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Abstract

This paper develops a novel coupling approach of the isogeometric analysis (IGA) method and
the meshfree method for geometrically nonlinear analysis of thin-shell structures. The Kirchhoft-
Love (KL) thin-shell theory is employed without the consideration of rotational degrees of free-
dom. Both parametric domain and physical domain are utilized for the thin-shell structures, and
the former one is used to couple the IGA and meshfree methods and to obtain the later one via map-
ping. The domain is divided into three subdomains: the subdomain described by the IGA method
to ensure geometry exactness, the subdomain described by the meshfree method to achieve local
refinement, and the coupling subdomain described by both methods. In the coupling subdomain,
the reproducing points are obtained based on the consistency conditions to realize smoothness
between the IGA and meshfree subdomains. The coupling approach can achieve a higher con-
vergence rate than the IGA and meshfree methods because of the realization of local refinement.
The accuracy and robustness of the coupling approach are validated by solving shell benchmark
problems.

Keywords: Isogeometric Analysis, Meshfree Method, Thin-shell Structure, Consistency
Condition

1. Introduction

Shell structures play an important role in industrial applications such as turbine disks, water
tanks and aircraft. Two different types of shells can be differentiated by the ratio of the thickness
t to the radius of curvature R of the middle surface: thin shells (R / ¢> 20) and thick shells (R /
1<20). The deformation of thin shells includes the membrane strains and bending strains without
considering the transverse shear strains that are related to the rotational degrees of freedom. The
thin-shell analyses are based on the Kirchhoff-Love (KL) theory which requires the continuity of
first-order derivatives of displacements (C 1 continuity) [1, 2, 3, 4, 5]. The thick-shell analyses
are based on the Mindlin-Reissner theory that requires only the continuity of displacements (C”
continuity) [6, 7, 8, 9].

The C! continuity is difficult to implement with Lagrange polynomial basis functions in the
traditional finite element method (FEM) [10, [11]. Various methods have been proposed to formu-
late C' conforming thin-shell finite elements. Rectangular shell elements constructed with bicubic
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Hermite polynomials and triangular shell elements with quintic polynomials have been introduced
to interpolate field variables, whereas the computational cost is rather high [[12]. Other shell finite
elements such as reduced-integration Lagrange elements [[13], degenerated quadrilateral shell ele-
ments [[14], triangular elements using the subdivision surface for the non-local interpolation [15]
and quadrilateral elements satisfying the Kirchhoff-Love hypothesis at discrete nodes [2] have been
developed. Numerical methods which can naturally construct the higher-order approximation and
smooth discretization have been developed [16, [17].

The meshfree method can deal with not only the practical domain but also the parametric
domain that is normally not considered in FEM. The physical domain is represented by scattered
field nodes without considering meshes and elements, and the approximation, in which the local
refinement can be flexibly implemented by directly adding field nodes, is based on the nodes
within the support domain containing points of interest. The parametric domain can be treated
in the same way as the physical domain. A variety of approaches have been developed for the
meshfree method such as the smooth particle hydrodynamic (SPH) method [18], the element-free
Galerkin (EFG) method [16, [19] and the reproducing kernel particle method (RKPM) [20, 21].
Comprehensive introductions of the meshfree method and recent development were presented in
[22, 23] and monographs by Liu and Gu [24, 25]. Higher-order and smooth shape functions are
convenient to construct in the meshfree method, which makes it more attractive for the analyses
of thin shells. Krysl and Belytschko [19] firstly presented the analyses of Kirchhoff-Love shells
using the EFG method which applied the moving least-squares (MLS) approximations [26]. Static
and free vibration analyses of thin shells were further proposed using the EFG method [27], the
RKPM method [28] and the radial basis approximation method [29]. Because of the nature of the
meshfree method, crack propagation can be processed in a convenient manner without burdensome
remeshing. The EFG method was employed to analyze static crack growth [30Q] and then the
dynamic crack growth [31]. Analyses of thin shells for large deformation and dynamic fracture
[32], and further improvements aiming to decrease the computational cost with the extrinsic basis
were presented [33]. Large deformation analyses of thin shells were also implemented using the
RKPM method [34,135] and the local Kriging method [36].

The IGA method which integrates computer aided design (CAD) and computer aided engi-
neering (CAE) adopts Non-Uniform Rational B-Splines (NURBS) basis functions to precisely
represent geometries and approximate displacement fields [37]. The approximation can be treated
in the physical domain and parametric domain for the IGA method. The applications of NURBS
basis functions in the IGA method have been widely introduced [38, 139,40, 41,142, 43]. However,
it is difficult to implement local refinement by using NURBS basis functions because of the tensor
product. T-splines [44, 45] were developed and applied to the IGA method to improve the local
refinement flexibility [46, 47] and solve trimmed surface problems [48]. A new local refinement
strategy for the IGA method that can be flexibly implemented in the meshfree manner is proposed
by introducing the equivalence between the meshfree shape functions and IGA basis functions
[49].

