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Abstract

This thesis studies random walks and its algorithmic applications in distributed
networks. Random walk is a fundamental technique which has found numerous
applications in computer science, mathematics, statistics, physics, and among
others. The simulation of random walks in a network is an important tool,
with a lot of applications in algorithms and complexity theory. In particular,
in communication networks, random walks have been used in various applica-
tions including token management, load balancing, network topology discovery
and construction, search, and peer-to-peer membership management, local and
lightweight algorithms for dynamic networks etc. While several such algorithms
are ubiquitous, and use random walk sampling, the walks themselves have al-
ways been performed in a naive way — simply passing the random walk token
from one node to its neighbor. Thus, to perform a random walk of length /,
the naive approach requires ¢ steps. Therefore, a natural question is whether a
better algorithm is possible in the distributed model. In this thesis, we focus
on two main questions: (1) How efficiently random walks can be performed in
distributed networks? (2) How random walks can be used in designing efficient
distributed algorithms for important distributed computing problems?

Towards the first question, the thesis studies efficient distributed random walk
sampling in networks, where we focus on both static and dynamic networks. For
static networks, we present a round and message optimal algorithm which can
be used to output several random walk samples in a continuous online fashion.
This significantly improves upon both the naive technique that requires linear
time and messages, and the sophisticated algorithm presented by Das Sarma et
al. [42] which has the same sub-linear (quadratic) running time as our algorithm,
but requires a large number of messages (depending on the number of edges in
the network). Moreover, we perform a comprehensive experimental evaluation
on numerous network topologies which proves the effectiveness and efficiency of

our algorithm. For dynamic networks, we present a fast distributed algorithm
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for performing random walks. Our algorithm is the first-known algorithm that
provably speeds up random walks in dynamic networks. Furthermore, we show
a key application of this random walk algorithm for the fundamental problem of
information spreading (a.k.a gossip) in dynamic networks. We use our random
walk algorithm to obtain a fast distributed information spreading algorithm.

Towards the second question, we study two important algorithmic applica-
tions: (1) Distributed computation of PageRank (2) Distributed computation of
sparse cuts. PageRank has emerged as a powerful measure of relative importance
of nodes in a network. In distributed computing, PageRank vectors have been
used for several different applications ranging from determining important nodes,
load balancing, search, and identifying connectivity structures. We devise random
walk-based algorithms for computing PageRank and prove strong bounds on the
round complexity. Our algorithms are the first and fully distributed algorithms
for computing PageRank with provably efficient running time.

Finding sparse cuts is an important tool in analyzing large-scale distributed
networks such as the Internet and Peer-to-Peer networks, as well as large-scale
graphs such as the web graph, online social communities, and VLSI circuits.
Sparse cuts are particularly useful in graph clustering and partitioning. We
develop fast distributed algorithms for computing sparse cuts in distributed

networks, where random walks are used as a key ingredient.
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Chapter

Introduction

Random walk in graphs is a well known paradigm, which plays a crucial role
in computer science, including distributed computing. The simulation of ran-
dom walks in a graph is a fundamental technique which has a high impact in
algorithms and complexity theory. Algorithms in many applications use random
walks as an integral subroutine. In distributed computing alone, it has found
remarkably wide range of applications, in both theory and practice. For instance,
applications of random walks in communication networks include network topol-
ogy construction [50} 68|, [70], constructing random spanning trees [11], 14, 22], load
balancing [61], token management [18, 32, 58], small-world routing [64], querying
in wireless ad-hoc networks and sensor networks [88], group communication in
ad-hoc network [44], search [1} 30, 50, 51], (73, 93], information spreading and gath-
ering over a network [2], load balancing [61], computing PageRank on the web [57],
distributed construction of expander networks [68], checking expander [45], mon-
itoring overlays [78], peer-to-peer membership management [48] [94], and several
others. They are particularly useful in providing uniform and efficient solutions
to distributed control of dynamic networks [23].

One of the most effective and commonly used application of random walks in

networks is node sampling (from some distribution)ﬂ Naturally, the efficiency of

'Random walks can be used to sample from arbitrary distribution by changing the hop
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the algorithms, which use random walks as a key subroutine, depend on how fast
one can perform random walks in networks. While the sampling requirements
may differ in different applications, whenever a true sample is required from a
random walk (of certain length), typically all applications perform the walk in a
naive way. The naive algorithm is simply sending the random walk token from
one node to its neighbor (randomly) for ¢ steps to compute a walk of length ¢.
Thus, the naive algorithm takes time and messages that is linear with respect
to ¢, to compute a single random walk of length /. Such an algorithm may not
scale well when the network size becomes larger and hence one may ask a natural
question: can we perform such sampling with a significantly less number of rounds

(and messages) in distributed networks?

Das Sarma et al. [40, 41, 42] were the first to solve this problem by a
distributed algorithm whose running time is significantly faster than the naive ¢
bound. They proposed an approach to perform a single random walk of length ¢ in
O(V/{D) rounds (where D is network’s diameter). This is the first algorithm with
sub-linear (in the length of the walk) running time to perform random walks in
distributed networks. The high-level idea used in the O(v/¢D)-round distributed
algorithm is to “prepare” a few short walks in the beginning (executed in parallel)
and then carefully stitch these walks together later as necessary. More precisely,
the algorithm works in two phases: in first phase, each node performs many short-
length random walks in parallel. This is done in naive way by forwarding (many)
tokens containing the ID of nodes. Then in the second phase, the short walks
(created in first phase) are stitched to compute the desired walk of certain length.
Later, it was shown in [82] that the above distributed algorithm is optimal in
round complexity for performing a single random walk. In this thesis, we develop

distributed random walk algorithms that build on this approach.

While the above algorithm in [42] is optimal in round complexity and scalable

i.e., it works under CONGEST model of distributed computing (see Section

probabilities, e.g., see Metropolis-Hastings sampling [42], 56].



for precise description of CONGEST model), however, a main drawback of this
result is that it incurred a message complexity of Q(m+/¢) (m is the number of
edges). Hence, their algorithm requires a large number of messages for every
random walk, depending on the number of edges in the network. Moreover, they
only considered performing a single walk, or a few walks, which yields a few
samples. Most applications, however, require several random walk samples in
a continuous manner. In this thesis, we first consider this continuous random
walk sampling problem and present round and message optimal algorithm which

computes several random walk samples in a continuous online fashion.

The sub-linear time random walk algorithm of Das Sarma et al. [42] applied
only to static networks. A major problem left open in [42] is whether a similar
approach can be used to speed up random walks in dynamic networks. In this
thesis, we extend the study of distributed random walks to dynamic networks.
Modern communication networks are subject to changes of their topology over
time. Examples include real world networks such as peer-to-peer networks, in-
ternet, social networks, wireless ad-hoc networks, sensor networks etc. Dynamic
graphs try to capture this changing behavior of real-world networks. In dynamic
networks, where the topology can change arbitrarily from round to round, exten-
sive distributed algorithmic techniques that have been developed in the last few
decades for static networks (see e.g., [74, [86, 90]) are not readily applicable. On
the other hand, we would like distributed algorithms to work correctly and termi-
nate even in networks that keep changing continuously over time (not assuming
any eventual stabilization). Random walks being so simple and very local (i.e.,
each subsequent step in the walk depends only on the neighbors of the current
node and does not depend on the topological changes taking place elsewhere in
the network) can serve as a powerful tool to design distributed algorithms for
such highly dynamic networks. However, it remains a challenge to show that
one can indeed use random walks to solve non-trivial distributed computation

problems efficiently in such networks, with provable guarantees. This thesis is a
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step towards this direction. In particular, we first develop a rigorous framework
for studying random walks in a dynamic network. We present a fast distributed
random walk algorithm that runs in sub-linear time on the length of the walk, to
perform a single random walk and returns a node sample that is “close” to the
stationary distribution of the dynamic network. Our algorithm is the first-known
algorithm that provably speeds up random walks in dynamic networks. We also
extend our algorithm to efficiently perform and return multiple independent ran-
dom walk samples. We further show a key application of our fast random walk
sampling algorithm in dynamic networks. We present a fast distributed algorithm

for the fundamental problem of information dissemination in a dynamic network.

This thesis also focuses on how random walks can be applied as a key
algorithmic tool to solve classical graph problems in distributed computing. We
present random walk based distributed algorithms for two important problems

— PageRank computation and Sparse Cuts computation.

PageRank has gained importance in a wide range of applications and do-
mains, ever since it first proved to be effective in determining node importance
in large graphs. In fact, it was a pioneering idea behind Google’s search engine.
Computing PageRank and its variants efficiently in various computation mod-
els has been of tremendous research interest in both academia and industry. In
distributed computing alone, PageRank vectors have been used for several dif-
ferent applications ranging from determining important nodes, load balancing,
search, and identifying connectivity structures. Surprisingly, however, there has
been little work towards designing provably efficient fully-distributed algorithms
for computing PageRank. This is perhaps because the traditional method of
computing PageRank vectors is to apply iterative methods i.e., do matrix-vector
multiplications till (near)-convergence. Since such techniques may not adapt well
in certain settings, when dealing with a global network with only local views
as is common in distributed networks such as Peer-to-Peer (P2P) networks, and

particularly, very large networks, it becomes crucial to design far more efficient



techniques. Therefore, PageRank computation using Monte Carlo methods (i.e.,
random walk style method) is more appropriate in a distributed model where
only limited sized messages are allowed through each edge in each round. We
take all these concerns into consideration and design efficient and fully decentral-
ized algorithms for computing PageRank vectors in distributed networks.

Finding sparse cuts is an important tool in analyzing large-scale distributed
networks such as the Internet and peer-to-peer networks, as well as large-scale
graphs such as the Web graph, online social communities, and VLSI circuits.
Sparse cuts are useful in graph clustering and partitioning among numerous other
applications. In distributed communication networks, they are useful for topology
maintenance and for designing better search and routing algorithms. Sparse cuts
are those cuts that have low conductance and can be used to determine well-
connected clusters and thus also identify potential “bottlenecks” in the network.
In particular, the edges crossing the cut can be considered as critical edges and
they have been used in designing algorithms to improve searching, topology
maintenance (i.e., maintaining a well-connected topology), and reducing routing
congestion in networks [49]. Such algorithms are useful in the design, analysis,
and maintenance of topology aware networks [49].

Since there are exponential number of cuts in the network, it is significantly
more challenging to efficiently find the sparsest cut or approximate it in a
distributed fashion. Hence computing sparse cuts needs a different approach
compared to computing conductances and mixing time as in the works of [42] [62].
In this thesis, we develop fast distributed algorithms for computing sparse cuts
in networks.

The rest of this chapter is organized as follows. Section introduces some
basic definitions and notations that will be used throughout the thesis. Section

discusses the model of distributed computation. Section gives a roadmap

2A cut (S,V'\ S) is a partition of the set of nodes V into S (assume |S| < [V]/2) and V'\ S.
A low conductance cut has lot more edges within S than those going outside S, and hence S is

relatively well (intra)connected.
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of the rest of this thesis, where we formally state the problems and our results.

1.1 Preliminaries

We provide some basic definitions and concepts which will be used repeatedly
throughout this thesis.

Graphs are denoted by G = (V, E'), where V is the set of vertices and F is the
set of edges. We use the terminology graph and network; node and vertex; edge
and (communication) link interchangeably throughout the thesis. Furthermore,
we assume G is an undirected graph (unless otherwise stated). As usual, n is the
number of vertices |V| and m is the number of edges |E|. The degree of a vertex
v € V is denoted by deg(v) or in short by d(v). A graph is called d-regular if the
degree of all the nodes is d.

The Stmple Random walk in a graph G is a stochastic process in which the
walk starts from a source node and in each step, the walk moves from the current
node to a random neighbor, i.e., from the current node v, the probability to
move in the next step to a neighbor w is Pr(v,u) = 1/d(v) for (v,u) € E and 0
otherwise. This is also called as standard random walk.

Suppose a random walk starts from a node vy and after ¢ steps it reached
node v;. Then we get a probability distribution P, on wv,;; the initial distribution
starts with probability 1 at node vy. We say that the distribution P, is station-
ary (or steady-state) if P,y = P, for all ¢ > r. Let 7 denote the stationary
distribution vector. It is known that for every (undirected) graph G, the dis-
tribution 7(v) = d(v)/2m is stationary. In particular, for a regular graph the
stationary distribution is the uniform distribution. The mizing time of a random
walk in a graph G is the maximum time taken to reach “close” to the stationary
distribution of the graph, starting from any node.

Throughout this thesis, we often use the O notation which hides a polyloga-

rithmic factor in the number of nodes in the network, i.e., O(f) equals a quantity
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O(flog®n), for some constant c¢. Furthermore, we will often use the term “with
high probability” or in short “w.h.p”, which means with probability at least

1 — 1/n*Y | where n is the number of nodes in the network.

1.2 Distributed Computing Model

We model the communication network as an unweighted, connected n-node graph
G = (V, E). Unless specified otherwise, we restrict our attention to undirected
and unweighted graphs throughout the thesis. Initially, every node has limited
knowledge about the network. Nodes do not have any information about the
graph topology or any other global properties of the graph at the beginning of the
computation. Specifically, we assume that each node is associated with a distinct
identity number (e.g., its IP address). At the beginning of the computation, each
node v accepts as input its own identity number (which is of length O(logn)
bits) and the identity numbers of its neighbors in G. The node may also accept
some additional inputs as specified by the problem at hand (e.g., the number of
nodes, edges or diameter of the network). The nodes are allowed to communicate
through the edges of the graph GG. We assume that the communication occurs in
synchronous rounds, i.e., nodes run at the same processing speed and any message
that is sent by some node v to its neighbors in some round r will be received by
the end of round r. In particular, all the nodes wake up simultaneously at the
beginning of round 1, and from this point on the nodes always know the number
of the current round. To ensure scalability, we restrict the number of bits that
are processed and sent per round by each node to be polylogarithmic in n, the
network size. In particular, in each round, each node is allowed to send a message
of size B bits (where B is polylogarithmic in n) through each communication
link. This is a widely used standard model, called the CONGEST(B) model
to study distributed algorithms (e.g., see [84, [86]) and captures the bandwidth

constraints inherent in real-world computer networks. Typically, as assumed
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here, B = O(logn), which is number of bits needed to send a node id in a n-
node network, however in some chapter we may assume B to be polylogarithmic
in n. We note that there is another distributed computing model where this
bandwidth restriction is relaxed. This is called the LOCAL model [86], which

allows a polynomial (in n) number of bits to be sent across a link per round.

Sometime we assume additional communication between nodes such as— a
node can communicate with any node if it knows the other node’s address (e.g.,
its IP address). In particular, our algorithm presented in Section of Chapter

[ assumes this direct communication.

There are several measures of efficiency (e.g., number of rounds, messages
etc.) of distributed algorithms, but in most of the chapters, we will focus on
the running time, i.e. the number of rounds of distributed communication. Note
that the computation that is performed by the nodes locally is “free”, i.e., it does
not affect the number of rounds; however, we will only perform polynomial cost
computation locally in any node. We note that in the CONGEST model, it is
rather trivial to solve a problem in O(m) rounds, where m is the number of edges
in the network, since the entire topology (all the edges) can be collected at one

node and the problem solved locally. The goal is to design faster algorithms.

While this is a nice theoretical abstraction, it still does not motivate the most
natural practical difficulties. A well established concern with this model is that
for simple operations, the entire network may spawn a large number of parallel
messages in order to minimize rounds. This can be very expensive from a practical
standpoint. A critical component in the analysis of practical algorithms is the
overall message complexity per execution of any algorithm. This becomes even
more crucial from the standpoint of continuous processing of algorithms, perhaps
even in parallel. Therefore, the goal is to design algorithms that have a low
amortized message complexity and minimize the worst case round complexity,
both simultaneously. Due to their conflicting nature, few algorithms perform

well on both metrics. We note that we focus on both the round and message
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complexity of our algorithm presented in Chapter

1.3 Contributions of This Thesis: Problems, Re-
sults and Road Map

Here, we formally state the problems considered in this thesis, overview of our

results, and structure of this thesis.

[Chapter [2] The Random Walk Sampling Problem. We consider the
problem of performing random walk sampling efficiently in a distributed network.
We are given an arbitrary undirected, unweighted, and connected n—node network
G = (V, E) and a random walk request length ¢. The goal is to devise a distributed
algorithm such that, the algorithm continuously accepts source node inputs s, and
after each input, the algorithm performs a random walk of length ¢ and outputs
the ID of a node v which is randomly picked according to the probability that
it is the destination of a random walk of length ¢ starting at s. Our goal is
to output a true random sample from the f-walk distribution starting from s.
Once the sample has been output, a new request is issued to the algorithm, and
this proceeds in a continual manner. Every sample node is independent of the
previous one. The objective is to minimize the round complexity as well as the
message complexity for each of these requests.

In particular, we present an algorithm which shows how several random walks
can be performed continuously, such that each walk of length ¢ can be performed
exactly in just O(vV¢D) rounds (where D is the diameter of the network), and
O(¢) messages. Our algorithm uses the same general approach as [42] but
exploits certain key observation to achieve the significant improvement in message
complexity over the algorithm of [42]. The algorithm in [42] prepared ‘many’ short
random walks initially and later stitched those short walks to get the required long

random walk. However, most of the short walks were unused when they compute
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a single random walk. Our algorithm crucially uses these unused short walks to
compute multiple random walks. In particular, we show a technical result that
if the source nodes are chosen randomly proportional to the node degrees, our
algorithm uses up a constant fraction of these short walks. This improves our
algorithm significantly in message complexity. Moreover, we present extensive
experimental evaluations which further show that our techniques perform very
well in various network topologies. This chapter is based on joint work with

Atish Das Sarma and Gopal Pandurangan [37].

[Chapter Performing Random Walks in Dynamic Networks and
Applications. We investigate efficient distributed computation in dynamic
networks in which the network topology changes arbitrarily from round to round.
We develop a framework for the design and analysis of distributed random walk
algorithms in dynamic networks with applications. In particular, the goals of
this chapter are two fold: (1) giving fast distributed algorithms for performing
random walk sampling efficiently in dynamic networks, and (2) applying random
walks as a key subroutine to solve non-trivial distributed computation problems
in dynamic networks. Towards the first goal, we first present a rigorous framework
for studying random walks in a dynamic network. This is necessary, since it is
not immediately obvious what the output of random walk sampling in a changing
network means. The main purpose of our random walk algorithm is to output a
random sample close to the “stationary distribution” of the underlying dynamic
network. Our random walk algorithms work under an oblivious adversary that
fully controls the dynamic network topology, but does not know the random
choices made by the algorithms. We present a fast distributed random walk
algorithm that runs in O(v/7D) rounds with high probability, where 7 is (an
upper bound on) the dynamic mizing time and D is the dynamic diameter of
the network respectively. The dynamic diameter is the maximum time taken to
broadcast an information on the dynamic network and it is bounded above by

the number of nodes in the network. Our algorithm uses small-sized messages
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only and returns a node sample that is “close” to the stationary distribution
of the dynamic network. That is, our algorithm runs in O(v/7D) rounds to
perform a random walk of length 7 in dynamic networks. We further extend our
algorithm to efficiently perform and return s independent random walk samples
in O(min{vkTD, s + T}) rounds. This is directly useful in the application

considered in this chapter.

Towards the second goal, we present a key application of our fast random
walk sampling algorithm. We present a fast distributed algorithm for the funda-
mental problem of information dissemination (also called as gossip) in a dynamic
network. In gossip, or more generally, k-gossip, there are k pieces of informa-
tion (or tokens) that are initially present in some nodes and the problem is to
disseminate the k£ tokens to all nodes. In an n-node network, solving n-gossip
allows nodes to distributively compute any computable function of their initial
inputs using messages of size O(logn + d), where d is the size of the input to
the single node [65]. We present a random-walk based algorithm that runs in
O(min{n'/3k*>3(TD)"/3 kD}) rounds with high probability. This gives the first
o(kD)-time fully-distributed token forwarding algorithm that improves over the
previous-best O (kD) round distributed algorithm [65], albeit under an oblivious
adversarial model. A lower bound of Q(nk/logn) under the adaptive adversarial
model of [65], was shown in [46]; hence one cannot do substantially better than
the O(nk) algorithm in general under an adaptive adversary. This chapter is

based on joint work with Atish Das Sarma and Gopal Pandurangan [36].

We like to mention that the random walk framework developed in this thesis
for dynamic networks, has also subsequently proved useful in developing efficient
storage and search algorithms as well as developing fast byzantine agreement al-

gorithms in dynamic networks (cf. Section .

[Chapter 4] Distributed PageRank Computation Problem. We consider
the problem of computing PageRank in graphs. PageRank is essentially the
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stationary distribution of a slightly modified standard random walk process. The
power and applicability of PageRank arises from its basic intuition of being a way
to naturally identify ‘important’ nodes, or in certain cases, similarity between
nodes. We present random walk-based distributed algorithms for computing
PageRank in general graphs and prove strong bounds on the round complexity. In
particular, we first present a distributed algorithm that takes O(logn/e€) rounds
with high probability on any graph (directed or undirected), where n is the
network size and e is the reset probability used in the PageRank computation
(typically € is a fixed constant). We then present a faster algorithm that takes
O(\/logn/e) rounds in undirected graphs. Both of the above algorithms are
scalable, as each node sends only small (polylogn) number of bits over each
edge per round. These are the first fully distributed algorithms for computing
PageRank vectors with provably efficient running time. This chapter is based on

joint work with Atish Das Sarma, Gopal Pandurangan and Eli Upfal [39].

[Chapter Distributed Sparse Cut Computation Problem. Then, we
focus on the problem of sparse cuts computation in distributed networks. Given
that G = (V, E) be an undirected graph with conductance ¢, the problem is to
find a cut set (S,V '\ S), where S C V such that the conductance of (S,V \ 5)
is close to ¢. We present two distributed algorithms that output a cut of con-
ductance at most O(+/¢) with high probability, in ON(%(é + n)) rounds, where b
is balance of the cut of given conductance. In particular, to find a cut of con-
stant balance (i.e., the cuts are of approximately equal size), our algorithm takes
O(é—i—n) rounds and finds such a cut (if it exists) with similar approximation. The
second algorithm is a variant of the first one and builds on the PageRank-based
approach. Our algorithms can also be used to output a local cluster, i.e., a subset
of vertices near a given source node, and whose conductance is within a quadratic
factor of the best possible cluster around the specified node. Both our distributed

algorithms can work without knowledge of the optimal ¢ value and hence can be
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used to find approximate conductance values both globally and locally with re-
spect to a given source node. On a high-level, our approach is based on efficiently
implementing the algorithms from Lovasz-Simonovits [71], Spielman-Teng [89],
and Andersen et al. [4] in the CONGEST distributed computing model. How-
ever, there are several challenging issues to overcome in distributed model. In
particular, the above running time bounds follow from a technical contribution
on computing conductances of n different cuts in linear time. We further give a
lower bound on the time needed for any distributed algorithm to compute any
non-trivial sparse cut. We show that any distributed approximation algorithm for
computing the sparsest cut will take Q(y/n+ D) rounds, where D is the diameter
of the graph. This chapter is based on joint work with Atish Das Sarma and
Gopal Pandurangan [3§].

[Chapter [6] We summarize the main contributions of this thesis and discuss

some interesting problems for further study.






Chapter

Random Walk Sampling in Distributed
Networks

In this chapter, we consider the problem of performing random walk sampling
efficiently in a distributed networkﬂ. Recall that in this problem, we are given
an arbitrary undirected, unweighted, and connected graph G and a random walk
request length ¢. The goal is to devise a distributed algorithm such that, the
algorithm continuously accepts source node inputs s, and after each input, the
algorithm performs a random walk of length ¢ and outputs the ID of a node v
which is randomly picked according to the probability that it is the destination
of a random walk of length ¢ starting at s. We assume the standard random
walk throughout this chapter. We present both round and message optimal
distributed algorithms that present a significant improvement on all previous
approaches. The theoretical analysis and comprehensive experimental evaluation
of our algorithms show that they perform very well in different types of networks
of differing topologies.

In particular, our results show how several random walks can be performed

continuously (when source nodes are provided only at runtime, i.e., online), such

!This chapter is based on joint work with Atish Das Sarma and Gopal Pandurangan and

contains material from [37].

15
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that each walk of length ¢ can be performed exactly in just O(v/¢D) rounds (where
D is the diameter of the network), and O(¢) messages. This significantly improves
upon both, the naive technique that requires O(¢) rounds and O(¢) messages, and
the sophisticated algorithm of [42] that has the same round complexity as our
but requires (m+/f) messages (where m is the number of edges in the network).
Our theoretical results are corroborated through extensive experiments on various

topological data sets.

2.1 Introduction

The topic of this chapter is node sampling through performing random walks in
networks. The important algorithmic applications of random walks has make
them attractive in communication networks. Though algorithms in different
applications use random walks as an integral subroutine in different way, a key
purpose of random walks in network applications is to perform node sampling.
Random walk-based sampling is simple, local, and robust. Random walks also
require little index or state maintenance which make them especially attractive
to self-organizing dynamic networks such as Internet overlay and ad hoc wireless
networks [23 03]. In this chapter, we present efficient distributed random walk
sampling algorithm in networks that are significantly faster than the existing
and naive approaches and at the same time achieve optimal message complexity.
Further, our experimental results show that our techniques perform very well in

various network topologies.

