (.04)

.14 (.05) @

52(.03)

3rd: 0.08% (n=3)
RMSEA-P: M = .00; SD =.00
CFI-P: M =1.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)

DirectLINGAM-LV

60 (.05)

60 (.05)

1st: 99.63% (n = 3985)
RMSEA-P: M = .01; SD =.02
CFI-P: M =1.00; SD = .00
(Complete match)

.40 (.03)

33(.02) @

A7 (.02)

2nd: 0.13% (n =5)
RMSEA-P: M =.00; SD =.00
CFI-P: M =1.00; SD =.00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)

.62 (.05)

.57 (.06)

3rd: 0.10% (n = 4)
RMSEA-P: M =.00; SD =.00
CFI-P: M =1.00; SD =.00
(F2-F1 pathway in wrong
direction)

ParceLINGAM-LV

.60 (.05)

160 (.04)

1st: 83.08% (n = 3323)
RMSEA-P: M =.01; SD = .02
CFI-P: M =1.00; SD =.00
(Complete match)

60 (.05)

2nd: 16.23% (n = 649)
RMSEA-P: M =.01; SD =.02
CFI-P: M =1.00; SD = .00
(F2-F1 pathway missing)

44 (06)

38 (.05)

39 (.05)

3rd: 0.55% (n = 22)
RMSEA-P: M = .00; SD =.00
CFI-P: M =1.00; SD = .00
(F2-F3 pathway extra & F1-
F3 pathway in wrong
direction)
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Three Most Frequently Discovered Models on PM2 at Sample Size of 100

ICA-LINGAM-LV

1st:16.00% (n = 640)
RMSEA-P: M = .05; SD = .05
CFI-P: M =.98; SD = .04
(AVO-DIS pathway missing)

2nd: 9.90% (n = 396)
RMSEA-P: M =.08; SD = .05
CFI-P: M =.95; SD = .05
(AVO-DIS pathway missing &
AVO-COP pathway missing)

81 (.21)

3rd: 9.53% (n = 381)
RMSEA-P: M =.02; SD = .04
CFI-P: M =1.00; SD = .01
(Complete match)

DirectLINGAM-LV

.99 (.29)

1st: 15.05% (n = 602)
RMSEA-P: M = .05; SD = .06
CFI-P: M =.98; SD = .05
(AVO-DIS pathway missing)

2nd: 10.58% (n = 423)
RMSEA-P: M =.08; SD = .06
CFI-P: M = .95; SD = .03
(AVO-DIS pathway missing &
AVO-COP pathwav missina)

81(21)

3rd: 10.23% (n = 409)
RMSEA-P: M = .02; SD = .04
CFI-P: M =1.00; SD =.01
(Complete match)

ParceLINGAM-LV

1st: 7.43% (n = 297)
RMSEA-P: M = .01; SD = .06
CFI-P: M =.94; SD = .06
(AVO-DIS pathway missing &
AVO-COP pathway missing)

.26 (.09)

40 (.14)

.97 (.26)

2nd: 5.25% (n = 210)
RMSEA-P: M = .05; SD = .05
CFI-P: M = .98; SD = .02
(AVO-DIS pathway missing)

62 (.25)

87(.23)

3rd: 4.70% (n = 188)
RMSEA-P: M =.08; SD = .07
CFI-P: M =.96; SD = .05
(AVO-DIS pathway missing,
AVO-COP pathway missing,
ANX-COP pathway in wrong
direction)
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Three Most Frequently Discovered Models on PM2 at Sample Size of 200

ICA-LINGAM-LV

1st: 30.25% (n = 1210)
RMSEA-P: M = .02; SD =.03
CFI-P: M =1.00; SD = .01
(Complete match)

2nd: 23.45% (n = 938)
RMSEA-P: M =.06; SD = .04
CFI-P: M =.98; SD = .02
(AVO-DIS pathway missing)

32(11)

3rd: 8.35% (n = 334)
RMSEA-P: M =.02; SD = .04
CFI-P: M =1.00; SD =.01
(AVO-COP pathway missing,
COP-DIS pathway in wrong
direction & ANX-DIS pathway
extra)

DirectLINGAM-LV

1st: 31.98% (n = 1279)
RMSEA-P: M =.02; SD = .04
CFI-P: M =1.00; SD =.01
(Complete match)

2nd: 24.18% (n = 967)
RMSEA-P: M = .06; SD = .04
CFI-P: M =.98; SD = .02
(AVO-DIS pathway missing)

.40 (.10)

84 (.16)

3rd: 7.25% (n = 290)
RMSEA-P: M = .05; SD = .04
CFI-P: M =.99; SD = .02
(AVO-COP pathway missing)

ParceLINGAM-LV

1st: 11.00% (n = 440)
RMSEA-P: M =.02; SD = .03
CFI-P: M =1.00; SD =.01
(Complete match)

.34.(.09) 33(11)

43 (.10)

2nd: 8.48% (n = 339)
RMSEA-P: M =.02; SD =.03
CFI-P: M = 1.00; SD = .00
(AVO-COP pathway missing,
COP-DIS pathway in wrong
direction & ANX-DIS pathway
extra)

.96 (.18)

3rd: 8.25% (n = 330)
RMSEA-P: M = .05; SD =.04
CFI-P: M =.98; SD = .02
(AVO-DIS pathway missing)
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Three Most Frequently Discovered Models on PM2 at Sample Size of 500

ICA-LINGAM-LV

1st: 59.88% (n = 2395)
RMSEA-P: M = .01; SD =.03
CFI-P: M =1.00; SD =.00
(Complete match)

2nd: 13.88% (n = 555)
RMSEA-P: M =.07; SD = .02
CFI-P: M =.98; SD = .01
(AVO-DIS pathway missing)

42(.07)

86 (.10)

3rd: 13.65% (n = 546)
RMSEA-P: M =.01; SD =.02
CFI-P: M =1.00; SD =.00
(AVO-ANX pathway extra)

DirectLINGAM-LV

1st: 61.93% (n = 2477)
RMSEA-P: M =.01; SD =.03
CFI-P: M =1.00; SD = .00
(Complete match)

2nd: 14.15% (n = 566)
RMSEA-P: M = .07; SD =.02
CFI-P: M =.98; SD = .01
(AVO-DIS pathway missing)

42(.07)

86 (.10)

3rd: 7.83% (n = 313)
RMSEA-P: M = .01; SD =.02
CFI-P: M = 1.00; SD = .00
(AVO-ANX pathway extra)

ParceLINGAM-LV

1st: 31.85% (n = 1274)
RMSEA-P: M =.01; SD = .02
CFI-P: M =1.00; SD = .00
(Complete match)

)

33(.07)

43 (.07)

2nd: 10.08% (n = 403)
RMSEA-P: M =.02; SD =.03
CFI-P: M = 1.00; SD = .00
(ANX-DIS pathway extra,
AVO-COP pathway missing,
and COP-DIS pathway in
wrong direction)

86 (.09)

3rd: 9.88% (n = 395)
RMSEA-P: M = .07; SD = .04
CFI-P: M =.98; SD = .02
(AVO-COP pathway in wrong
direction)
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ICA-LINGAM-LV

1st: 44.08% (n = 1763)
RMSEA-P: M = .01; SD =.02
CFI-P: M =1.00; SD =.00
(Complete match)

86 (.07)

2nd: 35.55% (n = 1422)
RMSEA-P: M = .01; SD =.02
CFI-P: M = 1.00; SD = .00
(AVO-ANX pathway extra)

Three Most Frequently Discovered Models on PM2 at Sample Size of 1,000

3rd: 11.95% (n = 478)
RMSEA-P: M = .05; SD = .00
CFI-P: M =1.00; SD =.00
(ANX-DIS pathway extra)

DirectLINGAM-LV

1st: 44.73% (n = 1789)
RMSEA-P: M =.01; SD =.02
CFI-P: M =1.00; SD = .00
(Complete match)

86 (.07)

2nd: 20.18% (n = 807)
RMSEA-P: M = .01; SD =.02
CFI-P: M =1.00; SD = .00
(AVO-ANX pathway extra)

41(.04)

87 (.07)

3rd: 15.95% (n = 638)
RMSEA-P: M = .01; SD =.02
CFI-P: M = 1.00; SD = .00
(ANX-AVO pathway extra)

ParceLINGAM-LV

1st: 31.18% (n = 1247)
RMSEA-P: M =.01; SD = .02
CFI-P: M =1.00; SD = .00
(Complete match)

41 (.04)

86 (.07)

2nd: 16.75% (n = 670)
RMSEA-P: M =.01; SD = .02
CFI-P: M = 1.00; SD = .00
(AVO-ANX pathway extra)

41 (.04)

.87 (.07)

3rd: 10.38% (n = 415)
RMSEA-P: M = .01; SD =.02
CFI-P: M =1.00; SD = .00
(AVO-DIS pathway missing)
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Three Most Frequently Discovered Models on PM3 at Sample Size of 100

ICA-LINGAM-LV

1st: 4.08% (n = 163)
RMSEA-P: M = .01; SD = .03
CFI-P: M =.99; SD = .01
(Complete match)

2nd: 3.10% (n = 124)
RMSEA-P: M =.08; SD = .05
CFI-P: M =.94; SD = .06
(F2[T1]-F1[T2] pathway and
F2[T2]-F1[T3] pathway in
wrong direction)

3rd: 2.80% (n = 112)
RMSEA-P: M = .05; SD =.04
CFI-P: M = .97; SD =.03
(F2[T1]-F1[T2] pathway in
wrong direction)

DirectLINGAM-LV

1st: 15.18% (n = 607)
RMSEA-P: M = .01; SD =.03
CFI-P: M =.99; SD = .01
(Complete match)

2nd: 3.43% (n = 137)
RMSEA-P: M = .04; SD = .04
CFI-P: M =.98; SD = .03
(F2[T2]-F1[T3] pathway
missing)

3rd: 2.53% (n =101)
RMSEA-P: M =.04; SD = .04
CFI-P: M =.97; SD = .03
(F2[T1]-F1[T2] pathway
missing)

ParceLINGAM-LV

1st: 2.60% (n = 104)
RMSEA-P: M = .01; SD = .03
CFI-P: M =.99; SD =.01
(Complete match)

2nd: 1.73% (n = 69)
RMSEA-P: M = .06; SD =.05
CFI-P: M=.97;SD =.04
(F2[T1]-F1[T2] pathway in
wrong direction)

3rd: 1.15% (n = 46)
RMSEA-P: M = .06; SD = .07
CFI-P: M =.98; SD = .02
(F1[T1]-F1[T2], F2[T1]-F2[T2]
and F1[T2]-F2[T1] pathways in
wrona direction)
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Three Most Frequently Discovered Models on PM3 at Sample Size of 200

ICA-LINGAM-LV

1st: 16.20% (n = 648)
RMSEA-P: M = .01; SD = .02
CFI-P: M =1.00; SD = .01
(Complete match)

2nd: 7.68% (n = 307)
RMSEA-P: M = .05; SD =.03
CFI-P: M =.97; SD = .02
(F2[T1]-F1[T2] pathway in
wrong direction)

3rd: 4.23% (n = 169)
RMSEA-P: M = .05; SD = .04
CFI-P: M =.97; SD = .03
(F2[T1]-F1[T2] & F2[T2]-
F1[T3] pathways in wrong
direction)

DirectLINGAM-LV

1st: 47.30% (n = 1892)
RMSEA-P: M = .01; SD =.02
CFI-P: M =1.00; SD =.01
(Complete match)

2nd: 2.63% (n = 105)
RMSEA-P: M =.01; SD = .02
CFI-P: M = 1.00; SD = .01
(F2[T2]-F2[T3] pathway in
wrong direction & F2[T1]-
F2[T3] pathway extra)

3rd: 1.85% (n =74)
RMSEA-P: M = .05; SD =.04
CFI-P: M =.98; SD = .02
(F1[T1]-F1[T2] pathway in
wrong direction)

ParceLINGAM-LV

1st: 9.08% (n = 363)
RMSEA-P: M = .01; SD =.02
CFI-P: M =1.00; SD = .01
(Complete match)

2nd: 3.70% (n = 148)
RMSEA-P: M = .06; SD = .04
CFI-P: M =.97; SD = .02
(F1[T1]-F1[T2] pathway in
wrong direction)

F2[T3]

3rd: 1.15% (n = 76)

RMSEA-P: M = .01; SD = .01
CFI-P: M =1.00; SD = .01
(F2[T2]-F2[T3] pathway in wrong
direction & F2[T2]-F2[T3]
pathway extra)
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Three Most Frequently Discovered Models on PM3 at Sample Size of 500

ICA-LINGAM-LV

1st: 60.35% (n = 2414)
RMSEA-P: M = .01; SD = .02
CFI-P: M =1.00; SD = .01
(Complete match)

2nd: 5.05% (n = 202)
RMSEA-P: M = .05; SD = .02
CFI-P: M =.98; SD = .01
(F2[T1]-F1[T3] pathway extra &
F2[T2]-F1[T3] pathway in wrong
direction)

3rd: 4.50% (n = 180)
RMSEA-P: M = .06; SD =.02
CFI-P: M= .97;SD = .01
(F2[T1]-F1[T2] pathway in
wrong direction)

DirectLINGAM-LV

1st: 86.55% (n = 3462)
RMSEA-P: M = .01; SD =.02
CFI-P: M =1.00; SD =.01
(Complete match)

2nd: 2.35% (n = 94)
RMSEA-P: M = .01; SD =.02
CFI-P: M =1.00; SD = .00
(F1[T1]-F2[T1] pathway extra)

3rd: 1.05% (n = 42)
RMSEA-P: M =.01; SD = .02
CFI-P: M =.98; SD = .00
(F2[T1]-F1[T1] pathway extra)

ParceLINGAM-LV

1st: 35.33% (n = 1413)
RMSEA-P: M = .01; SD =.02
CFI-P: M =1.00; SD = .01
(Complete match)

2nd: 4.70% (n = 188)
RMSEA-P: M = .06; SD =.02
CFI-P: M =.97; SD = .02
(F2[T1]-F1[T2] pathway in
wrong direction)

3rd: 3.70% (n = 148)

RMSEA-P: M = .05; SD =.02
CFI-P: M =.98; SD = .01
(F2[T2]-F1[T3] pathway in wrong
direction & F2[T1]-F1[T3]
pathway extra)
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Three Most Frequently Discovered Models on PM3 at Sample Size of 1,000

ICA-LINGAM-LV

1st: 57.70% (n = 2308)
RMSEA-P: M = .01; SD = .01
CFI-P: M = 1.00; SD = .00
(Complete match)

2nd: 33.18% (n = 1327)
RMSEA-P: M =.01; SD = .01
CFI-P: M =1.00; SD = .00
(F1[T1]-F2[T1] pathway extra)

3rd: 1.48% (n = 59)

RMSEA-P: M = .06; SD = .01
CFI-P: M =.98; SD = .01
(F2[T2]-F1[T3] pathway in
wrong direction & F2[T1]-F1[T3]
pathway extra)

DirectLINGAM-LV

1st: 71.93% (n = 2877)
RMSEA-P: M =.01; SD = .01
CFI-P: M =1.00; SD = .00
(Complete match)

2nd: 13.60% (n = 544)
RMSEA-P: M = .01; SD = .01
CFI-P: M =1.00; SD = .00
(F1[T1]-F2[T1] pathway extra)

3rd: 10.55% (n = 422)
RMSEA-P: M =.01; SD =.01
CFI-P: M = 1.00; SD = .00
(F2[T1]-F1[T1] pathway extra)

ParceLINGAM-LV

1st: 50.15% (n = 2006)
RMSEA-P: M = .01; SD = .01
CFI-P: M =1.00; SD = .00
(Complete match)

2nd: 6.43% (n = 257)
RMSEA-P: M =.01; SD = .01
CFI-P: M = 1.00; SD = .00
(F2[T1]-F1[T1] pathway extra)

.03 (.02)

3rd: 6.23% (n = 249)
RMSEA-P: M =.01; SD = .01
CFI-P: M =1.00; SD =.00
(F1[T1]-F2[T1] pathway extra)
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Appendix 15: LINGAM Algorithms with R in Action

This appendix is to demonstrate how to run LINGAM algorithms on R. R is an open-source software
that enables one to conduct statistical analyses. R can be installed in a variety of operation systems, including
Windows, Macintosh OS, and Linux. For more information about R, please visit http:///cran.r-project.org/. This
appendix assumes readers to have some basic understanding as to how R works, including data reading, R
library and variable creation. Those who are interested in learning more about running latent variable models
using R are recommended to see Finch and French (2015).

A15.1 Preparation

R codes to run LINGAM algorithms can be found in Appendix 16. Copy the R code from Appendix 16
to an empty R file on the computer and rename the R file to “LINGAM_ Algorithm_v01.R”. Initialize a R
session and set the working directory to the location of the file. Then we load it into R with the command below:

source ("LiNGAM Algorithm vO01.R")

Inside the loaded source file, a functionmy simulate example is to simulate a data with six observed
variables, from x1 to x6. Function my simulate example has four arguments:
Sample Size A single number that specifies the sample size (Default: 200).
Nonnormality A character that specifies the level of data non-normality (“None”,
“Mild”, “Median” or “Severe”) (Default: “None”).
Missingness A character that specifies the type of data missingness (“None”,
“MCAR?”, “MAR” or “MNAR”) (Default: “None”).
Prop A single number that declares the proportion of missing data (Default:
0.10).
Using function my_simulate_example, the simulation of datasets is based on a (6 x 6) matrix of regression

coefficients (denoted by I') which looks like this:

0.00 0.00 0.00 6.00 0.00 0.00
3.00 0.00 2.00 0.00 0.00 0.00
0.00 0.00 0.00 6.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00
8.00 0.00 3.00 0.00 0.00 0.00
4.00 0.00 0.00 0.00 0.00 0.00

And the corresponding path diagram is:

184



x4

X3 x1

x5 X2 X6

With this function, we can simulate an artificial data for the demonstration by typing the following command:

simdat <- my simulate example ()
Without setting values in the arguments of function my simulate example, R assumes we endorse the
default values. That means, the R object simdat we have just created is a data frame with the dimension of
200 by 6, as the sample size defaults to 200 and the number of observed variables is set to six according to
functionmy simulate example
A15.2 Causal Discovery with LINGAM Algorithms for Observed Variables

This section is about how to discover a causal model with ICA-LINGAM algorithm for observed
variables. First, we create a new R object named model ICA from R6 class ICALiNGAM by calling method
new () :

model ICA <- ICALiNGAMS$new ()
By doing so, we built a R object model ICA based on the template of R6 class ICALiNGAM. At this stage, the
object model ICA has nothing in it. We input the dataset simdat we just simulated to model ICA by typing
the command:

model ICASfit (X = simdat)
where method £1it () is to initiate the ICA-LINGAM algorithm; the argument X is the place in which we
specify the dataset. Once we have typed in the command, it takes a while for R the algorithm to find out a causal
model that fits the simulated data the most. In the meantime, you may find R not being responsive as the
algorithm is running in the background. Once the cursor resumes blinking again, it means the task of
discovering the causal model is over and we may now request the causal order of the observed variables by

typing the following command:
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model ICAScausal order

[1] 41 3256
Instead of the names of the observed variables (e.g., x1), it shows the index of the observed variables in an
ascending causal order. As one can see from the causal order, the fourth observed variable, the equivalent of the
one in the fourth column of dataset simdat which is x4, is the first variable of all. And the sixth observed
variable (i.e. x6) is the last variable of all. After that, we want to request the regression coefficient matrix of the

discovered path model which can be achieved by calling field adjacency matrix:

round (model ICASadjacency matrix, digits = 3)
[ 11 [,2] [,3] [,41 [,5] [,6]
[1,] 0.000 0 0.000 3.002 0 0
[2,]1 3.147 0 1.902 0.000 0 0
[3,] 0.000 0 0.000 5.896 0 0
[4,] 0.000 0 0.000 0.000 0 0
[5,] 7.800 0 -0.885 0.000 0 0
[6,] 4.023 0 0.000 0.000 0 0

To get a better view of the matrix, we make the values of elements in the matrix rounded to three decimal

places. The path diagram of the resultant path model look likes:

x4
5:9 3
X3 x1
-0.89 1.9 7.8 3.15  4.02
x5 X2 X6

If we want to switch the algorithm from ICA-LINGAM to DirectLiINGAM, we create another R object named
model DIR from R6 class Direct LiNGAM:
model DIR <- DirectLiNGAMSnew ()
We provide the R object model DIR with the dataset simdat:
model DIRSfit (X = simdat)
Once the algorithm finishes running, we can retrieve the causal order and the regression coefficient matrix of the

discovered path model by DirectLiINGAM.
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model DIRScausal order
round (model DIRSadjacency matrix, digits=3)

