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Abstract—This paper investigates the localization problem of
a network in 2-D and 3-D spaces given the positions of anchor
nodes in a global frame and inter-node relative measurements
in local coordinate frames. It is assumed that the local frames
of different nodes have different unknown orientations. First,
an angle-displacement rigidity theory is developed, which can
be used to localize all the free nodes by the known positions
of the anchor nodes and local relative measurements (local
relative position, distance, local relative bearing, angle, or ratio-
of-distance measurements). Then, necessary and sufficient con-
ditions for network localizability are given. Finally, a distributed
network localization protocol is proposed, which can globally
estimate the locations of all the free nodes of a network if
the network is infinitesimally angle-displacement rigid. The
proposed method unifies local-relative-position-based, distance-
based, local-relative-bearing-based, angle-based, and ratio-of-
distance-based distributed network localization approaches. The
novelty of this work is that the proposed method can be applied
in both generic and non-generic configurations with an unknown
global coordinate frame in both 2-D and 3-D spaces.

Index Terms—Angle-displacement rigidity theory, unknown
local frames, non-generic configuration, local relative measure-
ment, distributed localization, 2-D and 3-D spaces.

I. INTRODUCTION

LOCALIZATION is a prerequisite for large range of
applications in target searching, obstacle avoidance, and

formation control [1], [2]. Network localization studies how
to localize a network given the positions of anchor nodes
and inter-node relative measurements. Compared with cen-
tralized network localization, distributed network localization
can reduce the network resource consumption. The existing
distributed network localization algorithms, based on differ-
ent kinds of measurements, can be divided into four cate-
gories: relative-position-based [3], [4], distance-based [5], [6],
bearing-based [7], [8], and angle-based [9].

There are two fundamental problems in network localiza-
tion: network localizability and distributed localization proto-
cols. The necessary and sufficient conditions for localizability
of a network have been studied by many researchers. For
the relative-position-based localization in 2-D space [4], a
network is localizable if and only if every free node is 2-
reachable from the set of anchor nodes. Similar results have
been shown in the distance-based localization [5], where a
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network expressed by the barycentric coordinate is localizable
if and only if every free node has at least three disjoint paths
in 2-D space from the set of anchor nodes. The localizability
of bearing-based localization depends on the bearing rigidity
theory [7]. A bearing-based network is localizable in arbitrary
dimensional spaces if and only if every infinitesimal bearing
motion involves at least one anchor node. For the angle-based
localization, a network is angle localizable in 2-D space if
and only if it is angle fixable and anchors are not colinear
[9]. It should be noted that different localizability conditions
are proposed for different relative measurements. A general
condition for 2-D and 3-D network localizability for different
local relative measurements is still lacking.

If a network is localizable, the corresponding relative-
position-based, distance-based, bearing-based, or angle-based
distributed protocols can globally estimate a network. How-
ever, there are limitations in the existing distributed protocols.
The disadvantage of relative-position-based and bearing-based
distributed localization is the requirement of the global coor-
dinate frame. To address this issue, the first way to recover the
true configuration is to construct a similar configuration [4],
[10], which is only applicable to 2-D space. The second way
is to align the orientations of each local frame with the global
frame by using local relative bearing measurements [11]–[13],
but the orientation alignment errors along the sequence of
propagation may be accumulated. The third way is to estimate
the orientation of each local frame, but it requires additional
relative orientation measurements [8].

Compared with relative-position-based and bearing-based
distributed localization, the distance-based and angle-based
distributed localization do not need the global coordinate
frame. But the distance-based distributed network localization
is only applicable to a generic configuration [5], [6], e.g., any
three nodes are not on the same line in 2-D space and any four
nodes are not on the same plane in 3-D space. For the angle-
based network localization [9], [14], [15], to the best of our
knowledge, there is no such known result for the localizability
and distributed protocols of angle-based networks in 3-D
space. The works in [9], [14], [15] are applied to a 2-D angle-
based network localization problem. In addition, the unknown
free nodes in [9] are localized one by one, i.e., the distributed
algorithm works in a step-by-step iterative way. Moreover, for
the recently developed ratio-of-distance rigidity theory [16],
there is no corresponding network localization method.

In this paper, we aim to propose a unified approach which
not only can be applied to distributed network localization with
local relative measurements (local relative position, distance,
local relative bearing, angle and ratio-of-distance measure-
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TABLE I: Comparison with existing distributed network localization methods.

Approaches References Measurements Limitations Advantages of our method
Angle-based [9] Angle 2-D space 3-D space

Bearing-based [7] Relative bearing Known global coordinate frame Unknown global coordinate frame
Bearing-based [10] Local relative bearing 2-D space 3-D space
Distance-based [5], [6] Relative distance Generic configuration Non-generic configuration

Relative-position-based [3], [17] Relative position Known global coordinate frame Unknown global coordinate frame
Relative-position-based [4] Local relative position 2-D space, generic configuration 3-D space, non-generic configuration
Ratio-of-distance-based − Ratio-of-distance − Solved in our work

−: To the best of our knowledge, there exists no result for the localizability and distributed protocols of ratio-of-distance-based networks.
Compared with the distance-based localization protocol in [18], the proposed method requires fewer communication channels.

ments), but also has advantages over the existing distributed
network localization methods. The novelty of this work is
that the proposed method can be applied in both generic and
non-generic configurations with an unknown global coordinate
frame in both 2-D and 3-D spaces. The comparison with
existing distributed network localization methods is given in
Table I. The main contributions of this work are summarized
below.

1) An angle-displacement rigidity theory is proposed to
determine whether a set of angle and displacement con-
straints can uniquely characterize a network in 3-D space
up to directly similar transformation, i.e., translation,
rotation, and scaling.

2) Based on the angle-displacement rigidity theory and an
angle-displacement information matrix, we provide nec-
essary and sufficient conditions for network localizability.

3) A distributed network localization protocol is proposed,
which can globally estimate the locations of all free
nodes of a network if the network is infinitesimally angle-
displacement rigid.

The remainder of this paper is organized as follows. Section
II provides preliminaries and introduces how to establish the
direct similarity of two networks by using angle and dis-
placement constraints. An angle-displacement rigidity theory
is presented in Section III. Section IV formulates the problem
of displacement-constraint-based network localization, where
the network localizability is analyzed. A distributed network
localization protocol is presented in Section V. Section VI
provides the details of simulation. Section VII ends this paper
with conclusions and recommendations for future work.

II. PRELIMINARIES

A. Notations

The set of real numbers and real matrices are denoted by
R and Rm×n, respectively. We use Null( · ), dim( · ), Span( · ),
| · |, and Rank( · ) to represent the null space, dimension, span,
cardinality, and rank of a matrix. ‖ · ‖ is the Euclidean norm
of a vector or the spectral norm of a matrix. det( · ) is the
determinant of a square matrix. Denote ⊗ as the Kronecker
product. Id stands for the identity matrix of dimension d ×
d, and 1d and 0d the d-dimensional column vectors with all
entries equal to 1 and 0, respectively. An undirected graph
is denoted by G = {V, E} consisting of a non-empty node
set V = {1, · · · , n} and an undirected edge set E ⊆ V × V .

(a) (b)

Fig. 1: Illustration of the angle constraints in Lemma 1 and
Theorem 1.

(i, j) ∈ E is an undirected edge. κ is a complete graph with
n nodes.

