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Summary

A high gradient of displacement field occurs when a yield line is formed in a plate with
elasto-plastic material. For such applications, the Extended Finite Element Method
(XFEM) has shown to be an effective numerical method to capture the behavior of a plate
with a locally non-smooth displacement field, as well as a displacement field with a high
gradient. In this article, a 6-node isoparametric plate element with XFEM formulation is
presented to capture the elasto-plastic behavior of a plate in small-deformation analyses.
The Hermite function is adopted at the element level to enrich both the translational and
the rotational displacement approximation fields so that non-smoothness in displacement

fields near a yield line can be simulated.

Key words: extended finite element method, regularized shifted enrichment, Hermite

function, plate element, yield line

1 Introduction

When a yield line forms in a plate, rapid changes in rotational fields and in the gradients
of deflection fields occur within a short range, as shown in Figure 1. The rapid changes
make the displacement field non-smooth locally near the yield line. During the failure

analysis of a plate in a bending-dominant case, a point at the extreme layer of the plate
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yields when the effective stress at that point reaches the yield strength of the material.
With increasing loading, more material points in the plate reach yield. The yielded zone
extends to the middle layer in the thickness direction and also spreads to the nearby area.
A yield line forms when a continuous area has yielded and a plastic mechanism forms
when sufficient yield lines coalesce together in the plate. After the plastic mechanism has
formed, loading cannot be further increased and the plate may eventually collapse.
During the above yielding and collapsing process, the non-smoothness characterized
from the yield line becomes apparent as the load level increases gradually. Different from
a discontinuity such as a crack in a plate, this non-smoothness appears within a finite
dimension. Therefore, this non-smoothness due to yield lines is usually associated with

the term ‘high gradient’ [1].

In a standard finite element analysis, an accurate prediction of the behavior of a plate
with elasto-plastic material requires a fine mesh around a yield line. Thus, a large amount
of computational effort is needed. Compared to conventional FEM, extended finite
element method (XFEM) offers great advantages to model non-smooth physical
phenomena. In an XFEM analysis, special functions, which can describe the locally non-
smooth displacement field based on a priori knowledge, are added into the displacement

approximation field. These special functions are called the enrichment functions.

The XFEM is first proposed by Belytschko and Black [2] and Moés et al. [3] to model
crack growth inside a plane element. A crack inside a plane element is regarded as a
discontinuity with zero length. The Heaviside function, which generates a strong
discontinuity in a displacement field, is added into the displacement approximation field
as an enrichment to model the crack development. Sukumar et al. [4] introduced a level
set function, which is discontinuous in a displacement gradient field, to model a weak
discontinuity inside an element. Zi and Belytschko [5] and Moés [6] proposed a shifted
enrichment to the displacement field so that the enrichment is non-zero over the domain
of interest, which is only a small portion of the whole physical domain. Arias and
Belytschko [7] adopted a hyperbolic tangent function as shear band enrichment, which

varies rapidly in one direction and slowly in the other, to model shear band growth.
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Rabczuk et al. [8] and Rabczuk and Samaniego [9] employed strong discontinuous
enrichment to model the behavior of a shear band. Benventi et al. [10] adopted a
regularized model for discontinuity with a conspicuous finite length. Up to now, many
efforts have been done on engineering applications of the XFEM such as propagations of
cracks [11-13], dislocations [14], interfaces of two different materials [4], the estimation
of natural frequency of cracked FGM plates [15], linear buckling analyses of cracked
plates [16] and plastic hinges [17]. Some major research works on the PU-enriched shell

formulations were reported in [18-21].

In this paper, the XFEM formulation is applied to elasto-plastic plate bending analyses.
The XFEM formulation is based on a C, plate element. The rotational and the
translational displacement approximation fields are enriched simultaneously. Different
from the research work on the application of the XFEM in shear band analyses in [8, 9],
in the present formulation, the length of the non-smooth zone is not idealized as zero. The
regularized enrichments are used instead of the standard strong and weak discontinuous
enrichments to capture the local behaviour of a plate with high gradient displacement
fields near a yield line. The jump in the strong discontinuous function and the kink in the
weak discontinuous function are replaced by a continuous but non-smooth surface with a
finite range. The non-smooth surface is formulated by the Hermite function and the range
is defined as High Gradient Zone (HGZ). The regularized ‘strong discontinuous’ function
is added into the rotation displacement field, while the regularized ‘weak discontinuous’
function is added into the deflection displacement field. Since the Hermite function is
used over the HGZ, the enrichments are C; continuous inside an enriched element. Thus,

the strain field is continuous inside an enriched element.

Shear locking phenomenon is studied in the numerical example. A simple reduced
Gaussian integration scheme is employed to circumvent the shear locking phenomenon.
Since the Hermite function is a polynomial, it is feasible to control the accuracy and the

convergence rate of the reduced integration scheme.



As regularized enrichments are used in the present work, the partition of an enriched
element could be complex. The complexity of the partition of an enriched element is also
discussed in this paper. As a first attempt to solve the elasto-plastic plate analysis, the

application of the proposed element is restricted to simple plate structures.

The content of this paper is structured as follows: the governing equation is shown in
Section 2. In Section 3, the enrichments for the translational and rotational displacements
are introduced. The formulation of a conventional thick triangular plate bending element
is described in Section 4. The XFEM element formulation is presented in Section 5,
whereas the implementation of the XFEM formulation is discussed in Section 6. Three
examples are given in Section 7 to show the effectiveness of the proposed enrichments,

followed by conclusions and discussions in Section 8.

2. Governing equation

As shown in Figure 2, the plate structure domain Q is bounded by T. The traction t is
defined on the boundary I'; and the displacement @ defined on the boundary I',. The sub-

domain Q, denotes the high gradient zone. Given the spaces

Uy= {u € Cp,u=0o0nT, uis of high gradient within Q,} (1)

and

U= {u € Cp,u=1onT, uis of high gradient within Q,} 2)
The equilibrium equation is solved by findingu € U,

Jo2 () s(e(w)do-[ g vdo- | T vdr=0, el 3)

where ¢ is the Cauchy stress and g is the body force. Small strain assumption is

employed and the strain € is expressed as

£=V.u 4



where V_ is the symmetric gradient operator.