(11 [,2] (31 [,4] [,5] [,6]

[1,] 0.000 0 0.000 2.767 0 0
[2,] 3.089 0 1.935 0.000 0 0
[3,] 0.000 0 0.000 6.094 0 0
[4,] 0.000 0 0.000 0.000 0 0
(5,1 7.791 0 -0.880 0.000 0 0
[6,] 3.953 0 0.000 0.000 0 0

The path diagram of the discovered path model by DirectLINGAM is:

x4

6.09 227

X3 x1

-0.88 1.94 7779 B.09 3.95

x5 X2 x6

Similarly, if we want to discover a causal model this time with ParceLiNGAM, we create a new R object
named model PL from R6 class ParceLiNGAM by typing the following commands:

model PL <- ParceLiNGAMSnew ()
model PLSfit (X = simdat)
And we can obtain the causal order and the regression coefficient matrix of the discovered path model by

ParceLiINGAM:

model PL$Scausal order
round (model PLSadjacency matrix, digits = 3)

(11 [,2] (31 [,41 [,5] [,6]

[1,] 0.000 0.324 -0.119 0 0.000 0.790
[2,]7 0.000 0.000 0.000 0 0.000 0.000
[3,] 0.000 1.477 0.000 0 0.000 -0.507
[4,] 0.006 0.000 0.908 0 0.076 0.000
[5,] 1.244 0.000 -0.271 0 0.000 0.000
[6,] 0.000 0.972 0.000 0 0.000 0.000
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The resultant path diagram is:

x2
0.97
1.48 x6
-0.51 0.32
X3 0.79
-0.12
-0.27 x1

0.91 1.24

x5 0.01

x4

A15.3 Causal Discovery with LINGAM Algorithms for Latent Variables
What we have gone through are LINGAM algorithms for observed variables. To demonstrate their
variants for latent variables, we need to prepare a separate dataset. Here we will borrow population model 1
(PM1) from the manuscript for data simulation. Population model contains 15 observed variables. Function
MySimulation PMI is responsible for the data simulation which has four arguments:
Sample Size A single number that specifies the sample size (Default: 200).
Nonnormality A character that specifies the level of data non-normality (“None”,
“Mild”, “Median” or “Severe”) (Default: “None”).
Missingness A character that specifies the type of data missingness (“None”,
“MCAR”, “MAR” or “MNAR”) (Default: “None™).
Prop A single number that declares the proportion of missing data (Default:
0.10).
With function MySimulate PM1, we simulate a dataset named simdat (again to overwrite the old one) by

typing the following command:
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simdat <- MySimulate PMI ()
The dataset simdat is a data frame with the dimension of 200 by 15, as the number of observed variables is set
to 15 in PM1. A prerequisite of conducting LINGAM-LV algorithms is a correctly specified measurement
model. With respect to the dataset simdat, the target measurement model is a three-factor model with four
cross-factor loadings (see Figure 8). Let us call the three latent variables F1, F2 and F3. F1 is regressed on
observed variables x1 to x5, F2 is regressed on x6 to x10, and F3 is regressed on x11 to x15. In addition, we
have four cross-factor loadings, F1 on x11, F2 on x1, F3 on x5 and F3 on x10. We will fit the said
measurement model with confirmatory factor analysis using a R package of 1avaan (Rosseel, 2012), a R
package popular for latent-variable modelling. The measurement model can be expressed in 1avaan (Rosseel,

2012) language as:

syntax complete <- '

Fl =~ x1 + x2 + x3 + x4 + x5

F2 =~ x6 + x7 + x8 + x9 + x10

F3 =~ x11 + x12 + x13 + x14 + x15
Fl =~ x11

F2 =~ x1

F3 =~ x5 + x10

Fitting the measurement model with function sem in lavaan can be done by:

cfa out <- lavaan::sem(model = syntax complete, data = simdat)
where the first argument mode1 is to specify the measurement model and the second argument data is to
specify the input dataset. What LINGAM-LV algorithms require from the results of confirmatory factor analysis
are the factor loading matrix and the factor covariance matrix. We can retrieve the (15 x 3) factor loading matrix
as an R object Lambda:

Lambda <- lavaan::lavInspect (cfa out, what = "std") $lambda
which is a (15 x 3) matrix. And we can obtain the (3 x 3) factor covariance matrix as an R object Phi:

Phi <- lavaan::lavInspect (cfa out, what = "std") $psi
Having the measurement model for the dataset simdat been ready, we create a new R object named
model ICA LV from R6 class ICALiNGAM LV by calling method new () :

model ICA LV <- ICALiNGAM LVS$new ()
Prior to discovering the causal model, the object model ICA LV requires three inputs in addition to the
dataset simdat. The first input is the pure measurement model. A pure measurement model refers to the one

that observed variables are associated with one and only one latent variable, with no cross-factor loadings
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allowed. We can express the pure form of the measurement model of dataset simdat (named as syntax pure)

in lavaan language as:

syntax pure <- c(

"Fl =~ x1 + x2 + x3 + x4 + x5",

"F2 =~ x6 + x7 + x8 + x9 + x10",

"F3 =~ x11 + x12 + x13 + x14 + x15")
The R object syntax_pure is a vector of characters with three elements in it. The first element describes the
relationship between latent variable F1 and its observed indicators of x1 to x5 (i.e., F1 =~ x1 + x2 + x3
+ x4 + x5).The second element describes the relationship between F2 and its observed indicators (i.e., F2
~= x6 + x7 + x8 + x9 + x10). Thethird elementisabout F3 (i.e., F3 ~= x11 + x12 + x13 +

x14 + x15). We can fill in the field model pureinmodel ICA LV to specify the pure measurement
model in ICA-LINGAM-LV by typing this command:

model ICA LVSmodel pure <- syntax pure
The second input is the remaining specification of a complete target measurement model in
syntax_complete that is not declared in syntax_pure. From PM1 we are aware that four cross-factor
loadings are not mentioned in syntax_pure. The four cross-factor loadings can be expressed in lavaan
language as a R object syntax_other:

syntax other <- '

Fl =~ x11
F2 =~ x1
F3 =~ x5 + x10"

R object syntax other is fed into field model other inmodel ICA LV to specify the cross-factor
loadings:
model ICA LVSmodel other <- syntax other
The third and final input is the factor loading matrix which is stored in R object Lambda. We enter Lambda to
field lambda inmodel ICA LV to specify the factor loading matrix in ICA-LINGAM-LV:
model ICA LVSlambda <- Lambda
Once all three inputs are in place, we can run ICA-LINGAM-LV by calling method £it () in
model ICA LV:
model ICA LVSfit(X = simdat)
When the estimation of ICA-LINGAM-LYV is over, we can request the causal order of the three latent variables
from F1 to F3:

model ICA LVS$causal order
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[1] 2 1 3

And the structural coefficient matrix of the discovered path model with latent variables by ICA-LINGAM-LV:

round (model ICA LVS$adjacency matrix, digits=3)
[,1] [,21 [,3]

[1,] 0.000 0.685 0
[2,] 0.000 0.000 0
[3,] 0.465 0.000 0

The diagram of the discovered path model by ICA-LINGAM-LYV is:

F2

0.69

F1

0.47

F3

Turning to DirectLINGAM-LV, we create a new R object named model DIR LV from RG6 class
DirectLiNGAM LV by calling method new ():

model DIR LV <- DirectLiNGAM LVS$new ()
In addition to three inputs as required inmodel ICA LV,model DIR LV needs one more input which is the
factor covariance matrix for factor scores approximation. We enter R object Phi to field phi in
model DIR LV to specify the factor covariance matrix as obtained from the confirmatory factor analysis we
ran earlier.

model DIR LVSmodel pure <- syntax pure
model DIR LVSmodel other <- syntax other
model DIR LVSlambda <- Lambda

model DIR LV$phi <- Phi
With all inputs ready, it is time to run DirectLINGAM-LV by calling method £it () method and return the

results of the causal order as well as the structural coefficient matrix of the discovered path model by
DirectLINGAM-LV:

model DIR LVSfit (X = simdat)

model DIR LVScausal order
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(11 2 1 3

round (model DIR LVS$adjacency matrix, digits=3)
(11 [,21 [,3]

[1,] 0.000 0.685

[2,] 0.000 0.000

[3,]1 0.465 0.000

o o O

whose path diagram looks like:

F2

0.69

F1

0.47

F3

In the same vein, we can change the algorithm to ParceLINGAM-LV by typing the following commands:

model PL LV <- ParceLiNGAM LVS$new ()

model PL LVSmodel pure <- syntax pure

model PL LVSmodel other <- syntax other
model PL LV$lambda <- Lambda

model PL LV$phi <- Phi

model PL LVSfit(X = simdat)

model PL LV$causal order

[1] 2 31

round (model PL LV$adjacency matrix, digits=3)

(11 [,21 [,3]
(1,1 0 0.685 0.000
(2,1 0 0.000 0.000
[3,] 0 0.465 0.000
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F2

0.69

F1

0.47

F3

Reference

Finch, & French, B. F. (2015). Latent variable modeling with R. Routledge.
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Appendix 16: R code for LINGAM algorithms

# R Function of LiNGAM LV V01

if (!'require("tidyverse")) install.packages ("tidyverse")
if (!require("missMDA")) install.packages ("missMDA")

if (!require("fastICA")) install.packages ("fastICA")

if (!require("ica")) install.packages("ica")

if (!require("clue")) install.packages ("clue")

if (!require("lavaan")) install.packages("lavaan")

if (!'require("regsem")) install.packages ("regsem")

if (!require ("psych")) install.packages ("psych")

if (!require ("PearsonDS")) install.packages ("PearsonDS")
if (!require("lars")) install.packages("lars")

if (!'require ("glmnet")) install.packages ("glmnet")

if (!'require("mice")) install.packages ("mice")

if (!require("data.table")) install.packages("data.table")
if (!require("mnonr")) install.packages ("mnonr")

require (tidyverse)
require (missMDA)
require (fastICA)
require (ica)
require (clue)
require (lavaan)
require (regsem)
require (psych)
require (PearsonDS)
require (lars)
require (glmnet)
require (mice)
require (data.table)
require (mnonr)

#---- ICA-LiNGAM LV ----

ICALiNGAM LV <- R6::R6Class (
"ICALiNGAM_LV" ,
public = list(

#' @title ICALINGAM LV class

#' @description

#' To discover the causal relations between latent factors using ICA-
LiNGAM algorithm for latent variables

#' @param lambda A matrix that specifies a factor loading matrix or the
relations between p observed variables and g latent variables

#' @param model pure A vector of characters that specifies lavaan model
syntax for pure measurement model

#' @param model other A character of other specification of measurement
model (e.g., cross-loading)

#' @param max_k a numeric that specifies the maximum attempt to search
causal order (Default: 3)

#' @param max iter ica a single numeric that specifies the maximum
iteration of ICA (Default: 1000)

#' Q@param type ica a character that assigns R package between "fastICA"
and "ica" to run ICA (Default: "fastICA")

#' @param regsem penalty a character that specifies the penalty type in
regsem: :cv_regsem function (Default: alasso)
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#' @param regsem nlambda a single numeric that specifies the penalty
value to test in regsem::cvregsem function (Default: 20)

#' @param regsem jump a single numeric that specifies the change in
penalty values per iteration in regsem::cvregsem function (Default: .03)

lambda = NULL,

model pure = NULL,

model other = NULL,

max_k = 3,

max_ iter ica = 1000,

type ica = "fastICA",
regsem penalty = "alasso",
regsem nlambda = 20,
regsem jump = 0.03,

causal order = NULL,
adjacency matrix = NULL,
1istOvV = NULL,

listLV = NULL,

initialize = function(
lambda = NULL,
model pure = NULL,
model other = NULL,
max_k = 3,
max iter ica = 1000,
type ica = "fastICA",
regsem penalty = "alasso",
regsem nlambda = 20,
regsem jump = 0.03) {

self$lambda <- lambda

self$model pure <- model pure
selfSmodel other <- model other
self$max_k <- max k

self$max iter ica <- max iter ica
selfStype ica <- type ica

self$regsem penalty <- regsem penalty
self$regsem nlambda <- regsem nlambda
self$regsem jump <- regsem jump

b
fit = function (X) {

# Specify the number of latent variables
q <- dim(selfS$lambda) [2]

# Name latent variables and observed variables
self$name variables ()

# Impute missing values
if (length(which(is.na(X))) >= 1) {
X <- missMDA::imputePCA (X, ncp = q) %>
.$ScompleteObs %>%
as.data.frame ()

o

}

history k <- list()
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while (TRUE) {
for (i _k in c(l:self$max k)) {

# Estimate A ica from ICA

# Summon fastICA from fastICA Package
if (tolower (self$type ica) == "fastica") {
ica out <- X %>% fastICA::fastICA(
n.comp = d,
alg.typ = "parallel",

maxit = selfSmax iter ica,
fun = "logcosh")
A ica <- (ica outSK %*% ica out$w)}

# Summon fastICA from ica package

if (tolower (self$type ica) == "icafast") {
ica out <- X %>% ica::icafast(
nc = q,
alg = "par",
maxit = selfS$max iter ica,
fun = "logcosh")
A _ica <- (t(ica_out$Q) %*% ica_outS$SR)}

# Summon information maximum from ica Package

if (tolower (self$type ica) == "icaimax") {
ica out <- X %>% ica::icaimax(
nc = dq,
maxit = selfS$max iter ica,
alg = "newton",
fun = "tanh")
A ica <- (t(ica_out$Q) %*% ica outSR)}

# Summon JADE from ica Package

if (tolower (self$type ica) == "icajade") {
ica out <- X %>% ica::icajade(
nc = q,
maxit = selfSmax iter ica)
A ica <- (t(ica_out$Q) %*% ica out$R)}

# Log the variable name to A ica from X
rownames (A ica) <- colnames (X)

# Retrieve unmixing matrix W _ica
lambda <- as.matrix(self$lambda)
W ica <- (solve(t(lambda) %*% A ica)) %*% (t(lambda) %*% lambda)

# Permute W ica

linassign <- clue::solve LSAP(l / abs(t(W _ica)), maximum = FALSE)
row_index <- unname (linassign)

PW ica <- t(W _ical[row index,])

# Scaling vector is the diagonal of permuted W ica
D <- diag(PW_ica)
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}y

# Estimate adjacency matrix
B ica <- diag(qg) - (PW_ica / D)
colnames (B _ica) <- rownames (B ica)

# Log the estimated causal order

history k[[i k]] <- selfSestimate causal order (B ica)
}
selected k <- findListMax (history k)

# If no ties happen, endorse the causal order as the finalized

if(all(is.na(selected k)) == FALSE) {
self$causal order <- selected k
break

}
}

# Estimate a preliminary structural matrix
B preliminary <- X $>% selfS$estimate structural matrix()

# Finalize the structural matrix
self$adjacency matrix <- X %>% selfS$Smy regsem final (B preliminary)

name variables = function() {

# Specify the number of latent variables
q <- dim(selfS$lambda) [2]

# Identify latent variables and their corresponding observed

variables

s

1istLV <- 1list(); 1listOV <- list()

for (1 LV in c(l:q9)){

# Find out the latent variable label
tmp LV <- gsub(":~.*","",self$model_pure[i_LV])

# Remove spacing from the label
Self$liStLV[[i_LV]] <- gsub (™ ", "", tmp LV, fixed = TRUE) %>%
as.character ()

# Find out the corresponding observed variables
tmp OVs <- gsub (".*=~","", selfSmodel pure[i LV])

# And convert it into a vector
tmp OVs <- gsub(" ", "", tmp OVs, fixed = TRUE)
self$listOV[[i LV]] <- unlist(strsplit(tmp OVs,"\\+"))
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estimate causal order = function (B) {
d <- ncol (B)

# Set m(m + 2) smallest elements (in absolute value) of B to zero
pos_vec <- order (abs (B))

initial zero num <- d * (d + 1) / 2

for (i in pos vec[l:initial zero num]) {B[i] <- 0}

# Set to zero until DAG is obtained
for (i in pos vec[(initial zero num + 1):length(pos vec)]) {
B(i] <= 0

# if B is not DAG, return null
causal order <- self$search causal order (B)
if (!is.null(causal order)) {
break
}
}

return (causal order)

s

search causal order = function(B) {
causal order <- c()
q <- nrow (B)

original index <- c(1l:q)
while (0 < ncol(B)) {

# Find a row whose elements are all zero
row_index list <- which (rowSums (B) == 0)
if (length(row index list) == 0) break

# Append ith to the end

target index <- row_index list[1]

causal order <- c(causal order, original index[target index])
original index <- original index[-target index]

# Remove ith row and ith column

B <- as.matrix(B[-target index, -target index])
}
if (!length(causal order) == q) {

causal order <- NULL

}

return (causal order)

b
estimate structural matrix = function (X) {
if (is.null (selfS$pk) == FALSE) {
tmp pk <- self$pk
diag(tmp pk) <- 0
}

q <- dim(self$lambda) [2]
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B <- matrix (0, nrow = g, ncol = q)

for (i in 2:length(self$causal order)) {
target <- unlist(selfScausal order([i])
predictors <- unlist(selfScausal order[l:(i-1)])

# Exclude variables specified in no_path with prior knowledge
if(!'is.null (selfs$pk)) {
predictors pk <- c()
for (p in predictors) {
if (tmp pkltarget, p] != 0) {predictors pk <- c(predictors pk,

}

predictors <- predictors pk

}

if (length(predictors) > 0) {
Bltarget, predictors] <- selfSmy regsem(X,predictors, target)
}
}
return (B)
}y

my regsem = function (X, predictors, target) {

# Prepare syntax for measurement model (MM)
syntax MM <- paste(selfS$model pure(c(predictors,target)],collapse =
"\n")

# Prepare syntax for structural model (SM)
list xj <- unlist(self$listLV[c (predictors)])
x1 <- unlist(self$listLV[c(target)])

syntax SM <- ""; count <- 0

for (xj in list xj){
count <- count + 1
tP <- paste(xi," ~ c¢",count,"*",xj,";\n",sep="")
syntax SM <- paste(syntax SM, tP,sep="")

}

# Combine MM with SM
syntax SEM <- paste(syntax MM, syntax SM,sep="\n")

# Subset dataset
X <= X %>%
subset (select = c(unlist(self$listOV[c (predictors,target)])))

# Run a standard SEM
sem out <- lavaan::sem(syntax SEM,X ,fixed.x = FALSE)

# If there is more than one predictor, run a regularized SEM
if (length(predictors) >=2) {
regsem out <- regsem::cv_regsem/(
sem out,
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n.lambda = selfSregsem nlambda,
type = selfSregsem penalty,

jump = selfS$regsem jump,

max.iter = 100,

step = 0.3,

pars_pen = c(paste("c",c(l:count),sep="")),

verbose = FALSE)

# Extract all parameter estimates (pe) after penalizations
pe <- regsem out$final pars

# Select parameter estimates
pe_selected <- c()

for (i in c(l:length(predictors))) {
pe selected[i] <- pel[paste(list xj[i], " -> ", xi,sep="")]
}
} else {

# If there is only one predictor, no need to run RegSEM but simply
obtain pe from SEM

pe <- lavaan::parameterEstimates (sem out)

tmp row <- which(pe$lhs == xi & peSop == "~" & peSrhs ==
list x3j[11])

pe selected <- pel[tmp row,"est"]

}

return (matrix (pe_selected, ncol = length(predictors)))

}y

my regsem final = function (X, B) {

# Run an overall RegSEM
1istLV <- self$listLV
B <- B

B [B_ > 0.00] <- 1.00
num para <- length(B [B == 1])

# Draft syntax for structural model (SM)

syntax SM <- ""; count <- 0;

for (i in c(l:length(listlvVv))) {

for (j in c(setdiff(c(l:length(listlVv)),1))){
if(B_[1,3] == 1) {
count <- count + 1
ts <- paste(listLVvI[[i]], " ~
c",count,"*",1listLVI[[]]],";",sep="")

syntax SM <- paste(syntax SM, ts, sep = "\n")

}

# Draft syntax for measurement model (MM)
if (!is.null(self$model other)) {
syntax MM <- paste(
stringr::str flatten(self$model pure, collapse = "\n"),
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self$model other, collapse = "\n")
} else {
syntax MM <- stringr::str flatten(selfSmodel pure, collapse = "\n")
}