B. Sensor Measurements

The nodes in a network are divided into two categories: 1)
anchor nodes whose positions are known; 2) free nodes whose
positions need to be determined. Let Σg be a common global
coordinate frame in R3. Each node i (including both anchor
node and free node) holds an unknown fixed local coordinate
frame Σi. Define Q ∈ SO(3) as the 3-dimensional rotation
matrix, where SO(3) = {Q ∈ R3×3 : QTQ = QQT =
I3, det(Q) = 1}. Let Qi be the unknown rotation matrix from
Σi to Σg . Denote pi, pj ∈ R3 as the positions of node i and
node j in Σg . Define

eij = pj−pi = Qie
i
ij , gij =

pj − pi
dij

= Qig
i
ij , e

i
ij = dijg

i
ij ,

(1)
where eij ∈ R3 is the relative position in Σg . eiij is the local
relative position in Σi. gij ∈ R3 is the relative bearing of pj
with respect to pi in Σg . giij is the local version of relative
bearing in Σi. dij = ‖pi − pj‖ ∈ R is the distance between
node i and node j. gTijgik = giij

T
giik is the angle between edges

eij and eik. Next, we will introduce two kinds of constraints
in a network: angle constraint and displacement constraint.

C. Angle Constraint

In this subsection, we will show that the angle constraints
can be described by a group of parameters.
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Lemma 1. For any three different nodes pi, pj , pk in R3 shown
in Fig. 1, there exist parameters wik, wki, wij , wji, wjk, wkj ∈
R such that

wike
T
ikeij + wkie

T
kiekj = 0, (2)

wije
T
ijeik + wjie

T
jiejk = 0, (3)

wjke
T
jkeji + wkje

T
kjeki = 0, (4)

with w2
ik + w2

ki 6= 0, w2
ij + w2

ji 6= 0, and w2
jk + w2

kj 6= 0.

Proof. Denote the angles between eij and eik, eji and ejk,
eki and ekj by θi, θj , θk ∈ [0, π], respectively. Note that
eTikeij = dikdij cos θi and eTkiekj = dikdjk cos θk. To ensure
wike

T
ikeij +wkie

T
kiekj = 0 and w2

ik+w2
ki 6= 0, the parameters

wik and wki can be designed as

wik = 1
eTikeij

, wki = −1
eTkiekj

, eTikeij , e
T
kiekj 6= 0,

wik = 1, wki = 0, eTikeij = 0, eTkiekj 6= 0,
wik = 0, wki = 1, eTikeij 6= 0, eTkiekj = 0,
wik = 1, wki = 1, eTikeij = 0, eTkiekj = 0.

(5)
Similarly, the parameters wij , wji, wjk, wkj in (3) and (4)

can also be designed.

Definition 1. (Angle Constraint) Equations (2), (3), and (4)
are formally defined as angle constraints for the nodes i, j, k
w.r.t. edges (i, j), (i, k), (j, k).

Remark 1. In network localization, the angle constraints are
only constructed among the anchor nodes by the known anchor
positions. If there is an undirected edge between anchor node
i and anchor node j, their known positions are shared by
communication, i.e., eij = pi−pj is available for the anchor
nodes i, j. Hence, for the known anchor nodes i, j, k w.r.t.
undirected edges (i, j), (i, k), (j, k), eij , eik, ejk are available
for the anchor nodes i, j, k and their corresponding angle
constraints (2)-(4) can be constructed by (5).

Theorem 1. (Property of Angle Constraint) For any three dif-
ferent nodes pi, pj , pk in R3 shown in Fig. 1, denote the angles
between eij and eik, eji and ejk, eki and ekj by θi, θj , θk ∈
[0, π], respectively. The angles θi, θj , θk ∈ [0, π] are deter-
mined uniquely by the parameters wik, wki, wij , wji, wjk, wkj
in the angle constraints (2)-(4).

The proof of Theorem 1 is given in [19]. Note that
Lemma 1 and Theorem 1 are also applicable to the case that
pi, pj , pk are on a line. Next, we will discuss the construction
of displacement constraint based on different local relative
measurements (local relative position, distance, local relative
bearing, angle, or ratio-of-distance measurements).

D. Displacement Constraint

Before exploring the displacement constraint, the following
assumption is given.

Assumption 1. No two nodes are collocated in R3. For the
five nodes i, j, k, h, l, node i is the common neighboring node
of nodes j, k, h, l.

For the node i and its neighbors j, k, h, l in R3, the
matrix Ei = (eij , eik, eih, eil) ∈ R3×4 is a wide matrix.

Fig. 2: Two similar quadrilaterals. The network ♦ijkh(p) can
be obtained by rotating ♦ijkh(q) around Y-axis by an angle
π
2 .

From the matrix theory, there exists a non-zero vector µi =
(µij , µik, µih, µil)

T ∈ R4 such that Eiµi = 0, i.e.,

µijeij + µikeik + µiheih + µileil = 0, (6)

where µ2
ij + µ2

ik + µ2
ih + µ2

il 6= 0.

Definition 2. (Displacement Constraint) Equation (6) is
formally defined as a displacement constraint for node i w.r.t.
edges (i, j), (i, k), (i, h), (i, l).

Next, we will obtain the parameters µij , µik, µih, µil in
(6) by using local relative position measurements. Denote
eiij , e

i
ik, e

i
ih, e

i
il as the local relative positions measured by

node i in Σi. Since eij = Qie
i
ij , eik = Qie

i
ik, eih =

Qie
i
ih, eil = Qie

i
il, (6) becomes

Qi
[
eiij eiik eiih eiil

] 
µij
µik
µih
µil

 = 0. (7)

Note that QTi Qi = I3. Although the rotation matrix Qi is
unknown, the non-zero vector (µij , µik, µih, µil)

T in (7) can
be obtained by solving an equivalent equation of (7) shown as

[
eiij eiik eiih eiil

] 
µij
µik
µih
µil

 = 0. (8)

In a local-relative-position-based network in R3 under
Assumption 1, let XG = {(i, j, k, h, l) ∈ V5 : (i, j), (i, k),
(i, h), (i, l) ∈ E , j < k < h< l}. Each element of XG can be
used to construct a local-relative-position-based displacement
constraint (6).

In addition, the displacement constraint (6) can also be
obtained by distance, local relative bearing, angle, or ratio-
of-distance measurements. The details are given in [19]. After
introducing the angle constraint and displacement constraint,
we are ready to establish the direct similarity of two networks
by using angle and displacement constraints.

E. Angle and Displacement Constraints based Similar Net-
works

Suppose that we aim to prove the direct similarity of two
quadrilaterals ♦ijkh(p) and ♦ijkh(q) in R3 shown in Fig.



4

2, where pi, pj , pk, ph and qi, qj , qk, qh are on two different
planes, respectively. Denote by e′hi=qi−qh, e′hk=qk−qh, e′hj=
qj−qh. It is easy to prove that they are similar if the following
conditions (a)-(b) hold
(a) µhi+µhj+µhk 6= 0, µhiehi+µhjehj+µhkehk = 0, µhie′hi+

µhje
′
hj+µhke

′
hk=0;

(b) θi = φi, θj = φj , θk = φk.
From Theorem 1, we can know that the angles θi, θj , θk are

determined uniquely by the angle constraints (2)-(4). Hence,
two quadrilaterals ♦ijkh(p) and ♦ijkh(q) are similar if the
following conditions (a)-(e) hold
(a) µhi + µhj + µhk 6= 0, µhiehi + µhjehj + µhkehk = 0,

µhie
′
hi + µhje

′
hj + µhke

′
hk = 0;

(b) wikeTikeij+wkie
T
kiekj=0, wike′ik

T
e′ij+wkie

′
ki
T
e′kj=0;

(c) wijeTijeik+wjie
T
jiejk=0, wije′ij

T
e′ik+wjie

′
ji
T
e′jk=0;

(d) wjkeTjkeji+wkje
T
kjeki=0, wjke′jk

T
e′ji+wkje

′
kj
T
e′ki=0;

(e) w2
ik + w2

ki 6= 0, w2
ij + w2

ji 6= 0, w2
jk + w2

kj 6= 0.

Remark 2. From Theorem 1, the conditions (b)-(e) are equiv-
alent to the conditions θi = φi, θj = φj , θk = φk.

Note that µhiehi + µhjehj + µhkehk = 0 is a displacement
constraint. wikeTikeij+wkie

T
kiekj=0, wijeTijeik+wjie

T
jiejk=0,

and wjke
T
jkeji +wkje

T
kjeki = 0 are three angle constraints.