S

Vu=%(V-u+u-V) (5)

The constitutive relationship is

6=Csg (6)

where C is the material matrix.

3. The enrichment functions

The rotational displacement field varies rapidly in the direction normal to a yield line, so
the enrichment for rotation is a function changing its sign within a small length in that
direction. On the other hand, the enrichment for the translational displacement is a
function with a rounded transition instead of a kink in the original /evel set function [4].
Both of the enrichments are C; continuous inside an enriched element and Cy continuous
over the whole domain. Based on these properties, a regularized Heaviside function [10]
and a regularized level set function [17] are used as the enrichments for the translational
and the rotational displacements, respectively. Both of the enrichments are regularized by
the Hermite function over the HGZ. The HGZ is an area with non-smooth displacement
approximation fields. As regularized enrichments are employed in the present work, the
strain energy inside a HGZ can be expressed by the derivative of the non-smooth
displacement field. It should be noted that the HGZ should not be regarded as an
exclusive yield line or a yielded area, because there is no technique in the present

formulation to prevent a point outside the HGZ from yielding.

Blending elements are major concerns in an XFEM analysis. A blending element is an
element in which only part of its nodes are enriched. In blending elements, partition of
unity condition cannot be satisfied, which means the enrichment cannot be reproduced.

Furthermore, unwanted strain terms occur in blending elements and this may reduce the
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convergence rate of the XFEM analysis [22]. In order to avoid such problem, shifted
enrichment function is adopted, so that the enrichments are only non-zero within the

enriched elements [5, 6].

Before the enrichments are formulated, some assumptions on the HGZ are stated as

follows:

1) A HGZ is assumed to be a band or a stripe with a constant width along the
longitudinal direction of a yield line.

2) The center line of a HGZ is assumed to be perpendicular to the direction of the
maximum gradient of the displacement approximation field.

3) The width of a HGZ does not increase during a finite element analysis.

4) An enriched element is cut by one HGZ only, which means for each enriched
element only a set of enrichment is added into its displacement approximation.

However, a node can be enriched by many sets of additional DOF.

In the present formulation, a HGZ is described by a function, ¢(¢, ) = 0, with a
parametric width (w > 0.0) as a priori information. As shown in Figure 3, an enriched
element is divided into two parts: the HGZ and the remaining parts of the element. The
parametric width (@) depends on the size of the enriched element (/.) and the physical

width of the HGZ (/) such that
w=" (7

The definitions of /. and /s are shown in Figure 3a. An example of the HGZ is shown in
Figure 3b, in which the parametric length of the HGZ (w) is prescribed as 0.4 and the
parametric location of it is prescribed as ¢ = & — 0.5 = 0. A regularized shifted enrichment
is constructed over the domain outside the HGZ. A parent coordinate system (¢, 1) for
the HGZ, as shown in Figure 4, is established so that the Hermite functions can be
expressed in a consistent way. The Hermite functions (H; for translation and H; for
rotation) are constructed in the HGZ based on the 4 interpolation points (the four corner
point @0, @10, @11 and @o; of the HGZ in Figure 3b), 8 tangent vectors (the first partial
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derivative of the enrichment functions with respect to & and 7" at the four points) and 4
second derivative vectors (the cross partial derivative of the enrichment functions at the

four points). The HGZ parent coordinate system can be established by the following rule:

(1) The point with the smallest value of ¢ is chosen as the origin point of the

HGZ parent coordinate system.

(i1) If two points share the same smallest value of &, the point with a smaller

value of 7 is chosen as the origin.

(iii)  The & -axis points to the adjacent point from the origin and the cosine of

the angle between & -axis and &-axis is positive.

(iv)  If both of the two adjacent points satisfy rule (iii), the axis with a negative

sine of the angle with respect to £-axis is chosen as the &f*-axis.
v) Finally, the other edge passing through the origin is the 5 -axis.

The enrichment S for the rotation approximation is expressed by

H.-H(9) i|g|<0.50
H(p)—H (@,);otherwise

5 (60)=(o)-(0)-] ®

where R(¢p) is the regularized enrichment for the rotational displacement approximation
field before shifting, and a plot of R for the particular case is shown in Figure 5. H(p) is
the Heaviside function and H(p;) (i = 1, 2, ..., 6) is the nodal value of the Heaviside

function at node i.

-1 <0
H(p)=10 ¢=0 )
1 >0

The regularized shifted enrichment for the tramnslational displacement approximation

field used in the present formulation is of the form:



H, |¢)|<0.5a)

F —J 6 6 (1())
©)=15 N o[> o,
k=1 k=1

otherwise

where N; are the standard shape functions for a 6-node triangular element. The plot of F’

for the particular case is shown in Figure 6.

In Equation (8) and Equation (10), the Hermite functions for rotation and translation

approximations, H; and H,, are constructed by the matrix expression as:
Hr:Pf*T-MT~Gr~M~PU* (11)
H =P."-M'-G -M-P, (12)

where G; and G; are the Hermite geometry vectors for rotational and translational DOFs,
respectively. M is the Hermite matrix. Pz and P« are the cubic power basis vectors of &

and 7, respectively.

S(20)  S(on) S, (200) S, (20) S(pw) S(py) 0 0
G - S((”m) S((”n) Sﬁ* ((/’10) Sﬂ,,* ((pn) 3 S((DIO) S(¢”) 00 (13)
" S (o) Sa(on) S.(20) S. (o) 0 0 00
Sg ¢10) = (9011) S’z*n* ((/)10 S;,f ((/’11) 0 0 00
F(%o) F((/’m) E,?* (%0) E,,* (%1)
Flo Fl(o F . (o F.(p
6| FO) Fla) File) e .
F, (¢) F, (201) F., () F.g*,,*(%l)

10 -3 2

0 O 3 _2 * * * T * * * T
M= Po=(1 & g e r =1y g ) (15)

01 2 1

00 -1 1

In Equation (13) and Equation (14), S,5*=6S/6§* refers to the partial derivative. It is
obvious that S/0& =0S/dn =0>S/0¢ on"= 0 outside the HGZ.