Compared with other computational methods, the IGA method exhibits advantages in exact
representation of the geometry and flexible construction of the higher-order and smooth basis
functions, which makes it more perfect to analyze thin-shell structures. The middle surface of
a thin shell is precisely represented by the NURBS basis functions so that the C! continuity is
readily achieved. The linear and nonlinear analyses of Kirchhoff-Love shells were implemented
by the IGA method in which NURBS basis functions were adopted to approximate displacement
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variables [[17, 50, 51]. The extended IGA (XIGA) was developed for the analyses of through-the-
thickness cracks of thin shells [52, 53]. Because of complicated shell structures that consist of
multiple patches, it is challenging to analyze these structures among patch interfaces [54]. The
Nitsche’s method was used to couple thin-shell patches and enforce geometrical continuities [55].
The large deformation analyses of thin shells using NURBS basis functions [56] and rational form
of polynomial splines over hierarchical T-meshes (PHT-splines) basis functions [57,/58] were con-
ducted. In these works, materials were treated as linearly elastic, and nonlinear material behaviors
were considered in [59].

In order to preserve advantages of numerical methods and circumvent their disadvantages, dif-
ferent coupling approaches have been developed [60, |61, 62]. The coupling approaches normally
utilize three subdomains, including the outer subdomain to obtain the boundary exactness, the inte-
rior subdomain to provide a flexible way to process problems such as the cracks and inclusions, and
the coupling subdomain to realize smoothness. Belytschko et al. [62] proposed the finite element-
element-free Galerkin coupling approach for elastodynamic problems. The coupling approach of
the EFG method and the FEM utilized three subdomains: the meshfree subdomain to consider
crack growth, the FEM subdomain to reduce computational cost and the coupling subdomain to
achieve smoothness between the other two subdomains.

It is desirable to couple the IGA and meshfree methods because of such advantages as the ex-
act geometry, the local refinement flexibility and the higher-order approximation. Two different
types of coupling approaches of the IGA and meshfree methods are implemented in the parametric
domain and physical domain, respectively. One approach coupling the IGA and the RKPM meth-
ods in the parametric domain was developed by Wang and Zhang [63]. The other approach for
coupling two methods in the physical domain was developed by Valizadeh et al. [64] to couple the
IGA and RKPM methods and by Rosolen and Arroyo [65] to couple the IGA method and the local
maximum entropy meshfree method.

This paper aims to develop a coupling approach of the IGA and meshfree methods for the geo-
metrically linear and nonlinear elastic analyses of thin-shell structures. The higher-order approxi-
mation can be achieved in the coupling approach so that the C! continuity of the displacement field
is readily realized. The coupling approach utilizes three subdomains: the IGA subdomain for exact
geometry representation, the meshfree subdomain for local refinement flexibility and the coupling
subdomain for smoothness. The IGA subdomain and meshfree subdomain are respectively approx-
imated by the NURBS basis functions and MLS shape functions, while the coupling subdomain
is approximated by both functions based on the consistency conditions. The coupling approach
can produce a higher convergence rate than the IGA and meshfree methods by implementing local
refinement. The numerical results are verified by the reference solutions.

This paper is organized as follows. Section2]introduces the meshfree and isogeometric approx-
imations based on the MLS shape functions and the NURBS basis functions, respectively. Section
[3] describes the coupling approach based on the consistency conditions. Section Ml presents the
Kirchhoff-Love shell theory and shell discretization. Thin-shell benchmark problems are shown in
Section [3and the conclusions are drawn in Section

2. Meshfree and isogeometric approximations

In this section, a brief description of the NURBS basis functions and the MLS shape functions
is provided, which would be applied for the coupling approximation.
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2.1. MLS approximation

The MLS approximation that was firstly proposed for data fitting and surface construction is
employed to approximate the displacement field which can be calculated as follows [[16]:

i (E) = ilm(@av(@:pT(@a(é), )
J=

where p (§) is the polynomial basis vector, 7 is the number of basis vectors and a (§) is the vector
of coefficients. A pth order polynomial basis vector in two dimensions is given as

p(é):{1’5711’52,6”’”2,”_,ép"_"np}T. (2)

The quadratic, cubic and quartic polynomial basis vectors are given as

{1emerennt’ (p=2)
p(&)= {1,§,n,8%,én,n.8.n.6n* 0’} o w=3). 0
{1.6.0.62.8n. 02,83, & En? o’ 64,83, 802 EnP oty (P=4)
The vector a(&) in Eq. () is determined by minimizing the following weighted L, norm:
Nm .
J=Y WE-E)[P"(ENaE) —ul’, )
=1

where Ny is the number of nodes within the support domain centered at the node & for which the

weight function W (€ — ;) # 0, and u; denotes the nodal parameter of u at & = &,. The support
domain is used to choose field nodes for the approximation and the circle domain is applied herein.
The field nodes and support domains of a square plate are shown in Fig.[1l

Figure 1: The discretization of a square plate: field nodes and support domains.