Therefore, two quadrilaterals ♦ijkh(p) and ♦ijkh(q) are simi-
lar if a displacement constraint µhiehi+µhjehj +µhkehk = 0
with µhi + µhj + µhk 6= 0 and three angle constraints (2)-(4)
for the nodes i, j, k, h w.r.t. p are equal to those w.r.t. q.

In this paper, we are interested in generalizing the above
mentioned angle and displacement constraints in quadrilaterals
to a set of angle and displacement constraints in more general
networks in R3. The immediate question is whether a set of
angle and displacement constraints can uniquely characterize a
network up to directly similar transformations, i.e., translation,
rotation, and scaling. The following sections provide some
insights into this question.

III. ANGLE-DISPLACEMENT RIGIDITY THEORY

A network in R3 is denoted by (G, p), where G = {V, E}
is an undirected graph and p = (pT1 , · · · , pTn )T ∈ R3n is a
configuration in G. Denote by |XG | = md (XG is defined
in Section II-D and [19]). Let ΥG = {(i, j, k) ∈ V3 :
(i, j), (i, k), (j, k) ∈ E , i < j < k} with |ΥG | = mr. In
this section, we focus on when the angle and displacement
constraints can uniquely characterize a network in R3. The
following function is first introduced.

For the angle constraints, the angle function BΥG (p) :
R3n → Rmr is defined as

BΥG (p)=(· · · , wikeTikeij + wkie
T
kiekj , · · · )T , (9)

where (i, j, k)∈ΥG , and wik, wki are obtained by (5) which
satisfy the condition wikeTikeij+wkie

T
kiekj=0 with w2

ik+w
2
ki 6=

0.
For the displacement constraints, the displacement function

LXG (p) : R3n → R3md is defined as

LXG (p)=(· · · , µijeTij+µikeTik+µihe
T
ih+µile

T
il , · · · )T , (10)

where (i, j, k, h, l) ∈ XG and µijeij + µikeik + µiheih +
µileil = 0 with µ2

ij + µ2
ik + µ2

ih + µ2
il 6= 0.

Let TG = ΥG ∪ XG and m = 3md + mr. Combining
angle constraints and displacement constraints, the angle-
displacement function fTG (p) : R3n → Rm is defined as

fTG (p) = (BTΥG (p), LTXG (p))T . (11)

We are now ready to define the fundamental concepts in
angle-displacement rigidity theory. These concepts are defined
analogously to those in the distance rigidity theory [18],
bearing rigidity theory [20], and angle rigidity theory [21],
[22]. Our proposed angle constraint wikeTikeij+wkie

T
kiekj = 0

with w2
ik + w2

ki 6= 0 contains the relationship between θi and
θk, which is different from the angle constraint gTijgik = cos θi
in [21] that only contains angle information θi. An advantage
of the proposed angle constraint is that it can be used for
analyzing the network localizability in 3-D space shown in
Section IV.
Remark 3. For two different configurations p and p′, their
corresponding parameters wik, wki in (9) and µij , µuk, µih, µil
in (10) may be different. If the function fTG ( · ) in (11) is
customized for the configuration p, we have fTG (p) = 0, but
fTG (p′) may not be a zero vector. It is easy to prove that if
the configuration p′ satisfies p′ = s(In ⊗ Q)p + 1n ⊗ t, s ∈
R\{0}, Q ∈ SO(3), t ∈ R3, we have fTG (p′) = 0. In addition,
the reflection ambiguity [23] can be avoided by combining the
angle constraint and displacement constraint.

The angle-displacement rigidity matrix is defined as

R(p) =
∂fTG (p)

∂p
∈ Rm×3n. (12)

An angle-displacement infinitesimal motion is a motion
preserving the invariance of fTG (p). In other words, an angle-
displacement infinitesimal motion δp satisfies R(p)δp = 0.
Since µijeij +µikeik+µiheih+µileil = 0 and wike

T
ikeij +

wkie
T
kiekj = 0, the angle-displacement infinitesimal motions

preserving the invariance of fTG (p) include translations, rota-
tions and scalings.

Definition 3. An angle-displacement infinitesimal motion is
called trivial if it corresponds to a translation, a rotation and
a scaling of the entire network.

Definition 4. (Angle-displacement Equivalency and Con-
gruency) Let (κ, p) be the complete network, where κ is
the complete graph and Rκ(p) is the corresponding angle-
displacement rigidity matrix. Two networks (G, p) and (G, p′)
are angle-displacement equivalent if R(p)p′ = 0, and angle-
displacement congruent if Rκ(p)p′ = 0.

Definition 5. (Angle-displacement Rigidity) A network (G,
p) is angle-displacement rigid if there exists a constant ε > 0
such that any network (G, p′) that is angle-displacement
equivalent to it and satisfies ‖p − p′‖ < ε is also angle-
displacement congruent to it.

Definition 6. (Globally Angle-displacement Rigidity) A
network (G, p) is globally angle-displacement rigid if it is
angle-displacement congruent to any of its angle-displacement
equivalent networks.
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A. Properties of Angle-displacement Rigidity

We next explore some important properties of angle-
displacement rigidity.

Definition 7. A network (G, p) is infinitesimally angle-
displacement rigid in R3 if all the angle-displacement in-
finitesimal motions satisfying

∂fTG (p)

∂p δp = 0 are trivial, i.e.,
dim(Null(R(p))) = 7.

Lemma 2. The trivial motion space for angle-displacement
rigidity in R3 is S = St ∪ Sr ∪ Ss, where St = {1n ⊗ I3} is
the space including all infinitesimal motions that correspond
to translational motions, Sr = {(In ⊗A)p,A+AT = 0, A ∈
R3×3} is the space including all infinitesimal motions that
correspond to rotational motions, and Ss = Span(p) is the
space including all infinitesimal motions that correspond to
scaling motions.

Proof. Let

ηTd =
∂(µijeij+µikeik+µiheih+µileil)

∂p ,

ηTr =
∂(wike

T
ikeij+wkie

T
kiekj)

∂p ,
(13)

where ηTd and ηTr are the rows of R(p). Then, we have

ηd=[0,−µij−µik−µih−µil,0, µij ,0, µik,0, µih,0, µil,0]T⊗I3.
(14)

ηr=



0
2wikpi + (wki − wik)pj − (wik + wki)pk

0
(wki − wik)pi + (wik − wki)pk

0
−(wik + wki)pi + (wik − wki)pj + 2wkipk

0


. (15)

Since µijeij+µikeik+µiheih+µileil = 0 and wikeTikeij +
wkie

T
kiekj = 0, for the scaling space Ss, it is straightforward

that ηTd p = 0 and ηTr p = 0. For the translation space St, we
have ηTd (1n⊗ I3) = 0 and ηTr (1n⊗ I3) = 0. For the rotation
space Sr = {(In ⊗ A)p,A+ AT = 0, A ∈ R3×3}, it follows
that ηTd (In ⊗ A)p = A(µijeij+µikeik+µiheih+µileil) = 0
and

ηTr (In ⊗A)p
= wikp

T
i (A+AT )pi+(wki−wik)pTj (A+AT )pi

−(wik+wki)p
T
k (A+AT )pi + (wik−wki)pTk (A+AT )pj

+wkip
T
k (A+AT )pk = 0.

(16)
Then, the conclusion follows.

Theorem 2. (Property of Infinitesimally Angle-displacement
Rigid) Let κ be a complete graph with n nodes. If a network
(κ, p) is infinitesimally angle-displacement rigid in R3, then
f−1
κ (fκ(p)) = {s(In ⊗ Q)p + 1n ⊗ t, s ∈ R\{0}, Q ∈
SO(3), t ∈ R3}, which is a 7-dimensional manifold.