The first derivatives of the enrichment functions S; and F with respect to the element

parent coordinates ¢ and 7 over the HGZ domain are of the form

oS, _oR _ . oF _

e 16
3 S S (16)
T T T T
H,=P.'' MG MP,+P. " -M"-G-M-P.. (17)
T T T T
H,=P.' MG -M-P. +P."-M'-G,-M-P,, (18)
and
N
P..=(0 1 2& 3£7) (E %] (19)
B R o\T[0n" on

where chain rule is applied and, in Equation (16), 8/ 6= (8/ &%, 8/ on)".

The plots of the first derivatives of the enrichment S and F over the whole element
domain for the particular case that 9 = & — 0.5 = 0 and w = 0.4 are shown in Figure 7 to

Figure 9.

4 The conventional plate element formulation

4.1 Coordinate systems, element DOF and kinematic equation

A local coordinate system is established for each plate element, which is placed on the

global XY plane. The axes of the local coordinate system can be found by the following

expression:

_ Xz _Xl

e =
X, -X,

, e,=e,=(0,0,1)", e =e, xe, (21)




where X and X, are the global coordinates of node 1 and node 2 (Figure 10) of the

element, and ez is a unit vector along the global Z-axis.

There are five degrees of freedom (DOF) per node in the present plate element with u; =
(uiy vi, wi, Oxi, Gyi)T in the local coordinate system and U; = (U;, Vi, Wi, wxi, g//y,-)T in the
global coordinate system (i =1, 2, ..., 6). u;, v;, U; and V; are the in-plane displacements at
node i, w; and W; are the out-of-plane deflection at node i and 6, yx; and 6y;, yy; are the
rotational angle with respect to x-, X- and y-, Y-axis, respectively. In a small-
displacement analysis, the relationship between the local and the global nodal

displacement can be expressed as

u =TU (22)

where T; is the transformation matrix for the global and the local displacement.

o _[R 0 ’3
o wr, (23)

R and Ry are the sub-matrix of T; corresponding to translational and rotational

displacement, respectively. R and Ry are of the form:

R, 0 e, e,
R= , R, = Y (24)
0 1 e, €,

where ey, ey are the X- and the Y-component of the unit vector ey, ey; and ey, are the X

and the Y-component of the unit vector ey.

The displacement field, u = (u, v, w, 6, <9y)T, can be expressed as

u= ZN[u[ (25)

where N; (i =1, 2, ..., 6) are the standard isoparametric shape functions for a six-node

triangular plate element.
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A layered model, as shown in Figure 11 with equal thickness for each layer is used in the
present plate element. The normal strain varies along the thickness direction and the shear
strain is assumed to be constant along the thickness direction. The membrane strain &p,

bending strain in the /™ layer &by and the shear strain y can be expressed by

Ou 9By
o Ox - ow
o o, Pt o
E = _ s ab/ _—ij:—Zj a_ s Y= P (26)
m Yy w
y 5 -p, +a
u o Eai
oy o ox Oy

where z; is the distance between the middle surface of the /™ layer and the reference
surface; y is the curvature, fx and f, are the rotation angles of the lines normal to the

undeformed neutral surface in x-z and y-z plane, respectively, which can be written in

51 2o

matrix form as [23]

4.2 The discrete shear gap method (DSG)

Shear locking is one of the major concerns in a compatible plate element formulation.
The compatible strain field introduces additional energy into the element, and the plate
element behaves much stiffer than expected for a thin plate. Several methods [24-27]
have been proposed to circumvent shear locking in a triangular element. In the present

element, the DSG method [24] is employed.
In the DSG method, the shear strain field is assumed as

8Aw‘gc 6Awn c

Z “on (28)

Ve = > Ve =

o

where Awg is the shear gap obtained by integration of the compatible shear strain terms.
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ZNAW ZNJ yLdE,  Aw, ZNAW ZNI yoedn (29)

where ¢ and yn; are compatible shear strain in curvilinear coordinate system.
Substituting Equation (29) into Equation (28), the assumed shear strain can be expressed

as

—Z h B + (30)

i=1 a§ l
§ S ON,

n¢ :_Zhniﬁni-’_za_lwi GD
i=1 =1 o7

where A and h,; are the assumed shear strain interpolation functions for the rotation

angle Bt and f, in the curvilinear coordinate system, and they can be expressed explicitly

as:
2 32
h _—§+4§7]+§—37]9 g——a ]’l _—777 :—4§ﬂ+—7 ‘55—45775 h —_4577"'477 ( )
2 1 2
hy ==+ 4G+ 2365 h, ==&, hy === h,=—4En+4&E, ho=457, hné=41§77+g (33)

4.3 The stiffness matrix and the internal force vector

The element stiffness matrix K. and the element internal force vector f, can be expressed

as

K, =T'KT, f, =T'f, (34)

T= . (35)
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K; and f; are the stiffness matrix and the internal force vector in the local coordinate

system.

nlayer

K, =B DB+ Y 1, (B, ~zB,) D,;(B,~zB, ) (36)

m 7K
J=1

nlayer

=B wdd+ Y 1, [(B,+2,B,) o4 (37)
j=1

where ¢ is the total thickness of the element. B, is the strain-displacement matrix for the

assumed shear strain. ¢ is the thickness of the /™ layer of a plate element. B, is the strain-
displacement matrix for the compatible bending strain. By, is the strain-displacement
matrix for the compatible membrane strain. D is the material matrix and D; is the material

matrix for plane-stress cases of the j™ layer.