The derivative of J with respect to a (&) yields a set of linear equations as

A(§)a(&)=BU, Q)

where U = {uy,u2,--- ,un, }T is the vector consisting of nodal parameters, and the weighted mo-
ment matrix A (§) and the matrix B (&) are calculated as

Nu
A(g)= ZIW(é —-&)p(&)p" (§)), (6)
I=

BE)=[WE-E)p(E) WE-E)pEy) ~W(E-En)r(En)] O

The vector a (&) is expressed as

a(§)=A(&) 'BU. ®)
The MLS approximant can be obtained by substituting Eq. (8)) into Eq. (I) as
Nm
u"(§) =Y W (&)u(§) =¥ (&)U, ©)
=1

where the shape function ¥ (€) is defined as
() = flm(&) (A7 (8)B(&)),, =P (§)(A7'B),. (10)
J=

The weight function W (€ —&,) in Eq. (@) determines the degree of smoothness of MLS shape
functions. The quartic spline weight function which is chosen for the thin-shell analyses is given
as

. A2 3 R4 _
W(é—&,)z{l 6r +08r 3r é:i}; , r:‘édlﬁ’ drlmx = Ad,, (11)

‘nax 18 the radius of the support domain centered at the node &, d. denotes the average
nodal spacing, and A represents the dimensionless size of the support domain. The optimized
range of A is 2-4 [25].

The consistency condition means that any complete order of the polynomial can be exactly re-
produced by the MLS approximation. The two-dimensional (2D) consistency condition is defined
as

where d!

Nm
ZI‘I’I(§>p(€1) =p(§). (12)
=

2.2. Isogeometric approximation

NURBS which are constructed by B-splines are commonly used in the CAD modeling and
isogeometric approximation. A B-spline is a piecewise polynomial curve which is defined by the
knot vector & = {&;,&, -+, &1 pt1}, where n is the number of control points, p is the polynomial
order and &; is the ith knot. The open knot vector in which the first and last knot values are repeated
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with p+1 times is adopted here. The B-spline basis functions N; , (§) can be defined recursively as

Nio(8) = { (1): 622552521“ (p=0), (13)

—Gi Sivptr1—&
Nip ()= 2SNy () 2 2SN () (D). (4
Sivp—&i Sitp+1— it
A B-spline curve C (&) is obtained by taking the linear combination of basis functions N; ,, (&)
and control points P;:

C(&)=) Nip(&)P: (15)
i=1
Two knot vectors are defined as & = {&;,&, -+, & pr1} and Ep = {M1,M2, -+, Mnrg1 }-

The B-spline surface can be computed based on the tensor product of these basis functions:

SEM =YY Nip (€)M () Py (16)

i=1j=1

where N; , (§) and M; , (1) are one-dimensional B-spline basis functions defined in Egs. (I3)) and
(14} and P; ; are the corresponding control points.

A NURBS basis function is formulated as a linear combination of the B-spline basis functions
and their corresponding weights. A NURBS surface with the pth and gth orders in bi-directions is
defined as [66, [67]

m

SEM=Y Y R (E.1)Pi, a7

i=1j=1
Rij(§.m) = Ry (§) = e I
Y XN, (E)M; (mw;;

i=1j=1

(18)

3. The coupling approach of the IGA and meshfree methods

The consistency conditions of the meshfree method are expressed in Eq. (I2)). Similarly, the
reproducing points for the IGA method are calculated by using the consistency conditions. The
linear reproducing points are chosen as field nodes for the meshfree method herein.

3.1. Reproducing points for isogeometric basis functions

The consistency conditions for univariate B-spline basis functions are defined as

y 7 @p(E") = p(e). (19)
i=1



where p(§)={1,&,£2,--- &P }T denotes the one-dimensional polynomial basis vector. The one-

dimensional reproducing point vector p <§im) is defined as

p(é—m)T _ {%m, (Q[Z}){... , @m)ﬂ}’ 20)

and the reproducing points éim (I=1,2,---,p) for the monomial &/ are calculated as [63]

p!
. Cl= , 21
P (p—=1)! @h
where Glif {&1,&2,-+,&i+p} is the knot vector, the operator Sﬁ, means selecting / knots

from G and multiplying them as one term, and then adding all the terms together. When p equals
2, the reproducing points éim can be calculated as [63]