2.1.1 Network Model

We assume the communication network as an undirected, unweighted, connected
graph G = (V, F) with |V| = n, |E| = m. We consider the standard CONGEST
model of distributed computation. The detailed description of this model is given

in Section A well established concern with this model is that for simple
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operations, the entire network may spawn a large number of parallel messages in
order to minimize rounds. This can be very expensive from a practical standpoint.
A critical component in the analysis of practical algorithms is the overall message
complexity per execution of any algorithm. This becomes even more crucial from
the standpoint of continuous processing of algorithms, perhaps even in parallel.
Therefore, the goal is to design algorithms that have a low amortized message
complexity and minimize the worst case round complexity, both simultaneously.
Due to their conflicting nature, few algorithms perform well on both metrics. In
this chapter we present an algorithm that is near-optimal in terms of messages

as well as rounds in parallel.

2.1.2 Overview of Our Results

e We introduce the problem of continuous processing of random walks. The
objective is for a network to support a continuous sequence of random walk
requests from various source nodes and perform node sampling to minimize

round and message complexity for each request.

e We present the first algorithm that is efficient in both round complexity
and message complexity. Our technique and analysis presents almost-tight
bounds on the message and round complexity in a widely used network

congestion model.

e We perform comprehensive experimental evaluation on numerous topologi-
cal networks and highlight the effectiveness and efficiency of our algorithm.
The experimental results corroborate the theoretical contributions and show
that our random walk sampling algorithm performs very well on various

metrics for all parameter ranges.
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2.1.3 Applications and Previous Work

Random walks have been used in a wide variety of applications in distributed
networks as mentioned previously. We describe here some of the applications in

more detail.

Morales and Gupta [78] discuss about discovering a consistent and available
monitoring overlay for a distributed system. For each node, one needs to select
and discover a list of nodes that would monitor it. The monitoring set of nodes
need to satisfy some structural properties such as consistency, verifiability, load
balancing, and randomness, among others. This is where random walks come
in. Random walks are a natural way to discover a set of random nodes that are
spread out (and hence scalable), that can in turn be used to monitor their local
neighborhoods. Random walks have been used for this purpose in another paper
by Ganesh et al. [48] on peer-to-peer membership management for gossip-based
protocols. Morales and Gupta [79], 80] have several more papers in their line of
work on AVMON system and similar systems that use several continuous node

samples as a way to monitor distributed systems.

Speeding up distributed algorithms using random walks has been considered
for a long time. Besides our approach of speeding up the random walk itself, one
popular approach is to reduce the cover time. Recently, Alon et. al. [3] show that
performing several random walks in parallel reduces the cover time in various
types of graphs. They assert that the problem with performing random walks is
often the latency. In these scenarios where many walks are performed, our results
could help avoid too much latency and yield an additional speed-up factor.

A nice application of random walks is in the design and analysis of expanders.
We mention two results here. Law and Siu [68] consider the problem of con-
structing expander graphs in a distributed fashion. One of the key subroutines
in their algorithm is to perform several random walks from the specified source
nodes. Dolev and Tzachar [45] use random walks to check if a given graph is

an expander. The first algorithm given in [45] is essentially to run a random
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walk of length nlogn and mark every visited vertex. Later, it is checked if all
vertices have been visited. Broder [22] and Wilson [02] gave algorithms to gen-
erate random spanning trees using random walks and Broder’s algorithm was
later applied to the network setting by Bar-Ilan and Zernik [14]. Recently Goyal
et al. [52] show how to construct an expander/sparsifier using random spanning
trees. The approach of Broder and Wilson’s algorithm is essentially performing
a random walk from a specified node (root node) until all nodes are visited. For
each non-root node, output the edge that is used for its first visit. The running
time of their algorithm is bounded by the time to visit all the nodes of the graph
(i.e., the cover time) which could be O(mD) in the worst case. This can be easily
implemented in the distributed setting by performing random walk in a naive way,
which has the same running time of O(mD). In [42], Das Sarma et al. imple-
mented the Broder’s algorithm in distributed setting in an arbitrary graph using
their optimal random walk algorithm. (We note that the work of Bar-Ilan and
Zernik constructed random spanning trees only in rings and complete graphs.)
The improved random spanning tree algorithm can be useful in implementing
Goyal et al. [52]’s approach in a distributed way. A variety of such applications
can greatly benefit from the random walk sampling techniques presented in this

chapter.

2.1.4 Outline of This Chapter

In the next section (cf. Section [2.2), we present our algorithms, and message
and round complexity analyses. This rests on some concentration analysis of
key random walk properties of our algorithm that we then prove in Section [2.3]

Finally, we present extensive experiments on various topological networks in

Section 2.41
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2.2 Theoretical Analysis of Algorithms

2.2.1 Algorithm descriptions

We first describe the algorithm for single random walk in [42] and then describe
how to extend this idea for continuous random walks. The current algorithm is
also randomized and we focus more on the message complexity. The high-level
idea for single random walk is to perform many short random walks in parallel
and later stitch them together [42]. Then for multiple random walks we choose
the source node randomly each time and perform single random walk using the

same set, of short length walks.

Our main algorithm for performing continuous random walk each of length
¢ is described in CONTINUOUS-RANDOM-WALK (cf. Algorithm [3). This algo-
rithm uses other algorithms PRE-PROCESSING (cf. Algorithm (1)) and SINGLE-
RANDOM-WALK (cf. Algorithm [2). The PRE-PROCESSING function is called
only one time at the beginning of CONTINUOUS-RANDOM-WALK, to perform
nd(v) logn short walks of length A\ from each vertex v; once these pre-processed
short walks are insufficient to answer a single random walk request, only then
is the pre-processing table reconstructed and the algorithm resumes answering
single random walk requests accessing the short length walks from the new table.
At the end of PRE-PROCESSING, each vertex knows the destination IDs of the
short walks that it initiated. We note that, since all short random walks are
independent to each other, we can retain the unused short walks from the previ-
ous pre-processing table. This does not give any improvement to the asymptotic

bounds, however, this slight optimization could be useful in practical scenario.
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Algorithm 1 PRE-PROCESSING(7, \)
Input: number of short walks of each node v is ndeg(v)logn, and desired short

walk lengths A.

Output: set of short random walks of each nodes

Each node v performs 7, = ndeg(v)logn random walks of length X\ + r;
where r; (for each 1 <i <7) is chosen independently at random in the
range [0, A — 1].
1: Let rpee = maxi<i<, 15, the random numbers chosen independently for each
of the n, walks.
2: BEach node z constructs 7, messages containing its ID and in addition, the
i-th message contains the desired walk length of A + r;.
3: fori=11to A+ rp. do
4:  Each node v does the following: Consider each message M held by v and
received in the (i — 1)-th iteration (having current counter i — 1). If the
message M’s desired walk length is at most ¢, then v stored the ID of the
source (v is the desired destination). Else, v picks a neighbor u uniformly at
random and forward M to u after incrementing its counter.
5. end for
6: Send the destination IDs back to the respective sources (this can be done by

sending the destination IDs along the "reverse” path).

2.2.2 Previous Results - Rounds and Messages

We first restate the main round complexity theory for SINGLE-RANDOM-WALK

and also state the message complexity of this algorithm.

Lemma 2.1 (Theorem 3.6 in [42]). For any ¢, Algorithm SINGLE-RANDOM-
WALK ([42]) solves the Single Random Walk Problem and, with probability at
least 1 — %, finishes in © ()\77 logn + %) rounds.
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Algorithm 2 SINGLE-RANDOM-WALK(s, £)
Input: Starting node s, and desired walk length £.

Output: Destination node of the walk outputs the ID of s.

Stitch ©(¢/)\) walks, each of length in [\, 2\ — 1]

1: The source node s creates a message called “token” which contains the ID of
s

2: The algorithm generates a set of connectors, denoted by C, as follows.
(Connectors are the endpoints of the short walks, i.e., the points where we
stitch.)

3: Initialize C' = {s}

4: while Length of walk completed is at most ¢ — 2\ do

5:  Let v be the node that is currently holding the token.

6: v uniformly chooses one of its short length sample and let v" be the sampled
value if any exists (which is a destination of an unused random walk of length
between A and 2\ — 1).

7. if v = NULL (all walks from v have already been used up) then

8: Algorithm terminates failing this walk.

9: end if

10: v sends the token to v’

11: C=CU{v}

12: end while

13: Walk naively until ¢ steps are completed (this is at most another 2\ steps)
14: A node holding the token outputs the ID of s

Lemma 2.2. The message complexity of SINGLE-RANDOM-WALK algorithm is
O (n)\m logn + KTD) where m 1s number of edges and D is the diameter of the

network.

Proof. For computing ndeg(v) log n short walks of length A it uses ©(Andeg(v) logn)
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messages. Since for a single short walk of length A it sends A messages and hence
for n nodes it requires ©(Anlogn)_ deg(v)) = O(Apmlogn) messages. For
stitching one short walk with another we need to contact the destination ID.
This can be done quickly by using a BFS tree. Note that the BF'S tree needs to
be constructed only once | (©(m) messages) and each stitch uses O(D) messages.

Combining these, the lemma follows. O

Algorithm 3 CONTINUOUS-RANDOM-WALK (/)
Input: /.

Output: Continuous ¢ length random walk samples from sources nodes presented
adversarially or randomly.
Source nodes S: The source node of each walk of length ¢ can be presented
adversarially or randomly accordingly to some distribution. Let this continuous
sequence of source nodes be denoted by ordered set S.

1: Call PRE-PROCESSING (1 = 1, A\ = 24v/¢D(logn)?)

2: while Indefinitely do

3:  while Algorithm does not fail (algorithm gets stuck due to insufficient short

walks) do
4: Select the next source node s from the ordered set S.
5: call SINGLE-RANDOM-WALK(s, ).
6: If Single-Random-Walk returns with fail, exit loop

7. end while

8 Call PRE-PROCESSING( = 1, A = 24V/{D(logn)?) again and use this
table.

9:  Rerun request for s and then continue subsequent walks based on random
samples.

10: end while

2If we assume that nodes have access to shortest path routing table, then BFS tree is not

needed.
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In networks such as P2P or overlay networks, if we assume that a node can
access quickly (in constant time) another node whose ID (IP address) is known,
then one can improve the time and message complexity of stitching, saving a
©(D) factor.

We now analyze the round and message complexity for CONTINUOUS-RANDOM-
WALK algorithm in the next two subsections. For simplified analysis, we use x
to denote the fraction of short walks of the pre-processing table that get used,
before the algorithm fails and needs to rerun the pre-processing stage. The next
two subsections assume a value of x and prove bounds using it. In the following
section, we actually present bounds on k itself to arrive at the main theorem of
this chapter. To recall other notation, n, = ndeg(v)logn is the number of short
length walks pre-processed for each node v, A is the length of these short walks,
n is the number of nodes, m is the number of edges, and D is the diameter of the

network.

2.2.3 Round Complexity

Lemma 2.3. For any ¢, Algorithm CONTINUOUS-RANDOM-WALK (cf. Algo-
rithm @) serves continuous random walk requests such that, with probability at
least 1 — %, the total number of rounds used until PRE-PROCESSING needs to be
invoked for a second time is O (Anlogn + kmnDlogn), where k is the fraction

of used short length walks from the preprocessing table.

Proof. The proof is same as Theorem 3.6 in [42] for Single Random Walk; the
only difference is we are doing continuous walks of same length ¢. Therefore
for Continuous Walks, if x is the fraction of used short length walks form the
preprocessing table, then a total O(kmnlogn) short walks are used. Hence
we need to stitch O(kmnlogn) times. Clearly, each stitching can take at most
O(D) rounds (cf. Lemma 3.11 in [42]). Therefore, it contributes O(kmnlognD)
rounds. Hence total O (Anlogn + kmnD logn) rounds, since pre-processing table

construction takes O(Anlogn) rounds. O
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Corollary 2.1. The average number of rounds per random walk of length ¢ of
CONTINUOUS-RANDOM-WALK (cf.  Algorithm [3) is O (£(L + 52)) with high
probability.

Proof. The total number of random walks of length ¢ that have been com-
pleted successfully by CONTINUOUS-RANDOM-WALK is © (%), as total
O(xkmnlogn) short walks each of length A have been used. Hence the bound on

the average number of rounds per walk follows. m

2.2.4 Message Complexity

Lemma 2.4. The message complexity of CONTINUOUS-RANDOM-WALK algo-
rithm is O (nAmlogn + kmnD logn), until PRE-PROCESSING needs to be invoked
for a second time, where k is fraction of used short length walks from the prepro-

cessing table.

Proof. The message complexity of the stage of PRE-PROCESSING is as before.
Further, for each subsequent ¢ length walk request, an additional O(D¢/))
messages are used. Also, as before we know that the total number of random walks
of length ¢ that have been completed successfully by CONTINUOUS-RANDOM-
WALK is © (%), as total O(kmnlogn) short walks each of length A have
been used. Therefore the contribution from this towards the total message
complexity is O(D{/\ x “M218™%) which reduces to O(mDnklogn). Combining
these, the lemma follows. O

Corollary 2.2. The average number of messages per random walk of length € of

CONTINUOUS-RANDOM-WALK is O (£(1 + £2)).

Proof. From the above Lemma [2.4] we know that the total number of messages
used for computing all walks of CONTINUOUS-RANDOM-WALK algorithm is
O (ndmlogn 4+ kmnDlogn). Now the total number of walks of length ¢ is
O (%), as total O(kmnlogn) short walks each of length A. Hence we
get the average number of messages per walk by dividing by this. O]
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Combining the above two corollaries, we get the following.

Lemma 2.5. The average number of rounds and messages per random walk of
length ¢ of CONTINUOUS-RANDOM-WALK (cf. Algom’thm@) are O (L(182 4 £DY)
and O (£(1+ =2)) respectively.

Corollary 2.3. For our choice of A = é(\/ (D), the average rounds and messages
per random walk becomes O <ﬁ +VID + D> and O (é + D) respectively.

Proof. If we put \ = (:)(\/ ¢D) in Lemma [2.5[then the average round and message
becomes O (ﬁ +V ED) and O (é +V ED) respectively. Now /D < {+ D. So
the corollary follows. O

Note that, in the above corollary, £ (< 1) can be small, so that the bounds
can become large. We show in the next section that, under certain condition, x

is a constant and hence our bounds are almost optimal.

2.3 Concentration Bounds on «

The goal of this section is to present a lower bound on k, the fraction of
rows of the pre-processing table (or the fraction of all short walks) that get
used before the algorithm fails to perform a random walk request, and needs
to rerun the pre-processing stage. All the analysis in this section assumes
that sources S in CONTINUOUS-RANDOM-WALK are sampled according to the
degree distribution. While the algorithm CONTINUOUS-RANDOM-WALK remains
meaningful otherwise also, our proofs crucially rely on this random sampling of
sources. Obtaining similar theorems for more general sequence of sources in S
remains an open question.

We now present the central theorem that lower bounds x.

Theorem 2.1. Given any graph G, if CONTINUOUS-RANDOM-WALK is invoked

on ¢ = O(m) and the source nodes S are chosen randomly proportional to the
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node degrees, then the algorithm uses up at least k = (1) fraction of all short
walks in PRE-PROCESSING table, before a request fails and a second call needs to

be made to PRE-PROCESSING.

Proof. Assume for now that we do d(v) short walks for each vertex v. The total

number of walks of length ¢ is T" = % if all the short walks are used. Let

K = aT, where « is a constant in [0, 1]. Note that if we manage to perform K

walks of length ¢, then we have utilized a constant fraction of the short walks.

d(v)e
2mA

For one /-length walk, in expectation a vertex v can be a connector at most
times (by linearity of expectation). (Connectors are the endpoints of the short
walks, i.e., the points where we stitch. Note that only when a vertex is visited
as a connector we end up using a short walk initiated from that vertex.) Then
for K walks, each of length ¢, the expected number of times that v is visited as a
connector vertex is K % = ad(v). Let N denote the number of times the vertex

v is visited as a connector in K walks. By above, F[N] = ad(v). By Markov’s

inequality, Pr (N > d(v)) < Czld(sf;) = «. Now consider the above experiment (for
a fixed vertex v) repeated clogn independent times for some constant ¢, that is
suitably large. (In other words, assume that we do cd(v) log n short walks — total
over all experiments — from each node v.) We say that an experiment is ”success”
if N < d(v). If we have success, then that means that we have done K walks of
length ¢ (and hence utilized a constant fraction of the d(v) short walks) for that
experiment before a request fails. By above, the probability of success is at least

some constant o' =1 — a. Let X7, X7, ... be the 0-1 indicator random

1 Aelogn
variables such that X! = 1 (if success occurs in i-th time) and zero otherwise. Let
Xv = 3¢1%" Xv. Then E[X"] = o/clogn. Since the variables are independent,
by Chernoft’s bound Pr(| X" — E[X"]| > ¢ logn) < 6_% < =5, for a suitable
constant ¢ < (¢/)%. Therefore, Pr(|X? — E[X"]| > ’logn) < =. Thus, at least a
constant fraction of the experiments succeed with probability 1—1/n?. By union
bound [77], the total number of visits to every vertex v as connector in all (clogn

times K') walks is at most O(ad(v)clogn) with probability at least 1 —1/n. This
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implies that the total number of short walks utilized is a constant fraction of the

best possible, before a request fails. n

We now present the main theorem of this chapter, which follows from the
above bound on & stated in Theorem [2.1] and the message and round complexity
bounds in terms of s stated in Corollary 2.3l Notice that this presents optimal
round and message complexities simultaneously for every walk (since indepen-
dently also Q(¢ + D) is a clear lower bound on the number of messages for a
single (-length random walk, and Q(v/¢D + D) is a nontrivial lower bound on the

number of rounds for a single ¢-length random walk as shown in [82]).

Theorem 2.2. Algorithm CONTINUOUS-RANDOM-WALKS satisfies walk requests
continuously and indefinitely such that the amortized message complexity per walk
is O(¢ + D) and with high probability, every single walk request completes in
O(\/E_D+ D) rounds, provided the source nodes are chosen randomly proportional
to the node degrees in the graph.

2.3.1 Extensions to different walk lengths

While our main algorithm of CONTINUOUS-RANDOM-WALK and the associated
theorems are stated for a fixed ¢, they can be generalized to handle different walk
lengths. We omit the rigorous details for brevity and present a brief explanation
of the generalization here. The theorems and experiments go through verbatim
for this case as well.

Suppose that CONTINUOUS-RANDOM-WALK is designed to not only support
new source node requests each time but also new length requests for the ran-
dom walks. One can of course store multiple PRE-PROCESSING tables, one for
each associated ¢;, in the entire allowed range for /. This way, when a request
is presented, the appropriate PRE-PROCESSING table is accessed and the corre-
sponding short walks queried. Then, whenever CONTINUOUS-RANDOM-WALK

fails on a specific single random walk request, only this PRE-PROCESSING is
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rerun, and answering the random walk requests resume.

While this does solve the problem and guarantees the identical throughput and
efficiency, a practical concern is that performing and storing so many short walks,
corresponding to multiple different lengths, can be expensive. There is a simple
way to counter this, by storing short walks in a doubling fashion. In particular,
if each ¢; was in the range [1,n], instead of storing short walks corresponding
to each of ¢; = 1,2,3,...,n — 1,n, we perform short walks only corresponding
to £; = 1,2,4,...,n/2,n. This exponentially reduces the number of short walks
at each node, or the number of pre-processing tables, from n to logn. Now,
whenever a walk request for ¢; is received, it can be answered by just performing

a longer walk, of length ZZ such that ¢, < lz < 2¢4;.

2.4 Experiments

We have used the following five important graph generative models for experi-
ments. Several of these have been used in other papers as well for random walk
experiments, see for e.g. [51]. These graphs together cover a nice spectrum of fast
mixing to slow mixing, uniform degrees to very skewed degrees, small diameter
to large diameter, etc. thereby testing the algorithm in all the extreme cases as

well as nice cases.

e Regular Expander: We worked on the most commonly studied random
graph model of G(n, p). Here, each of the n(n —1)/2 edges occurs indepen-
dently and randomly with probability p. We choose p as logn/n so that
the expected number of edges is roughly (nlogn)/2. Further, the expected
degree of every vertex is logn. This, with high probability, results in a
graph with good expansion and it is regular graph in expectation i.e., the

expected degree is same.

e Two-tier topologies with clustering: First we construct four isolated roughly

regular expanders, as mentioned above in G(n,p), of the same size - think
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of these as independent clusters. Then from each cluster we pick a small
number of nodes (roughly one-fourth the size of the cluster and connect
them using another G(n,p) - think of this as a tier-two cluster. Again we

use the same value of p as above.

Power-law graphs: In distributed settings, many important networks are
known to have power-laws. We use the well known preferential attachment
growth model to construct random power-law graphs. The essential process
proceeds by starting with a small clique (of same 5 nodes), and then adding
vertices sequentially. Each subsequent vertex added connects with an edge
to each of the previous edges with probability depending on their degrees,
and independently. Specifically, the new vertex connects with a previous
vertex v with probability proportional to deg(v)® where the exponent « is

a parameter.

Random Geometric Graph: A random geometric graph is a random undi-
rected graph drawn on a bounded region [0,1) x [0,1). It is generated
by placing n vertices uniformly at random and independently on the region
(i.e. both the x and y coordinates are picked uniformly and independently).
Then edges are constructed deterministically - two vertices u and v are con-

nected by an edge if and only if the distance between them is at most a

logn

parameter threshold r. We choose r as =

so that the degree of each
vertices is O(logn) w.h.p.

Grid Graph: Consider a square grid graph (y/n x v/n) which is a Cartesian
product of two path graphs with /n vertices on each. Since a path graph
is a median graph, the square grid graph is also a median graph. All grid
graphs are bipartite (since they have no odd length cycles).

We compute and maintain a preprocessing table containing 7, = ndeg(v) logn

short walks of length A from each vertex v. We then check how many walks of

length ¢ can be done using this table before we hit a node all of whose short
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walks have been exhausted. The source nodes for each of the ¢ length random

walk requests are sampled randomly according to the degree distribution.

We perform experiments on each of the aforementioned synthetically gener-
ated graphs, and also by varying different parameters. In particular, we conduct
separate experiments for each of (a) varying the length of the walk (¢) as a func-
tion of n, (b) varying the number of nodes(n), (c¢) varying the length of the short
walk (A) stored by the preprocessing table, and (d) varying the number of short
walks stored from each node as a function of the parameter 7. For each of these,
we use certain default values when a specific parameter is being varied for a plot,

while others are held constant. The default values we use are n = 10,000, ¢ = n,

n=1,and A = V7.

Since we are interested in how many random walks of length ¢ can be
done in a continuous manner with small round and message complexity, this
translates to analyzing the utilization for one specific pre-processing table before
CONTINUOUS-RANDOM-WALK gets stuck and needs to invoke another call to
PRE-PROCESSING. In particular, to analyze the round complexity, we conduct
a set of experiments to evaluate x, the number of rows of the PRE-PROCESSING
table used before the algorithm fails (k plotted on the y-axis). As mentioned
in the previous section, this gives a bound of ¢/x on the round complexity. In
particular, if  is a constant, and large enough, this shows excellent utilization and
an asymptotically optimal round complexity. Similarly, for message complexity,
we explicitly conduct a second set of plots that calculates the message complexity

on the y-axis based on x and D, for easier visualization.

We plot graphs by varying each of the parameters ¢,n, A\,n. Each figure
contains fives lines, one for each of the above network models: For each of these

plot values, we perform ten different runs and then present the average value.
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Figure 2.1: Varying length of the walk £. n = 10K,n =1,\ = /¢

2.4.1 Short walk utilization factor

Varying /¢ [Figure: Here n is fixed at 10,000 and £ is varying as n®®, n%6, ... n!?;
A is V7 and n is 1. In this case we see that at least 50% of the pre-processed
short walk rows are used up. This utilization is even better for some of the graph
topologies such as G(n, p) and two-tier clustering graph and reaches around 80%.
Therefore, for the entire range of ¢ being small to very large, our algorithm per-
forms extremely well: In particular, s is a large constant and therefore the round
complexity and message complexity are close to optimal - i.e. within a constant

factor of the best possible.

Varying n [Figure : The number of nodes n is varying between 1000 and
10,000. We see that in all of the graphs, the utilization of pre-processed short
walks before the algorithm terminates is at least 60%. We also see that in some
of the graphs, the utilization is substantially higher. There even as the graph size

scales, our performance remains equally good.
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Varying 7 [Figure : We see that the used fraction of rows is increasing with
the number of short length walk 1. We see that even for small enough 7 of 1,
on all experiments, the utilization x on the y-axis is at least 0.6, or 60% of all
the short walks get used. This means that for each node v, the number of short
length walk d(v) log n suffice, therefore the round and message complexity remain

near-optimal as proved previously.
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Figure 2.4: Varying length of short walk \. n = 10K,/ =n,n=1

Varying \ [Figure : The default value of A is v/¢. In this plot, we vary A
from 0.25v/¢ to v/¢ in doubling steps. We see that the utilization roughly remains
the same throughout the plot. Even though the algorithm needs to choose A to
optimize for rounds and messages, this plot shows that for any of the values, it
performs well.

Summary of observed round complexity: To summarize the plots for
varying different parameters on the x-axis, we see that in all the plots, the value
of k on the y-axis is a constant and usually at least 0.5. Since « is 1 for optimal or

perfect utilization of the table, we see that for all parameter values, the utilization
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is only a small constant factor (around 2) away from the optimal. Therefore, the

round complexity, as proven in the previous section, increases only marginally.

2.4.2 Message complexity plots
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Figure 2.5: Varying length of the walk £. n = 10K,n=1,A =7

Varying ¢ [Figure : In this plot, we vary ¢ and note the message complex-
ity of the algorithm CONTINUOUS-RANDOM-WALK, per random walk SINGLE-
RANDOM-WALK request within it. For any walk ¢ the optimal number of mes-
sages would be / itself. Notice that in our plot also, all the lines (that is for all
the graphs) are very close to the x = y line, which is the optimal line. There-
fore, the efficiency of CONTINUOUS-RANDOM-WALK amortized is almost the best
possible.