4.4 The elasto-plastic model

In the present plate element, the out-of-plane stress components are not taken into
account in the formulation [28]. The exclusion of the out-of-plane stress components is
acceptable, since in membrane-dominant cases, the transverse shear stresses are relatively
small and can be omitted. On the other hand, in bending-dominant cases, the transverse
shear stresses are assumed as uniformly distributed along the thickness direction.
However, as it is well known that the transverse stress is zero at the extreme fibres and
maximum at the mid-surface which will be yielded at the very late stage, initial yielding

is not affected by this omission.
Hence, the J; yield criteria for plane stress cases can be simplified as:
1/2
f(o*x,ay,rxy) = |:O'f + 0'5 -o0,0,+ 3rfy} -0,=0,—-0, (38)
where o is the effective stress, and oy is the yield strength.

According to the Prandtl-Reuss flow rule [29], the plastic part for incremental strain is:

13



de = (dg

p

de,, de, ) =da (39)

pX

where d/ is plastic strain rate multiplier and a is flow vector which can be expressed as:

. 8fT :[ o o o ] (40)
0o do, OJo, Ot

In the present element, as plane-stress J, flow theory is employed, the incremental plastic

strain can be expressed further as:

de, = dAPs 41)

Where the matrix P and the vector o are of the form:

. 2 -1 0 o,
Pzg -1 2 0}, 6=| 0, (42)
0 0 6

As shown in Figure 12, the stress can be updated by [29]

L =D(8C—spc)zD(sc—apA—dap)ch—d/IDaC (43)

where oc is the desired stress, 6,4 is the stress state of the starting point of the current
incremental step, op is the trial stress in which the incremental strain of the current step is

assumed as elastic and de,= gpc — &, is the incremental plastic strain for the current step.

Substituting Equation (40) into Equation (43), the desired stress state 6¢ can be expressed
as [30]

o. =EDg, (44)
Z=(D"'+diP) (45)

where I is three-order unit matrix. Equation (44) established an expression of 6¢ in which
the plastic multiplier d4 is the only unknown. The plastic multiplier dA can be obtained
through a backward-Euler algorithm by solving a nonlinear equation whose physical

meaning is the satisfactory of the yield criteria at the stress state C:
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f(oc)=f(d4)=0 (46)

5 The enriched plate element formulation

The local coordinate system of an enriched element is established in the same way as an
unenriched element, (Equation (21)). There are eight DOFs per node in enriched elements,
which 18 Wenr; = (Ui, Vi, Wi, Oxi, Oyi, axiy ayis bi)T in the local coordinate system and Uepy; = (U,
Vi, Wi, Wxis Wyis Axis Ayis B;)" in the global coordinate system. The variables a,; and ay; are
the additional rotational DOF with respective to the x- and y-axis whereas b; is the
additional translational DOF in the local coordinate system. The variables A4y; and Ay; are
the additional rotational DOF with respect to X- and Y-axis while B; is the additional
translational DOF in the global coordinate system. The relationship between the local and

the global nodal displacement can be expressed as

uenri :T 'Uenri (47)

enr;

where T, 1s the transformation matrix for a node in an enriched element.

R 0 0 0
0 R, 0 0
enri: (48)
0 0 R, 0
0 0 0 1

The displacement field can be approximated by the sum of the smooth part and the non-

smooth part:
6 6
Wy =wrb=> Now+ D Lh (49)
i=1 i=1

6 6
exh = gx +ax = ZNszi +ZMiaxi (50)
i=1 i=1
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6 6
On=0,+a, =Y NO,+> Ma, 51)
i=1 i=1

where ay, ay and b are the non-smooth displacement approximation fields for rotations
and translations, L; and M; are the interpolation functions for the non-smooth translation
and rotation displacement, respectively. It should be noted that in a small deformation
analysis, the rotational DOF can be regarded as a vector as the translational DOF [31] so
that Equation (51) is valid. L; and M; can be found by the multiplication of the non-
smooth enrichment and window functions. In the present XFEM formulation, the
standard shape functions for a 6-node triangular element are used as window functions

for the localization of the enrichments:
M, = NS, (52)
L =NF (53)

where S; and F’ are enrichments for rotational and translational displacement, respectively,

(Equation (8) and Equation (10)).

The bending strain &ue,r and the shear strain y., at an arbitrary point in an enriched

element can be expressed by

Py | Oay
Ox Ox ow ob
0B, oa T T
Epenr = "Zhenr = 2 _y+_y s> Yenr = ax az (54)
» B —a, + =+ 2
0 0 Y oy oy
ﬁ+_ay +%+_aax
ox ox oy oy

where oy and ay are the rotation angles of the lines normal to the undeformed neutral

surface in x-z and y-z plane due to the non-smooth rotation:

il R 55
o)l ola (55)
It should be noted that the membrane strain is not enriched in the present formulation.
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The stiffness matrix Keenr and the internal force vector f..,r of an enriched element can be

expressed as

Keenr = TeanKleanenr > feenr = Teanflenr (56)
Tenrl
Tenr2
Tenr = .. (5 7)
Tem'6

In Equation (56), Kje,r and fien, are the stiffness matrix and the internal force vector of an

enriched element in the local coordinate system.

Koy :tJ.(fSS +B,+B,) D(B,+B,+B,)d

nlayer

+2t,[(Bu-2B,-2B,) D,(B,~zB,~zB,)d (58)

J
J=1

nlayer

f. :tf(]és +B,) tdd+ Y tjj<Bm—szx ~zBy) o, (59)

Jj=1
where B, is the strain-displacement matrix for additional rotational DOF, and By, is the
strain-displacement matrix for additional translational DOF. It is obvious that the

stiffness matrix for an enriched element is still symmetric.