[l] 5[ } _ §l+l+§l+2
& =9 .0 (22)
él Y/ €z+1€z+2

For 2D basis functions, the following consistency conditions can be readily obtained based on
the tensor product of B-spline basis functions:

Y Y Nip (€)M (1) (5i[“])a(n,[-ﬁ})ﬁ —Emb | (@B <pia). (23)
i=1j=1

Eq. (23) can be simplified as
ZN”‘f (&) =p(&), 24)

where NV (&) = N; , ()M 4 (1), Np represents the number of basis functions and p (§£’]> is the
2D reproducing point vector:

p(e1)" = {1 nf (&) gt ()" (8 ()7}

where &El] denote the 2D reproducing points.

3.2. Coupling approximation

Based on the IGA-RKPM coupling approach in which the reproducing kernel approximation
is equivalent to the MLS approximation when monomial basis functions are applied, the NURBS
basis functions and the MLS shape functions are coupled in the parametric domain [63]. The
parametric domain is divided into the IGA subdomain QIéGA, the meshfree subdomain Q?F and the

coupling subdomain Qgp, and their corresponding physical subdomains are represented by QG4

OMF and QP respectively. The IGA subdomain is responsible for the outer part that contains the
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boundary, and the meshfree subdomain is responsible for the interior part which will be desirable
for cracks and inclusions. Other layouts of these subdomains have been presented in [63].
The displacement u; (x) can be approximated based on the coupling approach as follows:

w@zi@@m 26)
1=

where X = [x,, z]T is considered for the thin-shell analysis, Ng is the number of shape functions,
uy is the coefficient related to the control point and @; (&) is the shape function given as

Ri(E) & e
@ (&)=< Ri(§)+¥TF (&) E e’ | 27)
¥ (§) & el

where ¥ (€) and R; (&) represent the MLS shape function and the NURBS basis function, respec-
tively.

The coupling shape function 'PJCP (€) can be obtained based on the consistency conditions
expressed in Eqs. and (24)). The NURBS basis function is treated as a constant in the coupling
subdomain. The pth order consistency condition is defined as

NS NM NB
Y e @p(E) =L wr@n(e))+ L r©p(E])=p&), 08
I=1 J=1 I=1

where p <§y]> is the reproducing point vector defined in Eq. (23)).

The meshfree shape function 'I’JCP (&) can be expressed in the same way as in Eq. (10):

7 (&) =p" (&) cw (s -¢). 29)

The following expression can be obtained by substituting Eq. (29) into Eq. (28):

c(§)=C"(&)p(&) —q(8)]. (30)
with N
SIS | 1\ v 1]
&) =Yp(&))e (&)W (e-¢)). G31)

N l
a(€)=Y Ri(&)p (&) (32)
I=1

The meshfree shape function ¥F (&) in the coupling subdomain is obtained as

P (&) =p" (6]) T &) (&) -a@)W (£-¢)). (33)

Eqs. (10), (I8) and (33) constitute basis functions of the coupling approximation.



A 2D problem is provided herein to demonstrate the modeling steps. Two knot vectors,

Z1 = {0,0,0,4,3.3.5.3.2,2,1,1,1} and E, = {0,0,0,%,3,3.%,3,5,%,1,1,1}, are defined to
construct NURBS basis functions. Based on Eq. (22)), the linear and quadratic reproducing points

of two directions are calculated as

W_p_Jp L 35 7 9 11315
S=" _{O’16’16’16’16’16’16’16’16’1 ) (34)

o _ 1 /3 /3 /5 JI5 Q\ﬁ
i _{O’O’\/32’\/32’\/16’\/16’\/32’\/32’ gl (35)

The shape functions can be obtained according to Eq. 27), as shown in Fig. 2l It is seen that
the smooth transition is achieved among the IGA subdomain, coupling subdomain and meshfree
subdomain. Fig. 3| shows the discretization of the circle geometry in the parametric domain and
physical domain by using the coupling approximation.

5
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Figure 2: Quadratic shape functions of the 2D coupling approximation.

3.3. Local refinement strategy

The advantage of local refinement flexibility in the meshfree method is preserved in the cou-
pling approach. Local refinement is implemented within the meshfree subdomain. Take the local
refinement strategy in 2D as an example: each background mesh is subdivided into 4 submeshes
and 5 nodes are inserted. The further refinement can be treated in the same way until the stopping
criterion is met.