Proof. For any q ∈ f−1
κ (fκ(p)), q = s(In⊗Q)p+1n⊗ t, s ∈

R\{0}, Q ∈ SO(3), t ∈ R3. From the chain rule, it yields

∂fκ(q)
∂q = ∂fκ(p)

∂sp (In ⊗QT ). (17)

Then, we have Rank(∂fκ(q)
∂q ) = Rank(∂fκ(p)

∂sp (In ⊗QT )) =

3n − 7. Since fκ : R3n → R|Tκ| is a smooth mapping,
f−1
κ (fκ(p)) is a properly embedded manifold of dimension

3n− (3n− 7) = 7.

Lemma 3. A network (G, p) is globally angle-displacement
rigid if Null(Rκ(p)) = Null(R(p)).

Proof. From Definition 4, any network (G, p′) that is equiv-
alent to (G, p) satisfies R(p)p′ = 0. It then follows from
Null(Rκ(p)) = Null(R(p)) that Rκ(p)p′ = 0, which means
that (G, p′) is also congruent to (G, p). From Definition 6, we
can know that (G, p) is globally angle-displacement rigid.

Next, a relationship between infinitesimally angle-
displacement rigid and globally angle-displacement rigid is
given.

Theorem 3. If a network (G, p) is infinitesimally angle-
displacement rigid in R3, it is globally angle-displacement
rigid.

Proof. Similar to Lemma 2, it can be proved that Span{1n ⊗
I3, p, (In ⊗ A)p,A + AT = 0, A ⊆ R3×3} ⊆ Rank(Rκ(p)).
For any δp ∈ Null(Rκ(p)), we have Rκ(p)(p + δp) =
0. Since graph TG is a subgraph of graph Tκ, we have
R(p)(p + δp) = 0 and hence R(p)δp = 0. Then, we have
Null(Rκ(p)) ⊆ Null(R(p)). Hence, Span{1n ⊗ I3, p, (In ⊗
A)p,A+AT = 0, A ⊆ R3×3} ⊆ Null(Rκ(p)) ⊆ Null(R(p)).
If a network (G, p) is infinitesimally angle-displacement rigid,
we have Null(R(p)) = Span{1n⊗I3, p, (In⊗A)p,A+AT =
0, A ⊆ R3×3}, which means that Null(Rκ(p)) = Null(R(p)).
From Lemma 3, we can know that (G, p) is globally angle-
displacement rigid.

B. Analysis of Angle and Displacement Constraints from the
Angle-displacement Rigidity Theory

The angle-displacement rigidity matrix R(p) in (12) will
be used for analyzing the network localizability in Section
IV and designing distributed network localization protocols
in Section V. Hence, we need to construct an available
angle-displacement rigidity matrix R(p). For an angle con-
straint wikeTikeij+wkie

T
kiekj = 0, its corresponding rows ηTr

of R(p) in (15) contain the position information pi, pj , pk.
Since only the positions of the anchor nodes are known,
to obtain the angle-displacement rigidity matrix R(p), the
angle constraints can only be constructed among the anchor
nodes. The method to construct angle constraints among the
anchor nodes is shown in (5). For displacement constraint
µijeij +µikeik+µiheih+µileil = 0, its corresponding row
ηTd of R(p) in (14) does not contain any position information.
Hence, the displacement constraints can be constructed among
all the nodes. As introduced in Section II-D and [19], the local
relative measurements (local relative position, distance, local
relative bearing, angle, or ratio-of-distance measurements) can
be used for constructing displacement constraints.

Remark 4. Note that there already exist some works on
rigidity theory with mixed types of geometric constraints [17],
[24]–[26]. The nonlinearity of the constraints in [24]–[26]
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leads to relative-position-based distributed algorithms, which
are not applicable to bearing-only-based, angle-only-based,
distance-only-based, or ratio-of-distance-based distributed net-
work localization where the relative position measurements are
unavailable to each node. The rigidity theory in [17] can be
used for solving the relative-position-based distributed network
localization problem, but it needs global coordinate frame. The
local-relative-position-based distributed network localization
problem is not solved in [17].

IV. ANGLE-DISPLACEMENT RIGIDITY THEORY BASED
NETWORK LOCALIZABILITY

Denote Va = {1, · · · , na} as the anchor nodes set with
|Va| = na, whose positions, denoted by pa = (pT1 , · · · , pTna)T ,
are known. Denote Vf = {na+1, · · · , n} as the free nodes
set with |Vf | = nf , whose positions, denoted by pf =
(pTna+1, · · · , pTn )T , need to be determined. Before presenting
the main results, the following assumption made which is
necessary for network localizability analysis.

Assumption 2. No two nodes are collocated in R3. Each
anchor node has at least two neighboring anchor nodes, and
each free node has at least four neighboring nodes in R3. For
local-relative-bearing-based and angle-based networks, each
free node and its neighbors are non-colinear.

Remark 5. Note that if local relative position measurements
are used to localize the network in the proposed method, the
condition in Assumption 2 can be relaxed as: for a free node
i with less than four neighboring nodes, there is at least one
neighboring node j ∈ Ni satisfying |Nj | ≥ 4, i.e., the node j
has at least four neighboring nodes i, k, h, l (refer to Section
II-D and Assumption 1). The assumption that each free node
has at least 4 neighboring nodes in R3 can also be found
in the literature on network localization and formation control
[6], [27], [28]. In addition, compared with the works [6], [27],
[28] that require an additional generic assumption, e.g., any
three nodes are not on the same line and any four nodes are
not on the same plane, Assumption 2 is mild.

In this section, the network localization problem is for-
mulated under Assumption 2, and necessary and sufficient
conditions will be provided for network localizability based
on the proposed angle-displacement rigidity theory.

A. 3-D Network Localization

The angle constraints among the anchor nodes are only
used for analyzing the network localizability, while the dis-
placement constraints among all the nodes are not only used
for analyzing the network localizability, but also used for
estimating the locations of free nodes. The problem of network
localization is formally stated below.

Problem 1. (Network Localization Problem) Consider a
local-relative-measurement-based network (G, p) in R3 under
Assumption 2. The network localization is to determine the

positions of the free nodes pf , given the positions of the anchor
nodes pa and displacement constraints in the graph XG

µij êij+µikêik+µihêih+µilêil = 0, (i, j, k, h, l) ∈ XG ,
p̂i = pi, i ∈ Va,

(18)
where p̂i, p̂j , p̂k, p̂h, p̂l are the estimates of pi, pj , pk, ph, pl,
and êij = p̂j−p̂i, êik = p̂k−p̂i, êih = p̂h−p̂i, êil = p̂l−p̂i.

Remark 6. In our proposed localization approach, we only
consider the same type of local relative measurements for
all nodes. This same type of local relative measurements
can be angle, distance, local relative bearing, local relative
position, or ratio-of-distance measurements. As introduced
in Section II-D and [19], the displacement constraint can
be obtained by one same type local relative measurements.
Hence, the network localization is implemented based on the
known anchor positions and one same type of local relative
measurements.

Definition 8. A network (G, p) is called localizable if the
solution p to (18) is unique.