6 The implementation of the XFEM formulation

6.1 Partition of an enriched element

An enriched element is partitioned by a HGZ to a maximum of 3 sub-domains. The
number of sub-domains depends on the way the HGZ cuts across an element. Several
cases can be categorized as shown in Figure 13, in which ‘QU’ refers to a quadrilateral
area, ‘TR’ refers to a triangular area, ‘nH’ refers to the area outside the HGZ and ‘H’

refers to a HGZ.
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In Figure 13(a), the enriched element is partitioned into one quadrilateral non-smooth
sub-domain, one quadrilateral smooth sub-domain and one triangular smooth sub-domain.
In Figure 13(b), one triangular non-smooth sub-domain and one quadrilateral smooth
sub-domain are generated. In Figure 13(c), one quadrilateral non-smooth sub-domain and
one triangular smooth sub-domain are generated. In Figure 13(d), two triangular smooth
sub-domains and one pentagon non-smooth sub-domain are generated. In Figure 13(d),
the pentagon HGZ is further divided into two quadrilateral sub-domains where numerical

integration is conducted.

The partition of an enriched element is conducted in the initial stage of a numerical
analysis and the enrichment is added into the formulation at the beginning of an analysis,

therefore it is unnecessary to determine when to introduce the enrichment into an analysis.

6.2 Shear locking and numerical integration scheme

From numerical point of view, shear locking could be a major concern in the present
XFEM formulation. Although shear locking is controlled by the DSG method for the
smooth part, it is not easy to apply the existing assumed strain method to the XFEM
formulation. In the assumed strain methods, an assumed strain field, instead of the
compatible strain field, is used over the whole domain of an element. The assumed strain
and the compatible strain are equal at some selected points, known as optimal points [32].
However, in XFEM formulation, it is difficult to propose a consistent way to assume a
good strain field because the non-smoothness does not pass an enriched element in a
unique way and there could be several possibilities of partition of an enriched element.
On the other hand, the ‘optimal’ strain points in a normal element may not be so optimal

in an enriched element.

Nevertheless, reduced integration could be a choice to control shear locking. If the in-
plane variation of the tangential modulus of the material is not taken into account, the 6 X
6 Gaussian integration scheme is regarding as the full integration scheme for the present

XFEM element. However, shear locking occurs if full integration scheme is used. Hence,
18



in the present XFEM element, the 4 x 4 Gaussian integration scheme is employed in each
sub-domain. While in some special cases listed in Appendix A and Appendix B, the 3 x 3

Gaussian integration scheme can be used in each sub-domain.

It is shown in Figure 13 that an enriched element is at least divided into two sub-domains.
Hence, a 3 x 3 Gaussian integration scheme in both sub-domains provides 18 integration
points (5 x 18 = 90 constraints) for the element. On the other hand, in the present XFEM
formulation, the translational DOF u and v are decoupled from the other DOF, so (8 — 2)
x 6 = 36 constraints are required to avoid matrix singularity due to numerical integration

[33].

7 Numerical Examples

7.1 Example 1: A flat strip with two fully fixed ends

A flat rectangular plate is tested in this example, as shown in Figure 14. The length of the
plate is L = 5.0 and the width is » = 1.0. The plate is fully fixed on the two short edges
and free on the two long edges. The Young’s modulus is £ = 1 x 10°, while the Poisson’s
ratio is o = 0.0. The mesh scheme and the location of the three possible HGZ are shown
in Figure 15. As the layered model is used in the present XFEM formulation, 5 layers are

used for each element in this example.
7.1.1 Study on shear locking and reduced integration

The effect of reduced integration is studied in this example with five cases of different
thickness. The yield strength oy and the reference loading g is normalized according to
the plate thickness (Table 1) so that for all the five cases, the upper bound theoretical
failure load factor A, obtained from the yield line pattern analysis [25] is all equal to
0.625. The results are shown in Figure 16 and Figure 17 with the results from
conventional plate FE analysis with fine mesh (10 x 50 x 2 = 1000 elements) and coarse

mesh (1 x 5 x 2 =10 elements). The parametric width is set as w; = w; = w3 =0.5.

19



It can be seen from Figure 16 that when full integration scheme is used, shear locking
occurs. However, as shown in Figure 17, when the reduced integration scheme is used,

shear locking is largely alleviated.
7.1.2 Study on the width of the HGZ

In this study, the material and geometric properties of Case 2 in Section 6.1.1 is used. The
width of the HGZ (w) (Equation (7)) varies. The deflection of point A is investigated and
the equilibrium paths obtained are shown in Figure 18. The results from XFEM
formulation are compared with the result from conventional FEM using a fine mesh (10 x

50 x 2 =1000 elements) and a coarse mesh (1 X 5 x 2 =10 elements).

First the width of the middle HGZ () is studied. The width of the two side-HGZs is
fixed as w; = w3 = 0.5. The width of the middle HGZ (w,) varies from 0.3 to 0.9. As
shown in Figure 18 it can be seen that in this example the value of w; influences on the
prediction ultimate loading a lot. With a greater value of w,, a lower prediction of the

ultimate loading level will be obtained.

Secondly, the influence from the width of the two side HGZs (w), ws) is studied. The
width of the two side-HGZs varies from 0.1 to 0.9, while the width of the middle HGZ is
fixed as w, = 0.5. It can be seen from Figure 19 that the result from the case w; = w3 =
0.1 gives a better prediction than the other results and the smaller the width of side-HGZ
is assumed, the closer the result is to that from conventional finite elements in a fine

mesh.
7.1.3 Study on the mesh refinement

In this study, a comparison of the numerical results obtained from different element sizes
but with the same /s is given. Two uniform meshes (mesh 1: 1 x 5 x 2 elements and
mesh 2: 2 x 10 x 2 elements) with different element size as shown in Figure 20 are tested.
The physical widths of the three yield lines (/,51=0.45, /,=0.5 and /,;3=0.45) are the same
in both meshes. It should be noted that in order to avoid the numerical singularity [17]

when all elements connected the two fixed ends are wholly occupied by the two HGZs
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near the fixed ends, the physical length of the two HGZs near the fixed ends (/ys1 = /ns3 =
0.45) are set slightly smaller than the centre HGZ (/,s; = 0.5).

The results obtained from mesh 1 and mesh 2 with the XFEM analysis and the standard
FEM analysis are shown in Figure 21. It can be seen that a refined mesh with the same
physical width of HGZ as the coarse mesh provided a better prediction on the ultimate

loading level in this example.