Fig. 4 shows the refinement processes of the first three levels. The original nodes and newly
inserted nodes are denoted by the solid circle and hollow circle, respectively. The initial mesh
1 is subdivided into meshes 2, 3, 4 and 5 in the second level of refinement. In the third level
of refinement, the mesh 5 is subdivided into meshes 6, 7, 8 and 9. The new support sizes are
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Figure 3: The 2D coupling discretization: (a) the parametric domain and (b) the physical domain.
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Figure 4: The local refinement strategy: (a) the initial mesh, (b) the mesh in the second level and (c) the mesh in the
third level.
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calculated for the inserted nodes to improve the MLS approximation between the coarse and fine
meshes [71]].

4. Thin-shell theory

4.1. Kinematics of the shell

In the Kirchhoff-Love theory, the transverse shear deformations are neglected and transverse
shear strains are zero. Another assumption is that a vector normal to the middle surface remains
normal to the deformed middle surface. The mid-surface shell model is analyzed for the thin-shell
structures.

The position of a material point in the reference configuration is described as

Xo (E1,E2,8%) =@, (£',E%) +E7A5(E1,87), (36)

where 51,52 € R? are convective curvilinear coordinates, —0.57 < 53 < 0.5t denotes the thickness
of the material point, ¢ is the thickness, A3 is the normal vector of the middle surface and @, is the
position of a material point on the middle surface. Similarly, the position of a material point X in
the deformed configuration can be expressed by @ and a3. The displacement of a material point
on the middle surface is calculated as

u('.8?) = (5'.&%) —0,('.8%). (37)
Based on the Kirchhoff-Love theory, the Green-Lagrange strain tensor is expressed as
E:EQBGa®Gﬁ ) EOCB = (8aﬁ+§3K(XB) (OC,B = 172) ) (38)

where G® and GP are the contravariant basis vectors presented in Appdendix A, and g3 denotes
the membrane strain and kg represents the change of curvature [11,, 68]:

1
€ap = 5 (ag-ag —Aq-Ap), (39)

Kaﬁ = Aaﬁ Az — aaﬁ -az, (40)
with ag, Ag, aq g and A, g introduced in Appendix A.

4.2. Equilibrium equations of thin shells

Based on the principle of virtual work, the total sum of the internal and external work equals
Zero:
OW = Wy + OWex = 0. 41)

The internal virtual work W, is described as

SWiy = — / SE: SdV, (42)
14
where § represents a variation, and S is the second Piola-Kirchhoff stress.
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The internal virtual work is integrated through the thickness [69]:

—/5E:dez—/(nzas+m:5x>dA, 43)
\% A

. 3
where the membrane stresses n = tC€ and the bending stresses m = %CK‘ are expressed by the
Voigt’s notation, dA is the differential area of the middle surface given as

dA = jodE'dE? | jo=| A1 x Az, (44)
with
(A“)2 VAIAZ 4 (1 —v) (A12)2 All412
= 115‘/2 (A22)2 A22412 . (45)
Sym. ! [(1 “V)ANAZ (14 y) (AIZ)Z}

where E is the Young’s modulus, v is the Poisson’s ratio and the contravariant metric coefficients
A%B are calculated in Appendix A.
The first derivative of the virtual work yields the residual force vector R:

_ aVVint a‘/Vext
R= < du, + du,

) = Finty et (46)

The second derivative of the virtual work yields the internal stiffness K:

i on Je d’e dm Jk 2%k
int __ . ) ' '
Krs a / (aub‘ . 8”}’ o aMraus * aus ' al/lr tm: 8ur8us) A (47)

For the linear deformation, the stiffness matrix can be reduced as

_. on Jeg Jdm Jk
nt __ . .
Kis _A/ <8us " du, + du, 8ur) dA. “48)

4.3. Discretization of thin shells

The deformed and undeformed middle surfaces can be defined in the same way as the displace-
ment represented by the shape function & (§) in Eq. as

Nsg Ns
e (e =Y & (&)p; . @ (ELEY) =Y D (&)ps, (49)
=1 I=1

where py, pj € RR3 are control points in the initial and deformed configurations, respectively.
Based on the linearized kinematics introduced in Appendix B, the membrane and bending
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strains can be expressed in the Voigt’s notation as [15]

€11 Ns ; K11 Ns ;
e=| e |=YBu, xk=| ko | =) BLu, (50)
2812 I=1 2](12 I=1

where the membrane matrix B/ and the bending matrix B!, are expressed as

T
. (Al¢171)§ (b}Inll)T
Bn = (Az(p[?z) . ) Bfn = (bfnZZ) T ’ D
(A1¢172+A2(p],1> (2b£112)

with
D)o = Aap-Ast [Pr1 (A2 X Az) + P12 (A3 X A)))

. 52
_]TLO [@171 (A2 XAa,ﬁ) -|-<p172 (Aa,ﬁ XAI)} _¢I7a[3A3 (52)
The global stiffness matrices of the nonlinear deformation and linear deformation are obtained

by substituting €, K, n, m and their derivatives that are presented in Appendix C into Eqs. (@7) and

#8)). The linearized systems are given as
KiMAu =R, (53)
Kii'u =F. (54)

The nonlinear deformation Au is obtained based on the Newton-Raphson method [70] and the
linear one can be directly calculated by Eq. (54).