The cost function of network localization is designed as

min
p̂∈R3n

J(p̂)=
∑

(i,j,k,h,l)∈XG
‖µij êij+µikêik+µihêih+µilêil‖2,

subject to p̂i = pi, i ∈ Va,
(19)

where p̂ = (p̂T1 , · · · , p̂Tn )T is the estimate of p. The immediate
question is when the true location p is the unique global
minimizer of (19). Based on (14) and (15), we have

R(p)p = (2BTΥG (p), LTXG (p))T ∈ Rm. (20)

Then, we get

pTR(p)TR(p)p = 4‖BΥG (p)‖2 + J(p), (21)

where J(p) = ‖LXG (p)‖2 according to (10). As analyzed in
Section III-B, the angle-displacement rigidity matrix R(p) can
be obtained by the known anchor positions and local relative
measurements (local relative position, distance, local relative
bearing, angle, or ratio-of-distance measurements), and R(p)
does not contain position information of the free nodes, i.e.,

R(p) = R([
pa
0

]) = R(p̂). From (21), we have

4‖BΥG (p̂)‖2+J(p̂) = p̂TR(p̂)TR(p̂)p̂ = p̂TR(p)TR(p)p̂.
(22)

Since the angle constraints are only constructed among the

known anchor nodes, we have BΥG (p) = BΥG ([
pa
0

]) =

BΥG (p̂) = 0 from (9). Then, based on (22), (19) can be
rewritten as an angle and displacement constraints based cost
function

min
p̂∈R3n

J(p̂) = 4‖BΥG (p̂)‖2+J(p̂) = p̂TR(p)TR(p)p̂,

subject to p̂i = pi, i ∈ Va.
(23)

Let D = R(p)TR(p) be angle-displacement information
matrix. Since the nodes are divided into anchor nodes pa and
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Anchor  Node Free Node

(c)

(b)(a)

(d)

Fig. 3: Examples of 3-D networks. The blue dots are the an-
chor nodes and the red dots are the free nodes. The network in
(a) is neither localizable nor infinitesimally angle-displacement
rigid. The network in (b) is localizable and infinitesimally
angle-displacement rigid. The networks in (c) and (d) are
localizable and have the same angle-displacement function,
but they are not infinitesimally angle-displacement rigid.

free nodes pf , the angle-displacement information matrix D
can be partitioned as

D =

[
Daa Daf

Dfa Dff

]
, (24)

where Daa ∈ R3na×3na , DT
fa = Daf ∈ R3na×3nf , and

Dff ∈ R3nf×3nf .

Remark 7. The angle function BΥG (p) in (9) only contains
the angle constraints among the anchor nodes, i.e., the angle
function BΥG (p) only influences Daa.

Inspired by the work [7], the unique global minimizer of
(23), algebraic condition, rigidity condition, and topological
condition for localizability are given below.

Lemma 4. For the cost function (23), any minimizer p̂∗f is also
a global minimizer and satisfies

Dff p̂
∗
f +Dfapa = 0. (25)

Proof. The cost function (23) can be rewritten as

min
p̂f∈R3nf

J̃(p̂f ) = p̂TfDff p̂f + 2pTaDaf p̂f + pTaDaapa. (26)

Any minimizer p̂∗f must satisfy 5p̂∗f J̃(p̂∗f ) = Dff p̂
∗
f +

Dfapa = 0. Since p ∈ Null(R(p)), we have p ∈ Null(D),
i.e., Dffpf + Dfapa = 0. Denote p̂∗f = pf + x where
x ∈ Null(Dff ). Let p̂∗ = [pTa , (p̂

∗
f )T ]T . Then, we have

J(p̂∗) = xTDffx = 0. Hence, the cost function J(p̂∗) equals
0.

Theorem 4. (Algebraic Condition for Localizability) Under
Assumption 2, a local-relative-measurement-based network (G,
p) in R3 is localizable if and only if the matrix Dff is
nonsingular. In this situation, the true positions of the free
nodes can be obtained by pf = −D−1

ffDfapa.

Proof. From Lemma 4, any minimizer p̂∗f must satisfy
Dff p̂

∗
f+Dfapa = 0. Hence, it is clear that the minimizer p̂∗f is

unique if and only if Dff is nonsigular. When Dff is nonsigu-
lar, we have p̂∗f = −D−1

ffDfapa. Since Dffpf +Dfapa = 0,
p̂∗f equals the true location pf .

Remark 8. The rank condition in Theorem 4 basically implies
that a network is localizable if the positions of unknown free
nodes can be obtained by the known anchor nodes. Note
that a node in R2 or R3 can be represented by its three
or four neighboring nodes, and the displacement constraint
can be used to describe the relationship among the node
and its neighboring nodes. Hence, a node with a known
displacement constraint involving its neighboring nodes and
itself can determine its own position given the positions of
its neighboring nodes. In other words, the free nodes may be
determined based on known anchor positions and displacement
constraints.

Motivated by the above fact, based on the displacement
constraints and known anchor positions, we have Dffpf +
Dfapa = 0. It is clear that pf is localizable if the matrix Dff

is full rank, i.e., the positions of free nodes pf = −D−1
ffDfapa

can be obtained by those of anchor nodes.

Remark 9. Since the angle-displacement information matrix
D = R(p)TR(p) is a symmetric positive semi-definite matrix,
we can know that the matrix Dff is also a symmetric positive
semi-definite matrix. If Dff is nonsigular, it must be a
symmetric positive definite matrix.

Theorem 5. (Rigidity Condition for Localizability) Under
Assumption 2, a local-relative-measurement-based network (G,
p) in R3 is localizable if and only if every angle-displacement
infinitesimal motion involves at least one anchor node; that
is, for any nonzero angle-displacement infinitesimal motion
δp = [δpTa , δp

T
f ]T ∈ Null(D), δpa 6= 0.

Proof. From Theorem 4, a network is localizable if and only
if Dff is nonsigular. We only need to prove that Dff is
singular if and only if there exists a nonzero δp ∈ Null(D)
with δpa = 0. (Sufficiency) If δp ∈ Null(D) with δpa = 0
and δpf 6= 0, we have δpTfDffδpf = δpTDδp = 0. Hence,
Dff is singular. (Necessity) If Dff is singular, there exists a
nonzero δpf satisfying Dffδpf = 0. Let δp = (δpTa , δp

T
f )T

with δpa = 0. We have δpTDδp = δpTfDffδpf = 0. Hence,
there exists a nonzero δp ∈ Null(D) with δpa = 0.

Before exploring the topological condition for network lo-
calizability, we introduce two kinds of networks: non-coplanar
network and coplanar network. A network (G, p) is called
a non-coplanar network (n > 4) in R3 if its nodes are
non-coplanar. A network (G, p) is called a coplanar network
(n > 3) if its nodes are coplanar but non-colinear.



8

(a) (b)

Anchor  Node Free Node

(c) (d)

Fig. 4: Examples of coplanar networks. The blue dots are
anchor nodes and the red dots are free nodes. The network in
(a) is neither localizable nor infinitesimally angle-displacement
rigid. The network in (b) is localizable and infinitesimally
angle-displacement rigid. The networks in (c) and (d) are
localizable and have the same angle-displacement function,
but they are not infinitesimally angle-displacement rigid.

Lemma 5. If there are only four coplanar anchor nodes
(na=4) in a non-coplanar network (G, p), (G, p) must not be
localizable.

The proof of Lemma 5 is give in the Appendix-A. Based on
Lemma 5, it is easy to prove that there must be at least four
non-coplanar anchor nodes (na≥4) if a non-coplanar network
(G, p) is localizable.

Theorem 6. (Topological Condition for Localizability of
Non-coplanar Network) Under Assumption 2, a non-coplanar
network (G, p) with at least four non-coplanar anchor nodes
na ≥ 4 in R3 is localizable if it is infinitesimally angle-
displacement rigid.

Proof. Since (G, p) is infinitesimally angle-displacement rigid,
we have Null(D) = Span{1n ⊗ I3, p, (In ⊗ A)p,A + AT =
0, A ∈ R3×3}. Hence, any angle-displacement infinitesimal
motion δp can be expressed as δp = sp+ r(In ⊗A)p+ 1n ⊗
t, s, r ∈ R, t ∈ R3. Since there are at least four non-coplanar
anchor nodes and no two anchor nodes collocate, there does
not exist a nonzero δp satisfying δpa = 0. From Theorem 5,
we can know that (G, p) is localizable.

Remark 10. If a network is not infinitesimally angle-
displacement rigid, it may be localizable. For example, for
the networks in Fig. 3c and Fig. 3d, they are localizable but
not infinitesimally angle-displacement rigid because there is
not enough number of edges among the anchor nodes that can
be used for constructing the angle constraints. The networks in
Fig. 3c and 3d have the same angle-displacement function, but
they are not infinitesimally angle-displacement rigid because
there is a nontrivial infinitesimal angle-displacement motion δp
moving the network in Fig. 3c to the network in Fig. 3d, which
is not in Span{1n⊗I3, p, (In⊗A)p,A+AT = 0, A ∈ R3×3}.