A further refined mesh with the XFEM analysis is not tested. It is because the main
purpose of the present work is to develop a new XFEM formulation which could give a
accurate prediction on the ultimate loading level by using a coarse mesh with only a few
elements. A highly refined mesh with XFEM element with size equal to or small than the
HGZ shall defect the original target of the present work. Furthermore, the XFEM
formulation presented here is supposed to capture a locally non-smooth behavior of a
plate, while a non-smoothness region could no longer be considered as local if the
element size is reduced in such a way that the HGZ occupies or even larger that an

element.

7.2 Example 2: An L-shaped plate with two fully fixed ends

An L-shaped flat plate is tested in this example, as shown in Figure 19. The plate is fully
fixed on the two short edges. The geometrical property is shown in Figure 22. The plate
thickness is #=0.15. The Young’s modulus is £ = 1.0 x 10°, while the Poisson’s ratio is v
= 0.3. The yield strength is o, = 1.0. The reference load is gy = -3 X 107, The mesh
scheme and the locations of three possible HGZs are shown in Figure 23. It can be seen
that in this example, yield zone 3 cuts across the edges of element 5 and element 6 (in
Figure 23). It should be noted that in the present XFEM formulation, the enrichments are
constructed at the element level by the standard shape functions for the isoparametic 6-
node triangular element and the distant-function, therefore the enrichment for yield zone
3 is only Cy continuous along the common edge of element 5 and element 6. As a layered

model is employed in the present formulation, 5 layers are used for each element.
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Firstly, the width of the middle HGZ is fixed as /,; =1.0 and the width of the two side-
HGZs (lys1 = lys3) varies from 0.1 to 0.5. The deflection of point A is investigated. The
result from XFEM formulation is shown in Figure 24, compared with the result from
standard FEM with coarse mesh (as shown in Figure 23), fine mesh (1000 elements) and
the result from ANSY'S (800 SHELL93 elements [34]) with 5 layers for each element, are
used. It can be seen from Figure 24 that a smaller value of /,5; and /.53 provides a lower

prediction on the ultimate loading level.

The influence from the width of the middle HGZ is studied. The width of the two side-
HGZs is fixed as 51 = lhs3 =0.1 and the width of the middle HGZ varies from 0.6 to 1.2.
The result is shown in Figure 25. It can be seen that the predicted ultimate loading level

decreases with the assumed value on /., increases.

7.3 Example 3: A square plate with roller supports at the four edges

A square plate supported by rollers on the four edges is tested in this example, as shown
in Figure 26. The length of edge is 32. The thickness is # = 1.0. The Young’s modulus is
E=1.0 x 10", while the Poisson’s ratio is v = 0.2. The yield strength is o,=1.0x10°. A
UDL is applied on the plate with the reference loading go = 1.0 x 10*. A total of 5 layers
are used in each element for the analyses. A quarter of the entire plate is modelled
because of the symmetry condition. The yield line is along the diagonal line of the plate.
It is shown in Figure 27 that the enrichment for the deflection (F) is Cy continuous in the
direction normal to the yield line. In this example two mesh patterns are tested. In each
mesh pattern, four different sizes of the yield line are assumed (/51 = 3.2, L2 = 4.8, lhs3 =

6.4 and /54 = 9.6). The deflection of the centre point (point A in Figure 26) is investigated.

The results from mesh 1 and mesh 2 with the result from standard FEM with coarse mesh
(2 x 2 x 2 = 8 elements), fine mesh (20 x 20 x 2 = 800 elements) and the result from
yield line pattern analysis [35], which gives 4, = 0.0586, are shown in Figure 28 and
Figure 29, respectively. In both of the mesh patterns, the greater value of /.5 provides a

lower ultimate loading level.
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8 Conclusions and discussions

An isoparametric plate element with XFEM formulation to model the non-smooth
displacement field, resulted from yield lines, is presented in this paper. Regularized
shifted enrichments are employed to enrich the deflection and the rotation approximation
field to model the non-smoothness in an element. The regularized enrichment provides a
natural way to express a discontinuity with finite length which cannot be ignored. The
shifted enrichment brings several advantages comparing with the original XFEM
formulation: first, the PU condition can be satisfied over the whole physical domain
without any other technique. Secondly, there is no unwanted strain term in blending
elements. Thirdly, the Kronecker-6 condition can be satisfied on each node in the whole

physical domain, thus essential boundary condition can be applied easily.

In a high gradient zone, the Hermite function is adopted as enrichment for both the
rotational and the translational approximation fields. As a Hermite function is a
polynomial function, a standard Gaussian integration scheme can be used to obtain the
stiffness matrix and internal force vector. Since a Hermite function is C; continuous over
its domain of definition, the high gradient zone is connected with the other part smoothly
and the strain field is continuous inside an enriched element. However, it is premature to
conclude that the Hermite function is the best selection to enrich the displacement over
HGZ for plate structures with different types of boundary and loading conditions. Hence,
further study is required to optimize the selection of the enrichment. Besides, shear
locking is still a concern for an XFEM plate element. Although the present XFEM plate
element with reduced integration provides a more satisfactory result, the stability and the
convergence of the reduced integration scheme needs a more rigorous mathematical

proof. Therefore, the control of shear locking is a research topic for future studies.

Appendix A: Convergence rate for the non-HGZ
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In this section, a proof on the convergence rate of reduced integration scheme for non-
HGZ is provided. Assuming that all the edges of the enriched element are straight and the
mid-nodes are at the middle of the edges, the location of the HGZ can be expressed as a

line on element level in the parent coordinate system:

p=aé+bn+c=0 (A.1)

in which it is assumed that the coefficient b is always non-negative, if & = 0.0, the

coefficient a is positive and the coefficient a and b are normalized so that a” + b* =1

The enrichment for the translational displacement field outside the HGZ part is expressed

as:

6 6
F:ZNk |§0k|_ Z%Nk
=1 =1

where ¢y is the nodal value of the function ¢:

6
= Nilo] ~|ag +bn+c] (A.2)
=1

@ =c,p,=a+c,p,=b+c

¢, =0.5a+c, ¢, =05a+05b+c, ¢, =0.5b+c (A.3)

The expression of the first term in Equation Al depends on the cases that the line passes

through the element.