# Combine model syntax
syntax SEM <- paste(syntax SM, syntax MM, sep = "\n")

# Run a standard SEM
sem out <- lavaan::sem(syntax SEM, X)

# Run a regularized SEM
regsem out <- regsem::cv_regsem

sem_out,

n.lambda = selfSregsem nlambda,

type = selfSregsem penalty,

jump = selfSregsem jump,

max.iter = 100,

step = 0.3,

pars_pen = c(paste("c",c(l:num para),sep="")),

verbose = FALSE)

# Retrieve all parameter estimates (pe)
pe <- regsem out$final pars[l:num para]

# Substantiate a null matrix
beta <- matrix (0, nrow = length(listLV), ncol = length(listLV))

# Fill in the null matrix
for (i in c(l:length(listlvV))) {
for (j in c(setdiff(c(l:length(listlv)),1i))) {
if(B_[i,3] == 1){
betal[i,j] <- pellpaste(listLVI[[3j]], " -> ",
listLV[[i]],sep="")1]
}
}

}

return (beta)

)

findListMax <- function(mylist) {
n u <- length(unique (mylist))
n 1 <- length(mylist)
count u <- c()
for (i in c(l:n_u)){
count <- 0
for (j in c(l:n_1)){
if (identical (unique (mylist) [[1]], mylist([[]J]])) {count = count + 1}
}

count u <- c(count u, count)
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if (length(which(count u == max(count u)))==1) {

return (unique (mylist) [ [which (count u == max(count u))]])
} else {

return (NA)

}

#--—- DirectLiNGAM LV ----

DirectLiNGAM LV <- R6::R6Class (
"DirectLiNGAM_LV",
public = list(

#' Qtitle DirectLiNGAM LV class

#' @description To discover the causal relations between latent factors
using DirectLiNGAM algorithm for latent variables

#' @param lambda A matrix that specifies factor loading matrix or
relations between p observed variables and g latent variables, or factor
loading matrix

#' Q@param phi A matrix that specifies covariance between g latent
variables

#' @param model pure A vector of characters that specifies lavaan model
syntax for pure measurement model

#' @param model other A character of other specification of measurement

model (e.g., cross-loading)
#' @param regsem penalty a character that specifies the penalty type
for regsem::cv_regsem function (Default: "alasso")

#' @param regsem nlambda a numeric that specifies the penalty value to
test for regsem::cvregsem function (Default: 20)

#' @param regsem jump a numeric that specifies the change in penalty
values for each iteration for regsem::cvregsem function (Default: .03)

#' @param pk A squared matrix of prior knowledge, with dimension of
factors (qgq) by factors (q)

#' @param fsa A vector of characters that specifies factor scores
approximation approaches (Default: "Thurstone", "tenBerge", "Bartlett")

#' @param fsa user A character that specifies the factor score
approximation approach to endorse if causal orders are not consistent
(Default: "tenBerge")

lambda = NULL,

phi = NULL,

model pure = NULL,

model other = NULL,

regsem penalty = "alasso",
regsem nlambda = 20,
regsem jump = 0.03,

pk = NULL,
fsa = c("Thurstone", "tenBerge", "Bartlett"),
fsa user = "tenBerge",

causal order = NULL,
causal order fsa = list(),
adjacency matrix = NULL,
partial orders = NULL,
1istOV = NULL,

listLV = NULL,

202



initialize = function/(
lambda = NULL,
phi = NULL,
model pure = NULL,
model other = NULL,

regsem penalty = "alasso",

regsem nlambda = 20,

regsem jump = 0.03,

pk = NULL,

fsa = c("Thurstone", "tenBerge", "Bartlett"),
fsa user = "tenBerge") {

self$lambda <- lambda

self$phi <- phi

self$model pure <- model pure
self$model other <- model other
selfSregsem penalty <- regsem penalty
self$regsem nlambda <- regsem nlambda
selfS$regsem jump <- regsem_ jump
selfs$pk <- pk

self$fsa <- fsa

self$fsa user <- fsa user

}y
fit = function (X) {
# Specify the number of latent variables

q <- dim(selfS$lambda) [2]

# Check parameters

if(is.null (self$pk) == FALSE) {
if (dim(selfs$pk) [1] != g |
dim(self$pk) [2] != q){

sprintf ("The shape of prior knowledge must be (%d, )", g, 9)
}
selfS$partial orders <- selfSextract partial orders (selfSpk)
}

# Name latent variables and observed variables
self$name variables ()

# Check if the user-specified fsa is on the list of fsa
if (! (self$fsa user %in% self$fsa)) {
# If not, renew the list
self$fsa <- c(self$fsa, self$fsa user)
}
for (i fsa in self$fsa) {
# Approximate factor scores

X fsa <- self$compute factor scores (X, i fsa)

# Causal discovery
K <- self$discover causal order (X fsa)
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# Log causal order
self$causal_order_fsa[[i_fsa]] <- K

}
# Check if all possible causal orders are consistent
is consistent <- TRUE

for (i fsa in self$fsa) {
for (j fsa in setdiff(self$fsa, i fsa)) {

k 1 fsa <- selfScausal order fsa[[i fsal]
k j fsa <- selfScausal order fsal[[]j fsal]

if (! (identical(k_1i fsa, k j fsa))){
is consistent <- FALSE
break

}

# If all causal orders are identical, endorse any

if (is_consistent) {
self$causal order <- self$causal order fsal[l]]

} else {

# If not identical, endorse the user-specified approach
self$causal order <- self$causal order fsa[[selfSfsa user]]

}

# Estimate a preliminary structural matrix
B preliminary <- self$estimate structural matrix (X)

# Finalize structural matrix
self$adjacency matrix <- selfSmy regsem final (X, B preliminary)

by
name variables = function() {

# Specify the number of latent variables
q <- dim(self$lambda) [2]

# Identify latent variables and their corresponding observed

variables
listlV <- list(); 1listOV <- list()

for (i LV in c(1l:9)){

# Find out the latent variable label
tmp LV <- gsub(":~.*","",self$model_pure[i_LV])

# Remove spacing from the label

204



self$listLV[[i LV]] <- gsub(" ", "", tmp LV, fixed = TRUE) %>%
as.character ()

# Find out the corresponding observed variables
tmp OVs <- gsub (".*=~","", selfSmodel pure[i LV])

# And convert it into a vector
tmp OVs <- gsub(" ", "", tmp OVs, fixed = TRUE)
self$listOV[[i LV]] <- unlist(strsplit(tmp OVs,"\\+"))

}
by
compute factor scores = function (X, method) {
return (psych: :factor.scores (X,self$lambda, selfSphi, method=method, impute="me
dian") $scores)
by

discover causal order = function (X) {

# Specify the number of latent variables
q <- dim(self$lambda) [2]

# Number latent variables
U <- c(l:9)

# Substantive an empty list of causal order (K)
K <= c()

for (1 LV in c(l:q9)){

# Determine the first variable (m)
m <- self$search causal order (X, U)

# Remove the effect of m on the rest of U
for (i in U) {
if (1 != m){
X[,1] <- selfS$residual (X[,1], X[,m])

# Variable m entered the end of K
K <- c(K, m)

Drop m from U
<- U[U != m]

a

# Update partial orders
# 1if (is.null (self$pk) == FALSE) {
# self$partial orders <-
self$partial orders[which(self$partial orders[,1]!=m),]
# )
}

return (K)

s
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extract partial orders = function (pk) {

# Extract partial orders from prior knowledge.
pos_path pair <- which(pk == 1)
pos _nopath pair <- which(pk == 0)

if (length(pos path pair) >= 1){
# Check for inconsistencies in pairs with path
path pair <- list()
for (i in c(l:length(pos_path pair))) {
tIndex <- pos path pair[i]
if (tIndex %% ncol (pk) == 0){
tRow <- ncol (pk)
tCol <- tIndex %/% ncol (pk)
} else {
tRow <- tIndex %% ncol (pk)
tCol <- tIndex %/% ncol(pk) + 1
}
path pair[[i]] <- c(tCol, tRow)
}
} else {path pair <- list()}

if (length(pos nopath pair) >= 1){
# Check for inconsistencies in pairs without path
nopath pair <- list()

for (i in c(l:length(pos nopath pair))) {
tIndex <- pos nopath pair[[i]]
if (tIndex %% ncol (pk) == 0){

tRow <- ncol (pk)
tCol <- tIndex %/% ncol (pk)
} else {
tRow <- tIndex %%
tCol <- tIndex %/% ncol(pk) + 1
}
nopath pair[[i]] <- sort(c(tCol, tRow))
}
nopath pair <- unique (nopath pair)
} else {nopath pair <- list()}

all pairs <- c(path pair, nopath pair)

if (length(all pairs)==0) {
# if no pairs are extracted from the specified prior knowledge
# discard the prior knowledge.
self$pk <- NULL
return (NULL)
}
out <- as.data.frame(matrix(c(unlist(all pairs)),ncol=2,byrow=T))
colnames (out) <- c("From","To")
return (out)

s

residual = function(xi, x3j){
# The residual when xi is regressed on x7j.
xi - (cov(xi, xj) / var(xj)) * xJ

s
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entropy = function (u) {

# Calculate entropy using the maximum entropy approximation
kl <= 79.047
k2 <= 7.4129
gamma <- 0.37457
return (
(1 + log(2 * pi)) / 2 -

k1l * (mean(log(cosh(u))) - gamma) "2 -
k2 * (mean(u * exp((-u™2) / 2)))"2)
b
diff mutual info = function(xi std, xj std, ri j, rj i){

by

# Calculate the difference of the mutual information.
terml <- selfSentropy(xj std) + selfSentropy(ri j / sd(ri_ j))

term2 <- selfSentropy(xi std) + selfSentropy(rj i / sd(rj i))
return (terml - term?2)

search candidate = function (U) {

# Search for candidate features.

# If no prior knowledge is specified, nothing to do.
if (is.null (selfs$pk)) {

out <- c()

out$Uc <- U

outs$vj <- list()

return (out)

}

# Find exogenous features

Uc = c ()
for (3 in U){
index = U[U != 7J]
if (sum(selfS$pk[]j,index]) == 0) {Uc <- c(Uc, J)}

}

# Find endogenous features, and then find candidate features
if (length(Uc) == 0){
U end <- c()
for (j in U) {
index <- U[U != 7j]
if (sum(selfSpk[j,index],na.rm=T) > 0){U end <- c(U _end, 3Jj)}
}

# Find sink features (original)
for (i in U) {
index <- U[U != 1]
if (sum(selfSpklindex, i]) == 0){U end <- c(U end, 1)}
}
Uc <- setdiff (U, U_end)
}

# make V*(3)
Vi <= c()
for (i in U) {
if (i %in% Uc) {
if (sum(selfS$pk[i,Uc]l==0)){V] <= c(Vj, 1)}
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}

out <- c()

if (is.null (Uc)) {out$SUc <- Ulelse{out$Uc <- c(Uc)}
outs$vj <- c(Vj)

return (out)

s

search causal order = function(X, U){

# Search causal order

sc_out <- self$search_candidate(U)
Uc <- sc_outs$Uc

Vj <- sc_out$vj

if (length(Uc) == 1) {return(Uc[1l])}

# Create a list to log the values of M criterion
M list <- c{()

for (i in Uc) {
M <=0
for (j in U) {
if (1 !'= 3){
# Standardize variables xj and xj
xi std = (X[, 1] - mean(X[, 1])) / sd(X[, 1i])
xj std (X[, 31 - mean(X[, j1)) / sd(X[, 3I1)

[

if (1 %in% Vj & J %$in% Uc) {
ri j <- xi std
} else {
# Compute the error in least square regression when xi is
regressed on Xxj
ri j <- self$residual (xi std, xj std)}

if (3 %in% Vj & 1 %$in% Uc) {
rj i <- xj std
} else {
# Compute the error in least square regression when xj is
regressed on xj

rj i <- self$residual (xj std, xi std)}

# Renew the value of M criterion
M <- M + min(0,self$diff mutual info(xi std, xj std, ri 3j,
rij i))~2
}
# Log the M criterion for variable i
M list <- c¢c(M _list, -M)
}

return (Uc[which.max (M list)])

s

estimate structural matrix = function (X) {
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}y

if (is.null (self$pk) == FALSE) {
tmp pk <- self$pk
diag(tmp pk) <- 0

}

q <- dim(selfS$lambda) [2]
B <- matrix (0, nrow = g, ncol = q)

for (i in 2:length(self$causal order)) {
target <- unlist(selfScausal order([i])
predictors <- unlist(selfScausal order([1l:(i-1)])

# Exclude variables specified in no_path with prior knowledge
if(!is.null (selfSpk)) {
predictors pk <- c()
for (p in predictors) {
if (tmp pkltarget, p] != 0){predictors pk <- c(predictors pk,

}

predictors <- predictors pk

}

if (length (predictors) > 0) {
Bltarget, predictors] <- self$my regsem(X,predictors, target)
}
}

return (B)

my regsem = function (X, predictors, target) {

"\n")

# Prepare syntax for measurement model (MM)
syntax MM <- paste(self$model pure(c (predictors,target)],collapse =

# Prepare syntax for structural model (SM)
list xj <- unlist(self$listLV[c (predictors)])
xi <= unlist(self$listLV[c(target)])

syntax SM <- ""; count <- 0

for (xj in list xJj){
count <- count + 1
tP <- paste(xi,"™ ~ c",count,"*",x7J,";\n",sep="")
syntax SM <- paste(syntax SM, tP,sep="")

}

# Combine MM with SM
syntax SEM <- paste(syntax MM, syntax SM, sep="\n")

# Subset dataset
X <= X %>%
subset (select = c(unlist(self$1listOV[c (predictors,target)])))

# Run a standard SEM
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sem_out <- lavaan::sem(syntax SEM,X ,fixed.x = FALSE)

# If there is more than one predictor, run a regularized SEM
if (length(predictors) >=2) {
regsem out <- regsem::cv_regsem (

sem_out,

n.lambda = selfSregsem nlambda,

type = selfSregsem penalty,

jump = selfSregsem jump,

max.iter = 100,

step = 0.3,

pars _pen = c(paste("c",c(l:count),sep="")),

verbose = FALSE)

# Extract all parameter estimates (pe) after penalizations
pe <- regsem out$final pars

# Select parameter estimates
pe_selected <- c()

for (i in c(l:length(predictors))) {
pe selected[i] <- pel[paste(list xj[i], " -> ", xi,sep="")]
}
} else {

# If there is only one predictor, no need to run RegSEM but simply
obtain pe from SEM

pe <- lavaan::parameterEstimates (sem out)

tmp row <- which(pe$lhs == xi & peSop == "~" & peSrhs ==
list x3j[1])

pe selected <- pel[tmp row,"est"]

}

return (matrix (pe selected, ncol = length(predictors)))
by

my regsem final = function (X, B) {

# Run an overall RegSEM
listLV <- self$listLlv

B <- B
B [B_ > 0.00] <- 1.00
num para <- length(B [B == 1])

# Draft syntax for structural model (SM)

syntax SM <- ""; count <- 0;

for (i in c(l:length(listLV))) {

for (j in c(setdiff(c(l:length(listlV)),i))){
i£(B_[1i,3] == 1){
count <- count + 1
ts <- paste(listLVv([[i]], " ~
c",count, "*",liStLV[ [j]]/ ";",sep:"")

syntax SM <- paste(syntax SM, ts, sep = "\n")

}

210



# Draft syntax for measurement model (MM)
if (!is.null(selfS$model other)) {
syntax MM <- paste(

stringr::str flatten(self$model pure, collapse = "\n"),
selfSmodel other, collapse = "\n")
} else {
syntax MM <- stringr::str flatten(self$model pure, collapse = "\n")

}

# Combine model syntax
syntax SEM <- paste(syntax SM, syntax MM, sep = "\n")

# Run a standard SEM
sem out <- lavaan::sem(syntax SEM, X)

# Run a regularized SEM
regsem out <- regsem::cv_regsem(

sem_out,

n.lambda = selfSregsem nlambda,

type = selfS$regsem penalty,

jump = selfSregsem jump,

max.iter = 100,

step = 0.3,

pars_pen = c(paste("c",c(l:num para),sep="")),

verbose = FALSE)

# Retrieve all parameter estimates (pe)
pe <- regsem out$final pars[l:num para]

# Substantiate a null matrix
beta <- matrix (0, nrow = length(listlLV), ncol = length(listLV))

# Fill in the null matrix
for (i in c(l:length(listLV))) {
for (j in c(setdiff(c(l:length(listlV)),1i))){
if(B_[1,§] == 1){
betal[i,j] <- pellpaste(listlLvI[I[3]], " -> ",
listLV[[i]],sep="")1]
}
}

}

return (beta)

)

#---- ParceLiNGAM LV ----

ParceLiNGAM LV <- R6::R6Class (
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"ParceLiNGAM LV",
public = list(

#' @title ParceLiNGAM LV class

#' @description To discover the causal relations between latent factors
using ParceLiNGAM algorithm for latent variables

#' @param lambda A matrix of relations between p observed variables and
g latent variables, or factor loading matrix

#' @param phi A matrix of relations between g latent variables

#' @param phi A matrix of relations between g latent variables

#' @param model pure A vector of characters that specifies lavaan model
syntax for pure measurement model

#' @param model other A character of other specification of measurement
model (e.g., cross-loading)

#' @param regsem penalty a character that specifies the penalty type
for regsem::cv_regsem function (Default: alasso)

#' @param regsem nlambda a numeric that specifies the penalty value to
test for regsem::cvregsem function (Default: 20)

#' @param regsem jump a numeric that specifies the change in penalty
values for each iteration for regsem::cvregsem function (Default: .03)

#' @param pk A squared matrix of prior knowledge, with dimension of
factors (qgq) by factors (qg)

#' @param fsa A vector of characters that specifies factor scores
approximation approaches (Default: Thurstone, tenBerge, Bartlett)

#' @param fsa user A character that specifies the factor score
approximation approach to endorse if causal orders are not consistent
(Default: tenBerge)

#' @param alpha a numeric that specifies a uncorrected threshold value
for Fisher's independence test (Default: .001)

lambda = NULL,

phi = NULL,

model pure = NULL,
model other = NULL,

regsem penalty = "alasso",

regsem nlambda = 20,

regsem jump = 0.03,

pk = NULL,

fsa = c("Thurstone", "tenBerge", "Bartlett"),
fsa user = "tenBerge",

alpha = .001,

causal order = NULL,
causal order fsa = list(),
adjacency matrix = NULL,
1listOvV = NULL,

listLV = NULL,

list pHSIC = NULL,

list pHSIC fsa = list(),

initialize = function (
lambda = NULL,
phi = NULL,
model pure = NULL,
model other = NULL,
regsem penalty = "alasso",
regsem nlambda = 20,
regsem jump = 0.03,
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pk = NULL,

fsa = c("Thurstone", "tenBerge", "Bartlett"),
fsa user = "tenBerge",

alpha = .001) {

self$lambda <- lambda
self$phi <- phi
selfSmodel pure <- model pure
self$model other <- model other
selfSregsem penalty <- regsem penalty
self$regsem nlambda <- regsem nlambda
selfSregsem jump <- regsem_ jump
self$pk <- pk
selfsfsa <- fsa
self$fsa user <- fsa user
self$Salpha <- alpha

b

fit = function (X) {
# Specify the number of latent variables

q <- dim(selfS$lambda) [2]

# Check prior knowledge

if(is.null(self$pk) == FALSE) {
if(dim(selfs$pk) [1] !'= g |
dim(selfs$pk) [2] !'= q){

sprintf ("The shape of prior knowledge must be (%d, )", g, 9)
}
self$partial orders <- selfS$extract partial orders (selfSpk)
}

if (self$alpha < 0){cat("alpha must be an float greater than 0.\n")}

# Name latent variables and observed variables
self$name variables ()

# Check if the user-specified fsa is on the list of fsa
if (! (self$fsa user %in% self$fsa)) {

# If not, renew the list
self$fsa <- c(self$fsa, self$fsa user)

for (i fsa in self$fsa) {

# Approximate factor scores & center

X fsa <- X %>%
self$compute factor scores (i fsa) %$>%
scale ()

# Discover causal order
causal order out <- X fsa %$>% selfSdiscover causal order()

213



# Log causal order
selfScausal order fsa[[i fsal]] <- causal order out$SK
self$list pHSIC fsa[[i fsa]] <- causal order outSp bttm

}

# Check if all possible causal orders are consistent
is consistent <- TRUE

for (i fsa in self$fsa) {
for (j fsa in setdiff(self$fsa, i fsa)) {
k 1 fsa <- selfScausal order fsa[[i fsal]
k j fsa <- selfScausal order fsa[[j fsal]

if (! (identical(k_1i fsa, k j fsa))){
is_consistent <- FALSE
break

}

# If all causal orders are identical endorse any
if (is_consistent) {
self$causal order <- self$causal order fsal[l]]
self$list pHSIC <- self$list pHSIC fsal[[l]]
} else {