5. Numerical examples

In this section, the coupling approach is applied to solve thin-shell benchmarks containing lin-
ear and nonlinear deformation. For the MLS approximation, the weight function is the quartic
spline with support sizes 2, 3 and 4 for the quadratic, cubic and quartic approximations, respec-
tively. The 4 x 4 gauss quadrature rule is applied for the integration in the coupling approximation.

5.1. Linear deformation

The benchmark problems proposed by Belytschko et al. [[14] that contain a pinched cylindrical
shell with rigid diaphragms, a Scordelis-Lo roof and a hemispherical shell are analyzed by using
the coupling approach. Local refinement is implemented by directly inserting meshfree nodes
around the point loadings where stress concentrations occur.

The errors in the displacement and strain energy which are respectively denoted by err;;, and
errener are calculated as

f(u _uect) : (u — llec;)d.Q

Q
f Uect - uectd-Q'
\l Q
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JET (u—u,y) : C:E(u—u,y)dQ
Q

; (56)

€rlener =

\/fET (Ueer) : C : E (Uper) dQ
Q

where u,; are the estimated exact displacements. Since there are no exact results for these shell
problems, the higher-order NURBS approximation (p =g =9) is applied to calculate u,.; and
estimate the error norms.

5.1.1. Pinched cylindrical shell

A cylindrical shell which is supported by fixed diaphragms at both ends is subjected to two
opposite point loadings P = 1 N, as shown in Fig. [5(a). The geometry parameters are the radius
R =300 mm, the length L = 600 mm and the thickness # = 1 mm. The material properties are the
Young’s modulus E = 3x 10® N/mm? and the Poisson’s ratio v = 0.3. One eighth of the cylindrical
shell is modeled because of the symmetry (Fig. [3(b)).

Fig. [6a) shows the contour plots of displacements in the deformed configuration with the
scaling factor of 1x107. The results converge to the analytical solution 1.8248x 10™> mm as global
refinement is conducted [14]. (The errors in the strain energy using the quadratic shape function are
shown in Fig.[6lb). The coupling approach realizes the exact boundaries and meanwhile converges
faster than the meshfree method. Moreover, the coupling approach with local refinement produces
a higher convergence rate than global refinement.

E =3.0x10°
v=03
P=1.0
R =300
L =600
t=1

() (b)

Figure 5: The pinched cylindrical shell with rigid diaphragms: (a) the geometry and (b) the locally refined meshes in
the physical domain.

5.1.2. Scordelis-Lo roof
A Scordelis-Lo roof, a section of the cylindrical shell supported by rigid diaphragms, is consid-
ered. The roof is subjected to the uniform gravity load P =90 N, as shown in Fig.[7l The geometry
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Figure 6: (a) The contour plots of displacements in the deformed configuration (scaling factor of 1 x 107) and (b) the
errors in the strain energy of the pinched cylindrical shell.

parameters are the length L = 50 mm, the radius R = 25 mm and the thickness # = 0.25 mm. The
material properties are the Young’s modulus E = 4.32x 108 N/mm? and the Poisson’s ratio v = 0.0.

Fig.[8(a) shows the contour plots of displacements in the deformed configuration with the scal-
ing factor of 10. Fig.[8(b) shows the errors in the displacement using the quadratic approximation.
The coupling approach with local refinement achieves a higher convergence rate than global re-
finement. Moreover, the coupling approach (with local refinement) performs better than the IGA
method (with global refinement) when the meshes are refined. The force and moment resultants
are shown in Fig.

5.1.3. Hemispherical shell

A hemispherical shell subjected to two opposite point forces F =2 N is considered (Fig.[10(a)).
The geometry parameters are the radius R = 10 mm and the thickness ¢ = 0.04 mm. The material
properties include the Young’s modulus E = 6.825x 107 N/mm? and the Poisson’s ratio v = 0.3.
The locally refined meshes for one quarter of the hemispherical shell are plotted in the physical
domain (Fig. [10(b)).