B. Application to 2-D Network Localization

Assumption 3. No two nodes are collocated. Each anchor
node has at least two neighboring anchor nodes, and each

Anchor  Node Free Node

Fig. 5: Construction of 2-D localizable network.

free node has at least three neighboring nodes. For the local-
relative-bearing-based and angle-based networks, the free
node and its neighbors are non-colinear.

Remark 11. A node p̄i = (x, y)T in R2 can be represented
by a node pi = (x, y, 0)T in R3. Hence, 2-D network
can be regraded as a special coplanar network in R3. It is
shown in Fig. 2, if quadrilateral ♦ijkh(p) is obtained by
rotating the quadrilateral ♦ijkh(q) about Y -axis by an angle
π, quadrilaterals ♦ijkh(p) and ♦ijkh(q) will be on the same
plane and have the same angle-displacement function fTG (p).
Note that this rotation can only be completed in R3 rather than
in R2. Hence, the rigidity of the coplanar network should be
studied in R3 rather than in R2.

Next, we will show the relaxed displacement constraint in
a coplanar network in R3. In a coplanar network, for the free
node pi and its neighbors pj , pk, ph in R3, we can know that
there exists a non-zero vector (µij , µik, µih)T ∈ R3 (refer to
Appendix-B) such that

µijeij + µikeik + µiheih = 0. (27)

Using the methods presented in Section II-D and [19], the
parameters µij , µik, µih in (27) can also be obtained by local
relative position, distance, local relative bearing, angle, or
ratio-of-distance measurements. Compared with the displace-
ment constraint in (6), the displacement constraint in (27)
involves fewer nodes. Hence, the corresponding assumption
for constructing displacement constraint (27) can be relaxed
as Assumption 3.

Lemma 6. If there are only three colinear anchor nodes (na=
3) in a coplanar network (G, p), (G, p) must not be localizable.

The proof of Lemma 6 is give in the Appendix-C. Based on
Lemma 6, it is easy to prove that there must be at least three
non-colinear anchor nodes (na≥3) if a coplanar network (G,
p) is localizable.

Theorem 7. (Topological Condition for Localizability of
Coplanar Network) Under Assumption 3, a coplanar network
(G, p) with at least three non-colinear anchor nodes na ≥ 3
in R3 is localizable if it is infinitesimally angle-displacement
rigid.

The proof of Theorem 7 follows from that of Theorem 6.
Examples of coplanar networks are given in Fig. 4. Theorem 7
is applicable to 2-D network localization because 2-D network
can be regraded as a coplanar network in R3. Since four
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nodes in 2-D or five nodes in 3-D can form a displacement
constraint, inspired by [18], a simple sufficient graph condition
is trilateration ordering for a 2-D localizable network or
quadrilateral ordering for a 3-D localizable network.

Next, an example of how to construct a 2-D localizable
network is given in Fig. 5, where the positions of anchor nodes
are pi = (1, 0)T , pj = (3, 0)T , pk = (2, 1)T .

(i) For the free node ph, the displacement constraint among
pi, pj , pk, ph is set as eih − 3ejh − 2ekh = 0, which can
be rewritten as

ph = −1

4
pi +

3

4
pj +

1

2
pk. (28)

(ii) For the free node pl, the displacement constraint among
pi, pj , ph, pl is set as 5eil− 13ejl− 2ehl = 0, which can
be rewritten as

pl = −1

2
pi +

13

10
pj +

1

5
ph. (29)

(iii) For the free node pg , the displacement constraint among
pj , ph, pl, pg is set as ejg − 2ehg − 4elg = 0, which can
be rewritten as

pg = −1

5
pj +

2

5
ph +

4

5
pl. (30)

Since the positions of anchor nodes pi, pj , pk are known,
the positions of free nodes ph = (3, 1

2 )T , pl = (4, 1
10 )T , pg =

( 19
5 ,

7
25 )T can be obtained by (28)-(30). Hence, the 2-D

network in Fig. 5 is localizable. Similarly, we can build a
3-D localizable network based on the known anchor nodes
and displacement constraints.

V. DISTRIBUTED NETWORK LOCALIZATION PROTOCOL

A. Distributed Protocol

Based on the cost function (23), the distributed localization
algorithm is designed as

˙̂pf = −5p̂f (p̂TDp̂) = −Dff p̂f −Dfapa. (31)

The algorithm (31) is distributed because each free node
i ∈ Vf only uses local information of D that is related to it.
Remark 12. The angle-displacement information matrix is
obtained by D = R(p)TR(p), where R(p) can be obtained by
the known anchor positions and local relative measurements
(local relative position, distance, local relative bearing, angle,
or ratio-of-distance measurements.)

Based on (31), the control protocol of node i ∈ Vf is
expressed as

˙̂pi =
∑

(i,j,k,h,l)∈XG

M(i, j, k, h, l)+
∑

(j,i,k,h,l)∈XG

M̄(j, i, k, h, l),

(32)
where

M(i, j, k, h, l) = (µij + µik + µih + µil) · [µij(p̂j − p̂i)+
µik(p̂k − p̂i)+µih(p̂h − p̂i)+µil(p̂l − p̂i)],

(33)
and

M̄(j, i, k, h, l) = µ2
ji(p̂j − p̂i)+µjiµjk(p̂j − p̂k)+

µjiµjh(p̂j − p̂h)+µjiµjl(p̂j − p̂l).
(34)

Theorem 8. (Convergence of the Distributed Protocol) Under
Assumption 2, if a local-relative-measurement-based network
(G, p) with at least three non-colinear anchor nodes na≥3 is
infinitesimally angle-displacement rigid in R3, given arbitrary
initial estimates p̂i(0), i ∈ Vf , p̂i(t) converges to pi globally
and exponentially fast for all the free nodes i ∈ Vf under the
distributed localization protocol (31).

Proof. From Theorem 4, Theorem 6 and Remark 9, we can
know that the network (G, p) is localizable and Dff is a
positive definite matrix with pf = −D−1

ffDfapa. Consider
a Lyapunov function V = 1

2‖p̂f − pf‖
2, we have

V̇ = (p̂f − pf )T ˙̂pf
= (p̂f − pf )T (−Dff p̂f −Dfapa)
= (p̂f − pf )T (−Dff p̂f +Dffpf )
= −(p̂f − pf )TDff (p̂f − pf ) < 0, if p̂f 6= pf .

(35)

Then, the conclusion follows.

Theorem 9. (Relationship between Distributed Protocol and
Network Localizability) The distributed localization protocol
(31) can globally localize the network (G, p) if and only if the
network is localizable.

Proof. (Sufficiency) If the network (G, p) is localizable, Dff is
nonsigular. From Theorem 8, we can know that the distributed
localization protocol (31) can globally localize the network.
(Necessity) If the distributed localization protocol (31) can
globally localize the network, the true positions of free nodes
pf is the unique solution to the cost function (18). From
Lemma 4, we can know that pf is the unique solution to
Dff p̂f +Dfapa = 0. Hence, Dff must be nonsigular. From
Theorem 4, we can know that the network is localizable.

B. Position Estimation Error Under Noisy Measurements

Considering the measurement noises in the position estima-
tion, denote ∆Dff and ∆Dfa as the error matrices due to
the measurement noise and write D̂ff = Dff +∆Dff and
D̂fa = Dfa+∆Dfa. The distributed algorithm (31) becomes

˙̂pf = −D̂ff p̂f − D̂fapa. (36)

If D̂ff is nonsingular, the final estimate is given by

p̂∗f = −D̂−1
ff D̂fapa. (37)

Theorem 10. (Nonsingular Condition of Matrix Dff with
Noise) Given a localizable network with Dff nonsingular, the
matrix D̂ff is nonsingular if the error matrix ∆Dff satisfies

‖∆Dff‖ < λmin(Dff ), (38)

where λmin(Dff ) is the smallest eigenvalue of Dff .