# If not identical, endorse the user-specified approach

self$causal order <- self$causal order fsa[[selfSfsa user]]
self$list pHSIC <- self$list pHSIC fsa[[self$fsa user]]

# Estimate a preliminary structural matrix
B preliminary <- self$estimate structural matrix (X)

# Finalize structural matrix
self$adjacency matrix <- X %>% selfSmy regsem final (B preliminary)

s

name variables = function() {

# Specify the number of latent variables
q <- dim(self$lambda) [2]

# Identify latent variables and their corresponding observed

variables
listlV <- list(); 1listOV <- list()

for (i LV in c(1l:9)){

# Find out the latent variable label
tmp LV <- gsub("=~.*","", 6 selfS$model purel[i LV])

# Remove spacing from the label
self$listLV[[i LV]] <- gsub(" ", "", tmp LV, fixed = TRUE) %>%
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as.character ()

# Find out the corresponding observed variables
tmp OVs <- gsub (".*=~","", selfSmodel pure[i LV])

# And convert it into a vector
tmp OVs <- gsub(" ", "", tmp OVs, fixed = TRUE)
self$listOV[[i LV]] <- unlist(strsplit(tmp OVs,"\\+"))

}
s

compute factor scores = function (X, method) {

return (psych::factor.scores (X, self$lambda, selfSphi, method=method, impute="me
dian") $scores)

}y

extract partial orders = function (pk) {

# Extract partial orders from prior knowledge.
pos_path pair <- which(pk == 1)
pos _nopath pair <- which(pk == 0)

if (length(pos path pair) >= 1){
# Check for inconsistencies in pairs with path
path pair <- list()
for (1 in c(l:length(pos path pair))) {
tIndex <- pos path pair[i]
if (tIndex %% ncol (pk) == 0){
tRow <- ncol (pk)
tCol <- tIndex %/% ncol (pk)
} else {
tRow <- tIndex %%
tCol <- tIndex %/% ncol(pk) + 1
}
path pair[[i]] <- c(tCol, tRow)
}
} else {path pair <- list()}

if (length(pos nopath pair) >= 1){
# Check for inconsistencies in pairs without path
nopath pair <- list()
for (i in c(l:length(pos nopath pair))) {
tIndex <- pos nopath pair[[i]]
if (tIndex %% ncol (pk) == 0){
tRow <- ncol (pk)
tCol <- tIndex %/% ncol (pk)
} else {
tRow <- tIndex %%
tCol <- tIndex %/% ncol(pk) + 1
}
nopath pair[[i]] <- sort(c(tCol, tRow))
}
nopath pair <- unique (nopath pair)
} else {nopath pair <- list()}
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all pairs <- c(path pair, nopath pair)

if (length(all pairs)==0) {
# if no pairs are extracted from the specified prior knowledge
# discard the prior knowledge.
self$pk <- NULL
return (NULL)
}

out <- as.data.frame (matrix(c(unlist(all pairs)),ncol=2,byrow=T))
colnames (out) <- c("From","To")
return (out)

s

discover causal order = function (X) {

# Specify the number of latent variables
q <- dim(selfS$Slambda) [2]

# Apply bonferroni correction
thresh p <- self$alpha / (g-1)

# Search causal orders one by one from the bottom upward
return(selfssearch_causal_order(X, thresh p))

}y

residual = function(xi, x7j){
# The residual when xi is regressed on xj.
xi - (cov(xi, xj) / var(xj)) * xj

}y

search candidate = function (U) {
# Search for candidate features
# If no prior knowledge is specified, nothing to do.
if (is.null (self$pk)) {return (U)}

# Candidate features that are not to the left of the partial order
diff U <- unlist(selfS$partial orders[,1])
Uc <- setdiff (U, diff U)
return (Uc)
b
search causal order = function(X, thresh p) {

# Search causal orders one by one from the bottom upward.

# Number latent variables
U <- c(l:ncol (X))

# Substantiate empty lists of K bttm and p bttm
K bttm <- c()
p_bttm <- c()

is search causal order <- TRUE
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# If only one variable is left in list U, enter the top of K bttm
if (length(U) <= 1){

K bttm <- c(U, K bttm)

p _bttm <- c(0, p bttm)

is_search causal order <- FALSE}

while (is search causal order) {

# Search for candidate features
Uc <- selfS$search candidate (U)

if (length(Uc) == 1) {

# If there is only one variable in Uc,

# calculate HSIC with the rest of the variables

m <- c(Uc[1l])

predictors <- setdiff (U, Uc[l])

res <- selfScompute residuals (X, predictors, m)

fisher p <- self$fisher hsic test(X[,predictors],res,Inf) [1]

} else {

# Find the most sink variable
exo_out <- self$find exo vec (X, Uc)

# Index of the sink variable = m
m <- as.numeric(exo out["m"])

# p-value of HSIC with Fisher's method = fisher p
fisher p <- as.numeric(exo_out["max p"])

}

# Conduct statistical test by the p-value or the statistic
# If statistical test is not rejected
if (fisher p >= thresh p) {

# Add index of the sink variable to the top of K bttm
K bttm <- c(m, K bttm)

# Add fisher's p-value of the sink variable to the top of p bttm
p _bttm <- c(fisher p, p bttm)

# Update U by dropping the index of the sink variable (m)
U <= U[U != m]

# Update the partial order
if (is.null (self$pk) == FALSE) {
self$partial orders <-
self$partial orders[which(self$partial orders[,1]!=m),]
}

# If there is only one candidate left, end the search
if (length(U) <= 1){
K bttm <- c(U, K bttm)
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p_bttm <- ¢ (0.0, p bttm)
is_search causal order <- FALSE}

} else {

# If statistical test is rejected
is_search causal order <- FALSE

}

out <- c()

out$SK bttm <- K bttm
out$p bttm <- p bttm
return (out)

s

find exo vec = function (X, U){
# Find the most exogenous vector.
max p <- -Inf
max p_stat <- Inf

exo vec <- c()

for (j in (l:length(U))){
xi index <- setdiff(U,U[j])
xj index <- c(U[]])

# Compute residuals
res <- selfScompute residuals (X, xi index, xj index)

# HSIC test with Fisher's method to test the independence between
# a set of predictor (xi index) and error term (res)
fisher hsic out <-

self$fisher hsic test (X[,xi index],res,max p stat)

# Retrieve the p-value of HSIC with Fisher's method = fisher p
fisher p <- fisher hsic out[1l]

# Retrieve the statistic of HSIC with Fisher's method = fisher stat
fisher stat <- fisher hsic out[2]

# If the fisher p of j is the greatest so far, update
# the index of explanatory variables (exo vec),
# the maximum of fisher p (max p), and;
# the maximum of fisher stat (max p stat)
if (fisher stat < max p stat | fisher p > max p){
exo vec <- x1 index
max p <- fisher p
max _p stat <- fisher stat
}
}

# Obtain the index of sink variable that is not included in exo vec =

m <- setdiff (U, exo_vec)
out <- c(m, exo vec, max p) %>%
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'names<-"' (c("m","exo vec","max p"))
return (out)

s

compute residuals = function(X, predictors, target) {
# Compute residuals
if (is.null (selfSreqg)) {
# Compute residuals of least square regressions
cov <-= cov ((X))
terml <- MASS::ginv(cov[predictors,predictors])
term?2 <- matrix(
cov|[target, predictors],
nrow = length (predictors),
ncol = 1)
coef <- terml %*% term2
(X[

res <- as.matrix(X[,target]) - as.matrix (X[,predictors]) %*% coef

} else {
Im fit <- Im(X[,target] ~., data = X[,predictors])
res <- 1lm fit$residuals

return (res)

s

fisher hsic test = function(X, res, max p stat) {
# Conduct statistical test by HSIC with Fisher's methods.

# Substantiate the statistic of HSIC with Fisher's method =
fisher stat
fisher stat <- 0

if (is.null (ncol (X))) {
# If X is a vector, set g =1
q <-1
} else {
# If X is a matrix, set g = its columm length
g <- ncol (X)}

if (g == 1){
# If there is only one predictor, simply HSIC will do
hsic out <- dHSIC::dhsic.test(

X = X,
Y = res,
kernel = "gaussian",
method = "gamma")
# Retrieve p-value of HSIC (without Fisher's method) = fisher p

fisher p <- hsic out$p.value
# Retrieve the statistic of HSIC (without Fisher's method) =
fisher stat
fisher stat <- hsic out$statistic
} else {
# If there is more than one predictor, turn HSIC with Fisher's

method
for (i in c(1l:q9)) {
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# Conduct pairwise HSIC and retrieve the p-value of HSIC
hsic p <- dHSIC::dhsic.test(
X = as.data.frame (X[,1i]),

Y = res,

kernel = "gaussian",

method = "gamma") Sp.value
if (hsic p == 0){

# If p-value of HSIC is zero, set fisher stat as infinite
fisher stat <- Inf
} else |

# If p-value of HSIC is non-zero, add to fisher stat
fisher stat <- fisher stat + (-2 * log(hsic_p))
}

if (fisher stat > max p stat) {break}
}

# Compute the p-value of HSIC with Fisher's method by doing chi-

square test

fisher p <- pchisqg(fisher stat, df = (2 * gq), lower.tail=FALSE)
}

return(c(fisher p, fisher stat) %>% 'names<-

'(c("fisher p","fisher stat")))

s

estimate structural matrix = function (X) {

s

if (is.null (self$pk) == FALSE) {
tmp pk <- self$pk
diag(tmp pk) <- 0

}

q <- dim(selfS$lambda) [2]
B <- matrix (0, nrow = g, ncol = q)

for (i in 2:length(self$causal order)) {
target <- unlist(selfScausal order([i])
predictors <- unlist(selfScausal order[1l:(i-1)])

# Exclude variables specified in no path with prior knowledge
if(!'is.null (selfs$pk)) {
predictors pk <- c()
for (p in predictors) {
if (tmp pk[target, p] != 0) {predictors pk <- c(predictors pk,

}

predictors <- predictors pk

}

if (length (predictors) > 0){
Bltarget, predictors] <- self$my regsem(X,predictors, target)
}
}

return (B)
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my regsem = function (X, predictors, target) {

u\nu)

# Prepare syntax for measurement model

(MM)

syntax MM <- paste(selfS$model pure(c(predictors,target)],collapse =

# Prepare syntax for structural model

(SM)

list xj <- unlist(self$listLV[c (predictors)])

x1 <- unlist(self$listLV[c(target)])

syntax SM <- ""; count <- 0
for (xj in list xj){
count <- count + 1

tP <- paste(xi," ~ c",count,"*",xj,";\n",sep="")
syntax SM <- paste(syntax SM, tP,sep="")

}

# Combine MM with SM

syntax SEM <- paste(syntax MM, syntax SM, sep="\n")

# Subset dataset
X <= X %>%

subset (select =

# Run a standard SEM

sem out <- lavaan::sem(syntax SEM,X ,fixed.x =

# If there is more than one predictor,

c(unlist(self$listOV[c (predictors,target)])))

FALSE)

run a regularized SEM

if (length(predictors) >=2) {

regsem out <- regsem::cv_regsem/(
sem_out,
n.lambda = selfSregsem nlambda,
type = selfS$regsem penalty,
jump = selfSregsem jump,
max.iter = 100,
step = 0.3,
pars _pen = c(paste("c",c(l:count),sep="")),
verbose = FALSE)

# Extract all parameter estimates

pe <- regsem out$final pars

# Select parameter estimates
pe_selected <- c()
for

}

} else {

# If there is only one predictor,

obtain pe from SEM
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(pe) after penalizations

(1 in c(l:1length(predictors))) {
pe selected[i] <- pel[paste(list xj[i],

"o ", Xi,Sep="")]

no need to run RegSEM but simply



}

pe <- lavaan::parameterEstimates (sem out)

tmp row <- which(pe$lhs == xi & peSop ==
list x3j[1])

pe selected <- pel[tmp row,"est"]

return (matrix (pe_selected, ncol =

s

my regsem final = function (X, B) {

# Run an overall RegSEM
listLV <- self$listLVv

B <- B
B [B_ > 0.00] <- 1.00
num para <- length(B [B == 1])

"~" & peSrhs ==

length (predictors)))

# Draft syntax for structural model (SM)

syntax SM <- ""; count <- 0;
for (i in c(l:length(listLVv))) {

for (j in c(setdiff(c(l:length(listlV)),1i))){

if(B_[1,3] == 1){

count <- count + 1
ts <- paste(listLv[[il], "

c",count,"*",1listLVI[[]]],";",sep="")
syntax SM <- paste(syntax SM, ts,

}

# Draft syntax for measurement model (MM)

if (!is.null(self$model other)) {
syntax MM <- paste(

Sep — n\nn)

stringr::str_flatten(self$model_pure, collapse =
self$model_other, collapse = "\n")

} else {

syntax MM <- stringr::str flatten(self$model pure,

}

# Combine model syntax

syntax SEM <- paste(syntax SM, syntax MM,

# Run a standard SEM

sem out <- lavaan::sem(syntax SEM, X)

# Run a regularized SEM
regsem out <- regsem::cv_regsem
sem out,

n.lambda = selfSregsem nlambda,

type = selfS$regsem penalty,
jump = selfSregsem jump,
max.iter = 100,

step = 0.3,

Sep - "\n")

pars_pen = c(paste("c",c(l:num para),sep="")),
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verbose = FALSE)

# Retrieve all parameter estimates (pe)
pe <- regsem out$final pars[l:num para]

# Substantiate a null matrix
beta <- matrix (0, nrow = length(listlV), ncol = length(listLV))

# Fill in the null matrix
for (i in c(l:length(listLVv))) {
for (j in c(setdiff(c(l:length(listlV)),1i))){

if(B_[1,3] == 1){
betal[i,j] <- pellpaste(listLVI[[3j]l]l, " -> ",
listLVI[[i]],sep="")1]
}
}
}
return (beta)
}
)
)
#----Latent-Variable RCD —----

#' @title RCD LV class

#' Qdescription R implementation of repetitive causal discovery for latent
variables

#' @references T.N.Maeda and S.Shimizu. RCD: Repetitive causal discovery of
linear non-Gaussian acyclic models with latent confounders. In Proc. 23rd
International Conference on Artificial Intelligence and Statistics
(AISTATS2020), Palermo, Sicily, Italy. PMLR 108:735-745, 2020.

#' Q@export

RCD LV <- R6::R6Class(
"RCD_LV",
public = list(

#' @param regsem penalty (string) Penalty type for regsem::cv_regsem
function (Default: lasso)

#' Q@param regsem n.lambda (numeric) Number of penalization values to
test for regsem::cvregsem function (Default: 20)

#' Q@param regsem jump (numeric) Amount to increase penalization each
iteration for regsem::cvregsem function (Default: .03)

#' @param mat lambda (matrix) A matrix of relations between item and
factors, with dimension of items (p) by factors (q)

#' @param mat phi (matrix) A squared matrix of relations between
factors, with dimension of factors (qgq) by factors (q)

#' @param syntax pmm (vector of strings) Syntax for Pure Measurement
Model, with dimension of factors (gq) by 1

#' @param syntax snmm (scalar of string, optional) Syntax for
Structural Null Measurement Model

#' @param pk (matrix) A squared matrix of prior knowledge, with
dimension of factors (q) by factors (q)

#' @param list method fs (vector of string) Approaches to approximating
factor scores (Default: Thurstone, tenBerge, Bartlett)
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lambda = NULL,

phi = NULL,

model pure = NULL,

model other = NULL,

regsem penalty = "alasso",

regsem nlambda = 20,

regsem jump = 0.03,

pk = NULL,

fsa = c("Thurstone", "tenBerge", "Bartlett"),
fsa users = "tenBerge",

max_ explanatory num = 2,
alpha cor = 0.01,

alpha ind = 1,

alpha shapiro = 0.01,

indep test2 = FALSE,

k iter = ¢(0.5,0.2,0.1,0.01),

adjacency matrix = NULL,
partial orders = NULL,

list ancestor = NULL,

list ancestors fsa = list(),
list parents = NULL,

list parents fsa = list(),
list confounders = NULL,

list confounders fsa = list(),
history alpha ind = NULL,
history alpha ind fsa = list(),
listLV = NULL,

1istOV = NULL,

initialize = function (
lambda = NULL,
phi = NULL,
model pure = NULL,
model other = NULL,
regsem penalty = "alasso",
regsem nlambda = 20,
regsem jump = 0.03,

pk = NULL,

fsa = c("Thurstone", "tenBerge", "Bartlett"),
fsa users = "tenBerge",
max_explanatory num = 2,

alpha cor = 0.01,

alpha ind = 1,

alpha shapiro = 0.01,
indep test2 = FALSE,
k iter c(0.5,0.2,0.1,0.01)){

self$lambda <- lambda

self$phi <- phi

self$model pure <- model pure
self$model other <- model other
self$regsem penalty <- regsem penalty
self$regsem nlambda <- regsem nlambda
self$regsem jump <- regsem_ jump
selfSpk <- pk

selfsfsa <- fsa

self$fsa user <- fsa user

self$max explanatory num <- max explanatory num
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self$alpha cor <- alpha cor
self$alpha ind <- alpha ind
selfSalpha shapiro <- alpha shapiro
selfSindep test2 <- indep test2
self$k iter <- k iter

by

fit = function (X) {

# Specify the number of latent variables
q <- dim(selfS$lambda) [2]

# Issue warnings
if (selfSmax explanatory num <= 0) {
warning ("Maximum number of explanatory variable must be >0.")}
if (self$alpha cor < 0){warning("alpha cor must be >=0.")}
if (self$alpha ind <0) {warning("alpha ind must be >=0.")}
if (selfSalpha shapiro <0) {warning("alpha shapiro must be >=0.")}

# Check prior knowledge

if(is.null(self$pk) == FALSE) {
if(dim(selfs$pk) [1] != g |
dim(selfs$pk) [2] !'= q){

sprintf ("The shape of prior knowledge must be (%d, %d)", g,
}

# Name latent variables and observed variables
self$name variables ()

# Check if the user-specified fsa is on the list of fsa
if (! (self$fsa user %in% self$fsa)) {

# If not, renew the list
self$fsa <- c(self$fsa, self$fsa user)

}

for (i _fsa in self$fsa) {

# Approximate factor scores
X fsa <- X $>% selfScompute factor scores(i fsa)

# Discover ancestors, parents & confounders
apc_out <- X fsa %$>% selfS$discover apc|()

# Log ancestors list
self$list ancestors fsa[[i fsa]] <- apc_out$M

# Log parents list
self$list parents fsa[[i fsal] <- apc_out$P

# Log confounders list
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self$list confounders fsa[[i fsa]] <- apc_outsC

# Log alpha ind history
self$history alpha ind fsa[[i fsal]] <- apc_out$C num pairs history

}

# Check if all lists are consistent across FSA
is consistent <- TRUE
for (i fsa in self$fsa) {

for (j _fs in setdiff(self$fsa, i fsa)){

A 1 fsa <- self$list ancestors fsa[[i fsa]l]

A j fsa <- self$list ancestors fsa[[] fsal]

P i fsa <- self$list parents fsal[[i fsal]

P j fsa <- self$list parents fsal[[]j fsal]

C i fsa <- self$list confounders fsa[[i fsa]]
C j fsa <- self$list confounders fsa[[] fsa]l]

if ((!identical(A i fsa, A j fsa)) |
(!identical(P_i fsa, P _j fsa)) |
(!identical(C i fsa, C j fsa)) ){
is consistent <- FALSE; break

}
}

# If all lists are identical, endorse any
if (is_consistent) {
self$list ancestors <- selfS$list ancestors fsal[[1l]]
self$list parents <- self$list parents fsal[[l]]
self$list confounders <- selfS$Slist confounders fsal[[l]]
self$history alpha ind <- self$history alpha ind fsa[[1l]]
} else {

# If not identical, endorse the user-specified approach
self$list ancestors <- selfS$Slist ancestors fsa[[self$fsa user]]
self$list parents <- self$list parents fsa[[selfSfsa user]]
self$list confounders <- selfS$list confounders fsa[[selfSfsa user]]
self$ind alpha history <-
self$history alpha ind fsa[[selfS$Sfsa user]]
}

# Estimate a preliminary structural matrix
B preliminary <- self$estimate structural matrix(X,
self$list parents, self$list confounders)

# Finalize structural matrix

self$adjacency matrix <- self$my regsem final (X, B preliminary)
}y
name variables = function() {