Varying n [Figure : In this plot as well, since we use the default value
of { = n, the best possibility is for the message complexity to be n, which

corresponds to the x = y line. Notice that again for all the graphs, the lines



36 Chapter 2. Random Walk Sampling in Distributed Networks

—6— Regular Expander X
o -A- Power-law Graph ///
S | -+ 2-Tier Expander p7id
IS -%- Random Geometric /{’

—>-- Grid Graph 47

15000
|

Average number of messages per walk
10000

x=yline

5000

2000 4000 6000 8000 10000
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for message complexity, through the entire range, is almost the best possible; this
is because we get straight lines with the slope being very close to x = y line.
Varying n [Figure : As 7 is increased between 0.25 and 4, we see that the
message complexity reduces rapidly. It is expected that as the number of pre-
processing rows are increased, the efficiency would improve and therefore message
complexity also improves. This plots sharp decline, however, also suggests that
just a small enough 7 is also sufficient to drastically bring down the message
complexity close to optimal, regardless of what the graph topology is.

Varying A\ [Figure : This plot is very similar to that of varying n, here
we see again that as A is increased, the message complexity goes down rapidly.
Recall that here we are comparing different A values for a fixed ¢ value of n. Our
algorithm CONTINUOUS-RANDOM-WALK uses A = v/£ but we tried this plot with
even smaller values of A. As expected, the message complexity is high initially,
however, as ) is increased close to v/¢, the message complexity rapidly reduces,

and improves the algorithm performance substantially.
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Summary of observed message complexity: In the naive approach, while
each random walk requires O(f) messages, the round complexity is increased
significantly. At the other extreme, each random walk in [42] was round-efficient
but required Q(m) messages! Our algorithm of CONTINUOUS-RANDOM-WALK
achieves the best of both worlds by guaranteeing best-possible message and
round complexity for graph topologies. The experiments suggest that for a wide
range of parameters, the algorithm is able to answer each SINGLE-RANDOM-
WALK request in a continuous manner with very few messages or rounds. These
results corroborate our theoretical guarantees and highlight the practicality of

our technique.

2.5 Conclusion

We present near-optimal distributed algorithms for random walk sampling in
networks. Our algorithms are fully decentralized, lightweight, and easily imple-
mentable. Since node sampling is useful in various networking applications, our
algorithms can serve as building blocks in a variety of distributed networking

applications.



Chapter

Random Walks in Dynamic Networks
and Applications

In this chapter, we study random walks in dynamic networks in which the
network topology changes (arbitrarily) from round to roundﬂ. More precisely, we
investigate efficient distributed computation in this dynamic network via random
walks. The local and lightweight nature of random walks is especially useful
for providing uniform and efficient solutions to distributed control of dynamic
networks. Given their applicability in dynamic networks, we focus on developing
fast distributed algorithms for performing random walks in such networks.

We first present a rigorous framework for design and analysis of distributed
random walk algorithms in dynamic networks. We then develop a fast distributed
random walk algorithm that runs in O(v/7D) rounds (with high probability),
where T is the dynamic mizing time and D is the dynamic diameter of the
network respectively, and returns a sample close to a suitably defined stationary
distribution of the dynamic network.

Then we present a fast distributed algorithm for the fundamental problem

of information dissemination (also called as gossip) in dynamic networks. In

'This chapter is based on joint work with Atish Das Sarma and Gopal Pandurangan (which

appeared in Symposium on Distributed Computing 2012) and contains material from [36].

39
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gossip, or more generally, k-gossip, there are k pieces of information (or tokens)
that are initially present in some nodes and the problem is to disseminate the
k tokens to all nodes. We present a random-walk based algorithm that runs in

O(min{n'/3k*3(TD)'/3 kD}) rounds (with high probability).

3.1 Introduction

Random walks are useful in networks in various ways. The local and lightweight
nature of random walks make them especially attractive to dynamic networks.
They are particularly useful in providing uniform and efficient solutions to dis-
tributed control of dynamic networks [23],[03]. We show random walks as a power-
ful tool to design distributed algorithms for dynamic networks. For this, we focus
on two main goals of this chapter: (1) design fast distributed algorithms for per-
forming random walk sampling efficiently in dynamic networks, and (2) applying
random walks as a key subroutine to solve non-trivial distributed computation

problems in dynamic networks.

3.1.1 Outline of This Chapter

In the next section (Section we formally define the dynamic graph model,
distributed computing model we consider and some important parameters in
dynamic network. Section builds the random walk framework in dynamic
networks, and also defines the associated parameters. Section formally states
the problems and presents our results. Section talks about related work on
dynamic networks and random walks and gives a technical overview. In Section
3.5, we briefly discuss subsequent works which use our random work framework
in dynamic networks. The distributed random walk algorithm for single random
walk and the precise theorem statements are in Section [3.6} the corresponding
results for k random walks are in Section B.7. Information dissemination is

discussed in Section We conclude with a summary in Section [3.9]
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3.1.2 Network Model and Definitions

Dynamic Networks

We study a general model to describe a dynamic network with a fized set of
nodes. We consider an oblivious adversary which can make arbitrary changes
to the graph topology in every round as long as the graph is connected. Such
a dynamic graph process (or dynamic graph, for short) is also known as an
FEvolving Graph [9]. Suppose V' = {v1,vs,...,v,} be the set of nodes (vertices)
and G = (G, Gy, . .. be an infinite sequence of undirected (connected) graphs on V.
We write G; = (V, E;) where E; € 2%V is the dynamic edge set corresponding to
round t € N. The adversary has complete control on the topology of the graph at
each round, however it does not know the random choices made by the algorithm.
In particular, in the context of random walks, we assume that it does not know
the position of the random walk in any round (however, the adversary may know
the starting position)ﬂ. Equivalently, we can assume that the adversary chooses
the entire sequence (G;) of the graph process G in advance before execution of
the algorithm. This adversarial model has also been used in [9] in their study of

random walks in dynamic networks.

This model captures most interesting scenarios of dynamic networks, but most
natural problems are NP-complete such as finding strongly connected components
and the equivalence of minimum spanning tree [9, [47]. We say that the dynamic
graph process G has some property when each G; has that property. We assume
that each graph G, is connected and bounded degree graph i.e., the degree of
any node can be at most d, where d is a constant. However, for now, to make
it simpler, we will assume that each graph G, is d-regular. Later we will show

that our results can be easily generalized to apply to non-regular bounded degree

2Indeed, an adaptive adversary that always knows the current position of the random walk
can easily choose graphs in each step, so that the walk never really progresses to all nodes in

the network.
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graphs as well with only a constant factor slovvdownE] (cf. Section . Also we
will assume that each G, is non-bipartite. The assumption on non-bipartiteness
ensures that the mixing time is well defined, however this restriction can be
removed using a standard technique: adding self-loops on each vertices (e.g., see
[9]). Henceforth, we assume that the dynamic graph is a d-regular dynamic graph

unless otherwise stated (these two terms will be used interchangeably).

Model of Computation

We consider the CONGEST model of distributed computation, described in
Section [[.2l The communication network is an n-node dynamic graph process
G = Gy,Gs, ... Gy, ... Every node has limited initial knowledge such as its own
identity number and the identity numbers of its neighbors in G;. We further
assume that all nodes know n. The nodes are allowed to communicate through
the edges of the graph G in each round ¢ in synchronous rounds. In particular,
at the beginning of each round t, each node v is allowed to send a message of
size B bits through each edge e = (v,u) € F; that is adjacent to v. For the
sake of simplifying our analysis, we assume that B = O(log®n), although this is
generalizable/[]

While there are several measures of efficiency of distributed algorithms (cf.
Section , in this chapter we will focus only on running time, i.e. the number
of rounds of distributed communication.

Another key parameter affecting the efficiency of distributed computation
in a dynamic graph is its dynamic diameter (also called flooding time, e.g.,

see [15, 27]). The dynamic diameter (denoted by D) of an n-node dynamic graph

3In fact, our results can be generalized to apply to any graphs, albeit at the cost of slower

running time.
41t turns out that the per-round congestion in any edge in our random walk algorithm is

O(log®n) bits w.h.p. Hence assuming this bound for B ensures that the random walks can
never be delayed due to congestion. This simplifies the correctness proof of our random walk

algorithm (cf. Section W)
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G is the worst-case time (number of rounds) required to broadcast a piece of
information from any given node to all n-nodes. The worst-case is taken over
all the times starting from any instance G; to Gy, _, where t,,,, is polynomial
in n. In particular, we consider t = 1 (i.e., starting from the beginning) and
tmaz = O(n?), since the worst-case mixing time of any graph is O(n?). The
dynamic diameter can be much larger than the diameter (D) of any (individual)

graph Gy, however, it is bounded by n if the dynamic graph is connected.

3.2 Random Walks in a Dynamic Graph

In this section, we formalize the notion of random walk in a dynamic graph and
define and prove bounds on the dynamic mixing time.

Throughout this chapter, we assume the simple random walk in an undirected
graph: In each step, the walk goes from the current node to a random neighbor,
i.e., from the current node v, the probability to move in the next step to a neighbor
u is Pr(v,u) = 1/d(v) for (v,u) € E and 0 otherwise (d(v) is the degree of v).

A simple random walk on dynamic graph G is defined as follows: assume that
at time ¢ the walker is at node v € V', and let N (v) be the set of neighbors of v in
G, then the walker goes to one of its neighbors from N (v) uniformly at random.

Suppose we have a random walk v9 — v; — ... — v; on a dynamic graph
G, where vy is the starting vertex. Then we get a probability distribution P, on
vy starting from the initial distribution Py on vg. We say that the distribution
P, is stationary (or steady-state) for the graph process G if P,y = P; for all
t > r. It is known that for every (undirected) static graph G, the distribution
7(v) = d(v)/2m is stationary. In particular, for a regular graph the stationary
distribution is the uniform distribution. The mixing time of a random walk on a
static graph G is the time ¢ taken to reach “close” to the stationary distribution
of the graph. Similar to the static case, for a d-regular dynamic graph, it is easy

to verify that the stationary distribution is the uniform distribution. Also, for a
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d-regular dynamic graph, the notion of dynamic mizing time (formally defined in
Section is similar to the static case and is well defined as we show below.
We formally show (cf. Theorem in Section that the dynamic mixing
time is bounded by O(ﬁ log n) rounds, where A is an upper bound of the second
largest eigenvalue in absolute value of the transition matrix of any graph in G.
Note that O(1%5 logn) is also an upper bound on the mixing time of the graph
having A as its second largest eigenvalue [69] and hence the dynamic mixing time
is upper bounded by the worst-case mixing time of any graph in G, which will be
(henceforth) denoted by 7. Since the second eigenvalue of the transition matrix
of any regular graph is bounded by 1 — 1/n? (cf. Corollary , this implies
that 7 of a d-regular dynamic graph is bounded by O(n?) (cf. Section [3.2.1). In
general, the dynamic mixing time can be significantly smaller than this bound,
e.g., when all graphs in G have A bounded from above by a constant (i.e., they
are expanders — such dynamic graphs occur in applications e.g., [7, 65]), the

dynamic mixing time is O(logn).

3.2.1 Mixing Time of a Dynamic Graph

Definition 3.1 (Distribution vector). Let m,(t) define the probability distribution
vector reached after t steps when the initial distribution starts with probability 1

at node x. Let w denote the stationary distribution vector.

We define the dynamic mizing time of a d-regular dynamic graph G =
G4, Gy, ... as the maximum time taken for a simple random walk starting from
any node to reach close to the uniform distribution on the vertex set. Therefore
the definition of dynamic mixing time is similar to the static case. Let T be the
maximum mixing time of any (individual) graph G; in G. We show that dynamic
mixing time is well defined due to Theorem and monotonicity property of
distribution vector (cf. Lemma [3.2).

Definition 3.2 (Dynamic Mixing Time). Define T%(¢) (e-near mizing time for
source x) as T*(€) = mint : ||m,(t) — || < €. Note that m,(t) is the probability
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distribution on the graph Gy in the dynamic graph process {G; :t > 1} when the
initial distribution (m.(1)) starts with probability 1 at node x on Gy. Define T,%...

(mizing time for source x) = T*(1/2e) and Tpiy = max, T,?

e The dynamic
mizing time is upper bounded by T = max{mizing time of all the static graph
Gy =t > 1}. Notice that T > Tz in general (follows from Lemma and

Corollary[3.1]).

It is known that a simple random walk on regular, connected, non-bipartite

logn
1-X2

static graph have mixing time O( ), where Ay is the second largest eigenvalue
in absolute value of the graph. Interestingly, it turns out that a similar result
holds for dynamic graphs as well (as stated in Section[3.1.2] throughout we assume
a dynamic graph to be d-regular, connected, and non-bipartite). We show that

the mixing time of a simple random walk on a dynamic graph G = G1,Gos, ... is

O(lloff), where \ is an upper bound of the second largest eigenvalue in absolute

value of the graphs {G, : t > 1}.

Lemma 3.1. ([9,[69]) Let G be an undirected, connected, non-bipartite, d-reqular
graph on n wvertices and p = (p1,...,pn) be any probability distribution on its

vertices. Let Ag be the transition matriz of a simple random walk on G. Then,
1 - 1
Ipdc — 1) < 5a- o - 2|

where Ay = max;—y__,|\i| = max{\y, —\,} is the second largest eigenvalue in

absolute value.

Proof. Let Xi,Xs,..., X, be an orthonormal set of eigenvectors of As with
corresponding eigenvalues A\ > Ay > ... > \,. Since A is symmetric stochastic

matrix, Ay = 1 and X; = \/lﬁ and all eigenvectors and eigenvalues are real. Clearly,

1 1 1
o6 - 21 = oo - 2ag] = - 2)aq

Since p is a probability distribution, we can write it as p = 51 X1 + BoXo + ... +

B Xy, where B1,82,...,08, € R. Then 8 = p- X{ = inzlp, = \/iﬁ, so that
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5iXy = (2,1, L) Therefore, p— 1 =3%"" , 5,X;. Hence,

n’n’

Furthermore,

- 4]

Thus,

1 - 1
lpAc = || < X - flp =~ |
n n

An immediate corollary follows from the previous lemma:

Corollary 3.1. Let G = G1,Go, ... be a sequence of undirected, connected, non-
bipartite, d-reqular graphs on the same vertex set V. If py is the initial probability
distribution on V' and we perform a simple random walk on G starting from po,

then the probability distribution p; of the walk after t steps satisfies,
1 1
o= 2 < 3l - 2]

where X is an upper bound on the second largest eigenvalue in absolute value of

the graphs {Gy : t > 1}.

Theorem 3.1. For any d-regular, connected, non-bipartite, dynamic graph G, the
dynamic mizing time of a simple random walk on G is bounded by O(ﬁ logn),
where X is an upper bound of the second largest eigenvalue in absolute value of

any graph in G.
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Proof. Let the random walk start from a given vertex with distribution py =

(1,0,...,0). From Corollary and the fact that Hpo — %H = O(1) we have,
1
oo = —[| < A"
n
Fort:@(ﬁlogn),gives Hpt—%H < ﬁ. O

Corollary 3.2. ([69]) For any d-reqular, connected, non-bipartite, dynamic graph

G, the dynamic mizing time of a simple random walk on G is bounded by O(n*logn).

Proof. This follows from the fact that (1 — =) is an upper bound of the second
largest eigenvalue A, of the transition matrix of any undirected connected regular
graph on n-vertices. Let G be an undirected connected d-regular graph on n
vertices and Ag be the transition matrix of G. Suppose Ay > Ay > ... > A,

are the eigenvalues of Ag, then we show that for ¢ > 2.\, < 1 — # Note

that Ay = 1. Therefore, the normalized eigenvector corresponding to A\ = 1 is
X = \/Lﬁ(l, 1,...,1). Consider any normalized real eigenvector X 1 X; with its
eigenvalue . Hence, > "' ;22 =1 and Y . x; = 0, where X = (21, 2,...,2y,).
This implies that there exist £ and s with x; > 0 > x, such that at least one
of x; or x, has absolute value > 1/y/n. Therefore, x; — z, > 1/\/n. Let

s =1v — vy = ... = v, =t be the vertices on a shortest path from s to ¢

in G, such a path exist since G is connected. Consider X (I — Ag)X?. Then,

1
L-A=XI-Ae)XT=— > (2 —w)’
{ig}eb(G)
k-1
1
> C_Z ’ (mUi - xvi+1)2
i=1
1 k—1 2
> — (@, — Ty, +1)> [by Cauchy-Schwarz inequality]
d(k—1) (z:l
1 2
ah—1) e
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where kK — 1 < D, the diameter of the graph. Now it is a fact that the diameter
of any connected regular graph is bounded by O(%). Hence, A <1 — # O

3.2.2 Monotonicity property of the distribution vector

Let m,(t) define the probability distribution vector of a simple random walk
reached after ¢ steps when the initial distribution starts with probability 1 at
node z. Let 7m denote the stationary distribution vector. We show in the following

lemma that the vector m,(t) gets closer to m as t increases.
Lemma 3.2. |7, (t + 1) — 7|| < ||me(t) — 7]].

Proof. We need to show that the definition of mixing times are consistent, i.e.
monotonic in ¢, the walk length of the random walk. Let A be the transition
matrix of a simple random walk on a d-regular dynamic graph G which in fact
changes from round to round. The entries a;; of A denotes the probability of
transitioning from node 7 to node j. The monotonicity follows from the fact
that for any transition matrix A of any regular graph and for any probability

distribution vector p,
1 1
— Al <|lp— -]l
1(p = )All < [lp =~

This result follows from the above Lemma and the fact that Ay < 1.

1 1 1)
o)

Let 7 be the stationary distribution of the matrix A. Then 7 = (
This implies that if ¢ is e-near mixing time, then ||[pA’ — 7|| < €, by definition of
e-near mixing time. Now consider ||[pA“™! — x||. This is equal to [|[pA™ — wA||
since TA = m. However, this reduces to ||(pA* — ) A|| < |[pA* —7|| < e. Tt follows
that (¢ + 1) is e-near mixing time and |[pA"™t — || < ||pA® — 7||. O

3.3 Overview of Our Results

We formally state the problems and our main results.
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The Single Random Walk problem: Given a d-regular dynamic graph
G = (V, E;) and a starting node s € V, our goal is to devise a fast distributed
random walk algorithm such that, at the end, a destination node, sampled from
a T-length walk, outputs the source node’s ID (equivalently, one can require s to
output the destination node’s ID), where T is (an upper bound on) the dynamic
mixing time of G (cf. Section , under the assumption that G is modified
by an oblivious adversary (cf. Section [3.1.2). Note that this distribution will
be “close” to the stationary distribution of G (stationary distribution and 7 are
both well-defined — cf. Section[3.2.1]). Since we are assuming a d-regular dynamic
graph, our goal is to sample from (or close to) the uniform distribution (which
is the stationary distribution) using as few rounds as possible. Note that we
would like to sample fast via random walk — this is also very important for the
applications considered in this chapter. On the other hand, if one had to simply
get a uniform random sample, it can be accomplished by other means, e.g., it is
easy to obtain it in O(D) rounds (by using flooding).

For clarity, observe that the following naive algorithm solves the above prob-
lem in O(7T) rounds: The walk of length 7T is performed by sending a token for
T steps, picking a random neighbor in each step. Then, the destination node
v of this walk outputs the ID of s. Our goal is to perform such sampling with
significantly less number of rounds, i.e., in time that is sub-linear in 7, in the
CONGEST model, and using random walks rather than naive flooding techniques.
As mentioned earlier this is needed for the application discussed here. Our result

is as follows.

Theorem 3.2. The algorithm SINGLE-RANDOM-WALK (cf. Algorithm[f]) solves
the Single Random Walk problem in a dynamic graph and with high probability

finishes in O(/TD) rounds.

The above algorithm assumes that nodes have knowledge of 7 (or at least
some good estimate of it). (In many applications, it is easy to have a good

estimate of 7 when there is knowledge of the structure of the individual graphs
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— e.g., each G; is an expanders as in [7, 85].) Notice that in the worst case the
value of T is ©(n?), and hence this bound can be used even if nodes have no
knowledge. Therefore putting 7 = ©(n?) in the above Theorem [3.2 we see that
our algorithm samples a node from the uniform distribution through a random
walk in O(nvD) rounds w.h.p. Our algorithm can also be generalized to work
for non-regular dynamic graphs also (cf. Section [3.6.3).

We also consider the following extension of the Single Random Walk problem,
called the k Random Walks problem: We have k sources s1, So, ..., S, and we want
each of the x destinations to output an ID of its corresponding source, assuming
that each source initiates an independent random walk of length 7. (Equivalently,
one can ask each source to output the ID of its corresponding destination.) The

goal is to output all the ID’s in as few rounds as possible. We show that:

Theorem 3.3. The algorithm MANY-RANDOM-WALKS (cf. Algorithm[5) solves

the k Random Walks problem in a dynamic graph and with high probability finishes
in O <min{m, K+ T}) rounds, where Kk = O(@) and assuming that the
source nodes are chosen uniformly at random. If the source nodes are chosen
arbitrarily, then we show that the £ Random Walks problem (for any k) can be

solved in O(kv/TD) rounds with high probability.

Information dissemination (or k-gossip) problem In k-gossip, initially k
different tokens are assigned to a set V of n(> k) nodes. A node may have more
than one token. The goal is to disseminate all the k tokens to all the n nodes.
We present a fast distributed randomized algorithm for k-gossip in a dynamic
network. Our algorithm uses MANY-RANDOM-WALKS as a key subroutine; this
is the first sub-quadratic time fully-distributed token forwarding algorithm. In
particular, we present two algorithms for the k-gossip algorithm depending on
how the tokens are initially distributed among the (source) nodes.

If k tokens are initially situated among nodes (may not be distinct) arbitrarily

then we show the following result.
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Theorem 3.4. In dynamic graphs, the k-gossip problem can be solved with high
probability in O(min{knz(TD),kD}) rounds.

We present a more efficient algorithm if the source nodes (each of which has

a token to disseminate) are chosen uniformly at random:

Theorem 3.5. There is a distributed algorithm that solves the k-gossip problem
in a dynamic graphs with high probability in O(min{n3k3(TD)3,kD}) rounds,
assuming that each source node is the origin of one token and the source nodes

are chosen uniformly at random.

3.4 Related Work and Technical Overview

Dynamic networks. As a step towards understanding the fundamental com-
putational power in dynamic networks, recent studies (see e.g., [24} [46} [65, [66]
and the references therein) have investigated dynamic networks in which the net-
work topology changes arbitrarily from round to round. In the worst-case model
that was studied by Kuhn, Lynch, and Oshman [65], the communication links for
each round are chosen by an online adversary, and nodes do not know who their
neighbors for the current round are before they broadcast their messages. Unlike
prior models on dynamic networks, the model of [65] (like our model) does not
assume that the network eventually stops changing; therefore it requires that the
algorithms work correctly and terminate even in networks that change continually
over time.

The work of [9] studied the cover time of random walks in an dynamic graph
in an oblivious adversarial model. The cover time of a graph is the expected time
or number of steps taken by a random walk to visit all the nodes in the graph.
In a regular dynamic graph, they show that the cover time is always polynomial,
while this is not true in general if the graph is not regular — the cover time can
be exponential. However, they show that a lazy random walk (i.e., walk with self

loops) has polynomial cover time on all graphs. We also use a similar strategy
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to show that our distributed random walk algorithms can work on non-regular
graphs also, albeit at the cost of an increase in run time. While the work of
[9] addressed the cover time of random walks on dynamic graphs, this thesis is
concerned with distributed algorithms for computing random walk samples fast
with the goal towards applying it to fast distributed computation problems in
dynamic networks. The work of [28], studies the flooding time of Markovian

evolving dynamic graphs, a special class of dynamic graphs.

Distributed random walks. As mentioned earlier that our fast distributed
random walk algorithms are based on previous such algorithms designed for static
networks [42] (cf. Chapter [I). A main contribution of the work in this chapter
is showing that building on the approach of [42] yields speed up in random walk
computations even in dynamic networks. However, there are some challenging
technical issues to overcome in this extension given the continuous dynamic
nature. One key technical lemma (called the Random walk visits Lemma) that was
used to show the almost-optimal run time of O(\/@) does not directly apply to
dynamic networks. In the static setting, this lemma gives a bound on the number
of times any node is visited in an f-length walk, for any length that is not much
larger than the cover time. More precisely, the lemma states that w.h.p. any
node z is visited at most O(d(x)v/¢) times, in an (-length walk from any starting
node (d(x) is the degree of ). Here, we show that a similar bound applies to an
¢-length random walk on any d-regular dynamic graph (cf. Lemma . A key
ingredient in the above proof is showing that a technical result due to Lyons [75]
can be made to work on a dynamic graph.

Other recent work involving multiple random walks in static networks, but in
different settings include Alon et. al. [3], Elsésser et. al. [I6], and Cooper et al.
[31].

Information spreading. The main application of our random walks algorithm

is an improved algorithm for information spreading or gossip in dynamic networks.
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It gives the first sub-quadratic, fully distributed, token forwarding algorithm in
dynamic networks, partially answering an open question raised in [46]. Note
that the ‘sub-quadratic’ time is conditional upon some graph parameters such
as dynamic mixing time and dynamic diameter. Information spreading is a
fundamental primitive in networks which has been extensively studied (see e.g.,
[46] and the references therein). Information spreading can be used to solve
other problems such as broadcasting and leader election. Indeed, solving n-
gossip problem, where the number of tokens is equal to the number of nodes
in the network, and each node starts with exactly one token, allows any function
of the initial states of the nodes to be computed, assuming that the nodes know

n [65].