The perimeter of the triangle element is divided into 6 segments: s, s2, s3, s4, s5 and s6,
as shown in Figure A1l. There are 12 cases for this line passing though the element, which
are s1s3, sls4, s1s5, s1s6, s2s3, s2s4, s2s5, s2s6, s3s5, s3s6, s4s5 and s4s6. The notation
‘s1s3’ refers to the case when the center line of the HGZ cutting through the segments s1
and s3 and so on. The polynomial terms appeared and the complete polynomial order of
the enrichment function F' together with the corresponding minimal integration scheme

needed to guarantee the convergence of the non-HGZ in each case are shown in Table Al.

The enrichment S for rotational displacement field outside the HGZ is a constant,
therefore the degree of complete polynomial of S is 0. Hence, finally It can be concluded

that the 3 x 3 Gaussian integration scheme in non-Hermitian area is acceptable for the
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cases in which the centre line of HGZ passes through the hypotenuse of the triangle
element, and the 4 x 4 Gaussian integration scheme in non-Hermitian area is acceptable
for the cases in which the centre line of HGZ passes through the two catheti of the

element.

Appendix B: Convergence rate for the HGZ

In this section, a proof on the convergence rate of the reduced integration adopted over
HGZ in the present formulation is provided. For general cases, a 4 x 4 Gaussian
integration is used over HGZ. However, it is found that in the following four special

cases, a 3 x 3 Gaussian integration scheme could be used over the HGZ.

Case 1: the yield line is parallel to one of the catheti of the triangular element in the

parent coordinate system (Figure 2b)

Assume that the yield line is parallel to the # — axis and the location of the yield line can

be expressed as
p=¢(—c=0 (B.1)
Therefore, the enrichment for the non-Hermitian area is written as

6

Z%Nk

k=1

=c(1-28)+(&-28%)+4(0.5-|(£-&)-[¢ (] (B.2)

6
F:ZNk|¢k|_
=

The enrichment is independent of the variable #, so

F((”oo):F((”m)’ F((”lo):F((/’n)a %ZO (B.3)

According to the definition of the &~ coordinate system, 6&/d7 = 0. Hence,
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oF | [8& an[oF) [a& on

* * * A~ * * a_F a_éa_F
o5 | _| 05" o5 |Jos| _|o& og of\ = lae oz (B.4)
oF o on ||oF Y 0 0
on’ on” on ||on on’

In this special case 6&/ 0 &” is a constant, and OF / & is independent of 7, so

OF () _0F (py) OF (¢) _0F (o)) (B.5)

The second derivative of F'is expressed as:

2 2
o5 on 0§ o0& 0§ on” 0&on
It should be noted that in the above derivation, the relation 825/85*8;7*=§00—§10—§10+§ 1=0
is used.
O’F & O°N
= £lp =0 (B.7)
0&on = 0&on

In the above derivation, the following relations are used:

b

o,|=1-c (B.8)

|¢1|=|¢3|=|¢6|:C: ¢4|:|¢5|=|0.5—C

Set F(poo) = F(po1) = a, F(p10) = F(p1)) = b, 0F (90)/0E = 0F(901)/0E = e, OF (901)/0E =
6F((p11)/8§* = f. Hence, G is of the form:

(B.9)

S O O Q
S O - o
S O N o

and M'GM is of the form:
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a 0

0

. 0 0 0

M'-G,-M-= . (B.10)
0

' -3a+3b-2e—f 0
2a-2b+e+f O

S O©O o O

The terms appear in H; are shown in Table A1l with underlines. It can be seen that the
degree of the complete polynomial is 0, and in this case, the degree of the complete

polynomial of the interpolation function for additional translational DOF is 2.

Case 2: the yield line is parallel to the hypotenuse of the triangle element in the natural

coordinate (Figure Bl)

In this case, the center line of the yield line is parallel to the hypotenuse, as shown in

Figure B1. The location of the yield line can be expressed as
p=(+n—c=0 (B.11)
Therefore, the enrichment for the non-Hermitian area is written as

6

z%Nk

k=1

6
F:sz|¢k|_
=

=c(1-2&-2n)+(E+n) (28 +2n-1)+4[0.5—-(|(E+n)(1-E—n)-|E+n—c  (B.12)
Set &+ 5 = p, the enrichment function F can be rewritten as:
F=c(1-2p)+p(2p-1)+4[0.5-c|p(1-p)-|p—| (B.13)

Since poo = p1o, Po1 = P11, set

F((poo):F((plo):aa F(%l):F(("n):b (B.14)
oF o an|(oF oF
or | |og of || o | [&o+N20m" —ny 200" | 8¢ B.15)
oF of an || oF V2o 2(1-8)a, || OF '
on’ on” on" |\ on on
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Because of the symmetry of variables ¢ and # in the expression of F, 0F/0¢ = 0F/0n. On
the other hand, &;¢ = 709. Therefore, 6F/8§* = (. Furthermore, 62F/8&f*871*= 0.