# Specify the number of latent variables
q <- dim(self$lambda) [2]
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# Identify latent variables and their corresponding observed
variables
listLVv <- 1list(); 1istOV <- list()

for (i LV in c(l:9)){

# Find out the latent variable label
tmp LV <- gsub("=~.*","", selfSmodel pure[i LV])

# Remove spacing from the label
Self$listLV[[i_LV]] <- gsub(" ", "", tmp LV, fixed = TRUE) %>%
as.character ()

# Find out the corresponding observed variables
tmp OVs <- gsub(".*:~","",selfsmodel_pure[i_LV])

# And convert it into a vector
tmp OVs <- gsub(" ", "", tmp OVs, fixed = TRUE)
self$listOV[[i LV]] <- unlist(strsplit(tmp OVs,"\\+"))

}
}y

compute factor scores = function (X, method) {

return (psych::factor.scores (X, self$lambda, self$phi, method=method, impute="me
dian") $scores)

}y

extract partial orders = function (pk) {

# Extract partial orders from prior knowledge.
pos path pair <- which(pk == 1)
pos _nopath pair <- which(pk == 0)

# Check for inconsistencies in pairs with path
check path pair <- c()
for (i in c(l:length(pos_path pair))) {
tIndex <- pos path pair[i]
if (tIndex %% ncol (pk) == 0){
tRow <- ncol (pk)
tCol <- tIndex %/% ncol (pk)
} else {
tRow <- tIndex %% ncol (pk)
tCol <- tIndex %/% ncol(pk) + 1
}
check path pair <- rbind(check path pair,c(tCol, tRow))
check path pair <- rbind(check path pair,c(tRow, tCol))
}

if (sum(duplicated(check path pair) >= 1)) {
cat ("The prior knowledge contains inconsistencies (Col, Row) :\n")
message (check path pair[duplicated(check path pair),])

}

227



path pair <- check path pair[seq(l,nrow(check path pair),2),]

# Check for inconsistencies in pairs without path
# If there are duplicate pairs without path, they cancel out and are
not ordered.
check nopath pair <- list()
for (i in c(l:length(pos _nopath pair))) {
tIndex <- pos nopath pairf[i]
if (tIndex %% ncol (pk) == 0){
tRow <- ncol (pk)
tCol <- tIndex %/% ncol (pk)
} else {
tRow <- tIndex %% ncol (pk)
tCol <- tIndex %/% ncol(pk) + 1
}
check nopath pair <- rbind(check path pair,c(tCol, tRow))
check nopath pair <- rbind(check path pair,c(tRow, tCol))
}

nopath pair <- unique(check nopath pair)

all pairs <- rbind(path pair, nopath pair)

if (nrow(all pairs) == 0) {
# 1if no pairs are extracted from the specified prior knowledge
# discard the prior knowledge.
self$pk = NULL

return (NULL)
}

all pairs <- unique(all pairs)
return(all pairs)
by
discover apc = function (X) {
C num pairs history <- c()
for (k_alpha in selfSk iter) {
self$ind alpha <- k_alpha
# Determine ancestors

M <- selfSextract ancestors (X)

# Determine parents
P <- selfSextract parents(X, M)

# Determin confounders
C <- self$extract_vars_sharing_confounders(X, P)
C num pairs history <- c¢(C_num pairs history,
sum(lengths (C[!is.na(C)1)))
}

out <- c()

# Here is the finalized independence of alpha
out$ind alpha <- selfS$k iter[which.min(C num pairs history)]
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out$C num pairs history <- C num pairs history

# Extract a set of ancestors of each variable
outSM <- selfSextract ancestors (X)

# Extract parents (direct causes) from the set of ancestors.
out$SP <- selfSextract parents(X, M)

# Find the pairs of variables affected by the same latent confounders
out$C <- selfSextract vars sharing confounders (X, P)

return (out)
by

get common_ancestors = function (M, U) {
# Get the set of common ancestors of U
Mj list <- list(); c =0
for (xj in U){
c=c+ 1; Mj list[[c]] <- M[[x]]]
}

out <- Reduce (intersect, Mj list)
if (length(out) == 0) {return(NA)} else {
return (Reduce (intersect, Mj list))
}
by

get resid and coef = function(X, endog idx, exog idcs) {

# Get the residuals and coefficients of the ordinary least square
method

X <- as.data.frame (X)

fml <- as.formula (pastel (names (X) [endog idx], "~."))

X <= X[names (X) [c(endog _idx, exog idcs)]]

lr <- Im(fml, data = X )

out <- list()

out$resid <- lrSresiduals

out$coef <- 1lrScoefficients

return (out)

s

get residual matrix = function(X, U, H U){
if (length(H U) == 1 & all(is.na(H U)) == TRUE) {return(X)}
if (all(is.na(H U))) {return(X)}

Y <- X
Y[,] <= O
for (xj in U){
Y[,xj] <- self$get resid and coef (X,xj,H U)Sresid
}
return (Y)

s

is non gaussianity = function(Y, U){
# Test whether a variable is generated from a non-Gaussian process
using the Shapiro-Wilk test
for (xj in U){
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if (shapiro.test(Y[,x]])$p.value >
self$shapiro alpha) {return (FALSE) }
}
return (TRUE)

s

is _correlated = function(a, b) {
# Estimate that the two variables are linearly correlated
return (Hmisc::rcorr(a,b,type = c("pearson"))SP[1,2] < self$cor alpha)

s

exists ancestor in U = function(M,U,xi,xj list) {
# Check if xi is not in Mj, the ancestor of xj.
for (xj in xj list){
if (xi %in% M[[x3]]) {return (TRUE) }
}

# Check if xj list is a subset of Mi, the ancestor of xi.
if (all(is.na(M[[xi]])) == FALSE) {
if (all(xj _list == intersect(xj list, M[[xi]]))) {return(TRUE) }
}
return (FALSE)
b

is_independent = function (X,Y) {
fisher p <- dHSIC::dhsic.test(
X, Y, method = "gamma", kernel = "gaussian") $p.value
return (fisher p > self$ind alpha)
b

is_independent of resid = function(Y, xi, xj list){
# Check whether the residuals obtained from multiple regression
n_samples <- nrow (Y)

# Multiple Regression with OLS.

is_all independent <- TRUE

resid <- self$get resid and coef (Y,xi,xj list) $resid
for (xj in xj list){

if (self$is independent (resid, Y[,xj]) == FALSE) {
is_all independent <- FALSE
break

}

return(is_all independent)

s

is_independent of resid2 = function(Y, xi, xj list){
U <- c(xi, xJj 1list); n features <- length (U)
K <= c{()

for (a in c(l:n features)) {
m <- self$search causal order (Y,U)
for (i in U) {
if (i !'= m){
Y[,1] <- selfS$residual(Y[,1i],Y[,m])
}
}
K <- c(K, m)
U <= U[U !'= m]
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return (K[n_ features]== xi)
by

extract ancestors = function (X) {
# Extract a set of ancestors of each variable
n_features <- ncol (X)

M <- list()
for (i in c(l:n_features)) {M[[1i]] <- c(NA)}
1 <=1

hu history <- list()

while (TRUE) {
changed <- FALSE
U list <- combn(c(l:n features),l+l,simplify = FALSE)
for (U in U _list){
U <- sort (U)

# Get the set of common ancestors of U
H U <- self$get common ancestors (M, U)

str U <- as.character (paste(U,collapse = " "))

if (is.null (hu _history[[str U]]) == FALSE) {
if (all(is.na(H _U))==FALSE &
all(is.na(hu_history[[str U]]))==FALSE) {
if (identical(H U, hu history[[str U]])) {next}

}
}

Y <- as.data.frame (self$Sget residual matrix (X, U, H U))

# Test whether a variable is generated from a non-Gaussian
process using the Shapiro-Wilk test
if (self$is non gaussianity(Y,U) == FALSE) {next}

# Estimate that the two variables are linearly correlated using
the Pearson's Correlation
is _cor <- TRUE
for (i in combn(U,2, simplify = FALSE)) {
xi <= i[1]; xj <= 1[2]

if (self$is correlated(Y[,xi], Y[,xj]) == FALSE) {
is _cor <- FALSE
break
}
}
if (is_cor == FALSE) {next}

sink set <- c()
for (xi in U) {
xj list <- setdiff (U, x1i)
if (self$exists ancestor in U(M,U,xi,xj list)) {next}

# Check whether the residuals obtained from multiple
regressions are independent
if (self$indep test2 == FALSE) {
if (self$is_independent of resid(Y,xi,xj list)){
sink set <- c(sink set, xi)
}
} else {
if (self$is_ independent of resid2(Y,xi,xj list)) {
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sink set <- c(sink set, xi)

}
}

if (length(sink set)==1) {
xl <- sink set[1]
xj list <- setdiff (U, xi)

if (all(is.na(M[[x1i]]))){
M[[xi]] <- xj list
changed <- TRUE

}

if (all(is.na(M[[xi]])
if (identical (M[[xi]],
M[[xi]] <- union(M[[xi]], xJj 1list)
changed <- TRUE
}

) == FALSE) {

}

hu history[[str U]] <- H U
}

if (changed) {
1 <-1
} else if (1 < self$max_explanatory_num){
1 <-1+1
} else {
break
}
}
return (M)

y

is_parent = function(X, M, xj, xi){
if (length(setdiff (M[[xi]], x3J)) > 0){
zi <- self$get resid and coef (X,xi,setdiff (M[[xi]],x])) Sresid
} else {
z1i <= X[,x1i]

}

if (length(intersect (M[[xi]], M[[x3]1]1)) > 0){
wj <-
self$get resid and coef (X,xJj,intersect (M[[xi]],M[[x]]])) $resid
} else {

Wj <- X[IXj]
}

# Check if zi and wj are correlated
return(self$is correlated(wj, zi))

s

extract parents = function(X, M) {
# Extract parents (direct causes) from a set of ancestors.
n_ features <- ncol (X)
P <- list()
for (i in c(l:n_features)){P[[1i]] <- c(NA)}

for (xi in c(l:n_features)) {
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if (all(is.na(M[[xi]]))==FALSE) {
for (xj in M[[xi]]) {
# Check if xj is the parent of xi.

if (self$is parent (X, M, xj, x1) == TRUE) {
P[[xi]] <- unique(c(P[[xi]], xJ))
P[[xi]] <= P[[xi]][!is.na(P[[xi]])]
}
}
}
}
return (P)
b
get resid to parent = function (X, idx,P) {
if (all(is.na(P[[idx]]))) {return(X[,idx])}
return (selfSget resid and coef (X,idx,c(P[[idx]])) $resid)
b
extract vars_ sharing confounders = function (X, P) {

# Find the pairs of variables affect by the same latent confounders.
n_features <- ncol (X)

C <= 1list()

for (i in c(l:n_features)){C[[i]] <- c(NA)}

for (k in combn(c(l:n_ features),2, simplify = FALSE)) {
i <= k[1]; 7 <= kI[2]
if (i %in% P[[3]1] | § %in% P[[i]])1{
next
}
resid xi <- selfSget resid to parent (X, i, P)
resid xj <- selfSget resid to parent (X, Jj, P)
if (self$is correlated(resid xi, resid x3j)) {

Clri]] <- unique(C(C[[']],j))
Cl[J]] <- unique(c(C[[J]],1))
Cl[i]] <= C[[i]][!is. na(C[[ 111
Cl[3]] <= cl[3]][tis.na(C[[3]])]

}
}

return (C)

s

estimate coarse adjacency matrix = function(X, P, C){

# Check parents
n features <- length(self$syntax pmm)

if(is.null(self$pk) == FALSE) {
tmp pk <- self$pk
diag(tmp pk) <- 0

}

B <- matrix (0, nrow = n features, ncol = n features)
for (xi in c(l:n_features)) {

xj list <- c(P[[xi]])

if (all(is.na(xj _list))) {next}

xj list <- sort(xj list)
# Exclude variables specified in no_path with prior knowledge

if(is.null (self$pk) == FALSE) {
xj list pk <= c()
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for (p in xj list){
if (tmp pklxi, p] != 0){xj list pk = c(xj _list pk, p)}
}
xj list <- xj list pk
}

coef <- self$predictRegSEM(X, xj list, xi)

k <=0
for (xj in xj list){
k <- k + 1

Blxi, xj] <- coefl[,k]
}

# Check confounders

for (xi in c(l:n_features)) {
xj list <- sort(c(C[[xi]]))
if (all(is.na(xj list))) {next}

for (xj in xj 1list){
B[xi, xj] <- NA

}

return (B)

}y

predictRegSEM = function (X, predictors, target) {

# Prepare Syntax
tmp Measurement <- paste(
self$syntax_pmm[c(predictors,target)],collapse = "\n")

xj list <- unlist(self$latent variables[c(predictors)])
xi <- unlist(self$latent variables[c(target)])

tmp Path <- ""; count <- 0

for (xj in xj list){
count <- count + 1
tP <- paste(xi," ~ c¢",count,"*",xj,";\n",sep="")
tmp Path <- paste(tmp Path,tP,sep="")

}

tmp syntax <- paste (tmp Measurement,tmp Path, sep="\n")

# Prepare Dataset
tmp dataset <- subset(

X, select = c(unlist(self$item indicators|[c(predictors,target)])))

# Run Standard SEM
tmp lav _out <- lavaan::sem(tmp syntax,tmp dataset,fixed.x = FALSE)

if (length(predictors) >=2) {

tmp reg out <- regsem::cv_regsem/
tmp lav_out,
n.lambda = selfSregsem n.lambda,
type = selfS$regsem penalty,
jump = selfSregsem jump,
max.iter = 100,
step = 0.3,
pars _pen = c(paste("c",c(l:count),sep="")),
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verbose = FALSE)
tmp coef all <- tmp reg out$final pars

tmp_coef <- c()

for (i in c(l:length(predictors))) {
tmp coef[i] <- tmp coef all[paste(xj list[i], " -> ", xi,sep="")]
}
} else {

tmp coef all <- lavaan::parameterEstimates (tmp lav out)
tmp row <- which(

tmp coef all$lhs == xi &
tmp coef allSop == "~" &
tmp coef allSrhs == xj list[1])

tmp coef <- tmp coef all[tmp row,"est"]

}

tmp coef <- matrix(tmp coef, ncol = length(predictors))
return (tmp coef)

}y

estimate refined adjacency matrix = function (X,
coarse_adjacency matrix) {

## Objective: Run an overall regularized SEM

lat var <- self$latent variables

adj mat unit <- coarse adjacency matrix

adj mat unit[adj mat unit > 0.00] <- 1.00

adj mat unit[is.na(adj mat unit)] <- .00

num_parameter <- length(adj mat unit[adj mat unit == 1])

## Draft the structural model
count <- 0; tmp SM <- ""

for (i in c(l:length(lat var))) {
for (j in c(setdiff(c(l:length(lat wvar)),i))){
if(adj mat unit[i,j] == 1){

count <- count + 1

ts <- paste(lat var[[i]],
c",count, "*", lat_var[[j]],";",sep="")

tmp SM <- paste(tmp SM, ts, sep = "\n")

~

}

}

## Draft the measurement model
if (is.null (self$syntax snmm)) {
tmp MM <- paste(self$syntax pmm, collapse = "\n")
} else {
tmp MM <- self$syntax snmm
}

tmp syntax <- paste(tmp SM, tmp MM, sep = "\n")
lav_out <- lavaan::sem(tmp syntax, X)
reg out <- regsem::cv_regsem

lav_out,

n.lambda = selfSregsem n.lambda,

type = selfS$regsem penalty,

jump = selfSregsem jump,

max.iter = 100,

step = 0.3,

pars_pen = c(paste("c",c(l:num parameter),sep="")),
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verbose = FALSE)

coef all <- reg out$final pars[l:num parameter]

beta mat <- matrix(0.00, nrow = length(lat var), ncol =

length (lat var))

s

for (i in c(l:length(lat var))){
for (J in c(setdiff(c(l:length(lat var)),1))){
if (adj mat unit([i,J] == 1){
tmp_head <- paste(lat_var[[j]], " -> ", lat_var[[i]],sep="")

beta mat[i,Jj] <- coef all[[tmp head]]
}

}

return (beta mat)

residual = function(xi,x7j) {
# The residual when xi is regressed on xj.
xi - (cov(xi, xj) / var(xj)) * xj

by

entropy = function (u) {

# Calculate entropy using the maximum entropy approximation
kl <= 79.047

k2 <= 7.4129

gamma <- 0.37457

return (
(1 + log(2 * pi)) / 2 -
k1l * (mean(log(cosh(u))) - gamma) "2 -
k2 * (mean(u * exp((-u™2) / 2)))"2)
b
diff mutual info = function(xi std, xj std, ri j, rj i) {

s

# Calculate the difference of the mutual informations.

terml <- selfSentropy(xj std) + selfSentropy(ri j / sd(ri_ j))
term2 <- selfSentropy(xi std) + selfSentropy(rj i / sd(rj _i))
return (terml - term2)

search causal order = function(X, U) {

rj_1))

M list <- c?)
for (i in U) {

M =0
for (3 in U){
if (1 !'= 3){
xi std = (X[, 1] - mean(X[, 1i])) / sd(X[, 1i])
xj std = (X[, Jj] - mean(X[, 3J1)) / sd(X[, J1)

ri j <- self$residual (xi std, xj std)
rj i <- self$residual (xj std, xi std)

M =M+ min(0,self$diff mutual info(xi std, xj std, ri j,

~2
}
}
M list <- c(M _list, -M)
}
return (U[which.max (M list)])
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#-—-- ICA-LiNGAM ------—----

ICALINGAM <- R6::R6Class(
"ICALiNGAM",
public = list(

#' @title ICALiINGAM class

#' Qdescription

#' To discover the causal relations between observed factors using ICA-
LiNGAM algorithm for observed variables

#' @param max _k a single numeric that specifies the maximum attempt to
search causal order (Default: 3)

#' @param max iter ica a single numeric that specifies the maximum
iteration of ICA (Default: 1000)

#' @param type ica a character that assigns R package between "fastICA"
and "ica" to run independent component analysis (Default: fastICA)

#' @param lasso_engine a character that assigns R package between
"glmnet" and "lars" to run lasso regression (Default: glmnet)

max_k = 3,

max iter ica = 1000,
type ica = "fastICA",
lasso_engine = "glmnet",

causal order = NULL,
intercept = NULL,
adjacency matrix = NULL,

initialize = function(
max k = 3,
max iter ica = 1000,
type ica = "fastICA",
lasso_engine = "glmnet") {

selfSmax_k <- max k
self$max iter ica <- max _iter ica
self$type ica <- type ica
self$lasso _engine <- lasso_engine

s

fit = function (X) {

# Specify the number of observed variables
p <- ncol (X)

# Impute missing values
if (length(which(is.na(X))) >= 1) {
X <- missMDA::imputePCA (X, ncp = p) %>
.ScompleteObs %>%
as.data.frame ()

o\°
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history k <- list()

while (TRUE) {
for (i _k in c(l:self$max k)) {

# Estimate unmixing matrix (W_ica) from independent component
analysis

# Summon fastICA from fastICA package
# note that W ica is t (W _ica) of scipy's fastICA

if (tolower (selfStype ica) == "fastica") {
ica out <- X %>% fastICA::fastICA(
n.comp = p,
alg.typ = "parallel",
maxit = selfSmax iter ica,
fun = "logcosh")
W ica <- (ica outSK %*% ica out$wW)}

# Summon fastICA from ica package

if (tolower (self$type ica) == "icafast") {
ica out <- X %>% ica::icafast(
nc = p,
alg = "par",
maxit = selfS$max iter ica,
fun = "logcosh")

W_ica <- (t(ica_out$Q) %*% ica_out$R)}

# Summon information maximum from ica package

if (tolower (self$type ica) == "icaimax") {
ica out <- X %>% ica::icaimax(
nc = p,
maxit = self$max iter ica,
alg = "newton",
fun = "tanh")
W ica <- (t(ica out$Q) %*% ica out$R)}

# Summon JADE from ica package

if (tolower (self$type ica) == "icajade") {
ica out <- X %>% ica::icajade(
nc = p,
maxit = selfSmax iter ica)
W_ica <- (t(ica_out$Q) %*% ica out$R)}

# Permute W ica

linassign <- solve LSAP(l / abs(t(W_ica)), maximum = FALSE)
col index <- unname (linassign)

PW ica <- t(W_ica[,col_index])

# Scaling vector is the diagonal of permuted W ica
D <- diag(PW_ica)

# Estimate adjacency matrix
B ica <- diag(p) - (PW _ica / D)
colnames (B _ica) <- rownames (B ica)
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# Log the estimated causal order
history k[[i k]] <- selfSestimate causal order (B ica)

}
selected k <- findListMax (history k)