We focus on token-forwarding algorithms, which do not manipulate tokens in
any way other than storing and forwarding them. Token-forwarding algorithms
are simple, often easy to implement, and typically incur low overhead. [65] showed
that under their adversarial model, k-gossip can be solved by token-forwarding
in O(nk) rounds, but that any deterministic online token-forwarding algorithm
needs Q(nlog k) rounds. In [46], an almost matching lower bound of Q(nk/logn)

is shown.

The above lower bound indicates that one cannot obtain efficient (i.e., sub-
quadratic) token-forwarding algorithms for gossip in the adversarial model of [65].
This motivates considering other weaker (and perhaps more realistic) models of

dynamic networks.

[46] presented a polynomial-time offline centralized token-forwarding algo-
rithm that solves the k-gossip problem on an n-node dynamic network and runs
in O(min{nk, nv/klogn}) rounds with high probability. This is the first known
sub-quadratic time token-forwarding algorithm but it is not distributed, and fur-
thermore, the centralized algorithm needs to know the complete evolution of the
dynamic graph in advance. It was left open in [46] whether one can obtain a

fully-distributed and localized algorithm that also does not know anything about
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how the network evolves. In this thesis, we resolve this open question in the af-
firmative. Our algorithm runs in O(min{n'/3k*3(7D)"3 kD}) rounds with high
probability, where T is dynamic mixing time and D is dynamic diameter (cf.
Chapter [3). This is significantly faster than the O(kD)-round algorithm of [65]
as well as the above centralized algorithm of [46] when 7 is not too large. Note
that D is bounded by O(n) and in regular graphs 7 is O(n?) (O(n?®) in general
graphs) and so in general, our bounds cannot be better than O (kD).

We note that an alternative approach based on network coding was due
to [54] [55], which achieves an O(nk/logn) rounds using O(logn)-bit messages
(which is not significantly better than the O(nk) bound using token-forwarding),
and O(n+k) rounds with large message sizes (e.g., ©(nlogn) bits). It thus follows
that for large token and message sizes there is a factor Q(min{n, k}/logn) gap
between token-forwarding and network coding. We note that in our model we
allow only one token per edge per round and thus our bounds hold regardless
of the token size. For further references to using network coding for gossip and
related problems, we refer to the recent works of [8, 20] 43| 54, 55, [81] and the

references therein.

3.5 Overview of Subsequent Work

The random walk framework developed in this chapter has subsequently proved
useful in developing robust and efficient algorithms in dynamic networks. We

discuss two results below.

Storage and Search in Dynamic Peer-to-Peer (P2P) Networks. In this
work [5], we study the problem of storing, maintaining, and searching data in
dynamic P2P networks, which experience high adversarial node churn (i.e., nodes
can join and leave the network continuously over time). We develop distributed
storage and search algorithms which guarantee that a large number of nodes

in the network can store, retrieve, and maintain a large number of data items,
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despite high node churn rate. The key technical tool used in the above algorithm
is random walks. It shows how random walks can be used to derive scalable
distributed algorithms in dynamic networks with adversarial node churn. In
particular, the efficiency and robustness of the algorithms presented in [5], relies
(mainly) on a key technical theorem on random walks in dynamic networks with
churn — called the “Soup” Theorem. The theorem says that if all nodes generate
tokens and distribute them via random walks in a dynamic network then most
tokens do mix (despite large adversarial churn) and have the usual desirable
properties as in a static network. The proof of this soup theorem relies on
extending our random walk results of this chapter (which do not assume node

churn) to dynamic networks with node churn.

Fast Byzantine Agreement in Dynamic Networks. The work of [6]
studies dynamic networks with churn in the presence of Byzantine nodes. It
presents randomized distributed algorithms that guarantee almost-everywhere
Byzantine agreement with high probability under a large number of Byzantine
nodes and continuous adversarial churn in a polylogarithmic number of rounds.
This work also uses the random walk framework and results developed here.
In particular, it shows a “Dynamic Sampling” Theorem which characterizes the
properties of random walk tokens in dynamic networks with churn and byzantine

nodes.

3.6 Algorithm for Single Random Walk

3.6.1 Description of the Algorithm

We develop an algorithm called SINGLE-RANDOM-WALK (cf. Algorithm {f) for
d-regular dynamic graph (G = (V, E;)). The algorithm performs a random walk
of length 7 (the dynamic mixing time of G — cf. Section in order to sample

a destination from (close to) the uniform distribution on the vertex set V. We
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assume that nodes know the dynamic diameter D and the dynamic mixing time

T in our algorithm.

The high-level idea of the algorithm is to perform “many” short random walks
in parallel and later “stitch” the short walks to get the desired walk of length 7.
In particular, we perform the algorithm in two phases, as follows. For simplicity
we call the messages used in Phase 1 as “coupons” and in Phase 2 as “tokens”.
In Phase 1, we perform dlogn (d is degree of the graph) “short” (independent)
random walks of length A (to bound the running time correctly, we show later
that we do short walks of length approximately A, instead of A) from each node
v, where ) is a parameter whose value will be fixed in the analysis. This is done
simply by forwarding dlogn “coupons” having the ID of v from v (for each node

v) for A steps via random walks.

In Phase 2, starting at source s, we “stitch” (see Figure some of short
walks prepared in Phase 1 together to form a longer walk. The algorithm starts
from s and randomly picks one coupon distributed from s in Phase 1. We now
discuss how to sample one such coupon randomly and go to the destination vertex
of that coupon. This can be done easily as follows: In the beginning of Phase 1,
each node v assigns a coupon number for each of its dlogn coupons. At the end of
Phase 1, the coupons originating at s (containing ID of s plus a coupon number)
are distributed throughout the network (after Phase 1). When a coupon needs
to be sampled, node s chooses a random coupon number C' (from the unused set
of coupons) and informs the destination node (which will be the next stitching

point) holding the coupon C' through flooding.

Let C be the sampled coupon and v be the destination node of C. s then sends
a “token” to v (through flooding) and s deletes coupon C' (so that C' will not
be sampled again next time at s, otherwise, randomness will be destroyed). The
process then repeats. That is, the node v currently holding the token samples one
of the coupons it distributed in Phase 1 and forwards the token to the destination

of the sampled coupon, say v'. Nodes v,v" are called “connectors” — they are
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After Phase 1, many short walks of length A - [(}, A] are prepared. Starting at source, these walks get stitched. Connectors are the stitching points.

Connecny/{

Cohn tor-l\
m
Connector-5

Starting at source, these walks get stitched. Connectors are the stitching points. Destination, after sufficient stitches to cover ¢ steps
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Figure 3.1: Figure illustrating the Algorithm of stitching short walks together.
(Figure is taken from [42]).

the endpoints of the short walks that are stitched. A crucial observation is that
the walk of length A used to distribute the corresponding coupons from s to v
and from v to v' are independent random walks. Therefore, we can stitch them
to get a random walk of length 2\. We therefore can generate a random walk of
length 3)\ 4\, ... by repeating this process. We do this until we have completed
more than 7 — A steps. Then, we complete the rest of the walk by doing the

naive random walk algorithm.

To understand the intuition behind this algorithm, let us analyze its running

time. First, we claim that Phase 1 needs O(\) rounds with high probability.
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Recall that, in Phase 1, each node prepares dlogn independent random walks
of length A\ (approximately). We start with dlogn coupons from each node v at
the same time, each edge in the current graph should receive 2logn coupons in
the average case. In other words, at most logn coupons are sent through the
same edge. Therefore sending out (just) dlogn coupons from each node for A
steps will take O(\) rounds in expectation in our model. This argument can be
modified to show that we need O(\) rounds with high probability (see full proof
of the Lemma [3.4). Now by the definition of dynamic diameter, flooding takes
D rounds. We show that sampling a coupon can be done in O(D) rounds (cf.
Lemma and it follows that Phase 2 needs O(D- T /) rounds. Therefore, the
algorithm needs O(A 4+ D - T/)) which is O(v/TD) when we set A = /T D.

The reason the above algorithm for Phase 2 is incomplete is that it is possible
that dlogn coupons are not enough: We might forward the token to some node
v many times in Phase 2 and all coupons distributed by v in the first phase are
deleted. In other words, v is chosen as a connector node many times, and all its
coupons have been exhausted. If this happens then the stitching process cannot
progress. To fix this problem, we will show (in the next section) an important
property of the random walk which says that a random walk of length O(T) will
visit each node v at most O(dv/T) times (cf. Lemma . But this bound is
not enough to get the desired running time, as it does not say anything about
the distribution of the connector nodes when we chop the length 7 walk into
T /X pieces. There might be some periodicity that results in the same node being
visited multiple times but exactly at A-intervals. We use the following idea to
overcome it: Instead of nodes performing walks of length A\, each such walk ¢ does
a walk of length A\ +r; where r; is a random number in the range [0, A — 1]. Since
the random numbers are independent for each walk, each short walks are now of
a random length in the range [A,2\ — 1]. This modification is needed to claim
that each node will be visited as a connector only O(dv/T /) times (cf. Lemma
. This implies that each node does not have to prepare too many short
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Algorithm 4 SINGLE-RANDOM-WALK
Input: Starting node s, desired walk length 7 and dynamic diameter D.

Output: Destination node of the walk outputs the ID of s.

Phase 1: (Each node v performs dlogn random walks (d = deg(v)) of
length \ + r; where r; (for each 1 <i < dlogn) is chosen independently
at random in the range [0,\ — 1]. At the end of the process, there are
dlogn (not necessarily distinct) nodes holding a “coupon” containing

the ID of v.)

1: for each node v do

2:  Generate dlogn random integers in the range [0, A — 1], denoted by
71,72, Tdlogn-

3:  Construct dlogn messages containing its ID, a counter number and in
addition, the i-th message contains the desired walk length of A 4 r;. We will
refer to these messages created by node v as “coupons created by v”.

4: end for

5. for i =1 to 2\ do

6:  This is the i¢-th round. Each node v does the following: Consider each
coupon C' held by v which is received in the (i — 1)-th round. If the coupon
C’s desired walk length is at most 4, then v keeps this coupon (v is the desired
destination). Else, v picks a neighbor u uniformly at random for each coupon
C and forwards C' to u.

7. end for

Phase 2: (Stitch short walks by token forwarding. Stitch ©(7 /\) walks,
each of length in [\ 2\ — 1].)
1: The source node s creates a message called “token” which contains the ID of
S.
2: The algorithm will forward the token around and keep track of a set of

connectors, denoted by C'. Initially, C' = {s}.
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{algorithm continued...}

3: while Length of walk completed is at most 7 — 2\ do

4:  Let v be the node that is currently holding the token.

5: v samples one of the coupons distributed by v uniformly at random (by
randomly choosing one counter number from the unused set of coupons). Let
v’ be the destination node of the sampled coupon, say C'.

6: v sends the token to v’ through broadcast and deletes the coupon C.

7. C=CU{v}

8: end while

9: Walk naively until 7 steps are completed (this is at most another 2 steps)

10: A node holding the token outputs the ID of s

walks. It turns out that this aspect requires quite a bit more work in the dynamic
setting and therefore needs new ideas and techniques. The compact pseudo code

is given in Algorithm

3.6.2 Analysis

We first show the correctness of the algorithm and then analyze its time com-

plexity.

Correctness

Lemma 3.3. The algorithm SINGLE-RANDOM-WALK, with high probability,
outputs a node sample that is close to the uniform probability distribution on

the vertex set V.

Proof. We know (from Theorem that any random walk on a regular dynamic
graph reaches “close” to the uniform distribution at step 7T regardless of any
changes of the graph in each round as long as it is d-regular, non-bipartite

and connected. Therefore it is sufficient to show that SINGLE-RANDOM-WALK
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finishes with a node v which is the destination of a true random walk of length 7
on some appropriate dynamic graph from the source node s. We show this below
in two steps.

First we show that each short walk (of length approximately \) created in phase 1
is a true random walk on a dynamic graph sequence G1,Go, ..., G5 (5\ is some
approximate value of A). This means that in every step ¢, each walk moves to
some random neighbor from the current node on the graph G, and each walk is
independent of others. The proof of the Lemma shows that w.h.p there is
at most O(log®n) bits congestion in any edge in any round in Phase 1. Since
we consider CONGEST(log® n) model, at each round O(log®n) bits can be sent
through each edge from each direction. Hence effectively there will be no delay in
Phase 1 and all walks can extend their length from i to ¢+ 1 in one round. Clearly
each walk is independent of others as every node sends messages independently
in parallel. This proves that each short walk (of a random length in the range
[A, 2\ —1]) is a true random walk on the graph Gi, G, ..., G;.

In Phase 2, we stitch short walks to get a long walk of length 7. Therefore, the
T-length random walk is not from the dynamic graph sequence G1,Ga,...,Gr;
rather it is from the sequence:

G1,Ga,...,G5,G1,Ga,...,G5, ..., (T/X times approximately). The stitching
part is done on the graph sequence from G5, G5, ... onwards. This does not
affect the distribution of probability on the vertex set in each step, since the
graph sequence from G5, |, G5, .. is used only for communication. Also note
that since we define T to be the maximum of any static graph G,’s mixing time,
it clearly reaches close to the uniform distribution after 7 steps of walk in the
graph sequence G1,Gs,...,G5,G1,Gs, ..., G5, ..., (T /X times approximately).
Finally, when we stitch at a node v, we are sampling a coupon (short walk)
uniformly at random among many coupons (and therefore, short walks starting
at v) distributed by v. It is easy to see that this stitches short random walks

independently and hence gives a true random walk of longer length. Thus it
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follows that the algorithm SINGLE-RANDOM-WALK returns a destination node

of a T-length random walk (starting from s) on some dynamic graph. n

Time Analysis

We show the running time of algorithm SINGLE-RANDOM-WALK (cf. Theorem
3.2) using the following lemmas. Before going into the detailed proof, we give
a roadmap on how it goes. First we show that in the CONGEST model, each
node can perform dlogn short random walks of length A in parallel in O(\)
rounds w.h.p. Then it is easy to see that stitching two short walks can be done
in O(D) rounds, simply through flooding. Recall that there are approximately
T/ stitches to compute a walk of length 7 and it follows that Phase 2 needs
O(DT/A) rounds. Hence, overall time needed is O(A+DT /) rounds. Therefore,
choosing A = /T D gives the running time of algorithm SINGLE-RANDOM-WALK
as O(v/TD) rounds w.h.p. Now the main issue is whether this dlog n short walks
from each node would be sufficient to complete the stitching process. We show a
technical result (Lemma that bounds the number of visits (at most O(d(x)v/?)
times) to each node z in a random walk of length ¢. For this proof, we use the
Lyons lemma (see Lemma 3.4 in [75]), which also holds in the regular dynamic
graph. Then we show that in a d-regular dynamic graph, no node is visited more
than O(dv/T /)\) times as a connector node of a 7T-length random walk. Hence

dlogn short walks from each node would be sufficient.
Lemma 3.4. Phase 1 finishes in O(X) rounds with high probability.

Proof. In phase 1, each node v performs dlogn walks of length \. Initially all the
nodes start with dlogn coupons (or messages) and each coupon takes a random
walk. We prove that after any given number of steps j, the expected number of
coupons at node any v is still dlogn. At any round, every node has d-neighbors
connected with it. So at each step every node can send (as well as receive) d
messages. Now the number of messages started at any node v is proportional

to its degree and its stationary distribution (which is uniform). Therefore, in
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expectation the number of messages at any node remains the same. Thus in
expectation the number of messages, say X that go through an edge in any
round is at most 2logn (from both end points). Using Chernoff’s bound we get
(Pr[X > 4log®n] < 27%l°g» = p=4). It follows that the number of messages
can go through any edge in any round is at most 4log® n with high probability.
Hence there will be at most O(log3 n) bits w.h.p. in any edge per round . Since we
consider CONGEST(log®n) model, so there will be no delay due to congestion.
Hence, phase 1 finishes in O(\) rounds with high probability. O

Lemma 3.5. Sample-Coupon always finishes within O(D) rounds where D is the

dynamic diameter of the network.

Proof. The proof follows directly from the fact that through flooding one can
inform a message to all other nodes in the network. The flooding finishes in

diameter time. O

We note that the adversary can force the random walk to visit any particular
vertex several times. Then we need many short walks from each vertex which
increases the round complexity. We show the following key technical lemma
(Lemma that bounds the number of visits to each node in a random walk
of length ¢. In a d-regular dynamic graph, we show that no node is visited more
than O(dv/T /) times as a connector node of a T-length random walk. For this
we need a technical result on random walks that bounds the number of times a
node will be visited in a f-length (where ¢ = O(7)) random walk. Consider a
simple random walk on a connected d-regular dynamic graphs on n vertices. Let
NP (y) denote the number of visits to vertex y by time ¢, given the walk started
at vertex x. Now, consider k walks, each of length ¢, starting from (not necessary

distinct) nodes xq, 3, . . ., Tg.

Lemma 3.6. (RANDOM WALK VISITS LEMMA). For any nodes x1, s, ..., Ty,

k
Pr(3y s.t. ZNf(y) > 32 dvVkl+1logn+k) <1/n.
i=1
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To prove the above lemma we need to go through some key auxiliary results.
We start with the bound of the first moment of the number of visits at each node

by each walk.

Proposition 3.1. For any node z, node y and t = O(T),

EINZ(y)] < 8 dvi+ 1 (3.1)

To prove the above proposition, let P denote the transition probability matrix
of such a random walk and let 7 denote the stationary distribution of the walk.

The basic bound we use is the estimate from Lyons lemma (see Lemma 3.4
n [75]). We show below that the Lyons lemma also holds for a regular dynamic
graph.

Lemma 3.7. Let () denote the transition probability matrix of a d-regular dy-
namic graph, with self-loop probability o > 0.
Let ¢ = min{m(2)Q(x,y) :  #y and Q(x,y) > 0} > 0. Note that here c = -5,

as w is uniform distribution. Then for any vertex x and all k > 0, a positive

integer (denoting time),

QF(x,x) . 1 1
| () _1|Smm{acw/k+1’2a202(k+1)}'

Proof. Our approach follows the proof of Lyons lemma (Lemma 3.4 in [75]).
Let G = (V, E) be any d-regular graph and ) be the transition probability

matrix of it. Write
CQ(:C7 y) = W(.T)Qz(l', y)

and note that for (x,y) € E, we have

ez, y) = m(2) [Q(x, 2)Q(z, y) + Qz, y)Q(y, y)] > 2ac.

We write ¢2(V, ) for the vector space RY equipped with the inner product defined
by
(f1, o) =D fi(@) falw)m().

zeV
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We regard elements of R as functions from V to R. Therefore we will call
eigenvectors of the matrix () as eigenfunctions. Recall that the transition matrix
(@ is reversible with respect to the stationary distribution 7. The reason for

introducing the above inner product is due to the following claim.

Claim 3.1. Let Q be a reversible transition matriz with respect to w. Then
the inner product space ((*(V,7),(-,*)x) has an orthonormal basis of real-valued

eigenfunctions {fz}lj‘;‘1 corresponding to real eigenvalues {\;}.

Proof. Denote by (-,-) the usual inner product on RY, given by (fi, fo) =
Y sev Ji(@)fa(x). For a regular graph, @ is symmetric. The more general
proof is given in Lemma 12.2 in [69] where @ need not be symmetric. The
spectral theorem for symmetric matrices guarantees that the inner product space
(¢*(V, ), (+,-)) has an orthonormal basis {¢p, }';Ql such that ¢, is an eigenfunction
with the real eigenvalue A;. It is known that /7 is an eigenfunction of @
corresponding to the eigenvalue 1; we set ¢1 = /7 and \; = 1. If D, denote the
diagonal matrix with diagonal entries D, (z,z) = m(z), then Q = D%QD;%. Let

f; = D= ?¢;, then f; is an eigenfunction of @ with eigenvalue A;. In fact:
Qfj = QDx*¢; = Dr*(D2QDx*)pj = Dx*Qu; = D * Ajpj = Ai f;

Although the eigenfunctions { f;} are not necessarily orthonormal with respect to
the usual inner product, they are orthonormal with respect to the inner product
(.7 ')7r3 1 1

0ij = (i) = (DA fi, Di f3) = (fis f)m

the first equality follows since {¢,} is orthonormal with respect to the usual inner

product. O

Let £2(V, ) be the orthogonal complement of the constants in £2(V, ). Note
that 1 is an eigenfunction of @) and that ¢3(V, ) is invariant under Q. Now we
show in the following claim that each f has at least one nonnegative value and

at least one nonpositive value, such as f € 3(V, ).
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Claim 3.2. Let G be an undirected connected d-reqular graph on n wvertices
with transition matric Ag. Let \y > Xy > ... > )\, be the eigenvalues and
X1, X, ..., X, are the corresponding eigenvectors of Ag. Then for each eigen-
vector X;,i = 2,3,...,n, (other than Xy), has at least one negative and at least

one positive co-ordinate.

Proof. 1t is known that A\; = 1 and the normalized eigenvector corresponding to

A is X = \/Lﬁ(l, 1,...,1). The set of eigenvectors {X; : i = 1,2,...,n} form
a orthonormal basis of the eigenspace. Then for any normalized eigenvector
X e {X; :i=23,...,n}, we have X L X;. Hence, >/ j2? = 1 and

Yoo xi = 0, where X = (x1,x2,...,7,). This implies that there exist ¢ and

s such that z; > 0 > z,. O

Let xy be a vertex where |f| achieves its maximum. Then it follows from the

Claim B.2]

1 flloo = | f Zv y)|

(1‘ y)EE

gg > exwy)lf @) = fy)l/(2ac) (32)

z,yeV

where ||-||o denotes the supremum norm and the factor 1/2 arises from counting
each pair (z,y) in each order. Take f € (3(V, 7). Notice that >° . co(z,y) =
> ey ™(x) = 1. Thus, we have from equation (3.2)) by using Cauchy-Schwartz
inequality that

CaclfI% < 5 3 e )lf) — W)

z,yeV
=5 3 Sy
z,yeVv
- f (2)Q*(z,y)
z,yeV

+Zf Q*(z,y)

z,yeV
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By reversibility, 7(z)Q?*(x,y) = 7(y)Q*(y, ), and the first and last terms above

are equal to common value
1 1
5 Yo f@)Pa@)) Q% w,y) = 5 > f@)n(e).
zeV yev zeV
Therefore the above inequality becomes,

(200)?|f1% < D fl@)?n(e) =Y F@) [} f)Q(z, )] (x)

eV zeV yeVv

:(f7f)7r_(va2f)7r
= (I —=@)f, f)r

Alternatively, we may apply (3.2) to the function sgn(f)f?. Using the trivial
inequality

[sgn(s)s” — sgn(t)t*] < |s — t]-(|s| + [¢]).

valid for any real numbers s and ¢, we obtain that

(2a0)?|IflI% < (% Y el y)lf@) = fol- (f@)]+ If(y)!)>

< (; " alny)lf@) —f<y>12) - (% > alep)lf@]+ |f<y>|12)

= (L= Q). Fla - (T+Q)IfL If )=

by the Cauchy-Schwartz inequality and same algebra as above. Therefore, if

(f, )= < 1, we have 2(ac)?|| flI5, < (I—Q*)f, f)x-
Putting both these estimates together, we get

2(ac) max{2(| f|1%, I} < (M= Q)f, f)a (3.3)

for (f, f)r < 1. Now we show that the above inequality also holds for a regular
dynamic graph.

Claim 3.3. Let G = Gy, G, ... be a d-regular, connected dynamic graph with the

same set V' of nodes. Let Ag, be the transpose of the transition matriz of Gj.
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Let the column vector f = (p1,pa, ..., pa)L be any probability distribution on V.
Then
H(AGz+1 s AGl)fHOO < H(AGiAGifl s AGl)fHOO fOT alli > 1.

Proof. 1t is known that the transition matrix of any regular graph is doubly
stochastic and if a matrix @ is doubly stochastic then so is Q2.

Let (Ag,Ac,_, .. - Ag,)f = (pi,ph, ..., p )" and ||(Ag,Ac,_, - - Acy) fllee = max{p} :
[=1,2,...,n} = |p.| (say). Then

i+1AGi"'AG1 Z (11]]?], Z a?]pjw"? Z anjp§)T

JjEN(1 JEN(2 JEN(n)

(Ag

where N (v) is the set of neighbors of v and a;; is the ij-th entries of the matrix

Ac i Ac - Ac)f
is < |pi]. In fact for any I,

| D aupil < Y layllpfl < Ipil D ay = v,

JEN(I) JEN() JEN(I)

.11 We show that the absolute value of any co-ordinates of (A¢

since the matrix is doubly stochastic, the last sum is 1. O

Now apply the inequality (3.3) to Q'f for [ = 0,1,...,k. Summing these

inequalities and using Claim [3.3] we obtain,
k k

(k + 1)2(ac)® max{2(|Q" f%, |Q*flI5%} < 2(ac) max{2 )y Q'f|%, Y _IQ" fllx}
1=0 1=0

(I-Q)Q'f.Q'f)a

B

<

=0

(T=@)Q"f, f)x

0

=
(I=Q*)f. /e <1

ES |

for (f, f)= < 1. This shows that the norm of Q* : £2(V,w) — ¢°°(V) is bounded
by
By, == min{[(20c)*(k + 1)] V2, [(cc)?(2k 4 2)] 4}
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Let T : ¢*(V,m) — (2(V, ) be the orthogonal projection T'f := f—(f,1),1. Given
what we have shown, we see that the norm of Q*T : ¢V, 1) — ¢>(V) is bounded
by Bi. By duality, the same bound holds for TQ* : ¢*(V, ) — ¢*(V, ). Therefore
by composition of mapping we deduce that the norm of Q*TQ* : (*(V,7) —
(>=(V) is at most 57 and the norm of Q*T'Q**! : (*(V, 1) — (*(V) is at most
BrPr+1- Applying these inequalities to f := 1, /m(x) gives the required bound. [

For k£ = O(T) and small «, the above can be simplified to the following bound;
see Remark 3 in [75].

dr(y)  4d
Vk+1 VE+1

Q*(z,y) < (3.4)

Note that given a simple random walk on a graph G, and a corresponding
matrix P, one can always switch to the lazy version () = (I + P)/2, and interpret
it as a walk on graph G’, obtained by adding self-loops to vertices in G so as
to double the degree of each vertex. In the following, with abuse of notation we

assume our P is such a lazy version of the original one.