Fig.[11ka) shows the contour plots of displacements in the deformed configuration. Fig. [11(b)
shows the errors in the strain energy using the quadratic approximation. The coupling approach
(with global refinement) achieves the same convergence rate as the IGA method (with global re-
finement) when meshes are refined. Furthermore, the coupling approach with local refinement
converges faster than global refinement.
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Figure 7: (a) The geometry and material parameters of the Scordelis-Lo roof and (b) the meshes with local refinement.
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Figure 8: (a) The contour plots of displacements in the deformed configuration (scaling factor of 10) and (b) the errors
in the displacement of the Scordelis-Lo roof.
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Figure 9: The contour plots of the force and moment resultants of the Scordelis-Lo roof.
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Figure 10: The hemispherical shell: (a) one quarter of the geometry and (b) the locally refined meshes.
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Figure 11: (a) The contour plots of displacements in the deformed configuration (scaling factor of 30) and (b) the
errors in the strain energy of the hemispherical shell.
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5.2. Nonlinear deformation

The benchmark problems including a cantilever plate, a hemispherical shell, a pinched cylindri-
cal shell and an open-ended cylindrical shell are analyzed by the coupling approach. The coupling
approximation regards the outer part of geometry as the IGA subdomain and the interior part of
the geometry as the meshfree subdomain.

5.2.1. Cantilever plate

A cantilever plate subjected to the shear force P = 4 N is considered, as shown in Fig. [12(a).
The geometry parameters are the length L = 10 mm, the thickness # = 0.1 mm and the width b = 1
mm. The material properties include the Young’s modulus £ = 1.2x10% N/mm? and the Poisson’s
ratio v = 0.3. The quadratic basis function is used to approximate the displacement variables. The
shear force is equally applied in 40 load steps.

Fig. [I2[b) shows the contour plots of displacements at different load steps. Fig. [13] shows the
displacements at the end of the cantilever. The numerical results are consistent with the refer-
ence solutions [72], demonstrating the accuracy of the geometrically nonlinear analysis with the
coupling approach.

step 40
'(—step 30 6
y ~<—step 20

<—step 10 4

<—step 1

(a) b)

Figure 12: The cantilever plate subjected to a shear force: (a) the geometry and (b) the contour plots of displacements
at several load steps.

5.2.2. Hemispherical shell

A hemispherical shell with a 18° hole at the top loaded by equal but opposite forces P =400 N is
considered (Fig.[14(a)). The geometry parameters include the radius R = 10 mm and the thickness
t = 0.04 mm. The material properties are the Young’s modulus E = 6.825x 107 N/mm? and the
Poisson’s ratio v = 0.3. The quadratic and cubic basis functions are adopted for the coupling
approximation and 40 equal load steps are applied herein.

Fig.[14/shows the contour plots of displacements in the deformed configurations. The displace-
ments at the points A and B shown in Fig.[15/are consistent with the reference solutions [72], which
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Figure 13: The load-deflection curves at the end of the cantilever plate.

verifies the exactness of the coupling approach. Furthermore, the cubic basis function converges
faster than the quadratic basis function, whereas it is more time-consuming. The results presented
by Duong et al. [59] show the same influence of different-order basis functions as present results.

5.2.3. Pinched cylindrical shell

A pinched cylindrical shell subjected to two point loadings P = 1.2x10* N is considered. The
geometry parameters are the radius R = 200 mm, the length L = 200 mm and the thickness ¢ = 1
mm. The material properties are the Young’s modulus E = 3x10* N/mm? and the Poisson’s ratio
v = 0.3. The quadratic basis function is employed to approximate displacement fields and 40 load
steps are equally applied.

The radial displacements at the points A and B shown in Fig. [16] are consistent with the ref-
erence solutions [72]. The deformed configurations at different load steps are shown in Fig.
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Figure 14: The hemispherical shell: (a) one quarter of the geometry; the contour plots of displacements in the deformed
configurations at the load steps (b) 1, (c) 10 and (d) 40.
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Figure 16: The load-deflection curves at the points A and B of the pinched cylindrical shell.
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Figure 17: The contour plots of displacements in the deformed configurations at the load steps (a) 1, (b) 5, (c¢) 30 and
(d) 40.
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5.2.4. Open-ended cylindrical shell

An open-ended cylindrical shell pulled by a pair of radial forces P = 4x10* N is shown in
Fig.[I8(a). The geometry parameters are the radius R = 4.953 mm, the length L = 10.35 mm and
the thickness ¢ = 0.094 mm. The material properties include the Young’s modulus E = 10.5x10°
N/mm? and the Poisson’s ratio v = 0.3125. One eighth of the shell is modeled because of the
symmetry. The quadratic basis function and 20 equal load steps are applied.

The deformed cylindrical shells at the load steps 1, 5 and 20 are plotted in Fig. [I8] (b)-(d),
respectively. The displacements at the points A, B and C are consistent with the reference solutions
[@ﬁ (Fig.[19), verifying the accuracy of the coupling approach.

N

free

() (b)

e

() (d)

Figure 18: The open-ended cylindrical shell: (a) the geometry; the contour plots of displacements in the deformed
configurations at the load steps (b) 1, (c) 5 and (d) 20.
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Figure 19: The load-deflection curves at the points A, B and C of the open-ended cylindrical shell.