Set
oF oF
—— =— =2c+4p—-1+4|05-c|(1-2p)-1=e
O |o=p  OM|o-n r | (1=2p) (B.16)
P=Poo P=Poo
oF oF
— =— =2c+4p—-14+4(05—c|(1-2p)+1=
aég p=p1 877 P=P11 p | |( p) f (Bl7)
P=Po1 P=Po
and
V20, =1 (B.18)

Substitute Equation (B.16), Equation (B.17) and Equation (B.18) into Equation (B.15):

oF oF oF oF
* 0 * 0 * 0 * 0
af — , aé — , a§ — , a§ — (B.19)
oF 2e)’ | oF 20f )’ | oF le) | oF 21f
0N oo o )y, on )y on ),

Hence, G is of the form:

a b 2e 2If
a b le 2If
G, = (B.20)
0 0 O 0
0 0 O 0
and M'GM is of the form:
a 2e 3(b—a) —2](2e+f) 2(a—b) +2l(e+f)
0 O 0 0
M'GM= (B.21)
0 3le 6le —3le
0 2e —Ale 2le
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The terms appear in H; are shown in Table B2 with underlines. It can be seen that the
degree of the complete polynomial is 0, and in this case, the degree of the complete

polynomial of the interpolation function for additional translational DOF is 2.
Case 3: the yield line is perpendicular to the hypotenuse (Figure B2)

It is shown in Figure B2 that the yield line is perpendicular to the hypotenuse and passes

through one of the corner point. The location of the yield line is expressed as

p=E-n-1=0 (B.22)

The enrichment for the non-Hermitian area is written as

=1-¢-n-[I-&-7] (B.23)

6
Z(”ka
=1

Therefore, F(poo) = F(po1) = 0, 8F (o) / 6 = F(po1) / 8E" =0, 8F(poo) / " = 0F(po1) /
on” =0 and 6°F(go) / 6 on” = 0°F(po1) 1 6& 0" = 0.

6
F:ZNk |(”k|_
k=1

Hence, the terms in the Hermite function are shown in Table B3 with underlines. It can

be seen that there is no complete polynomial in the Hermite function in this case.
Case 4: the yield line is perpendicular to the hypotenuse (Figure B3)

As shown in Figure B3, the yield line is perpendicular to the hypotenuse and the center of

the HGZ passes through the right angle (£312).

The location of the yield line is expressed as:

p=¢-1=0 (B.24)

The enrichment for the non-Hermitian area is written as

6 6
F=Y N/o|-2 oN|=&-4én+n-|¢ -] (B.25)
k=1 k=1
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Therefore, F(poo) = F(p10) = 0 and the constant term does not appear in the Hermite
function in this case and there is no complete polynomial in the Hermite function in this

casec.

Finally, it can be concluded that in all the above cases, the 3 x 3 Gaussian integration

scheme is sufficient for the convergence condition [33].
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Table 1 The three cases of example 1

thickness ¢ yield strength o, reference loading qo  thickness/length ratio ¢/ L
Casel 0.5 0.4 6.4 x 107 1/10
Case2 0.25 0.2 8 x 107 1/20
Case3  0.125 0.1 1x107 1/40
Case4  0.05 0.04 6.4 x 107 1/100
Case5 0.01 0.008 5.12x 107 1/500

Table A1 The polynomials in the enrichment F in non HGZ and the integration scheme required

terms appear in F

degree of complete polynomial in

minimal order of

Case
1 ¢ n & & 7 interpolation function integration scheme

sls3 v N N A 3 3x3
slsd N N N A 3 3x3
slss N N N A N 4 4x4
sls6 v NN A N 4 4x4
23 N N N 3 3x3
24 N N N A A 3 3x3
25 N N N AN A 4 4x4
26 N N N AN A 4 4x4
36 VN W v o 3 3x3
sd4s6 N N W Voo 3 3x3
35 VN W v 3 3x3
sd4ss N N W Voo 3 3x3
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Table B1 The polynomial terms in H; when the yield line is parallel to one of the catheti

&2
&l
&

Table B2 The polynomial terms in H; when the yield line is parallel to the hypotenuse

5*3 7] *2

&

&

6*2 n *3

n

£3

<n

*2

—0
1
2
-3
—4
-5
—6

—0
—1
-2
-3
—4
-5
—6

Table B3 The polynomial terms in H; when the yield line is perpendicular to the hypotenuse and

passes through one of the corner point

&2
&
o

—0
1
-2
-3
—4
-5
—6
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a yield line

Figure 1 Non-smoothness near a yield line in a plate
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Figure 2 Domain definition
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a) The physical width of a HGZ (/,s) and the physical length of an enriched element (/)

K

direction of the max gradient
of displacement
e

Po1

¢, n=0
0.5

direction of yield line

HGZ
1)

®oo ®10

b) A triangular element with a HGZ and the parametric width of a HGZ (w)

Figure 3 The definition of HGZ and the width of a HGZ
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H; (0,1) or H; (0,1)

H, (1,1) or H, (1,1)

H; (1,0)|or H, (1,
H; (0,0} or H; (0,0)

Figure 4 The parent coordinate system for HGZ
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Figure 5 The plot of R
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Figure 6 The plot of
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Figure 10 The local and global coordinate system of the plate element
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Figure 11 The layered model for the plate element
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Figure 12 The Backward Euler algorithm
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Figure 13 Partition of an enriched element
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Figure 14 Example 1: A flat strip with two fully fixed ends

48



[nsl 1“52 lnsS

Figure 15 The mesh scheme and the locations of the three possible yield lines
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Figure 16 The equilibrium path obtained for Example 1 by full integration
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Figure 17 The equilibrium path obtained for Example 1 by reduced integration
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Figure 18 The equilibrium path obtained for Example 1 with variation of w,
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Figure 19 The equilibrium paths obtained for Example 1 with variation of w; and ws;

33



Ins1 = 0.45

lnsz =0.5

Ihs3 =0.45

Figure 20 A refined mesh (mesh 2) for Example 1
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Figure 21 The equilibrium paths obtained for Example 1 with a refined mesh
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Figure 25 The equilibrium paths obtained for Example 2 with variation of /.,
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b) The contour of the enrichment for deflection in Example 3

Figure 27 The plot of the enrichment for deflection in Example 3 which shows an
interelement Cy continuity
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Figure 28 The equilibrium paths obtained for Example 3 using meshl
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Figure 29 The equilibrium paths obtained for Example 3 using mesh2
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Figure B1 The yield line parallel to the hypotenuse
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Figure B2 the yield line perpendicular to the hypotenuse (1)
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Figure B3 The yield line perpendicular to the hypotenuse (2)
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