# if no ties happen, endorse the causal order as the finalized

if(!all(is.na(selected k))) {
selfS$causal order <- selected k
break

# Estimate a matrix of regression coefficients
reg out <- X %>% selfSestimate regression matrix()
selfS$intercept <- reg out$intercept
self$adjacency matrix <- reg outS$adjacency matrix

}y

estimate causal order = function(B) {
d <- ncol (B)

# set m(m + 2) smallest elements (in absolute value) of B to zero
pos_vec <- order (abs(B))

initial zero num <- d * (d + 1) / 2

for (i in pos_vec[l:initial zero num]) {B[i] <- 0}

# set to zero until DAG is obtained
for (i in pos vec[(initial zero num + 1) :length(pos vec)]) {
B[i] <- 0

# if B is not DAG, null is returned
causal order <- self$search causal order (B)
if (!is.null(causal order)) {
break
}
}
return (causal order)

}y

search causal order = function(B) {
causal order <- c{)
jo) <- nrow (B)

original index <- c(l:p)

while (0 < ncol(B)) {
# Find a row all of which elements are zero

row_index list <- which (rowSums (B) == 0)
if (length(row index list) == 0) break

# Append ith to the end
target index <- row index list[1]
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1)]1), unlist(selfScausal order([i])

causal order <- c(causal order, original index[target index])
original index <- original index[-target index]

# Remove ith row and ith column

B <- as.matrix(B[-target index, -target index])
}
if (!length(causal order) == p) {

causal order <- NULL
}

return (causal order)

s

estimate regression matrix = function(X) {

# Intercepts = A
A <- rep(NA, ncol (X))
Af[selfScausal order[[1]]] <- mean(X[, selfScausal order([[1]]])

# Regression coefficients matrix = B
B <- matrix (0, nrow = ncol (X), ncol = ncol (X))

for (i in 2:length(self$causal order)) {
res <- selfSpredict adaptive lasso (X, unlist(self$causal order[l: (i

Afunlist (selfScausal order|

)
i])] <- resS$intercept
Blunlist (self$causal order([i])

1
i]), unlist(selfScausal order([l: (i -

1)])] <- resS$Scoef

out <- list ()
out$intercept <- A
out$adjacency matrix <- B
return (out)

y

predict adaptive lasso = function (X, predictors, target, gamma = 1) {

# 1lst stage (OLS to determine weights)
fml <- as.formula (pastel (names (X) [target], "~."))
X <= X[names (X) [c(target, predictors)]]

lr <- Im(fml, data = X )
weight <- abs(lrS$Scoefficients[-1]) " (gamma)

# 2nd stage
x <- as.matrix(X [, -1, drop = FALSE])

y <- as.matrix(X [, 1], drop = FALSE)
if (tolower (self$lasso_engine) == "lars") ({
# adaptive lasso by lars()
# use coefs which minimizes bic
x <- t(t(x) * weight)
reg <- lars::lars(x = x, y =y, type = "stepwise")
bic <- log(nrow(x)) * reg$df + nrow(x) * log(regSRSS/nrow(x))

# lars does not explicitly return intercept term...

idx <- which.min (bic)
coef <- matrix(coef(reg), ncol = ncol(x)) [idx ,]
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coef <- coef * weight

"

eval (parse (text = pastel ("intercept <- predict(reg, s=", idx, ",

"

data.frame (", pastel(names(coef ), "=", 0, collapse = ","), "))S$fit")))

} else if (tolower (self$lasso_engine) == "glmnet") {
# adaptive lasso by glmnet ()
# glmnet () can not handle x with single column

if (ncol(x) > 1) {
# specify lambda sequence (default did not search small lambdas)
lambda_seq <- exp(seg(2, -7, length.out = 80))
reg <- glmnet::cv.glmnet(x = X, y = y, penalty.factor = 1 /
weight, type.measure = "mse", lambda = lambda seq, relax = FALSE)

# use lse rule

idx best <- which(reg$lambda == reg$lambda.lse)
coef <- reg$glmnet.fit$betal, idx best]
coef <- matrix(coef , ncol = ncol (x))
intercept <- regSglmnet.fit$al[idx best]
} else {
coef <- matrix(lrScoefficients([-1], ncol = ncol(x))

intercept <- lrS$coefficients[1]

}

# return coefs and intercept
res <- list ()

resScoef <- coef
res$Sintercept <- intercept
return(res)

)

#-——— DirectLiNGAM ----

DirectLiNGAM <- R6::R6Class (
"DirectLiNGAM",
public = list(

#' @title DirectLiNGAM class

#' @description To discover the causal relations between observed
variables using DirectLiNGAM algorithm for observed variables

#' @param lasso_engine a character that specifies the R package to run
lasso regression (Default: glmnet)

#' @param pk A squared matrix of prior knowledge, with dimension of
factors (gq) by factors (qg)

lasso_engine = "glmnet",

pk = NULL,

causal order = NULL,
partial orders= NULL,
intercept = NULL,

adjacency matrix

NULL,

initialize = function/(
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lasso_engine = "glmnet",
pk = NULL) {

self$lasso_engine <- lasso_engine
selfspk <- pk

if (!is.null(selfS$pk)) {selfSpartial orders <-
selfSextract partial orders(selfS$pk)}
I

fit = function (X) {

# Specify the number of observed variables
p <- ncol (X)

# Check parameters

if(is.null (self$pk) == FALSE) {
if(dim(self$pk) [1] != p |
dim(selfS$pk) [2] !'= p){

sprintf ("The shape of prior knowledge must be (%d, %d)", p, p)
}
# Causal discovery

# Index observed variables
U <- c(l:p)

# Substanitate an empty list of causal order = K
K <= c()

Define X as X _
<- X

>3

for (1 OV in c(l:p)){

# Determine the first variable = m
m <- self$search causal order (X , U)

# Remove the effect of m from the rest of U
for (i in U) {
if (1 !'= m){
X [,1] = self$residual (X [,i], X [,m])

# Variable m enters the end of K
K <- c(K, m)

Drop m from U
<- U[U != m]

a

# Update partial orders
# if (!is.null (selfs$pk)) {
# self$partial orders <-
self$partial orders[which(self$partial orders[,1]!=m), ]
# )
}

self$causal order <- K
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# Estimate the regression coefficient matrix

reg out <- X $>% selfSestimate regression matrix()
selfSintercept <- reg outSintercept
self$adjacency matrix <- reg outSadjacency matrix

s

extract partial orders = function (pk) {

# Extract partial orders from prior knowledge.
pos_path pair <- which(pk == 1)
pos _nopath pair <- which(pk == 0)

# Check for inconsistencies in pairs with path
check path pair <- c()
for (i in c(l:length(pos_path pair))) {

}

if (sum(duplicated(check path pair)

}

tIndex <- pos path pair[i]
if (tIndex %% ncol (pk) == 0){
tRow <- ncol (pk)
tCol <- tIndex %/% ncol (pk)
} else {
tRow <- tIndex %% ncol (pk)
tCol <- tIndex %/% ncol(pk) + 1
}

check path pair <- rbind(check path pair,c(tCol, tRow))
check path pair <- rbind(check path pair,c(tRow, tCol))

>= 1)) {

cat ("The prior knowledge contains inconsistencies (Col, Row) :\n")
message (check path pair[duplicated(check path pair),])

path pair <- check path pair[seq(l,nrow(check path pair),2),]

# Check for inconsistencies in pairs without path

# If there are duplicate pairs without path,

not ordered.
check nopath pair <- list()
for (i in c(l:length(pos nopath pair))) {

}

tIndex <- pos nopath pairf[i]
if (tIndex %% ncol (pk) == 0){
tRow <- ncol (pk)
tCol <- tIndex %/% ncol (pk)
} else {
tRow <- tIndex %% ncol (pk)
tCol <- tIndex %/% ncol(pk) + 1
}

they cancel out and are

check nopath pair <- rbind(check path pair,c(tCol, tRow))
check nopath pair <- rbind(check path pair,c(tRow, tCol))

nopath pair <- unique (check nopath pair)

all pairs <- rbind(path pair,

if (nrow(all pairs) == 0) {
# 1f no pairs are extracted from the specified prior knowledge

# discard the prior knowledge.
self$pk = NULL
return (NULL)
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}

all pairs <- unique(all pairs)
return(all pairs)

s

residual = function(xi, x7j) {
# The residual when xi is regressed on x7j.
x1i - (cov(xi, xj) / var(xj)) * xj

s

entropy = function (u) {
# Calculate entropy using the maximum entropy approximation
k1l <= 79.047
k2 <= 7.4129
gamma <- 0.37457
return (
(1 + log(2 * pi)) / 2 -
k1l * (mean(log(cosh (u))
k2 * (mean(u * exp((-u”

) - gamma) "2 -
2y / 2)))"2)
}y

diff mutual info = function(xi std, xj std, ri j, rj i) {
# Calculate the difference of the mutual informations.
terml <- self$entropy(xj std) + self$entropy(ri j / sd(ri j))
term2 <- self$entropy(xi std) + selfS$entropy(rj i / sd(rj i))
return (terml - term?2)

s

search candidate = function (U) {
# Search for candidate features.

# If no prior knowledge is specified, nothing to do.
if (is.null (selfSpk)) {

out <- c{()

out$Uc <- U

out$Vvj <- list()

return (out)

}

# Find exogenous features

Uc = c()
for (j in U) {
index = U[U != j]
if (sum(selfS$pk[]j,index]) == 0) {Uc <- c(Uc, J)}

}

# Find endogenous features, and then find candidate features
if (length(Uc) == 0){
U end <- c()
for (j in U){
index <- U[U != j]
if (sum(selfSpk[j,index],na.rm=T) > 0){U end <- c(U _end, Jj)}
}

# Find sink features (original)
for (i in U) {
index <- U[U != 1]
if (sum(selfS$Spk[index, i]) == ) {U_end <- c¢c(U_end, i)}
}
Uc <- setdiff (U, U_end)
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}

# make V*~(3)
Vj <- c()
for (i in U){
if (i %in% Uc) {
if (sum(selfS$pk[i,Ucl==0)){V] <= c(V], 1)}
}
}
out <- c()
if (is.null (Uc)) {outSUc <- Ulelse{out$Uc <- c(Uc)}
outsvy <- c(Vj)
return (out)
by

search causal order = function(X, U) {
# Search the causal ordering.
sc_out <- selfS$search candidate (U)
Uc <- sc_outsSUc
Vj <- sc_outs$Vj

if (length(Uc) == 1) {return(Uc[l])}

M list <- c{()
for (i in Uc) {

M =20
for (3 in U){
if (1 !'= 3){
xi std = (X[, 1] - mean(X[, 1])) / sd(X[, 1i])
xj std = (X[, Jj] - mean(X[, 31)) / sd(X[, J1)

14
if (1 %in% Vj & J %$in% Uc) {
ri j <- xi std
} else {ri j <- self$residual(xi std, xj std)}

if (3 %in% Vj & 1 %$in% Uc) {
rj i <- xj std
} else {rj i <- self$residual(xj std, xi std)}

M =M + min(0,self$diff mutual info(xi std, xj std, ri j,
rj i))"2
}
}
M list <- c(M list, -M)
}
return (Uc[which.max (M list)])

b
mutual information = function(xl, x2, param) {
# Calculate the mutual informations.

kappa <- param[l]; sigma <- param[2]
n <- length (x1)

X1 <- matrix(c(rep(xl,n)),nrow = n, ncol = n, byrow = T)
Kl <- exp(-1 / (2*sigma”2) * (X172 + t(X1)"2 - 2 * X1 * t(X1)))
X2 <- matrix(c(rep(x2,n)),nrow = n, ncol = n, byrow = T)
K2 <= exp (-1 / (2*sigma”2) * (X272 + t(X2)"2 - 2 * X2 * t(X2)))

)

tmpl <- K1 + (n * kappa * diag(n) / 2
/ 2)

tmp2 <- K2 + (n * kappa * diag(n)

ml <- (tmpl $*% tmpl)
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m2 <- (K1 %*% K2)
m3 <- (K2 %*% K1)
m4 <- (tmp2 %*% tmp2)

m zero <- matrix(0,nrow=n,ncol=n)

K kappa <- rbind(
cbind (ml, m2),
cbind (m3, m4))

D kappa <- rbind(
cbind(ml, m_zero),
cbind(m_zero, m4))

sigma K <- svd(K_kappa) $d
sigma D <- svd(D_kappa) $d

return((-1/2)* (sum(log(sigma K), na.rm=T) - sum(log(sigma D),
na.rm=T)))
b
search causal order kernel = function(X, U) {

# Search the causal ordering by kernel method
sc_out <- selfS$search candidate (U = U)
Uc <- sc_outs$Uc; Vi <- sc_out$Vj
if (length(Uc)==1) {
return(Uc[1])}

if (nrow(X) > 1000) {
param = c(2e-3, 0.5)
lelse(
param = c(2e-2, 1.0)}

Tkernels <- c()
for (j in Uc) {
Tkernel <- 0
for (i in U) {
if (1= )
if (3 %in% Vj & 1 %$in% Uc) {
ri j <= X[,1i]
} else {
ri j <- residual(X[,1i], XI[,3])
}
Tkernel = Tkernel + self$mutual information(X[,j], ri j, param)
}
}

Tkernels <- c(Tkernels, Tkernel)

}

return (Uc[which.min (Tkernels) ])

by

estimate regression matrix = function (X) {
# Intercept = A
A <- rep(NA, ncol (X))

AlselfScausal order[[1]]] <- mean(X[, self$causal order[[1]1]])

# Regression coefficient matrix = B
B <- matrix (0, nrow = ncol (X), ncol = ncol (X))

for (i in 2:length(self$causal order)) {
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res <- selfSpredict adaptive lasso (X, unlist(self$causal order[l: (i

- 1)]), unlist(selfScausal order([i]))
Aflunlist (selfScausal order[i])] <- res$intercept
Blunlist (self$causal order[i]), unlist(selfScausal order[l: (i -
1)1)] <- resS$Scoef
}
out <- list ()
out$intercept <- A
out$adjacency matrix <- B
return (out)
1y
predict adaptive lasso = function (X, predictors, target, gamma = 1) {
# 1st stage (OLS to determine weights)
X <- as.data.frame (X)
fml <- as.formula(pastel (names (X) [target], "~."))
X <= X[names (X) [c(target, predictors)]]
lr <- Im(fml, data = X )
weight <- abs(lrS$Scoefficients[-1]) " (gamma)
# 2nd stage
x <- as.matrix(X [, -1, drop = FALSE])
y <- as.matrix(X [, 1], drop = FALSE)
if (self$lasso_engine == "lars") {
# adaptive lasso by lars()
# use coefs which minimizes bic
x <- t(t(x) * weight)
reg <- lars::lars(x = x, y = vy, type = "stepwise")
bic <- log(nrow(x)) * reg$df + nrow(x) * log(reg$RSS/nrow(x))
# lars does not explicitly return intercept term...
idx <- which.min (bic)
coef <- matrix(coef(reg), ncol = ncol(x)) [idx ,]
coef <- coef * weight
eval (parse (text = pastel ("intercept <- predict(reg, s=", idx, ",
data.frame (", pasteO(names(coef ), "=", 0, collapse = ","), "))Sfit")))
} else if (self$lasso_engine == "glmnet") {
# adaptive lasso by glmnet ()
# glmnet () can not handle x with single column
if (ncol(x) > 1) {
# specify lambda sequence (default did not search small lambdas)
lambda seq <- exp(seq(2, -7, length.out = 80))
reg <- glmnet::cv.glmnet(x = x, y = y, penalty.factor = 1 /
weight, type.measure = "mse", lambda = lambda seq, relax = FALSE)

# use lse rule

idx best <- which(reg$lambda == reg$lambda.lse)
coef <- reg$glmnet.fitSbeta[, idx best]
coef <- matrix(coef , ncol = ncol (x))
intercept <- regS$Sglmnet.fit$al[idx best]
} else {
coef <- matrix (lrScoefficients[-1], ncol = ncol(x))

intercept <- lrS$coefficients[1]
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# return coefs and intercept
res <- list ()

res$coef <- coef
res$intercept <- intercept
return (res)

)

#---- ParceLiNGAM ----

ParceLiNGAM <- R6::R6Class(
"ParceLiNGAM",
public = list(

#' @title DirectLiNGAM class

#' @description To discover the causal relations between observed
variables using ParceLiNGAM algorithm for observed variables

#' @param lasso_engine a character that specifies the R package to run
lasso regression (Default: glmnet)

#' @param alpha a numeric that specifies a uncorrected threshold value
for Fisher's independence test (Default: .0011)

#' @param pk A squared matrix of prior knowledge, with dimension of
factors (qgq) by factors (qg)

lasso_engine = "glmnet",
alpha = 0.001,
pk = NULL,

causal order = NULL,
partial orders = NULL,
list_pHSIC = NULL,
intercept = NULL,
adjacency matrix = NULL,

initialize = function(
lasso _engine = "glmnet",
alpha = 0.001,
pk = NULL) {

self$pk <- pk
self$lasso _engine <- lasso_engine
self$alpha <- alpha

if (!is.null(selfS$pk)) {selfSpartial orders <-
self$extract partial orders (selfS$pk)}
by

fit = function (X) {

# Specify the number of observed variables = p
p <- ncol (X)

# Check prior knowledge

if(!'is.null (selfs$pk)) {
if(dim(selfS$pk) [1] !'= p |
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dim(sel

£Spk) [2] !'= p){

sprintf ("The shape of prior knowledge must be (%d, $d)", p, p)

}

# Centering
X <- scale (X

# Apply bonf
thresh p <-

)

erroni correction
selfSalpha / (p-1)

# Search causal orders one by one from the bottom upward
sc_out <- selfS$search causal order (X, thresh p)

self$causal
self$list pH

# Estimate the regression coefficient matrix

order <- sc_out$K bttm
SIC <- sc_out$p bttm

reg out <- X %>% selfSestimate regression matrix()
self$intercept <- reg out$intercept
self$adjacency matrix <- reg outS$Sadjacency matrix

s

extract partia

1 orders = function (pk) {

# Extract partial orders from prior knowledge.

pos_path pai
pos_nopath p

r <- which(pk == 1)
air <- which(pk == 0)

# Check for inconsistencies in pairs with path

check path p
for (i in c(
tIndex <-
if (tIndex
tRow <-
tCol <-

} else {
tRow <-
tCol <-
}

air <= c()
l:length (pos path pair))) {
pos _path pair[i]

%% ncol (pk) == 0){
ncol (pk)
tIndex %/% ncol (pk)

tIndex %% ncol (pk)
tIndex %/% ncol(pk) + 1

check path pair <- rbind(check path pair,c(tCol, tRow))
check path pair <- rbind(check path pair,c(tRow, tCol))

}

if (sum(dupli

cated(check path pair) >= 1)) {

cat ("The prior knowledge contains inconsistencies (Col, Row) :\n")
message (check path pair[duplicated(check path pair),])

}

path pair <- check path pair[seq(l,nrow(check path pair),2),]

# Check for inconsistencies in pairs without path

# If there are duplicate pairs without path,

not ordered.
check nopath

for (i in c(l:length(pos nopath pair))) {

tIndex <-
if (tIndex

_pair <- list()

pos_nopath pair[i]

[eRge)

%% ncol (pk) == 0){
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tRow <- ncol (pk)

tCol <- tIndex %/% ncol (pk)
} else {

tRow <- tIndex %%

tCol <- tIndex %/% ncol(pk) + 1
}
check nopath pair <- rbind(check path pair,c(tCol, tRow))
check nopath pair <- rbind(check path pair,c(tRow, tCol))

}

nopath pair <- unique(check nopath pair)
all pairs <- rbind(path pair, nopath pair)

if (nrow(all pairs) == 0) {
# if no pairs are extracted from the specified prior knowledge
# discard the prior knowledge.
selfspk = NULL
return (NULL)
}

all pairs <- unique(all pairs)
return(all pairs)

s

residual = function(xi, xj){
# The residual when xi is regressed on xJj.
xi - (cov(xi, xj) / var(xj)) * xj

}y

search candidate = function (U) {
# Search for candidate features
# If no prior knowledge is specified, nothing to do.
if (is.null (selfS$pk)){
return (U) }