6. Conclusions

In this paper, a coupling approach of the IGA and meshfree methods was developed for the
geometrically linear and nonlinear elastic analyses of thin-shell structures. The coupling approach
was based on the KL shell theory with the C! continuity of the displacement fields. The coupling
approach utilized three subdomains: the IGA subdomain to ensure exact geometry representation,
the meshfree subdomain to obtain local refinement flexibility and the coupling subdomain to guar-
antee smoothness between the other two subdomains. The coupling approach could converge faster
than the IGA and meshfree methods by implementing local refinement. The feasibility and accu-
racy of the coupling approach were demonstrated by solving the benchmark problems containing
both linear and nonlinear deformation.

The coupling approach with global refinement could produce more accurate results, higher
convergence rate and less computational cost than the meshfree method, while achieving the same
convergence rate as the IGA method. Furthermore, with the successful implementation of local
refinement, the coupling approach could achieve higher convergence rates than the IGA and mesh-

free methods (with global refinement).
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Appendix A Calculations of basis vectors and metric coefficients

In the reference configuration, the covariant basis vectors which are defined as the derivatives
of point Xy with respect to &' (i = 1,2,3) are calculated as follows:

8X0 . aq)o 8A3 . aA3

G“:aga_aga+53aga_A“+53ag—a (a=1,2), (57)
G3; = 3—?3) =As3. (58)
Similarly, the covariant basis vectors in the deformed configuration are given as
gaza?a — ;; +63§22 :aa+é3%, (59)
g = ;—; = a3. (60)

The unit normal vectors of the middle surface in the reference configuration and the deformed
configuration are calculated as

Al XA
_ A1x8s o B1Xa (61)
|A] X As| |a; x ap|

A3

The covariant metric coefficients satisfy the following equations:
Gij=6Gi-Gj , 8ij=8g8j (62)
Aij:Ai'Aj y a,-j:a,--aj. (63)

The contravariant basis vectors and corresponding metric coefficients in the reference configuration
and the deformed configuration are calculated as

) , , 1
G =GiG;, Gi=_. (64)
: y y 1
A'=AYA;, AV=—, (65)
i ij ij_ 1
8ij
i ij ij_ 1
a=a’a;, a=—. 67)
aijj
The Green-Lagrange strain tensor is expressed as
; ; 1
E=E;G'®G Eijzi(gij_Gij)- (68)
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Appendix B Linearised kinematics

The following membrane strains and bending strains can be obtained when the second deriva-
tives of displacements are emitted:

1
€qp = 3 (ll7a -AB +upg -Aa) , (69)

i~ A 01 () 2+ (A X A1)

AgpA (70)
+ % (ll71 . (A2 X A3) +us- (A3 X Al))
The variations of Egs. and (Z0) are calculated as
1
Seap =75 (Oua-Ag+Sup-Ad), (71)
5Kaﬁ = —5117,1[3 Az + JTLO (51171 . (Aa,B X A2) — 51172- (Aa,B X Al)) 72)

AgpA
+ ;;03 (51171 . (A2 X A3) + 51172 . (A3 X Al))
The strains can be obtained by substituting the displacement variables in Eq. (26) and the basis
vectors in Egs. (57) and (58)) into Egs. and (Z0).
Appendix C Derivatives of strain variables

The first derivative of a point in the middle surface with respect to the nodal displacement
yields

Z D (8) (pr+ur), Z Dy () urr, (73)

aur

and the first derivative of the covariant basis vectors is calculated as

8
o ZCPIa ur (74)

The first derivative of the membrane strains with respect to the nodal displacement u, is

8saﬁ

1 1
u, — 3B ap—Aa-Ap) =3 (aa, aptaa-ag,). (73)

The second derivative of the membrane strains is

1
. - E (an’ ' aﬁvs + aa,s ) aﬁvr) ' (76)

Several terms are calculated for the derivatives of the bending strains. The first derivative of the
normal vector a3 defined in Eq. (61)) with respect to the nodal displacement u, is calculated as

43,43 — 0343,

_2 )
as

a3, = =la; xay| , a3= aj xay, (77)
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where a3 represents the length of @3, and the derivatives of a3 , and a3 , are calculated as

— a3,r =
A3p=———" A3y =a1, X +a1xXa, (78)
3

The derivative of a, g with respect to the nodal displacement u, is given as

Ns
agp, =Y, Prap(&)ur,. (79)
=1

The first derivative and second derivative of the bending strains kg with respect to the nodal
displacement u, can be obtained as

Kapr = (Aap A3 —agp '33)7, =—agp, A3~y A3, (30)
Kaprs = (Aqp-As—agp-a3) s (agp,-835+agp a3, +agp 83,). (81)
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