Proof of Proposition[3.1. Remember that the dynamic graph is G = G4, Ga, .. ..
Let Xy, Xy,... describe the random walk, with X; denoting the position of the
walk at time 7 > 0 on G;41, and let 14 denote the indicator (0-1) random variable,
which takes the value 1 when the event A is true. In the following we also use the
subscript = to denote the fact that the probability or expectation is with respect

to starting the walk at vertex x. First the expectation.

E[Ntx<y)] = EI[Z 1{X¢=y}] = Z Pi(x? y)

t

1

< 4dz —— (using the above inequality (3.4)))
imo Vit

<8dvt+1.
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Using the above proposition, we bound the number of visits of each walk at

each node, as follows.

Lemma 3.8. Fort = O(T) and any vertex y € G, the random walk started at x
satisfies:
v 1
Pr(N{(y) > 32 dv/t + 1logn) < 3

Proof. First, it follows from the Proposition that

1
Pr(Nj(y) >4-8dVit+1) < 1 (3.5)
For any r, let LZ(y) be the time that the random walk (started at x) visits
y for the r'* time. Observe that, for any r, N¥(y) > r if and only if L®(y) < t.
Therefore,

Pr(N{(y) = r) = Pr(Li(y) <1). (3.6)

Let r* = 32 dv/t + 1. By (3.5) and (3.6)), Pr(L%(y) <t) < ;. We claim that

" 1
Pl <02 (5) = (37)
To see this, divide the walk into logn independent subwalks, each visiting y
exactly 7* times. Since the event L}. ), ,(y) < t implies that all subwalks have

length at most ¢, (3.7)) follows. Now, by applying (3.6 again,
x « @ 1
Pr(Nt (y) 2 r logn) = Pr(LT* logn(y) S t) S ﬁ

as desired. O

We now extend the above lemma to bound the number of visits of all the

walks at each particular node.

Lemma 3.9. Fort = O(T), and for any vertex y € G, the random walk started

at x satisfies:

k
1
Pr() Nii(y) > 32 dVkt + 1logn + k) < -
1=1
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Proof. First, observe that, for any r,

k
Pr(z NFi(y) > — k) < Pr[NY(y) > 7).

To see this, we construct a walk W of length kt starting at y in the following way:
For each i, denote a walk of length ¢ starting at x; by W;. Let 7; and 7”; be the
first and last time (not later than time t) that W; visits y. Let W/ be the subwalk
of W; from time 7; to 7. We construct a walk W by stitching W{, W3, ..., W}
together and complete the rest of the walk (to reach the length kt) by a normal
random walk. It then follows that the number of visits to y by Wy, Ws, ..., Wy
(excluding the starting step) is at most the number of visits to y by W. The first
quantity is Zle N/ (y) — k. (The term ‘—k’ comes from the fact that we do not
count the first visit to y by each W, which is the starting step of each W/.) The

second quantity is N/, (y). The observation thus follows.

Therefore,
k
Pr() Nfi(y) > 32 dVkt + 1logn + k)
i=1
< Pr(NY,(y) > 32 dVkt + 1logn)
1
=
where the last inequality follows from Lemma |3.8| [

Now the Random Walk Visits Lemma (cf. Lemma follows immediately
from Lemma [3.9 by union bounding over all nodes.

The above lemma says that the number of visits to each node can be bounded.
However, for each node, we are only interested in the case where it is used as a
connector (the stitching points). The lemma below shows that the number of
visits as a connector can be bounded as well; i.e., if any node appears t times in

the walk, then it is likely to appear roughly ¢/X times as connectors.
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Lemma 3.10. For any vertex v, if v appears in the walk at most t times then
it appears as a connector node at most t(logn)?/\ times with probability at least

1—1/n?

Proof. Intuitively, this argument is simple, since the connectors are spread out in
steps of length approximately \. However, there might be some periodicity that
results in the same node being visited multiple times but exactly at A-intervals.
To overcome this we crucially use the fact that the algorithm uses short walks of
length A + r (instead of fixed length A) where r is chosen uniformly at random
from [0, A\ — 1]. Then the proof can be shown via constructing another process
equivalent to partitioning the 7 steps into intervals of A and then sampling points
from each interval.

The above statement can be analyzed by constructing a different process that
stochastically dominates the process of a node occurring as a connector at various
steps in the T-length walk and then using a Chernoff bound argument. For
complete proof we refer the Lemma 3.13 in [42], however, the proof follows easily

from the following two claims.

Claim 3.4. (Claim 3.14 in [{2]) Consider any sequence A of numbers ay, ..., ar of
length T'. For any integer X', let B be a SEQUENCE Qxrqry s QGon 4y 41y vy Qi dbrtotrss -
where r;, for any i, is a random integer picked uniformly from [0, N'—1]. Consider
another subsequence of numbers C of A where an element in C is picked from
from “every N numbers” in A; i.e., C consists of |[T'/N'| numbers ¢y, ca, ... where,
for any i, c; is chosen uniformly at random from ag_1)x41, QGi—1)n 42, - Qix -
Then, Pr[C contains a;,,a;,,...,a; }| = PrlB = {ai,aiy,...,a; }] for any set

{ail,aiz, ...,aik}.

Claim 3.5. (Claim 3.15 in [42]) Consider any sequence A of numbers ay, ..., ar
of length T'. Consider subsequence of numbers C of A where an element in C' is
picked from from “every N numbers” in A; i.e., C consists of |T"/N'| numbers

c1,Co, ... where, for any i, c¢; is chosen uniformly at random from the set of
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numbers ag_1)x+1, AGi—1)xN+2; ---, Gix' .. For any number x, let n, be the number
of appearances of x in A; i.e., n, = |{i | a; = x}|. Then, for any R > 6n, /N, z

appears in C' more than R times with probability at most 271,

Now we use the claim to prove the lemma. Choose 7V = T and X = )\
and consider any node v that appears at most ¢ times. The number of times it
appears as a connector node is the number of times it appears in the subsequence
B described in the claim. By applying the claim with R = ¢(logn)?, we have that
v appears in B more than ¢(logn)? times with probability at most 1/n?. ]

Now we are ready to prove the main result (Theorem of this section.

Theorem 3.6. The algorithm SINGLE-RANDOM-WALK (cf. Algorithm solves
the Single Random Walk problem and with high probability finishes in O(\/ TD)

rounds.

Proof. First, we claim, using Lemma and that each node is used as a

32 dv/T (logn)?

connector node at most 3

times with probability at least 1 — 2/n.
To see this, observe that the claim holds if each node z is visited at most
t(x) = 32 dv/T + 1logn times and consequently appears as a connector node
at most t(z)(logn)?/\ times. By Lemma [3.6, the first condition holds with
probability at least 1 —1/n. By Lemma and the union bound over all nodes,
the second condition holds with probability at least 1 — 1/n, provided that the
first condition holds. Therefore, both conditions hold together with probability
at least 1 — 2/n as claimed.

Now, we choose A = 32v/TD(logn)?. By Lemma (3.4, Phase 1 finishes in
O(\) = O(V/TD) rounds with high probability. For Phase 2, SAMPLE-COUPON is
invoked O(ZL) times (only when we stitch the walks) and therefore, by Lemma ,
contributes O(Z2) = O(v/TD) rounds.

Therefore, with probability at least 1 — 2/n, the rounds are O(v/TD) as

claimed. []



74 Chapter 3. Random Walks in Dynamic Networks and Applications

3.6.3 Generalization to Non-regular Dynamic Graphs

By using a lazy random walk strategy, we can generalize our results to work for
a non-regular dynamic graph also. The lazy random walk strategy “converts”
a random walk on an non-regular graph to a slower random walk on a regular

graph.

Definition 3.3. At each step of the walk pick a vertex v from V uniformly at
random and if there is an edge from the current vertex to the vertex v then we

move to v, otherwise we stay at the current vertex.

This strategy of lazy random walk in fact makes the graphs n-regular: every
edge adjacent to the current vertex is picked with the probability 1/n and with
the remaining probability we stay at the current vertex. Using this strategy,
we can obtain the same results on any non-regular graphs as well, but with a
factor of n slower. However, we can do better, if nodes know an upper bound
dpmae ON the maximum degree of the dynamic network. Modify the lazy walk
such that at each step, the walk stays at the current vertex u with probability
1 — (d(u)/(dmaz + 1)) and with the remaining probability goes to a neighbor
chosen uniformly at random. This only results in a slow down by a factor of d,, ..
compared to the regular case. Therefore, for a bounded degree dynamic graph
where each node’s degree is bounded by a constant d, the running time of our

algorithm can be affected only by a constant factor.

3.7 Algorithm for xk Random Walks

The previous section was devoted to performing a single random walk of length T
(mixing time) efficiently to obtain a sample from the stationary distribution. In
many applications, one typically requires a large number of random walk samples.
A larger amount of samples allows for a better estimation of the problem at hand.

In this section, we focus on obtaining several random walk samples. Specifically,
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we consider the scenario when we want to compute s independent walks each of
length 7 from different sources si, So, ..., s,. We show that SINGLE-RANDOM-

WALK (cf. Algorithm [4)) can be extended to solve this problem.

Algorithm 5 MANY-RANDOM-WALKS
Input: Source nodes sy, S, ..., S, (given from uniform distribution) and desired

walks length 7 and dynamic diameter D.
Output: Each destination node of the walk outputs the ID of its corresponding

source.

Case 1. When A > 7. [we assumed A = (32v/kT D + 1logn + k)(logn)?|
1: Run the naive random walk algorithm, i.e., the sources find walks of length
T simultaneously by sending tokens.
Case 2. When A < T.
Phase 1: (Each node v performs dlogn random walks of length A + r;
where r; (for each 1 < i < dlogn) is chosen independently at random
in the range [0,\ — 1]. At the end of the process, there are dlogn (not

necessarily distinct) nodes holding a “coupon” containing the ID of v.)

1: for each node v do

2:  Perform dlogn walks of length A\ + r;, as in Phase 1 of algorithm SINGLE-
RANDOM-WALK.

3: end for

Phase 2: (Stitch ©(7/\) short walks for each source node s;)

1: for j =1to x do

2:  Consider source s;. Use algorithm SINGLE-RANDOM-WALK to perform a
walk of length 7 from s,;.

3:  When algorithm SINGLE-RANDOM-WALK terminates, the sampled desti-
nation outputs ID of the source s;.

4: end for
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A trivial extension: One immediate approach is to run the SINGLE-RANDOM-
WALK algorithm for every source node sequentially. In this case, one can perform
as many random walks as needed (i.e., kK can be anything), even from a single
source node. The running time of the algorithm will be x times the running time
of the SINGLE-RANDOM-WALK algorithm. Recall that the running time of the
SINGLE-RANDOM-WALK algorithm is O(v/7 D) rounds. Therefore, in this case
the MANY-RANDOM-WALKS algorithm finishes in O(kv/7 D) rounds with high
probability.

A faster extension: We can extend the SINGLE-RANDOM-WALK algorithm
in a different way to present a faster algorithm if the source nodes are chosen
randomly with probability proportional to the node degrees. In particular,
the algorithm MANY-RANDOM-WALKS (pseudocode is given in Algorithm [5) to
compute k walks is essentially repeating the SINGLE-RANDOM-WALK algorithm
on each source with one common/shared phase, and yet through overlapping
computation, completes faster than the above bound. The crucial observation is
that we have to do Phase 1 only once and still ensure all walks are independent.

The high level analysis is following.

MANY-RANDOM-WALKS Let A = (32v/k7TD + 1logn + x)(logn)?. If A > T
then run the naive random walk algorithm. Otherwise, do the following. Do
Phase 1 once as before. Modify Phase 2 of SINGLE-RANDOM-WALK to create
multiple walks, one at a time; i.e., in the second phase, we stitch the short walks
together to get a walk of length T starting at s; then do the same thing for
S9, 83, and so on. We show that MANY-RANDOM-WALKS algorithm finishes in
0, <min{\//£7-—2), K+ T}) rounds with high probability. Moreover, the algorithm
is able to perform a constant fraction of % walks of length 7 if the source
nodes are chosen randomly with probability proportional to the node degrees.
Andlogn

(Note that it is possible to get =75 random walks, if we can use /stitch all the
short walks created in phase 1.) This result is stated in the Theorem (3.3 (Section



3.7 Algorithm for x Random Walks 77

3.3), and the formal proof is given below.

Theorem 3.7. Algorithm MANY-RANDOM-WALKS (cf. Algorithm [3]) finishes
in O (min{\/%T—D,/@jL’T}) rounds with high probability, where k = O(@)
random walks, assuming the source nodes are chosen randomly with probability
proportional to the node degrees (for a d-reqular dynamic graph, this means that

the source nodes are chosen uniformly at random,).

Proof. We first show the correctness of the algorithm. We show that the MANY-
RANDOM-WALKS algorithm samples a node from (close to) the uniform distri-
bution of the vertex set for every source node. In MANY-RANDOM-WALKS, we
create ‘short’ random walks (i.e., Phase 1) only once. Then for each source node,
we stitch those short walks together to get a walk of length 7. This is same as
repeating the SINGLE-RANDOM-WALK algorithm for each source node. Hence,
it follows from the correctness proof of the SINGLE-RANDOM-WALK algorithm
that the MANY-RANDOM-WALKS algorithm samples node from (close to) the

uniform distribution for every source node.

Recall that we assume A = (32y/k7 D + 1log n+k)(logn)?. First, consider the
case where A > 7. In this case, O(min{v&T D + s, VKT +x+T}) = OVKT +
k+T). By Lemma , each node z will be visited at most O(d(v/kT +k)) times.
Therefore, using the same argument as in proof of Lemma [3.4] the congestion is
O(V&T + k) with high probability. Since the dilation is 7, MANY-RANDOM-
WALKS takes O(vVKT 4 & + T) rounds as claimed. Since 2v/&T < k -+ T, this
bound reduces to O(xk + T).

Now, consider the other case where A < 7. In this case, O(min{v/x7TD +
ki, VET + 15+ T}) = O(WKTD + k). Phase 1 takes O(\) = O(V&TD + ). The
stitching in Phase 2 takes O(kTD/)\) = O(V&TD). Since kTD/\ > kD > &,
the total number of rounds required is O(v/kT D) as claimed.

We note that each node creates dlogn short walks of length A in Phase 1.
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So there are a total of ndlogn short walks of length A\. Moreover, a short walk
can not be reused to get a long walk. We use a technical result shown in [37]
that a constant fraction of all the short walks can be utilized (without reusing
the same short walk) to create long walks successfully (i.e., the stitching process
continues without exhausting short walks of any node) of length 7T if the source
nodes are chosen randomly proportional to the node degrees. Further, to perform
x random walks of length 7, the algorithm must successfully stitch 7 /A short
walks. Therefore, if we choose source nodes randomly proportional to the node
degrees then 7 /A can be up to a constant fraction of all the short walks, i.e.,

kT /A = O(ndlogn). Putting the value of A\ = (32v/xTD + 1logn + x)(logn)?,

we get kK = O(@). O

3.8 Application: Information Dissemination (or

k-Gossip)

While the previous sections focused on performing the fundamental primitive of
random walks efficiently in a dynamic network, in this section we show that these
techniques directly help in specific applications in dynamic networks as well. We
present a fully distributed algorithm for the k-gossip problem (defined in Section
in d-regular dynamic graph (cf. Algorithm [6). Our distributed algorithm
is based on the centralized algorithm of [46] which consists of two phases. The
first phase consists of sending some f copies (the value of the parameter f will
be fixed in the analysis) of each of the k tokens to a set of random nodes. We
use algorithm MANY-RANDOM-WALKS (cf. Section to efficiently do this. In
the second phase we simply broadcast each token t from the random places to
reach all the nodes. We show that if every node having a token ¢ broadcasts it
for O(nlogn/f) rounds, then with high probability all the nodes will receive the
token t.
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Algorithm 6 K-INFORMATION-DISSEMINATION
Input: A dynamic graph G : G, G, ... and k token in some nodes.

Output: To disseminate k tokens to all the nodes.

Phase 1: (Send f copies of each token to random places. f is chosen
appropriately in the analysis for two different cases)
1: Every node holding token ¢, sends f copies of each token to random nodes
using the algorithm MANY-RANDOM-WALKS.
Phase 2: (Broadcast each token for O(nlogn/f) rounds)
1: for each token t do
2:  For the next 2nlogn/ f rounds, let all the nodes that have token ¢ broadcast
the token.

3: end for

3.8.1 Analysis

First we prove a lemma which will guarantee that our algorithm disseminates the

tokens to all the nodes in the network correctly.

Lemma 3.11. Let S C V be the set of random nodes chosen from close to the
uniform distribution over V. Let all nodes in S contains a token t. If every node
having a token t broadcasts it for O(nlogn/|S|) rounds, then all the n nodes
receive the token t with high probability.

Proof. Let |S| = f. Fix a node v. Since the token ¢ is broadcast for 2nlogn/f
rounds, there is a set S’ of at least 2nlogn/f nodes from which v is reachable
within 2nlogn/f rounds. This follows from the fact that at any round at least
one uninformed node will be informed as the graph is (always) connected. It is
now clear that if S intersects S, v will receive token ¢. Suppose the elements of
the set S were sampled from the vertex set with probability 1/n+1/n? i.e., close

to the uniform distribution. So the probability that a single node w € S does
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not intersect S? is at most (1 — |SE[(L +5)) = (1— 2"1% x 251, Therefore the

probability that any of the f sampled nodes in S do not intersect S is at most
(1-— %)Jc < —2>7. Now using union bound, it follows that every node in

the network receives the token ¢ with high probability. O]

Next we analyze the running time of our k-gossip algorithm in two cases.

Case I First we consider the case where k tokens are initially situated among
nodes (may not be distinct) arbitrarily. For this, we use the trivial version
of MANY-RANDOM-WALKS algorithm to send the tokens to random places in
phase 1. We show that our proposed k-gossip algorithm finishes in O(lm% (TD)%)
rounds w.h.p. To make sure that the algorithm terminates in O(kD) rounds, each
node compares the running time of our algorithm and the naive algorithm (which
is simply broadcasting each of the k tokens sequentially; clearly this will take
O(kD) rounds in total) and run the faster one. (We assume that nodes know
the dynamic diameter D and the dynamic mixing time 7.) Moreover, nodes can
know the number of tokens k in O(D) rounds. Therefore, each node can easily
compare the running time. Thus the claimed bound in Theorem holds. The

formal proof is given below.

Theorem 3.8. In dynamic networks, the k-gossip problem can be solved with

high probability in O(min{kn2 (TD)1,kD}) rounds.

Proof. We run both the naive and our proposed algorithm (cf. Algorithm [)) in
parallel. Since the naive algorithm finishes in O(kD) rounds, therefore we con-
centrate here only on the round complexity of our proposed algorithm.

In Phase 1, we send f copies of each k token to random nodes which means we are
sampling k f random nodes from uniform distribution. We assumed that any node
may want to disseminate information (even multiple pieces) to all other nodes.
Therefore, we use the trivial MANY-RANDOM-WALKS algorithm which is just
repeating the SINGLE-RANDOM-WALK algorithm for each source node. The run-

ning time of this trivial MANY-RANDOM-WALKS algorithm is O(k+v/7T D) rounds
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to perform x random walks. Hence, Phase 1 of K-INFORMATION-DISSEMINATION
takes O(kf+/TD) rounds to sample kf random nodes.

Now consider a particular token ¢t. Let S be the set of nodes which has the
token t after phase 1. Suppose the MANY-RANDOM-WALKS algorithm samples
nodes with probability 1/n + 1/n? which means that each node in S is sampled
with probabilityﬂ 1/n 4+ 1/n?. Now we can apply the above Lemma and
conclude that in phase 2, every node in the network receives the token ¢ with
high probability. Therefore, Phase 2 uses knlogn/f rounds and sends all the k
tokens to all the nodes with high probability. Therefore the algorithm finishes
in O(kfVTD + kn/f) rounds. Choosing f = n2/(TD)1 gives the bound as
O(kn2(TD)1). Hence, the k-gossip problem can be solved with high probability
in O(min{knz(7D)1,kD}) rounds. O

Case II Now we consider the case where source nodes (each of which has one
token to disseminate) are chosen from a specific distribution. In particular, we
assume nodes are chosen randomly proportional to the node degrees, i.e., from the
uniform distribution in our model. In this case, we present a more sophisticated
algorithm for k-gossip problem. We use the faster MANY-RANDOM-WALKS
algorithm which runs in O <min{m, K+ ’T}) rounds to perform x random
walks (cf. Theorem [3.7)).

We show that our proposed k-gossip algorithm finishes in O(n3k3(7D)3)
rounds w.h.p. Again to make sure that the algorithm terminates in O(kD) rounds,
we run the above algorithm in parallel with the naive algorithm and stop when
one of the two algorithms stop. Thus the claimed bound in Theorem holds.

The formal proof is given below.

Theorem 3.9. In dynamic networks, the k-gossip problem can be solved with

high probability in O(min{n%kg(TD)é, kD}) rounds.

5The algorithm MANY-RANDOM-WALKS samples nodes from close to the uniform distribu-
tion and this can be made arbitrarily close to uniform by increasing the length of walk by a

suitable constant factor.
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Proof. We run both the naive and our proposed algorithm (cf. Algorithm @ in
parallel. Since the naive algorithm finishes in O(kD) rounds, therefore we con-
centrate here only on the round complexity of our proposed algorithm. Hence we
assume that our algorithm has better running time in the following analysis, i.e.,
we assume niki(TD)s < kD.

In Phase 1, we send f copies of each of the k tokens to random nodes which means
we are sampling kf random nodes from uniform distribution. Since the source
nodes are chosen uniformly at random, we can use the faster MANY-RANDOM-
WALKS algorithm to efficiently do it. The MANY-RANDOM-WALKS algorithm
can sample a constant fraction of @ nodes (cf. Theorem . Therefore,
repeating the MANY-RANDOM-WALKS algorithm by at most a constant number
of times (before starting the Phase 2 of K-INFORMATION-DISSEMINATION algo-

rithm), we can sample "22 2 nodes. Hence Phase 1 takes O(y/kfT D) rounds and

tokens in random places.

n2d?D

can send at most =

Now fix a token t. Let S be the set of nodes which has the token t after
Phase 1. Then using the Lemma [3.11] as above, we can say that in Phase 2,
every node in the network receives the token ¢ with high probability. Therefore,
Phase 2 uses knlogn/f rounds and sends all the k tokens to all the nodes with
high probability. Hence the algorithm finishes in O(v/EfT D + kn/f) rounds.
Choosing f = n3k3 /(TD)3 gives the bound as O(n3k3(7TD)3). Hence, the k-
gossip problem can be solved with high probability in O(min{n3k3(7D)3, kD})

rounds.

The only thing left is to show that kf < O(@). This is because in Phase 1,

. . 242
using MANY-RANDOM-WALKS algorithm we can sample at most %

Therefore, kf which is n3k3 /(TD)3 must be less than @. We show that this

nodes.

is true even for k = n, the largest value of k. In fact, it is easy to see that
n3ks /(TD)3 is less than @ if T < d®D?, assuming k = n. As assumed in
the beginning of the proof, n3k3(7TD)3 < kD, which gives T < kD2 /n which is

always less than d*D? for any k. O]
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Remark 3.1. Our proposed algorithm has better running time than the naive
algorithm when T < D3/n* in Case 1. In Case II it is better when T < kD?/n
(where, T is dynamic mizing time and D is dynamic diameter of the network).
Further, we note that a typical version of the k-gossip problem where k = n and
every node contains a token to disseminate to all other nodes in the network can
be solved by appealing to Case 11. In particular, the running time for this version

will be within a polylogarithmic factor of the Case 11 running time.

3.9 Conclusion

We presented fast and fully decentralized algorithms for performing random walks
in distributed dynamic networks. Our algorithms satisfy strong round complexity
guarantees and the work presents robust techniques for this fundamental graph
primitive in dynamic graphs. We further extend the work to show how it can be
used for efficient sampling and other applications such as token dissemination.
Our bounds for the token dissemination problem improve on previously best
known algorithms under a suitably general dynamic graph model. The frame-
work and results have also been used subsequently in other dynamic network

applications as well [5] [6].

The work of this chapter opens several interesting research directions. In
the recent years, several fundamental graph operatives are being explored in
various distributed dynamic models, and it would be interesting to explore
further along these lines and obtain new approaches for identifying sparse cuts
or graph partitioning, and similar spectral quantities. For instance, it remains
open whether the random walk techniques and subsequent bounds presented
in this chapter are optimal. Specifically, are the bounds for the information
dissemination problem tight? If yes, can one improve upon the bounds for
somewhat more restrictive dynamic graph models? These algorithmic ideas may

be useful building blocks in designing fully dynamic self-aware distributed graph
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systems (where random walk techniques are helpful [93]).