Proof. Dff is a symmetric positive definite matrix. Since
‖∆Dff‖ < λmin(Dff ) = 1

‖D−1
ff ‖

, we have ‖D−1
ff ∆Dff‖ ≤

‖D−1
ff ‖‖∆Dff‖ < 1. Hence, the matrix D̂ff = Dff +

∆Dff = Dff (I+D−1
ff ∆Dff ) is nonsingular.
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Anchor Node
Free NodeAnchor Node

Free Node

Fig. 6: The 3-D network to be localized.

Since pf = −D−1
ffDfapa and (Dff+∆Dff )−1 = D−1

ff −
D−1
ff ∆Dff (I +D−1

ff ∆Dff )−1D−1
ff [29], the position estima-

tion error is

‖p̂∗f − pf‖
= ‖ − (Dff+∆Dff )−1(Dfa+∆Dfa)pa+D−1

ffDfapa‖
= ‖ − (I+D−1

ff ∆Dff )−1D−1
ff ∆Dfapa+

D−1
ff ∆Dff (I+D−1

ff ∆Dff )−1pf‖
≤ ‖(I+D−1

ff ∆Dff )−1D−1
ff ∆Dfapa‖+

‖D−1
ff ∆Dff (I+D−1

ff ∆Dff )−1pf‖
≤ ‖∆Dfa‖‖pa‖+‖∆Dff‖‖pf‖‖I+D−1

ff ∆Dff‖‖Dff‖
.

(39)

C. Comparison with the Existing Distributed Network Local-
ization Methods

Definition 9. A configuration p = (pT1 , · · · , pTn )T is said to be
generic if the coordinates p1, · · · , pn do not satisfy any non-
trivial algebraic equation with integer coefficients. Intuitively
speaking, a generic configuration has no degeneracy, e.g., any
three nodes are not on the same line in R2 and any four nodes
are not on the same plane in R3 [4]–[6].

The comparison with the existing distributed network lo-
calization methods is shown in Table I. The existing methods
in relative-position-based, distance-based, and bearing-based
network localization require the generic configuration (refer
to Definition 9) or the known global coordinate frame.

The generic configuration is a quite strict configuration,
i.e., the parameters µij , µik, µih, µil in (6) and (27) in a
generic configuration must be irrational numbers such as√

2. Compared with the existing 2-D local-relative-position-
based [4], 2-D and 3-D distance-based [5], [6] which re-
quire the generic configuration, our proposed method can be
applied in both non-generic and generic configuration, i.e.,
the µij , µik, µih, µil in (6) and (27) can be either rational
number or irrational number. In addition, compared with the
existing 3-D global-relative-position-based [3] and 3-D global-
relative-bearing-based network localization [7] which require
the global coordinate frame, our proposed method can be
applied in a network with unknown global coordinate frame.

To our knowledge, there exists no such known results
for the localizability and distributed protocols of angle-based
networks in R3 and ratio-of-distance-based networks in R2 and
R3. Our proposed method solves angle-based distributed net-

work localization in R3 and ratio-of-distance-based distributed
network localization in R2 and R3.

VI. SIMULATION

A non-generic configuration with an unknown global coor-
dinate frame in R3 is shown in Fig. 6. This network consists
of four anchor nodes and four free nodes. The positions of
anchor nodes are p1 = (20,−20,−20)T , p2 = (20, 20,−20)T ,
p3 = (−20, 20,−20)T and p4 = (20, 20, 20)T , respectively.
The positions of free nodes are p5 = (−20,−20,−20)T ,
p6 = (20,−20, 20)T , p7 = (−20, 20, 20)T and p8 =
(−20,−20, 20)T , respectively. Since there are four coplanar
nodes p4, p6, p7, p8 and their coordinates satisfies p4 − p6 −
p7 + p8 = 0, according to Definition 9, the configuration
p = (pT1 , · · · , pT8 )T is non-generic. The red-green-blue lines
represent the unknown local frame of each free node shown in
Fig. 6. The initial estimate of the position of each free node is
randomly generated. The angle and displacement constraints
are obtained by the known anchor positions and local relative
measurements (local relative position, distance, local relative
bearing, angle, or ratio-of-distance measurements). When there
is no measurement noise, it is shown in Fig. 7 that the
position error of each free node converges to 0. To simulate the
noisy environment, each element of the error matrices ∆Dff

and ∆Dfa is generated by using a white noise. Different
measurement noises will result in different final estimates of
the free nodes. We conduct 10 simulations. The position errors
of the free nodes are shown in Fig. 8(a)-(d). The problem of
how to evaluate the error matrices ∆Dff ,∆Dfa given the
noise statistics of various types of local relative measurements
is beyond the scope of this paper, which will be considered in
our future work.

VII. CONCLUSION

This paper introduced a novel angle-displacement rigidity
theory to investigate whether a set of displacement constraints
and angle constraints can uniquely characterize a network up
to directly similar transformations, i.e., translation, rotation,
and scaling. Based on the proposed angle-displacement rigidity
theory, a unified local-relative-measurement-based distributed
network localization method is proposed, which can be used
in local-relative-position-based, distance-based, local-relative-
bearing-based, angle-based, and ratio-of-distance-based dis-
tributed network localization. We provide necessary and suffi-
cient conditions for network localizability. In addition, a dis-
tributed network localization protocol is proposed to globally
estimate a network if the network is infinitesimally angle-
displacement rigid.

The future work will be on network localization and forma-
tion control with mixed measurements based on the proposed
angle-displacement rigidity theory.

APPENDIX

A. Proof of Lemma 5

For a non-coplanar network (G, p), if there are only four
anchor nodes pj , pk, ph, pl which are on a plane S in R3 shown
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(a) Trajectories of estimated positions without measurement noise.
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(b) Position errors without measurement noise.

Fig. 7: Network localization without measurement noise.

Time (s)
0 1 2 3 4 5

P
os

iti
on

 e
rr

or
 (

m
)

0

2

4

6

8

10

12

14

(a) Position error of the free node p5.
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(b) Position error of the free node p6.
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(c) Position error of the free node p7.
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(d) Position error of the free node p8.

Fig. 8: Network localization with measurement noise.

in Fig. 9, pi, pm are free nodes that are not on the plane S.
p′i, p

′
m are the symmetry nodes of pi, pm with respect to the

plane S. pI , pM are the projections of pi, pm on the plane S.
The displacement constraint (6), based on different number of
anchor nodes and free nodes, can be divided into five cases:
(i) Four anchor nodes and one free node; (ii) Three anchor

nodes and two free nodes; (iii) Two anchor nodes and three
free nodes; (iv) One anchor node and four free nodes; (v) Five
free nodes. The above five cases are analyzed below.

Case (i): Without loss of generality, the displacement con-
straint µijeij+µikeik+µiheih+µileil = 0, involving one free
node pi and four anchor nodes pj , pk, ph, pl, can be rewritten
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Fig. 9: An illustration of Lemma 5.

as

µij(eiI+eIj)+µik(eiI+eIk)+µih(eiI+eIh)+µil(eiI+eIl)=0.
(40)

From (40), we have

(µij+µik+µih+µil)eiI+µijeIj+µikeIk+µiheIh+µileIl=0.
(41)

Since eiI is perpendicular to eIj , eIk, eIh, eIl, we have µij+
µik + µih + µil = 0. Then, the following equation must hold

−(µij+µik+µih+µil)eiI+µijeIj+µikeIk+µiheIh+µileIl=0.
(42)

Denote by e′ij = pj − p′i = eIj − eiI , e
′
ik = pk − p′i =

eIk− eiI , e′ih = ph−p′i = eIh− eiI , e′il = pl−p′i = eIl− eiI .
From (42), we obtain

µije
′
ij + µike

′
ik + µihe

′
ih + µile

′
il = 0. (43)

Hence, pi, pj , pk, ph, pl and p′i, pj , pk, ph, pl have the same
displacement constraint.