# Candidate features that are not to the left of the partial order
diff U <- unlist(selfS$partial orders[,1])

Uc <- setdiff (U, diff U)

return (Uc)

by
search causal order = function(X, thresh p) {

# Search causal orders one by one from the bottom upward.

# Index observed variables
U <= c(l:ncol (X))

# Substantiate empty lists of K bttm and p bttm
K bttm <- c()
p_bttm <- c()

is_search causal order <- TRUE

# If only one variable is left in list U, enter the top of K bttm
if (length(U) <= 1) {
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K bttm <- ¢ (U, K bttm)
p_bttm <- c(0, p bttm)
is search causal order <- FALSE}

while (is_search causal order) {

# Search for candidate features
Uc <- selfS$search candidate (U)

if (length(Uc) == 1) {

# If there is only one variable in Uc,

# calculate HSIC with the rest of the variables

m <- c(Uc[1l])

predictors <- setdiff (U, Uc[1l])

res <- selfScompute residuals (X, predictors, m)

fisher p <- selfSfisher hsic test (X[,predictors],res,Inf) [1]

} else {

# Find the most sink variable
exo_out <- self$find exo vec (X, Uc)

# Index of the sink variable = m
m <- as.numeric(exo out["m"])

# p-value of HSIC with Fisher's method = fisher p
fisher p <- as.numeric(exo_out["max p"])

}

# Conduct statistical test by the p-value or the statistic
# If statistical test is not rejected
if (fisher p >= thresh p) {

# Add index of the exogenous variable to the top of K bttm
K bttm <- c(m, K bttm)

# Add fisher's p-value of the sink variable to the top of p bttm
p _bttm <- c(fisher p, p bttm)

# Update U by dropping the index of the sink variable (m)
U <= U[U != m]

# Update the partial order
if (!is.null (selfS$pk)) {
selfSpartial orders <-
self$partial orders[which(self$partial orders[,1]!=m), ]
}

# If there is only one candidate for sink variable, end the
search
if (length(U) <= 1){
K _bttm <- c(U, K bttm)
p _bttm <- c(0, p bttm)
is search causal order <- FALSE}
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}

} else {

# If statistical test is rejected
is_search causal order <- FALSE

}

out <- c{()
out$SK bttm <- K bttm
out$p bttm <- p bttm
return (out)

s

find exo vec = function (X, U){
# Find the most exogenous vector.
max p <- -Inf
max _p stat <- Inf

exo vec <- c()
for (j in (l:length(U))) {

}

x1i index <- setdiff(U,U[]])
xj index <- c(U[J])

# Compute residuals
res <- selfScompute residuals (X, xi index, xj index)

# HSIC test with Fisher's method to test the independence between
# a set of predictors (xi index) and error term (res)
fisher hsic out <- self$fisher hsic test(

X[,xi index],res,max p_ stat)

# Retrieve the p-value of HSIC with Fisher's method = fisher p
fisher p <- fisher hsic out[1l]

# Retrieve the statistic of HSIC with Fisher's method = fisher stat
fisher stat <- fisher hsic out[2]

# If the fisher p of j is the greatest so far, update
# the index of explanatory variables (exo vec),
# the maximum of fisher p (max p), and;
# the maximum of fisher stat (max p stat)
if (fisher stat < max p stat | fisher p > max p){
exo vec <- xi index
max p <- fisher p
max p stat <- fisher stat

}

# Obtain the index of sink variable that is not included in exo vec =

m <- setdiff (U, exo vec)
out <- c()
out <- c(m, exo vec, max p) %>%

'names<-"' (c("m","exo vec","max p"))

return (out)

s

fisher hsic test = function(X, res, max p_ stat) {
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# Conduct statistical test by HSIC with Fisher's methods.

# Substantiate the statistic of HSIC with Fisher's method =
fisher stat
fisher stat <- 0

if (is.null (ncol (X))) {
# If X is a vector, set g =1
q <-1
} else {
# If X is a matrix, set g = its columm length
g <- ncol(X)}

if (g == 1){
# If there is only one predictor, simply HSIC will do
hsic out <- dHSIC::dhsic.test(

X = X,
Y = res,
kernel = "gaussian",
method = "gamma")
# Retrieve p-value of HSIC (without Fisher's method) = fisher p

fisher p <- hsic out$p.value

# Retrieve the statistic of HSIC (without Fisher's method) =
fisher stat
fisher stat <- hsic out$statistic

} else {

# If there is more than one predictor, turn HSIC with Fisher's
method
for (i in c(l:q)){

# Conduct pairwise HSIC and retrieve the p-value of HSIC
hsic p <- dHSIC::dhsic.test(
X = as.data.frame(X[,1]),

Y = res,

kernel = "gaussian",

method = "gamma") $p.value
if (hsic p == 0){

# If p-value of HSIC is zero, set fisher stat as infinite
fisher_ stat <- Inf
} else {

# If p-value of HSIC is non-zero, add to fisher stat
fisher stat <- fisher stat + (-2 * log(hsic p))
}

if (fisher stat > max p stat) {break}
}

# Compute the p-value of HSIC with Fisher's method by doing chi-
square test
fisher p <- pchisqg(fisher stat, df = (2 * gq), lower.tail=FALSE)
}
return (c (fisher p, fisher stat) %>% 'names<-
'(c("fisher p","fisher stat")))
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s

compute residuals = function (X, predictors, target) {
# Compute residuals
if (is.null (selfSreq)) {
# Compute residuals of least square regressions
cov <- cov ((X))
terml <- MASS::ginv(cov[predictors,predictors])
term?2 <- matrix(
cov|[target, predictors],
nrow = length (predictors),

ncol = 1)
coef <- terml %*% term?2
res <- as.matrix(X[,target]) - as.matrix (X[,predictors]) %$*% coef
} else {
Im fit <- Im(X[,target] ~., data = X[,predictors])

res <- lm fitSresiduals

}
return (res)

by

estimate regression matrix = function(X) {
# Intercept = A

A <- rep(NA, ncol (X))
AlselfScausal order[[1l]]] <- mean(X[, selfScausal order([[1]]])

# Regression coefficient matrix = B
B <- matrix (0, nrow = ncol (X), ncol = ncol (X))
for (i in 2:length(self$causal order)) {
res <- selfSpredict adaptive lasso (X, unlist(self$causal order[l: (i
1)]1), unlist(selfScausal order([i]))
Afunlist (self$causal order[i])] <- resSintercept
Blunlist (self$causal order[i]), unlist(selfScausal order([l: (i -

1)])] <- resS$Scoef

out <- list()
out$intercept <- A
outS$adjacency matrix <- B
return (out)

s

predict adaptive lasso = function (X, predictors, target, gamma = 1) {

# 1lst stage (OLS to determine weights)

X <- as.data.frame (X)

fml <- as.formula (pastel (names (X) [target], "~."))
X <= X[names (X) [c(target, predictors)]]

lr <- Im(fml, data = X )

weight <- abs(lrS$Scoefficients[-1]) " (gamma)

# 2nd stage
X <- as.matrix (X [, -1, drop = FALSE])

y <- as.matrix(X_[, 1], drop FALSE)
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if (self$lasso_engine == "lars") {
# adaptive lasso by lars()
# use coefs which minimizes bic
x <- t(t(x) * weight)
reg <- lars::lars(x = x, y =y, type = "stepwise")
bic <- log(nrow(x)) * reg$df + nrow(x) * log(reg$RSS/nrow(x))

# lars does not explicitly return intercept term...
idx <- which.min (bic)

coef <- matrix(coef(reg), ncol = ncol(x)) [idx ,]
coef <- coef * weight

eval (parse (text = pastel ("intercept <- predict(reg, s=", idx, ",

data.frame (", pastel(names(coef ), "=", 0, collapse = ","), "))S$fit")))
} else if (self$lasso_engine == "glmnet") {
# adaptive lasso by glmnet ()
# glmnet () can not handle x with single column

if (ncol(x) > 1) {
# specify lambda sequence (default did not search small lambdas)
lambda seq <- exp(seq(2, -7, length.out = 80))
reg <- glmnet::cv.glmnet(x = x, y = y, penalty.factor = 1 /
weight, type.measure = "mse", lambda lambda seq, relax = FALSE)

# use lse rule

idx best <- which(reg$lambda == reg$lambda.lse)
coef <- reg$glmnet.fit$betal, idx best]
coef <- matrix(coef , ncol = ncol (x))
intercept <- regSglmnet.fit$al[idx best]
} else {
coef <- matrix(lrScoefficients([-1], ncol = ncol(x))

intercept <- lrS$coefficients[1]

}

# return coefs and intercept
res <- list ()

resScoef <- coef
res$Sintercept <- intercept
return (res)

)
#--—--Observed-Variable RCD ----

#' @title RCD_OV class

#' @description R implementation of repetitive causal discovery for latent
variables

#' @references T.N.Maeda and S.Shimizu. RCD: Repetitive causal discovery of
linear non-Gaussian acyclic models with latent confounders. In Proc. 23rd
International Conference on Artificial Intelligence and Statistics
(AISTATS2020), Palermo, Sicily, Italy. PMLR 108:735-745, 2020.

#' @export

RCD OV <- R6::R6Class(
"RCD OV",
public = list(

random_ state = NULL,
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max explanatory num = 2,
cor_alpha = 0.01,

ind alpha = 0.01,
shapiro alpha = 0.01,
lasso_engine = "glmnet",

adjacency matrix = NULL,
ancestors list = NULL,
parents list = NULL,

initialize = function/(
random_state = NULL,
max_ explanatory num = 2,
cor_alpha = 0.01,
ind alpha = 0.01,
shapiro alpha = 0.01,
lasso_engine = "glmnet") {

self$random state <- random state

selfS$max explanatory num <- max explanatory num
self$cor alpha = cor_ alpha

self$ind alpha = ind alpha

self$shapiro alpha = shapiro_alpha
self$lasso_engine = lasso_engine

if (max_explanatory num <= 0) {
warning ("Maximum number of explanatory variable must be >0.")}
if (cor_alpha < 0){
warning ("cor alpha must be >=0.")
}
if (ind_alpha <0) {
warning ("ind alpha must be >=0.")
}
if (shapiro_alpha <0) {
warning ("shapiro alpha must be >=0.")
}
b

fit = function (X) {

# Check parameters
n_features <- ncol (X)

# Extract a set of ancestors of each variable
M <- selfSextract ancestors (X)

# Extract parents (direct causes) from the set of ancestors.
P <- selfSextract parents(X, M)

# Find the pairs of variables affected by the same latent confounders
C <- selfS$extract vars sharing confounders (X, P)

self$parents list <- P
selfSancestors list <- M
self$adjacency matrix <- self$estimate adjacency matrix (X, P, C)

by

get common_ancestors = function(M, U) {
# Get the set of common ancestors of U
Mj list <- list(); c =0

for (xj in U) {
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c=c+ 1; Mj_list[[c]] <= M[[x]]]
}

out <- Reduce (intersect, Mj list)
if (length(out) == 0) {return(NA)} else {
return (Reduce (intersect, Mj list))
}
by

get resid and coef = function(X, endog idx, exog idcs) {

# Get the residuals and coefficients of the ordinary least square
method

X <- as.data.frame (X)

fml <- as.formula (pastel (names (X) [endog idx],

X <= X[names (X) [c(endog _idx, exog idcs)]]

lr <- Im(fml, data = X )

out <- list{()

out$resid <- lrSresiduals

out$coef <- 1lrS$coefficients

return (out)

"

/\.."))

}y

get residual matrix = function(X, U, H U){
if (length(H U) == 1 & all(is.na(H U)) == TRUE) {return (X)}
if (all(is.na(H _U))) {return(X)}

Y <- X
Y[,] <=0
for (xj in U){
Y[,xj] <- self$get resid and coef (X,xj,H U)Sresid
}

return (Y)

}y

is_non gaussianity = function (Y, U){
# Test whether a variable is generated from a non-Gaussian process
using the Shapiro-Wilk test
for (xj in U) {
if (shapiro.test(Y[,x]])$p.value >
self$shapiro alpha) {return (FALSE) }
}
return (TRUE)
I

is correlated = function(a, b){

# Estimate that the two variables are linearly correlated

return (Hmisc::rcorr(a,b,type = c("pearson”))$P[1,2] < selfScor alpha)
I
exists ancestor in U = function(M,U,xi,xj list) {

# Check if xi is not in Mj, the ancestor of xj.
for (xj in xj list){

if (xi %in% M[[x]]]) {return (TRUE) }
}

# Check if xj list is a subset of Mi, the ancestor of xi.
if (all(is.na(M[[xi]])) == FALSE) {
if (all(xj_list == intersect(xj list, M[[xi]]))) {return(TRUE) }
}
return (FALSE)
by
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is_independent = function (X,Y) {
fisher p <- dHSIC::dhsic.test(
X, Y, method = "gamma", kernel = "gaussian")$p.value
return(fisher p > self$ind alpha)
b

is _independent of resid = function(Y, xi, xj list){
# Check whether the residuals obtained from multiple regression
n_samples <- nrow (Y)

# Multiple Regression with OLS.

is_all independent <- TRUE

resid <- selfSget resid and coef(Y,xi,xj list)Sresid
for (xj in xj list){

if (self$is_independent (resid, Y[,xj]) == FALSE) {
is _all independent <- FALSE
break

}

return(is_all independent)

s

extract ancestors = function (X) {
# Extract a set of ancestors of each variable
n_features <- ncol (X)

M <- list()
for (i in c(l:n_features)) {M[[i]] <- c(NA)}
1 <=1

hu history <- list()

while (TRUE) {
changed <- FALSE
U list <- combn(c(l:n features),l+l,simplify = FALSE)
for (U in U _1list){
U <- sort (U)

# Get the set of common ancestors of U
H U <- self$get common ancestors (M, U)

"

str U <- as.character (paste(U,collapse = "))

if (is.null (hu history[[str U]]) == FALSE) {
if (all(is.na(H_U))==FALSE &
all(is.na(hu _history[[str U]]))==FALSE) {
if (identical(H U, hu history[[str U]])) {next}

}
}

Y <- as.data.frame(self$get residual matrix (X, U, H U))

# Test whether a variable is generated from a non-Gaussian
process using the Shapiro-Wilk test
if (self$is non gaussianity(Y,U) == FALSE) {next}

# Estimate that the two variables are linearly correlated using
the Pearson's Correlation
is_cor <- TRUE
for (i in combn(U,2, simplify = FALSE)) {
xi <= i[1]; xj <= 1[2]
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if (self$is correlated(Y[,xi], Y[,xj]) == FALSE) {
is_cor <- FALSE
break

}
if (is_cor == FALSE) {next}

sink set <- c()
for (xi in U) {
xj list <- setdiff (U, xi)
if (selfSexists ancestor in U(M,U,xi,xj list)) {next}

# Check whether the residuals obtained from multiple
regressions are independent
if (self$is_independent of resid(Y,xi,xj list)){
sink set <- c(sink set, xi)
}
}

if (length(sink set)==1) {
xl <- sink set[1]
xj list <- setdiff (U, xi)

if (all(is.na(M[[x1i]]))){
M[[xi]] <- x3j list
changed <- TRUE

}

if (all(is.na (M [[Xl]]) == FALSE) {
if (identical (M[[xi]], unlon(M[[xi]], xj list)) == FALSE) {
M[[xi]] <- union(M[[xi]], xJj 1list)

changed <- TRUE
}

}

hu history[[str U]] <- H U
}

if (changed) {
1 <=1
} else if (1 < selfSmax explanatory num) {
1 <-1+1
} else {
break
}
}
return (M)

s

is parent = function(X, M, xj, xi)({
if (length(setdiff (M[[xi]], xJ)) > 0){
zi <- self$get resid and coef (X,xi,setdiff (M[[xi]],x]))Sresid
} else {
zi <- X[,x1i]

}

if (length (intersect (M[[xi]], M[[x3]1]1)) > 0){
wi <-
self$get resid and coef (X,xJj,intersect (M[[xi]],M[[x]]])) $resid
} else {
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Wj <- X[/Xj]
}

# Check if zi and wj are correlated
return(selfS$is correlated(wj, zi))

s

extract parents = function(X, M) {
# Extract parents (direct causes) from a set of ancestors.
n_features <- ncol (X)
P <- list()
for (i in c(l:n_features)){P[[1i]] <- c(NA)}

for (xi in c(l:n_features)) {
if (all(is.na(M[[xi]]))==FALSE) {
for (xj in M[[xi]]){
# Check if xj is the parent of xi.
if (self$is parent (X, M, xj, x1)
P[[xi]] <- unique(c(P[[xi]],
P[[x1]] <- P[[x1i]][!dis.na(P[ [x1

}
}

return (P)

}y

get resid to parent = function (X, idx,P) {

if (all(is.na(P[[idx]]))) {return(X[,idx])}

return (selfSget resid and coef (X,idx,c(P[[idx]])) $resid)
b,

extract vars_ sharing confounders = function (X, P) {
# Find the pairs of variables affect by the same latent confounders.
n_features <- ncol (X)
C <- list()
for (i in c(l:n_features)){C[[i]] <- c(NA)}

for (k in combn(c(l:n_ features),2, simplify = FALSE)) {
i <= k[1]; J <= k[2]
if (i %in% P[(3]1] | § %in% P[[i]]){
next
}
resid xi <- selfSget resid to parent (X, i, P)
resid xj <- selfSget resid to parent (X, Jj, P)
if (self$is correlated(resid xi, resid x3j)) {

C[[i]] <- unique(c (C[[i]],j))
Cl[J]] <- unique(c(C[[J]],1))
Cl[i]] <= C[[i]][!is. na(C[[ 1]
Cl[3]] <= Cl[3]][!is.na(Cl[3]])]

}
}

return (C)

by

estimate adjacency matrix = function(X, P, C) {
# Estimate adjacency matrix by causal parents and confounders

# Check parents
n_ features <- ncol (X)
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B <- matrix (0, nrow = n features, ncol = n_ features)
for (xi in c(l:n_features)) {
xj _list <- P[[xi]]

if (all(is.na(xj list))) {next}
xj list <- sort(xj list)
Blxi,c(xj list)] <- self$predict adaptive lasso(X,xj list,xi)S$coef

}

# Check confounders

for (xi in c(l:n_features)) {
xj list <- C[[xi]]
if (all(is.na(xj _1list))) {next}
xj list <- sort(xj list)

for (xj in xj list){
B(xi,xj] <- NA
}
}
return (B)

}y
predict adaptive lasso = function (X, predictors, target, gamma = 1) {

# 1st stage (OLS to determine weights)

fml <- as.formula (pastel (names (X) [target], "~."))
X <= Xl[names (X) [c(target, predictors)]]

lr <- Im(fml, data = X )

weight <- abs(lr$coefficients[-1]) " (gamma)

# 2nd stage
x <- as.matrix(X [, -1, drop FALSE])

y <- as.matrix(X [, 1], drop = FALSE)

if (self$lasso_engine == "lars") {
# adaptive lasso by lars()
# use coefs which minimizes bic
x <- t(t(x) * weight)
reg <- lars::lars(x = x, y = vy, type = "stepwise")
bic <- log(nrow(x)) * reg$df + nrow(x) * log(reg$SRSS/nrow(x))

# lars does not explicitly return intercept term...

idx <- which.min (bic)

coef <- matrix(coef(reg), ncol = ncol(x)) [idx ,]

coef <- coef * weight

eval (parse (text = pastel ("intercept <- predict(reg, s=", idx, ",

data.frame (", pasteO (names(coef ), "=", 0, collapse = ","), "))S$fit")))
} else if (self$lasso_engine == "glmnet") {
# adaptive lasso by glmnet ()
# glmnet () can not handle x with single column

if (ncol(x) > 1) {
# specify lambda sequence (default did not search small lambdas)
lambda_seq <- exp(seqg(2, -7, length.out = 80))
reg <- glmnet::cv.glmnet(x = x, y = y, penalty.factor = 1 /
weight, type.measure = "mse", lambda = lambda seq, relax = FALSE)

# use lse rule

idx best <- which(reg$lambda == reg$lambda.lse)
coef <- reg$glmnet.fit$betal, idx best]
coef <- matrix(coef , ncol = ncol(x))
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intercept <- regSglmnet.fit$al[idx best]

} else {
coef <- matrix (lrScoefficients[-1], ncol = ncol(x))
intercept <- lrS$coefficients[1]

}

# return coefs and intercept
res <- list{()

resScoef <- coef
res$Sintercept <- intercept
return (res)

#---- Plot ----

#' Visualize graph based on adjacency matrix

#' @description calls DiagrammeR

#' @param adj mat (numerical matrix) from: col -> to: row

#' @param node labels (numeric or character vector) node labels
#' @param round digit (integer) maximum digits