Chapter

Distributed PageRank Computation

This chapter focuses on distributed PageRank computation] PageRank is the
steady state distribution (or the top eigenvector of the Laplacian) corresponding
to a slightly modified random walk process from the standard random walk.
In distributed computing, PageRank vector, or more generally random walk
based quantities have been used for several different applications ranging from
determining important nodes, load balancing, search, and identifying connectivity

structures.

We derive fast random walk-based distributed algorithms for computing PageR-
ank in general graphs and prove strong bounds on the round complexity. We first
present a distributed algorithm that takes O(logn/e) rounds with high probabil-
ity on any graph i.e., directed or undirected, where n is the network size and e
is the reset probability used in the PageRank computation (typically € is a fixed
constant). We then present a faster algorithm that takes O(y/logn/e¢) rounds
in undirected graphs. Both of the above algorithms are scalable, as each node

processes and sends only polylogn number of bits per round.

!This chapter is based on joint work with Atish Das Sarma, Gopal Pandurangan and Eli

Upfal and contains material from [39].

85
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4.1 Introduction

PageRank has emerged as a very powerful measure of relative importance of nodes
in a network over the last decade. The term PageRank was first introduced in
[21], B3] where it was used to rank the importance of webpages on the Web.
Since then, PageRank has found a wide range of applications in a variety of
domains within computer science such as distributed networks, data mining,
Web algorithms, and distributed computing [17, 19, 29, [67]. Since PageRank
is essentially the steady state distribution corresponding to a slightly modified
random walk process, it is an easily defined quantity.

While there has been work on performing random walks efficiently in dis-
tributed networks [13], B4], surprisingly, little theoretically provable results are
known towards efficient distributed computation of PageRank vector. A naive
way to compute PageRank of nodes in a distributed network is simply scaling
iterative PageRank algorithms to distributed environment. But this is firstly not
trivial, and secondly expensive even if doable. As each iteration step needs com-
putation results of previous steps, there needs to be continuous synchronization
and several messages may need to be exchanged. Further, the convergence time
may also be slow. It is important to design efficient and localized distributed al-
gorithms as communication overhead is more important than CPU and memory
usage in distributed page ranking. In this chapter, we design fully decentralized

algorithms for efficiently computing PageRank vector in distributed networks.

4.1.1 Outline of This Chapter

In the next Section we formally state the results achieved in this chap-
ter. Section talks about the considered computing model and Section [4.1.4]
defines the PageRank basics with an overview of technical approach. The first
distributed algorithm for PageRank computation in general graphs and the pre-

cise results are in Section[4.2] Then a faster algorithm for PageRank computation
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in undirected graphs is presented in Section 4.3 We conclude with a summary
in Section .4

4.1.2 Overview of Our Results

We present the first provably efficient fully decentralized algorithms for estimating
PageRank vectors under a variety of settings. Our algorithms are scalable, since
each node processes and sends only polylogn bits per round. Specifically, our

contributions are as follows:

e We present an algorithm, BASiC-PAGERANK-ALGORITHM (cf. Algorithm
, that computes the PageRank accurately in O(*%2%) rounds with high

€

probability, where n is the number of nodes in the network and € is the
random reset probability in the PageRank random walk [10, 13|, [34]. Our
algorithm works for any arbitrary network i.e., directed as well as for

undirected network.

e We present an improved algorithm, IMPROVED-PAGERANK-ALGORITHM
(cf. Algorithm , that computes the PageRank accurately in undirected
graphs and terminates with high probability in O(@) rounds. We note

that though PageRank is usually applied for directed graphs (e.g., for

the World Wide Web), it is sometimes also applied in connection with
undirected graphs as well [4], 53] 59, 87, 01] and is non-trivial to compute

(cf. Section . In particular, it can be applied for distributed networks

when modeled as undirected graphs (as is typically the case, e.g., in P2P

network models).

We note that the IMPROVED-PAGERANK-ALGORITHM requires only O(log®n)
bits to be sent per round per edge, whereas the BASIC-PAGERANK-ALGORITHM

requires only O(logn) bits per round per edge.
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4.1.3 The Model of Computation

We consider almost similar distributed computing model as described in Section
1.2l  The communication network is an unweighted, connected n-node graph
G = (V,E). Each node has limited initial knowledge. Specifically, we assume
that each node is associated with a distinct identity number. At the beginning of
the computation, each node v accepts as input its own identity number which is
of length O(logn) bits and the identity numbers of its neighbors in G. Further,
we assume a node v can communicate with any node u if v knows the id of uf]
Initially, each node knows only the ids of its neighbors in G. We assume that
the communication occurs in synchronous rounds, i.e., nodes run at the same
processing speed and any message that is sent by some node v to its neighbors in
some round 7 will be received by the end of round r. In each round, each node is
allowed to send a message of size polylogn bits through each communication link
(this applies to both communication via an edge in the network as well as direct

communication). We will only focus on the running time of the algorithms.

4.1.4 PageRank Background

We formally define the PageRank of a graph G = (V| E). Let € be a small
constant which is fixed (e is called the reset probability, i.e., with probability
€, the random walk starts from a node chosen uniformly at random among all
nodes in the network). The PageRank of a graph (e.g., see [10} [13] 17, [34]) is the
stationary distribution vector m of the following special type of random walk: at
each step of the walk, with probability ¢ the random walk starts from a randomly

chosen node and with remaining probability 1 — ¢, it follows a randomly chosen

2This is a typical assumption in the context of P2P and overlay networks, where a node
can establish communication with another node if it knows the other node’s IP address. We
sometimes call this direct communication, especially when the two nodes are not neighbors in
G. Note that our algorithm of Section 4.2 uses no direct communication between non-neighbors

in G.
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outgoing (neighbor) edge from the current node and moves to that neighborﬂ
Therefore the PageRank transition matrix on the state space (or vertex set) V

can be written as
Pz(E)JJr(l—e)Q (4.1)
n

where J is the matrix with all entries 1 and @) is the transition matrix of a simple
random walk on G defined as );; = 1/k, if j is one of the k > 0 outgoing links of
7, otherwise 0.

Computing the PageRank vector and its variants efficiently in various com-
putation models has been of tremendous research interest in both academia and
industry. There are mainly two broad approaches to computing PageRank (e.g.,
see [12]). One is to using linear algebraic techniques, (e.g., the Power Iteration
[83]) and the other approach is Monte Carlo [10]. In the Monte Carlo method, the
basic idea is to approximate PageRank by directly simulating the corresponding
random walk and then estimating the stationary distribution with the performed
walk’s distribution. In [10], Avrachenkov et al. proposed the following Monte
Carlo method for PageRank approximation: Perform K random walks (accord-
ing to the PageRank transition probability) starting from each node v of the
graph G. For each walk, terminate the walk with its first reset instead of moving
to a random node. Then, the frequencies of visits of all these random walks to
different nodes will approximate the PageRank. Our distributed algorithms are

based on the above method.

4.2 A Distributed Algorithm for PageRank

We present a Monte Carlo based distributed algorithm for computing PageRank
vector of a network [I0]. The main idea of our algorithm (formal pseudocode is

given in Algorithm (7)) is as follows. Perform K (K will be fixed appropriately

3We sometime use the terminology “PageRank random walk” for this special type of random

walk process.
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later) random walks starting from each node of the network in parallel. In each
round, each random walk independently goes to a random outgoing neighbor
with probability 1 — e and with the remaining probability (i.e., €) terminates in
the current node. Henceforth, we call such a random walk a ‘PageRank random
walk’. In [10], this random walk process is shown to be equivalent to one based
on the PageRank transition matrix P, defined in Section [4.1.4] It is easy to
see that picking each node as starting point for the same number of times (i.e.,
restarting walks according to the uniform distribution) accounts for the (e/n).J
term in Equation 4.1} and between any two restarts, we just have a simple random
walk that terminates with probability € in each step — which accounts for the
(1 — €)@ term. Since € is the probability of termination of a walk in each round,
the expected length of every walk is 1/e and the length will be at most O(logn/e¢)
with high probability. Let every node v count the number of visits (say, ¢,) of
all the walks that go through it. Then, after termination of all walks in the
network, each node v computes (estimates) its PageRank 7, as 7, = % Notice
that % is the (expected) total number of visits over all nodes of all the nK
walks. The above idea of counting the number of visits is a standard technique to
approximate PageRank (see e.g., [10, 13]). We want to note that our algorithm in

this section does not require any direct communication between non-neighbors.

We show in the next section that the above algorithm approximates PageRank
vector 7 accurately (with high probability) for an appropriate value of K. The
main technical challenge in implementing the above method is that performing
many walks from each node in parallel can create a lot of congestion. Our
algorithm uses a crucial idea to overcome the congestion. We show that (cf.
Lemma that there will be no congestion in the network even if we start a
polynomial number of random walks from every node in parallel. The main idea
is based on the Markovian (memoryless) properties of the random walks and the
process that terminates the random walks. To calculate how many walks move

from node ¢ to node j, node 7 only needs to know the number of walks that
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Algorithm 7 BASIC-PAGERANK-ALGORITHM

Input (for every node): Number of nodes n, number of walks K = clogn (where
c= % and ¢’ is defined in Section , reset probability e.
Output: Approximate PageRank of each node.

[Each node v starts clogn walks. All walks keep moving in parallel until they

terminate. The termination probability of each walk is ¢, so the expected

length of each walk is 1/e.]

1:
2:

10:

11:
12:
13:
14:

15:
16:

Each node v creates clogn messages, say coupons C1,Cs,...,Celogn-
Each node also maintains a counter (, for counting the visits of random walks to

it. Set (, = 0.

:fori=1,2,...do

This is i-th round. Each node v holding at least one (alive) coupon does the
following in parallel:
for each coupon C held by v (locally) do // li-e., the coupons which
received by v in the (i — 1)-th round.]
Generate a random number r € [0, 1].
if r < € then
Terminate the coupon C.
else
Select an outgoing neighbor uniformly at random, say u. Add T,) := T,/ + 1.
// [the variable T)! indicates the number of coupons (or random walks) chosen to
move to the neighbor u from v in the i-th round. 7}) is reset to 0 in the beginning
of every round.]
end if
end for
Send the coupon counter number 7}V to the respective outgoing neighbors u.
Each node uw computes: Cu = Cu + > en(u) Lo //[the quantity
Y e N Tl is the total number of visits of random walks to u in i-th round (from
its neighbors).]

end for
Cue

cnlogn”

Each node v outputs its PageRank as
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reached it. It does not need to know the sources of these walks or the transitions
that they took before reaching node 7. Thus it is enough to send the count of
the number of walks that pass through a node. The algorithm runs till all the
walks are terminated. It is easy to see that it finishes in O(logn/e€) rounds with
high probability, this is because the maximum length of any walk is O(logn/e)
w.h.p. Then every node v outputs PageRank as the ratio between the number of
visits (denoted by ¢,) to it and the total number of visits (2£) over all nodes of

all the walks. We show that our algorithm computes approximate PageRanks in

O(logn/e) rounds with high probability (cf. Theorem [4.2)).

4.2.1 Analysis

— Cue

Our algorithm computes the PageRank of each node v as 7, = 2%

and we say
that 7, approximates original PageRank m,. We first focus on the correctness of

our approach and then analyze the running time.

4.2.2 Correctness of PageRank Approximation

The correctness of the above approximation follows directly from the main result
of [I0] (see Algorithm 4 and Theorem 1) and also from [I3] (Theorem 1). In
particular, it is mentioned in [10] [13] that the approximate PageRank value is
quite good even for K = 1. It is easy to see that the expected value of 7, is m,
(formal proof is given in [10]). Now it follows from the Theorem 1 in [13] that 7,

is sharply concentrated around its expectation m,, i.e.,
Pr[| 7, — m, |> om,] < e K™Y (4.2)

where ¢’ is a constant depending on € (the reset probability) and 6. We included

the proof of the theorem below for the sake of completeness.

Theorem 4.1 (Theorem 1 in [13]). Pr[| 7, — 7, |> dm,] < e K™
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Proof. For simplicity we first show the result assuming K = 1. For general value
of K, it will follow in the similar way. Fix an arbitrary node v. Define X, to be
€ times the number of visits to v in the walk started at u, Y, to be the length of
this walk, W, = €Y,,, and =, = E[X,]. Then, X,’s are independent, 7, = %
and hence 7, = m, 0 < X, <W,, and E[W,] = 1. Then it follows easily that,

n

E[etXu] S qu[eth] + 1 — Tu S €7x“(1*E[€tW“])

Thus,

E[emﬁ”] Hu E[etX“] Hu e—xu(l—E[eth})
etn(1+6)my - etn(1+8)m  — etn(1+8)my

e—nm,(l—E[etWD
_ ) _ e—nwv(1+t(1+5)—E[etW]) < e—mruzs’
etn 149)my —

Pr(7, > (14 6)m,]

IA

where W = €Y is a random variable with Y having geometric distribution with
parameter ¢, and &' = 1 + (1 + 6) — E[e!"] is a constant depending on ¢ and e,
and can be found by optimization over ¢.

The proof for the other direction Pr[7, < (1 — 0)m,] is similar. O

From the above bound (cf. Equation , we see that for K = 5,2;;)5;,
Pr[| #, — m, |> 0m,] < n~2 for any v, where 7,3, is minimal PageRank. Using
union bound, it follows that there exist a node v such that Pr[| 7, — m, |> dm,] is
at most |V|n=? = 1/n. Hence, for all nodes v, | 7, — m, |< dm, with probability

at least 1 — 1/n, i.e., with high probability. This implies that we get a o-

2logn
5ln7r'min ’

approximation of the PageRank vector with high probability for K =
Note that § can be arbitrary. Since the PageRank of any node is at least €/n

(i.e., the minimal PageRank value, m,;, > €/n), so it gives K = 21;%. For

2

5, which is constant assuming 0 (and hence ¢') and

simplicity we define that ¢ =
e are constant. Therefore, it is enough if we perform clogn PageRank random
walks from each node. We note that while this value of K is sufficient to guarantee
a constant approximation of the PageRanks, our algorithm permits a larger value
of K, allowing for tighter approximation with the same running time (follows

from Lemma [4.1] below). Now we focus on the running time of our algorithm.



94 Chapter 4. Distributed PageRank Computation

4.2.3 Time Complexity

From the above section we see that our algorithm is able to compute the PageRank
vector 7 in O(logn/e) rounds with high probability if we perform clogn walks
from each node in parallel without any congestion. The lemma below guarantees
that there will be no congestion even if we do a polynomial number of walks in

parallel.

Lemma 4.1. The algorithm can be implemented such that the message size is at

most O(logn) per each edge in every round.

Proof. 1t follows from our algorithm that each node only needs to count the
number of visits of random walks to itself. Since random walks are Markovian
processes, it is sufficient to send the count of random walk coupons traversing an
edge in a given round. Since the total number of random walk coupons in the
network is polynomially bounded, O(logn) bits suffice. Therefore, our algorithm
simply sends the count, i.e., the number of coupons traversing an edge in every
round. O]

Theorem 4.2. The algorithm BASIC-PAGERANK-ALGORITHM (cf. Algorithm

logn
€

@) computes a d-approximation of the PageRanks in O(*2%) rounds with high

probability for any constant §.

Proof. The algorithm outputs the RageRanks when all the walks terminate. Since
the termination probability is €, in expectation after 1/e steps, a walk termi-
nates and with high probability (via a Chernoff bound) the walk terminates in
O(log n/€) rounds. By the union bound [77], all walks (they are only polynomially
many) terminate in O(logn/e) rounds with high probability. Since all the walks
are moving in parallel and there is no congestion (follows from the Lemma ,
all the walks in the network terminate in O(logn/¢) rounds with high probability.
Hence the algorithm is able to output the PageRanks in O(logn/¢) rounds with
high probability. The correctness of the PageRanks approximation follows from

[10), 13] as discussed earlier in Section [4.2.2] O



4.3 A Faster Distributed PageRank Algorithm (for Undirected
Graphs) 95

4.3 A Faster Distributed PageRank Algorithm
(for Undirected Graphs)

We present a faster algorithm for PageRanks computation in undirected graphs.
Our algorithm’s time complexity holds in the bandwidth restricted communica-
tion model, requires only O(log®n) bits to be sent over each link in each round.

We use a similar Monte Carlo method as described in Section 4.2 to estimate
PageRank. This says that the PageRank of a node v is the ratio between the
number of visits of PageRank random walks to v itself and the sum of all the
visits over all nodes in the network. In the previous section (cf. Section we
show that in O(logn/€) rounds, one can approximate RageRank accurately by
walking in a naive way on general graph. We now outline how to speed up our
previous algorithm (cf. Algorithm [7)) using an idea similar to the one used in
[42]. In [42], it is shown how one can perform a standard (simple) random walk
in an undirected graph of length ¢ in O(v/¢D) rounds w.h.p (D is the diameter
of the network). Recall that the high level idea of their algorithm is to perform
‘many’ short walks in parallel and later ‘stitch’ them to get the desired longer
length walk. To apply this idea in our case, we modify our approach accordingly
as speeding up (many) PageRank random walks is different from speeding up one
(standard) random walk. We show that our improved algorithm (cf. Algorithm
approximates PageRank in O(@) rounds.

4.3.1 Description of Our Algorithm

In Section[4.2] we showed that by performing O(logn) walks (in particular we are
performing clogn walks, where ¢ = %, 0" is defined in Section of length
logn/e from each node, one can approximate the PageRank vector = accurately
(with high probability). In this section we focus on the problem of how efficiently
one can perform ©(nlogn) walks (O (logn) from each node) each of length logn/e

and count the number of visits of these walks to different nodes. Throughout, by
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“random walk” we mean the “PageRank random walk” (cf. Section [4.2).

The main idea of our algorithm is to first perform ‘many’ short random walks
in parallel and then ‘stitch’ those short walks to get the longer walk of length
logn/e and subsequently ‘count’ the number of visits of these random walks
to different nodes. In particular, our algorithm runs in three phases. In the
first phase, each node v performs d(v)n (d(v) is degree of v) independent ‘short’
random walks of length A in parallel. The value of the parameters n and A
will be fixed later in the analysis. This is done naively by forwarding d(v)n
‘coupons’ having the ID of v from v (for each node v) for A steps via random
walks. The intuition behind performing d(v)n short walks is that the PageRank
of an undirected graph is proportional to the degree distribution [53]. Therefore
we can easily bound the number of visits of random walks to any node v (cf.
Lemma . At the end of this phase, if node u has k coupons with the ID of
a node v, then v is a destination of k walks starting at v. Note that just after
this phase, v has no knowledge of the destinations of its own walks, but it can
be known by direct communication from the destination nodes. The destination
nodes (at most d(v)n) have the ID of the source node v. So they can contact the
source node via direct communication. We show that this takes at most constant
number of rounds as only polylogarithmic number of bits are sent (since n will be
at most O(log” n/e), as shown later). It is shown that the first phase takes O(2)
rounds with high probability (cf. Lemma .

In the second phase, starting at source node s, we ‘stitch’ some of the A-length
walks prepared in first phase (note that we do this for every node v in parallel as
we want to perform O(logn) walks from each node). The algorithm starts from
s and randomly picks one coupon distributed from s in Phase 1. We now discuss
how to sample one such coupon randomly and go to the destination vertex of
that coupon. One simple way to do this is as follows: In the end of Phase 1, each
node v knows the destination node’s ID of its d(v)n short walks (or coupons).

When a coupon needs to be sampled, node s chooses a random coupon number C'
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(from the unused set of coupons) and informs the destination node (which will be
the next stitching point) holding the coupon C' (by direct communication, since
s knows the ID of the destination node at the end of the first phase). Let v be
the destination node of C'. The source s then sends a ‘token’ to v and s deletes
the coupon C' (so that C' will not be sampled again next time at s, otherwise,
randomness will be destroyed). The process then repeats. That is, the node v
currently holding the token samples one of the coupons it distributed in Phase 1
and forwards the token to the destination of the sampled coupon, say u. Nodes
v, u are called ‘connectors’” — they are the endpoints of the short walks that are
stitched. A crucial observation is that the walk of length A used to distribute the
corresponding coupons from s to v and from v to u are independent random walks.
Therefore, we can stitch them to get a random walk of length 2\. We therefore
can generate a random walk of length 3\, 4\, ... by repeating this process. We
do this until we have completed a length of at least ((logn/e) — A\). Then, we
complete the rest of the walk by doing the naive random walk algorithm. We

show that Phase 2 finishes in O(IO/\% + A) rounds (cf. Lemma .

In the third phase we count the number of visits of all the random walks to a
node. As we have discussed, we have to create many short walks of length A from
each node. Some short walks may not be used to make the long walk of length
logn/e. We show a technique to count all the used short walks’ visits to different
nodes. Remember that after completion of Phase 2, all the ©(nlogn) long walks
(O(logn) from each node) have been stitched. During stitching (i.e., in Phase
2), each connector node (which is also the end point of the short walk) should
remember the source node of the short walk. Now start from the each connector
node and do a walk in reverse direction (i.e., retrace the short walk backwards)
to the source node in parallel. During the reverse walk, simply count the visits
to nodes. It is easy to see that this will take at most O(A) rounds with high
probability (cf. Lemma . Now we analyze the running time of our algorithm

IMPROVED-PAGERANK-ALGORITHM. The compact pseudo code is given below
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Algorithm 8 IMPROVED-PAGERANK-ALGORITHM

Input (for every node): Number of nodes n, walks K = clogn (where ¢ = & and

&' is defined in Section [4.2.2), reset probability ¢, short walk length A = y/logn.

Output: Approximate PageRank of each node.

Phase 1: (Each node v performs d(v)n = d(v)log? n/e random walks of length
A = logn. At the end of this phase, there are d(v)log?n/e (not necessarily

distinct) nodes holding a ‘coupon’ containing the ID of v.)

1:
2:

10:
11:

12:
13:

14:
15:

for each node v do
Construct d(v) log? n/e messages C = (ID,, \). // [messages containing
nodes ID and the desired walk length of A\ = /logn. We will refer to these messages

created by node v as ‘coupons created by v’.]

. end for

for i =1to A do

This is the i-th iteration. Each node v holding at least one coupon does the
following in parallel:

for each coupon C held by v do // [i-e., the coupons which received by
v in the (i — 1)-th iteration.]

Generate a random number 7 € [0, 1].
if r < € then
Terminate the coupon C and keep the coupon as then v itself is the desti-
nation.
else
pick a neighbor u uniformly at random for the coupon C and forward C' to
u.
end if
end for
{Note that an iteration could require more than 1 round, because of congestion}
end for
Each destination node sends its ID to the source node, as it has the source node’s

ID now. // [destination nodes hold the short random walk coupon(s) C

and contact the source nodes through direct communication. |
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{algorithm continued...}

Phase 2: (Stitch short walks by token forwarding. Stitch ©(y/logn/¢) walks,
each of length +/logn)

16:

17:

18:

19:

20:

21:

22:
23:

Each node v creates K = clogn messages called “tokens” which contain the ID
of v as source node. // [The algorithm will forward the token around and
keep track of a set of connectors (stitching points).]

for i =1 to (ylogn/e — 1) do

This is i-th round. Each node v holding at least one token does the following in
parallel:

Consider each token held by v which is received in the (¢ — 1)-th round. v
samples one of the coupons distributed by v (in Phase 1) uniformly at random
from the unused set of coupons. If the sampled coupon survives further, let u be
the destination node of the coupon. Add T}Y := T + 1. // [the variable T/
indicates the number of tokens (or stitching requests) chosen to move to u from v
in the i-th round. T}! is reset to 0 in the beginning of every round.|
{Note that a coupon or short walk may not survive up to logn/e length.}

v sends the token counter number 7)Y to u and deletes all the corresponding
coupons. // [this is done by direct communication, requires O(logn) bits.]

Each node u stores the count U” =U" + > T. //[sum up these counts
TY for each sender separately for backtracking in Phase 3.]
end for
Walk naively from the last sampled coupon’s destination until all the nK tokens
terminate. // [this will be at most another A\ = y/logn steps, since the

maximum length of each walk is at most logn/e w.h.p.]

Phase 3: (Counting the number of visits of short walks to a node)

1:
2:

Each node w maintains a counter (,, to keep track of the number of visits of walks.
Each node u which stored UV as stitching requests from some node v in Phase 2,

does the following in parallel:

: For all such nodes v, u uses the budget of short walks that came from this sender

v (in Phase 1) and traces all the short random walks in reverse.

: Count the number of visits to any node w during this reverse tracing and add to

Cw- Count the visits by ‘naively walking’ walks.

: Each node v outputs its PageRank 7, as Coe

cnlogn*®
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in Algorithm [§]

4.3.2 Analysis

First we are interested in the value of 7 i.e., how many coupons (short walks) do
we need from each node to successfully answer all the stitching requests. Notice
that it is possible that d(v)n coupons are not enough (if 7 is not chosen suitably
large): We might forward the token to some node v many times in Phase 2 and all
coupons distributed by v in the first phase may be deleted. In other words, v is
chosen as a connector node many times, and all its coupons have been exhausted.
If this happens then the stitching process cannot progress. To fix this problem,
we use an easy upper bound of the number of visits to any node v of a random
walk of length ¢ in an undirected graph: d(v)¢ times. Therefore each node v will
be visited as a connector node at most O(d(v)f) times with high probability. This
implies that each node does not have to prepare too many short walks.

The following lemma bounds the number of visits to every node when we
do ©(logn) walks from each node, each of length logn/e (note that this is the

maximum length of a long walk, w.h.p).

Lemma 4.2. [feach node performs ©(logn) random walks of length logn/e, then

d(v)log?n
()6g )

no node v is visited more than O( times with high probability.