Case (ii): Without loss of generality, the displacement
constraint µ̄ijeij + µ̄ikeik + µ̄iheih + µ̄imeim = 0, involving
two free node pi, pm and three anchor nodes pj , pk, ph, can
be rewritten as

µ̄ij(eiI+eIj)+µ̄ik(eiI+eIk)+µ̄ih(eiI+eIh)+
µ̄im(eiI+eIM+eMm)=0.

(44)

Since eMm is parallel to eiI , we have eMm = λeiI , λ ∈ R.
(44) becomes

(µ̄ij+µ̄ik+µ̄ih+(1 + λ)µ̄im)eiI+µ̄ijeIj+µ̄ikeIk+
µ̄iheIh+µ̄imeIM =0.

(45)
Since eiI is perpendicular to eIj , eIk, eIh, eIM , we have

µ̄ij+µ̄ik+µ̄ih+(1+λ)µ̄im = 0. Then, the following equation
must hold

−(µ̄ij+µ̄ik+µ̄ih+(1 + λ)µ̄im)eiI+µ̄ijeIj+µ̄ikeIk+
µ̄iheIh+µ̄imeIM =0.

(46)
Denote by e′ij = pj − p′i = eIj − eiI , e

′
ik = pk − p′i =

eIk − eiI , e
′
ih = ph − p′i = eIh − eiI , e

′
im = p′m − p′i =

−eiI + eIM − eMm. From (46), we obtain

µ̄ije
′
ij + µ̄ike

′
ik + µ̄ihe

′
ih + µ̄ime

′
im = 0. (47)

Hence, pi, pj , pk, ph, pm and p′i, pj , pk, ph, p
′
m have the

same displacement constraint. Similarly, for the cases (iii)-(v),

we can also prove that a displacement constraint (6) will
remain unchanged by replacing the free nodes with the sym-
metry nodes of the free nodes with respect to the plane S.

Denote pa and pf as the anchor nodes set and free nodes
set, respectively. Denote p′f as the symmetry nodes of the free
nodes pf with respect to the plane S. Denote by (G, p) with
p = (pTa , p

T
f )T . Denote by (G, p′) with p′ = (pTa , p

′
f
T

)T .
Since (G, p) and (G, p′) have the same anchor nodes, i.e.,
the angle constraints among the anchor nodes are the same.
From the cases (i)-(v) analyzed above, (G, p) and (G, p′) have
the same displacement constraints. Then, we can know that
(G, p) and (G, p′) have the same angle-displacement function.
Hence, there is an angle-displacement infinitesimal motion
moving from (G, p) to (G, p′) that involves no anchor node.
From Theorem 5, we can know that (G, p) is not localizable.
Similarly, we can prove that a non-coplanar network (G, r) is
not localizable if there are less than four anchor nodes.

B. Displacement Constraint in a Plane

Definition 10. A plane in 3-D space is described with a single
linear equation of the following form

ϕT b = c, (48)

where b ∈ R3 is a non-zero vector and c ∈ R is a constant.
ϕ ∈ R3 is any point on the plane (48).

If pi, pj , pk, ph are on a plane ϕT b = c in 3-D space, we
have

pTi b = c, pTj b = c, pTk b = c, pTh b = c. (49)

Equation (49) can be rewritten as

ETi b = 0, (50)

where Ei = (eij , eik, eih) ∈ R3×3. From Definition 10, we
can know that b is a non-zero vector. Hence, the matrix ETi
is not full rank. Since Rank(Ei) = Rank(ETi ), the matrix Ei
is also not full rank. From the matrix theory, there exists a
non-zero vector µi = (µij , µik, µih)T ∈ R3 such that

Eiµi = µijeij + µikeik + µiheih. (51)

C. Proof of Lemma 6

For a coplanar network (G, p) in R3, if there are only three
anchor nodes pj , pk, ph that are on a line L shown in Fig.
10, pi, pm are free nodes that are not on the line L. pI , pM
are the projections of pi, pm on the line L, and p′i, p

′
m are the

symmetry nodes of pi, pm with respect to the line L on the
plane S. The displacement constraint (27), based on different
number of anchor nodes and free nodes, can be divided into
four cases: (i) Three anchor nodes and one free node; (ii) Two
anchor nodes and two free nodes; (iii) One anchor node and
three free nodes; (iv) Four free nodes. The above four cases
are analyzed below.

Case (i): Without loss of generality, the displacement con-
straint µijeij + µikeik + µiheih = 0, involving one free node
pi and three anchor nodes pj , pk, ph, can be rewritten as

µij(eiI+eIj)+µik(eiI+eIk)+µih(eiI+eIh)=0. (52)
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Fig. 10: An illustration of Lemma 6.

From (52), we have

(µij+µik+µih)eiI+µijeIj+µikeIk+µiheIh=0. (53)

Since eiI is perpendicular to eIj , eIk, eIh, we have µij +
µik + µih = 0. Then, the following equation must hold

− (µij+µik+µih)eiI+µijeIj+µikeIk+µiheIh=0. (54)

Denote by e′ij = pj − p′i = eIj − eiI , e
′
ik = pk − p′i =

eIk − eiI , e′ih = ph − p′i = eIh − eiI . From (54), we obtain

µije
′
ij + µike

′
ik + µihe

′
ih = 0. (55)

Hence, pi, pj , pk, ph and p′i, pj , pk, ph have the same dis-
placement constraint.

Case (ii): Without loss of generality, the displacement
constraint µ̄ijeij + µ̄ikeik + µ̄imeim = 0, involving two free
node pi, pm and two anchor nodes pj , pk, can be rewritten as

µ̄ij(eiI+eIj)+µ̄ik(eiI+eIk)+µ̄im(eiI+eIM+eMm)=0. (56)

Since eMm is parallel to eiI , we have eMm = λeiI , λ ∈ R.
(56) becomes

(µ̄ij+µ̄ik+(1+λ)µ̄im)eiI+µ̄ijeIj+µ̄ikeIk+µ̄imeIM =0. (57)

Since eiI is perpendicular to eIj , eIk, eIM , we have µ̄ij +
µ̄ik+(1+λ)µ̄im = 0. Then, the following equation must hold

−(µ̄ij+µ̄ik+(1+λ)µ̄im)eiI+µ̄ijeIj+µ̄ikeIk+µ̄imeIM =0. (58)

Denote by e′ij = pj−p′i = eIj−eiI , e′ik = pk−p′i = eIk−
eiI , e

′
im = p′m−p′i = eIM+eMm+veiI = −eiI+eIM−eMm.

From (54), we obtain

µije
′
ij + µike

′
ik + µime

′
im = 0. (59)

Hence, pi, pj , pk, pm and p′i, pj , pk, p
′
m have the same dis-

placement constraint. Similarly, for the cases (iii)-(iv), we can
also prove that a displacement constraint (27) will remain
unchanged by replacing the free nodes with the symmetry
nodes of the free nodes with respect to the line L on the
plane S.

Denote pa and pf as the anchor nodes set and free nodes
set, respectively. Denote p′f as the symmetry nodes of the
free nodes pf with respect to the line L on the plane S.
Denote by (G, p) with p = (pTa , p

T
f )T . Denote by (G, p′) with

p′ = (pTa , p
′
f
T

)T . Since (G, p) and (G, p′) have the same
anchor nodes, i.e., the angle constraints among the anchor

nodes are the same. From the cases (i)-(iv) analyzed above,
(G, p) and (G, p′) have the same displacement constraints.
Then, we can know that (G, p) and (G, p′) have the same angle-
displacement function. Hence, there is an angle-displacement
infinitesimal motion moving from (G, p) to (G, p′) that in-
volves no anchor node. From Theorem 5, we can know that (G,
p) is not localizable. Similarly, we can prove that a coplanar
network (G, r) is not localizable if there are less than three
anchor nodes.
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