#' Qimport DiagrammeR

#' @export

plot adjacency mat <- function(adj mat, node labels = NULL, round digit =
2) A
nodes <- DiagrammeR::create node df (ncol(adj mat), label = node labels)
graph <- DiagrammeR::create graph(nodes, directed = TRUE)
adj mat <- round(adj mat, round digit)

for (i in l:ncol(adj mat)) {
for (j in which(abs(adj mat[, 1i]) > 0)) {
graph <- DiagrammeR::add edge (graph, from = i, to = j, edge aes =
DiagrammeR::edge aes(label = adj mat[j, 1]))
}
}
dot <- DiagrammeR::render graph(graph, layout = "dot")

dot$x$diagram <- gsub ("neato", "dot", dot$x$diagram)
print (DiagrammeR: :grViz (dot$xS$diagram))
}

#--—-- Sample Data Generation -----
my simulate example = function(

SampleSize = 200, Nonnormality = "None", Missingness = "None", Prop =
0.1){

# Nonnormality : "None","Mild", "Median", "Severe"

# Missingness : "None", "MCAR", "MAR", "MNAR"

Num OV <- 6

# Nonnormality
if (tolower (Nonnormality) == "none") {
mv_skewness <- 0.00;
mv_kurtosis <- Num OV* (Num OV+2) + 0.00
}
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if (tolower (Nonnormality) == "mild") {

mv_skewness <- 0.76;
mv_kurtosis <- Num OV* (Num OV+2) - 1.35
}
if (tolower (Nonnormality) == "median") {
mv_skewness <- 3.08;

mv_kurtosis <- Num OV* (Num OV+2) + 0.59
}
if (tolower (Nonnormality) == "severe") {

mv_skewness <- 14.32;

mv_kurtosis <- Num OV* (Num OV+2) + 7.47
}

# Psi
vec_psi <- c(rep(0.50, Num OV))
Matrix Psi <- diag(
x = vec_psi, nrow = Num OV, ncol = Num OV)
Psi <- mnonr::mnonr (

n = SampleSize,

p = Num OV,

ms = mv_skewness,
mk = mv_kurtosis,

Sigma = Matrix Psi,
initial = NULL)

x4 <- Psi[, 4]

x3 <- 6.00 * x4 + Psi[, 3]

x1l <= 3.00 * x4 + Psi[, 1]

x5 <- -1.00 * x3 + 8.00 * x1 + Psi[, 5]
x2 <= 2.00 * x3 4+ 3.00 * x1 + Psi[, 2]
X6 <- 4.00 * x1 + Psi[, 6]

simdat <- as.data.frame (cbind(x1l,x2,x3,x4,x5,x6))
colnames (51mdat) <- c (quvv’ "X2", le3"’ le4"’ le5"’ "X6")

if (tolower (Missingness) != "none") {
simdat <- mice::ampute(simdat, prop = Prop, mech =
toupper (Missingness) ) Samp}
return (simdat)

}

MySimulate PM1 <- function(
SampleSize = 200, Nonnormality = "None", Missingness = "None", Prop =
0.1){

# Out of latent confounding variable
# Nonnormality : "None","Mild", "Medium", "High"
# Missingness : "None","MCAR", "MAR", "MNAR"

Num OV <- 15; Num LV <- 3

# Nonnormality

if (tolower (Nonnormality) == "none") {
skewness Psi <- 0.00;
skewness Epsilon <- 0.00;
kurtosis Psi <- Num LV* (Num LV+2) + 0.00;
kurtosis Epsilon <- Num OV* (Num OV+2) + 0.00;

}

if(tolower (Nonnormality) == "mild") {
skewness Psi <- 1;
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skewness Epsilon <- 1;
kurtosis Psi <- Num_ LV* (Num LV+2) + 32;
kurtosis Epsilon <- Num_ OV* (Num OV+2) + 32;
}
if (tolower (Nonnormality) == "medium") {
skewness Psi <- 3;
skewness Epsilon <- 3;
kurtosis Psi <- Num LV* (Num LV+2) + 61;
kurtosis Epsilon <- Num OV* (Num OV+2) + 61;
}
if (tolower (Nonnormality) == "severe") {
skewness Psi <- 15;
skewness Epsilon <- 15;
kurtosis Psi <- Num LV* (Num LV+2) + 91;
kurtosis Epsilon <- Num_ OV* (Num OV+2) + 91;
}

# Psi

vec_Psi <- c¢(0.64,1.00,0.64)

Matrix Psi <- diag(vec_Psi, nrow = Num LV, ncol = Num LV)
Psi <- mnonr::mnonr (

n = SampleSize,

p = Num LV,

ms = skewness_ Psi,
mk = kurtosis_ Psi,
Sigma = Matrix Psi,

initial=NULL)

# Theta Epsilon
vec_thetaEpsilon <- c(
.2895,.51,.51, .51, .2895,
.51,.51,.51,.51, .51,
.2895,.51,.51,.51,.51)
Matrix ThetaEpsilon <- diag(
x = vec_thetaEpsilon, nrow = Num OV,ncol = Num OV)
ThetaEpsilon <- mnonr::mnonr (

n = SampleSize,
p = Num OV,
ms = skewness Epsilon,

mk = kurtosis FEpsilon,
Sigma = Matrix ThetaEpsilon,
initial=NULL)

# Lambda
Lambda <- data.frame (

Fl =¢(.70,.70,.70,.70,.70,.00,.00,.00,.00,.00,.00,.00,.00,.00,.00),
F2 = ¢(.21,.00,.00,.00,.00,.70,.70,.70,.70,.70,.00,.00,.00,.00,.00),
F3 = ¢(.00,.00,.00,.00,.21,.00,.00,.00,.00,.21,.70,.70,.70,.70,.70))

Beta <- matrix(
c(0.00,0.60,0.00,
0.00,0.00,0.00,
0.60,0.00,0.00),
nrow = Num LV, ncol = Num LV, byrow = T)

F2 <- Psil[,2]
Fl <- Beta[l,2] * F2 + Psil[,1]
F3 <- Beta[3,1] * F1 + Psil[, 3]

x1l <- Lambda[ 1,1] * Fl1 + ThetaEpsilon[, 1] + Lambdal 1,2] * F2
x2 <- Lambda[ 2,1] * Fl + ThetaEpsilon[, 2]
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x3 <- Lambda[ 3,1] * Fl1 + ThetaEpsilon[, 3]
x4 <- Lambdal[ 4,1] * F1
5,1

+ ThetaEpsilon[, 4]
x5 <- Lambdal[ 5, * F1 + ThetaEpsilon[, 5] + Lambda[ 5,3] * F3
X6 <- Lambda[ 6,2] * F2 + ThetaEpsilon[, 6]
X7 <- Lambda[ 7,2] * F2 + ThetaEpsilon[, 7]
x8 <- Lambda[ 8,2] * F2 + ThetaEpsilon[, 8]
x9 <- Lambdal[ 9,2] * F2 + ThetaEpsilon[, 9]
x10 <- Lambda[l10,2] * F2 + ThetaEpsilon[,10] + Lambda[l0,3] * F3
x11 <- Lambda[1l1,3] * F3 + ThetaEpsilon[,11]
x12 <- Lambda[12,3] * F3 + ThetaEpsilon[,12]
x13 <- Lambda[l13,3] * F3 + ThetaEpsilon[,13]
x14 <- Lambda[l14,3] * F3 + ThetaEpsilon|[,14]
x15 <- Lambda[15,3] * F3 + ThetaEpsilon[,15]

simdat <- data.frame (
cbind(x1l,x2,x3,x4,x5,x6,x7,x8,
x9,x10,x11,x12,x13,x14,x15))

if (tolower (Missingness) != "none") {
simdat <- mice::ampute (
simdat, prop = Prop, mech = toupper (Missingness)) Samp}

return (simdat)

MySimulate PM2 <- function(

SampleSize = 200, Nonnormality = "None", Missingness = "None", Prop =
0.1){

# Nonnormality : "None","Mild", "Medium", "Severe"

# Missingness : "None", "MCAR", "MAR", "MNAR"

Num OV <- 14; Num LV <- 4

# Nonnormality
if (tolower (Nonnormality) == "none") {
skewness Psi <- 0.00;
skewness Epsilon <- 0.00;
kurtosis Psi <- Num LV* (Num LV+2) + 0.00;
kurtosis Epsilon <- Num OV* (Num OV+2) + 0.00;
}
if (tolower (Nonnormality) == "mild") {
skewness Psi <- 1;
skewness Epsilon <- 1;
kurtosis Psi <- Num LV* (Num LV+2) + 32;
kurtosis Epsilon <- Num_ OV* (Num OV+2) + 32;
}
if (tolower (Nonnormality) == "medium") {
skewness Psi <- 3;
skewness Epsilon <- 3;
kurtosis Psi <- Num_ LV* (Num LV+2) + 61;
kurtosis Epsilon <- Num_ OV* (Num OV+2) + 61;
}
if (tolower (Nonnormality) == "severe") {
skewness Psi <- 15;
skewness Epsilon <- 15;
kurtosis Psi <- Num_ LV* (Num_ LV+2) + 91;
kurtosis Epsilon <- Num OV* (Num OV+2) + 91;
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# Psi
vec Psi <- c¢(1.00,1.00,0.64,0.64)
Matrix Psi <- diag(vec Psi, nrow
Psi <- mnonr::mnonr (

n = SampleSize,

P Num_ LV,

ms = skewness_ Psi,

mk = kurtosis Psi,

Sigma Matrix Psi,

initial=NULL)

Num_ LV, ncol Num_LV)

# Theta Epsilon
vec_thetaEpsilon <- c(
.40, .37,.32,
.51, .56, .54,
.66,.41,.48,
.56,.27,.75,.63,.56)
Matrix ThetaEpsilon <- diag(
x vec_thetaEpsilon, nrow
ThetaEpsilon <- mnonr::mnonr (

Num_ OV, ncol Num_OV)

n = SampleSize,

p = Num OV,

ms = skewness Epsilon,

mk = kurtosis Epsilon,

Sigma = Matrix ThetaEpsilon,

initial=NULL)

# Lambda
Lambda <- data.frame (
AVO = c¢(.77,.80,.82,rep(.00,11)),
ANX = c(rep(.00,3),.70,.66,.68,rep(.00,8)),
COP = c(rep(.00,6),.58,.77,.72,rep(.00,5)),
DIS = c(rep(.00,9),.66,.86,.50,.61,.66))
Beta <- matrix(
c(0.00,0.00,0.00,0.00,
0.00,0.00,0.00,0.00,
0.25,0.50,0.00,0.00,
0.22,0.00,0.76,0.00),
nrow = Num LV, ncol = Num LV, byrow = T)
AVO <- Psi[,1]
ANX <- Psil[,2]
COP <- Betal[3,1] * AVO + Betal[3,2] * ANX + Psil[, 3]
DIS <- Betal[4,3] * COP + Beta[4,1] * AVO + Psil[,4]
x1 <- Lambda[ 1,1] * AVO + ThetaEpsilon[, 1]
x2 <- Lambda[ 2,1] * AVO + ThetaEpsilon[, 2]
x3 <- Lambda[ 3,1] * AVO + ThetaEpsilon[, 3]
x4 <- Lambda[ 4,2] * ANX + ThetaEpsilon[, 4]
x5 <- Lambdal[ 5,2] * ANX + ThetaEpsilon[, 5]
x6 <- Lambdal[ 6,2] * ANX + ThetaEpsilon[, 6]
x7 <- Lambda[ 7,3] * COP + ThetaEpsilon[, 7]
x8 <- Lambda[ 8,3] * COP + ThetaEpsilon[, 8]
x9 <- Lambda[ 9,3] * COP + ThetaEpsilon[, 9]
x10 <- Lambda[l10,4] * DIS + ThetaEpsilon[,10]
x11 <- Lambda[ll,4] * DIS + ThetaEpsilon[,11]
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x12 <- Lambda[l12,4] * DIS + ThetaEpsilon[,12]
x13 <- Lambda[13,4] * DIS + ThetaEpsilon[,13]
x14 <- Lambda[l4,4] * DIS + ThetaEpsilon[,14]

simdat <- data.frame (
cbind(x1,x2,x3,x4,x5,x6,x7,x8,
x9,x10,x11,x12,x13,x14))

if (tolower (Missingness) != "none") {
simdat <- mice::ampute (simdat, prop = Prop, mech =
toupper (Missingness) ) Samp}
return (simdat)

}

MySimulate PM3 <- function(

SampleSize = 200, Nonnormality = "None", Missingness = "None", Prop =
0.1) {

# Nonnormality : "None","Mild","Medium", "Severe"

# Missingness : "None", "MCAR","MAR", "MNAR"

Num OV <- 24; Num LV <- 6

# Nonnormality
if (tolower (Nonnormality) == "none") {
skewness Psi <- 0.00;
skewness Epsilon <- 0.00;
kurtosis Psi <- Num_ LV* (Num LV+2) + 0.00;
kurtosis Epsilon <- Num OV* (Num OV+2) + 0.00;
}
if (tolower (Nonnormality) == "mild") {
skewness Psi <- 1;
skewness Epsilon <- 1;
kurtosis Psi <- Num LV* (Num LV+2) + 32;
kurtosis Epsilon <- Num OV* (Num OV+2) + 32;
}
if (tolower (Nonnormality) == "medium") {
skewness Psi <- 3;
skewness Epsilon <- 3;
kurtosis Psi <- Num LV* (Num LV+2) + 61;
kurtosis Epsilon <- Num OV* (Num OV+2) + 61;
}
if (tolower (Nonnormality) == "severe") {
skewness Psi <- 15;
skewness Epsilon <- 15;
kurtosis Psi <- Num LV* (Num LV+2) + 91;
kurtosis Epsilon <- Num_ OV* (Num OV+2) + 91;
}

# Psi

vec Psi <- ¢(1.00,0.64,0.64,1.00,0.64,0.64)

Matrix Psi <- diag(vec_Psi, nrow = Num LV, ncol = Num LV)
Psi <- mnonr::mnonr (

n = SampleSize,
p = Num LV,
ms = skewness Psi,

mk = kurtosis_ Psi,
Sigma = Matrix Psi,
initial=NULL)
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# Theta Epsilon

residual list <- c(.510,.5

10,

.510,

.510)

vec_thetaEpsilon <- c(rep(residual list,Num LV))
Matrix ThetaEpsilon <- diag(

x = vec_thetaEpsilon, nrow = Num OV,ncol = Num OV)
Matrix ThetaEpsilon[ 1, 5] <- Matrix ThetaEpsilon[ 5, 1]
Matrix ThetaEpsilon[ 5, 9] <- Matrix ThetaEpsilon[ 9, 5]
Matrix ThetaEpsilon[ 1, 9] <- Matrix ThetaEpsilon[ 9, 1]
Matrix ThetaEpsilon[ 2, 6] <- Matrix ThetaEpsilon[ 6, 2]
Matrix ThetaEpsilon[ 6,10] <- Matrix ThetaEpsilon[10, 6]
Matrix ThetaEpsilon[ 2,10] <- Matrix ThetaEpsilon[10, 2]
Matrix ThetaEpsilon[ 3, 7] <- Matrix ThetaEpsilon[ 7, 3]
Matrix ThetaEpsilon[ 7,11] <- Matrix ThetaEpsilon[11l, 7]
Matrix ThetaEpsilon[ 3,11] <- Matrix ThetaEpsilon[11l, 3]
Matrix ThetaEpsilon[ 4, 8] <- Matrix ThetaEpsilon[ 8, 4]
Matrix ThetaEpsilon[ 8,12] <- Matrix ThetaEpsilon[12, 8]
Matrix ThetaEpsilon[ 4,12] <- Matrix ThetaEpsilon[12, 4]
Matrix ThetaEpsilon[13,17] <- Matrix ThetaEpsilon[17,13]
Matrix ThetaEpsilon[17,21] <- Matrix ThetaEpsilon[21,17]
Matrix ThetaEpsilon[13,21] <- Matrix ThetaEpsilon[21,13]
Matrix ThetaEpsilon[14,18] <- Matrix ThetaEpsilon[18,14]
Matrix ThetaEpsilon[18,22] <- Matrix ThetaEpsilon[22,18]
Matrix ThetaEpsilon[14,22] <- Matrix ThetaEpsilon[22,14]
Matrix ThetaEpsilon[15,19] <- Matrix ThetaEpsilon[19,15]
Matrix ThetaEpsilon[19,23] <- Matrix ThetaEpsilon[23,19]
Matrix ThetaEpsilon[15,23] <- Matrix ThetaEpsilon[23,15]
Matrix ThetaEpsilon[16,20] <- Matrix ThetaEpsilon[20,16]
Matrix ThetaEpsilon[20,24] <- Matrix ThetaEpsilon[24,20]
Matrix ThetaEpsilon[16,24] <- Matrix ThetaEpsilon[24,16]
ThetaEpsilon <- mnonr::mnonr (

n = SampleSize,

p = Num OV,

ms = skewness Epsilon,

mk = kurtosis Epsilon,

Sigma = Matrix ThetaEpsilon,

initial=NULL)

# Lambda
Lambda <- data frame(

F11 = c(c(.70,.70,.70,.70) ,rep (.00, 4*5)),

Fl2 = c(rep( OO, 4*1),c(.70,.70,.70,.70) ,rep (.00, 4%*4))

F13 = c(rep(.00, 4*2),c(.70,.70,.70,.70),rep (.00, 4%*3))

F21 = c(rep(.00, 4*3),c(.70,.70,.70,.70),rep (.00, 4%*2))

F22 = c(rep(.00, 4*%4),c(.70,.70,.70,.70),rep (.00, 4*1))

F23 = c(rep(.00, 4*5),c(.70,.70,.70,.70)))

Beta <- matrix(
c(0.00,0.00,0.00,0.00,0.00,0.00,
0.00,0.00,0.00,0.40,0.00,0.00,
0.00,0.60,0.00,0.00,0.40,0.00,
0.00,0.00,0.00,0.00,0.00,0.00,
0.00,0.00,0.00,0.60,0.00,0.00,
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0.00,0.00,0.00,0.00,0.60,0.00),
nrow = Num LV, ncol = Num LV, byrow = T)

F11 <- Psi[,1]; F21 <- Psil[,4]

Fl12 <- Betal[2,1] * F11 + Beta[2,4] * F21 + Psil[,2]
F22 <- Betal[5,4] * F21 + Psil[,5]

F13 <- Betal[3,2] * Fl12 + Betal[3,5] * F22 + Psil[, 3]
F23 <- Betal[6,5] * F22 + Psil[, 0]

x1 <- Lambda[ 1,1] * Fl1ll1l + ThetaEpsilon[, 1]
X2 <- Lambda[ 2,1] * Fl1l1l + ThetaEpsilon[, 2]
x3 <- Lambda[ 3,1] * Fll1l + ThetaEpsilon[, 3]
x4 <- Lambda[ 4,1] * F1l1l + ThetaEpsilon[, 4]
x5 <- Lambda[ 5,2] * F12 + ThetaEpsilon[, 5]
X6 <- Lambda[ 6,2] * F12 + ThetaEpsilon[, 6]
X7 <- Lambda[ 7,2] * F1l2 + ThetaEpsilon[, 7]
x8 <- Lambdal[ 8,2] * F12 + ThetaEpsilon[, 8]
x9 <- Lambdal[ 9,3] * F13 + ThetaEpsilon[, 9]
x10 <- Lambda[10,3] * F13 + ThetaEpsilon[,10]
x11 <- Lambda[l1l,3] * F13 + ThetaEpsilon[,11]
x12 <- Lambda[l1l2,3] * F13 + ThetaEpsilon[,12]
x13 <- Lambda[l13,4] * F21 + ThetaEpsilon[,13]
x14 <- Lambda[l4,4] * F21 + ThetaEpsilon[,14]
x15 <- Lambda[l5,4] * F21 + ThetaEpsilon[,15]
x16 <- Lambda[l6,4] * F21 + ThetaEpsilon[,16]
x17 <- Lambda[l7,5] * F22 + ThetaEpsilon[,17]
x18 <- Lambda[l18,5] * F22 + ThetaEpsilon[, 18]
x19 <- Lambda[l19,5] * F22 + ThetaEpsilon[,19]
x20 <- Lambda[20,5] * F22 + ThetaEpsilon[,20]
%21 <= Lambda[21,6] * F23 + ThetaEpsilon[,21]
%22 <- Lambdal[22,6] * F23 + ThetaEpsilonl[,22]
%23 <= Lambdal[23,6] * F23 + ThetaEpsilon[,23]
x24 <- Lambda[24,6] * F23 + ThetaEpsilon[,24]

simdat <- data.frame (
cbind(x1,x2,x3,x4,x5,x6,x7,x8,
x9,x10,x11,x12,x13,x14,x15,x16,
x17,x18,x19,x20,x21,x22,x23,x24))

if (tolower (Missingness) != "none") {
simdat <- mice::ampute (
simdat, prop = Prop, mech = toupper (Missingness)) $Samp}

return (simdat)
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