Proof. We show the above bound on the number of visits still holds if each node
v performs O(d(v)logn) random walks of length logn/e. Suppose each node v
starts O(d(v)logn) simple random walks in parallel. We claim that after any
given number of steps 7, the expected number of random walks at node v is still
©(d(v)logn). Consider the random walk’s transition probability matrix A. Then,
Ax = x holds for the stationary distribution x having value %, where m is the
number of edges in the graph. Now the number of random walks started at any
node v is proportional to its stationary distribution, therefore, in expectation, the

number of random walks at any node after i steps remains the same. We show this
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is true with high probability using Chernoff bound technique, since the random
walks are independent. For each random walk coupon C, any i = 1,2,... logn/e,
and any vertex v, we define Wi (v) to be the random variable having value 1 if
the random walk C'is at v after i’ step. Let W' (v) = > 1.0 dom wai We(v), 1e.,
Wi(v) is the total number of random walks are at v after i** step. By Chernoff

bound, for any vertex v and any ¢,
Pr[Wi(v) > 18d(v)logn] < 273d®)leen < =3,

It follows that the probability that there exists an vertex v and an integer
1 < i <logn/esuch that W(v) > 18d(v)logn is at most [V/(G)|(logn/e)n™> < +
since |V(G)| = n and logn/e < n. Therefore, W(v) < 18d(v)logn for all v and
for all 4, with high probability.

Now, if each node starts ©(logn) independent random walks that terminate
with probability € in each step, the number of random walks to any node v
is dominated from above by O(d(v)logn). This is because there will be no
more than nlogn random walk coupons in the network in each step. Therefore,
the total number of visits by all random walks to any node v is bounded by

O(d(v)log®n/e) w.h.p., since there are total of logn/e steps. O

It is now clear from the above lemma (cf. Lemma that n = O(log®n/e)
i.e., each node v has to prepare O(d(v)log® n/¢) short walks of length A in Phase
1. Now we show the running time of algorithm (cf. Algorithm using the

following lemmas.
Lemma 4.3. Phase 1 finishes in O(2) rounds.

Proof. 1t is known from Lemma that in Phase 1, each node v performs
O(d(v)log®n/e) walks of length X\. Assume that initially each node v starts
with d(v)log®n/e coupons (or messages) and each coupon takes a random walk
according to the PageRank transition probability. Now, in the similar way we

showed in Lemma that after any given number of steps j (1 < 7 < A),
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the expected number of coupons at any node v is d(v)log®n/e. Therefore, in
expectation the number of messages, say X, that want to go through an edge
in any round is at most 2log?n/e (from the two end points of the edge). This
is because the number of messages, the edge receives from its one end node,
say u, in expectation is exactly the number of messages at u divided by d(u).
Using Chernoff bound we get, Pr[X > 24log?n/e] < 2418 n/c < =4 By union
bound we get that there exists an edge and an integer 1 < j < A such that the
probability of X > 24log”n/e is at most |E(G)[An~* < 1 since |[E(G)| < n* and
A < n. Hence the number of messages that go through any edge in any round is
at most 24log®n/e = O(log® n/e) with high probability. So the message size will
be at most O(log® n/e) bits w.h.p. over any edge in each round, as the source IDs
(each of size logn) are required to be sent. Since our considered model allows
polylogarithmic (i.e., O(log® n)) bits messages per edge per round, we can extend
all the random walk’s length from ¢ to length ¢ + 1 in O(1/e€) rounds. Therefore,
for walks of length X it takes O()\/€) rounds as claimed. O

Lemma 4.4. One stitching step from each node always finishes within O(1)

rounds.

Proof. Each node knows all of its short walks’ (or coupons’) destination address.
Each time when a source or connector node wants to stitch, it randomly chooses
its unused coupons created in Phase 1. Then it contacts the destination nodes
(holding the coupons) through direct communication and informs the destination
nodes as the next connector node or stitching point. Note that each node only
sends the count of stitching requests to the destination nodes. Therefore, O(logn)
bits suffice. Since the network allows O(log®n) congestion, this will finish in

constant rounds. O
Lemma 4.5. Phase 2 finishes in O(l(’/\% + A) rounds.

Proof. Phase 2 is for stitching short walks of length A to get a long walk of length
O(logn/e). Therefore it needs to stitch approximately O(logn/\e) times. Since
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each stitch can be done in constant number of rounds (cf. Lemma {4.4)) and the

naive walking in parallel can take at most A rounds, Phase 2 finishes in O(lo)i” +A)

rounds. [l
Lemma 4.6. Phase 3 finishes in O(\) rounds.

Proof. Each short walk is of length A. Phase 3 is simply tracing back the short
walks. So it is easy to see that we can perform all the reverse walks in parallel in
O(\) rounds (same as the time to do all the short walks in parallel in Phase 1).
Due to Lemmal[4.3 and the fact that each node can communicate a log® n number

of bits in every round, it follows that Phase 3 finishes in O(\) rounds. O]
Now we are ready to show the main result of this section.

Theorem 4.3. The IMPROVED-PAGERANK-ALGORITHM (cf. Algorithm [§)
computes PageRanks accurately with high probability and finishes in O(—Vloeg")

rounds.

Proof. The algorithm IMPROVED-PAGERANK-ALGORITHM consists of three phases.
We have calculated above the running time of each phase separately. Now we
want to compute the overall running time of the algorithm by combining these
three phases and by putting appropriate value of parameters. By summing up
the running time of all the three phases, we get from Lemmas [4.3] [4.5 and
that the total time taken to finish the IMPROVED-PAGERANK-ALGORITHM is

O(% + loin + 2)) rounds. Choosing A = y/logn, gives the required bound as

O(ean) u

€

4.4 Conclusion

In this chapter, we have presented fast distributed algorithms for computing
PageRank, a measure of fundamental interest in networks. Our algorithms are

Monte-Carlo and based on the idea of speeding up random walks in a distributed
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network. Our faster algorithms take time only sub-logarithmic in n which can be
useful in large-scale, resource-constrained, distributed networks, where running
time is especially crucial. Since they are based on random walks, which are
lightweight, robust, and local, they can be amenable to self-organizing and

dynamic networks.



Chapter

Distributed Sparse Cuts Computation

In this chapter, we focus on developing fast distributed algorithms for computing
sparse cuts in networksﬂ Recall that, given an undirected n-node network G with
conductance ¢, the goal is to find a cut set whose conductance is close to ¢.

We present two distributed algorithms that find a cut set with sparsity O(v/@).
Recall that O hides polylogn factors. Both algorithms work in the CONGEST
distributed computing model and output a cut of conductance at most O(\/a)
with high probability, in O(%(é + n)) rounds, where b is balance of the cut of
given conductance. In particular, to find a sparse cut of constant balance, our
algorithms take O(é + n) rounds. Our algorithms can also be used to output
a local cluster, i.e., a subset of vertices near a given source node, and whose
conductance is within a quadratic factor of the best possible cluster around the
specified node. Both our distributed algorithm can work without knowledge of the
optimal ¢ value and hence can be used to find approximate conductance values
both globally and with respect to a given source node. We also give a lower
bound on the time needed for any distributed algorithm to compute any non-
trivial sparse cut — any distributed approximation algorithm (for any non-trivial

approximation ratio) for computing sparsest cut will take Q(y/n + D) rounds,

!This chapter is based on joint work with Atish Das Sarma and Gopal Pandurangan and

contains material from [3§].
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where D is the diameter of the graph.

5.1 Introduction

Developing distributed algorithms for computing key metrics of a communication
network is an important research goal with various applications. Network proper-
ties — which depend on the collective behavior of nodes and links — characterize
global network performance such as routing, sampling, information dissemina-
tion, etc. These in turn depend on topological properties of the network such
as high connectivity, low diameter, high conductance, and good spectral prop-
erties [49]. The above properties, all of which are critical, need to be measured
periodically. Having a highly-connected network is good for fault-tolerance and
reliable routing, since a packet can be routed via many disjoint paths. Low diam-
eter ensures that packets can be routed quickly with short delay. Conductance
measures how “well-knit” the network is; it determines how fast a random walk
converges to the stationary distribution — known as the mixing timeﬂ Conduc-
tance is related to the expansion, spectral gap, and mixing time of a graph. High
expansion and spectral gap means that the graph has fast mixing time. Such
a network supports fast random sampling which has many applications [42] and
low-congestion routing [49].

In this chapter, we focus on developing fast distributed algorithms for comput-
ing sparse cuts in networks. We note that computing the minimum conductance
cut — the one with conductance ¢ of the network— is NP-hard [76]. We present
two distributed algorithms that find a cut set with sparsity O(y/¢). Our al-
gorithms can be useful in efficiently finding sparse cuts (and their conductance
values) and critical edges (the edges crossing sparse cuts) in distributed net-

works, which in turn can be helpful in the design, analysis, and maintenance of

2 It is known that conductance (¢), mixing time (7,n:;), and spectral gap (1 — A2, where

A2 is the second largest eigenvalue of the transition matrix) are related to each other [60]:

=50 < Timia < 158 and O(1 — Xp) < ¢ < O(VI = Ay).
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topologically- (self Jaware networks. In particular, the work of [49] shows how crit-
ical edges can be used to design algorithms to improve search, reduce congestion
in routing, and for keeping the graph well-connected (topology maintenance).
Such algorithms can be useful in the design and deployment of reconfigurable
networks whose topology can be changed by rewiring edges such as peer-to-peer
networks and wireless mesh networks. The paper [25] studied information spread-
ing where they used a generalized notion of conductance as a key tool. In fact,
the conductance helps to identify bottlenecks in the network and thus achieves
fast information spreading.

Our approach, on a high-level, is based on efficiently implementing the meth-
ods of Lovdsz and Simonovits [4, [7T, 89]. This method uses random walks to
estimate the probability distribution of such walks terminating at nodes. This
probability distribution can then be used to identify sparse cuts. Our first algo-
rithm uses standard random walks (cf. Section [5.2)). Our second algorithm is
a variant of the first one which uses random walks with reset to a given source

node, in other words, it computes personalized PageRank (cf. Section .

5.1.1 Model, Notations and Definitions

This chapter also consider the standard CONGEST model of computation.
We refer Section for detailed description. To remind briefly, we assume
the communication network as an undirected, unweighted®, connected graph
G = (V, E) with |V| = n,|E| = m. Initially, every node has limited knowledge.
In every round nodes can communicate with its neighbors by sending a message
of size at most O(logn). We only focus on the running time, i.e. the number
of rounds of distributed algorithms. Recall that in the CONGEST model, it is
rather trivial to solve a problem in O(m) rounds, where m is the number of edges

in the network, since the entire topology (all the edges) can be collected at one

3We restrict our attention to unweighted graphs for the upper bound analysis, however, our

algorithm can be extended to weighted graphs as well.
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node and the problem solved locally. The goal is to design faster algorithms.
We present notations that we use throughout the chapter. Let p,(s,t) denote
the probability that a random walk of length ¢ starting from s ends in ¢. In
fact, pe(s,t) is the probability distribution over the nodes after a walk of length
¢ starting from s. We simply use p(t) instead of p,(s,t) when source node and
length is clear from the text. Let S be a subset of V. We denote a partition
or cut by (S,5) or sometimes by (S,V \ S) interchangeably. For a probability
distribution p(¢) on nodes, let p,(i) = p(i)/d(i), where d(¢) is the degree of the
node i. Let m, denote the ordering of nodes in decreasing order of p,(i). We
denote the conductance of the graph G by ¢. The conductance and balance of a

cut is formally defined below.

Definition 5.1 (Conductance and Sparsity). The conductance of a cut (S,.S)

(also called as sparsity) is ¢(S) = min{UOll(§§ii)—‘UOZ(S)} where |E(S,S)| is the

number of edges crossing the cut (S,S) and vol(S) is the sum of the degrees of
nodes in S. The conductance of the graph G is ¢(G) = mingcy ¢(S). We denote

it by only ¢, if it is clear from the text.

|01\

}

Definition 5.2 (Balance). The balance of a cut (S, S) is defined as min{%, ‘l |

=

and is denoted by b.

Definition 5.3 (Local Cluster). A local cluster with respect to a given vertex
v is a subset S C 'V containing v such that the conductance of (S, S) is within a

quadratic factor of the best possible local cluster containing v.

5.1.2 Overview of Our Results

Our main contributions are two distributed algorithms in the CONGEST model
to find sparse cuts with approximation guarantees. Both our algorithms crucially

use random walks.

Theorem 5.1. (¢f. Section Given an n-node network G with a cut of

balance b and conductance at most ¢, there is a distributed algorithm SPARSECUT
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(cf. Algorithm @) that outputs a cut of conductance at most O(\/) with high
probability, in O(%(é—l—n)) rounds. In particular, to find a cut of constant balance,
the SPARSECUT algorithm takes O(é + n) rounds and finds a cut (if it exists)

with similar approrimation.

The second algorithm is a variant of the first algorithm and based on a
PageRank-based approach. The second algorithm achieves the similar running
time bound as above.

Using the above results, we also show:

Theorem 5.2. (c¢f. Section[5.5) Given an n-node network G and source node s,
there is a distributed algorithm that outputs a local cluster in O(é + n) rounds,

where ¢ is the conductance of the graph.

To prove the above running time bound, we derive a technical result on
computing conductances of n (different) cuts in linear time (cf. Lemma [5.3).
We note that the time bound of O(é +n) is linear in n (the number of nodes) and
1/¢. From the definition of conductance (cf. Definition [5.1]), it is clear that for
every graph, 1/¢ = O(m) (m is the number of edges) and for many graphs it can
be much smaller, e.g., for expanders it is O(1). Hence, the running time of our
algorithms can be significantly faster than the naive bound of O(m) (cf. Section
, especially in well-connected dense graphs. We next show a lower bound on
the time needed for any distributed algorithm to compute a (non-trivial) sparse

cut.

Theorem 5.3. (cf. Sectz’on There is a n-node graph in which any distributed
approzimation algorithm for computing sparsest cut (within any non-trivial appro-

zimation ratio) will take Q(y/n—+ D) rounds, where D is the diameter of the graph.

Since 1/¢ = Q(D) for any graph [26], the above lower bound says that in

general, one cannot hope to improve on the 1/¢ term of our upper bound.
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5.1.3 Outline of This Chapter

The next two sections develop two different approaches to computing sparse
cuts. In Section [5.2] we present the standard random walk-based distributed
algorithm for sparse cut problem, by introducing the main ideas. Section
describes on finding local cluster set. Then, in Section we present the second
algorithm using PageRank-based approach. Section derive a general lower
bound to the sparse cut computation problem. Finally, we conclude in Section
by summarizing the results developed in this chapter and discuss some open

problems.

5.2 A Distributed Algorithm for Sparse Cut

In this section, we present an algorithm to find a cut that approximates the
minimum conductance ¢. We are given a network, G = (V| E), that has cut of
conductance ¢ and balance b. We design a distributed algorithm running on G
to compute a cut set S with conductance O(y/@). At the end of the algorithm,
every node in G will know whether it is in S or S. Further, each node will also
know all other nodes in S or S. Our algorithm works in the standard CONGEST
model of distributed computing. Without loss of generality, we will assume that
our algorithm knows ¢ and b. Otherwise, we can do the following. Suppose we
want to find a cut with the required sparsity, i.e., O(y/¢), without knowing ¢,
but assume that we know b (the balance of such a cut). Then we can guess
the value of ¢ starting from a constant, say 1/2, which is essentially the highest
possible and then run our algorithm and check whether the output cut value
satisfies the quadratic factor approximation and the given balance. If yes, we
stop; otherwise, we halve our guess and continue. If we don’t know b as well,
then our algorithm with some assumed balance will still work and will give a cut
with similar quadratic approximation to the minimum conductance cut that is

minimum among all possible cuts with the assumed balance. Thus, henceforth
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we will assume that our algorithm knows both ¢ and b.

The outline of our approach (cf. Theorem [5.4)) is to try several different cuts
obtained by various distributions of random walks. Further these distributions
need to be computed from a good source node. A good source node is one from the
smaller side of the desired cut. In this approach, instead of computing the exact
distribution after the chosen length of walk, it suffices to have an approximate
distribution of sufficiently high accuracy. Assuming that a good source is used,
one needs to estimate the distribution after doing a random walk of length ¢ that
is sampled uniformly in the range of {1,2,...,0(1/¢)}. For the sampled length
¢, estimate the landing probability p(7) at every node i. Assume the estimation
is p(i). Then arrange the nodes according to decreasing order of p; = p(i)/d(1).
Suppose the order is m; = (1,2,...,n). Then, with constant probability, at
least one of the n cuts (S}, S;) has the given conductance (approximated), where
S; = {1,2,...,7}. This algorithm and its proof of correctness was given in
Spielman and Teng [89]. To get the required cut with high probability, we run
our algorithm for O(logn) different lengths ¢, each chosen independently and
uniformly at random in the range of {1,2,...,0(1/¢)}. For a particular ¢, there
are (n — 1)-partitions and so (n — 1) different conductances. The minimum
conductance cut among all the O(nlogn) cuts would be the output of our
algorithm. Before going to the main algorithm SPARSECUT, we first present
an algorithm to estimate the probability distribution p(7) of p(7) using random

walks.

5.2.1 Estimating Random Walk Probability Distribution

We focus on estimating p(s, ) which is the probability of landing at node ¢ after
a random walk of length ¢ from a specific source node s. As we noted above, we
denote it by simply p(i). The basic idea is to perform several random walks of
length ¢ from s and at the end, each node ¢+ computes the fraction of walks that

land at node i. It is easy to see that the accuracy of estimation is dependent
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on the number of random walks that are performed from s. Let us parameterize
the number as K. We show (cf. Lemma that we can perform a polynomial
in n number of random walks without any congestion in the network. We first
present the algorithm ESTIMATEPROBABILITY, and then describe the result on
accuracy of the estimation (cf. Lemma [5.1). The pseudocode of the algorithm

ESTIMATEPROBABILITY is given below (cf. Algorithm [9).

Algorithm 9 ESTIMATEPROBABILITY
Input: Starting node s, length ¢, and number of walks K.

Output: p(7) for each node ¢, which is an estimate of p(i) with explicit bound

on additive error.

1: Node s creates K tokens of random walks and performs them simultaneously
for ¢ steps as follows.

2: for each round from 1 to ¢ do

3: A node holding random walk tokens, samples a random neighbor corre-
sponding to each token and subsequently sends the appropriate count to each
neighbor. (Note that tokens do not contain any node IDs.)

4: end for

5: Each node ¢ counts the number of tokens that landed on it — let this count
be n;.

6: Each node estimates the probability p(i) as %.

We show that for K = ©(n?logn/e?), the algorithm ESTIMATEPROBABILITY
(cf. Algorithm [9) gives an estimation of p(i) with accuracy p(i) & €/n for each
node i. In other words, by performing ©(n?logn/e*) random walks, if p(i) is
an estimation for p(i), then [p(é) — p(i)| < ¢/n. This follows directly from the

following lemma.

Lemma 5.1. If the probability of an event X occurring is p, then in t =

4n?logn/e? trials , the fraction of times the event X occurs is p & < with high
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probability.

Proof. The proof follows from a standard Chernoff bound:
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Where X, Xs,..., X, are t independent identically distributed 0 — 1 random
variables such that Pr[X; = 1] = p and Pr[X; = 0] = (1 —p). The right hand side

Pr

and

of the upper tail bound further reduces to 279 for § > 2e — 1 and for § < 2e — 1,
it reduces to e~ tP9°/4,

Let us choose t = 4n%logn/e?, and § = p—en. Consider two cases, when pn < €
and when pn > e¢. When pn < €, the lower tail bound automatically holds as
pn — e < 0. In this case, § > 1, so we consider the weaker bound of the upper tail

bound which is 27%. We get 270 = 2—¢t/n — g—4nlogn/e —z77- Now consider

the case when pn > e. Here, 0 < 1 is small and hence the lower and upper tail

bounds are e~P°/2 and e~'9°/4, Therefore, between these two, we go with the
62
weaker bound of e=#/4 = ¢ it — o3 logn _ 1/n®. 0

Lemma 5.2. Algorithm ESTIMATEPROBABILITY (cf. Algorithm[9) finishes in

O() rounds, if the number of walks K is at most polynomial in n.

Proof. To prove this, we first show that there is no congestion in the network if
we perform at most a polynomial number of random walks from s. This follows
from the algorithm that each node only needs to count the number of random
walk tokens that end on it. Therefore nodes do not need to know from which
source node or rather from where it receives the random walk tokens. Hence it is
not needed to send the ID of the source node with the token. Since we consider
CONGEST model, a polynomial in n number of token’s count (i.e., we can send

count of up to a polynomial number) can be sent in one message through each
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edge without any congestion. Therefore, one round is enough to perform one step
of random walk for all K walks in parallel, where K is at most polynomial in n.
This implies that K random walks of length ¢ can be performed in O(¢) rounds.

Hence the lemma. O]

5.2.2 Computation of Sparse Cut

With the probability approximation result (cf. Lemma and results from the
algorithm NIBBLE in [89], a key technical result follows (stated below). The result
guarantees that one of the cuts formed by n-prefixes in a specific sorted order of

the probability distribution p(z) has sparsity O(v/¢) [72, 189).

Theorem 5.4. Let (U,U) be a cut of conductance at most ¢ such that |U| <
|V|/2. Let p(i) be an estimate for the probability p(i) of a random walk of length ¢
from a source node s from U. Assume that |p(i) —p(i)| < e(y/p(i)/n+1/n), where
e < o(¢). Consider the n — 1 candidate cuts obtained by ordering the vertices in
decreasing order of ps; each candidate cut (S;,S;) is obtained by setting S; equal
to the set (1,2,...,7). If the source node is randomly chosen from U and the
length is chosen randomly in the range {1,2,...,0(1/¢)}, then with constant
probability, one of these n — 1 candidate cuts has conductance at most O(\/g_zﬁ),

ie. 9(9;) < O(V).

Proof. The proof is shown in [33] and is implicit in [89] and uses a random walk

mixing result from [72]. O

Therefore, it follows from the above Theorem that if we can estimate the
probability p(7) in such a way that it satisfies all the conditions as stated, then we
can find a cut with sparsity O(y/@). We see that the algorithm ESTIMATEPROB-
ABILITY estimates p(¢) and the error bound is given in Lemma [5.1] By setting e
appropriately (which is O(¢?)), we can satisfy the requirement of Theorem
We only need to choose the source node s, a bit carefully. The source node s

should be sampled from the smaller side of the cut of given conductance ¢ as
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it is required in Theorem [5.4 But we do not have any idea about the cut. To
overcome this, we sample several source nodes from V' and execute the algorithm
for every source node. By sampling logn/b random nodes from V gives at least
one node from the smaller side of the cut with high probability. Notice that if b
is constant then it is enough to choose O(logn) source nodes.

In the following lemma, we show that one can compute the conductances of n
cuts, obtained according to some ordering of vertices, in linear time. In particular,

we use the ordering of the vertices in decreasing order of p;.

Lemma 5.3 (n — 1-Cuts’ Conductance). Let G = (V, E) be an undirected
graph. Let m = (1,2,...,n) be an ordering of n vertices of G. Then computing
conductances of all n — 1 cuts (S;,S;),j = 1,2,...,n — 1, can be done in O(n)

rounds where S; = {1,2,...,j}.

Proof. Let us assume that each node in the graph knows the ordering =, i.e., each
node knows its position in the ordering 7. We know from definition of conductance
(cf. Definition that only two values are needed, namely |E(S,S)| (number
of crossing edges between S and S) and vol(S) (sum of degrees of nodes in S) to
compute the conductance of a cut (S,S). Therefore, our goal is to collect these
two pieces of information of all the cuts at node 1 and compute conductances
locally. We assume that node 1 knows m, the number of edges in the graph,
otherwise, it can be known easily using O(D) rounds by building a breadth-first
tree (e.g., after leader election). Notice that the partitions (S}, ;) are formed
by adding nodes one by one from the ordered set {1,2,...,n} starting from the
set S; = {1}. Suppose node 1 has the information of LT = number of neighbors
of node j in S;_; and R} = number of neighbors of node j in S; (assuming
So =NULL) for all nodes j = 1,2,...,n (cf. Figure[p.1)). Then, node 1 can easily
compute the value of |E(S;, ;)| and vol(S;) for all partitions locally as follows:
|E(S;,5;5)| = |E(Sj=1,5j-1)] = LT + RT and vol(S;) = vol(S;_1) + LT + R7 and
|E(Sy,S1)| = deg(1) and vol(1) = deg(1) (where deg(1) is node 1’s degree).

Therefore, node 1 starts computing from 57, S5, and so on up to S,. Note that
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Figure 5.1: Node j computes the number of its neighbors that are in the left side

and right side of j in the ordered vertex set .

LT + R} = degree of the node j. We next mention how node 1 can have all
these information in linear time. This is easy: a node can compute its neighbor’s
position (i.e., whether its neighbor is in S;_; or in S*j) in the ordered set 7 in
constant number of rounds (cf. Figure . Every node can do this computation
in parallel. It will take constant number of rounds for every node to compute
LT and R}. Then each node j sends the information which contains its ID, L7
and R to node 1 by upcast [86]. This will take at most O(n + D) rounds. Then
node 1 can compute conductances locally as discussed above. Therefore, total
time taken is O(n + D) rounds to compute all n conductances. This is actually

O(n) rounds, since D < n. O

The algorithm and description of each step is given below. Complete pseu-
docode is given in Algorithm [I0] which computes an approximate cut. At the end
of our algorithm, each node knows the cut set which has sparsity O(\/E)

5.2.3 Description and Analysis of the Algorithm

We describe the algorithm SPARSECUT in detail here. First we want to compute
the probability distribution of random walks starting from a source node. It is
shown in [89] (cf. Theorem that the source node should be from the smaller

side of the cut of given conductance ¢. Since we do not know about the cut set,
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Algorithm 10 SPARSECUT

Input: Graph G = (V, E), a conductance ¢ of a cut and balance b of the cut

(as mentioned in the beginning of Section we assume knowledge of ¢ and b,

without loss of generality).

Output: A sparse cut C' = (S, S) with conductance at most O(1/).

10:

11:

12:
13:

for £k =1 to logn/b do
Choose a source node s; uniformly at random from V.
for h =1 to logn do
Choose a length ¢ uniformly at random in the range of {1,2,...,0(1/¢)}.
{Phase 1: Finding partition of nodes using probability distri-
bution by random walks.}
Source node s;, calls algorithm ESTIMATEPROBABILITY with input ¢ and

K = @(”Qi#) to compute p(i) for all nodes i.

Each node sends the value p(i) = p(i)/d(i) to all other nodes in the
network.
Let (without loss of generality) m; = {1,2,...,n} be the ordering of

nodes in decreasing order of the set {p(¢) : i € V'}. Each node knows 7.

{Phase 2: Finding conductance of the cuts (5;,S;) where S; =
{1,2,...,5} for j=1,2,...,n—1in 7.}

Consider node 1 as master node which collects information of all n — 1
cuts (S;,S;) one by one and computes conductances locally as follows.

Every node j does in parallel: compute L7 = number of neighbors in
Sj—1 and RT = number of neighbors in S; (assuming Sy =NULL).

Each node j sends the information which contains their ID, LT and R7,
to node 1.

Node 1 computes all the conductance of all n — 1 cuts locally using this
information.

C' + cut of minimum conductance i.e., ¢(C*) = min;—; o n—10(S;).

end for
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{algorithm continued...}

14:  Node 1 chooses the cut C, of minimum conductance among all C* i.e.,
¢(Cy,) = min® ¢(C*).

15: end for

16: Node 1 broadcasts the cut which has minimum conductance among all Cj, ,

to all the nodes in the network.

we cannot choose such a source node. However, if the balance of the cut is b,
if we choose logn/b source nodes uniformly at random from V', then with high

probability at least one node should be from the smaller side of the cut.

For each source node, we compute landing probability distribution of random
walks of length ¢. The length could be at most O(1/¢) (cf. Theorem in the
range of {1,2,...,0(1/¢)}. As mentioned earlier, we run our algorithm for logn
different lengths ¢, chosen uniformly at random in this range. For simplicity, we
break the remaining portion of the algorithm into two parts: Phase 1 and Phase
2. We run these two phases for each length ¢ and for every (chosen) source node.
In Phase 1, we partition the vertex set V' according to the prefixes of decreasing
order of the ratio of node probability to its degree. First, source node calls
the algorithm ESTIMATEPROBABILITY with input ¢ and K to estimate landing
probability over nodes. After computing approximate probability distribution
p(i), each node sends the value p(i) = p(i)/d(i) to all other nodes in the network
(cf. proof of the Lemma . Then, we arrange the set of vertices in decreasing
order of p(i), say, the ordered set is m; = {1,2,...,n}. At the end of this phase,
each node knows all the partitions (.5}, Sj), forall j =1,2,...,n—1. In phase 2,
we compute the conductances of these n — 1 partitions. We describe in Lemma
[b.3] on how to compute conductances of all these cuts in linear time.

There are n — 1 partitions (cut sets) corresponding to each ¢. Then node 1
chooses the minimum of the ©(nlogn) (among all £) minimum conductance cuts.

Say, the cut is Cy,, where ¢(Cj, ) = min,{min; ¢(5;)}. Then node 1 chooses the
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minimum conductance cut among all source nodes s (there are total logn/b)
and broadcasts it to all the nodes in the network. Let the minimum cut be
C = (C;,Cy), then it is enough for node 1 to broadcast the node t only as all

nodes know the ordered set ;.

5.2.4 Time Complexity Analysis

We now analyze the running time of the algorithm SPARSECUT. The following

lemmas are required to prove the time complexity of SPARSECUT.
Lemma 5.4. Phase 1 of SPARSECUT (cf. Algom'thm@) takes O(% +n) rounds.

Proof. In phase 1, we estimate probability distribution p(i) using the ESTI-
MATEPROBABILITY Algorithm. The running time of ESTIMATEPROBABILITY,
following Lemma [5.2] is O(¢) rounds. After estimating the landing probability,
each vertex sends the quantity p(i) = p(i)/d(i) to all vertices in the network. A
simple way of sending these n value to n nodes can be done by constructing a
BFS tree (e.g., by first electing a leader). We first construct a BFS tree using the
value p(t) of each node as its rank. Then the node of highest p value would be
the root of the tree. Each node upcasts its p value to the root node through tree
edges. Then the root node floods all p(t) to reach all the nodes through the tree
edges. It is shown in [86] that the upcast and then flooding n values through tree
edges can all be done in O(n + D) rounds, where D is the diameter of the graph.
Also constructing BFS can be done in O(D) rounds (e.g., [63]).

All other computations are done locally. Therefore, the total time required for
Phase 1 is O(¢4+n+ D) rounds. However, the algorithm ESTIMATEPROBABILITY
is called for ©(logn) different random walk lengths, where each length value is
at most O(1/¢). Also the diameter D is at most O(n) for any graph. Therefore,
phase 1 finishes in O(1/¢ + n) rounds. O

Lemma 5.5. Phase 2 of SPARSECUT (cf. Algorithm[10)) takes O(n) rounds.
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Proof. Phase 2 is for computing conductance of (n—1) cuts (S;,S;),j =1,2,...,n
1 where S; = {1,2,...,j} according to the ordering in m;. Therefore, it follows
from the proof of Lemmal5.3|that node 1 can compute these (n—1) conductances
in O(n) rounds. O

Theorem 5.5. The running time of SPARSECUT (cf. Algom'thm@) is O(%(% +
n)log®n) rounds where ¢ is the conductance of the graph and b is balance of the

cut.

Proof. The algorithm SPARSECUT essentially runs in two phases inside first two
for loops, one is for choosing source nodes and other is for choosing length of
random walks. Then at the end, node 1 performs some local computation to
choose the minimum conductance cut and sends it to all other nodes. Sending this
to all the nodes in the network can be done in O(D) rounds, which follows from
the above discussion of the algorithm. Now, for phase 1 and phase 2, we already
have calculated the running time (cf. Lemma and Lemma [5.5). Therefore,

adding all these time together, we get O(l"%"(l /¢ + n)logn + D) rounds, where

the factor 10% is for the first for loop, the factor log n for the second for loop and
last D is for sending the cut information to all nodes. All other computations
are dominated by this bound. Since D is dominated by n, therefore the running

time of the algorithm SPARSECUT reduces to O(3(1/¢ + n)log® n) rounds. [

Combining the above running time lemmas, we prove the main result of this

section — Theorem [5.1] (cf. Section [5.1.2)) restated below.

Theorem 5.6. Given an n-node network G with a cut of balance b and con-
ductance at most ¢, there is a distributed algorithm SPARSECUT (cf. Algorithm
@) that outputs a cut of conductance at most O(\/@ with high probability, in
O(%(é +n)) rounds. In particular, to find a cut of constant balance, the SPAR-
SECUT algorithm takes O(é +n) rounds and finds a cut (if it exists) with similar

approximation.
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Proof. The approximation guarantee of Algorithm SPARSECUT, i.e., it computes
a cut with sparsity O(y/@) follows from Theorem . We choose € = O(¢?).
Moreover, we are performing random walks up to length O(1/¢). Therefore, it
follows from Theorem that our algorithm computes a cut with conductance
O(\/E) The running time of the algorithm follows from the above Theorem
which is O(%(é +n)) rounds.

In the SPARSECUT algorithm, we are required to compute probability dis-
tributions by performing random walks from a good source node to satisfy the
condition of Theorem [5.4. A source node is good if it is from the smaller side of
a desired cut (as shown in [89]). If we are interested in finding a cut of constant
balance, then b is constant. Therefore, as an immediate corollary, computing a

sparse cut of constant balance takes O(é + n) rounds. ]

The analysis of our algorithm is tight. Consider the barbell graph B,, which is
a graph consisting of two cliques of size (n — 1)/2 connected by a path of length
2 (see, figure 2 in [3]). Consider a source node s in one clique. Then to compute
the smallest conductance cut (one set of which would be the clique containing
s), the random walk starting from s, should reach the second clique. This will
take at least ©(n?) rounds, which is bounded by ©(1/¢). Then to collect all the
information as in Lemma at the node s will take {2(n) rounds. Hence, total
time required is Q(1/¢ + n).

5.3 Finding Local Cluster Set

We describe an approach to compute a local cluster, i.e., a subset of vertices
containing a given source node v such that the internal edge connections are
significantly higher than the outgoing edges from it.

Suppose a source node s € V' is given. First, guess a conductance ¢ starting
from a constant (say 1/2, which is essentially the best possible) and then run the

above SPARSECUT algorithm for the particular node s, i.e., run the algorithm
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from Step 3 for source node s. Then check whether the smallest conductance
satisfies the quadratic factor approximation. If yes, we stop; otherwise, we halve
the (guessed) conductance and continue. Since the minimum conductance value
is O(1/m), we need to do at most O(logn) guesses, as m = O(n?). The running

time bound of the algorithm for computing a local cluster is stated in Theorem

(cf. Section[5.1.2)). The proof is given below with restatement of the theorem.

Theorem 5.7. Given an n-node network G and source node s, there is a dis-
tributed algorithm that outputs a local cluster in O(é +n) rounds, where ¢ is the

conductance of the graph.

Proof. We run the SPARSECUT algorithm only for one specified source node. The
running time of SPARSECUT algorithm for a single source node is O(1/¢ + n)
rounds with high probability. Checking whether the smallest conductance satisfies
the quadratic factor approximation can be done locally at the source node s. Then
we may have to run the algorithm at most O(logn) times for guessing the (best
possible) conductance. Therefore, the running time of the algorithm is 0(1 Jo+n)
rounds with high probability. O

5.4 Sparse Cuts using PageRank

In this section, we present another approach to compute a sparse cut of an
undirected graph G = (V, E). This is a variant of the first algorithm and based
on PageRank computation. We derive an algorithm following [4] and adapt it
to the CONGEST distributed computing model and obtain similar guarantees as
before, i.e., a quadratic approximation.

Recall that in the previous section we use random walk probability distri-
butions to find candidate partitions of the vertex set. Now instead of standard
random walk, we use another well known distribution vector called PageRank
to partition vertices. The PageRank of a graph (e.g., [21], B3]) is the stationary

distribution vector of the following special type of random walk: at each step of
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the walk, with some probability « it starts from a randomly chosen node and
with remaining probability 1 — «, it follows a randomly chosen neighbor from the
current node and moves to that neighbor. The parameter « is called reset proba-
bility or teleport probability. The personalized PageRank (e.g., [I3] and references
therein) is the stationary distribution vector of a slightly modified random walk
as of PageRank: In every round, instead of starting from a randomly chosen node
with probability «, the walk restarts from the source node itself and with remain-
ing probability 1—«, the walk moves to a random neighbor from the current node.
This alternative approach of graph partitioning, based on personalized PageRank
vectors, was studied by Andersen et al. in [4] in centralized setting. They show
an improved result similar to Spielman et al. [89] using personalized PageRank
vectors with better approximation and running time. In this chapter, we build
on the results of [4] and present a distributed algorithm to compute sparse cuts.
Along the way, we also present a simple and efficient distributed algorithm to
compute personalized PageRank. Throughout this section, by random walk we
mean this special type of random walk unless otherwise stated.

We next discuss estimation of personalized PageRank vectors in the dis-
tributed CONGEST model. First we introduce some notation. Let p(gq) denote
the PageRank vector with respect to a given starting vector g, i.e., the starting
node is chosen with distribution ¢q. The personalized PageRank vector with re-
spect to a given node v can be denoted by p(x,), where the starting vector y, is
the characteristic vector of v (i.e., it is 1 at v’s coordinate and 0 elsewhere). We
compute an e-approximate PageRank vector p(x,) which is within an additive

error of €. For technical reasons (cf. Section [5.4.2)), we take € be O(1/n?).

5.4.1 Estimating Personalized PageRank

We derive a simple approach to estimate the personalized PageRank vector. We
present a Monte Carlo based distributed algorithm for computing personalized

PageRank of a graph, similar to [39]. The main idea is as follows. Perform many



124 Chapter 5. Distributed Sparse Cuts Computation

random walks starting from a specific source node s. In every round, each random
walk independently goes to a random neighbor with probability 1 — a and with
the remaining probability (i.e., o) terminates in the current node. We note that
the random walk here means the personalized PageRank random walk. Since, «
is the probability of termination of a walk in each round, the expected length of
every walk is 1/a and the length will be at most O(log n/a) with high probability.
During this process, every node v counts the number of visits (say, 7,) of all the
walks that go through it. Suppose the number of random walks starting from s
is K. Then, after termination of all walks in this process, each node v computes
(estimates) its personalized PageRank p(v) as p(v) = 2. Notice that £ is the
(expected) total number of visits over all n nodes of all the K walks. The above
idea of counting the number of visits is a standard technique to approximate
PageRank (see e.g., [10] [13]). We first present the algorithm in a pseudocode (cf.
Algorithm to approximate p(v) and then analyze the result on accuracy of

estimation below.

Analysis

Now we show that the algorithm ESTIMATEPAGERANK (cf. Algorithm [11]) gives
an estimation p(v) of p(v) with very high accuracy. The algorithm outputs the

Ny
K-

personalized PageRank of each node v as p(v) = The correctness of the
above approximation follows directly from the analysis of the Algorithm 1 in
[39]. However, the algorithm of [39] is for computing the general PageRank (not
personalized) (using an approach due to [I0]). However, it is easy to verify that
the approach is equivalent for both general PageRank and personalized PageRank.
This is because in general PageRank computation [39], several random walks are
performed from every node and the walks are terminated with reset probability
(instead of restarting from a random node). Now for personalized PageRank,
we perform several random walks from a particular source node and terminate

each walk with reset probability (instead of restarting from the source node
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Algorithm 11 ESTIMATEPAGERANK

Input: Source node s, reset probability a, and number of walks K.

Output: Approximate PageRank p(v) of each node v.

10:
11:

12:

13:
14:

: Node s floods the value K = n*logn, the number of random walks to be

performed to all other nodes.
Source node s creates K random walk tokens and performs these simultane-
ously. All walks keep moving in parallel until they TERMINATE.
Every node maintains a counter number 7, for counting visits of random
walks to it.
while there is at least one (alive) token do

This is ¢-th round. Each node v holding at least one token does the
following: Consider each random walk token C held by v which is received in
the (i — 1)-th round. Generate a random number r € [0, 1].

if » < a then

Terminate the token C.
else
Select an outgoing neighbor uniformly at random, say u. Add one token

counter number to 7)) where the variable T\ indicates the number of tokens
(or random walks) chosen to move to the neighbor u from v in the i-th round.

end if

Send the token’s counter number 7)) to the respective outgoing neighbor u.

Every node u adds the total counter number (3, .y, 7,/ —which is the
total number of visits of random walks to w in i-th round) to 7.
end while

Each node outputs its personalized PageRank as &=

again). Therefore, in both cases, the random walks start again independently with

probability « from source node(s). Hence, our approach also correctly outputs

the personalized PageRank vector.
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It is shown in [39] that by performing total ©(logn) random walks from each
node, we get a sharp approximation of PageRank vector with high probability.
Therefore, for personalized PageRank, it is enough to get a good accuracy, if we
perform K = O(nlogn) random walks from a particular source node. However,
we can perform much more walks to get very high accuracy as needed here. In
particular, we show later that it would be sufficient for our algorithm to perform

O(n*logn) random walks. Below is a lemma on the running time of our algorithm.

Lemma 5.6. Algorithm ESTIMATEPAGERANK (c¢f. Algorithm computes
personalized PageRank in (N)(é) rounds with high probability, where « is the reset
probability.

Proof. To prove the lemma, we first show that there is no congestion in the
network if the source node starts at most a polynomial (in n) number of random
walks simultaneously. This is because, nodes are only sending the ‘count’ number
of random walk tokens in the algorithm. The process is similar to that in
Section where we estimate the landing probability distribution using the
same technique. Hence the claim on the congestion part follows from the proof
of the Lemma [5.2]

Now it is clear that the algorithm stops when all the walks terminate. Since
the termination probability is «, so in expectation after 1/« steps, a walk termi-
nates and with high probability (via the Chernoff bound) the walk terminates in
O(log n/a) rounds; by union bound [77], all walks (since they are only polynomi-
ally many) terminate in O(logn/a) rounds with high probability as well. Since
all the walks are moving in parallel and there is no congestion, all the walks in

the graph terminate in O(logn/a) rounds w.h.p. O

5.4.2 Algorithm for Sparse Cut using PageRank

We describe an algorithm to compute a sparse cut in G. The idea is very

similar to the previous section (cf. Algorithm [I0). In the previous section we
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used standard random walk to find the partitions of vertex set. Here we use
personalized PageRank for partitioning and arrange the vertices in decreasing
order of the ratio: (PageRank)/(degree of vertex). Consider (n — 1) partitions
according to this ordering and compute conductance for each of them. Then the
cut of minimum conductance is at most O(y/a), if we performed random walk
from a specified vertex with reset probability O(«) (we will take o to be O(¢)).
This guarantee follows from the result of [4] stated below (in modified form for

our purposes).

Theorem 5.8 ([4]). Let C, be a cut containing node v with a conductance ¢. If
P is an e-approzimation to the personalized PageRank vector p(x,) E] computed
with the reset probability o = 10¢, and € = O(#), then the smallest conductance

of n—1 cuts according to the ordering of vertices in decreasing order of p(i)/d(i)

is p(p) = O(V).

Algorithm: Similar to SPARSECUT algorithm in Section 5.2l First we have
to choose a good source node, i.e., a node s from the smaller side of the cut
of a given conductance ¢. For this, we choose O(logn/b) uniformly random
nodes, assuming the balance b of the cut is given. This will guarantee that
at least one node is from the smaller side with high probability. Then do the
following for every source node s: compute the personalized PageRank vector
using algorithm ESTIMATEPAGERANK with source node s and reset probability
a = 10¢. Compute conductances of (n — 1) cuts derived from the PageRank
vector as explained above. Then output the cut set with minimum conductance
. 10% cuts. Notice that there are (n — 1) cuts for one source
node. Then the output cut would have sparsity O(\/E) which follows from the

among all (n — 1)

4Actually, the result holds for a slightly different type of approximate PageRank vector
defined in [4]; nevertheless, this can be shown to be closely approximated by e-approximate

PageRank vector p as defined here, if we choose € small enough, i.e., ¢ = O(1/vol(C,)?), i.e.,

O(1/n%).
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Theorem [5.8f The reset probability « of the PageRank is chosen 10¢ according
to the theorem [5.8] The following theorem state the main result of this section.

Theorem 5.9. Given any graph G and a conductance at most ¢, there is a
PageRank based algorithm that computes a cut set of conductance at most O(\/q_b)
with high probability in O(%(é +n)) rounds, where b is the balance of the cut.

Proof. The algorithm runs in two phases for each of O(logn/b) source nodes.

The first phase is for computing personalized PageRank and it takes O(lo%)
rounds with high probability (cf. Lemma . The second phase is similar to
the Algorithm [0} That is, computing partitions according to the PageRank, and
then computing conductances of all partitions: all this can be done in O(n + D)
rounds. Hence totally we have 0(1 /¢ + n) rounds with high probability, since
diameter D < n. Therefore, over all the O(logn/b) source nodes, the running time

of the PageRank based algorithm is O(% (é +n)) rounds with high probability. [

5.5 Lower Bound

We derive a general lower bound for the distributed sparse cut problem. In
particular, we show that there is graph in which any approximation algorithm
for computing sparsest cut will take Q(y/n + D) rounds, where D is the diameter
of the graph. We use the technique of [35] which shows almost tight lower
bounds for many distributed verification and optimization problems. Their lower
bound proofs rely on a bridge between communication complexity and distributed
computing.

We show a reduction from the spanning connected subgraph wverification
problem to the sparsest cut (optimization) problem. In the spanning connected
subgraph verification problem, given a graph G = (V| F) and a subgraph H =
(V, E") with £ C E, it is required to check whether the subgraph H is a spanning
connected subgraph of GG via a distributed algorithm. We convert the spanning

connected subgraph verification problem to the sparsest cut problem (with edge
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weights). In particular, we show that an a-approximation e-error algorithmE] A
for sparsest cut problem, can be used to solve the spanning connected subgraph
verification problem using the same running time. Hence the lower bound proved
in [35] (cf. Theorem 5.1) for the spanning connected subgraph verification
problem (which is Q(v/n + D)), also applies to the sparsest cut computation
problem. We use the graph G(I',d, p) (this graph with parameters I', d, and p is
defined in [35]) to show the lower bounds. We consider the same parametrized
graph G = G(I', d, p), which is connected by our assumption. The reduction from
the spanning connected subgraph verification problem is direct: In G we assign
a weight of 1 to all edges in the subgraph H and weight 0 to all other edges.
Now, observe that if H is not connected then the conductance of sparsest cut
is 0, since we can then partition the whole graph into two components and all
the edges crossing the two components has weight 0. On the other hand, if H is
connected then every cut set contains at least one edge from H, which implies
that the conductance of the sparsest cut would be non-zero. Thus, any algorithm
with non-trivial approximation ratio will be able to distinguish the two cases.

Therefore, it follows that the sparsest cut computation problem has a lower

bound Q(/n + D).

5.6 Conclusion

We presented distributed approximation algorithms for computing sparse cuts,
with provable guarantees on the conductance. For future work, one may try to
improve the running time bound O(é + n) rounds. The work on performing an
¢ length random walk in time O(v//D) rounds [42], can be used to potentially

[13

speed up random walks and hence reduce the é part” of the time bound, since

walks of that much length has to be performed. However, the technique in [42]

5A randomized algorithm A is a-approximation e-error if for any input , the algorithm A
outputs a solution that is at most « times the optimal solution of the input with probability at

least 1 —e.
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may not be applicable directly here because of congestion; we need to perform
many random walks to compute the landing probability distribution with high
enough accuracy. One might also try to improve the “n” part of the time bound;
however improving this seems to depend on computing the conductance of n — 1
different cuts in time that is sub-linear in n, which seems harder; alternatively it
may be possible to try significantly fewer than n cuts in each of our distributional
orders and still guarantee an approximation bound.

Our sparse cuts computation can be used to identify the crossing edges, which
have been used in prior work ([49]) to heuristically improve network search,
routing, and connectivity. It will be useful to rigorously show such results with

provable guarantees.



Chapter

Conclusion and Further Study

In this thesis, we developed fast algorithms for a variety of fundamental dis-
tributed network problems, where we used random walks as a key subroutine.
We presented a round and message optimal algorithm which can be used to out-
put several random walk samples in a continuous online fashion. The theoretical
analysis and comprehensive experimental evaluation highlights the effectiveness
and efficiency of our algorithm. Then we developed a fast decentralized algorithm
for performing random walks in dynamic networks. Our algorithm is the first-
known algorithm that provably speeds up random walks in dynamic networks.
Furthermore, we showed a key application of this random walk algorithm for the
fundamental problem of information spreading in dynamic networks. We further
extend the work to show how random walks can be used in other applications
such as PageRank computation and sparse cuts computation in graphs. We pre-
sented random walk-based algorithms for computing PageRank and prove strong
bounds on the round complexity. We also developed fast distributed algorithms
for computing sparse cuts in distributed networks. Our algorithms are fully decen-
tralized, lightweight and easily implementable, and can serve as building blocks
in the design of self-aware and self-organizing networks that can monitor and
control their own topology.

This thesis highlights the fact that random walk techniques are very useful
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in static networks as well as in dynamic networks. We believe that the research
presented in this thesis opens up a lot of interesting directions for further study.
We have discussed this at the end of each chapter. We like to emphasize here on

some of them.

Recall that in this thesis, we develop random walk algorithms which builds on
a generic idea of creating many “short random walks” from each node in parallel
and then “stitching” them to obtain a random walk of certain length. One may try
to use this general approach to develop random walk-based algorithms on different
graph models or may be in different dynamic graph models. Recently, several
fundamental graph problems are being explored in various dynamic graph models.
One may also try to consider somewhat stronger adversarial model and show some
non-trivial solutions. As a specific question, it remains open whether the random
walk techniques and subsequent bounds presented for a dynamic network are
optimal. Other problems in this dynamic model that are worth studying include
maintaining spanning tree, sampling node from any distribution (recall that we

sample nodes from uniform distribution) or finding spectral quantities etc.

Another interesting problem would be to study distributed random walks
in directed graphs. Distributed random walks in directed graphs are mostly
unexplored. Designing a sub-linear time random walk simulation algorithm in
directed graphs (in CONGEST model) would be a challenging task. The main
difficulty is the congestion. A node may be visited many times by random walks
compared to other nodes in the network. We do not have an immediate tool to
bound the number of visits to a node, unlike in the case of undirected graphs.
This is because, we do not have a suitable form of stationary distribution of

random walks in directed networks.

Finally, these algorithmic ideas may be useful building blocks in designing
fully dynamic self-aware distributed graph systems. It would be interesting
to additionally consider total message complexity costs for these algorithms

explicitly, even though they are implicitly encapsulated within the local per-edge
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bandwidth constraints of the CONGEST model.
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